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WELL-POSEDNESS AND LARGE DEVIATIONS FOR THE
STOCHASTIC PRIMITIVE EQUATIONS IN TWO SPACE
DIMENSIONS*
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Abstract. The two dimensional primitive equations with multiplicative noise are studied in
this paper. The existence and uniqueness of solutions in a fixed probability space and a Wentzell-
Freidlin type large deviation principle for small multiplicative noise by weak convergence method are
obtained.
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1. Introduction

As a fundamental model in meteorology, the Primitive Equations (PEs) were
derived from the Navier-Stokes equations, with rotation, coupled to thermodynamics
and salinity diffusion-transport equations, by assuming two important simplifications:
the buoyancy forces and stratification effects under the Boussinesq approximation, and
the vertical motion by the hydrostatic balance. For further background and detailed
physical derivations, we could refer to [9] or [35], for example.

The mathematical study of the PEs originated in a series of articles by J. L. Lions,
R. Temam, and S. Wang in the early 1990s [30, 31, 32]. They defined the notions of
weak and strong solutions and also proved the existence of weak solutions. Existence
of strong solutions (local in time) and their uniqueness were obtain in [22] and [43]. Hu
et al. studied the local existence of strong solutions to the primitive equations under
the small depth hypothesis in [24]. In [3], Cao and Titi developed a delicate approach
to prove that the LS-norm of the fluctuation v of horizontal velocity is bounded, and
obtained the global well-posedness for the 3D viscous primitive equations. Another
different proof of this result was given by Kobelkov in [27] and [28]. The existence
of the attractor was obtained in [25]. In [29], existence and uniqueness for different
physically relevant boundary conditions are established with a third method (different
from both [3, 27]) that directly treats the pressure terms in the equations. For a
general reference on the current research of the (deterministic) mathematical theory
for the Primitive equations, we can refer to [39]. Moreover, the deterministic 2D
Primitive equations were studied also in [37, 38].

The addition of white noise driven terms to the basic governing equations for a
physical system is natural for both practical and theoretical applications. Stochastic
solutions of the 2D primitive equations of the ocean and atmosphere with an additive
noise has been studied in [14]. Weak and strong random attractors have been ob-
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576 THE 2D STOCHASTIC PROMITIVE EQUATIONS

tained for the 3D stochastic primitive equations with additive noise in [23] and [18],
respectively. The existence and uniqueness of solutions for 2D stochastic primitive
equations with multiplicative noise had been discussed in [21], where they ignored
the coupling with the temperature and salinity equations. There have also been other
recent works on the stochastic 2D and 3D primitive equations [19, 11], in which a cou-
pling with temperature and salinity equations as well as physically relevant boundary
conditions are considered. No small noise conditions are imposed, in contrast with
this paper. Recently, a significant literature has developed concerning the Navier-
Stokes equations which are driven by a multiplicative white noise; see [15, 20, 33]. In
this paper, we first obtain the well-posedness and general a priori estimates for 2D
stochastic primitive equations with small and more general multiplicative noise which
couple the temperature equation by a method different to that in [21]. Our second
result is a Wentzell-Freidlin type large deviation principle (LDP) for 2D stochastic
primitive equations. There are already several interesting and important papers on
LDP and its applications [4]-[8], [12, 13, 17, 26, 36, 41, 42, 44]. Especially in [8],
they dealt with a class of abstract nonlinear stochastic models, which covers many
2D hydrodynamical models including 2D Navier-Stokes equations, 2D MHD models,
the 2D magnetic Bénard problem and also some shell models of turbulence, but does
not include our problem since the mapping B in this paper does not satisfy Condition
(C1) of [8]. The idea of our proof by weak convergence [1, 2] is similar to [13], so that
in this paper we only give the outline of the proof.

This paper is organized as follows. The mathematical formulation for the stochas-
tic primitive equation is in §2. Then the well-posedness and general a priori estimates
for the model are proved in §3. Finally, a large deviation principle is given in §4.

2. Mathematical formulation

The two dimensional primitive equations can be formally derived from the full
three dimensional system under the assumption of invariance with respect to the
second horizontal variable y as in [21]. Atmospheric or oceanic motions exhibit fluc-
tuations over a broad range of spatial and temporal scales ranging from centimeters to
thousands of kilometers and from seconds to decades and beyond. Such fluctuations
can be caused by internal instability processes, as well as by external forcing. As usual,
the atmospheric forcing field should be regarded as random; see e.g. [15, 16, 34, 40].
As result, we arrive at the following stochastic evolution system:

duf .
Z;t =11 Auf —uf0,uf —wdu — Opp+ f +eor (t,¢° )W, (2.1)
0,p=—0, (2.2)
O, u =—0,w", (2.3)
d;t = Uy AG° —ufD,0° —wFD,0° + g+ eoo(t,¢° ) Wa, (2.4)

with velocity u® =u®(t,x,2) € R, temperature 6 =0°(t,z,2) €R, ¢° = (u®,6%), pressure
p, and where f is an external forcing term, ¢ is a given heat source, (z,z) € M=
[0,] x [=h,0], t>0, and Wi and W, are the white noise processes. Here A is the
Laplacian operator, and without lost of generality in this paper we take vq, v5 to be
1.

We partition the boundary into the top I';, ={z=0}, the bottom I'y, ={z=—h},
and the sides I'y = {x =0} U{x =1}. In this paper, we consider the following boundary
conditions:

onl',: 0,u®=0,w" =0, 0,6° =0,
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onl'y: d,u®=0,w*=0,0,0°=
onl'y: u*=0, 0,0°=

Due to (2.2) and (2.3), we have that
w(z,z,t)= / Opu (x,€,t)dE, (2.5)
) =pulet)— [ 0 (og0de (26
—h

Note that ps denotes the surface pressure (with only z-dependence). We define the
function spaces H and V as follows:

H=H x Hy, V=V, x Vi, (2.7)
Hy= veL2 |/ vdz=0 (2.8)

:{eeL%Aﬁ} (2.9)
Vi= veHl \/ vdz=0, vl 70} (2.10)
VQ:{GeHl(M)}. (2.11)

These spaces are endowed with the L? and H' norms, which we respectively denote
by |-| and ||-]]. The inner products and norms on V,H are given by

(U,U1) = (v,v1)+(0,61) :/M(vv1 +661)dM,

((U,Ul)):((v,vl))—i—((eﬁl)):/M(VUVU1+UU1+V9V91+991)d/\/l,

1 1
Ul=(U,0)2, [U[=(U,U))2,
where U = (v,0),U; = (v1,01) € V. We shall also need the intermediate space

Y =Y; x Ya, (2.12)

={veH,,0,veH }, Yo={0€ H2,0,0 € Ho}. (2.13)

Let V' be the dual space of V. We have the dense and continuous embeddings
V< H=H'—V’' and denote by (¢,1) the duality between ¢€V (resp. V;) and
peV' (resp. V).

Consider an unbounded linear operator A= (A41,A2)=(A,A):D(A)— H with
D(A)=D(A;) x D(A3), where

D(Al):{ueVlﬂHz(M):@zu|pu =d,ulr, :0}CV10H2(J\/1)7

D(Ay)={0€VonH?*(M):0,

=0.0|r, =0} CVon H*(M),
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and define
(Aru,v) = ((u,v)), (A20,7)=((8,n)), Vu,v € D(A1),Vl,n€ D(As).

The operator A; is self-adjoint and positive, with compact self-adjoint inverses whose
(discrete) eigenvalues are positive. The operator As is a self-adjoint, nonnegative
unbounded operator with eigenvalue 0 and the other (discrete) eigenvalues positive.
They map V; to V/ (i=1,2).

In accordance with (2.5) we take

W(v):z—/_zhawv(a:,?)dz (2.14)

and let
By (u,v) :=u0,v+W(u)d,v, (2.15)

where ue V] and veVj or Vs.
One would like to establish that B; is a well defined and continuous mapping
from Vi x Vi —»V; or Vi x Vo =V, according to

(Bi(u,v),w) =b1(u,v,w), (2.16)

where the associated trilinear form is given by
b1 (u,v,w) z/ (WOpvw+W(u)d,vw)dM.
M

In the sequel, when no confusion arises, we denote by C' a constant which may change
from one line to the next one.

LEMMA 2.1 (Estimates for by and By). The trilinear forms by and By have the
following properties. There exists a constant C' >0 such that

b1 (,0,0) | < C (Jul | ol o] aol] + 10, ul 20wl ] ),

ueVy, veVi(orVa), weVi(orVs), (2.17)
by (u,v,0)=0, weVi, veVi(orVs), (2.18)
(B1(u,u),0,,u)=0, ueVi. (2.19)

Proof.  We only give the proof of (2.17) and (2.19). By Holder’s inequality,
Ladyzhenskaya’s inequality, we have

|b1(u7v,w)|§/ (\u&wi|+|W(u)8sz|>dM
M

101 1 1 ! z !
< Clu|z ||u]| 2 ||v|||w]| 2 |w]| 2 —|—/ ( sup {/ amudz}/ |6sz|dz)dac
0 “ze[-h,0] “J-h 0

1 1 1 1
<Clul?[|lul[* [[o]][w]|? |w]>

1, 0 0 0 1/2
+C’/ (/ |5‘xu|2dz~/ |32v\2dz~/ |w\2dz> dx
0o N-n —h —h

1 1 1 1
<Clul? [[ul| o]l Jw]? ||w]|2
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0 1/2 l 0 0 1/2
+C sup (/ |w\2dz> / (/ |8zu|2dz-/ |8Zv|2dz> dz
zel0,l] \J—h 0 N-h —h
11 1, 01 1,01
< Clul? [[ul| 2 [[o]|[w]? ||w]|2 + C|0zul|0zv[[w]? lw]] =

Noting (2.15) and (2.16) and regarding boundary conditions, we have
(Bl(u,u),8z2u>:/ (w0 u0u+W(u)d,ud, ,u)dM
M

=— / [0 (U0 u)0,u~+ 0, (W(u)d,u)d,uldM
M

_ / [~ 0, u(su)? — udyoudou+ %3zu(8zu)2]d/\/l
M
0.

d
REMARK 2.1. In [19] the authors considered the boundary conditions 0,u+a,u=
0,0,0 4 apf =0 on the top boundary for u and 6, respectively, and defined different
function spaces from this paper. Due to the boundary conditions which they con-
sidered on the top boundary, in order to deal with the pressure term the authors
introduced a projection operator Q onto H from L?*(M)? such that Qd,ps =0 and
(B (u,u),0,,u) #0. Due to the boundary conditions on the top boundary and the
definition of H; in this paper, we do not introduce the projection operator, and thus
the pressure term remains in equations. Due to the boundary conditions in this paper
and since p; depends only on x, we have the inner product

U 0
(u,@xps>:// uOypsdxdz
0J-h

! 0

:—/Ops(aw/_hudz)dx

:0’

and

! r0
0 J—h

—_ /O lps (am [ Ohazzudz)d:z:
_ / " (0000, )d
0

=0.

We could now obtain the estimates for |u|?’ and |0,u|?’. If we consider the same
boundary conditions as in [19], we should introduce the projection operator Q and
add estimates for (B! (u,u),0,,u), for which we could refer to [19].

In the present paper, we assume that Wi (t) € Hi (M), Wa(t) € H2(M) are inde-
pendent Wiener processes defined on a filtered probability space (9, F,F;,P), with
linear symmetric positive covariant operators Q; and @Qa, respectively. We denote
Q=(Q1,Q2); this is a linear symmetric positive covariant operator in the Hilbert
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space H. We assume that @1, @2, and thus @ are trace class (and hence compact
[10]), i.e., tr(Q) < oco.
We introduce some additional definitions (see [42, 13]) in the following.

e Denote by Hy= Q%H the Hilbert space with scalar product

(6,)0=(Q™2,Q™2¢), Vo, 1) € Hy,

together with the induced norm |-|o=+/(:,")o-

e Let Lg be the space of linear operators .S such that S’Q% is a Hilbert-Schmidt
operator (and thus a compact operator [10]) from H to H. The norm in the space
L is defined by \S|2LQ =tr(SQS*), where S* is the adjoint operator of S.

e Define A as the set of Hp-valued (F;)—predictable stochastic processes ¢ with
the property fOT|q5(s)|3d5<oo, a.s. Define

Ay ={peA:p(w) € Sy, a.s.}. (2.20)

With this notation, the above primitive equations become

d;; =Au® —uf0,u® —W(u)0,u® — Dpps —|—/ 0,0° + f ++/eoq (t,¢E)W1, (2.21)
—h
ddat = AO° —ufD,0° — W(u®)D.0° +q+ /oo (t,¢° ) Wo. (2.22)

Thus, we rewrite this system for ¢° = (u®,0°) as
4% + [AQ* + B(¢#,6°) + F(¢)|dt = Rdt + \Eo(t,69)aW (), (2.23)
where W (t) = (W1(t),W2(t)) and

A¢E = (Alus AQ@E) (2 24)
B(¢%) = (Bui(u",u%), Bi(u,0%)), (2.25)
(Ozps — / 0:0%, 0 (2.26)

=(f,q (2.27)

(tv¢ ):(Jl(t7¢ )» 2( 7¢E))' (2 28)

The noise intensity ¢ :[0,7]x V — Lg(Hy, H) is assumed to satisfy the following con-
ditions:
Assumption A: There exist positive constants K and L such that

(A1) 0€C([0,T)x H;Lg(Ho, H));

(A.2) |o(t.9)l7, <K(1+l¢]?), Vte[0,T],YoeV;

(A.3) |o(t.9) —o(t,¥)|1, <Lllo—|?, Vvte[0,T],Vo,h€V.

In order to obtain large deviation, we should introduce the stochastic control

equation, let h€ A, € >0, and consider the following generalized primitive equations
with initial condition ¢5 (0)=¢:

dgy, (t) + [Ag;, (t) + B(¢5, () + F(¢7)] dt = Rdt +/eo (¢}, (1)) dW (t) +5(¢>2(t))h(zf)dt~ ;
2.29
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Then, we introduce another intensity coefficient 6 € C([0,T] x V;Lg(Hop, H)) such
that R R ~
Assumptions A: There exist positive constants K and L such that

(A1) 6(to)3, <K(1+|0[3.), Vte[0,T], Voe L*(D);

(A2)  [6(t,¢) -6t V)3, <Llp—v[2., Vte[0,T], Vo9 € LY(D).
REMARK 2.2.  Continuity condition (A.1) and Lipschitz condition (A.3) im-
ply the growth condition (A.2). Meanwhile, (A.2) together with the assumption
5e€C([0,T)xV;Lg(Ho,H)) imply (A.1). We list (A.2) and (A.1) here only for con-

venience.

To obtain Theorem 3.1, we have to give additional assumptions on the o and .
Assumption B: There exists a positive constant K such that

(B.1) [0:0(t,0)[7,, <K(1+]0:0]%), Vte[0,T],V0.0€V;
(B.2) [0:(t,0)[7, <K(1+[0:9]?), Vt€[0,T],V0.¢€V.

3. Well-posedness
Let X ::C([O,T];H) OL2((O,T);V) denote the Banach space with the norm de-
fined by

1
2

T
follx={ sup_lot+ [ lo(s)Pas) (3.)

Recall that an (F;)-predictable stochastic process ¢5 (¢,w) is called the weak solution
for the generalized stochastic primitive problem (2.29) on [0,T], with initial condition
e X, if ¢f isin C([0,T);H)NL?((0,T);V), a.s., and satisfies

(¢5,(),0) — (&,0) + /O [(¢5,(5), Ap) + (B(¢5,(s)),0) + (F(¢5,(s)),0)]ds

t t t
— [ (Rayis+vE [ (0@ e)aW(s)dsw)+ [ (@), v)ds, as. (32
0 0 0
for all € D(A) and all t€[0,7]. Note that this solution is a strong one in the
probabilistic meaning, that is written in terms of stochastic integrals with respect
to the given Brownian motion W. The main result of this section is the following

theorem.

THEOREM 3.1 (Well-posedness and a priori bounds). Fixz M >0. Then there
exists g9 :=¢co (K, K,L,K,E,T,M) > 0 such that the following existence and uniqueness
result is true for 0 <e<eq. Let the initial datum £ €Y satisfy E|¢|* < oo, E|0.£|* < oo,
and let h€ Ay, f, 0.f € L*(Q;L%(0,T;H)), q, 0.q€ L*(Q;L*(0,T;H)), and € € [0,20).
Then there exists a unique weak solution ¢j of the generalized stochastic primitive
problem (2.29) with initial condition ¢5(0) =£ €Y, such that ¢5 € X a.s. Furthermore,

there exists a constant
C:= C(K7K7L7K7E;T7M7 ‘f|L4(Q;L2(O,T;H))a |CI|L4(Q;L2(0,T;H)),
|0 f| L2 @22 (0,7511)) 5 \3ZQ|L4<Q;L2<0,T;H>>)

such that for e €[0,e0] and he Ay,

T
Bléilk <1+ B( sw |01+ [ Ioi@Par) <c OB, (63
0<t<T 0
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and also

9.95,(t) € L*(Q,L*°(0,T; H)NL*(0,T; V). (3.4)

For ¢ =(u,0) €V, define

E(¢)=—-A¢—B(¢) - F(¢)+R. (3.5)
We first obtain monotonicity properties of E.

LEMMA 3.2. Assume that ¢=(u,0) €V and = (v,n) €V. We have

(B(6) ~ Bw),6~b)+ 516 —61? <Clo —blo— vl [9]] + O+ 0.1 16~ o1
(3.6)

Proof. Set U=u—v,0=0—n and ®=¢—:=(U,0). We deduce

(E(¢) — E(1),®) = —(A(¢) — A(¢),®) — (B(¢) — B(¥)),®) — (F(¢) — F(v),®)
=L+ L+t

Integrating by parts, using Lemma (2.1), Holder’s inequality, Ladyzhenskaya’s in-
equality for two-dimensional domain, and Young’s inequality, we have

Li==|V(u=v)? = [V - ==]¢-v|?

Iy=b;(u—v,u—v,v)+ by (u—v,0 —n,n)
< Ju—|a|ollfu—v| s+ [u—v]|ga [ 7]||6 1| 2
+|0 (u—v)[[0:0] | —v| % [Ju—v]| 2 +8 (u—)||0:1]0 —n|= |0 —7]| =
<Clu=vlllu—v||[Jv]+Clu—v|?|[u—v]? [nll|o—n|* |0 —n]>
Hlu— ]| 8.0l [u— o] +[lu—v]| 2 [0 —5l|#|0.n]|0 1|2
<Clo—vlllo—vl(Ivll+Inl)+Cllo—) %o —w|>[:¢]
<Ol lllo— vl + 7ol +Clov 16—l

13:/M(/Zhaw(e—n)dz.(u—v))dM
S/M(/Ohaz(f)n)d?udeM

1
<. (0—m)llu—v] < 7116~ |+ Clo— .

Combining I, I, and I3, we end the proof. 0

We now introduce the Galerkin systems associated to the original equation and
establish some uniform a priori estimates. For any n>1, let H,, =span(e1,---,e,) C
Dom(A) and let P,: H— H, denote the orthogonal projection onto H,. Note that
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P, contracts the H and V norms. Suppose that the H—valued Wiener process W
with covariance operator () is such that

which is true if Qh:ZnZl)‘ne” with trace Zn21 Ap <00. Then for Hy= Q%H and
(,0)0=(Q24,Q~21)), for ¢, € Hy, we see that P, : Hy— HoN H, contracts the H
and Hy norms. Let W, =P, W, 0, =P,0 and 6, = P,0.

For he Ay, we consider the stochastic ordinary differential equation on the n-
dimensional space H,, defined by

d(¢5, ) = [(E(87,),0) + (G0 (05, p) R, )| dt+ Ve (0n (85, 1) dAWn 1), (3.7)

for ¢ = (v,n) € H,, and ¢5, ,(0)=P,¢.

We note that the formulation (3.7) allows one to treat ¢;, 5 as a process in R".
Hence, by a well-posedness result for stochastic ordinary differential equations, there
exists a maximal solution to (3.7), i.e., a stopping time 7; , <T" such that (3.7) holds
for t<r; ), and as t17; , <T, |¢;, ,(t)| —00. One can then apply the finite dimen-
sional Ito’s calculus to the above Galerkin systems. We next establish some uniform
estimates on ¢f, ;, (independent of n). For every N >0, set

v =inf{t: |¢], ,(t)| > N} Ainf{t: [0.¢5 ,(t)| > N}AT. (3.8)

The following proposition provides the (global) existence and uniqueness of approxi-
mate solutions and also their uniform (a priori) estimates. This is the main prelimi-
nary step in the proof of Theorem 3.1.

PROPOSITION 3.1. There exists o p ZZEO,p(K,K,T,M) such that for 0<e<eg, the
following result holds for an integer p>1 (with the convention x°=1). Let h€ Ay,
f,q€ L?P(Q;L2(0,T;H)), and £€ L?P(Q,H). Then the equation (3.7) has a unique
solution with a modification ¢;, , € C([0,T],H,) satisfying

T
supk (sup 65,0+ [ 105,(0) 165, ()20 )

0<t<T
<C(p,K,K,T,M, | flr2e(0sr2 (0.1 m))0 14 220 (02200, 7501y ) (EIE[P +1). (3.9)

Proof. Ttd’s formula yields that for ¢t €[0,7] and 7y defined by (3.8),
tATN
AP = 1P +2VE [ (005 o)W (). (0)) s (310)
t/\TNO
w2 [ B0 (e
tATN
2 [ GG 65.0(0) d

tINTN
te / (0 (651 ()) Pal2., ds. (3.11)
0

Applying again It6’s formula for 2P when p>2, using Lemma 2.1, and with the
convention p(p—1)xP~2=0 for p=1, this yields for ¢t €[0,77,

tATN
|¢i,h(t/\TN)|2p+2p/O 165, ()PP [llag, p () 12+ 1165, (r)[1%] dr
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<IPEPP+ Y Ty, (3.12)
1<j<6

where

tATN

Ti(t)=2p / (65 F (5 )65 ()@,
tATN

Ty(t) =2p / (65 R[5 (1) 2PV,

T5(t)=2pve /0 h (0 (054 (1) AW (1), 65 1, (1)) 65, 5 (r) PP~ Ddr|,

tATN
L0 =2 [ 10 65001 ()05 65, ()P
T5(t)=p€/0 ) \an(¢i7h(r))Pn|%Q |¢i,h(7”)|2(p_1)d7”,

tATN
To(t) =2p(p—1)e / T 07 (65, (1)) G5 () 3, |65, (1) 202V

Hoélder’s inequality and Young’s inequality imply that

nism [ 0P [ ([ 10000)0) o )astar

tATN
< 210/0 (65, (M) PP~V R10:05, 1, ()|, 1, () |

1 tIATN tATN
< Pl P [ P (313)

and

Tx(t)=2p /0 TN[(ui,h(r),f)H o (1), @) 65, 5 (r) PP~ Ddr
1 tATN

=12/, (65, (1) PPV N5, (r) | Pdr

tATN
LC, sup |65 (r) 20D / (£ ()2 +lg(r)P)dr

0<s<tATN
1 tATN

<75 (5 n (P N165 () Idr
0

1 e |2p 2 2
- C ( y p ) 3.14
+20§SS;13TN‘¢n,h| +0C2 ‘flLQ(O,tATN;H)+|q‘L2(07t/\7N;H) ( )

Using the Cauchy-Schwarz inequality and (ﬁ.l), we get

ni<zp [ RO+ 16500 0o 65 u0) 7 ar

1 tATN tATN
< | IO Vs [ 16t dr
1 tATN
+= |5, 5 (r) PP~ Var. (3.15)

12 J,
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Using (A.2), we deduce that
tINTN
Ts(t)+Ts(t) < 2p2K€/ 52,0 () 165, 4 () PP~V dr
0

tIANTN
Lot K e / 1650 (r) 2~ dr. (3.16)
0

Finally, the Burkholder-Davies-Gundy inequality (see [10]), (A.2), and Schwarz’s in-
equality yield that for ¢ €[0,7] and d3 >0,

Nl

tATN
E( sup [Ty(s)|) <6pvEE{ / 105, ()P 0 (85,1(1) Pl dr }

0<s<t

9 2}(6 tATN B
<B(_sup W’i,h(s)'%)*LE/o 66,0, ) 2@ Var

0<s<tArn 3
9p2K€ tATN B
+ 5 E/O 165, ()15, (r) PP~V dr. (3.17)

Consider the following property /(i) for an integer i > 0:
I(i) There exists g9 ; :=e9,; (K, K,T,M) >0 such that for 0<e <gg,,

tANTN N
suplE / 165 (r)[Pidr < C(6) := O(i, K, K T, M) < +oc.
n Jo

The property I(0) obviously holds with e o=1 and C(0)=T. Assume that for some
integer ¢ with 1<7<p, the property I(i-1) holds; we prove that I(i) holds. Here we
mainly use a version of Gronwall’s lemma [8, 12, 13].

By setting

i(r) =2(C1 + Calh(r) ).
Z:2<112+2"2K6>/ 165, (1) 26Dty + 2
0

+2CZ(|f\%i2 0,1 T |Q\%i2(o,T;H))v

X(t)—osup |05 n (s AN,

tINTN )
Y(t)= / 165w ()12 65, () 26V ds,

I(t)= sup

0<s<t

2M/ (e (7)) AW (), 85 () 650 (r) 26D,

we have fo 0i(s)ds < Ci(M):=2C1T+CsM. Let a=2(2p—1—2p*Ke), B=03=

W, and C= 9163KEfOTN |5 4 (s)|2"Vds. If we choose € small enough
283 (2i— 1)

9P K+4iZK 6

to satisfy e< % ;KE
203 (2i—1)
92 K+4i2 K32
An induction argument shows that I(p—1) holds, and hence the previous com-
putations with i=p yield that for t=T and 0 <e <eg y,

then we have y=

<af. Lastly, letting eg,;=

Aegi—1, and using Gronwall’s lemma [8, 12, 13], we obtain I(i).

TN ~
supE( sup |95, ,(s)* + / 165, ()12 165, (5) 27~ ds ) < Cp, K, KT, M),
n 0

0<s<7n
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By the definition of 7, and (3.8), we know supg<s<inry |Pn.n(s)| =00, and 7n T 75 1,
on {7, <T}, as N —oo. Hence, by the above estimate we have P(7,, , <T')=0 and
for almost all w, for N(w) large enough, Tx(,)(w)=T. Thus we complete the proof of
the proposition. 0

PROPOSITION 3.2. There exists €o7p::607p(K,[~(,F,T,M) such that for 0<e<eq,
the following result holds: Let he€ Ay, O.f,0.q€ L?**(Q;L%*(0,T;H)), and 0. €
L?P (2, H). Then we have

T
supE (_sup [0.65,0 O+ [ 1005, (5)P10:65,(5) 2 Vs )
n 0

0<t<

< C(KvaKaTvMa ‘8z.f|L2P(Q;L2(O,T;H))7 |8ZQ|L2P(Q;L2(O,T;H))) (E|azg|2p + 1) .
(3.18)

Proof.  Applying Itd’s formula for |0.¢5, |2p for t€[0,7] and 7 defined by
(3.8), we get

tATN
|3z¢i,h(MTN)\2p+2p/o 10-65 1 (M) POV (10205, 1, (7)1 4110265, 1 (r) 1] dr

<|Pa0:EP+ > T5(t), (3.19)
1<j<6
where
tATN
Ji(t)=2p / (B s B ) Y1025 () 2V,
Ot/\TN
Jo(t) =2p / (B 5 F (65, )05 (1) 2PV,

tATN
J5(t)=2p / (B, o RO10: 65, (r) 2PV,
0

tATN
IO =20VE| [ (601 W, (1).0-205,(7)10-05, )20V |

tATN
To0)=20 [ @050 hr). 065 )] 065, )V,
tATN
To(0)=pe [ 10.00(670(0)) Pali, 0.6 ()PP
0
tATN
Jr(t)=2p(p—1)e / ML (D:0)" (65,1 (r)) 005, 1 (1) 31, 195, (r) PP~ P
0
Note that by (2.19), we have

10=2p [ 02657000 b (40,050, 02:07,0))

Integrating by parts and using Hélder’s inequality, Ladyzhenskaya’s inequality, and
Young’s inequality, one infers that

tATN
Ji(t)<2p / 0.5, (r) 2P0 /M|azef;,h<r)|azuz,h<r)||amez,h(r>|der
0
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tATN
2 / 0.5, ()20 / 10202, (r) 210w ()| dMdr
0 M

tATN
<4p / 1005 1 (1) [P0 655 (1) 241005, ()|

1 tATN

<7 10205, 1 ()P0 10:65,  (r) [ Pdr
0

tIANTN
e / 10265 0 () 27|65, o () 2dr, (3.20)
0

and

Jz(t)

tATN 2
2p/ |<azzuf@’h,/ 3192’hdz>”82 f‘l,,h(r)|2(p_1)d'f'
0 ~h
tATN

0,45, 10,0005 |05, 1, () 2P~ Ddr

S— S—

2p

tATN

<2p 167, mll10= 05 ()PP~ dr

n,h
0

1 e 2 InTN < 9 2p
<7 sup 10267, 1(5)] P+Cz(/ 65l dr) ) (3.21)
0 0

<s<tATN

As we obtained the estimate (3.14), we also have
< i T 9. b 2(p—1) 9. ¢ 2d
B<gg | 000050 P

1 2 2
+1 sup ‘8,2 i’h|2p+03(|azf|LZ;(O,t/\TN;H)+|62q|LI;(O,t/\-rN;H))‘ (322)

0<s<tATN

As in (3.15), using the Cauchy-Schwarz inequality and (B.2), we get

1 tATN IANTN
=13 ), ||3z¢i,h(r)||2I8Z¢Z,h(7")\2(p’”dr+05/o [1(r)[510=¢5, 5 (r)|*F dr
1 tATN
1/, 10295, 4 (r) P Var. (3.23)

Using again (B.1), we deduce that
o tATN
Jo(®)+ I Q) <2 R [ 10.65,(0)*10:65,(r) P dr
0
o tATN
27 Re [ 10t )P 520
0

Finally, the Burkholder-Davies-Gundy inequality, (B.1), and Schwarz’s inequality
yield that for ¢ €[0,T] and d4 >0,

-

tIATN 1

B sup [1(6)) <6pvEE{ [ 1.0 P 0.0 (5,(1) Palf g
0<s<t 0

9p*K.

<OE( sup (065 5(5)7) + L0

4

0<s<tATN

tATN
E / 10265, ()| 2@~ Var
0
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Ip’Ke
04

tATN
B[ 100501065, (0P Vdr (325)
0

Using similar steps to those in Proposition 3.1, due to (3.20)-(3.25) we get (3.18). O

Due to Ladyzhenskaya’s inequality for two-dimensional domains, we now have the
following bound in L*(M).

PROPOSITION 3.3. Let h€ Ay and € € L*(Q,H), and let €20 be defined as in Propo-
sition 3.1 with p=2. Then there exists a constant

Cy:=Co(K,K,T,M,|f|r1(q.02(0.m:1)s |4 L4 (0212 (0. 7:21)) )

such that

supE/ | b5, $)|1ads <Co(1+E[EY). (3.26)

The following result is a consequence of It6’s formula.

LEMMA 3.3. Let p':[0,T]xQ—[0400) be adapted such that for almost every w
t—p/'(t,w) € LY([0,T]) and fort€[0,T], set p(t fo s)ds. Fori=1,2, let o; satisfy
Assumptions (A) and (B), ; € C’([O,T] X H,L2 ), and let 7 satisfy Assumptions A and
B. Let E satisfy condition (3.6) and he EAM. Let ¢; € L*([0,T),V)NL>([0,T],H)
a.s. and be such that ¢;(0)=¢ € L*(Q,H), for & Fo-measurable, and satisfy the equa-
tion

di(t) = R(¢3(t))dt + /o (t,¢i(t)) dW (1) + (G (t,¢i(t)) + (.0 (t))) he () dt. (3.27)
Let ®=¢1 — ¢o. Then for every t€[0,T],
DR < [ e { =5 1005) P +eln(s.61(5) = ra(s. (),

()2 [~ 0/ () + 201+ 10:02(5)[*) + C 62(5)|12+ C e ()3 s
+2/te_p(s) (71(s) —T2(s), ®(s))ds+1(1), (3.28)
0

where I(t) =2z [Le=P( )<[01(s $1(5)) — 02 (s, 62(5))] dW(s),q>(s)).
Proof. 1td’s formula, (3.6), and condition (A.2) imply that for ¢ € [0, 7],
eV
= [ @R el (s.61(5) —ra(s. (o),
+2<E(¢1(8))*E(cbz(S)),<1>(S)>+2(5(s,¢1(8))hs(8)*5(87¢2(8))ha(8)7<I>(8))}d8
+/O e ?2([31(s) — 72(s)] he(s), ®(s)) ds+ I (t)
S/O e"’(s){—p’(s)|<1>(s)\2JrEIm(s,qbl(s))—az(&cbz(s))}2 — o)l

+201(5)| [ @(s)]] |62 ()| +2C(1+ [0 82(5)|)|@(5) > +2C V|| (5) | |he (3)]o |2 (s \}ds
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+/0 eip(s>2(51(s)—62(3)7<I)(s))d5+1(t).

The inequalities
2012(s)[[[@(s) [l @2(s)]| < iH‘P(S)IIQ+CH<252(8)||2|‘1>(S)|2
and
20V L0 (s) | e (s)lo]®(s)| < ill@(S)HerC\he(S)I% |(s)[?

conclude the proof of (3.28). ad

Proof of Theorem 3.1: As in [13], due to monotonicity property (3.6), a priori
estimates (3.9), (3.18), and Lemma 3.3, we obtain Theorem 3.1.

4. Large deviations

Since the PEs are a large scale model, one may neglect the effect of small scale
and intermediate scale in its modeling. One may consider this effect by adding small
noise in the equations. Large deviations theory is concerned with the study of precise
asymptotics governing the decay rate of probabilities of rare events. A classical area
of large deviations is the Wentzell-Freidlin theory that deals with path probability
asymptotics for small noise stochastic dynamical systems. More precisely, we will put
a bound on the probability that the random perturbed trajectory goes very far from
the unperturbed trajectory, and see the rate at which this probability goes to zero
as the noise shrinks (¢ —0). We consider large deviations via a weak convergence
approach (originated with Budhiraja, Dupuis [1, 2], and Sritharan and Sundar [42],
Duan and Millet [13], among others). In this paper, the idea of the proof for large
deviations is the same as [13], so here we only give the outline of the proof. Firstly,
we recall some classical definitions with large deviations.

DEFINITION 4.1. The random family {¢°} is said to satisfy a large deviation principle
on X with the good rate function I if the following conditions hold:

I is a good rate function. The function function I: X — [0,00] is such that for
each M €[0,00[ the level set {p€ X :I(¢p) <M} is a compact subset of X.
For Ae B(X), set I(A)=infycaI(9).

Large deviation upper bound. For each closed subset F' of X :

limsup elogP(¢® € F) < —I(F).

e—0

Large deviation lower bound. For each open subset G of X :
lim inf elogP(¢® € G) > —I(G).
e—0

To establish the large deviation principle, we need to strengthen the hypothesis on
the growth condition and Lipschitz property of o (and &) as follows:
There exist positive constants K and L such that

(A-4) o(t,@)2, <K (1+]6]), VEe[0,T], Vo e V.

(A.5) |o(t,d) —a(t, )7, <Llo—y[*, Vte[0,T], Vo, €V.

The following theorem is the main result of this section.
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THEOREM 4.1. Suppose o does not depend on time and satisfies (A.1), (B), (A.4),
and (A.5), and let ¢° be the solution of the stochastic Primitive Equations (2.23).
Then {¢°} satisfies the large deviation principle in C([0,T];H)NL*((0,T);V), with
the good rate function

Ie(y) = (4.1)

inf f/ h(s ds}.
{h€L2(0,T;Ho): =GO (f; h(s)ds)} L 2 Jo 7)o

Here the infimum of an empty set is taken as infinity.

The proof of the large deviation principle will use the following technical lemma
which studies time increments of the solution to the stochastic control equation. For
any integer k=0,---,2" —1, and s€[kT2 ", (k+1)T27"], set s,,=kT2™" and 5, =
(k+1)T2". Given N >0, he Ay, € >0 small enough, let ¢7 denote the solution to
(2.29) given by Theorem 3.1, and for t € (0,7 let

0={w: (s 16@P)Y ([ 166 Ids) v ( sup 0.6 )P < V) )

0<s<t 0<s<t

LEMMA 4.2. Let M,N >0, o and & satisfy the Assumptions (A.1), (B), (A.4), and
(A.5), and 0.€, €€ L*(H). Then there exists a positive constant

C::C(KL, |flaoir20,m5m)s a2 0,mm)) 10 flraize oy, (4:2)

‘8ZQ|L4(Q;L2(O,T;H))7TaM7NaEO) (4.3)

such that for any he Ay and € €10,€0],
T n
() =Bl [ 167()di(sPds] <C2%, (14)
0

Proof. The proof is close to that of Lemma 4.2 in [13], and we omit the details
here. 1]

Now we return to the setting of Theorem 4.1. Let ¢y be defined as in Theorem
3.1 and (he,0<e<egp) be a family of random elements taking values in Aps. Let ¢j_
be the solution of the corresponding stochastic control equation with initial condition

95, (0)=E€H:
dey,. +[A¢s,. +B(¢5,.) + F (¢, )]dt = Rdt + o (¢5, ) hedt ++/e o (g5, )dW (t). (4.5)
Note that ¢;_ =G° (ﬁ(W + ﬁfo hs(s)ds)) due to the uniqueness of the solution.

For all w and h € L%([0,T],Hy), let ¢5, be the solution of the corresponding control
equation with initial condition ¢y (0)=¢(w):

don+[Apy+ B(én)+ F(¢p)]dt = Rdt + o (¢n) hdt. (4.6)

Note that here we may assume that h and £ are random, but ¢, may defined pointwise
by (4.6).

Let Co={ [, h(s)ds : he L*([0,T],Ho)} C C([0, T] Hy). For every w € Q, define G°:
C([0,T),Hy)— X by G°(9)(w) = n(w) for g= [;h(s)ds€Cy and G°(g) =0 otherwise.
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PROPOSITION 4.2 (Weak convergence). Suppose that o does not depend on
time and satisfies the Assumptions (A.1), (B), (A.4), and (A.5). Let £E€Y be Fo-
measurable such that E||} <400, E|0,£|} <+oo, and let he converge to h in dis-
tribution as random elements taking values in Apr. (Note that here Ay is endowed
with the weak topology induced by the norm (3.1)). Then as e =0, ¢;_ converges
in distribution to ¢y, in X =C([0,T);H)NL*((0,7);V) endowed with the norm (3.1).

That is, G¢ (ﬁ(W + %fo hg(s)ds)) converges in distribution to G°( [ h(s)ds) in X,
as € — 0.

The proof can be obtained by delicate estimates and the method of [13].

The following compactness result is the second ingredient which allows us to
transfer the LDP from /eW to u®. Its proof is similar to that of Proposition 4.2, so
we refer to [13].

PROPOSITION 4.3 (Compactness). Let M be any fized finite positive number and
let £€Y be deterministic. Define

Ky ={¢n€C([0,T);H)NL*((0,T);V):h€ Sy},
where ¢y, is the unique solution of the deterministic control equation

dn(t)+ [Apn(t) + B(¢n(t)) + Ron(t)] dt = Fop (t)dt+ o (¢n(t))h(t)dt,
on(0)=¢, (4.7)

and o does not depend on time and satisfies (A.1), (B), (A.4), and (A.5). Then Ky
is a compact subset of X.

Proof of Theorem 4.1: Propositions 4.3 and 4.2 imply that {¢°} satisfies the
Laplace principle, which is equivalent to the large deviation principle in X =
C([0,T],H)NL?((0,T),V) with the above-mentioned rate function; see Theorem 4.4
in [1] or Theorem 5 in [2].

Acknowledgment.The authors are indebted to the referee for giving some im-
portant suggestions which improved the presentations of this paper.
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