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ON PERTURBATION OF THE KIRCHHOFF OPERATOR -
ANALYSIS AND NUMERICAL SIMULATION*

M.A. RINCONT, M.C.C. VIEIRA}, T.N. RABELLO!, AND L.A. MEDEIROSY

Abstract. We consider a new model for vertical vibrations of an elastic string fixed at the ends.
When the tension on the string is not constant, Kirchhoff obtained the model

0%u 5 0%u
o~ (a(@) +b(@)|Vul?) S =0,

with the nonlinear perturbations b(x)|Vu|2, which represents the additional tension due to the length
change of the string. The Kirchhoff model is extensively investigated in the literature.

In the present paper, for strings with variable density and cross section, we obtain a model which
is a perturbation of the Kirchhoff equation by an additional term:

Oou
fc(a:,t)\Vu|2£.

We prove that for every T'>0 a mixed problem for this new model is well-posed in the interval
0<t<T, with a restriction on the initial data ¢p and @1 that depends on T. We apply the Galerkin
method, multiplier techniques and compactness results to obtain the existence and uniqueness of
solutions. For the numerical solution, we employ the finite element method and also introduce an
implicit time discretization. Some numerical examples are presented to validate the numerical method
and numerical experiments are presented to compare with the Kirchhoff model and to investigate
the effects of coefficients in the string vibration.
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1. Introduction

The investigations on a mathematical model for small vertical vibrations of an
elastic stretched string is an old problem. A significant contribution for this problem
was given by Jean d’Alembert [8] in 1761, where the works of Euler and D. Bernoulli
are mentioned. He strongly restricted the strings, and his model is

82’& T0 82u

- -_ Y7 7 _ 1.1
o2 m Ox? 0, (1.1)

where u=wu(z,t) represents the displacement, at time ¢, of the string in the rest
position [ag,Bp]. By 7o and m are represented, respectively, the constant tension 7y
in the string and its mass m.

In 1883 G. Kirchhoff [9] deduced a model for the same physical problem of small
vertical vibration of elastic strings when it is supposed the tension varies with the
time ¢, and 79 represented the tension of the string in the rest position [ag,5y]. The
model proposed by Kirchhoff is
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752 ON PERTUBATION OF THE KIRCHHOFF OPERATOR

Observe that vo = — ap is the length of the string in the rest position, i.e. [ag, 5],
k=ocF with F the Young’s modulus of the material of the string, and o is the area
of the cross section of the string, which is assumed to be constant.

Observe also that the hypothesis of variable tension 7 permits one to obtain (1.2)
as a perturbation of the d’Alembert model (1.1). In fact, (1.2) is a perturbation of
(1.1) by the term

c(t) o /60 (%)Qdaj, (1.3)

o 2mo o0

which is generated because 7 is variable. When the tension 7 is constant this term is
zero and (1.2) reduces to (1.1). The mathematical investigations of the boundary value
problem for Kirchhoff model can be seen in Bernstein [1], Hazoya and Yamada [6],
Lions [12], Medeiros, Limaco and Menezes [14], Pohozaev [16], [17] and the references
therein. In the references there are more studies; in particular see Medeiros, Limaco
and Menezes[14].

There is a modification of the Kirchhoff’s model (1.2) when the ends of the string
are moving, that is, for each ¢t>0 we have [a(t),(¢)], with 0 <a(t) <ag < fo <B(t),
for all > 0. Thus the perturbation of (1.2), in this case, is the following:

Pu (1o k() =70 k B®  Gu 2 0%u
_ - — ) dz)=—= 14
ot? (m + m Y + 2m~(t) ~/(1(t) (6x) x) Ox? 0 (14)

where y(t) =0(t) —a(t), ao=a(0), Bo=p(0), and k=0F constant. For the math-
ematical analysis of (1.4), see Part Two of Medeiros, Limaco and Menezes[13], part
two.

To obtain (1.2) we return to the hypothesis and suppose that the mass density of
the string varies with x for ag <x <y, and represent the density by p=p(z). Note
that p is the mass per unit of length. We also suppose that the cross section of the
string varies with z in ap <z < fy, and with ¢ >0, that is o =o(x,t). We work with
regular functions p and o.

With the above hypotheses and by the same arguments used to obtain (1.2),
that is, by the linear Hooke’s law and Newton second law (cf. Medeiros, Limaco
and Menezes [14]), we obtain the model for small vertical vibrations of elastic strings
which we call the perturbation of the Kirchhoff operator:

% - (a(m)+b(x,t) /:U (%)Zdac) % - (c(x,t) /:0 (%)2> %—l—d(w,t) % =0,
where )
a(x)= 70;(233), b(m,t):m, and c(:c,t)zEZ—Z(xj). (1.6)

ou
In the present analysis, we add an artificial viscosity (d(x,t)a). Moreover, we

shall assume that the mass density depends also on time, so that p=p(z,t). Thus the
To

Yop(x,t)

function a(z,t)= and the model is given by
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9%u Bo

o (at+bien) [ (55 ar) il
—(c(x,t)/jo (%)de) %+d(x,t)%:o. (1.7)

In this work, we are interested in studying the existence and uniqueness of the so-
lutions of the model (1.7) of the transverse vibration of nonlinear strings and also the
numerical solutions of the partial differential equations. The finite element method
associated with finite difference schemes in time are developed to solve the equations
numerically. Numerical simulations are presented for comparison of solutions of trans-
verse vibration calculated from two string models with constant and variable mass
density p and cross section ¢. The numerical results show their influences on the
frequency and amplitude of vibrations of the string.

2. Notations and hypotheses

We will follow the standard notation used by Lions in [10] and [11]. Let Q=
(0,80), ap >0, be a bounded interval of the real line R.

Let the space V =H}(Q)NH?(2) be equipped with the scalar product and norm
given by

Bo 92, H2 Bo
(u,v)y = 07w 0% dz; |u\%,:/ dx, YueV.

82u’2

0a?

o R

The scalar product and norm in L?(f2) are represented by

Bo Bo
(u,v):/ u(z)v(x)dr; |u\2:/ lu(x)[Edz, Yu,ve€L*(Q).
[e70) [e70]
Note that |u| is the norm in L?(2) and |u(x)|r is the absolute value of the real number
For T >0, we consider the cylinder Q= (cg,580) % (0,7) of the Cartesian plane
R%. By L*(Q) we represent the Banach space of bounded measurable functions on
() with real values, equipped with the norm

[[ufloc =sup ess|u(z,t)|r
(z,t)eQ
The functions a,b,c and d are defined in ) with values in the positive real numbers

R satisfying the following conditions:

H1) ceCY(Q) with ¢(8o,t) >0, c(aq,t) <0 for all t>0. (Q is the closure of Q
and C'(Q) the space of continuous differentiable functions u: Q@ —R );

ga O . od
av b7 Ea d7 871' € L (Q)7

H3) b(x,t) >0, a(z,t) >ap>0in Q.

H2) a,

The nonlinearity in the model (1.7) is of the type
For u 2

|? = — ,t‘ dz.

= | |5 o] o
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We consider a more general non linearity of the type M (||u(t)||?), with M =M (),
A >0, such that:

H4) M is continuously differentiable with M’ in L*°(0,K) for all K >0 and
0<M(A) <A M'(X\)>0in (0,400).

3. Problem formulation

Motivated by the perturbed Kirchhoff model (1.7), we formulate the following
initial boundary value problem: given g and ¢; find a function u: @ — R which
solves the initial boundary value problem

2u
(2,0~ (ae,0)+ bl ) M () ) 5 1)
—c(x,t)M(Hu(t)||2)%(:E,t)+ d(z,t)u'(z,t)=0 in Q, 3.1)

u(ap,t)=u(By,t)=0 forall ¢>0,

u(z,0)=wo(z), o' (2,0)=¢i(z) in (ao,fo)-

We represent (Ou/0t) by v/, (0%u/0t?) by u”. All derivatives are in the sense of
distributions.

Definition: We call a solution of the problem (3.1) a function u: @ =R in the
classes:

we L(0,T; H () NH?(Q)),
u' € L(0,T; Hy (),
u" e L=(0,T; L2(Q)),

satisfying the initial conditions in (3.1) and the integral identity

T T 9 0%
| o= [ e esoaru g 0.0

T au T
- / (e M0 ) 51 (6, 0) i+ / (d(t)e (£),0)dt =0, Yoe L(0,T5L2(Q).
0 0

For formulating the main result in this paper, we need to define the following
constants: o= [y — o,
1)
ozl )’

Cq :max{ess sup {|a|7|a’|7|b|, ARIENER

(z,t)EQ

s1dl,

e
ox

and

1 Cl 1 2’)/0 2’)/0 201’}/0
ko 01< +a0+70), kq ao(\/%+ +—+ ao)’ ko w\/ch( +%),

2 2 2
Bs=Cr (14 (2) +2(2) 50), k=105, ks =ka(1+ks)exp(2koT),
™ s agm

. koexp(—2koT)
ko = 1M Wll=osy: 6=min {1, o220 e -
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3.1. Existence. The main result in this paper is the following:

THEOREM 3.1. Let T>0. If pg € HYH(Q)NH?(Q) and p1 € HL(Q) satisfy the restric-
tion

0?
Gz el <o, (32)

then there exists a unique solution of (3.1).

Proof. The proof will be done by the method of successive approximations.
It is known that

Wy, () = \/zsin (% (x—ao)), Am = (%)2

are the eigenfunctions and the eigenvalues, respectively, of the operator (9%/92?%) in
H}(€2). The eigenfunctions are completely orthonormal in L?(Q) and orthogonal in
HY Q)N H?(Q); cf. Brezis [3].

Represent by V,,, = [w1,ws,...,w,,] the subspace of V = H}(Q)NH?(Q). We define
ug(t) =0 for all t€[0,7] and the function uy,: [0,T,,] = Vi, to be the solution of the
following system of linear ordinary differential equations:

(w2, 0).0) = ()4 DM (s (]2)) 12 0.0

= (M (s () G2 0)0) + (O (00) =0, V€V

Um (0) =tom — o In  V,

w,(0)=ui, —@1  in  HHQ).

It is opportune to observe that the linear system of ordinary differential equations
(3.3) has a solution u, € C*((0,T,,), Vi) given by

m

um(aj,t):Zgi(t)wi(I), (34)

i=1

where we are denoting g;(t) = gim (t). To prove that the approximate solutions (u,,),
obtained above, converge to the solution of (3.1), we need to obtain estimates on

0y,
S0, [l ()], and [t (0]
2,/
Estimate 1: Taking w= ax;” (t) €V, in (3.3), we get

U 2u)
%%H%@Ha(<a<t>+b<t>M<||um_1< 0 >)88m2 (®), %7?@))

(e (s (1) 220, 20 1)) — (e (), 2 1)) =0,

Note that we have the following relations:

)8 U . O%u!, )

((at)+b(E)M (lum—1 (1)) (), 5 (1)
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d 8 U 2
7/ a2, )+ (@, )M (|[tm1 (D) ))] o, t)’Rd:z:

d
%/ @)+ @M OF)) (52 .0) da

0%up,

[ (et i 2 O1)) (@ 0) () . 05)

2,/
Oy, . O°ul,

(M lum—s () G2 (1), 2 (1))

EL (et >(a“’”<ﬂo )"~ el ( 2 (00,0) )M (i 0]}
(5 B0 (% (50,0) "~ 5001 (2 (00,)) ) M (2 D)
te(o0,0) (2 (10,0)) Mt (0)]%) (o1 (811 (1)

(1) (22 80,1)) M 1) (1 (1)1 1))

M (s ()] / (2 () 2 1) e,y 20 1)) 2 0, 3.7
(3.8)
(atey (0, % )
Bo ! !
— (d@,t)(%@,t})ﬂ gj (z,0)d, (z, t)%(x,t))dz. (3.9)
Substituting (3.6)-(3.9) in (3.3) we obtain
Bo 2u 2
;jtzm(t):;/% (a/(2,6) + 8 (2, )M (Jlum1 (D)) (88962 (m) do

+f B ()M s 1) (s 8102 (8)) (2 1))t
(50 (552 60.0)) —¢(a0,t) (52 (@0,)) ) M1 (6)]P)
(B0 (2 (80,1)) M 1()\\2)(’ NORTIO)
el ) (e00) MmO (- t“ml)
M (o (0] )/ (2 ) 2 1) 4 ey 2 1)) P

_/jo (d(x,t)<%(x,t))2+gi(x ., (z, t)%(m,t))dx, (3.10)

where
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O?up,

=1 O+ [ (a6 00V a1 (0,0 e

(el (5 (50)) = el ) (G2 (0,0)) ) M ().

We have

Bo 9

9

oul, 2
d(m,t)( B (x,t)) dx‘R<ess($sgpQ\d (z,8) | lur, (1)

@o

2 2 2

Bo 0 U, U,
/ a(x,t)(w(x,t)) deao‘ (1)

0

2

)

m

P od u,
——(x,t)u., (t) =2 (z,t)d )< ’
/ao o (z,t)u,,(t) o (z,t)dx _ess(;gg@ P

20| 2 [lur, )],

0= (2 0] < (2 et (22

where

Q= SUp zp(t).
0<t<T

Let us define

ﬁm:( 0 )2am, 0= sup M(N), and Nm=sup |[M'(N)].

T/ @0 0<A<Bm 0<A<Bm

757

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Substituting (3.11)-(3.15) in (3.10), and by using (3.16) and the hypotheses (H1),

(H2), (H3), we obtain

9? m
z,'n(t)S201(1+70)Hu;n(t)“2+2019m_1 Y \H ol

aum ‘

+01(1+om_1+2nm_1||um_1<t>|\ Hu;n 1 n)\ o

+acmem_1\3;;t;” O (1] +1)

0? um ,
O] a1 (@)]]-

+2C1 N —1700m— 1|
Using the definition of z,,, @, and (3.16) in (3.17) we have
20 () < (ko + k10m—1+koQm—1Mm—1) 2m (t).
Integrating (3.18), we obtain

2m (t) <2m(0)exp (ko +k10m—1+ koQm—1Mm-1)t, Vt€(0,T),).

(3.17)

(3.18)
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But, we can prove that

20) < or [P+ € (14 (2 +2(2%0) | 22200 < (14kars, (319)

so we have
Zm (t) <(1+ksz)dexp (ko + k10m—1+koQm—11m—1)t, Vt€(0,1,,).
We prove by induction that
Z2m(t) <(1+ks)dexp(2koT)=co, Vt€(0,T),), VmeN. (3.20)
Thus, for m=1, we have
21(t) <(1+k3)dexp (koT) < (1+ks3)dexp(2koT), for all t€(0,1,,), (3.21)

since ug(t) =0, and therefore zo(t) =0= a9 =0, Bo=0, 6o =0, 1o =0 by (3.19).
Then, we suppose that

2m (1) < (1+k3)dexp (2koT), for all t€(0,T},).
Since that, 0 < M (\) <\, we have, by definition of ,, and Bm, that 0,, < Bm and

Nm= sup |M' (N\)|<ks.
0<A<Bm

So, we obtain
Zm+1(t) < (1+k3z)dexp (koT) exp (k10pm + ketimke)t, VYVt (0,T5,).

Using the hypothesis of induction the definition of @, and the considerations above,
we have

Zm41(t) < (1+ks)dexp (koT') exp (kika +koke) cot,  Vt€(0,T,).
So, by definition of § and ¢y, we obtain
(k1ka+koke) co < ko= zpmi1(t) < (1+k3)dexp(2kT), VL€(0,T),

which proves (3.20). Therefore by the definition of z,, we can extend the solution to
(0,T) and

2 2
Ot ‘ ol vte (0,T). (3.22)

(DI + | 5 0)

~ min{l,ap}’

Estimate 2: We prove that u/, (t) is bounded in L?(Q). Let w=u, (t) €V, be
in the approximate Equation (3.3). We obtain

[um (8)]

< [ (atet) 0600 G 1))

]

0

20,
ox2

(@, t)ull (z,t) Rdx

Bo w
[ (el M1 (1) 52 )t oDl ot o) ) )

o]
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0%u,,

< (J(a(0+ O 1 O G2+ [cOM 101 2] ) it o)
HA(O ()] il ().

From the above inequality and the hypothesis (H4), we obtain

[um ()] < C ((1 + min{ci,ao}) ‘ a;Z;n (t)‘ + min{ci,ao} [l (0] + |u;"(t)|>

By Estimate 1 and Poincaré’s inequality, it follows that

1 €0 1/2 Co

From the estimates (3.22) and (3.23) there exists a subsequence (up,) of (up,) such
that:

U, — u, weak-star in L°°(0,T;Hj (Q)NH?(Q)),

ul, —u, weak-star in L°°(0,T; Hg(9)), (3.24)

m;
Uy, —u”, weak in L>(0,T;L*(Q)).

By using the same arguments as in Rabello et al. [18] there exists a subsequence
of (um, ), still denoted by (u,;), such that

M(Humj_l(t)HZ) —>M(||u(t)||2)7 uniformly on [0,T].

Therefore by considering the subsequence (u,;) in the approximate Equation (3.3)
and by passing to the limit j — 400, it follows that w is solution of Theorem 3.1 in
the sense of Definition 3.1. |

3.2. Uniqueness. The arguments used to prove the uniqueness can be found
n [18], but in this work, for completeness, we only an idea of them. Indeed, let wu;
and ug solutions of the problem (3.1) in the sense defined in Theorem (3.1). Consider
w=1uj —ug, 50 w(0)=w'(0)=0 and Yo € L?(0,T;L?(ap,B)). Then w is a solution of
T Bo
/ / {w”(%t) — (a(z,t) +b(z, ) M (|Jur (t)]|*)) Aw(z,t)
0 ap

—c(z,t) M (||ur (V) ||*) Vw(x,t) +d(x,t)w' (x,t)
() (M(lun (O112) = M ([lu2(0)])) A, )

—ea ) (M (s (1)) = (M (Juz (8)*) ) Aw(a, ) po(a ) do dt=0.

Taking v=w’(z,t) in (3.3), we consider the function

Bo w2
vl =5l OF +5 [ (a0 + s M u @) (5) do

By the same arguments employed in [18], we obtain
) <OY(t), Ve[0T,

where C is positive constant. It follows that ¢ (¢t)=0, Vt€[0,T]. Since by definition
lw(t)||> < Crap(t), Vt€[0,T], we have w(t)=0.
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4. Approximate solution

In this section we apply the Galerkin method to determine an approximate solu-
tion. To obtain the numerical approximate solutions we use both the finite element
method and the finite difference method. Moreover, some numerical experiments are
presented for analysis of the model.

4.1. Variational formulation. To obtain the approximate numerical solu-
tion, we assume that the ends are fixed, i.e., ag=0, v9=00—ag=1. Moreover the
operator M, defined in the hypothesis (H4), is taken as the identity operator I. Under
these conditions the problem (3.1) can be rewritten in the following way:

2’le U
u (ae,0) +b(a ) D)) 0~ (el ) 02 + (ot =0, (41)

where the coeflicients are defined by (1.7).
Then the variational formulation in V,, is given by

1 1
/ ur (Hywdz + ag—maé(Ml(x,t)w)dx

o1 0o 0¥ OT (4.2)
/5 Mg(x,t)%wda:—k/o M3 (x,t)u,, wdr =0,

where

My (z,t) =a(x,t) +b(x,t)||um (t)]|?, Mo(z,t)=c(z,t)||unm(t)]|?, and

(4.3)
M;s(x,t)=d(z,t).
Substituting (3.4) into Equation (4.2) and taking w=w;(x) € V;5,, we obtain
=, ! - L ow;(z) 0
Y RCCIIBLED DALY R e AT B
h a 4.4
_Zgi(t)/o Mg(x,t)augx(x) wj(x)dx—l—Zg;(t)/O M;s(z,t)w;(x)w;(z)=0.
We define
Y o [ w9 |
Aij—/o w;(z)wj(z) de, Blj(t)—/0 5 Ba (Ml(x,t)wj(x)) dx s

ow; ()

Cyit) = /O M 0) "o (), Dy (1) = /0 M, t)wy (@), () da.

Substituting the matrices in (4.5), we obtain the following nonlinear ordinary
differential system:

{ Ag"(t)+D(t)g'(t)+ (B(t) - C(t)) g(t) =0,
(4.6)

9(0)=g0,  9'(0)=g1.
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4.2. Finite difference method. For the nonlinear ordinary differential sys-
tem (4.6) with the matrices, the method of characteristics (dependent on the variables
x and t) to obtain the solution is not always possible in continuous time. So, we will
apply a numerical method to determine the approximate solution for the system (4.6),
using the approximate implicit Newmark method (see, for instance, [5, 7, 4]).

Let g"=g(t,) be the approximate solution of the exact solution g¢(t) of (4.6),
where we denote the discrete time in the interval [0,7] by ¢, =nAt, n=0,1---N, and
the values of W at the discrete time t" by W"™. We denote by ¢g"*=0g"*1 +(1—
20)g" +0g"~1, n=0,1---N, the weighted average, where, for reasons of numerical
stability, 6 belongs to the interval [0.25;1]. Setting t=t,, for the first and second
derivative we take the difference operator in the following form

5gn _ gn+1 7gn71 52gn _ gn+1 _ 2gn +gn71
’ At? ’

SAL (4.7

For this approximation the discrete error can be shown to be of order O(At?).
For the system (4.6) at the discrete mesh points ¢, =nAt, using the weighted
average and (4.7), we obtain the following discrete system:

n+1l _

)+(B"—C")g"*+D”(%) —0, (48

n+1_2 n n—1
A(Q g +g
At?

where we recall that the matrices are time dependent and B"=DB(t,), C"=
C(tn), D*=D(t,). Multiplying by (At)? on both sides, we obtain the iterative
method

Jngn+1:Hngn—Kngn71, TLIO,l;"'Nv (4.9)

where J, H and K are matrices known at time t,, =nAt and defined by

A
Fr=As0An(B -+ Bl HT =24 (1-2)(Ar (BT -7,

K™= A+0(At)2(B" —C") — %g".

(4.10)

If the matrices, J"=J;;, H"=H;; and K"=KJ;, which are dependent on z
and t, are known, then the iterative method (4.9) can be easily implemented. Indeed,
taking t=0 into (4.9) yields, for each n=0,

(JO+K°) g' =H g" +2AtK g, (4.11)

where, from initial conditions, g° =g and g; =g{, are known. Solving the linear
system, we get the vector g = (g1,93,-+,gL,). Then for n=1,2--- , using the iterative
method (4.9) we obtain the values of g"=(g7,9%, --,g) for each n by solving the
linear system, provided that the matrix is not singular.

4.3. Finite element method. To calculate the matrices of the linear system
(4.9), we need to introduce the basis function p; €V,,. In the finite element method,
the basis functions are piecewise polynomials of some degree in €2 which vanish on
09). More specifically, in this work, the basis functions of V,, are defined by the
piecewise linear polynomial subspace defined in the following way: first, we divide the
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domain Q=(0,L)=(0,1) into local domains Q; = (x;,x;11). Then Q:int(uﬁ1 QZ)
and leQ] :Q), lf Z?é]

%, V.’EG[SL’i,hZ’i],
w%(x): %, Ve [wi,$¢+1], (4.12)
0, Vaod [zi—1,Tit1],

where we are considering the uniform mesh h=h;=xz;11—x;, i=1,2,...,m in the
discretization into m-parts, with 0=z <y <---<zp41=1. Note that if |[i—j|>
2 then (w;,w;)=0 and (Ow;/0z,0w;/0x)=0. Hence all the matrices of system are
tridiagonal.

5. Numerical simulation

Some numerical experiments are presented in order to illustrate some features of
the model (1.7) for small vibrations of elastic strings, where the density p=p(z,t) and
the cross section o =0 (z,t) depend on the variables x and ¢. These numerical exper-
iments are compared with the usual Kirchhoff model for small vibrations of elastic
homogeneous strings. As far as we know, there is still no error estimate (continuous
or discrete time) for the problem (4.1).

u(0.5,1)

0.15

0.1

0.05

-0.05

-0.1

-0.15 . . . '

Fi1c. 5.1. The time evolution of the string’s position u(0.5,t) for the models Lai, Kir, and Las.

5.1. Example 1. In particular, set p(z,t)=1/(z+t+1), o(x,t)=x+t, the
Young’s modulus E=1, and 7o=v9=1. Then from (1.6) we have a(x,t)=x+t+1,
b(x,t)=(x+t)(x+t+1), and c(x,t)=1. The artificial viscosity coefficient d(z,t) is
taken as d(x,t) =0 (without viscosity) and d(z,t)=0.5 in this first example to show
the influence of penalization.

For At=h=0.01 and L =1, the numerical results of the approximate solution are
not significantly different for each 6€[0.25,1] and so we are setting #=0.25 in the
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u(z,2.5)

0.08

0.06 -

0.04

0.02 -

-0.02 |-

-0.04

0.1

0.2

0.3

0.4

0.6

0.7

0.8

0.9
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F1G. 5.2. The position of the string at the fized time T/2=2.5 for the models Lai, Kir, and Las.

0.3

0.2

0.1

u(w*,t)
o

-0.1

-0.2

-0.3

ukir(0.5,t)

UL g (0.4,t)

F1G. 5.3. The evolution of the string u(x*,t) to the fized z+ and ¢t €[0,10.0].

Newmark method (4.8).
Consider the boundary condition u(0,t) =u(L,t) =0 and the following initial con-

1 1
u(z,0)= ﬁsin(ﬂ'ac); u'(z,0)= ;cos(mv), VxeQ=(0,1).

We represent by Lai, Lag, and Kir the three sets of different coefficient functions for
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Fic. 5.4. Approzimate solution up(z,t) for the Kir model.
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Fia. 5.

5. Approzimate solution up(x,t) for the Lam model.

the problem (1.7) given by

Lap: a(z,t)=xz+t+1; bz, t)=(x+t)(x+t+1); c(z,t)=1, d(z,t)=0,
Ei=< Lay: a(z,t)=z+t+1;

bz, t)=(x+t)(x+t+1); clz,t)=1; d(a,t)

Kir: a(z,t)=b(z,t)=1; c(x,t)=d(z,t)=0

0.5,

“Kirchhoff model”.



M. A. RINCON, M. C. C. VIEIRA, T. N. RABELLO, AND L. A. MEDEIROS 765

Figure 5.1 represents an approximate solution wuy, (0.5, ¢) at the midpoint of z=0.5
and at varying time ¢ €[0, 5.0] for each set of coefficient functions defined in FEj.
Note that the motions of three graphs are oscillatory; however, the Kirchhoff model,
with initial data defined above, has a solution that is almost periodic in time, i.e.
u(z,t) = u(z,t+p) for p~2. On the other hand, the models La; and Las almost
have the same period and smooth decay. But the Las model with artificial viscosity
d(x,t)=0.5 the oscillation damps out much faster.

Figure 5.2 represents an approximate solution up(z, 2.5),Vx €[0,1], by showing
the profiles of the string for the fixed time ¢t =2.5.

5.2. Example 2. The purpose of this example is to show the influence of the
function a(x) in the frequency and amplitude of the vibrations of an elastic string.
For this, we use a function with sudden change in the interval, assuming that the
values a(x) in the interval [0,1] varies from 1 to 5, and we compare the approximate
solution of the Kirchhoff model with the model developed in (1.5), that will here be
called the Lam model. Thus we consider the following coefficients for the equation,
whose only difference between the coefficients is the term a(x):

. Kir:  a(z)=b(z)=1.0; c(x)=d(z)=0.0,
- Lam: a(x)=1+4z; b(z)=1.0; c(x)=d(z)=0.0.

Let the boundary condition u(0,t) =u(L,t) =0 with L =1 and the initial position
and initial velocity given by

w(z,0)=x(x—1) and ' (2,0)=0, vz e[0,1].

In this example, h=0.01 and At=T/N=0.05. In Figure 5.3 we can see the
vibration of the string at time ¢ for each fixed x, showing the dependence on position
x, where by wug;-(0.5,t) we represent the approximate solution of the Kirchhoff model
and by ur,, (0.4,t) and ur,, (0.8,t) the approximate solution of the Lam model.

In Figure 5.4 and Figure 5.5 the evolution of the displacement function up(z,?)
is plotted, showing the profiles of displacement for the Kir and Lam models. Note
that the speed of propagation is faster in the Lam model than in the Kir model, due
to the coefficient a(x)=144x>1, Yz €[0,1].

6. Final remarks

In this work, we have shown a different model for vertical vibrations of an elas-
tic string with fixed ends. We proved a theorem of existence and uniqueness of the
solution to the problem and we have developed a numerical method and a computer
program to obtain an approximate numerical solution. Thus, we can compare nu-
merically and graphically to emphasize the difference between the proposed model
and the model of Kirchhoff. The numerical results show the influence of coefficient
functions in vibrating strings on the frequency and amplitude. To our knowledge this
is the first time such models are treated numerically.

Acknowledgment. The author (MAR) is partially supported by CNPq-Brasil.



766 ON PERTUBATION OF THE KIRCHHOFF OPERATOR

REFERENCES

[1] S. Bernstein, Sur une classe d’équations fonctionelles auzx derivées partielles, Iso SSSR Math.,
4, 7-20, 1940.
[2] H. Brezis, Analyse Fonctionelle (Théorie et Applications), Masson, Paris, 1983.
[3] C.E. Carrier, On the vibrations problem of elastic strings, Q. J. Appl. Math., 151-165, 1953.
[4] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, Amsterdam, North-Holland,
1978.
[5] H.R. Clark, M.A. Rincon, and R.D. Rodrigues, Beam equation with Weak-Internal Damping
in Domain with Moving Boundary, Appl. Numer. Math., 47(2), 139-157, 2003.
[6] M. Hazoya and Y. Yamada, On some nonlinear wave equations II. Global existence and energy
decay of solutions, J. Fac. Sci. (Univ. Tokyo), 38(2), 230-250, 1991.
[7] T.J.R. Hugles, The Finite Element Method - Linear Static and Dynamic Finite Element Anal-
ysis, Prentice Hall, 2000.
[8] Jean d’Alembert, Opuscules Mathématiques, Tome Premier, Paris, 1761.
[9] G. Kirchhoff, Vorlesungen der Mechanik, Tauber, Leipzig, 7, 444, 1883.
[10] J.L. Lions and E. Magenes, Problémes auz Limites Non Homogénes et Applications, Dunod,
Paris, 1988.
[11] J.L. Lions, Quelques Méthodes de Résolution des Problémes auz Limites Non-Linéaires,
Dunod, Paris, 1969.
[12] J.L. Lions, On some questions in boundary value problem of mathematical physics in G.M.
de La Penha - L.A. Medeiros. Contemporary development in continuum mechanics and
partial differential equations, North Holland, Amsterdam, 285-346, 1978.
[13] J. Liutzen, The Prehistory of the Theory of Distributions, Studies in History of Mathematical
and Physical Sciences, Springer Verlag, N.Y., 1981.
[14] L.A. Medeiros, J. Limaco, and S.B. Menezes, Vibrations of elastic strings (Mathematical As-
pects), J. Comput. Anal. Appl., Part One, 4(2), 91-127, Part Two, 4(3), 211-263, 2002.
[15] N.T. Long, A.P.M. Dinh, and T.N. Demi, Linear recursive schemes and asymptotic expansion
associated to the Kirchhoff-Carrier operator, J. Math. Anal. Appl., 267, 116-134, 2002.
[16] I. Pohozaev, Quasilinear hyperbolic equation of Kirchhoff type and conservation law, Tr. Mosk
Energ. Inst. Moscow, 201, 118-126, 1974.
[17] 1. Pohozaev, On a class of quasilinear hyperbolic equations, Math. URSS Sbornik, 25, 145-158,
1975.
[18] T.N. Rabello, M.C.C. Vieira, C.L. Frota, and L.A. Medeiros, Small vertical vibrations of strings
with moving ends, Revista Matematica Complutense, 16(1), 179-206, 2003.
[19] M.A. Rincon, J.Limaco, and R. Vale, Analysis and numerical solution of Benjamin-Bona-
Mahony equation with moving boundary, Appl. Math. Comput., 216, 138-148, 2010.



