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EVOLUTION OF PARTICLE SEPARATION IN SLOWLY
DECORRELATING VELOCITY FIELDS*

TOMASZ KOMOROWSKIT, ALEXEI NOVIKOV#, AND LENYA RYZHIK?

Abstract. We consider the evolution of the separation distance between two particles advected
by a random velocity field with slowly decaying temporal and spatial correlations in the weak coupling
regime. It has been shown in [5] that the motion of a single particle converges to a fractional Brownian
motion on a time scale 6~ with some < 2, which is shorter than the classical diffusive time scale
572 (see [9]). In the present paper we prove that unlike the single particle position, the two-particle
separation behaves diffusively, and evolves on the classical time scale §~2, even when the random
flow is slowly decorrelating in time and space. The results of this paper illustrate that the flows
under consideration display both diffusive and superdiffusive transport on different time scales for
various physical quantities.
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1. Introduction

Motion of a particle in a random velocity field. We consider the motion
of a particle advected by a weakly random velocity field V (¢,x):

X(t)=6V(t,X(t)), X(0)=zecR% (1.1)

Here § <1 is a small parameter measuring the strength of the flow. This problem has
been intensively studied; see the comprehensive review [12] for extensive references.
The basic result is that under appropriate mixing and time-stationarity assumptions
on the field V(¢,z), the rescaled process x5(t) =X (t/6%) converges as § —0 to a dif-
fusion process with the diffusion matrix given by the Kubo-Taylor formula

quz/o E[V,,(£,0)V;(0,0)+ V, (£,0)V,(0,0)]dt, prg=1,...,d. (1.2)

Here E denotes the expectation with respect to the realizations of the field.

This result, obviously, can hold only if the temporal correlations of V(t,z) decay
sufficiently fast so that the entries of the matrix [D,,] is finite. The situation is quite
different when they are infinite. One particular example of such velocity field was
considered in [5] when V (¢,x) is an Ornstein-Uhlenbeck process given by

V(t,x):= / eV (t,dk), (1.3)
with V(t,dk) a stationary, stochastic measure-valued process defined by

t
V(t,dk) :\/i/ e W =) k1B B(ds, dk). (1.4)
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768 EVOLUTION OF SEPARATION DISTANCE

Here E(dt,dk) is an R%valued, space-time noise, that is, a Gaussian, distribution
valued process satisfying B*(dt,dk) = B(dt,—dk) and

E Ei(dt,dk)é;f(dt',dk/)} = Rij(k)o(t —t")o(k — k') dtdt' dkdE',

with 8>0 and the spatial power spectrum given by

k) = — UKD (I k®k>. (1.5)

= |Jo[20Fd—2 - k|2

The function a(-) is non-negative, bounded, measurable, supported in [0, K] for
some Ky >0, and continuous at 0 with a(0) > 0. In order to ensure that the spectrum
is integrable at k=0 so that V(¢,z) is a vector valued, stationary random field, we

assume that o<1. Informally, V(¢,dk) is a stationary solution of the stochastic
differential equation

AV (t,dk) = — |k|*PVi(t,dk)dt +V/2|k|P Bi(dt,dk), i=1,...,d. (1.6)

The covariance matrix of V(¢,z) is
Rij(t,2) =E[V;(t,z)V;(0,0)] :/e““'””eflklw\tléij(k)dk, ij=1,...d  (L7)

It is straightforward to verify that the diffusion matrix given by the Kubo-Taylor
formula (1.2) is finite if and only if a+8<1. It has been shown in [4] that then
in fact the process x5(t)= X (t/6%) converges in law to a Brownian motion with the
diffusivity matrix given by (1.2).

On the other hand, it has been shown in [5] that in the opposite regime a+ 8 >1
(when 8>0, a<1) the result is as follows. Because of the slow decay of the temporal
correlations of the velocity field, the process X (¢) becomes non-trivial on a shorter time
scale t~O(§727) with y=/(a+2B8—1) <1. Hence, one should consider the process
x5(t)=X(t/6%), which, in the limit § — 0, converges to a superdiffusive fractional
Brownian motion By (t), with the Hurst exponent

1 a+p-1
H=—+—"+-—€(1/2,1).
Similar (but less sharp) results have been obtained in [10, 11] for a particle in a
Gaussian time-independent velocity field with a large mean and slowly decaying cor-
relations.

Behavior of the two-particle separation. One may also consider the evolu-
tion of the separation between a pair of particles advected by such a random flow: let
X (t,z) and X (t,x+ z) be two trajectories of (1.1) starting at the points = and z+ z,
respectively, and set zs(t) = X (t/6%,2+ 2) — X (t/5%,x). The processes z5(t) and z5(t)
satisfy the system

is(t) = 1V (527%@))7 £5(0)=0, (1.8)
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where
W (t,x,2):=V (t,x+2)—V (t,z).

When the velocity field V (¢,z) is as above (see (1.3)-(1.7)), the random field W (¢, x, z)
is given by

t
W(taxaz):\/i/ /e_‘k‘w(t_s)eik'”(eik'z—1)|kz\ﬂB(ds,dk). (1.9)

The two-particle separation was also considered in [9]. It was shown that for
rapidly decorrelating (in time and space) fields the process zs(t) converges weakly, as
6 — 0, to a diffusion process with the diffusion matrix

Cpg(2) = /OOO [Rpq(t,0) + Ryp(t,0) — Rpg(t,2) — Rep(t,2)] dt. (1.10)

When the two-point correlation function has the form (1.5)-(1.7), this matrix takes
the form

cpq(z)z/laﬁ'z)l%pq(k)dk, zeR? pg=1,....d. (1.11)
A direct calculation shows that |c,q(2)| <400 for 1 <a+ <2, which is a larger range
of the parameters o and 3 than that for which the “one-particle” diffusion matrix D,
given by (1.2) remains finite. In particular, in the range 1 <a+ £ <2 the matrix D,,
is infinite while cp, is finite. In agreement with this calculation, it was observed in
[5] that, even when a+/>1, the process Z(t) behaves trivially on the “fractional
diffusion” time scale t ~O(6727): Z(t/6%7)~z. That is, all individual particles start-
ing at positions separated by distance z ~ O(1) perform perfectly correlated fractional
Brownian motions on this time scale, and thus move together as a group.

A natural question addressed in the present paper is to find the time scale on
which the particle separation has a non-trivial limit. It turns out that in the range
1<a+p<2 the two particle separation (unlike the one-particle position) becomes
non-trivial on the “diffusion” time scale t~O(3~2), that is, much larger than the
time scale t ~O(§727), when one particle position has a non-trivial limit. Our main
result can be formulated as follows.

THEOREM 1.1. Let Qs be the law of {z5(t),t >0} on C[0,400). Suppose that a+3>1
and a+25<2. Then, the family of measures {Qs,0 >0} converges weakly, as d — 0+,
to the law of a diffusion with the generator given by

d

Lf(z)= Z cpq(z)aiqf(z) (1.12)

p,q=1
for any function f(z) that is twice continuously differentiable.

We should mention that we do not try to identify the behavior of the individual
particles on the time scale O(6=2) but rather only of the particle separation. Theo-
rem 1.1 shows that slowly decaying temporal and spatial correlations of the random
flow bring about multiple temporal scales: while the one-particle quantities evolve on
the shorter “anomalous” time scale O(6=27), for some 7 € (0,1), the two particle sepa-
ration evolves on a longer “classical diffusive” time scale. Similar temporal separation
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was observed in one-dimensional wave propagation [13, 6] and wave propagation in
higher dimensions [2, 7]. We believe that this very interesting phenomenon is an im-
portant characteristic feature of media with long range correlations in a large class of
problems.

A Gaussian field with the covariance matrix given by (1.7) is statistically isotropic,
in the sense that for any matrix g € SO(d) the laws of the fields {V (¢,gz), (t,7) € R1 T4}
and {gV (t,7),(t,z) € R'*} are identical. This hypothesis simplifies our computations
but does not seem to be crucial for the validity of our result. Namely, we conjecture
that, at the cost of some additional complication of calculations one should be able
to prove that if the covariance matrix of the field is given by

Rt,z)= / ¢ =) () d,
R

where trR(k) ~ [k|~2*t4=2) and r(k)~ |k[?? for |k| <1, and o, are as in the state-
ment of Theorem 1.1, then the conclusion of the theorem is still correct. Note also that
the presence of the factor I —k®k/|k|? in formula (1.5) ensures that the realizations
of the random field are almost surely divergence free. The role of incompressibility in
our result does not seem to be crucial either. If it does not hold the limiting diffusion
would pick up a drift term, which vanishes in our situation; see condition (3.39) below.
However, it should be noted that incompressibility has played a role in establishing
the limit for the single particle motion in [5].

2. Proof of Theorem 1.1

The cut-off process. The idea of the proof is quite similar to that in [9]: one

introduces a regularized process zéM) (t) that “does not behave wildly” for a finite
value of the cut-off parameter M. One first establishes convergence for the regularized
process, and then uses the “uniformly nice in M” properties of the limit to establish
the convergence of the original, unregularized process zs(t).

More precisely, given M >1, we consider a cut-off function ¢j; belonging to
Cs°(R?) — the space of infinitely smooth, compactly supported functions — such
that ¢pr(2)=1 when |z| <M —1, and ¢r(2) =0 when |2|> M. Let WM (t 2 x):=
W (t,z,x)drp(z) and let (x(;(t),ng) (t)) be the solution of

ia(t)z(lsV(;Q,xé(t)) ) @1)
50 ):%W(M) ((P,xa(t)»zéM)(t)) )
25(0)=0, 25"(0)=z

The regularization ensures that \zéM)(t)| < M for all t>0. The first step in the proof
of Theorem 1.1 is to establish tightness for the regularized processes zéM) (1).

THEOREM 2.1. Suppose that M >1 is fized. Then the family of laws of{zéM)(t), t>0}
is tight on C[0,400) as 6 —0+.

With this result in hand, by an argument in step (vi) of the proof of Theorem 3
of [9], tightness of the laws Qs of the process zs(t) follows from the tightness of the

laws Qs ar of zd(M)(t).
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Next, we identify the possible limits @3}, of the laws Q5 s of the processes ng),

as § = 0+. For any path 7w € C[0,400) and t >0, let II;(7) :=n(¢). Denote by M, the
natural filtration corresponding to the canonical process {II;, >0}, and by CJ"(R?)
the space of functions possessing m continuous and bounded derivatives. We introduce
also the regularized coeflicients

e (2) 1= 031 (2)epa (2), (2.2)
with ¢pq(2) given by (1.11), and the drift

d

()= 5 D0, [ (N ). (23

q=1

The drift ™) appears only because of the regularization that violates the incom-
pressibility constraint in the z-component.

THEOREM 2.2. Suppose that 1<a+f and a+28<2. Then, for any feCZ(RY),
M>1, and Y, that is bounded and M -measurable, we have

/{ [f(m) —f() — /StLMf(Hp)dp} v, } Q3 (dm)=0, (2.4)

where
d d
Luf(z)="Y_ M (2)07 ,f(2)+ Y b5 (2)0, f(2). (2.5)
p,g=1 p=1

Thanks to C? smoothness of the coefficients of the operator Lj;; we conclude that
for each M >1 there exists a unique limiting measure Q%,; see [15], Corollary 8.1.7.
Hence Q.5 = Q3 as 6 —0+.

Theorem 1.1 as a consequence of Theorems 2.1 and 2.2. To obtain the
weak convergence of Q5 as § — 0+, we consider the stopping time

Ty (m):=inf[t >0: |7 (t)| > M —1] for a given 7€ C[0,+00),

with the usual convention 75, = +0o0 if the infimum is taken over an empty set. Observe
that s coincides with @5 s when restricted to M,,, — the o-algebra consisting of
those sets A that AN[ry <t] € M, for all t >0. Hence, also @3}, and Q% coincide on
that o-algebra when M < M’. The family {Q%,, M >1} is tight as M — 4o00. Indeed,
it suffices only to show that for any T,e >0 there exists My such that

Qi (T, <T) <e, VM > M. (2.6)

This follows from elementary properties of diffusions; see e.g. (2.1), p. 88 of [15].
As an immediate consequence of Theorem 2.2 we conclude that any Q. that is a
limiting measure of {Q%,, M >1}, as M — +oo, must satisfy the martingale problem

/{ [f(Ht)_f(Hs)—/:Lf(Hg)dQ] \ys}Q*(dﬂ)zo 2.7)

for any f € C2(RY) and Uy that is bounded and M-measurable. Here operator L is
given by (1.12). Thus Q%; = Q., as M — +o0, and Theorem 1.1 follows.

Therefore, the demonstration of Theorem 1.1 is reduced to the proof of Theo-
rems 2.1 and 2.2.
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A martingale estimate. Both Theorems 2.1 and 2.2 are consequences of the
following estimate. We denote by || f||z,m the C™-norm of the function f over the
ball centered at 0 of radius R >0 and by J;,¢ >0 the natural filtration corresponding
to {V(t,-),t>0}.

THEOREM 2.3. Under the assumptions of Theorem 2.2 for any M >1 there exist
constants C,e>0 and v € (1,2) such that

{16 = 16001~ [ LG - asw |

t

<O z2fllare,30(u—t), Voe(0,1], (2.8)

where t>07, u—t>687, f € C3(R?) are arbitrary, Lys is given by (2.5), and W,Y are
Fi/s2-measurable random variables with ||Y || <2M.

Proofs of Theorems 2.1 and 2.2. Theorem 2.2 is a direct consequence of
Theorem 2.3 and the tightness claim made in Theorem 2.1. We turn to the proof of
Theorem 2.1. Let Zs(t) ::z((;M) (tiy1) for tE€[t;,tip1), with At; =67, and v as in the
statement of Theorem 2.3. We show in Corollary 3.7 below that for each p>0 and
T >0, we have

m Qa,M< sup |Zs(t) — 24" (¢)] zp) =0.

li
=0+ te[0,T)

Therefore, tightness of Qs ps follows if we show tightness of the laws of {Zs(t),t>0}
over D[0,400), as 6 — 0+.

Suppose that u—t>¢” and ¥ is a random variable that is JF; s2-measurable.
Then, we have

({125 () - Zs() 2w} | = [E{ |25 (t) — 6 () Piw} (29)
for some [ >k >1 such that 0<t; —u<d”, 0<tp —t<d?. We use Theorem 2.3, with
flx)=|z|*, i=1,...,4 and Y:ng)(t;g). According to this result, there exist con-
stants C,C’ >0, possibly depending on M, but independent of the random variable
and 6 >0, such that the right hand side of (2.9) is less than or equal to

C(ti—ty) (B02)* <C'(u—t) (B2)'?, i=1,....4 (2.10)
for all ¥ that are F;/s2 measurable.
Using this estimate with U =1, we get
|E{|Zs(u) - Zs(t)[*}| <C(u—t), i=1,....4. (2.11)

Next, let W:=|Zs(t)—Zs(s)|* for t>s. As \If:|z§M)(tk)—Z5(s)|4, it is F, /52-
measurable. When t—s>3" we can apply again Theorem 2.3 and obtain, using
(2.11),

[E{1Z5(w) = Z5(0)1*125(6) — Zo(s) 1*}| = [E{ 16" (t0) 25" (w00 }|

<Cu—t){E|Zs(t)— Zs(s)P} P <Cu—t)(t— )2 < Clu—s)¥2  (2.12)
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If on the other hand 0<t—s<§7, then from Theorem 2.1 and Corollary 3.4 below
we get for some 1 <7/ <~

2
[E{1Z5(u) — Z5(1)]*1Z5(t) — Zs(s)|*} < Clu—1t) {BIZs(t)— Zs(s)*}* (2.13)
<Cu—t)§*" =D <C(u— )40 =D/,
Finally, we consider the situation when 0 <u—t<4§”. Then only the case t —s>4§"

requires our attention, since otherwise | Zs(u) — Z5(t)|*| Z5(t) — Z5(s)|* =0. For a given
€1 >0 we can write

B {123(w) ~ Zo() "1 Zs(0) — Za(s)|'} < %D {B|Zy(0) — Za(s) 00} T

(2.14)
We use Theorem 2.3, this time with f(z)=|z|[*"*<), Y =Z;s(s), and ¥ =1. Then,
the right hand side of (2.14) can be estimated by

C'§* 0 D (1 — )V (IFe) < O (4 — 5) 10 D/ 71/ (er)

We choose €1 >0 so that 4(y'—1)/v+1/(1+€;) > 1. The above considerations imply
tightness of the laws of {Zs(¢),t>0} in DI[0,+00), by virtue of Theorem 15.6 of [3].
This concludes the proof of Theorem 2.1. The rest of the paper contains the proof of
Theorem 2.3.

3. Proof of Theorem 2.3

3.1. Preliminaries on Gaussian random fields. = We quote here an estimate
of the supremum of the norm of a centered Gaussian field that will be of particular use
for us in the sequel. We recall that for a centered, not necessarily stationary, Gaussian
d-dimensional vector field G(t,7;w), (t,z) €R*4 a d-ball centered at (tg,z0) and of
radius o is defined as a ball with the corresponding center and radius with respect to
the pseudometric

d(t1,z13t2,22) = [E|G(t1,21) — G(t2,22) ] 2

Suppose that RCR!T?. For a given €>0 we let N(¢) be the minimal number of
d-balls with radius € >0 needed to cover R. Let also

Y(G):= sup trQ(t,z;t,x),
(t,x)ER

where @ is the covariance matrix of G:
Qij(tvxvsuy) :E(Gz(tvx)Gj(Svy))ﬂ Z,] = 17'”7d'

We will use the following Borell-Fernique-Talagrand type of estimates of the tail prob-
abilities for Gaussian fields, see, for instance, Theorem 5.4, p. 121 of [1].

THEOREM 3.1. Suppose that
N(e) <Crexp{Cre 2 1+C2)1 e (0,1] (3.1)

for some positive constants where C1,Cy>0. Then there exist constants C,A >0 de-
pending only on C1,Cs such that

A2 }
Pl sup |G(t,z;w)|>A| <Cexpq ——— 3.2
<<t,m>£n' (t.0) ) -G (32)
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for all \>A.

The aforementioned result is stated in [1] for all A >0, but in order to guarantee
that the constants appearing in estimate (3.2) depend only on parameters C7,Cy we
need to assume that A is sufficiently large; see the proof of this theorem on p. 121
in [1]. As a simple corollary of the above result we obtain.

COROLLARY 3.2. Suppose that V (t,x) is a stationary field given by (1.3). Then, for
any fized p>0 there exists a constant C >0 and a constant A>0 such that

P |3(t,2): |V (t,2)| = Allog! /> ([t] +]a|+1) +n)| < Ce*/C, (3.3)

for alln>1.
Proof. Consider a field

—1
G(t,z):=V (t,z) |log/ > (|t| + |z +1) +n] .

Choose an arbitrary €>0. The region D:=[|z|+ [t|>exp{e=2/(1+27)}] can be cov-
ered by finitely many d-balls of radius e. Since the covariance matrix R(t,x) is
Lipschitz continuous, the metric d(-;-) is Holder continuous with respect to the Eu-
clidean distance, with exponent 1/2. Hence, the complement of D can be covered by
Cexp{2(d+1)e~%/1+20)} d-balls of radius e. Note also that ¥(G)<Cn~2. Hence,
from Theorem 3.1 we conclude that there exists A >0 so that

A?
-w)| > < - < — 2
]P’(xs;é)JG(x,w) A) Cexp{ S5G) } < Crexp{—Con’}

and (3.3) holds. |

COROLLARY 3.3. For any m>1 there exists constants 1,72 >0 such that

E

sup |V (t,z)|™| <y1(logd—t)™2, (3.4)
[t]+]z]<6—2

for all §€(0,1/2).
Proof.  Observe that for A>2[log(1+61)]'/27, the inequality |V (¢,2)|>2A\
implies

IV (t,2) | = A log(1+ |t] + )] /2474 A},

Thus, by virtue of Corollary 3.2, we obtain

P sup |V (t,z)|>2AX <Che~ N,
It]+]z|<o—2
and, as a result, for any m > 1 we can write
E sup |V (t,x)|™| < Cllog(1+46~1)1/2+0m (3.5)
[t]+|e]<5—2

which in turn implies (3.4). O
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As an immediate consequence of Corollary 3.3 we get

COROLLARY 3.4. Suppose that a<1. Then, for any M >0 and m>1 there ezist
constants C,p>0 such that

{E

In our next result we bound the moments of the supremum of a d-dimensional
Gaussian field G(z) = (G1(z),...,G4(x)),  €RY over a given region using the bounds
on its covariance. Suppose that the field is a.s. differentiable and

3(G):= setgzj)v [E|G(2)]* +E|V.G(z)[*].

sup sup
s€[0,T] |2|<M, |z|<5-2

1/m
S m _
W (5057) H < Cllog(1+0671)]1/2+7),

For a given keZ" denote Oy:=[z RN :sup, < y|z; —k;| <1]. Define also
M(R) as the minimal number of boxes O needed to cover a given region R. As-
sume furthermore that Rs, 6 € (0,1] are (non-random) regions such that there exist
Co,dy >0 such that

M(Rs)<Cod~ %, §€(0,1]. (3.6)

PROPOSITION 3.5. Under the above assumptions for any m>1 and p >0 there exists
a constant C >0, depending only on d,N,Cy,dg,m, i such that

IE{ sup |G(x)|m} <CE™2(@)6H, Ve (0,1]. (3.7)

TERs

Proof. Suppose that p>d. It follows from the Sobolev embedding theorem that
there exists a deterministic constant depending only on N and d such that

1/p
sup |G(as)|§0{ / <|G<x>|p+vxa<x>|p>dx} . WhezV,
rxecOy Og

This, in particular, implies (using Gaussianity of the field) that for any given integer
n>1 we have

E LS;JDp G () |”m} <C,x™2(@) (3.8)

for some constant C),, depending on n. Observe that
1/n
sup |G(x { sup |G (z |”m} )
TERs ZLIJEDk

where the summation extends over the smallest set of k-s for which RsC|J, Op.
Jensen inequality implies that

1/n
E{ sup |G(x E| sup |G(z)|™™ .
L o p= {38 g ]}
Using (3.6) and (3.8) we obtain
1/n
E{ sup |G(x)|m} <c{s2mmn(@) T = commEm 2 (G) < CoT IR (@),
TERs

upon a choice of a sufficiently large n. O
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3.2. A priori bounds on trajectories.

PROPOSITION 3.6. Suppose that (x5(t),2z5(t)) are given by (1.8). Then for any fized
T >0 there exist constants C1,Cy >0 such that

P l sup (Jzs(t)|+|zs(t))) >672| < C’le*C2/52, 0 €(0,1]. (3.9)
t€[0,T]
Proof. We prove that
P [ sup |zs(t)|>Co72| < Che=C2/0", (3.10)
t€[0,7]

An analogous estimate then holds for xs(¢) 4 zs(¢), hence the estimate for zs(t) would
follow. Using (3.3) with n=§"1, we conclude that

t
|z ()| < C5 (/ log"/2+° (1672 + |x5(3))ds+51) . vte[0,T] (3.11)
0

outside an event A(d) such that P(A(9)) <CyeC2/% But then (still, outside the
event A(J))

C
log!/**# (T /6% + |5 (s)]) < Cal|ws(B)] +1) + =,

SO

C t
lzs(t)| < 74 (/ |x5(s)|ds+6—1> , (3.12)
0
which in turn implies that, by Gronwall’s inequality,

|5 (t)| < CseCrtH+DI" (3.13)

Using (3.13) in (3.11) we obtain
¢
|lzs(t)] < Ced™" (/ 51/2pds—|—51>. (3.14)
0
We use (3.11) with (3.14) to obtain
¢
lz5(t)| < Cr (5—1/ 10g1/2p6_1d5+(5_1> <Cgd2 (3.15)
0

outside A(d). Thus we obtain (3.10). Finally, (3.9) follows once we adjust the
constants C and Cs in the right-hand side of (3.9) appropriately. d

Let T'>0 be fixed, and define the event

Asri= | sup |os(s)]> 57|,
s€[0,T]

Proposition 3.6 says, in particular, that

P[Asr] <Cre @, vae(0.1], (3.16)
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with the constants C; and C5 that may depend on 7.
We also conclude the following.

COROLLARY 3.7. For each v>1 and T,M,p >0 fixzed we have

lim P sup M) — M (s >p | =0. 3.17
Jim. (wemmwu (-2 s) (317

Proof. The probability under the limit can be estimated by

(a2 ).

and the conclusion follows from (3.16), Corollary 3.4, and an application of the Cheby-
shev inequality. 0

P(As7)+P| sup sup
s€[0,T] |z|<M,|z|<5—2

3.3. The proof of the martingale estimate. = We now turn to the proof of
the martingale estimate (2.8). We divide the interval [¢,u] into subintervals [t;,¢;41],
where t;:=t+iAt and At:=¢", with 1 <y <2. The last interval [tx_1,tx] could be
of size less than or equal to §7. To abbreviate the notation we shall also assume that
Y =0, as its presence does not influence the argument. We write then

B{[£G5" ) =7 O] v =3B [ £65" (ia)) - 150 v
=S B{ G5 () = £ (0)] W, A }

B [ )~ S )| A5, - (3.18)

The summation extends from i=0 up to K —1. Observe also that since t>4§7 we
have t_; > 0.

Denote the terms on the utmost right hand side of (3.18) by K; and Ks. It is
easy to observe, using (3.16), that

(K1 [ < CN[ 22| fllans 06T <O L2 || fllans.00 (u—1),

for some C,e>0, as u—t>4d7. In the rest of this proof we shall estimate K5. Note
that
d

P ) = 1) =5 3 [ B W (5.4 (5) () ds

p=171
d t
>/
6]7:1 ti

+(1Si/titi+l{/:ljp{a,,f(ng)(p))WIgM) (;7Z§M)(p),x5(p))}dp}ds. (3.19)

We substitute this expression into (3.18) and denote the respective terms that arise
from K5 by J; and J2. The reason that the decomposition (3.19) is helpful is that
there is a “relatively large” time gap between the time ¢;_1, and all times s € [t;,¢;41].
This will allow us to use the mixing in time properties of the field W (¢t,z,z) (which
are slightly better than those of V(¢,z)) to establish “near independence” of what
happens at time s and what happened before time t; 1.

i+1

S
O (" i)W (G2 b)) s



778 EVOLUTION OF SEPARATION DISTANCE

The estimate of J;. We can write

J=Y g,

K3

tit1 s
Z/ By f (25" (1) )W M) (57,2§M) (tia)wa(tiq)) ds

i)
1L [t M) (S tioa .
ZSZ/t E< 0y f(2s(tiz1)) YW, ﬁa?yzti(tifl)axé(tifl) AS 4, pds.

Here we have denoted
w (s,7,2,x):=E { WM (5,2 2) ‘ fT} =on(2)W (s,7,2,2) (3.20)

for any s> 7, where

W (s,1,2z,2):=E{W (s,z,2)| Fr}. (3.21)

Rewriting the formula for W (s, 7, 2,7) using the spectral decomposition (1.3) and (1.4)
we get

W (s,1,z,2)=E /e“m(eik'z—1)V(s,dk‘)‘]-} (3.22)

Rd
:\/5//e"kW(s"’)|k|5eik'z(e”“'zfl)B(dp,dk).

—oo Rd

The next lemma gives an estimate of J; using the aforementioned gap between the
time ¢;_1 and times s € [t;,t;+1], as well as the sufficient mixing properties of the field
W(t,z,z).

LEMMA 3.8. Suppose that a+28<2 and £=(l1,...,4q) is a multi-index of non-
negative integers. Then, there exists € >0 so that

97y 1/2

H <Cstte, 6€(0,1].

077 s ti—1
8ZW10 (52’5253733)

Proof.  We only consider £=0. The case of other multi-indices can be treated
similarly; indeed, the main difficulty here is that the correlation function of the random
field W decays rather slowly. However, each differentiation in z improves the decay
of the correlation function in space; hence, £=0 is actually the most difficult case.

Thanks to the time stationarity of the field V' (¢,z) it suffices only to prove that

sup

sup sup E
|z| <M, |x|<é—2

i s€E[ti,tiy1]

1/2
sup {IE l sup ‘W(&O,z,x)f] } <COotte. (3.23)
]

SE[672,267—2 |z|<M,|z|<6-2
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Since supp a(-) C [0, Ko] we have, for any p=1,...,d,

0
E{Wi(s,O,Z,O)}SC[aﬁM(z)F / / e 2K (5=0) | k|28 41 R(K) ™% — 1|2 dpdk (3.24)
—oo Rd
dk

. Ko — dk
SCI[O,M](|Z|)/ e—2\k‘255|ezk.z_l|2WSCM2/ e_2|k|2/35W 2k2a73.
k| <Ko || 0

Making the substitution m:ké%, where 1<v<2, we get that the last integral
equals

(v=2)/(28) _ 28 23
Kod e 2m dm

oo —2m
5(2-0)2=)/8 / e dm _ 2-—a)2—)/8 / e dm
0 m2(x—3 — 0 m2a—3

Assuming that (2—«)/8 > 2, we can select «y sufficiently close to 1 to ensure that the
right hand side can be estimated by C§%+2¢ for some € >0, as § — 0+. This require-
ment amounts to a+ 25 < 2. The conclusion of the lemma is a direct consequence of
Proposition 3.5. ]

We have shown therefore the following.

COROLLARY 3.9. Under the assumptions of Theorem 2.2 there exist constants C,e >0
and v € (1,2) such that for u,t € 0,77,

|J1] < CO°N || 2]l fllapea (w—1), Vo€ (0,1],u—t>6". (3.25)

The limit of J;. As Corollary 3.9 shows, our task is reduced to finding the limit
of the term J,. We recall, for the convenience of the reader that

1 d tiv1 s
J?‘ZE{ >/
7 p=17"1t i—1

d
i [ GO (55,2 (0).23(0)) | dpds} ‘I’Aé}

We introduce, for s>p>rT,
W;Eé\/[) (57,073733) :WISM) (S,Z,.’L‘) Wq(M) (p,Z7SU), (326>

WD (s.p,7.20) =E{ WD) (s.p.2,2)| -
W(M)(s,z) ::EWZ%W) (s,0,2,0)

pq
- = (M)
W;Sé\/j) (SvpaTvzvm) :ngé\/f) (57paT7Z7x) _qu (S—p,Z)

We also introduce the corresponding notions without the cut-off ¢/(2z), with the
superscript M dropped, and also

WD (s,p,2,2) =W (5,p,p,2,).

We further Taylor-expand the term in J, corresponding to a fixed i as

d g s
1 w a (M) () (S (M)
2> L e o (o) ms(e)) dpds
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52 Z /H—l/ aﬁqf (M) (W, pq (527£,Z(M)(p),x5(p))dpds

p,q=1

52 Z /1+1/ 0,1 (2 (M) p)) qulgzw)((sy (Af)(p)7m(p))

p,q=1

Wi (5’; ,ZfsM)(p),xzs(p)) dpds

Z /1+1/ Opf(z (M) )aquéM)(527Z(A4)(P)7m5(p))vq(5%7375(/))) dpds.(3.27)

pql

Denote the respective terms that arising from Jy by Jo1, Joo, Jag respectively. We
will show that these terms have the following limits.

ProroOSITION 3.10. There exists constants C,e >0 such that

Jn=Y Z/ (28 (1)) D) (Z§M>( -~ 1))@ A“H}ds (3.28)
1 p,q=1
<Co(u—t)|| fllana,3l|¥] L2, Vo€ (0,1], u—t>4".
PROPOSITION 3.11. There exists constants C,e >0 such that
Jrr— 3 wz / (cpq®=, B30 (5™ (5 ))3pf(Z§M)(8))dS]
SC5e(u—t)||fH4M,1II‘P||L2 (3:29)
and
|J23| SCéﬁ(u_t)||fH4I\/[,1H\I/HL2) V(SE(O,].], u—t>6". (330)

This will complete the proof of Theorem 2.3 as the non-trivial terms in (3.28) and
(3.29) combine to produce the operator Ljy; see formulas (2.2), (2.3), and (2.5).

The proof of Proposition 3.10. We have

=5 ZZ/M/

We can further write
Jor =A1+ Ay + As,
where A; = EiAg-i), j=1,2,3, with
tig1 s

AP L Z /ds /dp / are{ {02, 1= (7))

Wi (i 2 zém(r),mm) boas, )
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tit1 s
AP .= L . Z /ds/dplE{f)ﬁqf M (t;_1))
p,q=1
ti <
><W(M)(527;’ 57 M (ti-), xé(ti_l)) W’Aé’tifl}
1 " () e
AD .= 52 Z/ dS/ dp]E Opaf (25" (tim1)) W g ( 52p»Z§M>(ti*1)) \I”A‘S‘”‘l}.
p,q=1

We will see that the term A; is small since each Agi) involves three integrals over

intervals of length smaller than 67, with v>1. This produces a term of the order
82772, which after summation over i will still be of the order §¢ with € >0. The terms

A(Qi) are small because of the time-mixing properties of the filed W (t,xz,2): there is

either a “large” gap between s and p or between p and ¢;,_; that will make Agi) small.
Finally, A3 will lead to the non-trivial contribution in (3.28).

Estimates for Agi). We have

i{az P WD (5,5 25(r),25(7)) }

Z o f S EIWRD (554528 (1),25(1) ) WD (55,2000 (1), 5(7))
Z N0 WD (5545028 (),s(r) ) WD (55 ) (7),5(7))
Z DO WD (55, 55,28 ()25 Vi (55.25(7) )

Denote the three sums appearing on the right hand side by ng, 7=1,2,3 respectively.

LEMMA 3.12. There exist constants C,e >0 such that

s P ]
E{\I// dp/ Cg,da,Ag,t“}
ti—1 ti—1

for 7=1,2,3, §€(0,1].

sup sup
i SsE€[ti,tit1)

<Ol 2| fllane,s  (3.31)

Proof. 'We conduct the proof for j=1. The other cases can be done similarly.
Let

W M) (8,p,T,2,2):= W}M) (1,2,z) ngéw) (s,p,2,x).

pqr

It suffices to show that there exist constants C,e >0 such that

T C
/ dp/ dTIE pqr ( )( ))\I/Wéévf) (5*2,5*2,5*27 (M)(T)JJ&(T))’A&,ti,l}

ti— ti—

§C53+5||\I’||L2||f||4M,3 (3.32)
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with the constants independent of 4,s. Using the definition of the event As,, , we
can estimate the left hand side of (3.32) by

s—ti—1
|| £l anr 507 / Wopy 5200, (3.33)
0

Wy 1= {IE

for any s> p. From Proposition 3.5, with m =6, we conclude that for any u>0 (to
be adjusted later on) we can choose an appropriate C' >0 so that

9y 1/2
} , ¥de(0,1].

Computing the conditional expectation appearing in the right hand side of the ex-
pression above it follows that

Ko dk 1/2
- 2k (s—p)5 2
Ws—py 52 <CHCM {/O e BT L20—3 } )

Making the substitution p’:=(s—p)/d? we can estimate expression (3.33) by

s/82 Ky dk 1/2
C e a0 [ dp{ |
0 0

Performing the change of variables k' :=kp'/(2%) we obtain that the expression above
equals

where (cf. (3.22))

1/6
sup ’W(S,O,z,a:)‘(;] }

|z|<M,|z|<6-2

W(s—py/52 <CI™H sup E’W(SEP,O,Z,O)
|2l<M 0

5/62 d Kop'/ (28 _kaﬁdk 1/2
Nl hapnad™ o [ 2 =
7 SR A 1203

The integral with respect to p is not singular at 0 and has an integrable singularity at
00, due to the assumption that a+25<2. Since 7> 1 we can choose u<y—1, thus
(3.31) holds. ]

It follows from Lemma 3.12 that
|AY] < O8] | fllan s,
hence, after summation over ¢ we get the estimate

| A1] <O§"(u—t) [ 9| 2| fl|an1.5- (3.34)
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Estimates for A;. To deduce that
|[A2| < CO (u—=0)[| V| 2| fllans,3, (3.35)

it suffices to show the following.

LEMMA 3.13. There exist C e >0 such that

g [ oo (2 L oy ong, ti1))d
pq ﬁ75727 52 %2 (271)7336( 171) 14
ti—1

x O f (25" (tima) W, AS, H <C)llz2 ]| fllanr267F. (3.36)

sup sup
i s€[ti,tita)

Proof. Making the substitution p’:=p/§?, and dropping the primes, we obtain
that the expression under the supremum equals

& .

s/8%
2 (M) = (S ti-1 ) c
B{o G ¥ [ WD (G gt ) i) A3, )

Using elementary rules of computing the conditional expectation of Gaussians we get

N 0 0
qu(8,9707370)=2/ / exp{—|k1|*" (s —u1) — [k2|** (p—u2) } (|k1 | 2])”
x (€12 —1)(e2* —1) B (duy , dky ; dusy, dks)

where

q(dul,dkjl;dUQ,dkz)

B,
.= By, (duy ,dky ) By (dus, dka) — Rpq(k1)6 (uy — u2)6 (ky + ko) duy dugdky dks.

A simple calculation shows that

/ qu (Sap707z70)dp

W -
x [exp{|ka|*Pus } —exp {—|ko|*’ (s —u2) }]

x (12 —1)(e2% —1)Byg (duy , dky ; dusg, dks)
=271(5,2)Z5(5,2) =27 (s,2),

where

0
Zl(S,Z):/ /exp{—\kﬂ%(s—ul)}|k1|5(e’k1'2—1)Bp(du1,dk1),

elk21*P uz (etkzz 1)

0
22(572):/ /[1—exp{—|k2\2ﬁs}] Toal? B, (dus,dks),
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and

_ ]_—eflklwss _ 2[35 ikez ~
Z(s,z):—/We kI |tk 12 R, (k)dE.

It suffices only to prove that there exist C7,e; >0 such that

sup sup EZ%(s,2) <C16%, (3.37)
SE[67Y2,267 2] |z|<M
sup sup |Z(s,2)| <C16%,

s€[67=2,2672] |z|<M
and

sup sup EZ2(s,2) <C}. (3.38)
se[67-2,267—2] |2|<M

Using (1.5), we conclude that

_ 9 Ko 28572, _ 28572 dk

‘Z(S,Z)|SCM o (1—6 )e W

for some constant C'>0. Performing the change of variables k’:=kd(=2/(26)  we
obtain

dk

A <CM25(27’Y)(270‘7[3)/§ +°°1 28\ _p28
|Z(s,2)| < ; (1—e " e e

On the other hand, we have

_k2P 572

Ko
EZ%(s,z) <CM? / dk; <C§%
0

2a0—3
kl

for some €; >0, since < 1. Analogous computations for Zs(s,z) yield

%3’357—2]2

Ko _
EZ2(s,z) < CM? / [L-e dly < C.
0

k§a+4,8—3

This finishes the proof of Lemma 3.13. ]
The limit of Az. From the definition of A3 we get directly that

d tit1
A3_Z Z /t ) E{aiqf(ZEM’(tH))c%) (Z((SM)(tifl))‘I’»Ag,ti_l}ds
i p,gq=17"%

—+oo

<Ol el Wl swp [~ dp [ 0t RR)L - cos(h-2) Pk
l2|<M Re

572
Ko ,—k*# 5772

e dk

I Ly e

too o=k g,
g06(2‘”)(2‘0“5)/‘3||fH4M,2||‘1’||2(u—t)/0 wrarzs—3 < O Fllam 2l lla(u—1)

for some € >0, provided that a+ 8 <2. This completes the proof of Proposition 3.10.
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Estimates of Jy; and J3: sketch of the proof of Proposition 3.11. The
estimates of Juo, Jog go precisely along the lines of the estimates for J5;. The term

Wzgéw)(s,p,z,x) appearing there should be replaced by
Uééw)(&p,z,x) =0, WZEM) (s,z,x)Wq(M)(p,z,m),
or by
Réy)(s,p,z,x) :8IqW1§M)(s,z,x)Wq(M)(p,z,x),

in the case of Jao or Jas, respectively. The estimates are somewhat easier to come
by this time because the differentiation operators correspond to multiplication of the
spectrum by the k variable, which lowers the degree of singularity of the denominator.
The resulting bounds therefore improve.

The divergence free condition on the field V(¢,z) implies

d
ZER;y)(s,p,z,x) =0. (3.39)
Note also that

d
ZEUééW) (57pazax)
1

=]
Il

M-

[QSM (2)0s, ¢M(Z)qu(5 —p,2)+ ‘ﬁ\/f (Z)azquq(s - Pvz)]
1

d
72 zq(bM (S_pa )

l\D»—Aﬁ

The last equality follows from the fact that due to the divergence free condition for
the field we have

d
> 0., Wpq(s,2)=0.
q=1

Using the above facts we conclude that (3.29) and (3.30) hold.
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