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REMARK ON RANDOM ATTRACTOR FOR A TWO
DIMENSIONAL INCOMPRESSIBLE NON-NEWTONIAN FLUID
WITH MULTIPLICATIVE NOISE*
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Abstract. In this paper, we study the asymptotic behavior of two-dimensional stochastic non-
Newtonian fluids with multiplicative noise. In particular, we prove the existence of random attractors
in H under the condition 2 <p < 3.
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1. Introduction

Let D C R? be a bounded smooth open domain, and consider the following two-
dimensional stochastic incompressible non-Newtonian fluids with multiplicative noise:

du+ (u~Vu—V~7'(e(u))+V7r)dt:g(:17)dt—|—2bjuo dw;(t), z€D,t>0, (1.1)

j=1
u(z,0)=up(x), z€D, (1.2)
V-u(z,t)=0, (1.3)

subject to the boundary conditions
u(z,t)=0,75K;k =0, z€ID, (1.4)

where o denotes the Stratonovich sense in the stochastic term, w;(t),1<j<m are
mutually independent two-sided Wiener processes, and b; € R,1<j<m are given.
The unknown vector function u denotes the velocity of the fluids, g is the external
body force vector, the scalar function 7 represents the pressure, and 7;;(e(u)) is a
symmetric stress tensor. There are many fluid materials — for example liquid foams
and polymeric fluids such as oil in water, blood, etc. — whose viscous stress tensors
are represented by the form

7ij (e(w)) = 2p0(e +e(w)[2) 7 ey (w) = 2 Aeij(u), €>0, i,j=1,2,  (L5)

2

y _l 8ui 8uj 2 3 2
eii(u) =5 (55 + g5 ) + le@IP= 3 Jesi(w)®

i,7=1

and Tijl:2u1%(i,j,l:1,2), k= (k1,k2) denotes the exterior unit normal to the

boundary dD. The first condition represents the usual no-slip condition associated
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822 RANDOM ATTRACTOR FOR INCOMPRESSIBLE NON-NEWTONIAN FLUID

with a viscous fluid, while the second one expresses the fact that the first moments
of the traction vanish on 0D, and is a direct consequence of the principle of virtual
work.

Obviously, when p=2, 41 =0, and b; =0, Equation (1.1) is a deterministic equa-
tion and reduces to the Navier-Stokes equation. When po=p; =b;=0 it is Euler
equation; they both are Newtonian fluids. The fluid is called shear thinning while
1<p<2, and is shear thickening while p>2. In this paper, we will concentrate our
attention on the case 2 <p < 3.

Before describing our work, we first recall some results about the deterministic
non-Newtonian fluids. Many papers have been devoted to questions of existence,
uniqueness and regularity of the solution and the existence of an attractor and mani-
fold for deterministic non-Newtonian fluids (see [1, 2, 3, 13, 14, 15]). In fact, the deter-
ministic system model usually neglects the impact of many small perturbations, and
stochastic equation can better conform to physical phenomena. Thus many authors
contributed their efforts to this stochastic field of research, and displayed interesting
structures and phenomena in physics.

For important equations, such as the stochastic KdV equation, Navier-Stokes
equation, Burgers equation, Schrédinger equation etc., there has been much work and
interesting results related to existence, uniqueness, and attractors; for these topics
and the progresses in these fields, see [4, 5, 6, 8, 9]. There is also a series of papers
which investigates stochastic non-Newtonian fluids. Some important results have
been obtained, such as [11, 12], and so on. Especially, Zhao et al. [16] proved the
existence of a global random attractor for two-dimensional stochastic non-Newtonian
fluids with multiplicative noise in the case of 1 <p<2. Along this line, we want to
know whether a similar result is also true for the shear thickening case p > 2. This is
the main subject that we will develop in this work. In this paper, we prove that there
exist global random attractors for two-dimensional stochastic non-Newtonian fluids
with multiplicative noise in the case of 2 <p < 3.

Crauel, Debussche, and Flandoli (see [4, 5]) present a general theory to study
the random attractors by defining an attracting set as a set that attracts any orbit
starting from —oo. Given a probability space, the random attractors are compact
invariant sets which depend on chance and move with time. The main general result
on random attractors relies heavily on the existence of a random compact attracting
set. In this paper, we will apply the theory to prove the existence of random attractors
for two-dimensional stochastic non-Newtonian fluids in the case of 2 <p < 3. Firstly,
we make use of the Stratonovich transform to change the stochastic equation to a
deterministic equation with random parameter; Secondly, we obtain the existence of
bounded absorbing sets by some estimates of solution in space H; Thirdly, we use the
compact embedding of Sobolev space to obtain the existence of a compact random
set.

REMARK 1.1. The differences between our paper and the article [16] are listed as
follows:

(1) From the view point of physics, the fluid is shear thickening in the case of
p>2.

(2) After making the Stratonovich transform, larger values of p will make it more
difficult to obtain some norm estimates of v. In order to obtain the existence of a
compact absorbing set, especially, we restrict to p€(2,3). By using detailed
estimates, we not only overcome the difficulty which is produced by the increase of
p, but also get rid of the unnatural condition p1C; —2upe 2 >0(a=2—p) in [16].
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(3) The proof method of the existence of compact absorbing set is different. By
the Holder inequality, Gagliardo-Nirenberg inequality, e—Young inequality, and the
restricted condition 2 <p< 3, we deal with the difficulty which is produced by the
increase of p. For more detailed process, one can refer to Lemma 3.3.

REMARK 1.2. The key difficulty and main achievement in our paper are listed as
follows:

(1) The determination of the upper bound for p. In order to satisfy the Holder
inequality in (3.21), we need to assume the condition y(p—3)>—2. At the same
time, in order to satisfy the e—Young inequality in (3.27), we need the condition
v(p—3)+3<2, namely, —2<~(p—3) < —1. Thus the value of 7 restricts the upper
bound of p to 3. For more detailed process, one can refer to Lemma 3.3 (3.18)-(3.28).

(2) Furthermore, 3 is the optimal upper bound for p.

REMARK 1.3. The appearance of operator V-(Ae) makes the non-Newtonian fluids
have a higher regularity than the Navier-Stokes equation. Many authors have obtained
the HZ2-regularity of attractors for the deterministic system (see [3, 14]). Therefore,
the proof of the existence of H?-regularity of random attractors for non-Newtonian
fluid with multiplicative noise will be our further work.

The paper is organized as follows. In Section 2, we recall some definitions and
already known results concerning random attractors; In Section 3, we develop all the
results needed to prove the existence of random attractors in space H with 2<p<
3,g9€H.

2. Preliminaries

For the convenience of the following contents, we introduce some functional spaces
and some notations.

L9(D) - the Lebesgue space with norm ||-||zq, || ||lz2=1|-]| -

H(D) - the Sobolev space {u€ L*(D), D*ueL?*(D), k<o}, |||las=I|"llo-

€ (I,X) - the space of continuous functions from the interval I to X.

Define a space of smooth functions

Y ={ueC(D):V-u=0},

H=the closure of " in L?(D) with norm ||-||, and let (-,-) denote the inner product

in H.

H}(D) = the closure of ¥ in H'(D) with norm ||-||;.

V = the closure of ¥ in H?(D) with norm ||-||2. V' is the dual space of V.

By a simple computation, we can conclude the results V-e(u)= %Au, and V-
(Ae(u))=3A%u. Thus, 241 V- (Ae(u)) = p1 A%u.

For notational simplicity, C is a generic constant, and may assume various values
from line to line throughout this paper.

We introduce the linear operator A as follows: consider the positive definite V-
elliptic symmetric bilinear form a(-,-):V xV — R given by

a(u,v):/ AuAvdz, (u,veV).
D

As a consequence of the Lax-Milgram lemma, we obtain an isometry A€ 2 (V,V'),

<Au,v>yicy=alu,v) =< fuv>yixy, YWWEV,
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where V' is the dual space of V', and the domain of A is
D(A)={ueV :a(u,v)=(f,v), fFEHCV' YveV}.

In fact A= PAZ2 where P is the projection from L?(D) to H.
Define the trilinear form b on H} (D) x Ha(D) x H} (D) given by

v,

b(uavaw):/uz 1/}jdx7 ’LL,U,U)GH&(D)
p 0z
Next, define a bilinear map B on Hg (D) x H} (D) by

(B(u,u), %) =b(u,u,v), u,3€ Hg(D).
Define the map N(u) on H{(D) as follows

(V)= [ 2(uless(uless (V). u,€ HY(D),
where (1) = (e+ |e(u)[2) "=
Following these preparation, Equations (1.1)-(1.4) can be translated into the fol-
lowing abstract problems in H:

du+ [ulAu—i—QuoN(u)—i—B(u,u)]dt:gdt—i—ijuo dw;(t), x€D,t>s, (2.1)
j=1

u(z,s)=us(z),s€R, €D, (2.2)

where we assume that us € H,gc H.

We next recall some definitions and results concerning the random attractors,
which can be found in [4, 5]. Let (X,d) be a complete separable metric space and
(Q,%,P) be a complete probability space. We will consider a family of mappings
S(t,s;w): X — X, —oo<s<t< oo, parameterized by w € Q.

DEFINITION 2.1. Given t€ Rand weQ, K(t,w)CX is an attracting set if for all
bounded sets BC X,

d(S(t,s;w)B,K(t,w)) =0, s— —o0,
where d(A,B) is the semidistance defined by

d(A,B)=sup ingd(x,y).

r€EAYE
DEFINITION 2.2. A family A(w), we€Q of closed subsets of X is measurable, if for
all € X, the mapping w— d(x,A(w)) is measurable.

DEFINITION 2.3.  Let {6;:Q—Q,t€ R} be a family of measure preserving trans-
formations of (Q,.%,P) such that 8g=1idg and 0;1s=0,005 for all t,s€ R. Here we
assume 0, is ergodic under P. Especially, for all s<te R, and z€ X,

S(t,s;w)x=S(t—s,0;0,w)x, P—a.e.

DEFINITION 2.4. Define the random omega limit set of a bounded set BC X at time
t as

A(B,t,w)= ﬂ U S(t,s;w)B.

T<ts<T
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DEFINITION 2.5.  Let S(t,s;w)t>sweq be a stochastic dynamical system, and A(t,w)
a stochastic set satisfying the following conditions:
(1) It is the minimal closed set such that forte R, BC X,

d(S(t,s;w)B,A(t,w)) =0, s— —o0,

which implies A(t,w) attracts B (B is a deterministic set).
(2) A(t,w) is the largest compact measurable set which is invariant in sense that

S(t,s;w) A(Osw) = A(Grw), s<t.
Then A(t,w) is said to be the random attractor.

THEOREM 2.6 (see [4]). Let S(t,s;w)i>sweq be a stochastic dynamical system
satisfying the following conditions:

(1) S(t,r;w)S(r,s;w)x=8(t,s;w)x, for all s<r<t and z€ X,
(2) S(t,s;w) is continuous in X, for all s<t,
(8) For all s<t and x € X, the mapping

w— S(t,s;w)x

is measurable from (Q,.%)to (X,8(X)),
(4) For all t,z € X, and P-a.e. w, the mapping

s St s;w)z
is right continuous at any point.
Assume that there exists a group 0y, t € R, of measure preserving mappings such
that
S(t,s;w)r=5(t—s,0;0w)r, P—ae s<txeX (2.3)

holds and for P-a.e. w there exists a compact attracting set K(w) at time 0 for P-a.e.
we. We set Aw)=Ugcx A(B,w), where the union is taken over all the bounded
subsets of X and A(B,w) is given by

A(B,w)=A(B,0,w)= [ | S(0,5w)B.
T<0s<T

Then A(w)is a random attractor.

REMARK 2.7. For (2.1)-(2.2), let Q= {we C(R,?)|w(0) =0}, with P being the prod-
uct measure of two Wiener measures on the negative and the positive time parts of 2.
Then (51 (t,w),B2(t,w),..., 0k (t,w),...) =w(t). In this case, the time shift 6, is defined
as

(Ow)(s)=w(t+s)—w(t), s,tER,

so the condition (2.3) is satisfied.
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3. Existence of random attractors in H
Next, we introduce an auxiliary Stratonovich process, which enables us to change

the stochastic equation to an evolution equation depending on a random parameter.
The process n(t) = e 2i=1%%i (") gatisfies the Stratonovich equation

dn(t) =~ "byn(t) odewy (1). (3.1)
j=1

We set v(t) =n(t)u(t), which satisfies the following equation:

d
d—z+u1Av+nB(u,U)+nN(U):ng- (3.2)
v(z,s)=vs=n(s)us(z), x€D, s€R, (3.3)

Similarly (see [7, 13]), we can use the Galerkin method to prove that the following
results hold for P-a.e. weQ:

Forge H, vs € H, s <T € R, there exists a unique weak solution to (3.2)-(3.3) sat-
isfying v € €' (s, T; H)(L?(s,T;V) with v(s)=uvs.

We define the stochastic dynamical system (S(¢,s;w))t>s,weq by

S(t,s;0)us =u(t,w;s,us) =1~ (t,w)v(t,w;s,n(s,w)us).

It can be easily checked that the assumptions (1)-(4) are satisfied in Theorem 2.6. In
the following, we will prove the existence of a compact attracting set K(w) at time
0 in H. First, we would obtain some estimates in H and Hg(D); Second, we use the
compactness of the embedding to prove the existence of compact random attractors.

LEMMA 3.1. Letp>2, g€ H. There exists a random radius m (w), such that Vp >0,
there exists 5(w) < —1, such that for all s <3(w), and for all us € H, with ||us|| < p,
the solution of Equation (8.2)-(3.3) with vs =n(s)us satisfies the following inequality:

||U(_17W§57U(Saw)us)||2 < T%(w), ]P’—a.e.,
where 13(w) = ¢#(1+ 142 [ e#2(0)do).

Proof.  Taking the inner product of Equation (3.2) with v in H, and noticing
the fact that b(u,u,v) =0, we get

p—2

ld = e(u)e(v)dr = (ng,v). (3.4)

5 a0l al| A+ 200m [ (e+fe(w))
D

Applying the condition v=nu, we get e(v) =ne(u).
Let =241 [, (e + |e(u)|?) "= e(u)e(v)dz,

I:2u0/ (e+le(u)*) 2 e(v)e(v)da. (3.5)
D
Owing to p>2, thus

12 206" |le(v)] [, (3.6)

and
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Izmm/deW*wwﬂwx
D
= 2p0r? () |2 (3.7)

We drop the term involving u in (3.4) and use (3.6) to obtain

I+ 21006 eI <l ] (338)

Because of Korn’s inequality,

k1 (D)|[vllf < le(v)|* < k2(D)Jv]I3

and ||v||2 > C||v||?. Furthermore,

Ld o 2 lmgll®  Bllvl”
—— < 3.9
5 ol + Bl < 200+ FEIL (39)
where 8=2uoCe"=" ki (D).
By Gronwall’s lemma on the interval [s,—1], we can deduce
2 o —B(—1— 2, - (—1— llgll* -
lo(=DI < e P In(s)uls)]] / P 5 7 (0)do
Bs 2 2, ||9|| BU 2
<ePle (s)||us|]*+ o)do). (3.10)
By a standard argument,
li Ly b; 0, P—
t;@mgzl jwi(t) = a.s.
J:

It follows that s+ e?*n?(s) is pathwise integrable over (—oo,0], and

lim e?n?(s)=0 P—a.s.

§——00

Let r%(w):eﬁ(l—l—%f_ ePn?(0)do). Given p>0, there exists 3(w) such that
eP*n?(s)p? <1, for all s <3(w). It follows that

[lo(=1,wss,1(s,w)us)[[* < 7§ (w).

O
LEMMA 3.2. Let p>2,9€ H. There exist random radii r2(w) and r3(w), such
that ¥ p >0, there exists 5(w) < —1, such that for all s <3s(w), and for all us € H, with
llus|| < p, the solution of Equation (3.2)-(3.3) with vs=n(s)us satisfies the following
inequalities:

[lo(t,w;s,n(s,0)us)||* <rf(w), t€[-1,0], P-a.e.,

0
/ ||Av||?dt <73 (w), P—a.e.,
—1
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where

2 0
Tg(m_@(m@ | s

2 (w) ||g||
=12 /

Proof.  From Lemma 3.1, and using Gronwall’s lemma again with ¢ €[—1,0],

then

[o(6)]]? < e=BED] o~ 112 + “g"/ e~ P2 ()ds

B2 ||9|| / e~BUE=)12(5)ds

2
< r%(w) + % /_1 nz(s)ds

We use (3.7) in (3.4) and get the following inequality:

1d

5 7 oI+ Al + 2p0m? le(w) 17, <nllgll |
It follows that

d

T oI 2 | A0+ dpon?|[e(w)l[7, < 2nllg [ [[o]]-

Integrating the above inequality with ¢ from —1 to 0, then

0 0
o) P+2m [ (18vlPdtrtpo [ 0)e(w]fd
-1 -1

0
< ||v(—1)||2+2/_1n(t)llg|| [folldt.

We drop the first term and the third term in (3.14) to get

0
/||Av|| ar< 1) ” / n(0)lgllra(w)dt

B 221 ||g||/

73 (w).

Thus,
[u(t,w;s,us)| 2= |0~ (t,w)v(t,w;s,m(s,w)us)| |
1 2
< sup ———|v(t,w;s,n(s,w)u
< s oy ltwssnsou)]

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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1
<r3(w) sup (3.16)

—1<t<on?(t,w)’

and from above results, r3(w)sup_ 1<6<0 77E) (t 7 1s bounded. This lemma implies the
existence of bounded absorbing set. O

LEMMA 3.3.  Let 2<p<3,9€ H. There exists a random radius r4(w), such that

Vp>0, there exists S(w)<—1, such that for all s<3(w), and for all us€ H, with

llus|| < p, the solution of Equation (3.2)-(3.3) with vs=n(s)us satisfies the inequality
|[0(0,w;5,m(s,w)us)||? <r3(w), P—a.e.

Proof. Taking the inner product of Equation (3.2) with —Av in H, we obtain

|[VOI[2 o+ paol]3 = b(u,u, Av)

DN | =
&.|Q‘

+20m /D (e+]e()[2) 7" e(w)e(~Av)dz = (ng, ~Av). (3.17)

Letting J = |2puon [, (e+ |e(u)|2)%2e(u)e(—Av)d:v| and 2 <p< 3, then

JSQMOGP%2

/Dne(u)e(—Av)dx‘—|—2u0’/Dn|e(u)|p_2e(u)e(—Av)dx. (3.18)
Next, we estimate this termwise. We have
J1 :2M06p772 /Dne(u)e(—Av)d:E‘

:2,u06p772 /De(v)e(—Av)dx‘

p=2 Oe;j(v) Oeij(v)
=2 ) J YA |
Hoe /D afk &ck v ’

< 20T ka(D)J]|3- (3.19)
On the other hand,
J2:2u0‘/ n|e(u)|p72e(u)e(—Av)daj‘

=207 [ Je(w)Pe(w)e(~Aupal

—2,UO77 ‘/| |p 2(961]( )3613( 29N g + /| |p Qaeu( )aew( )d
al'k a;[;
deij(u) Oegj(
= 2(p_ p—2 YCij\W) G5 (8)
=250 (p— 1) /D a2 2o 2t % da. (3.20)

Furthermore, using Holder’s inequality, we get
Jo <2p00n* (p=1)||D*ul | |Vl 152 (3.21)

where %—i—%:l, Y€ (2,400), and g€ (1,400).
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We can take proper g or v, such that ¢(p—2) > 1, that is, v(p—3) > —2, and apply
the following Gagliardo-Nirenberg inequality:

(p—2)—1
IVul[ap-2 < C||u||q(P1*2) || D?ul| = ,

1 7-1
|D? ()| < C||Vul|7||D?ul| 5,

so that
a(p— 2) 1
IVal|?52 ) < Cllul|7||D?ul| (3.22)
|D2u||2, < C||Vul|7 || D? (3.23)
Obviously,
||Vul] < O||ul|2 || D?ul| 2. (3.24)
From (3.22)-(3.24), we can obtain
1,1 2(w 1)
1 D2u| ||| Vul 2,2 2>_c||u|| T || D2 P2 || D3|
_20-1) 1 p—3+2 el
<Cp S @Ollul A s T ol 7 (3.25)
where we have used the fact that %—I— % =1, and v="nu.
2 1 p—3+2 -
J2<2uOcm< D=l e ol T
||U||3+C(uo,u1,p) 2() ] e 3P, (3.26)

where we have used the e—Young inequality, and C'(uo,u1,p) denotes a constant which
depends on pg, 1,

Noticing the assumed condition 2 < p <3, and the restricted condition v(p—3) >
—2in (3.22), we can take 7 such that —2 <~v(p—3) < —1 holds, that is, we can find v
to make (3.22) hold and satisfy y(p—3)+3 <2 at the same time. Thus by e—Young
inequality,

vy(p—3)+3
2

2(v—1)
J2<—|I 13+ [l 3+ 0 705777 ] [7G T, (3.27)

where 6 = MC(uo,ul,p). 3 is the optimal upper bound for p. If pg is a constant

greater than 3, the result can not be obtained.
Combining these estimates, we can conclude that

p—2
J <2p10¢" 7 ka(D) ol 3+ S 1ol

—-3)+3 2(y=1)
L il Nt (3:28)

Next we estimate the term |nb(u,u,—Av)|:
[nb(u,u,—Av)| < Cnlful|4|[Vul |+ || Av]]
L 1 L 1
<Onllul |2 ||Vul[2[|Vul| ]| D?u||2]| Av|
1 1
<Clfull2[[Vol[[lull3 [|Av]]
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2 2 C2
< IVl A+ = [lull[full2
2 2 04 2 2
<[Vl [Pl Av]]" + o llul [+ llull2, (3.29)

where we have used the Holder inequality, the e—Young inequality, and the Gagliardo-
Nirenberg inequality

1 1
lullps < lull2[[Vaul]=.

Finally, it is easy to obtain

2
(gm~20)] < 242

Combining all the estimates, we obtain

SN+ L ol < (20T k(D) + 1) o113
1p-3)+3 1 2
+(T+?)HUH2

4 _
o gl 07 | 76

lgn?
e\ [[PNE (3:30)

and

d p=2 r(p—3)+5
E||VU||2+#1||U||§S2(2#06 2 kz(D)+1)||v||§+T||v||§

4 _
Sl 27

||g77||

5~ H2AIVeIPll|A] . (3.31)

Applying Gronwall’s lemma on [s,0] C [—1,0],

0 0
p—2
[[0(0)]3 <exp ( / 2ol 3ar) [[o(o)1 + | 2(2u0e"T ka(D) + Do Bl

3)+5 es 0 2(4—1)
+/ 7@ )+ |[v]|3do —|—/ §||u||2da—|—/ 297’]7(3—‘;)*1||u||7(3—p)f1d0'

/ ||977||2 (3.32)

Integrating with respect to s over [—1,0], we obtain

0 0
o) <exp( [ 2elBar)[ [ lots >||1ds+/ 2(2006% ka(D) + 1) oo
0 0 B
[ D s [ s [ 2o
-1 n? 132 -1

+/0 Wda}. (3.33)

1
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From Lemma 3.2, [, ||ol[3dt <3 (). [[o(D)]|? <r3(w). t€[~1,0], then

0 _
[ o< o5 s e, @)

1 n _1<i<on?(t)

and this term is bounded. Similarly,

0 4 2(y-1) 0 2(+1) 2(y-1)
/ 26‘77%37?)71 ||u| | yB—p)—1 dg-:/ 2977%37?)71 ||’U| | RICEIOESW fox
—1 —1
2(y+1) 2(y=1)

<20 sup n G-I ()ry 0 (w), (3.35)
—1<t<0

0 2 2 0
/ IIggH dgzllgzll / (0)do, (3.36)

-1 -1

0 4 0 4
ctooL et ,
| Slliar= [ S lvto)lPdo
ct o,
<2 sup —12(w), 3.37
>~ 32 71;1520 772(t) T2(w) ( )

and these terms are bounded. Obviously, the other terms in (3.33) also are bounded.
Thus there exists 74(w), such that |[v(0)]|2 <r?(w), and ||u(0)[|? <73 (w). O

THEOREM 3.4. Let2<p<3,g€ H. There exist random attractors for the stochastic
non-Newtonian with multiplicative noise (2.1)—(2.2) in H.

Proof. Let K(w) be the ball in H}(D) of radius 74(w). We have proved that for
any B bounded in H, there exists 5(w) such that for s <3(w),

S(0,s;w)BC K(w)P—a.e.

This clearly implies that K (w) is an attracting set at time ¢=0. Since it is compact
in H, Theorem 2.6 applies. ad
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