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BLOW-UP OF SMOOTH SOLUTIONS TO THE NAVIER-STOKES

EQUATIONS FOR COMPRESSIBLE ISOTHERMAL FLUIDS∗

DAPENG DU† , JINGYU LI‡ , AND KAIJUN ZHANG§

Abstract. It is shown that the one-dimensional or two-dimensional radially symmetric isother-
mal compressible Navier-Stokes system has no non-trivial global smooth solutions if the initial density
is compactly supported.
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1. Introduction

In this paper we consider the blow-up problem for the Navier-Stokes equations of
compressible isothermal fluids,

{

∂tρ+div(ρu)=0,

∂t(ρu)+div(ρu⊗u)−µ∆u−(λ+µ)∇divu+∇P (ρ)=0,
(1.1)

with initial data

ρ(x,0)=ρ0(x), u(x,0)=u0(x), x∈R
n, 1≤n≤2. (1.2)

This system describes the motion of viscid gas. u∈R
n, ρ, µ, and λ denote the

velocity, the density, the coefficient of viscosity and the second coefficient of viscosity,
respectively. The pressure P (ρ) satisfies

P (ρ)=aρ (1.3)

for a positive constant a.
Mathematically, system (1.1) is a quasilinear transport-parabolic system. There

are many important questions regarding this system. One of them is whether the
solutions will develop singularities from smooth initial data. Xin [8] first proved
that when the initial densities are compactly supported, any smooth solutions to
the full compressible Navier-Stokes equations in the absence of heat conduction will
blow up in finite time for any spatial dimension, and this feature also holds for the
isentropic flows (i.e. P (ρ)=aργ with γ >1) in one dimensional case. Cho and Jin [1]
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extended Xin’s work [8] to the case of fluids with positive heat conduction. Under an
additional assumption that one of the components of initial momentum is not zero,
Tan and Wang [7] gave a much simpler proof of the result of Cho and Jin [1]. If the
initial data do not have compact support but rapidly decrease, for n≥3 and γ≥ 2n

n+2
,

Rozanova [5] proved that any smooth solutions to the full compressible Navier-Stokes
equations with positive heat conduction still blow up in finite time. Very recently, for
the full compressible Navier-Stokes equations without heat conduction, Xin and Yan
[9] extended the blow-up result to the case that the initial density is isolated, i.e. for
some open set U , suppρ0∩U is compact in U . It should be noted that Makino, Ukai,
and Kawashima [4] were the first to prove the blowup of smooth solutions to a three
dimensional compressible Euler system with compact initial density and velocity.

It is worth mentioning that very recently, Huang, Li, Luo, and Xin [2] proved
that any smooth radially symmetric solutions to the two-dimensional isentropic fluids
with compactly supported initial densities blow up. And they also proved in [3] a very
interesting result—that the three-dimensional isentropic compressible Navier-Stokes
equations with compactly supported initial densities are globally well-posed for small
initial data with some compatibility condition.

Besides the full ones and the isentropic ones, the isothermal compressible Navier-
Stokes equations are also of great physical significance. From the viewpoint of math-
ematical structures, the isothermal case could be looked as the endpoint of the isen-
tropic case. Roughly speaking, we show that if the initial data are nontrivial and ra-
dially symmetric, and the initial densities are compactly supported, then the smooth
solutions to (1.1) will blow up in finite time. More precisely, we prove

Theorem 1.1. Assume that

µ>0, λ+
2

n
µ>0, (1.4)

and that ρ0(x) has compact support. Suppose that one of the following conditions
holds:

(i) n=1;

(ii) n=2, and the initial data are spherically symmetric, i.e.

ρ=ρ(|x|,t), u=
x

|x|
ū(|x|,t).

Then the solution (ρ,u)∈C1([0,T ],Hm(Rn)) (m>2) to system (1.1) with nontrivial
initial density will blow up in finite time.

Remark 1.1. Our method also works for the isentropic case and full case if the initial
density is compactly supported. The proofs are essentially are the same. One reason
is that all these systems have similar energy conservation and the same momentum
equation.

One key ingredient in the existing proof for the isentropic case and full case is a
differential inequality on some functional Iγ(t). More precisely, in [8] (see the proof
of Proposition 2.1 in [8]) the functional is

Iγ(t)=















∫

Rn

|x−u(x,t)(t+1)|2ρ(x,t)dx+
2(t+1)2

γ−1

∫

Rn

p(x,t)dx, 1<γ<1+
2

n
,

∫

Rn

|x−u(x,t)t|2ρ(x,t)dx+
2t2

γ−1

∫

Rn

p(x,t)dx, 1+
2

n
≤γ <+∞,
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and the differential inequality is

d

dt
Iγ(t)≤

2−n(γ−1)

t+1
Iγ(t).

This inequality works when γ is bigger than 1. At this stage, it seems unclear how to
extend the methods in the full and isentropic cases to the isothermal one.

To overcome the difficulty above, we choose another functional
∫

Rn ρu ·xdx. The
proof roughly goes as follows. First we show that the density keeps being compactly
supported, which is similar to that of [8]. This idea was also used in [6] for a system of
conservation laws and a nonlinear wave equation. Then we integrate the momentum
equation by the weight x, which gives an integral identity. It consists of three terms.
One important observation is that, as time grows, two terms keep bounded, but one
term grows linearly. This fact implies no nontrivial global smooth solution exists,
otherwise, there is a contradiction. The details will be presented in Section 2.

2. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1, which consists of four steps.

Step 1. The density ρ is compactly supported all the time.
Because the initial density ρ0(x) has compact support, there exists a constant

R>0 such that

suppρ0(x)⊆BR. (2.1)

Denote by x(t;x̄) the particle path starting from x̄, i.e. x(t;x̄) satisfies the following
equation:







dx

dt
=u(x,t),

x(0;x̄)= x̄,
(2.2)

where u is the velocity. Denote by Ω(t) the closed region that is the image of BR

under the flow map (2.2),

Ω(t) :=
{

(x,t)
∣

∣x=x(t;x̄),x̄∈BR

}

.

Note that on the particle path x=x(t;x̄), the density ρ satisfies a homogeneous or-
dinary differential equation. Thus, if ρ is zero at some initial position x̄, then on the
particle path starting from x̄, ρ will be zero all the time. By (2.1), we see that

suppxρ(x,t)⊆Ω(t).

Subsequently, using the momentum equation of (1.1), we get

µ∆u+(λ+µ)∇divu=0 on {t}×R
n \Ω(t). (2.3)

In the one-dimensional case, owing to (1.4), we deduce from (2.3) that

uxx=0 on {t}×R\Ω(t).

This in combination with the condition u(·,t)∈Hm(R1) implies that

u(x,t)≡0 on {t}×R\Ω(t).
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Therefore, in view of (2.2), we derive

Ω(t)={t}×Ω(0)⊆{t}×BR, ∀0<t<T.

In the two-dimensional case, because u(x,t)=
x

|x|
ū(|x|,t) for some radially symmetric

function ū, we have from (2.3) that

ūrr+
( ū

r

)

r
=0 on {t}×R

2 \Ω(t).

Here r := |x|. Using the condition u(·,t)∈Hm(R2) again, it follows that

ūr+
ū

r
=0 on {t}×R

2 \Ω(t).

One can easily compute that the general solution to this equation is

ū(r,t)=
C(t)

r
, (2.4)

where C(t) is a constant dependent on t. Because u∈C([0,T ],L2(R2)), we get for any
t∈ [0,T ],

∫

ω2

∫ +∞

0

|ū(r,t)|2rdrdS<+∞.

By (2.4),

C2(t)

∫

ω2

∫ +∞

0

r−1drdS<+∞,

which implies C(t)=0 for any t∈ [0,T ]. Then

ū(r,t)≡0 on {t}×R
2 \Ω(t). (2.5)

Therefore, Ω(t)={t}×Ω(0)⊆{t}×BR.

Step 2. Averaging the equation by a weight.
We multiply the momentum equation of (1.1) by weight x and integrate the

resulting equation on the whole space to derive

∫

Rn

ρu ·xdx−

∫

Rn

ρ0u0 ·xdx=

∫ t

0

∫

Rn

(

ρ|u|2+naρ
)

dxdτ,

where we have used the isothermal condition (1.3). In view of the fact that
∫

Rn

ρ(x,t)dx=

∫

Rn

ρ0(x)dx :=m0, (2.6)

and that suppxρ(x,t)⊆BR, we then get

∫

BR

ρu ·xdx−

∫

BR

ρ0u0 ·xdx=

∫ t

0

∫

Rn

ρ|u|2dxdτ+nam0t. (2.7)

Obviously, the right-hand side of (2.7) grows linearly in t. Next we show that the
left-hand side of (2.7) is bounded. This will give the contradiction with the induction
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hypothesis that the Navier-Stokes system has a global solution. To get the bounded-
ness of the left-hand side of (2.7), we need to prove energy conservation.

Step 3. Energy conservation.
Multiplying the density equation of (1.1) by ln(ρ+ǫ), where ǫ>0 is a small con-

stant, we get

∫

Rn

ρt ln(ρ+ǫ)dx=−

∫

Rn

div(ρu)ln(ρ+ǫ)dx.

It is easy to see that

ρt ln(ρ+ǫ)= [ρln(ρ+ǫ)]t−ρ[ln(ρ+ǫ)]t=[ρln(ρ+ǫ)]t−
ρρt
ρ+ǫ

=[ρln(ρ+ǫ)]t−ρt+ǫ[ln(ρ+ǫ)]t,

and that
∫

Rn

div(ρu)ln(ρ+ǫ)dx=−

∫

Rn

ρu ·∇ρ

ρ+ǫ

=−

∫

Rn

u ·∇ρdx+

∫

Rn

u ·∇[ǫ ln(ρ+ǫ)]dx

=−

∫

BR

u ·∇ρdx−

∫

BR

divu ·ǫ ln(ρ+ǫ)dx.

Owing to (2.6), we then have

d

dt

∫

BR

[ρln(ρ+ǫ)+ǫ ln(ρ+ǫ)]dx=

∫

BR

u ·∇ρdx+

∫

BR

divu ·ǫ ln(ρ+ǫ)dx.

Letting ǫ→0, and noting that ρ∈C([0,T ];Hm(Rn)) for 1≤n≤2, the function ρ→
ρlnρ is continuous with respect to ρ∈ [0,+∞) and that |ǫ ln(ρ+ǫ)|≤C|ǫ lnǫ|→0, it is
easy to calculate that

∫

BR

ρlnρdx=

∫ t

0

∫

BR

u ·∇ρdxdτ+

∫

BR

ρ0 lnρ0dx. (2.8)

Subsequently, multiplying the momentum equation of (1.1) by u and using the equa-
tion of density, we obtain

d

2dt

∫

Rn

ρ|u|2dx+µ

∫

Rn

|∇u|2dx+(λ+µ)

∫

Rn

|divu|2dx+a

∫

Rn

u ·∇ρdx=0.

Subtracting this identity from (2.8) gives

1

2

∫

BR

ρ|u|2dx+a

∫

BR

ρlnρdx+µ

∫ t

0

∫

BR

|∇u|2dxdτ+(λ+µ)

∫ t

0

∫

BR

|divu|2dxdτ

=
1

2

∫

BR

ρ0|u0|
2dx+a

∫

BR

ρ0 lnρ0dx.

(2.9)
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Step 4. Boundedness of
∫

BR

ρu ·xdx.

Noting that ρlnρ≥−2/e for any ρ≥0, we get

∫

BR

ρlnρdx≥−CRn. (2.10)

Then by (2.9) and (2.10), we get

∫

BR

ρ|u|2dx≤C.

Finally, using Cauchy’s inequality,

∣

∣

∣

∫

BR

ρu ·xdx
∣

∣

∣
≤R2

∫

BR

ρdx+

∫

BR

ρ|u|2dx≤C.

This completes the proof. �
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