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INSTABILITY OF PERIODIC TRAVELLING WAVES WITH MEAN
ZERO FOR A 1D BOUSSINESQ SYSTEM*

JOSE R. QUINTERO! AND JUAN C. MUNOZ}

Abstract. We consider herein the instability properties of the periodic traveling wave solutions
of a general nonlinear Boussinesq system related with a dispersive model for the 1D propagation of
nonlinear long water waves with small amplitude, via an adaptation of the result of M. Grillakis,
J. Shatah, and W. Strauss for systems with a special Hamiltonian structure. In a particular case
of this general system, we use Jacobian elliptic functions to build a curve of L-periodic traveling
wave solutions having mean zero in [0, L] and also verify the validity of the criteria used to establish
instability, in a specific range of the wave speed. Furthermore, we provide numerical evidence on
a type of instability arising when perturbing with small amplitude disturbances by using a highly-
accurate spectral numerical scheme.
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1. Introduction

In this paper we consider the study of orbital instability of periodic traveling
wave solutions for the one-dimensional Boussinesq system for the 1D propagation of
nonlinear dispersive long water waves with small amplitude

gt =Tz,
{Tt :B_I(Aqm_nrqn_l%c_zrzqn)a (1.1)

where A=1—ad? and B=1—bd? are linear operator defined through Fourier Series,
a and b being positive numbers such that a—b=0—1/3 (0! is known as the Bond
number which is associated with surface tension). We also establish the existence of
a curve of periodic traveling wave solutions for this system for n=2. This Boussinesq
system is obtained from the rescaled version of the 1D generalized Benney-Luke model

(I)tt - (I)za: + M (aq)x:rxz - b(PZE:Ett) + € (nq)t ((I)z)n_l(]:)mm + 2((]:)1)”(1)9515) = 0; (12)

by using the variables r=®; and ¢=®,, where the function ®(z,t) represents the
non-dimensional velocity potential at the bottom fluid boundary, p represents the
long-wave parameter (dispersion coefficient), € represents the amplitude parameter
(nonlinear parameter).

J. Quintero and R. Pego derived for n =1 the model (1.2) as a first order approxi-
mation (in one spatial dimension) to describe the evolution of long waves propagating
on the surface of an ideal fluid under the force of gravity and taking into account
the effect of surface tension (see [19]). It is important to note that Benney and Luke
derived in [5] a similar model to (1.2) with n =1, but neglected surface tension effects.
P. Milewski [13] also generalized this equation to include joint effects of topographical
forcing, mean flow, and surface tension and Milewski et al. [14, 15, 16] conducted a
numerical study of several properties of solutions of Benney-Luke-type models in the
two-dimensional case.
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1174 INSTABILITY OF MEAN ZERO PERIODIC TRAVELING WAVES

As we know, solitary waves have played an important role in the last decades in the
study of dynamics of wave propagation in many applied models such as fluid dynamics,
optics, acoustics, oceanography, and weather forecasting, among others. A recent
important application is the use of optical solitons in fibers as an efficient (reliable and
fast) means of long-distance communication [11]. This means that the study of these
types of solutions and their properties such as existence, orbital stability/instability
under small perturbations and other properties is of great interest and is capturing
the attention of researchers from the analytical and numerical view point. Much of
the effort has been focused on models for unidirectional wave propagation or with
the full Euler equations for surface and internal waves. However less attention has
been given to establish results pertaining to traveling wave solutions of systems of
dispersive evolution equations under periodic spatial conditions.

The Boussinesq System (1.2) with nonlinear exponent n is closely related to the
generalized KdV equation which describes motions of long waves in shallow water un-
der gravity and in an one-dimensional anharmonic nonlinear lattice in the case that
n=2 [24]. The nonlinear generalized KdV equation is also an important mathematical
model with several applications in quantum mechanics, nonlinear optics, and plasma
physics, among others (see [25],[26] and references therein). Furthermore, we are in-
terested in studying what effect dispersion and the exponent n have on traveling-wave
solutions of system (1.1) and their stability /instability behavior. These facts motivate
our study of this system with generalized nonlinear exponent n and in particular the
case n=2.

The stability of traveling wave solutions for models related with the system consid-
ered in the paper as KdV type models and the Schrodinger equation has been widely
studied. In [6], Bona et. al. gave sufficient and necessary conditions for stability of
solitons for the GKdV. In [2], Albert et. al. gave sufficient conditions for stability
of solitary-wave solutions of model equations for long waves. In [4], Angulo et. al.
established stability of cnoidal traveling wave solutions for KdV model. In [3], Angulo
proved stability of dnoidal traveling wave solutions for the GKdV. In [20], Quintero
gave sufficient conditions for stability of periodic traveling waves having the mean zero
property for the GKdV. Stability of periodic traveling wave solutions for the focusing
Schrodinger equation were also treated recently in [3] and [8] by Angulo et. al. and
Gallay et. al., respectively. Stability and instability analysis of solitary waves for a
dispersive system of KdV-type equations was performed in [1] by Alarcon et. al. The
problem of stability of periodic solutions of two coupled nonlinear Schrodinger equa-
tions was considered by Tan et. al. in [23] from the numerical view point and some
stability conditions in terms of the parameters for the model are provided based on
a linear analysis. Modulational instability of nonlinearly interacting two-dimensional
waves in deep water modeled by a pair of two-dimensional coupled Schrédinger equa-
tions was treated in [22] by Shukla et. al. A spectral stability analysis for solitary
waves in a system of coupled nonlinear Schrédinger equations is developed in [18]
by Pelinovsky et. al. Finally, Quintero et. al., in [21], established orbital stability
of cnoidal waves for the 1D Boussinesq equation for n=1 when wave speed is small
enough. Recent developments regarding the stability of traveling wave solutions of
dispersive models such as the KdV equation and some Boussinesq systems using the
Krein signature, a reinterpretation of the works by M. Grillakis, J. Shatah, and W.
Strauss, are [27, 28, 29, 30, 31, 32| and [33].

In this paper for n=2, we will build L-periodic traveling waves ¥, where the
first component v, is a snoidal function for c€ (1,1/a/b), or cnoidal for c€ (\/a/b,1).
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Adapting the work by Grillakis et. al. [9], we further establish orbital instability of
snoidal type solutions of the Boussinesq system (1.1) in the case that a>b>§, n=2,
144270
144230
function d(c) =F(¥.) is concave for 1 <c<c,. Here F denotes the action functional
associated to the model and the constant L >0 denotes the fundamental period of the

snoidal solution.

In the other range of the wave speed (i.e. c€ (y/a/b,1)), we see that results in [9]
cannot be applied due to the failure of the spectral hypothesis on the second variation
of the action functional around the traveling wave solution. Thus, in this case we use
the spectral numerical scheme introduced in [17] for exploring the instability issue and
get an insight on the nature of the instability mechanism involved in the phenomenon.

and the wave speed satisfies 1 <c<min (c*, ), where ¢, is such that the

This paper is organized as follows. In Section 2, we adapt some results in [9]
to prove instability of the periodic traveling wave, assuming the concavity of the
function d and the condition (F”(¥,.),¥.) <0. We will see that the Boussinesq System
(1.1) has a Hamiltonian structure in the variable (¢,p) (p is the conjugate variable
of momentum), which facilitates the analysis of the spectral properties of the second
variation of the action functional F. We also discuss the well-posedness of the Cauchy
problem associated to the Boussinesq System (1.1) in the canonical variables. In
Section 3, for n =2 we build periodic traveling waves of fundamental period L using
Jacobian elliptic functions. Depending on the wave speed we have that the traveling
solution (t¢,p.) has 1. of either snoidal or cnoidal type. We also prove the existence
of a smooth curve of traveling wave solutions for (1.1) with a fixed period L. In

Section 4, we see that the condition (F/(¥.),¥.) <0 holds for 1> 2> Tz and
1 4n2a
wave speed 1 <|c|< Y07 for neven. For n= 2, we verify the spectral conditions

1442387
on the operator F/(¥.) assumed in Section 2, which depends on the spectrum of the

periodic eigenvalue problem associated with the linear operator

2

Lo = —(a—be) oo 4 (1 +4er?),

where 1) is a snoidal type function, in case 1 <c< y/a/b. We establish the concavity of

d and also the instability result, for wave speed 1 < ¢ < 1/a/b. In Section 5, we describe
the numerical experiments performed for the two families of periodic traveling-wave
solutions with the mean zero property studied in the paper for n=2.

2. Instability criteria via the Grillakis-Shatah-Strauss approach

In this section we will adapt [9] to provide a criterion of instability for periodic
traveling waves U, for the Boussinesq System (1.1), when ¥, has its first component
with the mean zero property.

2.1. Hamiltonian Structure. Hereafter we will set the functional space
X =W} xH,..([0,L]), where W3 is the mean zero space of L-periodic functions in

[0,L] defined as

SL:{fEHSer([07L])Z/O f(l‘)dm:o}’ sEZL.
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We note that f € W3 if and only if f(z)=3""_ f,e?™"*/L with fo=0, and

oo

> (1+ 47TL|”‘ ) | fn]? < o0.

— 00

Note that (1.1) can be written as the system
qt =Tz,
Br+ Lq"'|r1 =0, [Aqg—rq"]
n+1 . ’
where A=1-ad? and B=1-b9? are defined through Fourier series. Note that if

we introduce the conjugate momentum variable p= Br+ m+1 then the previous
system becomes formally

n+1q

Qt:Tz, (21)
pe=0:[Aq—7q"].

Via these canonical variables, we find the Hamiltonian structure H: X —R for (1.1)

is given by
H= / — B —1 +qAqdx

We find that H': X — X* is given by

_p-! <p_ﬁqn+1) "+ Aq

B-1 <p_n#+1qn+1)

Note that

+1

1
= -B ' p—— "+ Aq | = .
De 8I< (p +1q )q + q) 0. H,

This implies that system (1.1) is equivalent to the system which is in canonical Hamil-

tonian form
q (4
— 0,90 2.3
<p)t do (p) (23)

:Hlj{/ (Z) 9

where Jy =0,do and Jq is the linear operator given by

0171
do= (I 0) '
It is straightforward to see that the operator d,: W7 —>Ws{1 is a bijection and that
the operator 9, : H5.,.([0,L]) — H3.' ([0,L]) is one to one (but not onto). This implies

per

1
:83:B71 <p—q >:8x9{p7
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that the skew symmetric operator d,do: W9 x Hp,,.([0,L]) C X* — X is a one to one,
but not onto. In other words, J; does not satisfy the general framework in [9], which
is also the case for solitons of the GKdV equation (see Bona et. al. [6]).

We also have that due to the translation invariance of the equation of motion,

Noether’s Theorem assures the existence of the following conserved quantity (charge),

q L
N = dz.
()=, v

In this canonical variables, we have the existence of a mass invariant functional

L
I(U) = /0 U(x)dz,

which is cleverly utilized in the instability result in the case of the KdV type models
(see [6]).

If we consider that (¢,p)(z,t) =(Q,P)(x —ct,t) is a solution of the equation (2.3),
then we obtain that (Q,P) has to satisfy the new system

<g>t—axao [ +cN| (g) =5, (f_%) : (24)

where F=XH +cN, showing that traveling waves are equilibrium solutions of system
(2.4), up to constants. In accordance with the adaptation of the results in [9], we
must analyze the spectrum of the operator (evaluated in ¢=g¢. and p=p,)

v 7an1(pin%rlan)qanqu(qn(,))anrA "B tel
"(5)-

g BN () el B

If we want to find periodic traveling-waves solutions (q,7)(z,t) = (q.(z — ct),r.(z —ct))
for system (1.1), we see that the couple (g.,p.) satisfies the nonlinear system

1
- a:r: czaxB_l cT 1 ot )
COzq (p nJrqu
— 1 n n
_Ca:cpc:am (B ! <pc_ n_|_1qC+1> dc +ch> .

Moreover, after integrating we have that

1
—ege=B"" (po— ——q"*1) + Ay,
“ (p n—i—lqc 0

— 1 n n
—cpe=—B""! (pc_ ch H) qp +Ag.+ Ay,

where Ag and A; are integration constants. Then we conclude that

1
Cn+41

n+2)c . "
%CICHZ—AOQC — A1 +cAo.

Pe qurl*CBQC*AOa

ch _CQch"‘
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On the other hand, if we look for periodic traveling-wave solutions ®(z,t) = ¢(z — ct)
for (1.2) (u=e=1), we have that g.=¢’ has mean zero and satisfies

n+2)c
Ap—c*B +(7 "= A, 2.5
p PP (2.5)
where A is an integration constant. It follows by comparing the last two equations
for ¢, that Ag must be zero. In other words, the couple (g.,p.) satisfies the nonlinear
system

1
Pe— mq?“Jchqc:O,

<n+2)c n+1:_A

Ag.—c*Bgq.
Gc—C"Dqc+ 1 e

1-

Note that if ¢, is a periodic solution with mean zero on [0,L], then A;#0 for n
odd. This simple observation shows that ¥.=(g.,p.)" cannot be a critical point of
the action functional, so we need to adapt the approach used in [9] to obtain orbital
instability to the present case considered in this paper. We note that if W € X, then

F (U)W = < (“(1)1> ,W> =0.

As we mention in the introduction, Grillakis et. al. in [9] established a general result
which characterizes orbital instability for a general class of systems with a Hamiltonian
structure of the form

oV =JE"(V),

where J is a skew operator on a Hilbert space. Now, in the periodic case in [0,L],
the model does not fit completely into the results in [9] since the eigenfunction x.
associated with unique negative eigenvalue for L., =3F"(g.,p.) does not necessarily
have the mean zero property in [0,L], and also because the operator J; =9,Jo is not
onto in X. So, we need to overcome this by extending and adapting slightly [9] to the
periodic case, in spaces having the mean zero property in the first component.

2.2. Adaptation of the Grillakis-Shatah-Strauss approach. Hereafter
we identify (g.,p.)!=¥.. Note that we have that 9, V. € (W})? is the eigenfunction
of L., associated with the zero eigenvalue. By hypothesis (H.2), we are assuming
that A=0 is a simple eigenvalue for L. ,, and the rest of the spectrum of L., in
(H}..)? is positive and bounded away from zero. Unfortunately, we do not know if
the eigenfunction . associated with the unique negative eigenvalue of L., is in the
space X =W} x H;er.

In order to adapt [9] to establish instability of periodic traveling waves for the
Boussinesq System (1.1), we will impose the same type of hypotheses adopted by
Bona et. al. in [6] to obtain sufficient conditions to guarantee instability of L-periodic
traveling wave solutions of the Boussinesq type system (1.1) in the space X, which
satisfy that their first components have the mean zero property in [0, L].

Assumptions on L., and V..

(H1) There is an interval (c1,cz) C[1,00) such that for every c€ (cq,c2), there is
a solution ¥, of (2.5). The curve ¢— V¥, is C! with values in X.
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(H2) The operator L., has a unique, negative, simple eigenvalue with eigen-
function x. € (Hj,,([0,L]))?, A=0 is a simple eigenvalue of L., with eigenfunction
0, V., and the rest of the spectrum of L., is positive and bounded away from zero.

Moreover, the curve c— .. is a continuous function with values in (H},,.([0,L]))%.

per
(H3) (L n(T,),¥.) <0 in some neighborhood of c.
Under these hypotheses, we are able to establish an important property of x. and ..

LEMMA 2.1. Assume that L., satisfies condition (H2) and (H3). Then (x.,¥.) #0.
In particular, x. can be taken such that (V.,x.)>0.

Proof. By the hypothesis, L., has a unique, negative, simple eigenvalue, with
eigenfunction y. € (H.,,.([0,L])?. Now note that

per
L
<\110783:\ch> = 1/2/ axH\I/cszI:O
0

Then we can write U, =Y.+ pP,, for some P, in the positive subspace of L% x L?
orthogonal to x. and 9,¥.. In this case, (¥, x.)=~#0, otherwise ¥.=ppy and
(Len (W), W) =p? (L0 (Po),Po) >0, contradicting (H3). d

Before we go further, we note that d(¢) =F(¥.). Then using that ¥, € X, a direct
computation shows that

d
d"(¢)= L N(1,). 2.6
()= N (W) (26)
THEOREM 2.2. Under the hypotheses (H1)-(H3), if d’(c) <0 then there is a curve
w—®, € X which passes through V. and lies on the surface N(U)=N(VU.). More-
over, H(U) has a strict local mazimum on the curve at U=T, in X.

Proof.  'We proceed as in the work by Bona et. al. in [6]. For w near ¢, we want
to define a curve (w,s) = @, ,) € X of the form &, , =W, + sV, with s(w) satisfying
the conditions s(c) =0. We set the curve w— @, =@, 5(.)). Note for s=0and w=c
that ®. =T, and N(®.)=N(T.). We observe that

9 N @) oo, ey = N'(0)(,)

B o

L
= 2/ Deqedx
0

2 Lo,
= T T o\ 1 cB c cA c d 07
C(n+2)/0 (c*(n+1)geBge+qcAge) da <

since A and B are positive operators. From the Implicit Function Theorem, we assure
the existence of a function s(w) defined for w near ¢ such that N(®,,) is constant along
the curve s(w). Now, since ¥, € X we have that

4,
0H(Pw)| ey = <j{/(¢c)’ dw {w—c}> -
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Moreover, since N(®,,)=N(T.), we conclude that

d? d?
(@) = 25 (3(20) +wN (Py))

_ <%,(%)+WN/(%)7 d;j); > + <(9c“(<1>w)+wN”(<I>w)) (%) »%>'

Evaluating this at w=r¢, and after noting that
d2 L
AW/O By ()] ey d =0,
we have that

d? dd,, d¥.
ﬁ}((@w)|{w:c}:<Lc’nY,Y>, where Y:%hw:c}:%"‘sl(c)\l}ce)(

From the fact that N is constant along ¥,,, we have from equation (2.6) that

d L
OzaN(‘I’wH{w:c}:/o N'(0.)Y dx

_ <N’(\IIC), jc‘I’C> o (0) (N (D), W)
d

= N W)+ 5/ () (N (1), W)

—d"(c)+'(c) (N'(W,),2,).

Thus we conclude that
L
/ N'(U.)Ydz={(Jo(¥.),¥.)=0, and d"(c)=—5"(c)(N'(V,),¥,). (2.7)
0

On the other hand,

Lo (dc‘i‘:) - (‘9COA> _N'(1,). (2.8)

Using this, we have that

Con¥ =Lon (G0 ) 15800 = (PF) - N0 15 OB, 29

Since (N'(¥.),Y)=0 and ¥.€ X, we conclude that
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:_Sl(c) <N/(\Il ) >+(5/( )) <Lcn(\pc)vqjc>
=d"(c)+(5'(¢)* (Len(¥e), Ue) <O,

since we are assuming that d”(c) <0 and (L., (¥.),¥.) <0. In other words, we have
shown that

d2
mJ{(c1>w)|{w:c} =(L.n(Y),Y)<O0.
as claimed. ]
Before we consider instability, we will prove an important result in this work,

LEMMA 2.3. Under the hypotheses (H1)-(H3), we have that

(Y xe) #0. (2.10)

Proof. From previous result, we have that
(L.nY)Y)<0.

We note that Y can be decomposed in L? x L? as Y = agxe+ 10, Y.+ o P, where P
belongs to the positive subspace of £.,. Then a direct computation shows that

(LenYY) = X003 (XesXe) + 03 (Len P, P) <0.
This fact implies that ag=(x.,Y)#0, since (L., P,P)>0 and Xy <0. O
Hereafter we only present the analogous result for the periodic case obtained in
[9] (or in [6]), pointing out the appropriate changes. For € >0, consider the tube in X
U= {VGX 1nf||V U, ||(H1 (OL]))2<6},
where 7,.(f)(x) = f(r+z), x € R. The set U, is a neighborhood in X of the collection
of all translates of W..

LEMMA 2.4. There exist € >0 and a C* map o: U, —R such that
1. {U(+a(U),0,V.)=0,
2. a(U(-+7r))=a(U)—r modulo the period,
3. a(V,.)=0,
oWl — (U))
4. o'(U)= .
JpU(2)02V (z—a(U))da

Recall that we showed the existence of ¥ = % +5'(c)¥. € X such that

(Len(¥),Y)<0 and (Jo(T.),Y)=0.

THEOREM 2.5. Under the hypotheses (H1)-(H3), the function B:U. — X defined as

is C1 from U, into X such that it commutes with translations, B(V.)=Y, and

(B(U),d0(U))=0, for UelU..



1182 INSTABILITY OF MEAN ZERO PERIODIC TRAVELING WAVES

The only comment is that B(U) has the mean zero property in [0,L]. In fact,

- R  (Bo0),Y (= a(U) o
/O B(U)(m)dx—/o V(a—a(U))de— e 0.0 (—aU)| <0
As in [9] (see also in [6]), consider the initial value problem
% —B(0),
{U(d(j\) —Vel. (2.11)

COROLLARY 2.6. Suppose the hypotheses (H1)-(H3) hold. If U=R(\,V) denotes
the solution of the initial value problem (2.11), then we have

1. Ris a C* function for |A\| <Xo(v) for any V €U,
2. R commutes with translations for each A,
3. N(R(\,V)) is independent of \, and
4 GR0,8) =Y.
We want to point out that the proofs of the previous result and the the coming

lemma are the same as those in [9] or [6].

LEMMA 2.7. Under the hypotheses (H1)-(H3), there is a C' function A:{V €U,:
N(V)=N(¥.)} =R such that
1. For all Vel such that V €{VU.(-+s):s€R},

H(We) <H(R(AV), V),
2. For all V €U, such that V ¢{¥.(-+s):s€R},
FH(We) <H(V)+AV)(H(V),B(V)).
3. The curve @, satisfies H(Dy) <H(¥.) for w#c, N(P,)=N(¥.), and
A(VY(H(V),B(V)) changes sign as w passes through c.
Now we make precise the meaning of the stability and instability concept,

DEFINITION 2.8. The periodic traveling wave . is stable if and only if for e>0
there exists n>0 such that if Vo €U, then V(-,t) €U, for all t€0,L], where V(-,t)
denotes the unique solution of the Cauchy problem associated with the Boussinesq type
system (1.1) in the space X, with initial condition V(-,0)=Vy(-). We will say that
the periodic traveling wave V. is unstable if Y. is not stable.

2.3. The Cauchy periodic problem.  We note that system (1.1) has the

form
(g)tzm<g>+G(g), (2.12)

_ 0 0O q\ 0
M= (&vB—lA 0> and @ <r> - <—B—1(2rq"‘1qm+2q"rz)) '

As done by J. Quintero et. al. for n=1in [21], it is easy to see that M is the infinites-
imal generator of a bounded Cy-group S(t) on X' =H,_,.([0,L]) x H,.,.([0,L]). More-
over, we have M€ L, (X2, X'), where X2=H?2, ([0,L])x € HZ,,([0,L]). Since B!

where
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is a bounded linear operator from L2, ([0,L]) to HZ,,([0,L]). On the other hand, if

per per

feH,..([0,L]), then f € L>®(R). Thus, if we assume that (¢,7)" € X', then g and r are
bounded functions. Since ¢, r, € L2,,.([0,L]), we conclude that 2rq¢"~'q, +2¢"r, €

per
L2.,([0,L]) and so we have that B~* (2r¢" g, +2¢"r,) € HZ,,.([0,L]). In other words,
we have shown that G maps X' into X?, meaning that G gains some regularity. More-
over,

1B~ (2r1g7 M (q1)2 +2¢5 (r1)2) — B~ (2r205 " (¢2)2 + 205 (r2)) 722,

<|(q1,m1) = (g2,7r2) || x1,

which means that G is locally Lipschitz from X' into X?2. In other words, we have
that

THEOREM 2.9. Suppose that (qo,m0)' € X'. Then the initial value problem associated
with the system (2.12) with (qo,r0) = (¢(0,-),7(0,-)) has a unique global mild solution
(q,m) € XL, Moreover, if

L
(quTO)t GYi = {(Q7T) € (lepr([O,L]))2 :/0 q(x)dxo}a

then the initial wvalue problem associated with system (2.12) with (qo,r0)=
(¢(0,-),7(0,-)) has a unique global mild solution (q,r) € Y;.

The result is a consequence that a solution (g,r) satisfies the conserved quantities

L
Ml(q,r):/o q(z)dx.

Moreover, from this fact and the relation between ¢, r, and p, we are able to establish
that

COROLLARY 2.10. Let (qo,po)t € X. Then the initial value problem associated with
system (2.83) with (qo,po) = (q(0,-),p(0,-)) has a unique global mild solution (¢q,p) € X .

2.4. Instability analysis.  Following the setting used in Theorem 4.7 of [9],
we define the operator A in U, as

AU) == (Z(-—a(U)),V),
where J;Z =Y. The first observation is that
31 A (U)=B(U).
In fact,
A(U)=~Z(-—a(U)) ~(Z,0,U(-+ (U)o (V).
On the other hand, from (4) in Lemma (2.7),

B -a)
JpU(2)02¥ (2 —a(U))dx

J1/(U)

Then we obtain that

(2,0:U(-+a(U))) == (3Y,U(-+a(U))) = = (Y (- —a(U)),doU) .
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Putting the pieces together, we conclude that

3230 e(: a(U))

~HAWU) =812~ a(U) = (Y (= o). KWU) 155505 o a0y ds
R

=B(U).

(2.13)
THEOREM 2.11. Suppose the hypotheses (H1)-(H3) hold and that d”(c)<0. Then
the W.-orbit is X -unstable with respect to the flow of equation (2.3).

Proof.  Let ¥, be fixed, and take ¢>0 small enough such that Lemma (2.7)
holds. Thus, we can take Uy =WV, arbitrarily close to ¥, such that

N(U,)=N(V.), H(Up) <H(V.), (H'(Up),B(Us))>0

Now, if U(t) is the solution of the Boussinesq system with U(0)= Uy, then we have,
as in Theorem 4.7 of[9], that

GAUO)=( G004 W)

=(H(U(1),-3:A'(U(1)))
= (H'(U®)),BU(1)))-

Now in any interval [0,¢1) on which U(t) € U,
0 <H(e) = H(Uo) <AU @) (H'(U)),BU(R))) <(H(U(), BU(®))),

where we are assuming that A(U(¢)) <1 for e small enough, since A(¥.)=0. As a
consequence of this,

%A(U(t)) S H(W) — H(Ty). (2.14)

We note that for any U € U,, we have the estimates

AW <12lzz,., (1el s, +€)

<Yz, (19l +e)- (2.15)

So, we are able to conclude from inequality (2.15) that

(H(We) =H(Uo))tr <CilIY |2, ([ Vel

per per )

But we are allowed to take [|Y[|rz = small (using pY" instead V) in such a way that

CillY |z, (I1ellmy,, +e€)

per per L

1>

In other words, the solution leaves the tube before reaching the period L, and so the
W -orbit is unstable. ad

3. Existence of smooth curves of periodic traveling waves (n=2)

In this section we are interested in building explicit traveling wave solutions V.=
(e, pe) for the system (1.1) for n=2. Our analysis will show that the initial profile of
1. could be of either snoidal type for c€ (1,\/a/b), or cnoidal type for c€ (\/a/b,1).
Our main interest here will be the construction of smooth curves ¢— 1, of periodic
traveling waves with a fixed fundamental period L, depending on the range of the
wave speed c.
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3.1. Building periodic solutions.  One can see directly that if we look for
traveling wave solutions for the system (1.1), i.e. solutions of the form

(q(x,t),p(z,t)) = ( qC(x - Ct)7p(1(x - Ct))v
with r. = —cq., then ¢, has to satisfy the equation
1" 4
(a=be)" +(* = 1)y = v = Ao,

For the propose of this paper, we will consider solutions for which we have that Aqg=0.
In other words, we look for functions g, satisfying the equation

(a—ch)zb”—&-(cQ—l)z/J—%w?’:O (3.1)

Case I. ceI; =(1,4/a/b).

We start by scaling ¢ on this range of the wave speed. Define

. 3 3(c2-1
P1(x) =P1(e)p1(01(c)x), with B1(c)=—+/c?—1 and 9% ()= (72) (3.2)
2¢ c(a—be?)
Then ¢, satisfies the ordinary differential equation
1" C
Arclpr) =01 =91+ 201 =0. (3.3)

3

Multiplying by ¢} and integrating over [0,x] we see that ¢; already satisfies the
equation

1 ’ 1 C

5( 1)2—190411‘#650?:171,

with D; = D(¢1) being an integration constant. In other words, ¢’ has to satisfy the
quadrature form

1 2c
(¥1)?=3 (@‘1‘—3<p§+4D1). (3.4)
Note that formula (3.4) may be written as
1
[£1(2)]? = = Pi(p1(2)), (3.5)

2

where P is the fourth degree polynomial P;(t)=t*— %tz +4D;. By supposing that
P, has only real root, say —ne < —n1 <0<n; <142, one sees that

Pi(t) = (nf —t*)(n3 — %), (3.6)
and that (3.5) can be written
1
($1)% =5 (i = 1) (3 — 1), (3.7)

with 7; and 7, satisfying conditions

2.,.2_ 2
m+n =3, 38
{n%n3=4D1. (3:8)
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It follows immediately from (3.5)-(3.6) that ¢ must take values in the range —7ns <
—n1 <1 <1 <n2. Change variables again by letting

— 2
C—ﬂx,

with 9(0) =0 and p continuous. Then substituting into (3.7) yields the equation
(¢)?=(1-¢")(1-ke?),

where the modulus 0 < ky <1 is defined as

p1(x) =mn10(¢),

kfzﬁ

m

But from formula 128.01 of [7], we have that the solution is o(¢,m1,72) =sn((;k1). As
a consequence of this we have that equation (3.3) has a snoidal wave solution of the
form

3

T,M1,M2) =1n1SN x; k1 ).
901( mn 772) m (\/§ 1)

It is well known that sn is a 4K periodic function where K is the elliptic integral of
the first class defined by

k) /2 dt
K (k1 :/ —_—
0 4/1—Ek?sint

Thus ¢ has fundamental period

4/2
T, =2k w).
72

Recall that for given ¢>0, we have that 0 <, <12 </2c/3, so that no=+/2XA—n3
where A=c¢/3. Then we see that the period T, :=T; and the modulus k; depend on

m:=n,

4/2 2
LK _n

Tiln) = o= W), KO)=55 2 (3.9)

In particular, if n — 0, then k; — 0. This implies that K (k1) — 7/2, and so T} — %ﬂ‘.

On the other hand, if n— v/), then k; —1 and K (k1) — oo implying that T} — oo.
But the function 7 — Ty (n) is an increasing function for 0 <7 <+/\. In fact,

@_ o 2y-3/2 2 —1/2%&
s a3 (12002 Kl ) 02—ty )

Using that

dk: 21

dip k(23— 1?)?
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we obtain

dTl‘MQU((Q/\nz) K(ki(n)+

dTy 20 dK
d A=) |

ki dky

Since K is a strictly increasing function on k; and 2\ —n2 >0, we conclude that T} is
an increasing function for 0 < n<+/\. In particular, we have that
2T

ik

In terms of 1 and A, the solution takes the form

3n¢@-4sn<¢3ex—na@¥—1xrk>

T1(n) > (3.10)

Vrlemme) = 2¢ 2¢c(a—bc?)

We also can consider the degenerates cases n— /A and n— 0. In the first case, we
have that the period tends to infinity and ky — 1. Thus

¢1($)—>% 3<C2_1)sn< 2(02_1)).%‘;1):; 73(620_1) tanh( 72(62_1) 36),

c (a—bc? (a—bc?)

which is a traveling wave solution for equation (3.1) in the real line. In the second
case, 11 — 0, which is one of the constant traveling wave solutions.

Case II. c€ I, =(/a/b,1).

To scale ¥ on this range of the wave speed, we define

. 3 3(1—c2
Vo () = Ba(c)p2(f2(c)x), with Ba(c) = —+/1—c2 and 63(c) = % (3.11)
2¢ c(bc® —a)
Then 9 satisfies the ordinary differential equation
12 C
Az,e(p2) =n +5+ 392 =0. (3.12)

As in Case I, we have that equation (3.12) has a cnoidal wave solution of the form

2 2
@a2(z,m1,m2) =n1CN < 771;772£8;k2> 7

where 77 and 7, satisfy conditions

2 2 2c
7727771:§3 3.13

and the modulus 0 < ks < 4/1/2 is defined as
2
n /2 2
k2= E2=1-k2.
2 77% +77§ 2 2
Now, since cn is a 4K periodic function, ¢9 has fundamental period
. 442
'y = —
R

K (k). (3.14)
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Now from the definition 7y =+/2A+n3? where A=c/3 and the period T, :=T> and
the modulus k; depend only on n=mn;,

2
To(n) = — K (ks(),  K3() = ="

VA+n? 2(A+n?)

It is not hard to see that T, is a decreasing function for n>0. So we conclude that
21
voN

In terms of 1 and A, the solution takes the form

1#2(“1’#7) = @CD (\/m Cg((blc;cz))l‘;k2> .

If we consider the degenerate case n— 0, then ks —0 and K — /2. In this case we
capture the unique constant solution ¥y =0.

0<Ta(n) < (3.15)

3.2. Characterization of the fundamental period. A clever result needed
in discussing orbital instability is the existence of smooth curves of periodic traveling
wave solutions with a fixed period, which are parametrized by the wave speed c¢. We
want to point out that this is not straightforward since the period of these periodic
traveling waves solutions depend strongly on the wave speed c¢. We will see that the
proof of these facts is a direct consequence of the Implicit Function Theorem. We
start the discussion by characterizing the period.

LEMMA 3.1. Let L>2v3m be arbitmry but fized. Consider 1<ci<a/b such that
co> L L2 , and a unique 11,0="n1(co) (0 Vg ) such that L=Tc, 1. Let @c, ()=
©eo (5M1,0,M2,0) Satisfy the equation (3.3) with na o=/ 2ﬂ —n? 0 and define

_ [la—=bcg)(c2—1)
PO=\ (a=bed)(@-1)

for ¢>0 such that 1 <c?<a/b. Then

1. There is an interval J1(co) around co, an interval B(ng) around n1 o, and a
unique smooth function n:Ji(co) — B(m o) satisfying that n(co) =m0 and

< 4\f
Co \/2¢/3 —n?

() =p(c) 11, (3.16)

where k3(c) = 20/?)72_7]2

2. The snoidal wave ©c(-) =pe, (-, / 2m(c),\/Ln2(c)), where n=m1 and no =
,/— —n?, has fundamental period T, = p(c)T,,,1 and satisfies the equation

80”+%0<p_¢,3:o_ (3.17)
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LEMMA 3.2. Let L<2v/3m be arbitrary but fived. Consider a/b<cd <1 such that

co < 1%52; and a unique 1m1,0="mn1(co) € (07 5 ) such that L="Te, 2. Let @c,()=

©Yeo (,M1,0,M2,0) satisfy the equation (3.12) with 1y o= ,/2%—1—77%’0, and define
bcZ —a)(1—c?
(b2 —a)(1—cp)

for ¢>0 such that a/b<c?*<1. Then

1. There is an interval Ja(co) around co, an interval B(neo) around 1z, and a
unique smooth function n:Jo(co) — B(n2,0) satisfying that n(co) =m0 and

c 4
\[O\/m K(kz)=p(c)Tey 2, (3.18)

_

T 2(e/34m?) "

2. The cnoidal wave @(-) =@ey (-, 1/ L2m(c),\/Ln2(c)), where n=mn1 and no=
\/ X +n2, has fundamental period T, = p(c)T,, 2 and satisfies the equation

where k3(c)

goﬁ—k%ogoﬂp?’:o. (3.19)

Proof of these lemmas follows by noting that we can define, in an appropriate
range for ¢, functions

c 42 \/? 1272
(n,c)=,] ———=—K(k — ()T 1 in Q=4 (n,0):0<n<y/=, > b
1(n,¢) 0 I (k1(m) = p(c)Tey 1 1 {(77 ):0<n 3 Tcgo,l}

c 4 . [2¢ 1272
H2(7770)—\/%\/T—WK(]%(U))—P(C)T%Q n 92—{(77,0)-0<77< 3’C<T3072}’

where A=c/3. First observe that II;(n,c) = / ZT;(n) — p(c)T¢,,i (see (3.16), (3.18)).
We also have that II;(0,co) =0 and that 9,1L;(no,co) = /<=9, Ti(m0) #0, since we

show in these three cases that the period function T; is a monotone function for 0 <n <
\/g fori=1 and for 0 <n </ % for ¢ =2. So, the first part in these lemmas follows by
the Implicit Function Theorem. The second part in these lemmas is straightforward.

3.3. Curves of periodic solutions. As a consequence of the previous results,

we will prove the existence of smooth curves of periodic waves for equation (3.1) with
Tep ; o
a fixed period characterized as T ; = W‘é’;) for c€ J;(co)(1; with i=1,2.

These curves of periodic wave solutions are given by the following result

THEOREM 3.3. For any c€ Ji(co), there exists 1.; €W} with fundamental period
L=T,,; satisfying the equation

(4B + (¢~ 1)y~ S =0
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and having the form

/o2 _ 3(c2— 2 c
e (z) =2Y—Lsn (772 72cga—b2) l’;kl) ; with ki = é ni s =%,

2
Yeo(x) = Imyi-c? L = <v7l%+772 2c(bc2—a) x;kQ)v with k3 :#Tlngﬂ?%—ﬁ:*

for 1=1,2, respectively.
Moreover, the map

JZ'<C()) —)WL x H} [O,L],

per
1
— (¢c,ia _CB(wc,i) + 3¢§,1>

is smooth (i=1,2).

Proof. Let ¢.; be the periodic wave determined by the corresponding previous
lemmas with 7; =n;(c) for ¢ € J;(¢p). Define

c c
@i(x)=1/<pc7i< x), reR.
Co Co

Then ¢; has period T, =7(c)T,,,; with

But a direct computation shows that ; satisfies the equation
Ai,c (901) =0.

Next we obtain a smooth curve of the solution for (3.1). From the change of variables
in the i-case, we define

Vei(x) = Bi(c)pi (Bi(c)z,m(c),m2(c)). (3.20)
Then it is a straightforward calculation to see that 1. ; has period Tp ;= % and
that 1. ; has the form desired in the conclusion of the Theorem for ¢ =1,2. Regularity
of the map c¢— 1. ; follows from the properties of ¢, ; and 7;. 0

REMARK 3.4. By a continuation argument, J; in the previous result can be taken as

le(l,\/%), J2:<m,1).

4. Instability result for n=2
We start proving a basic result before we follow the approach in [9]. First note
that L., =3"(¥.) is given by

neq? + B~ () gl + A —qiB 4l
[/c,n:

=B (g2 () +el B
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So, it is straightforward to see that

L
<Lc,n(\1]c)7\1/c> = / [ncqg+2 +qcAqe +qzl+1B71 (QZLJFI) - 2qzl+1B71 (pc)
0
+pe B (pe) +2cpeqe|dz. (4.1)
Now on the other hand, a direct computation shows that

_ 1 _
g BT (pe) = ——a BT () —eql ™,

+1
2¢peq :iq”“f%zq Bg
clce n+1 c c )
1 c
cB_l ) = n+1B—1 n+1\ _ n—+2 2 cB .
P (pe) RSV (g2*h) "+ By,
1 1/ m 1 _
ST BT (i) = ——S55 | '4eBge — 2¢*qe Aqe + Aqe B~ (Aqe)
(n+1) (n+2)%¢

+(—c*Bgc+Age.+ Ay —c*q.+ B~ (Aq.)) Al] .

Using that ¢, has zero mean in [0, L] we have that

n? t +1p—1(, ntl
BT (¢ ) d
e, T
n*AIL n? t 4 2 -1
:(n+2)202 + (n+2)202/0 {c qeBq.—2c*q.Aq.+ Aq.B (ch)} dx.

As a consequence of these equalities, we have that

L
(Len(¥e), U,.) :/0 [(n+2)cqg+2 +q.Aq. —*q.Bq. + ntlip-1 (q;”l) ] dz

n
(n+1)2 de

n2A3L L 9 n
= v o CB c— CA c 7[ 1 CB c
122 +/0 [n(c qcBge—qeAqc) + g2 ¢ Pa
—202qCAqC+AqCB*1(AqC)”dac
n?A3L n

L
" (n+2)2c2 + (n+2)202/0 {[n+(”+2) J¢"qcBye

—[2n+(n+2)*]*q.Age +nchB‘1(ch)} dx
n2A2L n 7
(n+2)2 " (n+2)2c2 "

where
L
Ilz/ [[n—f—(n+2)2]c4chq,[2n+(n+2)2]c2chqc+nAqCB_1(AqC) dx.
0

Moreover, for n even we can take A; =0 (see case n=2 in Section 3), and so

n

<Lc,n(‘l/c)7lllc> = m[l.



1192 INSTABILITY OF MEAN ZERO PERIODIC TRAVELING WAVES

Now we observe for p, = 4”z§k2, with p=a,b that

n 1 [t
fl :Z/ [[n—|— (n—|—2)2]c4chqc —[2n+ (n—|—2)2]02qCAqC—|—nchBfl(ch)] dz
0

>

k0

472 bk?
L2

[n+(n+2)?c [1+

]—[2n+(n+2) 1e? [1+47r “kz]

L?
1+ 74”22"“2]2
[+ (4 2211+ B = [2n-+ (4 2)2) (14 b)(1+a)e? + (1 + ap)?]

= - |Gi|?.
k-0 (1+0bx)

+n |dx|?

Now, a simple computation shows that
(n+(n+2)2)(14bx)%c* — (2n+ (n+2)2) (14 bg) (1 + )2 +n(1 +ay,)?

=<n+<n+2>2><1+ék>2<c2_<1+?k>>(g_ n(ita) )

(14bg) (n+(n+2)2)(1+b)

1+47r a
47r2b7
142552 72

If we assume for example that 1> 2> 7Tz and that 1< e| < then we

have for any k€ Z\ {0} that
1+a 1+a
2 Utan) \ f 5 n(t+ar)
(14bg) (n+(n+2)?)(1+b)
This follows since for a >b and k€ Z\ {0}, we have that
14470 1+ Gy, \ﬁ
1+4w2b 1+bk: b’
c|>1_\/>\/7 1+ak) .
(n+ (n+2)2)(1+by)

\/ n(l+ay) <ld< 1+ay
(n+(n+2)2)(1+b) 1+0bg

In other words, for n even we have established the instability hypothesis (H3).

On the other hand,

which implies that

+

41er ’
L2

then we have

LEMMA 4.1. Let n be even. Ifl>g>m and 1<02<
that

<Lc,n(\l'c), \ch> <0.
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4.1. Spectral Analysis of L., for 1<c<,/a/b and n=2. We will see
below that the spectral analysis is based on the fact that L., can be diagonalized.
In fact, set D as the linear transformation

I 0
D= (qg—cB I)’

whose transpose operator D! is given by

I1q?—cB
t__ c
D—(O I >

It is not hard to show that D is a bounded linear operator from H?.,.([0,L]) x

per

H:22([0,L]) — HE,,.([0,L]) x H32,2([0,L]), with bounded inverse. On the other hand,

per per per

(n) _ ytagr qc _ Lsn 0
e (R)o-(5 ),

where Ly, =A—c?B+(n+2)cq?. From this diagonal form the spectral analysis of
the operator L. 2, is reduced to the analysis of the spectral properties of the operator

(2) _ Lsn 0
Lo ( 0 B_1>’

where

d2
LSn:—(a—bc2)@+(1—02+4cqil) (4.2)
is the operator associated to the snoidal-wave solution (g 1,pc1)" for system (1.1)
determined by Theorem (3.3). As a consequence of this result, now we are able to
complete the spectral analysis for £.2. In other words, we have to consider the
periodic eigenvalue problem

Leax=Ax,
{X(OQ) =x(L), X'(0)=x'(L). (4.3)

where the operator £z is given by

2‘15,1 +B7! (Q?l()) qg,l +A *qg,lel +cl
Lc,2:

-B! (qg,l('))JFCI B!
Regarding this eigenvalue problem, we obtain the following result

THEOREM 4.2. Let q.1 be the snoidal wave solution given by Theorem 2.4. and
1<c<+/a/b. Then the periodic eigenvalue problem (4.3) on H2 ([0,L]) x HZ,.([0,L])
has exactly one negative eigenvalue which is simple, A=0 is a simple eigenvalue with

eigenfunction (q’CJ,O)t and the rest of the spectrum is positive and away from zero.

Proof.  Since B~! is a positive operator, we only need to analyze the periodic
eigenvalue problem for the linear operator L,:

{ Lgnv =M,

w(0) =o(L), o/(0)=0'(L). (4.4)
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Recall that L4,v=Av is simply a Hill’s equation, so it is not hard to check (see [12])
that the linear operator L, in (4.4) defined on H2,,([0,L]) has exactly its first three
eigenvalues simple: the first eigenvalue is negative, the second eigenvalue is zero with
eigenfunction qé’l, and the third eigenvalue is positive. The rest of the spectrum is a
discrete set of eigenvalues which are double. The eigenvalues only accumulate at 4oco.
Now, let (= (g ;,0)*. Then we have that L= (Lsnql,0)t=(0,0)t. In other words,

A=0 is an eigenvalue of £ with eigenvector ¢=(¢.,0)". Let us check that A=0
is simple. Take x=(f,g)! such that £y = (0,0)t. Then we obtain that B~!(g) =0
and L, f=0. But we conclude that f=agq,; and therefore (f,g)=a(q.;,0). Thus

we have that A=0 is simple. Now, given ¢ =(f,g)" we have that

(LD =(Lanf, [)+]1B~V2g|?, (4.5)

where B~1/2 is the square root of the positive linear operator B~'. So, by taking
Xo such that L,x0=MNoxo for Ag<0 and {y=/(x0,0)!, we obtain from (4.5) that
<L£2)C0,C0> =(LsnX0,x0) <0. Therefore, [4&2) has a negative eigenvalue, which must
be simple. Now, let ¢;=(x0,0)" and (3= (q.;,0)". Then for o=(f,9)", [l¢l|=1, it

follows from the Min-max principle that the third eigenvalue for Lg), 73, satisfies

= inf  (LPp,p)> inf (L@
" [58117151)2]80J-511r;150J_52< ¢ (P’Lp>_<PJ-C11I,1<pJ_C2< c <pa90>

> inf L. , + Bl/2 2 >5 >O7
2,00, (Ll DB I 2 b

where in the last inequality we have used the spectral properties of linear operator
Lgn- d

Finally, we are able to establish for n =2 the hypothesis (H2).

THEOREM 4.3. Suppose that 1 <c<+/a/b. Then L2 has exactly one negative simple
eigenvalue with eigenfunction x. € H).,.[(0,L)] x H}.,.([0,L]), has its kernel spanned by

0.1 €X, and the rest of the spectrum in Hp,.[(0,L)] x H2,.([0,L]) is positive and
away from zero.

Proof. From the spectral analysis of the operator £ on HZ..[0,L] x H?,.([0,L])
we have that L. > has a unique negative simple eigenvalue. Now we will see that the
kernel of £ o is spanned by 0, ¥.; € X. We know that (ge,pe)t satisfies the following

equations:
Aq—c*Bq+ %(f =0, p= %qS —cBg.
Then we also have that
A¢ — B +4c¢¢*d =0, p'=q¢*¢ —cBq . (4.6)
Now, L.a(f,9)"=(0,0)! is equivalent to
B~ ¢*f)=B ! g)=cf, Af+2c4*+B ' (¢*))d*~4*B~'(9)+cg=0.

Then f satisfies Af —c?Bf+4cq®?f=0. From (4.6) we conclude that (f,g)=

a(q,.1,P,1)- Again, from the spectral analysis on the operator LEQ), the rest of the

spectrum of L. in H2,,.([0,L]) x H2,,.([0,L]) is positive and away from zero. O

per per
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4.2. Concavity of d for c€ (1,1/a/b) and n=2. In order to establish orbital
instability for such traveling wave solutions using Theorem (2.11) for n=2 , we must
verify that d’(c) <0, where d is defined as

o= (1) (47
pC,la
where p.1 =—cBg.1+ %qil, with g. 1 being the wave solution obtained in Theorem

3.3. If we differentiate (4.7) with respect to ¢, we get that

d () =N(V,)

L
:/ pc,ch,ldx
0
L 1
:/ <—cq371—bc(q;1)2—|—3qil> dx. (4.8)
0

We will see that d’ in (4.8) can be rewritten as

a C2 L cla— L
to=g s [ aa@ae- 250 [ e (1.9

In fact, multiplying equation (3.1) by ¢. and integrating over [0, L] we obtain that

L L
@) [ orar=-n) [ @@ Mot @

So, replacing in d'(c) we obtain the desired expression. On the other hand, for 1<
c¢<y/a/b, we know from Theorem (3.3) that

3nivVe2—1 3(c2 -1
QC,l(x):misn (772 2())96;]41),

2¢ c(a—bc?

with nf(c)+n3(c) =% and k;(c) = Z;(i). Then a direct computation shows that

L 2\ 1.2 4K

6(a—bc?)ki K
| iwar==EIBE [ e, (110)
0 c 0
L 2\27.4 173 4K

144(a — b)) * kT K

| dtatwan == CQLQ [ sy (4.11)

~ 9(a—be?) DkiK 4%

== l<;2+1 (4.12)

But we know that k2sn(y)=1—dn?(y), and that
4K

K
dn2(y) dy :4/ dn2(y)dy:4E,
0 0

/ dn4(y)dy:4/ dn*(y)dy %[(1& DK +2(2—k})E],
0 0
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where E and F' are the Elliptic integrals of the first class defined by

/2 /2 1
E(k )=/ 1—k}sin®tdt and F(k ):/ -
D= it R Brererer

As a consequence of this and previous formulas, we find that

24(a —bc?)

L
2 (x)de="—"K(K-F
| du@ae= 2 k(x- p),

c2L3
a—be2) (2
N D K (42K - 2(43+1)5]

L _pa2)2
/ q&(@dm:MW [(k242)K —2(k2+1)E]
0

Replacing these into d’(c) we finally get that

d(c)= 4(“+3b;2£(c “Dg KZ%E) K—2E] - @K[K—E} (4.13)

_ 4(a+3bc?)(c®—1) i) — 24(a—Db)

7 Ja(c), (4.14)

where Jj(c) = K Kﬁﬁ) K—2E} >0 and Jo(c) = K[K — E] > 0.
The first observation is that d is a non increasing function. In fact, a simple

computation shows that

(1-kHK?*—(1+k}HKE

2], — — <0.
J1—3J5 T8 <0
On the other hand,
4
d'(c)= =T ((a+3bc®)(c® —1)J1(c) —6(a—b)c* Ja(c))
4

=37 ([(a+3bc*)(c* = 1) —4(a—b)c*]J1(c) +2(a—b)c*(2J1 — 3J2(c)))

=37 (—(302 +1)(a—bc?)Jy(c)+2(a—Db)c* (2], —3J2(c))) <0.

Now we have to compute d”’(¢). We start computing %. To do this, we have to

recall that 7 is defined implicitly by the equation

_ 42K (ki(n) L= 42K (ki(n)  [3(c2-1)
M(n.c)= (2¢/3—n?)1/2 ()= (2¢/3—n?)1/2 c(a—bc2)L70' (4.15)
LEMMA 4.4.
% () = k1(1+k122(7€1k16))[((/€1)@1 >0, (4.16)
where

Q1=(a—bc*)(* =1k} +2(a—b)c* >0, and
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H(ky,c)=2(a—bc®)(c®—1) [(1+kT)E(k1) — (1 —k7) K (k)] .

Proof. First we have to observe that

oy , 2 d _E-(-)K
8”k1(n)_3k1(2c/3—772)2’ 1+k1—3(20/3_n2)7 and dle(kl)_ ki(1—k2) ~
Then we have that
NG 2cK' (ki)
ann(n,c):w [(2c/3n2)K+3k1
4ﬁk1 2c 2c 2CE(]€1)
=G |\3 7 52 ) Kt sEaoae
(2¢/3—n?) 3 3k1 3kT(1—k7)
o 4V2(2¢/3) E(k) K
C(2¢/3=2)ky [1—kF 14K
6v/2(1+k?
_Ckl((l_k;)) [(L4+k)E(k:) - (1- kD)K.
1

Moreover, it is straightforward to see that

2(.2 o 2 1.2 4 B 9
16 ()= 3(be*(¢*—1)+(a—b)c+a—bc*)L _ (bc*+(a—3b)c* +a)0L > 0.
2962(a—bc2)2 26(62_1)(G—b02)

On the other hand,

42K (k1) '
TR
_ 4A2K(k) (bt +(a—=3b)P+a) 42K (k1)
0 3(2¢/3—12)3/2 2¢(c2—1)(a—bc?) (2¢c/3—n2)1/2
 AV2K (k) 3(bct + (a—3b)c? +a)
= T 30c/3_i2) {1 2ela—b) (@ 1) (20/3_"2)}
42K (k) [ bet 4+ (a—3b)c +a }
©3(2e/3-mP2 | (a—be?)(c? = 1)(1+ k)
__2\/§K(k1)(l+k%)k1 [(a—ch)(CQ—1)k%+2(a—b)02}
N cn (a—bc?)(c2—1)(1+k2)

8cH(77,C) =

Using this and chain rule, we have that

d 0 l(n,c)
%”(C)__ann(n,c)
_ 0K ()0 g
3n(a—be) (e = 1)(1+k7) [(1+ED) E(k) — (1 - k) K (k1)) ~

where
Q1= (a—bc*)(? =1k +2(a—b)c*>0.
As a consequence of this,

k(€)= 0yl (1) (0
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_ 2cn ki(1—k$)K (k1)Q:
- 3ki(2¢/3-1%)2 3n(a—be?)(c2 = 1) (1+k7) [(1+53) E(k1) — (1 — k) K (k1)]
B ki(1+Af)(1—k2) K (k1)Qu ~0.

2¢(a—be®)(c? = 1) [(1+ k) E(ky) — (1= k3) K (ky)]

Finally we are able to establish the concavity of d.
LEMMA 4.5. There are 1 <c, <c* <+/a/b such that d(c) is concave for c€ (1,c,) and
for ce(c*,\/a/b).

Proof. We have that

% =2(3bc* 4-a)J; + (a+3bc?) (2 —1)(cJ|(c) —6(a—b)c*(cTy(c)),  (4.17)

where ' = %. Now we observe that

/ o 2KQi(HiKE+HyK?+ HsE?)
(a+3be®)(¢® = 1)edi(¢) —6(a—b)e* (eJ5(c) = (1+Fk$)H (K1,c)

(4.18)

KW

(14+k3)H (k1,¢)’ (4.19)

where
W =2Q, (HiKE+ H>K*+ H3E?),
Hy=(a+3bc)( =12+ kD1 +k?) —6(a—b)c?(1+k2)2,
Hy=—(a+3bc?) (2 —1)(1+2k3)(1— k) +3(a—b)cA(1+k3)* (1 — k),
H3=[—(a+3bc?)(c* —1)+3(a—b)c?|(1+k})?.

By defining I'= (a+3bc?)(c®> — 1), © =3(a—b)c?, and

Y1 =(2+kF)(1+K3), y2=1+2k1)(1—kD), y3=(1+k7)%,
m=2(1+k7)?, ne=(1+k7)*(1-k7), n3=(1+k7)?,

we find that

Hy=Tv—0n,
Hy=—T"v2+0Ong,
H3=—-Tv3+0n;3.

Moreover, we also have that
4 4
H=T--0|1+060|-m1—m ),
3 3
4 4
Hy=— (F 3@> 12+© <7723’72) ;

4 4
Hs=— (F—3@>73+@<773—373).
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In particular,
H KE+ HyK?+ HyE? = ( ) 1 KE -7 K?*—y3E?)
@
g 21—k KE—(1—k7)*(1+3k7) K* — (1+k7)*E?).

Now, using that 1+k? > (1+2k?)(1—k?) we are able to see that

YKE o K? — 3 B2 =2+ k) (1 + k) KE — (1+2k)(1 - k) K2 — (1+k})*E?
=K[1+kHE—-(1+2H)(1 - kD K]+ (1+k3)?[K - E|E
> ((1+2k7)(1—k})K[E — K]+ (1+k3)*[K — E|E)

(K —E]((1+k})*E—(1+2k})(1- kD) K)

0,

v IV

since we have that K —E >0 and (1+k%)?2E — (1+2k3)(1—k3)K >0.
Note that we also have for c€ (1,4/a/b) that

o %@: (a+3b¢2)(c2— 1) — 4(a—b)c? = — (3¢ +1)(a—be?) <0,
which implies that for c€ (1,y/a/b) and k; € (0,1),
(r— ge) (MKE—~K?—~3E%) <0.
It can be also shown using MATLAB that

Gk1)=21—kD)KE—(1—k?)?(1+3k>)K? - (1+k3)2E*<0, for k;€(0,1).

In figure (4.1) we display the coefficient G(k1) as a function of the modulus k;. In
this plot we can see clearly that G(k;) <0 for 0<ky <1.

[o] 0.2 0.4 0.6 0.8 1

Ky

FIGURE 4.1. The coefficient G(k1) as a function of the modulus k1.

As a consequence, we have established that

W =2Q,(HKE+ HyK*+ H3FE?*) <0, for ce(1,y/a/b), ki €(0,1).
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By using (4.17) and (4.19), we see that d” can be written as

Ledd"(c)  K{2(3bc*+a)(a—bc®)(? —1)[(2+k]) K —2(1+k3)E] + W, }
4 (1+k2)(a—bc2)(c2—1) ’

where

w

M= S B — (- R K ()

But from (4.15), we observe for either =17 or 8= (y/a/b)” that

lim (a—bc?) (2 —1) [(2+k7) K (k1) —2(1+ k3 ) E(k1)]

c—f

< 11%4(1 +EkD)(a—bc*)(*—1)K (k1) <8 lir%(a —bc?)(*—1)K (k1) =0.
c— c—

Moreover, there exists 0 < M < oo such that

sup [(14+k])E(k1)—(1—k}) K (k1)] =M.
k1€[0,1]

As a consequence of these facts, we conclude that there are 1 <e¢, <c*<4/a/b such
that d is concave, since

_ 4K {2(3bc* +a)(a—bc?) (2 —1) [(2+ k) K —2(1+k})E] + W1 }

LA (a—b2) (@ —1) =0

d// (C)

in that range, since 2(1+k?)E(k1) — (1 —k})K (k1) >0. ad

REMARK 4.6. As we have seen in previous computations, to determine analytically
the sign of d” is not quite trivial. Note that the relation between k; and c¢ is not
explicit, and so, we do not know where the range of ki is localized. In accordance
with numerical simulations for many values of the parameter a and b, we conjecture
that d is in fact concave in (1,\/7/19). To give an insight on this conjecture, we
performed some numerical experiments. See numerical Section 5 below.

As a consequence of the previous result and the general instability result (2.11),
we obtain for n=2 the following instability result.

144x7a
144230
snoidal wave branch of period L given in Theorem 3.3. Then the orbit {(gc1(-+
$),De1(-+8)) }ser s X-unstable with regards to periodic perturbations and the flow
generated by system (2.5).

COROLLARY 4.7. Let a>b> ¢, 1<c<min (c*, >, n=2, and let g.,1 be the

5. Description of numerical experiments
For solving the Cauchy problem associated to the generalized system

qt =Ty,
pe =02 (Aq—7q"),

—~~
N =
~—

we use a spectral numerical scheme as in [17], where we use that p=Br+ n%_lq”“.
In previous sections we have explained the method to build spatially-periodic traveling
wave solutions to system (1.1) when n=2 in two different cases, depending on the
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d(c.k,)

—1000
—2000
AR

N

—3000 NN

—4000

FIGURE 5.1. The coefficient d'’(c,k1) for two values of the model’s parameters a and b. In (A)
a=0.8, b=0.1. In (B) a=50, b=0.5. Observe that d”'(c,k1) is negative in the entire range.

patt=55
0.05

0.045f
0.04f
0.035f
0.03f

< o0.025
0.02f
0.015}
o.01f

0.005

t (time) X

FIGURE 5.2. (A) Deviation E(t) of an unstable snoidal wave solution with a=0.8, b=0.1. The
perturbation has period L=39.56 (fundamental period of the snoidal wave) and wave speed ¢c=1.03.
(B) Comparison between the perturbed numerical solution and the analytic snoidal solution.

regime of wave velocity and the parameters a and b. For ce(1, \/%), we proved
analytically the instability of the L-spatially periodic snoidal wave solution (gc.1,pc,1)
under perturbations having the same period L, provided that the wave speed c is near
enough the critical value 1 and 96 >a > b.

As mentioned above, it is difficult to study analytically the sign of the function
d"(c) on the entire range (1,1/a/b). A large set of numerical experiments performed
with MATLAB plotting the coefficient d”(c) for several values of the parameters a
and b indicates that d”(c) is negative for all c€ (1,/a/b). To illustrate this issue,
we display in figure (5.1) the coefficient d”(c,k1) as a function of the wave speed
0<c<+/a/b and the modulus k; € (0,1), for a=0.8, b=0.1 and for a=>50, b=0.5.
Even though we know that we can not apply the Grillakys-Shatah-Strauss approach to
study stability/instability of cnoidal wave solutions in the case c€ (1/a/b,1) (cnoidal
type solutions) we will provide numerical evidence of instability in such a case in
Section 5.2, by using the numerical scheme implemented.
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qatt=5.5
0.04 -0.04
)
0.0351 -0.06
0.03 -0.08
0.025¢ -0.1
g o.02t -0.12

0.015

0.01}

0.005

-0.14

-0.16

-0.18

(o] -0.2

t (time)

FIGURE 5.3. (A) Deviation F(t) of an unstable snoidal wave solution witha=0.8, b=0.1. The
perturbation has period L =39.56 (fundamental period of the scnoidal wave) and wave speed c=1.03.
Comparison between the perturbed numerical solution and the analytic snoidal solution.

p at t=100
o.s

o.a5
o.a
0.35
0.3}

E o.z2st
oz}
o0.15

0.1

0.05 |

o 20 40 60 80 100 o 2
t (time)

FIGURE 5.4. (A) Deviation E(t) of an unstable cnoidal wave solution with a=0.3, b=0.7. The
perturbation has period 2L, with fundamental period L =3.69886 and the wave speed c=0.8.

q at t=100

o 20 a0 60 80 100
t (time)

FIGURE 5.5. (A) Deviation F(t) of an unstable cnoidal wave solution with a=0.3, b=0.7. The
perturbation has period 2L, with fundamental L =3.69886 and the wave speed ¢=0.8.

5.1. Instability of snoidal waves. To measure the deviation of the solution
pair (g(t),p(t)) from the orbit of the snoidal wave ¢.=gc,1,p. =pc,1, we introduce the
time-dependent functions
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N
> [1P(A,8) = peliAa+kA2) P+ |po(jAz,1) ~pL(jAc -+ kAT)[2],

>
&
Z
Al

(5.3)

N
L
F(t)= min_ NZ (la(782,8) ~ (AT + kAD) 2 +]g, (A, 1) - (AT + kAw) 2]

(5.4)

where N is the number of grid points used in the numerical calculation of p(z,t)
and ¢(x,t) on the computational domain [0,L]. Furthermore, p,,p., ¢:,q. denote the
derivatives with respect to x of the functions p,p., q,q., respectively. In the numerical
experiments to be presented, we will study the behavior of the deviations E(t) and
F(t) as long as time ¢ increases. These functions are computed at every time step by
using the numerical solution (g(t),p(t)) to system (5.1)-(5.2).

We explore the dynamics of the branch of snoidal wave solution g. =¢¢,1,pc =pec,1
for (5.1)-(5.2) when time increases. We run the numerical scheme with perturbed
initial conditions

q(x,0)=gq.(z)+e cos<52ﬂTx), (5.5)
p(2,0) =pe(a) +e sm(52%x), (5.6)

where the scale e >0 controls the strength of the perturbation introduced into the
cnoidal wave (g.,p.). Observe that this amounts to introducing perturbations having
the same period L that the snoidal wave. In our first simulation we set ¢=0.005.
Furthermore, the initial deviations introduced are E(0)=0.0284, F(0)=0.0285. We
take a=0.8, b=0.1, n; =0.5472, 2 =0.6223, the wave speed adopted is c=1.03 (i.e.
near one), and the fundamental period of the snoidal wave is L=39.56. This set of
parameters satisfies all conditions required in Section 3. The numerical parameters
are 28 FFT points equally spaced along the computational domain [0, L] and the time
step is At=0.001. In figures (5.2)(A) and (5.3)(A) we present the outcome of the
deviations E(t) and F(t) for the solutions p(x,t) and ¢(x,t) of the perturbed problem.
Observe that the total deviation E(t)+ F(t) increases up to approximately 1.5 times
the initial perturbation introduced, which indicates an unstable nature of the snoidal
wave solution. This is in accordance with the analytic results presented above for ¢
near one. In figures (5.2)(B) and (5.3)(B) we can see the profiles corresponding to
the numerical solution to system (5.1)-(5.2) (with perturbed initial data in the form
(5.5)-(5.6)), and the snoidal wave (g1, pc,1) after an appropriate spatial translation
in order to compare their shapes. Observe that the discrepancy of the derivative of
these profiles is very dramatic near the left-side boundary and at the center of the
interval.

5.2. Instability of cnoidal waves. By using the implemented numerical
scheme we provide experiments showing that the cnoidal-wave solution ¢, =g 2,p. =
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De,2 with period L is unstable when perturbed by 2L-periodic disturbances of the form
Q(xao):qc(x)+GQC($/2)’ (5'7)
p(x,()):pc(x)-i-epc(xﬂ), (58)

with €=0.05. In this case, we do not have analytic results since it is not possible to
adapt the Grillakis-Shatah-Strauss approach.

p(jAz,t) —p.(jAz+ kAx)|?, (5.9)

&
T
Ig
LE
2|~
\E

<.
Il
—_

lg(jAz,t) — q.(JAz + kAz)|?. (5.10)

i
=2
2|~

Il
-

J

Here we set a=0.3, b=0.7, 11 =0.2582, 15 =0.7746, the wave speed ¢=0.8, and the
fundamental period L = 3.69886. The numerical parameters are 26 FFT points equally
distributed on the computational domain [0,2L] and the time step is At=3.3 x 107
In figures (5.4)(A), (5.5)(A) we feature the deviations E(t) and F(t) computed in
this numerical simulation. The initial deviations are E(0)=3.28 x 1072 and F(0)=
2.77x 1072, In figures (5.4)(B) and (5.5)(B) we can see the profiles corresponding
to the numerical solution to system (5.1)-(5.2) (with initial data (5.7)-(5.8)), and the
cnoidal wave (gc2, pe,2) after an appropriate spatial translation in order to compare
their shapes. The deviation of the perturbed solution increases up to roughly 10
times its initial deviation, providing us with clear numerical evidence with regard to
the instability of this type of periodic solutions under 2L-periodic disturbances.
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