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STRONG SOLUTIONS AND INVISCID LIMIT FOR BOUSSINESQ
SYSTEM WITH PARTIAL VISCOSITY*

LUCAS C.F. FERREIRAT AND ELDER J. VILLAMIZAR-ROA

Abstract. We consider the convection problem of a fluid with viscosity depending on tempera-
ture in either a bounded or an exterior domain Q C RN, N =2,3. It is assumed that the temperature
is transported without thermal conductance (dissipation) by the velocity field which is described by
the Navier-Stokes flow. This model is commonly called the Boussinesq system with partial viscosity.
In this paper we prove the existence and uniqueness of strong solutions for the Boussinesq system

_2
with partial viscosity with initial data in w2 p P(Q) x WH4(Q). For a bounded domain €, we also
analyze the inviscid limit problem when the conductivity in the fully viscous Boussinesq system goes
to zero.
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1. Introduction

The Boussinesq equations of hydrodynamics describe the evolution of the velocity
u of an incompressible fluid caused by forces depending on variations of the tempera-
ture 0, which is transported with or without diffusion. When the kinematic viscosity
v and heat conductivity coefficient x are strictly positive constants, the Boussinesq
system is given by the coupled PDEs

Ou—vAu+u-Vu+Vr=0f in Qr,
div u=0 in Qr, (1.1)
8t9—:‘iA9+UV9:0 in QT7

where Q7 =Q x (0,T). Here QCRY (N >2) represents the domain in which the fluid
is occurring and (0,7) stands for a time existence interval. The function 7:Qr —R
denotes the pressure and f: Q7 — RY is a given external field, usually the gravitational
force.

The system (1.1) has been widely analyzed from the mathematical viewpoint and
many results on existence, regularity and asymptotic behavior have been proved (see
for instance [23, 6, 25, 14, 15, 16, 29, 18, 1, 5] and references therein). In these
references, the reader can find global well-posedness results in the 2D case, global
existence of weak solutions and local existence of strong solutions in the 3D case,
regularity results for weak solutions, existence of asymptotically self-similar solutions,
and stability results in several singular frameworks.

In this paper we are interested in the study of Boussinesq systems under the
following two considerations. The first case is when the temperature is transported
with no dissipation by the velocity field, that is, k=0 in (1.1). This situation is
of great interest due to applicability in several geophysical phenomena as well as its
close connection with fundamental models such as Euler and Navier- Stokes equations
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(see e.g. [28, 26, 24, 3, 10, 20, 7, 11, 19]). The second consideration is when the
kinematic viscosity v depends on temperature. The variation of the viscosity with
the temperature may be important to a better description of the flow. Indeed, it is
known that the viscosity of a typical liquid decreases with temperature whereas that
of a typical gas increases (see [17]). The corresponding Boussinesq model describing
the above two considerations is given by

Ou—div(v(0)(Vu+V*u)) +u-Vu+Vr=0f in Qr,
div u=0 in Qr, (1.2)
80+u-VO=0in Qr,

where the viscosity v is a function v:R— (0,00) with v(£) >1 >0 for all £€R, and
vy is a constant. We also assume v(z)=ko+v(x) with ko a positive constant and o
satisfying the below condition (1.6), which is compatible with v(£) >wg (see Remark
1.1). The symbol V* denotes the transpose of the operator V. The system (1.2) is
completed with the following initial and boundary conditions:

(u’6)|t:0 = (u0790) in Qv 1 3)

u=0on I'r=00x(0,T). (1.
In this paper we consider N =2,3 and Q CRY being either a bounded or an exterior
domain with boundary 92 smooth enough. These two kind of domains correspond to
important physical situations. In particular, the case of an exterior domain to a sphere
of radius R is relevant in order to study the convection of a viscous incompressible
fluid in the exterior of a ball heated through its surface |z|=R (see e.g. [14, 18]).
In the case of bounded domains, it is common to take f=—gg€ny where gy is the
gravitational constant. Recently, several authors have studied the system (1.2) on
the whole space R with f=—gpéy, and interesting results have been obtained for
instance in [10, 20, 7, 11, 19]. However, a more physical situation is to consider the
origin of the gravitational force outside the fluid domain, which occurs when self-
gravitation effects are neglected (see [13]). Corresponding to such condition, one has
an exterior domain Q and f(z)~goV(1/|z|) for |z| large. In Remark 1.1 we comment
how to cover the case f(z)= goV(1/|z]).

Among others, the work [13] obtained existence theory and long-time behavior of
solutions for the full viscous Oberbeck-Boussinesq approximation in exterior domains
with both kinematic viscosity v >0 and the heat conductivity coefficient x>0 being
constant (see the system (1.4) below). Indeed, as far as we know, only a few works
are devoted to the study of the Boussinesq system with partial viscosity (x=0) in
bounded or exterior domains. For instance, we have found in the literature the work
[22] where the authors studied the existence of classical solutions for (1.2)-(1.3) with
v>0 being a constant,  a bounded domain, and H3-initial data (see also [8] for
v=0).

We focus on the question of finding unique local strong solutions for (1.2)-(1.3)
with initial data (ug,609) belonging to WQ_%”’(Q) x W14(Q) and Q being either a
bounded or an exterior domain. Our results are obtained by means of an iterative
approach combined with recent results due to Abels [2] for general nonstationary
Stokes systems in unbounded domains (see Lemma 2.3). In order to perform the
iterative scheme, we need to obtain a stability result in the W!P-framework for an
associated transport equation (see Lemma 2.2). Afterwards, we consider the inviscid
limit of local strong solutions, when 0 < k() <& and £ — 0, for the fully Boussinesq
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system with viscosity depending on temperature in a bounded domain €2, which reads
as

Ou—div(v(0)(Vu+V*u))+u-Vu+Vr=0f in Qr,
div u=0 in Qr, (1.4)
00 —div(k(0)(VO))+u-VO=g in Qr.

The inviscid limit when x(6) is constant, that is k() =& — 0, was discussed in [7] in
the framework of H™(R?) x H™(R?).

1.1. Main results. Before stating the main results, we introduce some
function spaces. Throughout this paper we use the classical notations and results of
Sobolev spaces W*P(2). The letter c represents a positive constant that may change
from line to line.

For 1<p<oo, and 0<T <00, let 8;’% be the Banach space of functions ué€
LP(0,T;W2P(Q)) such that d,u € LP(Qr):= LP(0,T;LP(2)) endowed with the norm:

lullgz1 = 10sull Lo(@ry + el Lo (@) + IV ull Lo (@) + IV(VU) Lo (@r)-

It is known that the space 557’% C C’([O,T];W%%”’(Q))7 with continuous embedding,
where W27 52 (Q) 1= (LP(Q),W2P(Q)),_1

1.
Our main result reads as follows:

THEOREM 1.1. Let 0<T <00, N<p<g<oo, f€LP(Qr), ug € WQ*%”’(Q), uglog =

0, with div ug=0 and 6y € WH49(Q). Assume that v:R— (0,00) satisfies 0<vy<v,

veCYR) with v'(0)=0 and

|V (a) — V' (b)| <ki|la—b|, for all a,bER, (1.5)

where vy, k1 are positive constants. Moreover, suppose that v(x)=ko+ () with ky a
positive constant and

7(w)eC([0,T); WH4(Q)) when we C([0,T];WH1(Q)). (1.6)

Then there is 0<T'<T and a unique solution (u,Vm,0) 655”711, x LP(Q7+) x
C([0,T");WHa()) for (1.2)-(1.8) in Q7. Moreover, there exists a positive constant
Lo such that if || fl| L) + ||u0||W2_%Yp(Q) <Ly, then T'=T.

REMARK 1.1.

1. In Theorem 1.1, the condition (1.6) does not imply v(0(x,t))€
C([0,T);Wt4(Q)) when Q is unbounded, because ko is a positive constant.
Notice that it is compatible with the restriction 0 < vy <v and is necessary in
order to apply a result of Abels in [2].

2. In several applications, it is common to consider the gravitational force par-
allel to the xy-coordinate when 2 is a bounded domain 2, that is, f=—go€n.
This approximation is covered in Theorem 1.1. For an exterior domain €2 with
0¢Q, we can take f(x)=goV(1/|z|) where go>0 is the gravitational con-
stant. In fact, in this case we have f(z)€ LIV/2°)(Q)NL>(Q) C LP(Q), for
p€(N/2,00), and then |||, (0, :Tl/p||f(:r)||Lp(Q). From a physical view-
point, this case can be regarded as a version of the Bénard problem in an
exterior domain.
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We also investigate whether the system (1.2)-(1.3) can be described as the limit
of the fully viscous Boussinesq system, when the heat conductivity coefficient x goes
to zero. For that matter, we first establish an existence result of strong solutions for
the following full viscous Boussinesq system:

Ou—div(v(0)(Vu+V*u))+u-Vu+Vr = 0f in Qr,
divu =0in Qr, (1.7)
O —div(k(0)(VO))+u-VO = g in Qp,

where k depends on temperature and satisfies 0 < k(6) <&, for some positive constant
K. System (1.7) is completed with the following initial and boundary conditions:

{ (u,9)|t:0 = (u0,90) in Q,

u,0 =0 on I'p:=90Q % (0,T). (1.8)

PROPOSITION 1.2. In addition to the assumptions of Theorem 1.1, let g€ LP(Qr)
and (ug,0p) €W27%’p(ﬂ) X szg’p(Q), div ug=0 and (ug,00)|sq =(0,0). Then there
is 0<T'<T such that (1.7)-(1.8) has a unique strong solution (u,Vﬂ,G)Gc‘:;”%, X
LP(Qr) < Exp.

In the next theorem we analyze the heat conductivity vanishing problem for (1.7)-
(1.8) in the WP x W4 framework.

THEOREM 1.3. Under the hypotheses of Theorem 1.1. Assume further that Q is a
bounded domain and 90€W27%’p(ﬂ). Let (u1,V71,01) be the local strong solution
of (1.2)-(1.3) given by Theorem 1.1 and let (us,Vma,02) be the local strong solution
of (1.7)-(1.8) with 0<k(0) <& and g=0 established in Proposition 1.2. There exists
a common existence time interval [0,T'] for (u1,Vm1,01) and (u2,Va,02), such that
(ug,62) converges to (u1,01) as &—0 in C([0,T'];WHP(Q) x WH4(Q)).

2. Linear problems

2.1. Transport equation. = We start by recalling a result about existence of
solutions for a transport equation connected to (1.2).

LEMMA 2.1. ([9, 21]) Let uwe L*(0,T;W°°(Q)) with divu=0 and u|pg =0. Then, for
all 6 € WH9(Q) with q € [1,00), there exists a unique solution 6 € C([0,T]);W14(Q)) of
the transport equation

0i0+u-VO=0 in Qr,
{ 9‘75:0 :90 in Q. (21)
Moreover, 0 satisfies the following estimate:
10(t) lwra ) < ||60||WLQ(Q)€f0t IVus)lizee @)ds (2.2)

for all t[0,T).

The following lemma establishes a stability result of solutions for (2.1) with re-
spect to the velocity field w. In [12] the reader can find a stability result for renormal-
ized solutions in a weaker framework.
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LEMMA 2.2. Assume that N<p<oo and 1<qg<oo. Let {u"},en be a sequence in
5;)’71, satisfying div u™ =0 and u,|r, =0, and let O™ € L>=(0,T;W19(Q)) be the solution
of (2.1) with initial data 6y € WH4(Q) and velocity field u™. If u™ converges to u
in LY(0,T;Wh>(Q)), then 0™ converges to 6 in L>=(0,T;W4(Q)), where 0 is the
solution of (2.1) with initial data 6o € WH9(Q) and velocity field u.

Proof. The difference (u™,0™) — (u,0) satisfies the equation

(0" —0)+u™-V(0"—0) = —(u"—u)-V0 in Qr, (2.3)
(0™ —0)|t=0 = 0 in Q. ‘
Let us denote by ¢ the flow of the field w,,, that is,
op(T,t,x ~ ~
% = (B (1, £,2),7), Blyms =2, (2.4)
-
Because (0™ —0)|;=0 =0, the equation (2.3); implies
t
(6"~ 0)(a.t) = [ (") VO, (s.) ). (2.5)
0

Computing the L9%-norm in (2.5) and afterwards employing the Holder inequality, we
obtain

t
167 (6) — 00| oy < / (a™ — ) V]| oy ds

<|lu" —ull L1 0,7 Lo ) VO] Lo~ (0,7 L9 (0))
<clu™ —ullz10,1;L(9))- (2.6)

Because u™ —u in L1(0,7;W1°°(Q)), the right hand side of (2.6) goes to zero, and
then

0™ — 0 in L(0,T;L9(%)).

Now we compute the norm L>°(0,7;L(2)) of the difference V™ — V6. For n €N, let
us take g, € C§(Q) such that |0, —0ollw1.a() <1/n. The solution 6,, € C*(Qr) of

040,, +u-Vl, =0in Qr,
{ 9|t:0:Qn in Q7 (27)
is given by the formula
HQn (:E,t) = Qn(ﬂ}(o,t,l‘)),
where 9(7,t,2) is the solution of the Cauchy problem
oY(r,t,x
%:u(d)(ﬂt,x),r), )=t =2, (2.8)

and ¢ is an arbitrary number in [0,T] (see [21]). Due to the linearity of the problem
(2.1) and estimate (2.2), we have

105, (t) = 0(t)|| oo (0,75w 1.0 () < |lon —bo ||leq(sz)€f°l Ivu(e)lizee @ds, (2.9)
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for all t € [0,7]. Similarly, the solution 6} for

{atagnJru -Ziin;ogini?é: (2.10)
belongs to C*(Qr) and is given by
05 (z,t) = 0n (V" (0,1,2)),
where " (7,t,x) is the solution of the Cauchy problem
QARLE) 2 (r,t,0),7), 47 mi = (2.11)
Furthermore
167 (£) = 0™ (1) | o 0.7w 0 02) < [l 0n — Bolwroa Q)efo 17U ()l oo (s (2.12)

for all t € [0,7]. Notice that the map a — ™ (7,t,2), where ¢" is the solution of (2.11),
has Jacobian equal to one.
Computing the difference 90}, /0x;—00,, /0x;, we have the equality

003, 96,, don D0, dun
Ox; 0w Q[a (W08, 2)) = 5~ (@(0.t,2)) | 5 = (0.t,7)

500 o oy
ZM (0.4.2)[ 52 (0.t.2) = R (0.1.2)

Therefore

IV(05, —b0.)

£o(0,1:59(9)) <€||Von|lLa@) V" (0,t,2) = V(0,t,2) | Lo ()
+c|[VY" (0,,2) || oo (@)
X ||VQn(1/)n(O,t,$)) - VQ,K?#(O,Z&,QS)) ||L°°(07T§Lq(9))'
(2.13)

It follows from (2.8) and (2.11) that

?u Yl ta). s (2.14)

(V" (s,t,x),8)ds.

Tta:

Y™ (7,t,x)
Then, for 7<t, we get
t
W)n(ﬂtaﬂf) _w(Tvtv‘r” S\/ |un(wn(87t7x)7s) —u(¢(s,t7x)7s)|ds
t
< [ @ b)) < (s )5
t
+ [ @) —utvs.ta)s)lds. (219
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Observe that
[u™ (P" (s,t,2),8) —u" (1(s,t,2),8)| <[ V" ()| Lo () [9" (s, t,2) — (s, t,2) ], (2.16)

for almost every s € (0,7"). The inequalities (2.15) and (2.16) imply
[Y" (7, t,x) — (T, t,x) |</ (V" (5)|| oe () [0 (5,1, 2) —1b(s,t,x)|ds

/ [u™((s,t,x),s) —u((s,t,x),s)|ds. (2.17)
In view of (2.17), we can use the Gronwall inequality to obtain
W"(T,t,x) . w(T,t,IH < celW”"”Ll(o,T;LOO(Q)) % ||u" —/U/HLl(O’T;Loo(Q)).
Taking 7=0 in the last inequality we get

[l7 (0,¢,2) —1p(0,t,2)|| oo (Qr) Sce”vunHLl(O,Tim(ﬂ)) X |Ju™ — U||L1(0,T;L°° Q)
— 0, as n—oo0. (2.18)

From (2.18) and the regularity of g,, we can conclude that the second term in the
right hand side of (2.13) goes to zero as n — co.

Now we analyze the first one in the right hand side of (2.13). We have from (2.14)
that

owr(r) o " (s,t,x)
or; 8561 Z/ 8xk (5,8,2),5) 0x; ds
" Qu(r) oY (s,t,x)
5y / i <¢<s,t,x>,s>Tds

5 [ ] s

(s, t,x) Y™ (s,t,x)
+Z/ 6% ,4,x),8) [ o, oz, }ds.

Therefore
t
V™ (1) = V(1) SC/ VY™ ()l oo (@) VU™ (8) = Vu(s) || Lo () ds

e [ IVUl @ V6 - V(6.
Using the Gronwall inequality, it follows that
V" (8) = T t) | (@ See! "t marte o)
X/OtHVW(S)HLMQT)IIVU"(S)—VU(S)Ile(mdS

et mwoo @) U™ — ul| 11 g raree () [ VE" (8) | Lo (@)

<cTe VUL @) |0 — | L1 o w0 (1)) -



428 BOUSSINESQ SYSTEM WITH PARTIAL VISCOSITY

Because u™ —u in L1(0,T;W1°°(Q)), the first term of the right hand side of (2.13)
tends to zero as n— o0o. Then, from the triangle inequality, (2.9), (2.12), and (2.13),
we obtain

VO™ —V0 Lo 0,7;09()) SIIVO" = VO, || L 0,1;09(0)) T IIVO,, —VOon| Lo 0,1;00(9))

n

+VO,, — V0| Lo 0,7;04(0)) =0, as n— oo.

2.2. Nonstationary Stokes equation with variable viscosity.
LEMMA 2.3. Let N<p<g<oo, 0:Qr—R, and v:R— (0,00) be such that

0 <o <v(0) =ky+(0) with 7(9) € C([0,T);WH1(Q)),

where vy and ko are positive constants. Assume also that he LP(Qr) and up €

W27%’p((2) with uglogn =0 and divug=0. Then there exists a unique solution (u, V) €
exl x LP(Qr) for
T

Ou— div(v(0(x,t))(Vu+V*u))+Vr=h in Qr,
divu=0 in Qr,

u=0 on I'p, (2.19)
ult—o =ug in .
Moreover,
leullgza + ez < C(Ibllzrr) + Huoll o2 )- (2.20)

The constant C>0  depends continuously — on 0 € [0,00), where §=
17(0)|| Lo (0,73 r.a(2))- The dependence of C on T s given only by means of
th@ norm ||l7(9)||Loo(07T;Wl,q(Q)).

Proof.  First notice that C([0,T];W14(Q))=BCU([0,T];W4(£)), because the
interval considered, [0,77, is compact. Second, recall that the results of [2] cover both
smooth bounded and exterior domains 2. Therefore we have that 0 <vy <v(0(z,t))=
ke +0(0(z,t)) with v(0(z,t)) € BCU([0,T];WH4(Q)), and then the proof of Lemma
2.3 follows as a particular case of [2, Theorem 1.1]. Observe that in our case we can
remove the condition p#3 in [2, Theorem 1.1] because we are considering a pure
Dirichlet boundary condition (see item 1 of Lemma 2.4 in [2]). 0

3. Proof of Theorem 1.1

3.1. Existence of strong solutions.

Proof.  First step. We prove the existence of strong solutions for the problem
(1.2)-(1.3) by using successive approximations. Given u®=wuqy and 6° =6y, we define
recursively u™,7™,0™, for m € N, as the solution of the following system:

Opu™ L —div(p (0™ (Vumt + V*ym 1)) 4 Vam Tt = gmtl f —y™ . Vu™ in Qr,
div u™t! =0 in Qr,
00" ™. VO =0 in Qr,
u™t =0 on 'z,
(Um+1,0m+1)|t:0 = (Uo,eo) in €.
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Because u™ € 8 T 1 and p> N, it follows that u™ € L*(0,T;W°°(Q2)). Since div(u™)=
0, from Lemma 2. 1, there exists ™1 € C([0,T];W14(Q)) C L>=(Qr) such that

8t0m+1 +u™ 'V9m+1 =0in QT7
0m+1|t:0 = 00 in Q.

We have that ™+ f € LP(Qr) for all m € N. Moreover, the inclusion 5;:; C L>(Qr)
implies u™ - Vu™ € LP(Qr). In view of 0™+ € C([0,T]; W14(Q)), we can apply Lemma
2.3 in order to obtain the existence of a unique solution (u™,V7™) 655”} x LP(Qr)
for (3.1)1-(3.1)3. Thus, we get a sequence (u™,V7™,0™) whose elements satisfy (3.1)
and belong to the class

Eyr X LP(Qr) x C([0,T];Wh(Q)).

In the sequel we obtain suitable uniform estimates for (u™,Va™, 6™). Using that
o™ e L (0, T;Whe(Q)) C L>=(Qr), we get from (2.20) that

™ g2z +NVT"™ o (@r) SCuoll o2, )
+CU0™ fllr Qe + 1™ - VU™ | Lo (r))
SC(IIUoI\W2_%,p(Q) 10" Lo (@) | Il Lo (@)

™V | gm)- (3:2)
Notice also that
[u™ - Vu™ | Le(@q) < cllu [Lee @) VU™ || Lo (@r)- (3:3)

Moreover, for a=(p—N)/(2p— N) <1, we have the inequalities

9" (s < ™ sy < el I el 5 (3.4
Then
T (1—a) T
| 1em e <l 185 [ (35

Now it follows from the Holder inequality that

T T 1—a T a
/O ||um||w2p<mdté</o 1dt> (/ lu’"<t>ll€v2vp<mdt>

<7 a||um||52 1

T s +HIVE o} (3.6)

Using the estimate (3.5) we get

IVa™|[Le@ry < etllu™ g2 + ||V7Tm||Lp(QT)}1*“T%{llumHg;;; HIVA™ e @r) 1

<cr {H“mng LIV e ) (3.7)
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which, together with (3.3), yields

1—

07U oy < ™ e T L™ g2 + 197" Lo o}
< {u g2 +IVA" 1@ 1 (3:8)
On the other hand, from estimate (2.2) we have
1071 @) lwrag < G0 lwra@eo 17" @ e [0,7], m=1,2,..  (3.9)
Let us now denote
V(1) = [0 e g + IV 10(0u)s tE 0TI,

Coming back to the inequality (3.2), taking into account (3.8)-(3.9), and using Young’s
inequality, we can estimate

\I/erl(t) < C’(HUQHWQ,% Q) + H9m+1HLoo(Qt)||f||Lp(QT) + ||um.Vum||Lp(Qt))

vP(

~ "t m 1l—a m
SC(HUQHWQ_%J, Q)+||90||W1,q(g)ejo [[Vu (s)||Loo(Q)dst||Lp(QT)+t TR (t)2)

(
~ e tt/ P gm =, lma
§C(||uo||W2,%,p(Q)+||00||W1,q(g)e O] fll Lo (gp)) HCE T ()2
~ e tl/7 gm s, l=a
e P ) e [ P i R e A OB
(3.10)

According to Lemma 2.3, the constant C' depends continuously on the norm of (™)
in C([0,T);Wh4(Q)). Now, because §™ satisfies the transport equation

O™ ™. VO =0 in Qr, 0™ |i—o =6,
we have that 7(6™+!) satisfies
O (T(0™ ) +u™ -V (2(0™F1)) =0 in Qr, D(0™")|1m0 =7(60);
moreover, for all ¢ € [0,77,

P m ~ t u™ (s oo S
(0™ ) () lwr.a(0) < [17(00) [wr.aayedo 1V (e @
< HD(QO)”WLq(Q)emtl/p ()

< ceart!T V@), (3.11)

Assume that U™ (T") <4cA, for T' € (0,7, where c is the absolute constant in (3.11),
and A >0 is independent of m and will be chosen later. It follows that

~ c n1/p’ c
15(0) | Lo (0,6:w 10 (02)) < ce T 44 for all ¢ € [0,T7]. (3.12)

From (3.12) and the continuity of C':é(||5(9m)HLoo(o,t;Wl-,q(Q))) with respect to
12(0m) || Lo (0,6;w1.9(02))» We obtain that

é:é(||D(0m)||Loo(0’t;W1,q(Sz))) <M, for all te [07Tl],
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where M >0 is a constant independent of m.
Let

A= (lluoll 225 o) Tl lwra@ @) (3.13)

and take T" € (0,T] small enough in a such way that

l—a

deye(THYP A<In(2¢/M), 8cAM(T') 7 <1.
If U™(T") <4cA then it follows from (3.10) that ¥™(7”) <4cA. Now an induction

argument shows that {®"(T")},,>1 is a real bounded sequence, and so «™ and V7™

are uniformly bounded in 55,’%, and LP(Qr), respectively. Moreover, the inequality
(2.2) yields
||0m||L°°(O,t;W1f‘?(Q)) < ||90||W1,q(9)€f0T IVu™(s)|l oo (2)ds

< ||90||WL‘Z(Q)@Cl(TI)l/p/\IIm(T,)

SCHHOHWL‘I(Q)» for all te [O,T’],

and therefore 6™ is uniformly bounded in C([0,7"];W14(Q)).

Second step. In order to obtain the convergence of the sequence {u™,7™,6™}, we
compute the respective norms in the equation satisfied by the triple

(um+1 _ um’ﬂ,erl _ﬂ_m’0m+1 _ Qm)
For that, we denote U™ :=u™ 1! —y™, II™ =7+t — 7™ and O™ :=0"T1 — 9™ The

triple (U™, II™,©™) satisfies the system

QU™ — div(v(0™ ) (VU™ +V*U™)) + VI
—Omf— U™ LV —um =L U div((p(0m ) — v (0™) (Va™ + VEum)),

div U™ =0,

0,0™ +u™.- VO™ =-Um-t.vem,
U™=0onI'p,
(Um,@m)‘t:o:(o,()) in Q.

Employing the inequality (2.20), we obtain
U™ g2 + VI [ 2oy SCUIO™ Fllznin + U™ VU™ || Le(qy)

v (O™ ) (™) (V™ + V™) | ()

+ VU™ 2o @n) =C(I1 + I+ I3+1L),
(3.14)

for all t<T’. Proceeding similarly to the proof of Lemma 2.2 (see (2.6)) with u™*1
and u™ in place of u" and wu, respectively, one gets

10| L= 0.eswra () <ellU™ Lo 015wz (2))- (3.15)

It follows from the Holder inequality and (3.15) that

L <10 | Lo (@Il f o (@) S llO™ Lo 0,610 () < ellU™ I Lo o,65w2 0 () (3.16)
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Moreover, recalling that v™,u™ 1 € 5;7’%,, we obtain from the Holder inequality that

L < U™ M oo lIVu™ L0 <ellU™ e o.w2r )
and
L< U™ Moo VU™l pee @) < ellU™ Ml po(o,ew20 02)) -
Notice that

div((r(0™FY) —v(6™))(Vu™ + V*u™)) (3.17)
=((v(@™ ) —v(0™))V(Vu™ +V*u™)
+ (OO (0™)VO™) (VU™ + V™)
=) —v(0™))V(Vu™ + V*u™)
+/(™THYVO™ [V (0T — (0™ V™. (3.18)

The assumptions on v yield

w(@)=v®) < ( swp W(@)])la=bl<ki( sup ld)la—bl<ki(lal+[b])a—b].
de(a,b) de(a,b)
(3.19)
Using Holder’s inequality, (3.19), and that ||0™ || 1 (q,,) is uniformly bounded, we can

T/

bound each term on the right hand side of (3.18) as follows:

1@ (O™ ) = v(0™))V (V™ +V*u™) | 1o @) (0™ | oo () + 10 L (@)
<10 o= (@ullu™llez2,
<c[[®™| L@l lg21

p, T
1 (O )VO™ Loy <cll0™ | 2e VO™ [[Laqu):

(QT)|
and
1007 = @)V oy <l O™, 2 907 1o

In view of (3.15), we have

IS SCH@"LHLOC(Qt)HUTHHEE:;/ —|—C||97n+1|| pq (QT)||v®7rL||Lq(Qt)

La—p

o VO™ | La
R L RN - P

<c||©™ || Lo (0,610 (2))
< U™ o (o,5w2 e (0))- (3.20)

Inserting (3.16)-(3.20) into (3.14), we get
U™ 2.2 + VI | o (@) < cCIU™ | Lo o.sw20 ()
<cO(JU™ M gza + VI o))

< (cé)nL—l (HUl ||£]§t1 + ||VH1 HLP(Qt)) . (321)
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We can consider 0< T’ <T such that ¢C <1, which implies the convergence of the
series Z(||Um||gz,t1+||VHm||Lp(Qt)) for all ¢<T’. Thus, the sequence (u™,V7™)

converges in 557’%, x LP(Qr+). Let u=1lim,, oo u™ and Vp=lim,,_,. V7"™. Because
u™ converges to u in 813’7{,, it follows from Lemma 2.2 that 6™ converges in
C([0,T");W14(€2)). Taking § =1lim,, ., 0™, the triplet (u,V,0) satisfies the system
(1.2)-(1.3).

Third step. Here we show that if A= (||u0||W27%,p(Q)+ 00llw o)l fllror)) is

small enough, then T7"=T. To do this, recall the inequality (3.10),
\I/m+1(T> < éAeclTl/p’\Iﬂn(t) n éTliTﬂ ym (T)2 (3_22>

Analogously to the first step, there is a constant ¢>0 such that if U™ (t) <4cA, then
C < M. Also, there exists Ly >0 such that if A< Lg, then

dey TP A<In(2¢/M), 8cAMT " <1.

In view of (3.22) we have that ¥™T(T)<4cA when U™ (T)<4cA. Just like the
first step, it follows that «™ and V7™ are uniformly bounded in 8;:% and LP(Qr),
respectively. Moreover, again the inequality (2.2) and the uniform boundedness of
{tm fm>1 yield

T m
||0m||L°°(0,t;W1>‘1(Q))§||90||W1>‘1(Q)€f0 IVu($lleeds < ]| || w10y, for all t€ (0,17,

which implies that 6™ is uniformly bounded in C([0,T];W14(£2)). Proceeding as in
the proof of first and second steps, we obtain the desired result. ]

Uniqueness.

Proof.  Let (u1,Vm1,01) and (u2,Vma,0s) be two solutions of (1.2)-(1.3) with
the same data 6y € W19(Q), ug € WQ_%’]’(Q), and fe€LP(Qr). Denote U=wu; —ug,
VII=Vr —Vng, and © =60, — 0. Then (U,I1,0) satisfies the system

0,U — div(v(6:) (VU +V*U)) + VI
=0f—U-Vus—ug VU+d1V<(V(91) —1/(92))(Vu2 +V*U2)),

div U =0,
8t9+u1~V@:—U-V92,
U=0onTIp,
(U,0)]1—o = (0,0) in €.

Applying inequality (2.20), it follows that
1Ulg2: + 1Vl o (@) SCUOF Il Lo(@o) + IV - Vuzl Lo +llu1 - VU [ ooy
Fdiv (v (61) = v(02)) (Vuz +Viu2)| r (@)
=C(J1+Ja+ I3+ J4), (3.23)
forall0<t<T’, vzhere 0< T’ <T is a common existence time. Here, in view of Lemma
2.3, notice that C depends continuously on [|7(61)[[ ;e (g ¢4y - Let 0<0<1 be

such that (1—6)/p=1/2— N/2p. Now we recall the following property of the Besov
spaces (see [27]):

1_2=N

1—N
(Boo,oop 7600,0}23)0,1 :B(o)o,l - LOO’
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with

VAl Lo ><C|\Vh||91 NIIVh\Il1 e

_z _2-N N
Since WQ_%”’(Q)CB;W" CB?,O,OO” and Wl’p(Q)CBiO,O%, the Hoélder and Young
inequalities yield

1/p
||VU||LP (0,t;L°°(£2)) <C</ ||VU|| |VU|| 12— NdT)
Boo, oo’

oooo

(1-9) 1/p
<( / 0188201010577 )

<ectr m|U U\t
| 1% 0.1:w20 ) I\Lm(ojt’W 2 )

1 N
<ct2 2 p P _2 . .
< B ouwer@y I, o 2 ) (320

We conclude from (3.24) that
Js=|lu1-VU||Lr(@,) < llutllzee0,6:0) VU || Lo (0,8;2 (22))
<cllur = oszrnt ™ (0o cw2r@n+101, L 02 )
<ellur | o,mr@)t? U g2 (3.25)
Moreover,
J1=110flLr (@) <N1OllLe @il fllr @) < cll®llzes o ewra@p I fllr @), (3.26)

and

J2=|U-Vuz| Lr(q.
<|IVuallLe(o,t:00 ) U | o< (0,6:0 (02))
< IVuall oz @p Uz (3:27)
In view of the equality
diV((V(Ql) — V(QQ))(VUQ “I‘V*UQ)) :(V(el) — V(QQ))V(V’UQ + V*UQ)
+V'(91)V@+[1/(91)—1/(02)]V92,

we can use the Holder inequality and the hypotheses on v in order to bound Jy as
follows:
J1 <ck1 O] Lo @) luzllLe (0,620 (0)) + ki[04 ] VOl Lo 0,:29(52)

+cki|Of e [[VO2|La(q,)
La—7(Qy)

Lr( OtLq P(Q

+[IVO2|| La(@) IOl oo (0,610 (02)) -
(3.28)

Sellluzllroswrian + W0l 0 25 )

Working as in the proof of inequality (3.15), we get

1Ol Lo 0.ewr.a0)) <ellUllg2.1-
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Inserting the inequalities (3.25)-(3.28) into (3.23) we obtain
~ 1_n
1Nz + VI Lo (@) <eCHI Nzr@o) + luallLoco.war @) +luallLe o,smr @yt 2

+ 6] + 110 a0 HIU ez
(3.29)

pq
Lr(0,t;L a=7 (Q))

for all t€[0,7"]. Similar to the existence part, we have that (cC') <M where M >0
depends on the fixed time 7", but not on t € (0,7"). Taking ¢t =ty small enough in such
a way that the bracketed term in (3.29) is less than -, we get

||UH5§t1 + ||VHHLP(Qt) =0, for all te [O,to}.

Therefore ||O|| Loo (0,4;w1.9()) =0 on [0,%p]. Now, from standard arguments, it follows
that ||U||€;2)’2 + HVH”LP(QJ + H@HLOO(O’t;Wl,q(Q)) :O fOI' all tE [07T/] D

4. The heat conductivity vanishing
The aim of this section is to prove Theorem 1.3.

4.1. Proof of Proposition 1.2.

Proof. The proof of Proposition 1.2 can be achieved through an iterative proce-
dure. Firstly, like in Lemma 2.3, we consider the following two linear problems related
to (1.7)-(1.8):

Opu—div(v(0)(Vu+V*u))+Vr = F in Qp,
divu =01in Qr,

u=0onI'p, (4.1)
ul—o = ug in Q,
and
0.0 —div(k(6)(V)) = G in 2 x(0,T),
# =0 on FT, (42)

0|t:0 = 00 in Q.

Using the unique strong solution (u, V) GEZ:% x LP(Qr) for (4.1) and the solution
9655:71« for (4.2), we can construct a strong solution of (1.7)-(1.8) according to the

following iteration scheme. Choosing u® =ug and 6° =6, let ™, 7™, 0™ be such that
(for meN)

Opu™ T —div(p (™) (Vumt + V*um ) 4 Vamtl = gm f — ™. Vu™ in Qr,
div 4™t = 0 in Qr,
0™ —div(k(0m ) (VO™ T)) = —u™- VO™ in Qr,
(umtL gm ) =0 on I'r,
(um+1’9m+1)|t:0 = (Uo,oo) in Q.

(4.3)
Then, the existence of a strong solution for (1.7)-(1.8) is obtained as the limit of the
sequence (u™, 7™, 0™). The details are left to the reader, who is referred to [4] where
an analogous result is proved for the case of incompressible micropolar fluids. 0
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4.2. Proof of Theorem 1.3.

Proof.  Let (u1,Vmy,01) be the local strong solution for (1.2)-(1.3) given by
Theorem 1.1 and let (ug2,Vme,02) be the one for (1.7)-(1.8) given by Proposition
1.2 (with g=0), both with the same data (6p,uo) €W27%’p(Q) X WQi%’p(Q) and fe
LP(Qr). Let [0,7] be a common existence interval of (u;,V7,01) and (ug, Va,0s).
Denoting U =u1 —ug, [I=m; — 1y, and © =601 — 65, we have that

U —div(v(61)(VU +V*U)) + VII
= @f* U- VUQ — Uy VU+le((V(91) 7V(02))(VU2 +V*UQ)),
div U =0,
00 +usy-VO+U-VO, +d1V(I€(92)V02) =
(U,0)=0on T'r,
(U.0)}1—o = (0,0) in Q.

Taking the L2-product with U in equation (4.4)1, using div(u;) =0, and noting that
—/div( (0)(VU +VU)Uda > 6o [VU (1) 20y, (4.5)
Q
we get

3 IO+ AT < [ OV~ [ (U-Vur)Ude

+ /QdiV((V(el) —v(02))(Vuz +V*us))Udx
<[Vua ()| @) U 01720
HIF Ol @ 1O 2@ U@ 22, @

—/((1/(91)—I/(Gg))(VUg—l—V*uQ))VUd:Z:.
Q
(4.6)
Using W2(Q) C L' (©) and Young’s inequality, we have
Ol 0O U, 2,

Zcllf )l zr @ 1O 2 1U () w2 ()
<emax{L, || f ()10 Y IO®1F2(q) + 1T I720y) + % IVU@)[|72 (- (4.7)

The inequality (3.19) and Holder’s inequality yield

18] (IVuz + V¥ us|) [VU | da

/Q((V(el) —v(02))(Vuz+V*uz))VUdx

S RCYCARES
Q

<c(|101]l Lo (@) F 102l Lo (1))
X 1]l L2 [IVuzl| Lo @) IVU | 22 ()
<cll®ll 2 @) IVuall Lo @I VU | 2()-  (4.8)

In view of (4.7) and (4.8), the inequality (4.6) gives us

JEL
Ny + 2 IVT ) e
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<emax{L | f(D)[100} X (1O)I72(0) + U720
+ Vs Lo @ U1 72(q) + IOl 2@ VU [ 20 | V| L 0
B
<cU+1F 7o) 1UN172(q) + HGHQL?(Q))+ZO||VU(t)”iQ(Q)v (4.9)

because ||Vusl; o usllgz1, < c. Taking now the L?-product with © in (4.4)3
L= (Qq/) &

and using the Young and Holder 1nequahtles we obtain
2dtH@( 1720 +VE(02) VO30
——/U'V91@dx+/ﬂn(02)V01V9
<[IVOullza@ IV = 18122 () +&2(1V01 || L2 () [|[V/5(02) VO L2 (0
<c([|Ul 220 + VU L2@) 1€l L2y + &2 V01 || L2 (@) 1V 5(82) VO | 2 0
<eU o+ 191 00) VU 521l IIW VOl

= VUL + 5 ||V91||L2(Q)+ II\/ (62)VO|72(q)-
(4.10)

35
SC(||U||2L2(Q)+||@||2L2(Q)) :

We deduce from (4.9)-(4.10) that

d
%(HU(QH%Q(Q) +HOM) 7)) <c+IF D20 @) U B I22(0) + 1O 720)
K
+§||V91||2L2(Q)- (4.11)

From Gronwall’s inequality, the estimate (4.11) implies

~ T’
K
U172 )+ 1©®172 ) <(IU(0 )H%zm)+\\@(0)\\%z<m+5/0 IV01(5)[1 720 ds)

« eJo cAHIF ()T 0))ds

~ T
< <g/0 ||V91(5)||%2(Q)d5> ecfoT AHIF L p (o)) s

<ch. (4.12)

Above we have used that [|U(0)]|%, 20 H11©(0 )||L2 (@) =0. Therefore, for some a € (0,1),
we have

Ul Loe 0,77, w 1.2 (02)) <CHUH 1% ||L°<> 0,T7,L2(2))

oo (0,17 W2 5 P (Q2))

<c.‘£(1 a)/2||U||a 2-2 p
L= (0,T; W~ 27 (Q))

—0, as kK —0.

Analogously, one can show that ||O|| (o, 7/,w1.a(0)) —0 as &£ —0. ad
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