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GAUSSIAN PROCESSES ASSOCIATED TO INFINITE
BEAD-SPRING NETWORKS II: BEADS WITH MASS AND THE
VANISHING MASS LIMIT*

MICHAEL TAYLORT

Abstract. We construct families of Gaussian processes z¢(t,n), ¢t €[0,00), n€Z, modeling a
class of infinite networks of stochastically fluctuating, interacting beads, of small mass, proportional
to €. We examine covariances E(zc(t1,n1)ze(t2,n2)) and draw conclusions about the subdiffusive
nature of these processes, with particular attention to the behavior as e —+0. This complements
previous work of the author, which in turn was influenced by work of McKinley, Yao, and Forest.
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1. Introduction

In [7], following earlier work of [5] and [4], we studied the behavior of Gaussian
processes that can be described as follows. Let £2(Z) denote the space of functions
a:Z— C such that Y |a(n)|? <oo (here Z denotes the set of integers and C the set
of complex numbers), and let L be a negative semidefinite, self adjoint operator on
¢%(Z). We assume finitely supported elements of £2(Z) belong to the domain of L, so
we can write

Ly(n)=">_ A(n,m)y(m). (1.1)

meZ
Self adjointness implies A(n,m) = A(m,n). We assume
A(n,m)€R, hence A(m,n)=A(n,m). (1.2)

The process x(t) = (x(t,n)) studied in [7] solves the infinite system of stochastic dif-
ferential equations

dz(t,n) = Lz(t,n)dt+ocdW,(t), =(0,n)=0, (1.3)

for n€Z, t>0. Here W,, are independent, identically distributed Wiener processes.
The system (1.3) provides a model for the motion of a polymer, pictured as a network
of beads that interact and are also independently randomly jittered, as in Brownian
motion. The particular case

Ly(n)=y(n—1)—=2y(n) +y(n+1) (1.4)

gives rise to what is called the Rouse chain model; see [5] and [4] for further details
and references to the literature.
In [7], the solution to (1.3) was constructed in the form

x(t,n)zo/o Zh(t—s,n,m)ale(s)7 (1.5)

meZ
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672 INFINITE BEAD-SPRING NETWORKS II

where

etLy(n):Zh(t,n,m)y(m). (1.6)

m

It was shown that the series in (1.5) converges and defines a Gaussian process, with
mean 0. Formulas were derived for E(z(¢1,n1)x(t2,n2)), with special consideration of

E(z(t,n)?), and B(|z(t,n1)—z(t,n2)[?). (1.7)

The analysis of the first expectation in (1.7) recovered results of [5] and [4] on sub-
diffusivity of z(¢t,n), and the analysis of the second expectation in (1.7), and also
of E(z(t,n1)x(t,n2)), provided information on the joint distribution of z(¢,n;) and
x(t,m2).

As pointed out in [5] and [4], the system (1.3) is the ¢ =0 case of the second order
system

ex?(t,n)+zL(t,n) = Lr(t,n)+ oW, (t), (1.8)

with prime denoting the ¢-derivative. Here ¢ is proportional to the mass of each bead.
It is reasonable to consider ¢ to be positive but quite small. Thus it is of interest to
study the solution z.(¢,n) to (1.8), with particular interest in the behavior as e \,0.
This paper addresses that task. We take initial data

z(0,n)=0, z.(0,n)=0, VneZ. (1.9)

Since (1.8) changes type when e reaches 0, this is a singular perturbation problem.
We first tackle it under an additional condition on L, namely that it be a bounded
operator on ¢?(Z), with operator norm || L|| < co. This condition holds for (1.4) and for
many (arguably, for most) other examples arising in the bead-spring setting. Other
examples include graph Laplacians, shown to be bounded in [7], in the case of infinite
graphs, following results exposed for finite graphs in [1]. We produce a formula for
the solution to (1.8)—(1.9) valid for

1
O<e<——, (1.10)
AflL|

and study its behavior as e \(0. (In §6 we drop the hypothesis that L be bounded
and allow arbitrary €>0.)
To see how such a formula arises, let us rewrite (1.5) as

(t) _or/ote(ts)LdW(s), (1.11)

to celebrate how it comes from Duhamel’s formula. To obtain an analogue for (1.8),

we set v (t) =xL(t), i.e., ve(t,n) =aL(t,n), and rewrite (1.8) as a first order system

i(i) =Xe (Zf) + (BJV?/,@))a (1.12)

X.= (BOL _21>' (1.13)

where
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Here and below, we set

B=-. (1.14)

In (1.8) and (1.12), we use the “white noise” formalism W’(t). The system (1.12) is
of course a Wiener-It6 stochastic differential equation, which can be written

() =)+ o)

Taking into account the initial data (1.9), the Duhamel formula gives
fﬂs(t)) /t (t—5)X ( 0 )
=0/ e c ds
<ve(t) 0 BW'(s)
b ilax 0
=0 [ e\'7%e .
/0 (6dW(8)>

To compute e**<, we note that by the spectral theorem (cf. [6], Chapter 7) we can
treat L as a real number and X, as a real 2 x 2 matrix, with “eigenvalues”

)\i(ﬁ,L):—glig(H—zlsL)l/Q, (1.16)

(1.15)

X

and “eigenvectors”

() a1

One then calculates

o (OY (€ =)/ =2
’ (1) - ((/\+e“+ —A_etr-)/(As ,\_)>- (1.18)
Thus (1.15) yields

2.(8) :a/o (A% (t—5) — A5 (t—5)] AWV (5), (1.19)
where
A (s)=(I+4eL) ™2+ D), (1.20)

and Ay (B8,L), given by (1.16), are bounded, negative semidefinite, self adjoint opera-
tors on ¢2(Z), as long as (1.10) holds. We have the task to show that the right side
of (1.19) is a well defined Gaussian process and to investigate its properties, with
particular attention to the behavior as ¢ \0, i.e., as " oc.

For use in subsequent sections, in §2 we collect some results on a class of vector
stochastic integrals of the form

x(t):/o A(t—s)dW (s), (1.21)

on (?(Z). Here, z(t) = (z(t,n), n€Z). We show that for each n, x(t,n) is well defined

where {A(s),A(s)*:s>0} are strongly continuous families of bounded linear operators
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and is a continuous function of t € [0,00) with values in L?(X,v), where (X,v) is a
naturally constructed probability space (see §2 for details). Also, for each t >0, n€Z,
x(t,n) is a Gaussian random variable with mean zero. These results can be established
via material in Chapter 4 of [2], but the setting here is more elementary. For the
convenience of readers not familiar with infinite dimensional stochastic analysis, we
give short, direct demonstrations of the needed formulas, as a consequence of classical
work of Paley, Wiener, and Zygmund. Formulas established in §2 include

E(Ifﬂ(?%ﬂ)lz):/0 1A(s)* 60l ds, (1.22)

and more generally
t
E(x(t,n1)a{E.n3)) = / (A()* 6y, A(5)" 6, ) ds, (1.23)
0

where {5, :n€Z} is the orthonormal basis of ¢?(Z) given by 6,(m)=1 if m=n, 0
otherwise. If A(s) and A(s)* commute for all s, one can erase the asterisks in (1.22)
and (1.23).

In §3 we apply the results of §2 to A(s) :Ag(s)7 given by (1.20), and construct

ze(t,n) =2 (t,n) — 2z (t,n), (1.24)

when (1.10) holds. Here x(¢,n) is the nth component of

¢
xf(t)za/ AE(t—5)dW(s),
0
with A? as in (1.20). We compare z.(t,n) to the solution to (1.3), given by (1.5),
which we now denote x¢(¢,n). We show that
E(|lzF (t,n) = zo(t,n)|*) < CeE(xo(t,n)?), (1.25)
and
E(zZ (t,n)%) <Co?(1—e /%), (1.26)
provided 0<e<a/||L||, with a<1/4; see Theorem 3.1. These estimates imply that
whenever z(t,n) is subdiffusive, i.e.,

%E(zo(t,n)Q)—>O as t /oo, (1.27)

the processes z.(t,n) are uniformly subdiffusive, for ¢ in such an interval.
In §4 we note that the processes z¥(¢,n) are differentiable (as functions of ¢ with
values in L?(X,v)), for € satisfying (1.10), and study

vE(t,n) = %xf(t,n) (1.28)

At least one of these must blow up as € \,0, since zo(t,n) is not differentiable; as it
turns out, v_ (t,n) blows up. We show that

E(vt (t,n)?) < CE(zo(t,n)?), (1.29)
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but

2
E(v;(t,n)%z%(kat/a). (1.30)
In §5 we convert formulas for E(z.(¢,n)?) into integral formulas, arising from a
spectral representation of L, and examine the asymptotic behavior as t /oo, including
more precise versions of the subdiffusivity result (1.27) and their counterparts for
E(z.(t,n)?); see Theorems 5.1-5.2.
Results of §§3-5 use the hypothesis (1.10). We obtain estimates valid uniformly
for 0<e<a/|L|, given a<1/4. In §6 we extend the scope of our investigation, in
two ways. First, we replace (1.10) by

0<e<o0. (1.31)

Second, we remove the hypothesis that L be bounded. In this more general setting,
frequently —1/4e belongs to the spectrum of L and represents a transition from over-

damping to underdamping in the system (1.8). The operators A;(s) in (1.20) are
+

g

A,@(S):AE(S)—AE(S) (1.32)

then not bounded, and the processes = (t,n) do not exist. However,

is bounded. In fact, from (1.20) we obtain

5B

As(s) :sﬁe—sﬂ/m( : (I+45L)1/2), (1.33)

where H is the entire holomorphic, even function on C given by

H(z)= Sinzhz, H(0)=1. (1.34)

Using this, we show that the processes z.(t,n) exist. We obtain formulas for
E(z.(t,n)?), etc., extending those obtained earlier for ¢ satisfying (1.10). Making
use of these results, we extend the scope of results of §5. Our main results in this
section are given in Theorems 6.1-6.2.

2. A class of vector stochastic integrals
In this section we provide some useful formulas for vector stochastic integrals of
the form

t
(1) :/ Alt— $)dW (s), (2.1)
0
where, for each s>0,
A(s):03(Z) — (*(Z) (2.2)
is a bounded linear operator. For simplicity we assume
A(s) and A(s)* are strongly continuous in s € [0,00), (2.3)

though the calculations below will make it clear that we can relax this hypothesis.
Written out more fully, (2.1) takes the form

x(t,n):/o Za(t—s,n,m)dWm(s), (2.4)

mEZ
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where, for y € (*(Z),

A(s)y(n)= Za(s,n,m)y(m). (2.5)

The operators arising in (1.19) are self adjoint (for 0<e<1/4||L||) and reality pre-
serving, but we do not need these properties for the development here. Consequently,
the processes (2.4) might be complex valued. Note the adjoint A(s)* of A(s) satisfies

A(s)*y(m)= Za* (s,n,m)y(m), a*(s,m,m)=a(s,m,n), (2.6)

and that
a(s,n,m)=A(s)0m(n), a*(s,n,m)=-A(8)*6m(n), (2.7)

where 4, € (?(Z) is given by

1 if m=n,

On(m) = bnm = {0 otherwise. (28)

As stated in the introduction, {W,,:n€Z} is a collection of independent, iden-

tically distributed Wiener processes. In more detail, let B(¢) be the Wiener process

(Brownian motion), which is a continuous family B(t)€ L?(Q,u), where Q is path

space and g is Wiener measure. Then set €, =Q, pu,=pu, for n€Z, and take the
product space (with product measure)

nez
We obtain (2.4) as
K
x(tvn):}{lgnoo Z Em(t,mn), (2.10)
m=—K
where
t
fm(t,n):/ a(t—s,m,m)dW,,(s). (2.11)
0

Our first task is to establish convergence in L?(X,v) of the right side of (2.10). Note
that

m#m' = &n(t,n) L& (tn) in L*(X,v), (2.12)
so it suffices to bound Y°, E(|&,,(t,n)|?). To get this, note that

E(|§m(t7n)|2):/0 a(s,n,m)a*(s,m,n)ds, (2.13)

which is the classical Paley-Wiener-Zygmund identity (cf. [3], §2.1). Hence

Z]E(|£m(t7n)|2) = Z/o a(s,n,m)a*(s,m,n)ds
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=Z/O a(s,m,m) A(s)* 6, (m) ds

- / A() A(s)" 6 (n) ds

0

:/0 (A(s)A(8)"6p,0,)ds
:/0 | A(5)* 6, |7 ds. (2.14)

Here §,, € (?(Z) is given by (2.8). Thus we have convergence in (2.10), and

E(|z(t,n) / | A(s)* 0, |2 ds. (2.15)

The nature of the convergence implies that for each n€Z, ¢t >0, z(t,n) is a Gaussian
random variable on (X,r) with mean 0.

We next aim to show that, under the hypotheses in (2.3), z(t,n) is a continuous
function of ¢ € [0,00) with values in L?(X,v), for each n. In preparation for this, we
note that

E(x(tl,n)x(tg,n)):z:/l 2a(t1—s,n,k)a*(tg—s,km)ds. (2.16)
—Jo

Here t1 Aty =min(t1,t2). We have
Za —s,n,k)a* (ta —s,k,n) :za —s,n,k)A(te — $)" 5, (k)
k

=A(t1 —a)A(ta—s)"0,(n)
= (A(t2—5)"0n, At1—5)"0n), (2.17)

SO

E(x(tl,n),m(tg,n)):/o 1 2(A(t275)*5n,A(t175)*5n)ds. (2.18)
Now
E(lz(t1,n) = a(t2,n)[?)
=E(z(t1,n)?) +E(z(t2,n)?) — 2ReE(x(t1,n)x(t2,n)),
0 (2.18) gives (say if 0<t; <t9)

E(|z(t1,n) —z(tz2,n)[?)
:/ ||A(t2—s)*5n||§2ds+/ {(A(t1—8)*5n,14(t1_8)*6n)

t1

(2.19)

(At — ) 0, Alts —5)*6,) — 2Re(A(t2—s)*6n,A(t1—s)*én)}ds. (2.20)

The first integral on the right side of (2.20) is <C|t; —t2|. We can write the second
integral as

Re/o 1 2{([A(t1—s)*—A(tg—s)*]én,A(tl —5)"0n)

(At — )8, [Ats — 5)" — A(t; — s)*]én)} ds.

(2.21)
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Given (2.3), the fact that (2.21) tends to 0 as t; — t2 follows readily from the Lebesgue
dominated convergence theorem. Let us summarize what we have established.

PROPOSITION 2.1. Under the hypotheses (2.2)—(2.3), the formula (2.4) gives for each
n€7Z a well defined x(t,n), a continuous function of t € [0,00) with values in L?(X,v),
for each t,n a Gaussian randon variable with mean 0, satisfying the identities (2.15)
and (2.18).

We complement (2.15) with the following computation, derived similarly.

E(x(t,nl)x(t,ng)):Z/ a(t—s,ny,k)a(t—s,ng,k)ds
—Jo

. (2.22)
;/0 a(t—s,n1,k)a* (t—s,k,ny)ds.
Parallel to (2.17), we then get
E(x(t,nl)x(t,ng)):/ (A(t—5)"0n,, A(t—8)*0pn, ) ds
° (2.23)
- /0 (A(5)* 8y A(5)" 50y ) ds.
Combining (2.15) and (2.23), we have
E(|z(t,n) —(t,n2)[?)
=E(jz(t,n1)|*) +E(|z(t,n2)|?) — 2ReE(2(t,n1)z(t,n2))
= [ 1A B+ 1AG) s~ 2Re(A() B, A58 }
= [ 1AG) Gy =) . (224)

We now give a condition under which the components x(¢,n) of the process (2.1)
are differentiable, as functions of ¢ with values in L?(X,v). Let us add to (2.3) the
hypothesis

A'(s) and A'(s)* are strongly continuous in s € [0,00). (2.25)

Then, as in the scalar case, Wiener’s integration by parts formula holds for (2.1):
t
x(t) :/ A'(t—s)W(s)ds+ A0)W (t). (2.26)
0

We have the following.

PROPOSITION 2.2. In the setting of Proposition 2.1, if also (2.25) holds and A(0)=0,
then x(t,n) is differentiable for each n€Z, and x'(t,n) is a continuous function of
t€[0,00) with values in L*(X,v).

Proof.  Let us temporarily assume that (2.25) also holds for A”(s). Then we
differentiate (2.26) and get (provided A(0)=0)

(8= /0 Tt )W (s) ds+ A0 (), (2.27)
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Applying (2.26) with A replaced by A’ then gives

:/tA’(t—s)dW(s). (2.28)
0

A mollification and approximation argument gives (2.28) without the additional as-
sumption on A”. 0

Returning to the computations (2.13)—(2.23), note that if A(s) is self adjoint for
all s, all the asterisks can be removed, and if these operators are reality preserving,
all the overlines can be removed. Furthermore,

A(s)"A(s) = A(s) A(s)"
= ||A(5)"0nlle2 = [|A(s)dnll2, and (2:29)
(A(5)"0n,, A(s)"0n, ) = (A ()5n2714(8)5n1),
so we have the following.

PROPOSITION 2.3. In the setting of Proposition 2.1, if also A(s) is normal for all
s>0, then

E(|2(t,n)] / 1A (8)50 |12 ds, (2.30)

and more generally

E(w(t,n1)a{i.n3)) = /0 (A()6n,, A(5)50, ) ds. (2.31)

3. The processes z.(t,n)
Results of §2 on the vector stochastic integral f(fA(t—s)dW(s) apply to (1.19)
with

A(s)=0o[Af(s)— A5 (s)],
AZ(s)=(I+4eL)~ /2= B0, (3.1)
B, B

Ai(B,L)=—5 5 (I+4e L)Y2,

In the current setting, L is a bounded, reality preserving, negative semidefinite, self
adjoint operator on ¢?(Z), 0<e<1/4||L|, and S=1/e. Hence Ay(B,L) are nega-
tive semidefinite, self adjoint operators on ¢?(Z). Thus, for each such e, z.(t)=
(z:(t,n),n €Z) has the property that, for each n€Z, x.(¢t,n) is a continuous func-
tion of ¢ € [0,00) with values in L?(X,v), and for each ¢ >0 is a real valued Gaussian
random variable with mean 0. For further analysis, it is convenient (using (1.19)) to
write

ze(t,n) =zt (t,n) —z2 (t,n), (3.2)

where

() =0 /0 AE(t—5)dW(s). (3.3)
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The formula (2.15) gives

¢
E(xf(t,ny):gz/ 1A% (5)5, 12 ds. (3.4)
0

Note that Spec A_(8,L) C (—o0,—/2], so we have the operator norm estimate

1AZ ()l < I(T+4eL) =12 |le==F/2, (3.5)
and we get
1

E(z (t,n)?) < Co’e(1—ePt), 0<e< ﬁ a<y, (3.6)

with C' independent of ¢ €[0,00).
In order to analyze x(¢,n), note that, as long as (1.10) holds,

(I+4sL)Y/? =T +2eL®(4eL), (3.7)
with ®(\) given by
(1+>\)1/2:1+%/\—é>\2+---
1 1
11— 3.8
1+2/\(1 P ) (38)
1
=1+5A2().

Note that ®(A) is holomorphic on {A€C:|\| <1} and

®(0)=1, ®(AN)>0 for Ae(-1,1). (3.9)
Hence
A+ (B,L)=L®(4el), (3.10)
SO
Af(s)=(I+4eL)~/2estlel), (3.11)
and
t
zH(t)=0 / (I +4eL)~ 12t L2UL) gyy (). (3.12)
0
Hence
t
E(x:(t,n)Q):UQ/ (I 44eL)~/2esL2Uel)g 12, ds
o (3.13)
:02/ (2 L2UeL)([ 4 4eL)716,,0, ) ds.
0
If we set

1 1—e™?
G()\)Z/ e‘s*ds:{ o 220 (3.14)
0 _
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we can write (3.13) as
E(z7 (t,n)%) =0t(G(—2tL®(4eL))(I +4cL)"'6,,5,).

In §5 we will investigate large ¢ behavior of this.

At this point, it is natural to compare z (¢) with the solution z¢(¢) to

by (1.11), i.e

t
xo(t):a/ eI aw (s).
0

Note that, parallel to (3.13)—(3.15),

E(eo(tn)?) =0 [ oo ds

=0t(G(—2tL)by,0y).

Applying (2.15) to the difference of (3.12) and (3.16) gives
E(|zt (t,n) —20(t,n)|?)

=0 / Il A+ t—s)—e=9L)5, 1% ds
=0 / [[(I+4eL) =/ 2esb@Uel) _psLis 112, s,

Using (a+b)? <2a%+2b2, we can write
E(|zt (t,n) —2o(t,n)]?) <202 (A-(t,n)+ B(t,n)),

where
t
Ad(ton) = [ 0+4eL) 20D - s s,
0
t
Bg(t,n):/ (I +4eL)~Y/2 = 1)e*L6, | % ds.
0

Noting that

1
[(I+4eL)~Y2—I||<Ce, for 0<e< — ||L|| a<y,

and comparing (3.17), we have
0?B.(t,n) < CeE(zo(t,n)?).
We also have
Ac(tn) <CA(t,n),

where

¢
Ag(t,n)z/ ||[63L¢(45L)—eSL]énH?zds.
0

681

(3.15)

(1.3), given

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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To proceed, recall from (3.8) that
1
(1+)\)1/2:1+§/\<I>(>\), (3.25)
where ®(A) is given by
1 A
<I>()\):1—Z)\+~~=1—Zz/)()\), »(0)=1, (3.26)
with (\) holomorphic in {A€C:|A| <1}, real and positive for A€ (—1,1). The posi-

tivity can be seen from the concavity of (14 A)'/2, which implies (14+\)'/2<1+)/2
n (—1,1), hence ®(A)<1 on [0,1) and >1 on (—1,0]. Hence

oSLP(4eL) _ L _ (6755L21p(4eL) —I) e (3.27)
and we have
A(t,n)= /0 t (I —e=seL" V(L)) esLs 112, ds, (3.28)
which gives
o2 A (t,n) < s [T — e =L (D) | 2B (24 (¢,n)?). (3.29)

If we take a € (0,1/4) and set

a= sup | L*(4el)), (3.30)
0<e<a/|IL|l

then, since L?¢)(4¢L) is positive semidefinite, we have

o2 A(t,n) < (1—e ) ?E(zo(t,n)?), (3.31)
provided
0<e< <1 (3.32)
<o, a<-. .
L]l 4

The factor in front of E(xq(¢,n)?) in (3.31) is O(e) for ¢ in each bounded interval
in [0,00), but one loses uniformity as t oo. In fact, (3.31) is not optimal. We proceed
to derive a stronger estimate. Writing

(I o e—s5L21/)(4£L))esL _ (esL/Q o esL/2—35L2¢(4aL))esL/2 (3.33)

we have

t
A (t,n) < AZ(t)? /O |e3L/265,||% ds, (3.34)

with

A% (t)= sup HeSL/2—eSL/2—$5L2¢(4€L)||
: 0<s<t

< sup eiSA/2 _e*SA/2755A2¢(,46A) (335)

T 0<s<t,0<A<| L]

)
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the latter inequality by the spectral theorem. Now, over the range 0 <A <||L||,

p=A(—4eA) = 0<p <Ay, (3.36)
as long as (3.32) holds, where Ao =||L||sup(_; ;)% (}), and we obtain
A# (1) < sup |e_$A/2 — e sA/2msehe . (3.37)

T 0<s<t,A>0,0<p<Ao
Taking sA— A, we get

A?E (t) < sup |6_A/2 _ 6—A/2—6¢A|
A>0,0<9<Ao

< sup ephe N2

T A>0,0<p<Ao
<eAo, (3.38)

since sup Ae /2 =2/e< 1. Note that this estimate is independent of t. Meanwhile,

t t/2
02/ ||eSL/2§n||%2dsZ202/ ||eSL(5nH?2ds
0 0

2
=28 (a0(5) )
<2E(zo(t,n)?), (3.39)
50 (3.34) and (3.38) yield
o2 A, (t,n) <2MeE (20 (t,n)?). (3.40)
Let us collect the main results established above.
THEOREM 3.1. As long as (3.32) holds, the formulas (3.2)-(3.3) give, for each n€Z,

a mean zero Gaussian process t+ z.(t,n)=xzF (t,n) —xZ (t,n), a continuous function
of t€[0,00) with values in L*(X,v). Furthermore, there exist C,a € (0,00) such that
when (8.32) holds and xo(t,n) is given by (3.16), then for alln€Z, t>0,

E(ja (t,n) — a0 (t,n)|) < CeE(ao(t,n)?), (3.41)
and

E(zZ (t,n)?) < Co?(1—e ¥%)e. (3.42)

We record formulas for the covariance of xF(t,n1) and xF(t,n3). By (2.23), we
have (with coherent choice of signs)

E(zF (t,n1)2Z (t,n2))
t
:gz/o (A% ()0, . A% (5)6n,)
t
— o2 / (I +4eL)"1e23=GDg 5 s (3.43)
0

In particular, using (3.10),
E(z] (t,n1)zl (t,n2))

t
202/ ((I+4eL)"te?sl2Cells 5, Vds
0

=0t((I+4eL) 'G(—2tL®(4eL))6n, ,0n,)- (3.44)
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4. The processes v.(t,n)

From (3.1) we see that A?(O) =(I+4eL)~'/2 for 0<e <1/4|L||, so A(0)=0 and,
by Proposition 2.2, z.(t,n) is differentiable, as a function of ¢, with values in L?(X,v),
for each n€Z. By (2.28),

2l (t,n) =v.(t,n) =v (t,n) —v_ (t,n), (4.1)
with
vE(t) =0 e —s s )
20)=0 [ Vil-s)dW (), (42)
where
d
Vi (9)=g545 (%) (4.3)

=(I+4eL)"V2AL (B, L)e+ AL,
As before, S=1/e. We will compute square expectations and verify, as one should
expect, that E(v.(t,n)?)— 00 as e \,0. In fact, we separately examine E(vX (¢,n)?)

and E(vZ (t,n)?), and see that only the latter blows up as £ \,0.
To begin, we have

E(vz(t,n)%)
t
202/ IVE ()60 % ds
0
t
:02/ (I +4eL)~Y22(8,L)es?+ P15, |12, ds. (4.4)
0

Recalling from (3.10) that A\;(8,L)=L®(4eL), we have, for

O<5§ﬁ, a<i, (4.5)
that
E(vf (t,n)?)
=o? / t||L<I>(45L)(I+45L)_1/263L‘I’(45L)6n||§2 ds
SCE(Ozi(t,n)z)
< C'E(zo(t,n)?), (4.6)

the first inequality by (3.13), given the operator norm bound ||L®(4eL)|| < C, and the
second by (3.41).
To proceed, we have

E(vz (t,n)*)

t
:02/ (I +4eL) "IN (B,L)%* - BL)s, 5, ds
0

— J’; ((I+4eL)""A_(B,L)(I - 62”4/3’”)5”,%). (4.7)
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Now, as long as (4.5) holds, we have, via the spectral theorem,

Spec(I +4¢L)~' C[1,00),
SpecA_ (B, L) C[-,—B/2], (4.8)
Spec(I —e*A -1y c[1—e Pt 1],

and hence

B

Spec—(I+4eL)"'A_(B,L)(I — 2~ (B:L)y 5(1—6%),00). (4.9)

The variational characterization of the bottom of the spectrum for a positive definite,
self adjoint operator, applied to the last inner product in (4.7), then gives

02 —t/e
E(Ug(tvn)2) > ZE(l —€ / )a (410)

as long as (4.5) holds. The right side of (4.10) clearly blows up as £ \,0, for each ¢ > 0.

5. Spectral representation, asymptotics, and subdiffusivity

Let L:0*(Z)—(*(Z) be a bounded, negative, self adjoint operator, as described
in §1. The spectral theorem (cf. [6], Theorem VII.3) implies there is a measure space
(S,7), a unitary map

FA*(Z) — L*(S,y), (5.1)
and a function
AeL>(S), A=0, [|Az~=]Ll, (5.2)
such that for each y € ¢?(Z), t >0,
FLy(0)=—A0)Fy0), 6ecS. (5.3)
Consequently,

Fe'ly(0)=e 2O Fy(0),

(5.4)
FO(4eL)y(0) =d(—4eA(0)) Fy(0),

etc. The orthonormal basis {4, } of ?(Z) gives rise to the orthonormal basis {e,} of
L2(8,7),
en=F0n. (5.5)

Using these ingredients, we can rewrite the formula (3.17) for the square expec-
tation of xo(t,n) as

Blaa(tn))=o* [ [ N Ole, @) dsir @)
o (5.6)
202t/G(2tA(9))|en(9)\2d7(9).
S
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Similarly, (3.13)~(3.15) yield
E(zZ (t,n)?)

=0’ //t(l —4eA(6)) e 2D ]e, (0)* dsd (6)
0
S

:JQt/(l7461\(0))71(}’(275/\6(0))\en(0)|2d’y(0), (5.7)
S
for
0<e< L (5.8)
AJ|LII '
Here,

A (0) =A(6)B(~4=A(6))

=A(0)(1+eA(0)y(—4A(0))), (5.9)

with @ as in (3.7)—(3.10) and ¢ as in (3.26). Note that, as long as (5.8) holds,
1(—4eA(0)) > 0. More generally, by (3.44),

E(zf(t,n)a! (t,n2))

=02 //Ofa —4eA(0))te 28D (B)e,. (0)dsdy(0)
S

= a2t/(1 —4eN(0)) ' G (2tA(0))en, (0)en, (0) dy(6). (5.10)
S

Let us specialize to the case that L is of convolution type:
Ly(n)=>_An—m)y(m). (5.11)

A special case is given in (1.4), for the Rouse chain model. The convolution case was
also emphasized in [5] and [4]. In this case, we can take

S=5'=R/(2xZ), dy(0)=do/2r,
Fy(0)=4(0) :Zy(n)emo, en(0) =€, A(a):fj\(g)_ (5.12)

In such a case, (5.6)—(5.10) become

E(zo(t,n)?) = Z?/G(Qmw))de, (5.13)
Sl
ot
E(xj(t,n)z):ﬁ/(l745A(0))’1G(2tA5(9))d0, (5.14)

S1
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and
E(z ] (t,n)2 (t,n2))
7 [ 4eA(6) LG (2eA.(6)) " dp. (5.15)

2T
Sl

Note that the reality condition (1.2) implies
A(—=n)=A(n), hence A(—0)=A(6). (5.16)
Taking this into account, a short computation yields

E(loZ () —af (t,n2)|?)
=E(af (t,m1)*) +E(af (t,n2)*) — 2E(af (t,n1)ad (t,n2))

2 _
= ? (1—45A(9))*1G(2tA5(0))sinQMdQ. (5.17)
s
Sl
Similarly (as seen in [7]), we have
E(|lzo(t,n1) —zo(t,n2)|?)
_4o%t 9 (n1—np)0 (5.18)
=5 /G(QtA(H))sm fde.
Sl

Note that for the Rouse chain model, where L is given by (1.4), we have (5.11)
with

-2, n=0,
Aln)=<1, n=d=41, (5.19)
0, otherwise,
and hence
0 _—if 90
AO)=2—¢€"" —e7 " =45in 3 (5.20)

In (2.16) of [4] it was shown that if A(6) is smooth and >0 on S\ {0} and

AO)~ 1017 axlo]*, 60, (5.21)

k>0

with ag #0, then

; ct'=le, p>1,
o / G2t B))do~ Clogt,  p=1, (5.22)
St C, p€(0,1),

as t— 00, and consequently, by (5.13),

E(z0(t,n)%) ~0? x right side of (5.22), as t— o0. (5.23)
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This applies to (5.20) with p=2. This large ¢ behavior is to be contrasted with that
of the Wiener process:

E(W,(t)%) =t. (5.24)
Because (5.23) is significantly smaller than (5.24) for large ¢, one says the process
xo(t,n) is subdiffusive. This subdiffusivity result was supplemented in [7] by the

following (Propositions 4.1 and 6.1 of [7]), whose proof follows readily from (5.6) and
the Lebesgue dominated convergence theorem.

PROPOSITION 5.1. In the general setting of (5.1)-(5.6), if
AO)>0 for vy-a.e. O€S, (5.25)
then, for each n€Z,

E(zo(t,n)?)=o0(t) as t— oo. (5.26)

Applying Theorem 3.1 immediately leads to the following extension of this result.
THEOREM 5.1. In the general setting of (5.1)-(5.5), if (5.25) holds, then, for each
nez,

E(z-(t,n)*)=o0(t) as t— o0, (5.27)
uniformly in € € (0,a/||L||], for each a <1/4.

Similarly, Theorem 3.1 yields the following extension of the subdiffusivity results
for xo(t,n) discussed above.

THEOREM 5.2. In the setting of (5.11)—(5.12), if A(0) is smooth and >0 on S*\ {0},
and satisfies (5.21), then

cti-lVe  p>1,

E(z.(t,n)?) << Clogt, p=1, (5.28)
C, p€(0,1),
uniformly for
0ce<-% . g<i (5.29)
Iz 4’ '

The condition (5.29) will be relaxed in §6.

REMARK 5.3. In (5.28) we have estimates, as opposed to the asymptotic result
in (5.23). To obtain a uniform asymptotic analysis of E(x.(t,n)?) is an intriguing
problem, which we hope to take up in future work.
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6. Extension of the scope

In this section, we discard the restriction (1.10) on € and allow arbitrary > 0.
As always, L is a negative semidefinite, self adjoint operator on ¢?(Z), but here we
do not require L to be bounded. We will assume that finitely supported elements of
¢%(Z) belong to the domain of L. As mentioned in the introduction, the operators
Ag[(s), given by (1.20), need not be bounded. On the other hand, we have

Ag(s)=Af(s)— A5 (s)
= (I+4eL) 1/2[ A+ (BL) _gs2-(8.1)]
—(I+4eL)" [6 (sB8/2)(I+4eL)"/? _67(56/2)(I+4EL)1/2]6*85/2

—sﬂe’sﬁ/QH( B (114 L)1/2) (6.1)
where
H(z):smzhz, H(0)=1. (6.2)

Note that H(z) is an entire function, even in z. There can be some ambiguity in
specifying (I+4eL)'/2, but the fact that H(z) is even in z makes such ambiguity
harmless. We have Spec(I +4eL)'/? C (0,1] if (1.10) holds, while if we merely have
€ >0, we can say

Spec(I +4eL)Y2 C[0,1]UiR. (6.3)
Note that for z,y €R,
inh
H(r)=="" and H(iy)= sy (6.4)

are real. Hence, for Ag(s) as in (6.1), we have

Ap(s)"=Ap(s). (6.5)

To estimate the operator norm of Ag(s), note that |siny| <|y| for y €R, and a calcu-
lation gives H'(x) >0 for z €[0,00), so

sup{|H(z)|:z€ [07%} UiR}zH(%). (6.6)
Consequently,
_sp/25inh(sB/2)
4 (s)] < spe P/ ST o
=1—¢ %8

)

with equality if (as happens in the interesting cases) 0 € Spec L.

Results of §2 imply the processes z.(t) = (z:(t,n) :n €Z) given by (1.19) are well
defined for all € >0. If we allow L to be unbounded, we need to note that (6.1) gives
a strongly continuous family of operators on ¢2(Z).

Note that

A;;(s):ngg( )+ Be” Sﬁ/%osh( B(I+4 L)1/2) (6.8)
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so, extending results of §4, we have z.(¢,n) differentiable for all £>0, as a function
of t with values in L?(X,v).
As in §5, the spectral theorem produces a unitary map

FA*(Z) — L*(S,), (6.9)
and a measurable function
A:S—[0,00) (6.10)
(not bounded if L is not bounded), such that
Fetly () =e MO Fy(h). (6.11)
In place of (5.7), we have
E(z<(t,n)*)
=0 [ IAslds

t . s 179\ 2
202/0 S/(sﬁ)% 5H(?(1—45A(0)) /2) len ()] dy(0) ds, (6.12)

where e,, = F0,,. Similarly,

E(|z(t,n) —zo(t,n)|*)

_0// —sA(6 7sﬁ/2H( 5(1 4A(G))l/Qﬂ2|en(0)|2d7(9)d3. (6.13)

Calculations parallel to those done in §3 establish that
6eS, A(f)<oo, s€[0,00), B=¢""

=>hm sBe” SB/2H( 25(1 de A(@))lm):e_SA(e). (6.14)

Also, by (6.6)—(6.7), the integrand in (6.13) is dominated in absolute value by
4le, (0)]2, so the Lebesgue dominated convergence theorem establishes the following.

PROPOSITION 6.1. In the current setting, for each t € [0,00), n€Z,

g%E(|x€(t,n)—xo(t,n)|2):0. (6.15)

This is a partial extension of Theorem 3.1, though it lacks the punch of the
estimates (3.41)—(3.42). We aim to sharpen this up.
To proceed let us fix M €[1,00), take

ce (07 %} (6.16)
and set

sa:{ees:A(e)gﬁ}, Sy =5\ S,. (6.17)
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Thus eA(0) >e/2M on Sy, so

<l-—-= if 4eA(0)<1
0eSy=(1—4eA(0)/2{=""™m if 4eA(0) <1, (6.18)
is purely imaginary if 4eA(6)>1.
Making use of (6.6), with s3/2 replaced by (s3/2)(1—e/M), we have
e Sy,= sﬁe—sﬁ/Q‘H(§(1 —45/\(9))1/2)‘
< —sB/2 ﬁ _£
<spe (5 (1-37))
—spB/2
_ 20 (6(55/2)(1—€/M) _ e—(SB/Q)(l—s/M))
1—e/M
2
— —s/2M _ _—sB(1—e/2M)
VA N )
<4e=8/2M (6.19)
the second identity via ef=1. In addition,
0cSy=—=e MO <ems/2M (6.20)
so, if I(s,e,0) denotes the integrand in (6.13), we have
I(s,e,0) <25e=*/Mle, (0)2, VOeS,, (6.21)
and hence
¢
02/ /I(s,s,&)d’y(@)d5§25M02/|6n(9)|2d’y(9)
o 4 (6.22)
<25Mo?,

so as € — 0 this contribution to (6.13) converges to 0 with uniform bounds, independent
of t.
Next, for 6 € S,, write

sﬂe’sﬁ/zH(%(l —45A(9))1/2)
o= (sB/2+(s8/2(1—4eAO)/>  ,—(58/2)—(s/2) 1—4eA(0))/2 (6.23)
- (1—4eA(0))1/2 a (1—42A(0))1/2

We have 4eA(0) <2e/M <1/2 on S,, given that ¢ satisfies (6.16), so the last term in
(6.23) is

<V2e*%/% on S,. (6.24)

Thus, with I(s,e,0) as in (6.21)—(6.22), we have

UQ/Ot/I(s,aG)d’y(Q)ds
Sa
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. —(s8/2)+(s8/2)(1-4eA(0))1/2 | 2
202/ /[e—sAw)_e ] len ()] dy(0)ds
0
Sa

(1—4eA(6))1/2
+R(te), (6.25)

where
t
IR(t,6)| <C / =B ds<Ce, (6.26)
0

with C independent of ¢. Next, estimates parallel to (3.18)—(3.40) apply to the main
term on the right side of (6.25), given that ¢ <M /4 and A(f) <1/2M. We have the
main term

<Co®E(xo(t,n)?)e. (6.27)

Putting together these estimates, we have the following.

THEOREM 6.2. For each M € [1,00), we have C' < co such that, as long as 0<e < M/4,

E(|z.(t,n) — 2o (t,n)[?) < Co*E(z0(t,n)*)e 4+ Ce+ Ry(e,t), (6.28)

with
Ry(e,t) <25Mc?, Vt>0, (6.29)

and
Eh_rg% Ry(e,t)=0. (6.30)

Using Theorem 6.2 in place of Theorem 3.1, we have the following extension of
Theorem 5.2.

THEOREM 6.3. In the setting of (5.11)—-(5.12), if A(0) is smooth and >0 on S*\ {0},
and satisfies (5.21), then (5.28) holds, uniformly for € € (0,K], for each K < co.
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