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LARGE TIME BEHAVIOR OF SOLUTIONS TO THE ISENTROPIC
COMPRESSIBLE FLUID MODELS OF KORTEWEG TYPE IN R?*
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Abstract. We consider the long-time behavior and optimal decay rates of global strong solutions
to the isentropic compressible Navier-Stokes-Korteweg system in R3. When the regular initial data
belong to the Sobolev space H'T1(R3) ﬂBi;(Rd) x H! (R3)ﬁ3f’zo (R3) with [>3 and s€0,1], we
show that the density and momentum of the system converges to its equilibrium state at the rates

s s

optimal for the compressible Navier-Stokes-Korteweg system.
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1. Introduction
The compressible Navier-Stokes-Korteweg system governs the motions of the

compressible isothermal viscous capillary fluids. We study its initial value problem
(IVP):

8,:p—|—szO,
Bym+V - (MEm) + VP(p) — pA(2) —vVdiv(2) = kpV Ap, (1.1)
(p,m)|t=0 = (po,mo),

for (x,t) €R? x RT. The unknown variables p, m represent the density and momentum
of the fluid, respectively, and P=P(p) is the pressure satisfying P’(p) >0 for p>0.
The constants u>0, v>0 are the viscosity coefficients and x>0 is the capillary
coefficient.

Since Korteweg [15] first introduced the theory of capillarity with diffuse interfaces
which was derived rigorously by Dunn and Serrin [5], many mathematicians have
contributed to the development of Navier-Stokes-Korteweg system. Meantime, many
important results about the existence and uniqueness of (weak, strong or smooth)
solutions can be found in [1, 2, 7, 8, 9, 16] and the references therein. We refer to
[1, 7] for the global existence of weak solutions, [16] for the local existence of strong
solutions, [8, 9] for the local and global existences of classical solutions, and [2] for
the global existence of smooth solutions in the critical Besov space.

There have been many important advancements in the investigation of large time
behavior of global solutions to the compressible Navier-Stokes system. For instance,
Matsumura and Nishida [19] obtained the optimal L? convergence rate for the com-
pressible viscous and heat-conductive fluid in R? without external force:

l(p— 5,0 —B) ()22 < Co(1+) 3,
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1208 LARGE TIME BEHAVIOR FOR THE KORTEWEG SYSTEM

if the small initial perturbations belongs to H>N L', and Ponce [21] proved the optimal
LP convergence rate

IV*(p— 51,6 —8) (£) ]| £» < Co(141)"2075)7%,

for 2<p<oo and 0 <k <2, if the small initial perturbations belong to H'nWh! with
[ a sufficiently large integer. Li-Zhang [18] considered the Cauchy problem for the
compressible Navier-Stokes equations when the regular initial data belong to H'(R?)N
Bff;o (R3), with [ >4 and s€[0,1], and showed the optimal time decay rates

(p—p,m)(t)|| > < Co(1+£)" 35,

Zeng [28] showed the convergence of global solution to the nonlinear Burgers’ diffusive
wave. Wang and Tan [26] proved the optimal L? and L? (p>2) decay rates for the
classical solutions and their spatial derivatives for the compressible Navier-Stokes-
Korteweg system. Zhang, Li, and Zhu [27] considered the compressible non-isentropic
Navier-Stokes-Poisson system and analyzed the influence of an internal electric field
on the qualitative behaviors of solutions. Li, Matsumura, and Zhang [17] proved
the global existence and optimal decay rates of the solutions to the compressible
Navier-Stokes-Poisson equations. Recently, Guo-Wang [6] and Wang [24] developed
a general energy method for proving the optimal time decay rates of the solutions
to the dissipative equations in the whole space by introducing the negative Sobolev
space. Finally, concerning the long time decay rates of global solutions for the half
space and exterior domain or for the general external force, we refer to the papers
[10, 11, 12, 13, 14, 16, 18, 22, 25].

In this paper, we conduct a linearized analysis by decomposing the velocity field
as the potential and rotational parts, compared with the known results in [17, 18, 22,
25, 26, 27]. This technique makes the linearized analysis simpler, which is more helpful
for the non-isentropic model as in [23]. At the same time, the nonlinear analysis in
Section 3 becomes clearer, since we divide the equations of motion of (3.1) into a
simplified equation and a well-known heat equation by this technique.

Before we state the main results, let us first recall the definition of Bl_ s

Let 1 :R?® —[0,1] be a radial smooth cut-off function valued in [0,1] such that

1, €1<3,
¥(€) =< smooth, 3 < ¢ <3,
0, €1> 5.

Let ¢(&) be the function

o(€):=(5) ~w(e).

Thus, v is supported in the ball {£ € R3: €| < %}, and ¢ is also a smooth cut-off func-
tion valued in [0,1] and supported in the shell { £ €R?:3 <[¢|< ¥ }. By construction,
we have

> w27 =1, if ¢#0.

kEZ

DEFINITION 1.1. We denote by Bl_go the space of distributions which is the completion
of S(R3) by the following norm:

1l 5, 12216112)27Sk||AkaL1,



Z. TAN AND Y. WANG 1209

where

Avf = p(27*D) f =25 / (F10)(2%9) f o —y)dy,

R3
and F(f) orf denotes the Fourier transform of the function f.

For the global existence and large time behavior of strong solutions, we have the
following:

THEOREM 1.2. Let P'(p)>0 for p>0 and denote n:=p—p. Assume that ng=
po—[)EHH‘l(]R?’)ﬂB_S (R3), moeHl(]RS)ﬂB_s (R3), >3, and s€[0,1], with §:=
||n0||Hl+1ﬁB s +||m0||H,mB . small enough. Then there is a unique global solution
(p,m) to the VP (1.1) satzsfymg

p—pe CORT, HIH (R NCH (R, H'(RY),

meCORY H'(R))nCH(RY, H'™(RY)),

and
_ _3_s_ Ikl
105 (0= 2) ()l L2 () + 105 m(t) || 12mey S CO(L+1) 77727 =
for |k|=0,1, where C is a positive constant independent of time.

It should be noted that the time decay rates above are optimal. Indeed, we shall
establish the lower bound decay rate for the global solution.

THEOREM 1.3. Under the assumption of Theorem 1.2, then, the global solution (p,m)
giwven by Theorem 1.2 satisfies

3

(1487175 <||(p=p) ()| L2es) + [Im(t) | L2 sy < C(1+1) 3~

m\cn

where c1,C are positive constants independent of time.

With additional regularity given for the initial data, we can also prove the optimal
LP time decay rate for the global classical solution.

THEOREM 1.4. Let P'(p)>0 for p>0. Assume that po—pe HH(R3) N By 5 (R?),
mo GHZ(RB)HB %(R?), and s€(0,1], with §:=]po— p“HH'lﬂB;io + ||m0||HlﬁB;f>o
small enough. Then there is a unique global classical solution (p,m) to the IVP (1.1)
satisfying

3(1—1y_s .
1(p—5)(t)|| orsy <CS(L+1) 207072 if 1>4,

Im(t)]| Lo gsy < CS(14+)" 3975 i i>5,

for pe[2,4+o0].
REMARK 1.5. Since the initial data belong to the homogeneous Besov space Bfgo (R3)
with s€[0,1], and we get the inequality

sup  ([¢]7" R0 (E)]+ €10 ()]) < Cll(no,mo)ll g2 (ms)s
£eR3\{0} '



1210 LARGE TIME BEHAVIOR FOR THE KORTEWEG SYSTEM

it is not difficult to find that the initial data, being in the Besov space, have better
behavior in the low frequency (see Section 2). So we obtain the faster time decay
rates of the global solution (n,m)(x,t) as in Theorem 1.2.

REMARK 1.6. In the paper Li-Zhang [18], there is an assumption
[7ig (&) > cod|€]® and =0 for 0<|E| <1, ¢o>0,

which is necessary to gain the optimal time decay rates as in Theorem 1.3. However,
because of the influence of the Korteweg term, we can obtain the optimal time decay
rates by a straightforward computation in the present paper.

NoTATION 1.7. In the following parts of the paper, C' >0 and c¢; >0, with i>1 an
integer, denote the generic positive constants independent of time.

The present paper is structured as follows. Section 2 is devoted to establishing
the L? time decay rate of the global solution for the linearized system. We prove
Theorem 1.2 and Theorem 1.3 in Section 3. In Section 4, we show the LP time decay
rates.

2. The linearized system
In this section, we consider the Cauchy problem for the linearized Navier-Stokes-
Korteweg system:

on+V-m=0,
Orm— pAm—vVdiv m+yVn—kVAn=0, (2.1)
(n’m)|t:0::(p0_p,m0)v I'GRS,

where v=P’(p). Introducing the Leray projector P:=Id+V(—A)~'div on
divergence-free vector fields, and P+ :=1Id— P, the first two equations of the system
(2.1) translate into

on+V-Ptm=0,
O Prm— pAP+m—vVdivPtm++Vn—kVAn=0, (2.2)
0:Pm — uAPm=0.

Note that the equation for Pm reduces to an ordinary equation, independent from
the others. Moreover, if we denote by A® the pseudo differential operator defined by
Asy:=F71(|€]°§(8)), it is equivalent to study P-m or y:=A~"'div m and Pm or
w:=A"teurl m (with (curl 2)] =9;29 — 9;2%). So we are led to consider:

8tn+Ay = O7
Oy — (n+v)Ay —yAn—rkA3n =0, (2.3)
Oyw — pAw=0.

Indeed, as the definitions of ¥, w, and the relation
m=—A"'Vy—A"ldiv w (2.4)

involve pseudo-differential operators of degree zero, the estimates in the space H!(R?)
for the original function m will be the same as for (y,w).
This section is devoted to the proof of the following results.
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PROPOSITION 2.1. Let ng € HFH(R3) N By 3 (R?), mo € H(R®)N By 5 (R?), >3, s€
[0,1], and (n,m) satisfy the system (2.1). Let y=A"1divm and w=A"tcurl m. Then
there exists a constant C' such that for 0 <|k|<I,

3 _s

_____ ]
105wl 2@ < CA+1) 71727 = ([[(no,mo)ll -2 sy

(2.5)
+(1(05no,85mo) || L2 (rs)),

_3_s
[n(t) |2 @sy) <C(1+1)7% 2(|(n07m0)||3£;(R3)+H(n03m0)”L2(R3))
1OX T n(0) 2 @s) < CL4H~F 5557 (| (no,mo) s (2.6)

O 0o, 05mo) || L2 @s))s

05y ()] L2 sy + |05 m(t) || L2 (rs)
3_s_ |kl (9‘k|+1

_____ 1kl 2.7
< 046355 ([ (ngmo) 5o + I @7

no,c’?’;mo) ||L2(R3))~
REMARK 2.2. Because the third equation of (2.3) is an independent heat equation,

we easily obtain the estimate of w by using the Fourier transform.

Proof. The estimate for w is obvious, so let us focus on the first two equations
of (2.3). Taking the Fourier transform with respect to the space variable yields

Z(Z)‘A@(Z)’ with A(g):‘(ma?’iﬂa —<u_+§|>|s|2>'

The characteristic polynomial of A(€) is A%+ (u+v)[£]? A+ &|€|* +7]€]?, the eigenval-
ues of which are

7+(6)=—Dlel* 4 5V OF — AR T~ T [eP,

where n=p+w.
So,

(2,9)" =" (1o, 40) "
The semigroup e* is expressed as

olA — 6)\+tp+ Ler-tp
where the projection operators P. can be computed as

A©) — AT

P =
D VW

By a direct computation, we have

e =G (6,1 +GalE 1)

Aper—t-a ettt ettt
— Ay —A_ Ap—A |§|
T ettt Aper=foa_e !
PV €l P
0 0

+ Ayt A_t A_t_ Ayt .
%HKP %WKP
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2; when £ < x*; and for |[¢]|#0 when

\/n?—4k

The representation above holds for |£] #£0,

k> Kk*, where

(n+v)?
.

K

2
L
=7 (2.9)

We denote

1
b=Vl - (i — 4r)le]*.
For k> rk*, b>0 is a real number for any fixed |£]|#0, hence
 Nye2 .
Ae(€) =~ TieP b

that is, the eigenvalues of the linear system in Fourier transform are not real. There-
fore, in this case we have

)\+t At i bt n

e)ur f\_ sin( )6_5\5\%7 (2.10)
ALert_ )\ _ex+t in(bt
+e/\+_)\_e cos(bt) QW‘QQ e*%IEIQt. (2.11)

Thus we can show the pointwise estimates for e*4 explicitly. While for 0 < x < k*,
(2.10) and (2.11) still hold for [£| <1 but do not hold globally. For the high frequencies
|€]>1, b is a pure imaginary number, so that the eigenvalues are real.

Now we study the behavior of e*4 for both the low frequency and high frequency.
We simply denote by §11, G12, Go1, g2 the four components of Gy, and by g1, ¢»
the nonzero components of Gs. We shall estimate them term by term and divide the
arguments into two cases in terms of the value of the capillary coefficient k. Let R >0
be any fixed constant.

Case 1: k> r*. For |{| > R, using the fact that
S e P <ofgem et < e dle, (212
and substituting (2.10), (2.11) into (2.8), we deduce that, setting =7,
1911(€:0), G2(€:1), G2(€.D] < Ce I, [912(€.0), G (€,0)] S CJg| e8I
i€ <Clele™ 8%, ¢ > R

(2.13)
While for |£| < R, noticing that b=O(|¢]), we easily obtain

|§11(§at)a ?]22(5;&7 ng(fat), g21(’£vt)7 g2(§at)| gce—n'\§\2t’ (2 14)
G1(&,8)| < ClefPe ISR g <R '

Case 2: 0< Kk <k*. Observe that if we define a=n—+/n?—4k, then a>0 and

Re(A+(§)) S —3l¢%, ¥ EeR? (2.15)
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Now for |£|> R, since |A+|, |Ax —A_|=0(|¢|?), we derive from the expression
(2.8) and (2.15) that, setting a’ = 3,

|g11(£,t), 922(57”7 g2(§7t>‘ Sce—a/|£|2t’ |912(§7t)7 g21(§7t)| SC’|§|_16_a/‘£‘2tv
G160 <Clele 1S, Jg[> .
(2.16)
While for |€|< R, since |[Ay|, |\ —A_|=0(|¢]), we derive from the expression
(2.8) and (2.15) that

|gll(£at)a g22(§7t)7 912(§7t)7 921(§7t)7 g2(£at)| Sce—a/\§\2t7 (2 17)
11 (€,8)| < ClePe I, |¢] <R. '

We may conclude from (2.13), (2.14), (2.16), and (2.17) that for any x>0 there exists
some [:= (k) >0 such that

~ ~ ~ ~ ~ ~ _ 2

|gll(€at)a 922(§at)7 gl2(§7t)a g21(§at)a gl(gat)a gQ(éatﬂgce AlEl tv |§|SR7 (218)
and

311(6:8), 922(6:1), Ga(6:0)| <Ce™ oI |gia(€1), Gon (6,0)] < ClE| e PIe,
191(&,1)| < Clele P11 e[ > R.
(2.19)
Now, by the expression (2.8) we have

n(€,t) = g1+ gi2do,  §(€,) = G210+ (J22 + G2) o + g170. (2.20)

Let R>0 be a fixed constant as before. By the pointwise estimates (2.18), (2.19),
together with the Parseval theorem and Hausdorff-Young’s inequality, we obtain

1) 255, = / 1811(6:0)0(€) +912(6, )i E) ? de
<c / PP (Jig 2 1 g0 |2)de
¢I<R
O PR / (I +1€]~21g0[?)de
¢|>R

_ 2
SCH(no,yO)H%ﬁ (R3)/ e~ B¢l t|€|28d§
tee lel<R

+Ce P (n0,y0) 1 2 s
_3_,
SC(1+t) 2 ”(no’yO)”iz(RB)ﬂBl—;(Ri‘)

<C(1+t)727%|(ng,mo) (2.21)

2
HLQ(R3)HB;’;(R3)’

Haglck\Jrln(t)”%z(Rs) :/RS |€|2(\k|+1)|§11(§,t)ﬁ0(§)+g12(§7t)g0(€)‘2d§
SC/£<R63§2t|£2(k|+1)(|ﬁ0(€)|2+|g0(£)|2)d€

+C e PIEFE (¢ 2R D) |, (¢) 2
[¢|>R
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+HEPM g0 (6)[7) dé
<O+ (0,90« o)
+ (O g, 0% yo) ||%2(R3))
<O+~ (n0,mo) I3+ (g
(O 0, 0 mo) |7 s ). (2.22)

and

10112 ) = / 1€1PM121(6,0)70(€) + (G22(66)+ 6206630 €)
g1 (6, t)nol6)[2d
e, / eI 2IFl (g (€) 2 + 10 (€)[2)
[€I<R

+c/ e PP (IEPIRD g (€)1 + M50 (€) 1) de
l€1>R

<O+ ([ (n0,90) 1oy
+l (BLk‘+1n0,8’;y0)||%z(R3))

<CA+H) 7 (n0,m0) I3 <)

+1(8F 1 ng, 0 mo) |72 z)), (2.23)

for 0< |k| <I. By the relation between m and (y,w), we can easily get the estimate
for m:

34
105m )72y <CAU+H)™2 ([ (n0,mo) 13 gy + 105 10,05m0) 17235 ).
(2.24)
The proof of Proposition 2.1 is completed. ]

It should be noted that the L?-decay rates derived above are optimal. Indeed, we
have:

PROPOSITION 2.3. Assume that no € H'*1(R®)N By 5 (R?), mo € H'(R®) N B 5 (R?),

>3, s€[0,1]. Then, the solution (n,m) to the IVP (2.1) given by Proposition 2.1
satisfies

3_s
172,

er(1+8) 7572 < ln(t) | pegrey + [m(t) || 2 ey < C(L+)

Proof. ~ We only deal with the estimate of [|m(t)|[z2(gs) for simplicity. From
(2.18)-(2.20) we obtain

¢ (e~ 21EPesm0D (yie) 4 ke 3)g
960~ e 318 (cos(bt) — 132D pe|2) o) =T,
_n 2 ~ N
ce™ I (|¢ 3 rio| + €[50 ) €[> 1.

From Parseval’s equality, we have

@)1 =10l = |

IEI<R

1] <1,

9(E)[2de + / (6. Pde

lEI=2R
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262/ |T1|2d§—Ce*’732t
l€I<R

z@/ eI 23| [42dg — Cemn
[€I<R

>cy(146)727%. (2.25)
By (2.4) and the pseudo-differential operators of degree zero, we obtain

[m(®)I72 > es(ly@)[72 = lw®)]172)
>es(141)7 275 —C(144)" 2%
>cq(14t)7 275, (2.26)

NI

The time-decay rate of n can be showed in a similar fashion. 0

3. The proof of global well-posedness
Let us reformulate the nonlinear system (1.1) for (p,m) near the equilibrium state
(p,0)=(1,0). Denote

n=p—1, m=m.
The IVP for U:=(n,m)7 is

on+V-m=0,
om —pAm—vVdiv m+yVn—kVAn=-V-H, (3.1)
(n,m)|t=0 = (no,mo) = (po(x) — 1,mo(z)), z€R?,

where

H= nlL?EqT _Nv(fﬂ)+l€vn®Vn+[_yv_(&7mﬁ)

+(P(1+n)—P(1)—yn) — knAn— 3£(Vn)?|I3x3.

As in Section 2, let y:=A~'div m and w:=A"!curl m; we then have

athrAy:O,

Oy — (u+v)Ay—yAn—rA3n=—F,

Orw — pAw= -G,

n(x,0)=no(z),y(z,0) = A~tdiv mo(z),w(z,0) = A~ tcurl mo(z), z€R3,

where
F=A"'div V-H,

G=A""curl (V- (22 — ,V({2) +kVn© Vn)).

If we denote

Bi1(&,t)=(gi1,912), Ba(&,t)=(g51+ g1, 952+ 62),

then as in Section 2 we can represent the solution of system (3.2) as

1 |z—z|2 t 1 |z—=z|2
w(z,t)=——+ et wy(z)dz— | —m— e WE=nG(z,7)dz )dT,
()@mﬂ@ o) A@thﬁk (5= i
(3.3)
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n(x,t) = B1(t)* Vo (z) +/O Bi(t—71)xQ(U)(r)dr, (3.4)

y(,t) = Balt)* Vo (x) + / Ba(t— )+ Q(U) (r)dr. (3.5)

with Vo= (no,y0)” and Q(U)=(0,—F)T.
It is easy to verify that

n(z,t) = Bl(t)*Vo—i—/O Bu(t—7)+Q(U)(7)dr, (3.6)

m(x,t)=—A"'Vy—A"tdivw

:—A‘1V{Bg(t)*Vo(x)—|—/0 By(t—7)xQ(U)(r)dr}
—1 7. 1 7\m4—:tlzw 2dz
—A7 div {(47mt)g /Rg)e o(2)d

t 1 _%
) i L >G<w>dz>dv} 7

is the solution of the IVP (3.1).

REMARK 3.1.

t
O(&,1) = e Mg, (¢,8) + / e MG (€, 7) dr.
0

By Proposition 2.1, we have the following time decay rates for the linear parts:

1By # Vo (8)|| 2y < C(1+1) 173

|V0||B;;(]R3)+||V0||L2(R3))7 (3.8)

_3_s || +1
4

||aa‘304|+131*‘/b(t)HLz(]R3)§ C(1+t) 373 (”V—OHBI_;(RJ) (3 9)
|| +1 leY \ ’
+[[(92"" 10,95 Y0) | 22 (3))

3_s_ laf

105 B2+ Vo (8) | L2y < COA+8) 75727 = ([ Voll o mo)

(3.10)
+||(aﬂ‘ca|+1n078gy0)”L?(]R3))a

for |a|>0. Applying arguments similar to those in the proof of Proposition 2.1, we
can obtain that

105 B1xQ(U) ()| L2 (rs)

_5_ lal ~ o (311)
S CO+t)7572 (|H(U)| poo sy + 105 H(U) || 2 (m3)),
”a?Bl*Q(U‘)(‘t)”L%R?’) (3.12)
< C(+t)"37 =2 (|[DHU)| g1 (rsy +1|0g H(U)| L2 (rs)),
0%B U) ()| 1.2 (ps
108 B2+ Q) |z o)

< CA+)~ 55 (|HU)| oo gs) + 10T HU) || 1239
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(|0 Ba * Q<UI)(‘t)HL2(]R3)

o 3.14
< CO+0)- 5 (IDHO )| - 00 HO) sy, Y

for |a] >0.

Global existence and L?-decay rates. We are now ready to prove Theo-
rem 1.2 and Theorem 1.3. First of all, the local existence and uniqueness of the
solution can be established by following the methods in [20]. To prove global
existence of a smooth solution with small initial data, we establish uniform a priori
estimates of the solution.

LEMMA 3.2. Under the assumption of Theorem 1.2, the solution (n,m) to the IVP
(3.1) satisfies for =3 that

Proof.  Assume that (n,m)c H*(R3)x (H?(R3))? corresponds to the strong
solution to the IVP (3.1) for ¢t €[0,7]. Assume that the classical solution of the IVP
(3.1) exists for t € (0,7, and denote

Q)= sup {1+ IFEEEDE(n,m) (1) 12 rs)
0<7<t,k=0,1

+(1+7) 35| D2n(7) || 2(ro)
+|(D2m, D3m,D3n, Djn)|| 12 (rs) }- (3.15)

We claim that it holds for any ¢ € (0,77 that
Q) <9, (3.16)

with § defined in Theorem 1.2. The proof of the claim (3.16) consists of following
three steps.

Step 1: The basic energy estimates From (3.4), (3.8), (3.11) and the a priori
assumption (3.15), we have, after a complicated but straightforward computation,
that

t
H(n(t)_Bl*VO(t))||L2(R3)S/ [1B1(t—7)*QU)(7)|| 2R3y dT
0
t
<0 [ rt=r) () =)
0
+HH(U)[L2(®s))dT)
t P
gc/ (+t—7)"F(1+7)"F75(Q(t))%dr
0
<C+)75(Q(t)?, (3.17)
where we have made use of (3.15) and the Gagliardo-Nirenberg inequality
1 1
11l =) < CIDF ey 1D 2

1 3
Hf||L4(1R3) < OHf”zz(RS)||Df||22(R3)a
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to estimate the right-hand side term as

IH (U) ()] Lo sy < I HU) ()] 21 ey
<C{lIm®)|172@s) + 00| 2 e | Dm(E) || 22 sy
| Dn ()| L2 sy llm(8) || L2 ey + [1n() [ 72 sy
D0 (t) | L2 @) 10 (0 L2 o) + [ D) 172 rsy }
<C(1+t)7775(Q(1))?, (3.18)

IH(U) ()] 2 (@s) < C{llm ()17 gsy + 1Dn(8)[| Lo @y [m(8)]| Lo oy
+HIDm ()| L2 sy (0] oo @3y + ()1 71 o)
HID*n ()| L2 &3 10 () || Lo (r3) + 1DR(E) 1 71 ms)
<C(1+t)~175(Q(1))2 (3.19)

Thus, we have

IOz o) <[ BrsVo(t)llzeee) +CA+1)™ Q)

<O+ 1) 155+ (Q(0))?). (3.20)

Similarly, we have

IDHU)@)|l 2 re)
<C{IDME) || 2 sy [m(E) || oo o) + 1m0 17 0 () 1 DP(E) || 2 3
HID2n ()| L2 o) I () || Lo ms) + 1 D*n(8)]| L2 &) |1 DR(E) | oo (e
+[Dm(t) || L2 m2) [ Dn(t)|| Lo (r2) + [ D*m(E) | L2 ey I0(8) || Lo (2
H|D*n(t) || L2y 10 (E) || oo 3y + | D) || 22 Ry [ () | oo (R2)
Q@

<C(141)"173(Q(1)?, (3.21)

and

t
[ Dn(t)] L2 sy < |1D (B Vo) ()|l L2 ms) +/ [D(B1+Q(U)(7))| 2@y dT

(HH(U)(r )IILm<R3>+||DH(U)(T)||L2<R3))dT
<CB+1)7i75 +/ (I+t—7) "5 (1+7)"175Q%(t)dr)
0
<C(1+8) 53[5+ (1) (3.22)

As for D?n, it is easy to verify from the right-hand side of (3.4) that the nonlinear

2),D3(2m) and D2(nAn), D%((Vn)?), and can be

dominating terms consist of D?({%- -

estimated due to the following facts:

2 -
v 17 G50

| (%)
14+n

5

SO+ 175(Q(1)?,

L2(R3)
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_5_s
ID?(nAn) | L2 ms) + [ D*((VR)?) [ L2 (re) < C(1+8) 7172 (Q(1))*.
Thus, we can obtain after a straightforward computation that
I D2H(U) (@) 12es) < CL+£) 35 (Q(1))2, (3.23)

and

t
ID*n () L2 ms) < | D (Br+ Vo) (t) | 22 (rs) +/0 ID*(By(t—7)* QU)()) | L2 (rsydr

<Cs(1+1)-Ff 40 / (1+t=7) "3 (L U)(7) | e o)

+|D?H(U)(7) ]| L2 (g2 )dT

SOOI+ 755+ C(1+1)775(Q(t))?
<C1+)" T35+ (Q1))?). (3.24)
As for H, we can obtain the estimates of M:
N0 r) < CL+H)E5(0))2, 3.25)
[DM(U)(#)[| sy <CA+)7275(Q(t))?, '

where M := %20 — V({4 ) +kVn@Vn, so G=A""curl (V-M).

Now, from s€[0,1], (2.4), (3.3), (3.5), (3.10), (3.13), (3.21), (3.22), (3.25), the
a priori assumption (3.15), and the Gagliardo-Nirenberg inequality, we can establish
the time-decay rates for m and its derivatives as follows:
[m ()]l L2 (r2)
<C(ly®) 2 @e) +llw(®) | L2 (zs))
t
SC(||B2*Vo(t)|IL2<R3)+/ B2t =7) * Q(U)(7) || L2 (s dr + |0 (t)] 2 (mo) )
0
t
§C’(1+t)*%*%5+0/ (L+t—7) "5 (1+7) 575 (Qt)2dr + C(1+1) 75735
0

+C/t(1+t—7)_i(1+T)_g_s(ﬂ(t))2d7'
0

<C(1+t)" 3736+ (Q()%, (3.26)

[Dm(t) || L2 rs)
< C(IDy ()| 2 we) + [ Dw(t) || L2 (rs))

SC(ID(B2# Vo) (t)| 2w +/O [1D(Ba(t =7) % Q(U)(7))| L2 ms)dr
+Elo @) L2 @s))

t
SO(1+t)7%7%5+0/ (1+t77—)7%(1+T)7%7%(Q(t))2d7+c(l+t)727%6
0

wjw

t/2 ,
+C/ (I+t—7)"7(1+7)"275(Q(t))%dr
0
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+C t (I+t—7)"F(147)"275(Q(t))2dr
t/2

<CA+) "1 3[6+ (1)) (3.27)
Step 2: The higher-order estimates. To enclose the a priori estimates and prove
the claim (3.16), we need to derive the time-decay rates of (n,m) with respect to the

higher-order derivatives as in [19]. Indeed, using the energy methods, we can easily
obtain

t
”nH%[‘l(]R?*) + Hm||§{3(R3) +/O (”Dn”%[‘l(R?’) + HDUH%I?’(]R?’))dT <Cs. (3.28)

Step 3: Closure of the estimate (3.16). From (3.20), (3.22), (3.24), and (3.26)-
(3.28), we have

Q) <Cs+C(Qt))?, telo,T],
which together with the smallness of >0 leads to the estimate (3.16). 0
Similarly, we can obtain the following Lemmas, and omit the details.

LEMMA 3.3. Under the assumption of Theorem 1.2, the solution (n,m) to the IVP
(3.1) satisfies for l=4 that

s+k

IDER() L2y SC(1+1) 57575, k=01,
ID2n(t)]| 2 gs) + | D3n(t) || L2 sy < C(141) 73736,

i+

IDEm(t) ]| p2sy <C(L+1)~ 5754, k=0,1,
ID2m(t)]| 2 sy < C(1+1) "3~ 34,
where C' is a positive constant independent of time.

LEMMA 3.4. Under the assumption of Theorem 1.2, the solution (n,m) to the IVP
(3.1) satisfies for l=5 that

s+k

55, k=0,1,2,

IDEn(t) | parey <C(1+1) 75~
ID3n(8)]| 2 @s) + | Dgn(t) || L2 sy < C(1+18) =534,

| DEm(#)|| p2msy < C(1+8) 3755, k=01,
ID2m(t) | L2y + | DEm(E) | L2 ey < C(L+) 156,

where C' is a positive constant independent of time.
REMARK 3.5.

1D (t)] L2 ey < | D2(By# Vo) (#)]| 2 e)
+ Jo ID2(By(t =)« Q(U)(7)) | L2 oy dr
< Co(1+t)E 5 +C [P+t =) H(HU) (7)1 s
+| D2H(U)(7)|| 2 rs))dT+C [,y (14 =7) 75
(IDH@)(7) ]| g1 ) + [ D2HU) (1) || 2 ey )b

< CO(141)"57 5 +C(14+1) "5 ()2 +C(1+1)25(Q(t))?
< CO+)7 5[5+ (1)),
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for 1=>5, where
IDH| 2 C(1+8)77(Qt))%, | D H |12 <C(1+)7375(Q(t))*.

Proof of Theorem 1.2 and Theorem 1.3.

Proof. The global existence of smooth solutions to the IVP of the system
(1.1) follows from the short-time existence of classical solution, the uniformly a priori
estimates, and the continuity argument. The time-decay rate in Theorem 1.2 follows
from the Lemma 3.2. The optimal time-decay rate of p in Theorem 1.3 follows from
the combination of the Proposition 2.3 and the uniform estimates (3.16). We also
need to establish the lower bound decay rate for m. From (3.7) we have

[m ()]l L2re) = call@ )] L2 (re)
—C(|| B2 *Vo(t)HLz(Ra) +fg | B2(t—7) *Q(U)(T)HLZ(RB)dT)

> (14683 —C [l(1+t—7)"F(1+7)" %7

—es(146) 738 —C [[(14+t—7) T (1+7) i %dr
> (1+1)7773.

Now the proof is completed. 0

4. LP-time-decay rates

In this section, we investigate the LP-time-decay rates of the solution to the
system (3.1), with p € [2,+00]. Making use of Lemma 3.4 and the Gagliardo-Nirenberg
inequality, we can prove Theorem 1.4.

The proof of Theorem 1.4.
Proof. By Lemmas 3.3, 3.4 and the Gagliardo-Nirenberg inequality, (3.12),
(3.14), we have

()| oo sy < C|| B Vo ()| oo msy +C [ || Ba(t—7) % Q(U)(7T) || oo sy d
< CO+0)355+C fLID(B(t )+ QU)(T) | 22z,
| D2(By(t—7) * QU)(T)) | s gy
< O(1+8) 3730+ C [y 2[(1+t—7) T (| H| 1~ +||DH| 12))2
[ +t=7) "2 (| H | oo + | D2H| 12)] 2 dr
+C J1ol 1+t =7)"F (| DH|| 2 +||DH | 12)]?
[(+t—7)"%(|DH||r +||D*H||2)) 2 dr

< C(1+t)_%_§(5+0(1+t)_25+0(1+t)—%—%sa
< C(1+t)73734,

for [ >4, where

IDH| 12 <CA+4)"27%6,||DH || 2 < C(1+8) 7376, | D2H|| 12 <C(1+t) "1~ 54
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Iy ()] e ) < ClIBax Vo(t)l| oe ) +C fy | Ba(t=7) ¥ QU)(T) | oo (rsydr

< C(1+t)‘%_56+0f0tHD(Bz(t—T)*Q(U)(T))H%%Rs)
D2(Ba(t—7) * Q) (M) s g

< CO+)7 37504 C [y P[(1+t—7) T (| A | 1o + | D?H]|2))

[+t =)~ (| H| o + || D3 H| 1)) 2 dr

+C [} [0+t =7) "5 (| DH]| 2 + || D2 H | 12)]

[+t =)~ (| DH|| 12 + | D*H]|2)) 2 dr

+C(A+1) 25+ C(1+1)"575%

for [ >5, where

|DH||2 <C(144)727%6, || D2H|| 2 <C(1+4)"27%5, |D*H|| 12 < C(1+t)"2734.

So,

[ o= sy < CUUY Ol o= sy + @) Lo )
< C(1+1)" 334,

where C' >0 is a constant independent of time. From Theorem 1.2 and the interpola-
tion, we can finish the proof of Theorem 1.4. ]

[1] D.
[2] R.
3] K.

[4] K.

REFERENCES

Bresch, B. Desjardins, and C.K. Lin, On some compressible fluid models: Korteweg, lubri-
cation and shallow water systems, Commun. Part. Diff. Equ., 28, 843-868, 2003.

Danchin and B. Desjardins, Ezxistence of solutions for compressible fluid models of Korteweg
type, Ann. Inst. Henri Poincare Anal. Non Linear, 18, 97-133, 2001.

Deckelnick, Decay estimates for the compressible Navier-Stokes equations in unbounded
domains, Math. Z., 209, 115-130, 1992.

Deckelnick, L2-decay for the compressible Navier-Stokes equations in unbounded domains,
Commun. Part. Diff. Equ., 18, 1445-1476, 1993.

[5] J.E. Dunn and J. Serrin, On the thermomechanics of interstitial working, Arch. Rational Mech.

6] Y.

Anal., 88, 95-133, 1985.
Guo and Y.J. Wang, Decay of dissipative equations and negative Sobolev spaces, Commun.
Part. Diff. Equ., to appear.

. Haspot, Existence of global weak solution for compressible fluid models of Korteweg type, J.

Math. Fluid Mech., 13, 223-249, 2011.

. Hattori and D. Li, Global solutions of a high-dimensional system for Korteweg materials,

J. Math. Anal. Appl., 198, 84-97, 1996.

. Hattori and D. Li, Solutions for two-dimensional system for materials of Korteweg type,

SIAM J. Math. Anal., 25, 85-98, 1994.

. Kawashima, Systems of a Hyperbolic-Parabolic Composite Type, with Applications to the

Equations of Magnetohydrodynamics, Doctoral Thesis, Kyoto University, 1983.

. Kagei and T. Kobayashi, Asymptotic behavior of solutions of the compressible Navier-Stokes

equations on the half space, Arch. Ration. Mech. Anal. 177, 231-330, 2005.

. Kagei and T. Kobayashi, On large time behavior of solutions to the compressible Navier-

Stokes equations in the half space in R®, Arch. Ration. Mech. Anal., 165, 89-159, 2002.



Z. TAN AND Y. WANG 1223

[13] T. Kobayashi, Some estimates of solutions for the equations of motion of compressible viscous
fluid in an exterior domain in R3, J. Diff. Equ., 184, 587-619, 2002.

[14] T. Kobayashi and Y. Shibata, Decay estimates of solutions for the equations of motion of
compressible viscous and heat-conductive gases in an exterior domain in R3, Commun.
Math. Phys., 200, 621-659, 1999.

[15] D.J. Korteweg, Sur la forme que prennent les équations du mouvement des fluides si l'on
tient compte des forces capillaires causées par des variations de densité considérables mais
continues et sur la théorie de la capillarité dans U’hypothese d’une variation continue de
la densité, Archives Néerlandaises de Sciences Exactes et Naturelles, 1-24, 1901.

[16] M. Kotschote, Strong solutions for a compressible fluid model of Korteweg type, Ann. Inst.
Henri Poincare Anal. Non Linear, 25, 679-696, 2008.

[17] H.L. Li, A. Matsumura, and G. Zhang, Optimal decay rate of the compressible Navier-Stokes-
Poisson system in R3, Arch. Rat. Mech. Anal., 196, 681-713, 2010.

[18] H.L. Li and T. Zhang, Large time behavior of isentropic compressible Navier-Stokes system in
R3, Math. Methods Appl. Sci., 34, 670-682, 2011.

[19] A. Matsumura and T. Nishida, The initial value problem for the equations of motion of com-
pressible viscous and heat-conductive fluids, Proc. Japan Acad. Ser. A., 55, 337-342, 1979.

[20] A. Matsumura and T. Nishida, The initial value problems for the equations of motion of viscous
and heat-conductive gases, J. Math. Kyoto Univ., 20, 67-104, 1980.

[21] G. Ponce, Global ezistence of small solution to a class of nonlinear evolution equations, Nonlin.
Anal., 9, 339-418, 1985.

[22] Y. Shibata and K. Tanaka, Rate of convergence of non-stationary flow to the steady flow of
compressible viscous fluid, Comput. Math. Appl., 53, 605-623, 2007.

[23] Z. Tan, Y. Wang, and X. Zhang, Large time behavior of solutions to the non-isentropic com-
pressible Navier-Stokes-Poisson system in R3, Kinet. Relat. Mod. accepted.

[24] Y.J. Wang, Decay of the Navier-Stokes-Poisson equations, J. Diff. Equ., 253, 273-297, 2012.

[25] Y.J. Wang and Z. Tan, Global existence and optimal decay rate for the strong solutions in H?
to the compressible Navier-Stokes equations, Appl. Math. Lett., 24, 1778-1784, 2011.

[26] Y.J. Wang and Z. Tan, Optimal decay rates for the compressible fluid models of Korteweg type,
J. Math. Anal. Appl., 379, 256271, 2011.

[27] G. Zhang, H.L. Li, and C. Zhu, Optimal decay rate for the non-isentropic compressible Naiver-
Stokes-Poisson system in R3, J. Diff. Equ., 250, 866-891, 2011.

[28] Y. Zeng, L' asymptotic behavior of compressible isentropic viscous 1-D flow, Commun. Pure
Appl. Math., 47, 1053-1082, 1994.



