
COMMUN. MATH. SCI. c© 2012 International Press

Vol. 10, No. 2, pp. 527–554

LOCAL EXISTENCE OF CLASSICAL SOLUTIONS TO THE

TWO-DIMENSIONAL VISCOUS COMPRESSIBLE FLOWS WITH

VACUUM∗
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Abstract. We consider the Cauchy problem of the barotropic compressible Navier-Stokes equa-
tions in 2D. The local existence of unique classical solution is established. We present some new
elaborate estimates to bound the Lp-norm of the velocity u. The far field density is constant state,
which could be either vacuum or non-vacuum. The initial density is allowed to vanish and the spatial
measure of the set of vacuum can be arbitrarily large.
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1. Introduction

The motion of a compressible, viscous, barotropic Newtonian fluid occupying a
domain Ω⊂R

N is governed by the compressible Navier-Stokes equations:

{
ρt+div(ρu)=0,

(ρu)t+div(ρu⊗u)−µ∆u−(µ+λ)∇(divu)+∇P (ρ)=0,
(1.1)

where ρ≥0, u=(u1, · · · ,uN ), and P =aργ(a>0,γ >1) are the fluid density, velocity,
and pressure, respectively. The constant viscosity coefficients µ and λ satisfy the
physical restrictions

µ>0, 2µ+Nλ≥0. (1.2)

Let Ω=R
2 and ρ̃ be a fixed nonnegative constant. We look for the solutions

(ρ(x,t),u(x,t)) to the Cauchy problem for (1.1) with the far field behavior

u(x,t)→0, ρ(x,t)→ ρ̃≥0, as |x|→∞, (1.3)

and initial data,

(ρ,u)|t=0=(ρ0,u0), x∈R
2. (1.4)

There is a vast literature studying the fluid dynamics. In particular, for (1.1), the
one-dimensional problem has been studied extensively by many mathematicians; see
Kazhikhov-Shelukhin [15] for sufficient smooth data, Serre [21, 22] and Hoff [10] for
discontinuous initial data, and the references therein. For the multi-dimensional case,
the local existence and uniqueness of classical solutions without vacuum are known
by Nash [19] and Serrin [23], respectively. Matsumura and Nishida showed in their
pioneering paper [18] that the classical solutions exist globally in time for initial data
close to a non vacuum equilibrium. For the case that the initial density is allowed
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to vanish, in fundamental work [16] Lions developed an existence theory of global in
time weak solutions (see also Feireisl [8]). Better regularity of spatially periodic weak
solutions in both two and three spatial dimensions was proved by Desjardins [7] for
small time. Later, Hoff [12] obtained a new type of global weak solutions which has
extra regularity information if the far field density is away from vacuum. Note that
in [12] the weak solutions may contain vacuum even though the spatial measure of
the set of vacuum is small. Recently, for dimension N ≥3, the local existence and
uniqueness of classical solutions were obtained by Cho, Choe, Kim [3,4,6] and Salvi-
Straškraba [20] for the case that the initial density need not be positive and may
vanish in open sets. Later on, Huang-Li-Xin [14] showed that classical solutions exist
globally in time with smooth initial data which is of small energy but possibly large
oscillations in R

3, that is, possibly with initial vacuum.
However, the existence of strong or classical solutions to the two-dimensional (2D)

Cauchy problem for (1.1) is still open, especially when the initial density has compact
support. In this paper, we will investigate the local existence of classical solutions to
the Cauchy problem for the barotropic compressible Navier-Stokes equations (1.1) in
2D with constant far field state which could be either vacuum or non-vacuum. The
initial density is allowed to vanish and the spatial measure of the set of vacuum can
be arbitrarily large, in particular, the initial density can even have compact support.

We now give a brief overview of the analysis in this paper. We start with the
basic energy estimate and succeed in deriving estimates on the L2-norm of the gradient
and the material derivatives of the velocity. This is achieved by modifying the basic
estimates on the material derivatives of the velocity developed by Hoff [11]. Next, some
new elaborate estimates are needed to overcome the difficulties, which in fact are the
main ones of this paper, in bounding the Lp-norm of the velocity u and the material
derivatives of the velocity, u̇. Combining some careful estimates on suitable spatially
weighted norms of ∇u and ∇u̇ with the Caffarelli-Kohn-Nirenberg inequality, Lemma
2.1, we obtain the desired bounds on the Lp-norms of u and u̇ for some constant
p=p(µ,λ). These facts, together with the Schauder fixed point theorem, Lemma 2.3,
are enough to close our arguments.

Before stating the main result, we explain the notations and conventions used
throughout this paper. For Ω⊂R

2, we denote

∫
fdx=

∫

Ω

fdx.

For 1≤ r≤∞, k∈N we denote the standard homogeneous and inhomogeneous Sobolev
spaces as follows:

{
Lr=Lr(Ω), Dk,r=

{
u∈L1

loc(Ω)
∣∣‖∇ku‖Lr <∞

}
, ‖u‖Dk,r ,‖∇ku‖Lr ,

W k,r=Lr∩Dk,r, Hk=W k,2, Dk=Dk,2, Dk
0 =

{
u∈Dk

∣∣ u|∂Ω=0
}
.

Then our main result in this paper can be stated as follows:

Theorem 1.1. For ρ̃≥0 and Ω=R
2, assume that the initial data (ρ0≥0,u0) satisfy

u0∈D1∩D3, (ρ0− ρ̃,P (ρ0)−P (ρ̃))∈H3, (1.5)

and the compatibility condition

−µ△u0−(µ+λ)∇divu0+∇P (ρ0)=ρ0g, (1.6)
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for some g∈D1 with ρ
1/2
0 g∈L2. Moreover, if ρ̃=0, in addition to (1.5) and (1.6),

suppose that

|x|α/2∇u0∈L2, |x|α/2P (ρ0)∈L2, |x|α/2ρ1/20 g∈L2, (1.7)

where

α,µ/(4(2µ+λ))∈ (0,1/8]. (1.8)

Then there exist a small time T ∗>0 and a unique strong solution (ρ,u) to the Cauchy
problem (1.1), (1.3), (1.4) on R

2× [0,T ∗] such that for any τ ∈ (0,T ∗),




(ρ− ρ̃,P −P (ρ̃))∈C([0,T ∗];H3),

u∈C([0,T ∗];Lq∩D1∩D3)∩L2(0,T ∗;D4)∩L∞(τ,T ∗;D4),

ut∈L∞(0,T ∗;D1)∩L2(0,T ∗;Lq∩D2),

ut∈L∞(τ,T ∗;Lq1 ∩D2)∩H1(τ,T ∗;D1),
√
ρut∈L∞(0,T ∗;L2),

√
ρutt∈L2(0,T ∗;L2),

√
ρutt∈L∞(τ,T ∗;L2),

(1.9)

where
{
q= q1=2, if ρ̃>0,

q=4/α, q1=8/α, if ρ̃=0.

A few remarks are in order:

Remark 1.2. The smoothing effect of the velocity u in t∈ [τ,T ∗], ∀τ ∈ (0,T ∗) takes
us from the strong solution obtained in Theorem 1.1 to a classical one in R

2×(0,T ∗∗],
for some T ∗∗∈ (0,T ∗] (see [4]).

Remark 1.3. The a priori estimates in [3, 4, 6, 20] for the three-dimensional case
cannot be applied here. The main reason is that the 2D case is the critical case for
the standard Sobolev embedding theorem and it seems difficult to bound the Lp-norm
of the velocity just in terms of the L2-norm of the gradient of it.

Remark 1.4. According to the blow up phenomena obtained in [13], the
C1([0,T ];Hs) (s>2) solution to the 2D spherically symmetric compressible Navier-
Stokes Equations (1.1) with compactly supported initial density must blow up in finite
time. Therefore, for 2D compressible Navier-Stokes equations, the solutions in our
main result, Theorem 1.1, give a kind of class of solutions which are expected to exist
globally in time in the case that ρ̃=0.

The rest of the paper is organized as follows: In Section 2, we recall some known
results and inequalities which will be needed in later analysis. Section 3 is devoted to
deriving the necessary a priori estimates on classical solutions for ρ̃=0. Finally, the
main result, Theorem 1.1, is proved in Section 4.

2. Preliminaries

First, the following Caffarelli-Kohn-Nirenberg inequality will play a key role in
obtaining the Lq estimate of u when ρ̃=0.

Lemma 2.1. ( [1, 2]) For α∈ (0,2), the following estimates hold for all u∈C∞
0 (R2) :

∫
|x|α−2|u|2dx≤ α2

4

∫
|x|α|∇u|2dx, ‖u‖2L4/α ≤C(α)

∫
|x|α|∇u|2dx. (2.1)
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Next, we recall some known results which will be also used later.

Lemma 2.2. ( [24] Aubin-Lions) Let X0, X, and X1 be three Banach spaces with
X0⊂X⊂X1. Suppose that X0 is compactly embedded in X and that X is continuously
embedded in X1.

i) Let G be bounded in Lp(0,T ;X0) where 1≤p<∞, and ∂G/∂t be bounded in
L1(0,T ;X1). Then G is relatively compact in Lp(0,T ;X).

ii) Let F be bounded in L∞(0,T ;X0) and ∂F/∂t be bounded in Lr(0,T ;X1) where
r>1. Then F is relatively compact in C([0,T ];X).

Lemma 2.3. ( [9] Schauder) Let ℜ be a compact convex set in a Banach space B and
let T be a continuous mapping of ℜ into itself. Then T has a fixed point, that is,
T x=x for some x∈ℜ.
Lemma 2.4. ( [17] Gagliardo-Nirenberg) For p∈ [2,∞), q∈ (1,∞), and r∈ (2,∞),
there exists some generic constant C>0 which may depend on p,q,r such that for
f ∈H1(R2) and g∈Lq(R2)∩D1,r(R2), we have

‖f‖Lp ≤C‖f‖2/pL2 ‖∇f‖(p−2)/p
L2 , (2.2)

‖g‖C(R2)≤C‖g‖
q(r−2)/(2r+q(r−2))
Lq ‖∇g‖2r/(2r+q(r−2))

Lr . (2.3)

Finally, the following lemma will be used to bound the L2-norm of u when ρ̃>0.

Lemma 2.5. If ρ̃>0, then there exists some constant C(ρ̃)>0 such that the following
estimate holds for ρ− ρ̃∈L2(R2), u∈D1(R2), ρ1/2u∈L2(R2),

‖u‖2L2(R2)≤C
(∫

R2

ρ|u|2dx+‖ρ̃−ρ‖2L2(R2)‖∇u‖2L2(R2)

)
. (2.4)

Proof. (2.4) follows directly from the following simple fact that

ρ̃

∫

R2

|u|2dx=
∫

R2

ρ|u|2dx+
∫

R2

(ρ̃−ρ)|u|2dx

≤
∫

R2

ρ|u|2dx+‖ρ̃−ρ‖L2(R2)‖u‖2L4(R2)

≤
∫
ρ|u|2dx+C‖ρ̃−ρ‖L2(R2)‖u‖L2(R2)‖∇u‖L2(R2).

2

3. A priori estimates for ρ̃=0
In this section, for ρ̃=0, we derive some uniform local (in time) a priori estimates

on the solutions to the following linearized problems in a bounded smooth domain
Ω⊂R

2. The estimates we obtain here are independent of the lower bound of ρ0 and
the size of the domain.

First, we consider the following linearized hyperbolic problem:
{
ρt+div(ρv)=0, in Ω×(0,T ),

ρ(x,0)=ρ0, in Ω,
(3.1)
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where v is a known vector field in Ω×(0,T ) such that

v∈C([0,T ];H1
0 ∩H3)∩L2(0,T ;H4). (3.2)

It is quite well-known that the linear problem (3.1) has a unique strong solution ρ for
any regular initial data ρ0 because the vector field v is sufficiently smooth. In fact,
the following result is proved essentially in [5] (see [4] also), and thus stated without
a detailed proof.

Lemma 3.1. Assume that (3.2) holds and that 0≤ρ0∈H3(Ω). Then
(i) there exists a unique solution ρ to the problem (3.1) such that

ρ∈C([0,T ];H3), ρt∈C([0,T ];H2); (3.3)

(ii) the solution ρ satisfies the following estimate:

‖ρ(t)‖H3 ≤‖ρ0‖H3 exp

(
C

∫ t

0

‖v(s)‖D1∩D4ds

)
, (3.4)

for some universal constant C;
(iii) the solution ρ is represented by the formula

ρ(x,t)=ρ0(U(0;x,t))exp

{
−
∫ t

0

divv(U(s;x,t),s)ds

}
, (3.5)

where U ∈C([0,T ]; [0,T ]×Ω) is the solution to the initial value problem

{
∂
∂sU(s;x,t)=v(s;U(s;x,t)), 0≤s≤T,
U(t;x,t)=x, 0≤s≤T, x∈ Ω̄.

(3.6)

Next, we deal with the following linearized parabolic problem:





ρut+ρv ·∇u−µ∆u−(µ+λ)∇(divu)=−∇P (ρ), in Ω×(0,T ),

u=0, on ∂Ω×(0,T ),

u(x,0)=u0, in Ω,

(3.7)

where ρ is a known scalar field in (0,T )×Ω such that

ρ,ργ ∈C([0,T ];H3), ρt,(ρ
γ)t∈C([0,T ];H2), ρ≥ δ on Ω× [0,T ], (3.8)

for some constant δ>0. Recall that L,−µ∆−(µ+λ)∇div is a strongly elliptic oper-
ator (see [3] for instance). The following existence and regularity results on solutions
to the linear parabolic problem (3.7) can be proved by applying a standard method
such as a semidiscrete Galerkin method or the method of continuity (see [5, 7]).

Lemma 3.2. (i) Assume that u0∈H1
0 , (3.2), and (3.8) hold. Then there exists a

unique strong solution u to the problem (3.7) such that

u∈C([0,T ];H1
0 )∩L2(0,T ;H2), ut∈L2(0,T ;L2). (3.9)

(ii) If in addition u0∈H1
0 ∩H2 and vt∈L∞(0,T ;L2), then the solution u satisfies

u∈L∞(0,T ;H2), ut∈L2(0,T ;H1
0 ), utt∈L2(0,T ;H−1). (3.10)
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(iii) Finally, if in addition u0∈H1
0 ∩H3, ut(0)=ρ(0)

−1(∇P (ρ(0))−Lu0)∈H1
0 , and

vt∈L∞(0,T ;H1
0 ), then the solution u satisfies

u∈L∞(0,T ;H3), ut∈L2(0,T ;H2), utt∈L2(0,T ;L2). (3.11)

We now derive the local (in time) a priori estimates for (ρ,u). These estimates
are independent of the lower bound δ of ρ0 and size of the domain Ω. Set

c0,1+‖ρ1/20 u0‖2L2 +‖(ρ0,P (ρ0))‖2H3 +‖u0‖2D1∩D3

+‖(P (ρ0), |∇u0|,ρ1/20 |g|)(1+ |x|α/2)‖2L2 +‖g‖2D1 .
(3.12)

For α as in (1.8), we define

Φ(v,t),1+ sup
0≤s≤t

(
‖∇v‖2H1 +‖|x|α/2∇v‖2L2

)
+

∫ t

0

‖∇v‖2H1∩W 1,4/αds. (3.13)

From now on, we always assume that 0≤ t≤T ≤1 and C will denote a generic positive
constant depending on µ,λ,a,γ.

We start off with the following energy estimate for (ρ,u).

Lemma 3.3. Let (ρ,u) be a smooth solution of (3.1), (3.7). Then

sup
0≤s≤t

∫ (
ρ|u|2+P 2

)
dx+

∫ t

0

∫
|∇u|2dxdt≤Cc0 exp

{
Φ(v,t)t1/2

}
. (3.14)

Proof. Note that (3.1)1 implies that P satisfies

Pt+v ·∇P +γPdivv=0. (3.15)

It is easy to check that

(
‖(ρ,P )‖2L2

)
t
≤C‖∇v‖L∞‖(ρ,P )‖2L2 , (3.16)

which together with (3.5) yields that

sup
0≤s≤t

(‖(ρ,P )‖2L2 +‖(ρ,P )‖2L∞)

≤Cc0 exp
{∫ t

0

‖∇v‖L∞ds

}

≤Cc0 exp
{
Φ(v,t)t1/2

}
. (3.17)

Now, the energy estimate gives

1

2

(∫
ρ|u|2dx

)

t

+

∫ (
µ|∇u|2+(λ+µ)(divu)2

)
dx≤Cδ‖P‖2L2 +δ‖∇u‖2L2 , (3.18)

which together with (3.17) yields (3.14). 2

The following lemma will give preliminary L2 bounds for ∇u and ρu̇ with u̇,
ut+v ·∇u.
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Lemma 3.4. Let (ρ,u) be as in Lemma 3.3. Then

sup
0≤s≤t

‖∇u‖2L2 +

∫ t

0

∫
ρ|u̇|2dxdt≤Cc20 exp{Cc0texp{CΦ(v,t)}} , (3.19)

and

B′(t)+

∫
ρ|u̇|2|x|αdx

≤C (1+‖∇v‖L∞ +‖v‖L∞)‖|x|α/2∇u‖2L2 +2µα4‖|x|α/2∇u̇‖2L2

+Cβc20texp{CΦ(v,t)} ,

(3.20)

where

B(t),

∫
|x|α

(
µ

2
|∇u|2+ µ+λ

2
|divu|2−divuP +βP 2

)
dx

≥ µ

4

∫
|x|α

(
|∇u|2+P 2

)
dx

(3.21)

for suitably large β(µ,λ)>0.

Proof. Multiplying (3.7) by u̇ then integrating the resulting equality over Ω leads to

∫
ρ|u̇|2dx=

∫
(−u̇ ·∇P +µ△u · u̇+(λ+µ)∇divu · u̇)dx

,

3∑

i=1

Mi.

(3.22)

Using (3.1) and integrating by parts gives

M1=−
∫
u̇ ·∇Pdx

=

∫
((divu)tP −(v ·∇u) ·∇P )dx

=

(∫
divuPdx

)

t

+

∫ (
P ′ρdivudivv−Pdivudivv+P∂ivj∂jui

)
dx

≤
(∫

divuPdx

)

t

+Cc
1/2
0 exp

{
CΦ(v,t)t1/2

}(
‖∇u‖2L2 +‖∇v‖2L2

)
, (3.23)

due to (3.17). Integration by parts implies

M2=

∫
µ△u · u̇dx

=−µ
2

(
‖∇u‖2L2

)
t
−µ

∫
∂iu

j∂i(v
k∂ku

j)dx

≤−µ
2

(
‖∇u‖2L2

)
t
+C‖∇v‖L∞‖∇u‖2L2 , (3.24)

and similarly,

M3=−λ+µ
2

(
‖divu‖2L2

)
t
−(λ+µ)

∫
divudiv(v ·∇u)dx



534 LOCAL EXISTENCE OF SOLUTIONS TO NAVIER-STOKES EQUATIONS

≤−λ+µ
2

(
‖divu‖2L2

)
t
+C‖∇v‖L∞‖∇u‖2L2 . (3.25)

Combining (3.16), (3.22)-(3.25) with Gronwall’s inequality gives (3.19).
Next, multiplying (3.7) by u̇|x|α, and then integrating the resulting equality over

Ω leads to∫
ρ|u̇|2|x|αdx=

∫
|x|α(−u̇ ·∇P +µ△u · u̇+(λ+µ)∇divu · u̇)dx

,

3∑

i=1

M ′
i .

(3.26)

Using (3.1)1 and integrating by parts yields

M ′
1=−

∫
|x|αu̇ ·∇Pdx

=

∫
((|x|αdivu)tP +αx · u̇|x|α−2P + |x|αdiv(v ·∇u)P )dx

=

(∫
|x|αdivuPdx

)

t

+α

∫
P |x|α−2x · u̇dx

+

∫
P |x|α

(
(γ−1)divudivv+∂iv

j∂ju
i
)
dx

−α
∫

|x|α−2Px ·(vdivu−v ·∇u)dx.

Then,

M ′
1≤

(∫
|x|αdivuPdx

)

t

+α

(∫
|x|α−2|u̇|2dx

)1/2(∫
P 2|x|αdx

)1/2

+C‖P‖L∞‖|x|α/2∇v‖L2‖|x|α/2∇u‖L2

≤
(∫

|x|αdivuPdx
)

t

+µα4

∫
|x|α|∇u̇|2dx+C

∫
P 2|x|αdx

+C‖P‖L∞‖|x|α/2∇v‖2L2 +C‖P‖L∞‖|x|α/2∇u‖2L2 , (3.27)

where we have used (2.1). Integration by parts and (2.1) imply

M ′
2=µ

∫
|x|α△u · u̇dx

=−µ
2

(
‖|x|α/2∇u‖2L2

)

t
−µ

∫
∂iu

j |x|α∂i(vk∂kuj)dx−αµ
∫
∂iu

j u̇j |x|α−2xidx

≤−µ
2

(
‖|x|α/2∇u‖2L2

)

t
+C (‖∇v‖L∞ +‖v‖L∞)‖∇u|x|α/2‖2L2

+Cα‖∇u|x|α/2‖L2‖u̇|x|α/2−1‖L2 +C‖v‖L∞‖∇u‖2L2

≤−µ
2

(
‖|x|α/2∇u‖2L2

)

t
+C (1+‖∇v‖L∞ +‖v‖L∞)‖|x|α/2∇u‖2L2

+
µ

2
α4‖|x|α/2∇u̇‖2L2 +C‖v‖L∞‖∇u‖2L2 , (3.28)

and similarly,

M ′
3≤−λ+µ

2

(
‖|x|α/2divu‖2L2

)

t
+C (1+‖∇v‖L∞ +‖v‖L∞)‖|x|α/2∇u‖2L2

+
µ

2
α4‖|x|α/2∇u̇‖2L2 +C‖v‖L∞‖∇u‖2L2 .

(3.29)
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Now, multiplying (3.15) by P |x|α, we obtain that

(∫
|x|αP 2dx

)

t

≤C
∫

|x|α−1P 2|v|dx+C
∫

|x|αP 2|divv|dx

≤C‖P‖L∞

(∫
|x|αP 2dx

)1/2

‖|x|α/2∇v‖L2

≤Cc1/20 exp{CΦ(v,t)}
(∫

|x|αP 2dx

)1/2

. (3.30)

Then

sup
0≤s≤t

∫
|x|αP 2dx≤Cc0texp{CΦ(v,t)}, (3.31)

which together with (3.30) gives

(∫
|x|αP 2dx

)

t

≤Cc20texp{CΦ(v,t)} . (3.32)

Combining (3.26)-(3.29) and (3.32) implies (3.20). 2

Lemma 3.5. Let (ρ,u) be as in Lemma 3.3. Then the following estimate holds for
q=4/α :

sup
0≤s≤t

(
‖∇(ρ,P )‖2L2∩Lq +‖∇2u‖2L2 +

∫
(1+ |x|α)

(
|∇u|2+P 2+ρ|u̇|2

)
dx

)

+

∫ t

0

∫
(1+ |x|α)|∇u̇|2dxdt+

∫ t

0

‖∇2u‖2Lqdt

≤Cc30 exp
{
Cc0 exp{CΦ(v,t)}t(q−2)/(2(q−1))

}
. (3.33)

Proof. First, applying ∂t+∂k(v
k·) to Equation (3.7)1 gives

ρ(u̇)t+ρv ·∇u̇
=µ∆u̇+(µ+λ)∇divu̇−µ∂k(∂ivk∂iu)+µ∂i(∂kvk∂iu)

−µ∂i(∂ivk∂ku)+(µ+λ)
(
∇(divvdivu)−∇(∂jv

k∂ku
j)−div(∇v⊥divu)

)

+div(P∇v⊥)+(γ−1)∇(Pdivv). (3.34)

After multiplying (3.34) by u̇ and integrating over Ω, in view of (3.19) and (3.14)
we have

(∫
ρ|u̇|2dx

)

t

+µ

∫
|∇u̇|2dx+(µ+λ)

∫
|divu̇|2dx

≤C
∫

|∇v|2|∇u|2dx+
∫
P 2|∇v|2dx

≤C‖∇v‖2L∞

(
‖∇u‖2L2 +‖P‖2L2

)

≤C‖∇v‖(q−2)/(q−1)
L2 ‖∇2v‖q/(q−1)

Lq

(
‖∇u‖2L2 +‖P‖2L2

)
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≤Cc20 exp
{
Cc0t

1/2exp{CΦ(v,t)}
}
‖∇v‖(q−2)/(q−1)

L2 ‖∇2v‖q/(q−1)
Lq , (3.35)

which yields

sup
0≤s≤t

∫
ρ|u̇|2dx+µ

∫ t

0

∫
|∇u̇|2dxdt+(µ+λ)

∫ t

0

∫
|divu̇|2dxdt

≤Cc20+Cc20 exp
{
Cc0t

1/2exp{CΦ(v,t)}
}
Φ(v,t)t(q−2)/(2(q−1))

≤Cc20 exp
{
Cc0 exp{CΦ(v,t)}t(q−2)/(2(q−1))

}
, (3.36)

where q=4/α.
Next, multiplying (3.34) by u̇|x|α and integrating over Ω leads to

(
1

2

∫
|x|αρ|u̇|2dx

)

t

+µ

∫
|x|α|∇u̇|2dx+(µ+λ)

∫
|x|α|divu̇|2dx

≤α
∫
ρ|v||u̇|2|x|α−1dx+µα

∫
|x|α−1|∇u̇||u̇|dx

+(µ+λ)α

∫
|x|α−1|divu̇||u̇|dx

+C

∫
(|∇u||∇v|+P |∇v|)

(
|∇u̇||x|α+α|u̇||x|α−1

)
dx

≤CΦ1/2(v,t)

∫
|x|αρ|u̇|2dx+C‖v‖L∞

∫
ρ|u̇|2dx+α3(2µ+λ)

∫
|x|α|∇u̇|2dx

+δ

∫
|x|α|∇u̇|2dx+Cδ‖∇v‖2L∞

∫
|x|α(|∇u|2+P 2)dx. (3.37)

Now from (1.8), we observe

(∫
|x|αρ|u̇|2dx

)

t

+µ

∫
|x|α|∇u̇|2dx+(µ+λ)

∫
|x|α|divu̇|2dx

≤CΦ1/2(v,t)

∫
|x|αρ|u̇|2dx+C‖∇v‖2L∞B(t)+C‖v‖L∞

∫
ρ|u̇|2dx.

(3.38)

Recalling (3.20), we have

(
B(t)+

∫
|x|αρ|u̇|2dx

)

t

+
µ

2

∫
|x|α|∇u̇|2dx

≤CΦ1/2(v,t)

∫
|x|αρ|u̇|2dx+Cc20 exp

{
C exp{Cc0Φ(v,t)}t

q−2
2(q−1)

}
Φ(v,t)

+C
(
1+‖∇v‖L∞ +‖v‖L∞ +‖∇v‖2L∞

)
B(t)

≤C
(
Φ(v,t)+‖∇v‖(q−2)/(q−1)

L2 ‖∇2v‖q/(q−1)
Lq

)(
B(t)+

∫
|x|αρ|u̇|2dx

)

+Cc20 exp
{
Cc0 exp{CΦ(v,t)}t

q−2
2(q−1)

}
Φ(v,t), where q=4/α. (3.39)

Thus, Gronwall’s inequality implies
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sup
0≤s≤t

(
B(t)+

∫
|x|αρ|u̇|2dx

)

≤Cc20 exp
{
CΦ(v,t)t+Φ(v,t)t

q−2
2(q−1)

}

+Cc20 exp
{
CΦ(v,t)t+Φ(v,t)t

q−2
2(q−1)

}
exp

{
Cc0 exp{CΦ(v,t)}t

q−2
2(q−1)

}
Φ(v,t)t

≤Cc20 exp
{
Cc0 exp{CΦ(v,t)}t

q−2
2(q−1)

}
. (3.40)

Combining (3.39) and (3.40), we discover

∫ t

0

∫
|x|α|∇u̇|2dxdt

≤Cc20
(
Φ(v,t)t+Φ(v,t)t

q−2
2(q−1)

)
exp

{
Cc0 exp{CΦ(v,t)}t

q−2
2(q−1)

}

+Cc20 exp
{
Cc0 exp{CΦ(v,t)}t

q−2
2(q−1)

}
Φ(v,t)t

≤Cc20 exp
{
Cc0 exp{CΦ(v,t)}t

q−2
2(q−1)

}
. (3.41)

Moreover, by virtue of (3.15), we have for p∈ [2,+∞),

(‖∇P‖Lp)′≤C‖∇v‖L∞‖∇P‖Lp +C‖P‖L∞‖∇2v‖Lp , (3.42)

which together with (3.17) yields that for p∈ [2,q],

sup
0≤s≤t

‖∇P‖Lp

≤C exp

{
C

∫ t

0

‖∇v‖L∞ds

}(
‖∇P (ρ0)‖Lp +

∫ t

0

‖P‖L∞‖∇2v‖Lpds

)

≤Cc0 exp
{
CΦ(v,t)t1/2

}
. (3.43)

Similarly, we deduce from (3.1)1 and (3.17) that

sup
0≤s≤t

‖∇ρ‖Lp ≤Cc0 exp
{
CΦ(v,t)t1/2

}
. (3.44)

Note that u satisfies
{
µ∆u+(µ+λ)∇divu=ρu̇+∇P, in Ω,

u=0, on ∂Ω.
(3.45)

Thus, we derive from a standard Lp estimate for elliptic equations (see [9]) that for
p∈ (1,∞),

‖∇2u‖Lp ≤C (‖ρu̇‖Lp +‖∇P‖Lp) . (3.46)

In view of (3.46), (3.41), (3.17), and (2.1), we have

∫ t

0

‖∇2u‖2Lqdt
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≤C
∫ t

0

(
‖ρu̇‖2Lq +‖∇P‖2Lq

)
dt

≤C
∫ t

0

(
‖ρ‖2L∞

∫
|x|α|∇u̇|2dx+‖∇P‖2Lq

)
dt

≤Cc30 exp
{
Cc0 exp{CΦ(v,t)}t(q−2)/(2(q−1))

}
. (3.47)

Finally, it follows from (3.46), (3.36), and (3.17) that

sup
0≤s≤t

‖∇2u‖2L2 ≤Cc30 exp
{
Cc0 exp{CΦ(v,t)}t(q−2)/(2(q−1))

}
. (3.48)

2

We finally present the following lemma to close our arguments on the a priori
estimates.

Lemma 3.6. Assume that (ρ,u) is as in Lemma 3.3. Then there exists a time T ∗∈
(0,1] depending only on c0,µ,λ,a,γ such that

Φ(u,T ∗)≤M,

provided Φ(v,T ∗)≤M with some given M =M(µ,λ,a,γ,c0)>1.

Proof. Lemmas 3.3-3.5 imply that for q=4/α,

Φ(u,t)≤Cc30 exp
{
Cc0 exp{CΦ(v,t)}t(q−2)/(2(q−1))

}
,

which yields that

Φ(u,T ∗)≤M,

by choosing M =Cc30e
Cc0 and

T ∗=min
{
e−2CM(q−1)/(q−2),1

}
. (3.49)

2

4. Proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1. We first use the
Schauder fixed point theorem, Lemma 2.3, to obtain the following local existence of
strong solutions in a bounded smooth domain for ρ̃=0.

Lemma 4.1. For ρ̃=0 and a bounded smooth domain Ω⊂R
2, suppose that (ρ0,u0)

satisfies ρ0≥ δ for some δ>0 in addition to (1.5)-(1.7). Then for T ∗ as in Lemma
3.6, there exists a unique strong solution (ρ,u) to the problem (1.1) on Ω× [0,T ∗],
with

(ρ,u)|t=0=(ρ0,u0), u|∂Ω=0, (4.1)

satisfying




(ρ,P )∈L∞(0,T ∗;W 1,p), (ρ,P )t∈L∞(0,T ∗;Lp),

u∈C([0,T ∗];Lq∩D1∩D2)∩L2(0,T ∗;D2,q),

ut∈L2(0,T ∗;Lq∩D1),
√
ρut∈L∞(0,T ∗;L2),

(4.2)
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for q=4/α and any p∈ [2,q]. Moreover, the following estimate holds:

sup
0≤t≤T∗

(∫

Ω

ρ|u|2dx+
∫

Ω

(1+ |x|α)
(
|∇u|2+P 2+ρ|u̇|2

)
dx

)

+ sup
0≤t≤T∗

(
‖∇2u‖L2(Ω)+‖(ρ,P )‖W 1,p(Ω)+‖(ρ,P )t‖Lp(Ω)

)

+

∫ T∗

0

∫

Ω

(1+ |x|α)|∇u̇|2dxdt+
∫ T∗

0

‖∇2u‖2Lq(Ω)dt

≤C(µ,λ,a,γ,c0). (4.3)

Proof. For T ∗ and M as in Lemma 3.6, set

B,L2(0,T ∗;H1
0 ),

and

ℜ,
{
v∈L∞(0,T ∗;H1

0 ∩D2)∩L2(0,T ∗;D2,q)
∣∣vt∈B,Φ(v,T ∗)≤M

}
.

It is easy to see from Lemma 2.2 that ℜ is a convex and compact subset of the Banach
space B. For any v∈ℜ, by virtue of Lemma 3.1, there exists a unique solution ρ=ρ(v)
solving the Equation (3.1) on Ω× [0,T ∗] and satisfying (3.3). Moreover, according to
Lemma 3.2, there exists a unique solution u=T (v,ρ(v)) solving the problem (3.7) on
Ω× [0,T ∗]. Here, (ρ,u) satisfies the a priori estimates stated in Lemmas 3.3-3.6, so
that T maps ℜ to ℜ.

Next, we will show T is a continuous operator in B. By (3.33) and (3.1)1, we have

sup
0≤t≤T∗

(‖ρ(v)‖W 1,q +‖(ρ(v))t‖Lq )≤C(µ,λ,a,γ,c0). (4.4)

Let vn∈ℜ, n=1,2, · · · , converge to v in B, that is,

vn→v in L2(0,T ∗;H1
0 ), as n→+∞, (4.5)

which together with vn∈ℜ implies

vn⇀v w∗ in L∞(0,T ∗;H1
0 ∩D2)∩L2(0,T ∗;D2,q), as n→+∞. (4.6)

Thus, it follows from Lemma 2.2 and (4.4) that, up to a subsequence,

ρ(vnj
)→ρ in C(Ω× [0,T ∗]), as nj →+∞. (4.7)

Taking the limits in (3.1) where ρ,v are replaced by ρ(vnj
) and vnj

respectively, we
obtain that ρ is a weak solution to (3.1). Then, by the uniqueness of the weak solutions
due to (4.6) and (4.7), we have ρ=ρ(v), which again together with (4.7) and (4.4)
implies

ρ(vn)→ρ in C(Ω× [0,T ∗]), as n→+∞, (4.8)

and

ρ(vn)⇀ρ w∗ in L∞(0,T ∗;W 1,q), as n→+∞. (4.9)

Denoting by un=T (vn,ρ(vn)), by virtue of Lemmas 3.3-3.6 and Lemma 2.2 we get
that, up to a subsequence,

uni
⇀u w∗ in L∞(0,T ∗;H1

0 ∩D2)∩L2(0,T ∗;D2,q), as ni→+∞, (4.10)
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and

uni
→u in B, as ni→+∞. (4.11)

Letting ni→+∞ in (3.7) where ρ,u,v are replaced by ρ(vni
),uni

,vni
respectively, we

obtain that u is a weak solution to (3.7) by (4.11), (4.8), (4.4), and (4.6), which again
yields the uniqueness of the weak solutions to (3.7), and then u=T (v,ρ(v)), which
implies (4.11) holds for un itself. That means T is a continuous operator in B.

By Schauder fixed point theorem, Lemma 2.3, there exists u∈ℜ such that
T (u,ρ(u))=u, which together with Lemmas 3.3-3.5 implies (4.3). The uniqueness
of u and (4.2) follow from (4.3), standard Sobolev embedding theory, and Lemma 2.1.
2

Proposition 4.2. For ρ̃=0 and Ω=R
2, assume that (ρ0≥0,u0) satisfies the con-

ditions of Theorem 1.1. Then for T ∗ as in Lemma 4.1, there exists a unique strong
solution (ρ,u) to the problem (1.1), (1.3), (1.4) on R

2× [0,T ∗], satisfying (4.2) and
(4.3) with Ω=R

2,q=4/α and any p∈ [2,q].

Proof. Define BR={x ||x|<R} and

ψR(x)=ψ(x/R),gR(x)=ψR(x)g(x),ρR0 =ρ0+R
−2,

for (t,x)∈R
2× [0,T ∗], where 0≤ψ∈C∞

0 (B1) is a smooth cut-off function such that
ψ=1 in B1/2. Let u

R
0 ∈H1

0 (BR)∩H3(BR) be the unique solution to the elliptic bound-
ary value problem

LuR0 =FR
0 in BR and uR0

∣∣
∂BR

=0,

where

FR
0 =−∇P (ρR0 )+

√
ρR0 g

R.

Extending uR0 to R
2 by defining it to be zero outside BR, we can show that

uR0 →u0 in D1(BR) as R→∞.

The proof is similar as in [4], so we omit it here.
By Lemma 4.1, there exists some T ∗>0 such that for each R>1, the initial-

boundary-value problem (1.1), (4.1), with Ω=BR and (ρ0,u0)=(ρR0 ,u
R
0 ) for ρR0 ,u

R
0

defined as above, has a unique strong solution (ρ,u) satisfying (4.2) and (4.3). We
denote such (ρ,u) by (ρR,uR).

Extending (ρR,uR) to R
2 by zero outside BR, we have from (4.3) that for p∈ [2,q],

sup
0≤t≤T∗

∥∥ψRρR
∥∥2
W 1,p (4.12)

≤C sup
0≤t≤T∗

∫

BR

(ρR)pdx+C sup
0≤t≤T∗

∫

BR

|∇ρR|pdx (4.13)

≤C, (4.14)

and

sup
0≤t≤T∗

∫

R2

|(ψRρR)t|pdx≤C sup
0≤t≤T∗

∫

BR

|ρRt |pdx≤C. (4.15)
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Moreover, (4.3) gives

sup
0≤t≤T∗

‖∇(ψRuR)‖2H1(R2)+ sup
0≤t≤T∗

‖ψRuR‖2Lq(R2)

≤C sup
0≤t≤T∗

∫

R2

|∇2ψR|2|uR|2dx+C sup
0≤t≤T∗

∫

R2

|∇ψR|2|∇uR|2dx

+C sup
0≤t≤T∗

∫

R2

ψR|∇2uR|2dx+C sup
0≤t≤T∗

∫

R2

ψR|∇uR|2dx

+C sup
0≤t≤T∗

∫

R2

|∇ψR|2|uR|2dx+C sup
0≤t≤T∗

‖uR‖2Lq(BR)

≤CR−2 sup
0≤t≤T∗

∫

BR

|uR|2dx+C sup
0≤t≤T∗

∫

BR

|∇uR|2dx

+C sup
0≤t≤T∗

∫

BR

|∇2uR|2dx+C sup
0≤t≤T∗

‖uR‖2Lq(BR)

≤CR−2+2(q−2)/q sup
0≤t≤T∗

‖uR‖2Lq(BR)+C sup
0≤t≤T∗

‖uR‖2Lq(BR)+C

≤C sup
0≤t≤T∗

∫

BR

|x|α|∇uR|2dx+C

≤C, (4.16)

and
∫ T∗

0

‖(ψRuR)t‖2Lq(R2)dt

≤C
∫ T∗

0

‖uRt ‖2Lq(BR)dt

≤C
∫ T∗

0

∥∥∥u̇R
∥∥∥
2

Lq(BR)
dt+C

∫ T∗

0

‖uR ·∇uR‖2Lq(BR)dt

≤C+C

∫ T∗

0

‖uR‖2L∞(BR)‖∇uR‖2Lq(BR)dt

≤C. (4.17)

Next, (4.17) and (4.3) yield

∫ T∗

0

‖∇(ψRuR)t‖2L2(R2)dt

≤
∫ T∗

0

‖|∇ψR||uRt |‖2L2(BR)dt+

∫ T∗

0

‖ψR∇uRt ‖2L2(BR)dt

≤CR−2

∫ T∗

0

‖uRt ‖2L2(BR)dt+

∫ T∗

0

∥∥∥∇u̇R
∥∥∥
2

L2(BR)
+‖∇(uR ·∇uR)‖2L2(BR)dt

≤CR−4/q

∫ T∗

0

‖uRt ‖2Lq(BR)dt+C

∫ T∗

0

∥∥∇uR
∥∥4
L4(BR)

dt

+C

∫ T∗

0

‖uR‖2L∞‖∇2uR‖2L2(BR)dt+C

≤C+C

∫ T∗

0

‖∇uR‖2L2(BR)‖∇2uR‖2L2(BR)dt
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≤C. (4.18)

Therefore, by Lemma 2.2 and a diagonalization procedure, we can choose a subse-
quence of (ρR,uR), still denoted by (ρR,uR), such that as R→∞

ψRρR⇀ρ w∗ in L∞(0,T ∗;W 1,q(R2))∩W 1,∞(0,T ∗;Lp(R2)), (4.19)

ψRρR→ρ in C(B̄n× [0,T ∗]), (4.20)

ψRuR⇀u w∗ in L∞(0,T ∗;D1(R2)∩D2(R2)), (4.21)

ψRuR⇀u w in H1(0,T ∗;Lq(R2)∩D1(R2)), (4.22)

and

ψRuR→u in C([0,T ∗];W 1,q(Bn)), (4.23)

for any positive integer n.

Now, for any function φ∈C∞
0 (R2× [0,T ∗)), we take (ψR)rφ with r≥max{γ+1,4}

as test function in (1.1), (4.1). Then letting R→∞, it follows from (4.12)-(4.23) that
(ρ,u) is a unique strong solution of (1.1), (1.3), (1.4) on R

2× [0,T ∗] satisfying (4.2),
(4.3) with Ω=R

2. 2

The following Lemmas 4.3-4.6 deal with the higher order estimates of the unique
strong solution (ρ,u), obtained by Proposition 4.2 for ρ̃=0.

Lemma 4.3. The following estimates hold

sup
0≤t≤T∗

∫
ρ|ut|2dx+

∫ T∗

0

(
‖ut‖2Lq +‖∇ut‖2L2

)
dt≤C, (4.24)

sup
0≤t≤T∗

‖(ρ,P )‖H2 +

∫ T∗

0

‖∇u‖2H2dt≤C. (4.25)

Proof. It follows from (4.3) and (2.1) that

sup
0≤t≤T∗

‖u‖Lq∩L∞ ≤C. (4.26)

Estimate (4.24) follows directly from the following simple facts:

∫
ρ|ut|2dx≤

∫
ρ|u̇|2dx+

∫
ρ|u ·∇u|2dx

≤C+C‖ρ‖L∞‖u‖2L∞‖∇u‖2L2

≤C,
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∫ T∗

0

‖ut‖2Lqdt

≤C
∫ T∗

0

‖u̇‖2Lqdt+C

∫ T∗

0

‖u ·∇u‖2Lqdt

≤C
∫ T∗

0

‖|x|α/2∇u̇‖2L2dt+C

∫ T∗

0

‖u‖2L∞‖∇u‖2H1dt

≤C,

and

‖∇ut‖2L2 ≤‖∇u̇‖2L2 +‖∇(u ·∇u)‖2L2

≤‖∇u̇‖2L2 +C‖u‖2L∞‖∇2u‖2L2 +C‖∇u‖4L4

≤‖∇u̇‖2L2 +C,

due to (4.3), (4.26), and (2.2).
Next, we prove (4.25). Note that P satisfies

Pt+u ·∇P +γPdivu=0, (4.27)

which, together with (1.1)1 and a simple computation, yields that

d

dt

(
‖∇2P‖L2 +‖∇2ρ‖L2

)

≤C(1+‖∇u‖L∞)
(
‖∇2P‖L2 +‖∇2ρ‖L2

)
+C‖∇2u‖H1 +C‖|∇2u|(|∇ρ|+ |∇P |)|‖L2

≤C(1+‖∇u‖L∞)
(
‖∇2P‖L2 +‖∇2ρ‖L2

)
+C‖∇2u‖H1 (1+‖∇ρ‖Lq +‖∇P‖Lq )

≤C(1+‖∇u‖W 1,q )
(
‖∇2P‖L2 +‖∇2ρ‖L2

)
+C‖∇2u‖H1

≤C(1+‖∇u‖W 1,q )
(
‖∇2P‖L2 +‖∇2ρ‖L2

)
+C

(
1+‖|x|α/2∇u̇‖L2 +‖∇u̇‖L2

)
, (4.28)

where we have used the following standard H1-estimate for elliptic system (3.45):

‖∇2u‖H1 ≤C (‖ρu̇‖H1 +‖∇P‖H1)

≤C
(
1+‖ρ1/2u̇‖L2 +‖|∇ρ||u̇|‖L2 +‖ρ∇u̇‖L2 +‖∇2P‖L2

)

≤C
(
1+‖∇ρ‖L2q/(q−2)‖u̇‖Lq +‖∇u̇‖L2 +‖∇2P‖L2

)

≤C
(
1+‖|x|α/2∇u̇‖L2 +‖∇u̇‖L2 +‖∇2P‖L2

)
, (4.29)

due to (4.3) and 2q/(q−2)∈ (2,q). It thus follows from (4.3), (4.28), and Gronwall’s
inequality that

sup
t∈[0,T∗]

(
‖∇2P‖L2 +‖∇2ρ‖L2

)
≤C,

which together with (4.3) and (4.29) implies (4.25). 2
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Lemma 4.4. The following estimates hold:

sup
0≤t≤T∗

(‖ρt‖H1 +‖Pt‖H1)+

∫ T∗

0

(
‖ρtt‖2L2 +‖Ptt‖2L2

)
dt≤C, (4.30)

sup
0≤t≤T∗

‖∇ut‖L2 +

∫ T∗

0

∫
ρu2ttdxdt≤C. (4.31)

Proof. We first prove (4.30). One deduces from (4.27), (4.3), and (4.26) that

‖Pt‖L2 ≤C‖u‖L∞‖∇P‖L2 +C‖∇u‖L2 ≤C. (4.32)

Differentiating (4.27) yields

∇Pt+u ·∇∇P +∇u ·∇P +γ∇Pdivu+γP∇divu=0.

Hence, by (4.3), (4.26), and (4.25), one gets

‖∇Pt‖L2 ≤C‖u‖L∞‖∇2P‖L2 +C‖∇u‖L4‖∇P‖L4 +C‖∇2u‖L2 ≤C. (4.33)

The combination of (4.32) with (4.33) implies

sup
0≤t≤T∗

‖Pt‖H1 ≤C. (4.34)

Note that Ptt satisfies

Ptt+γPtdivu+γPdivut+ut ·∇P +u ·∇Pt=0. (4.35)

Thus, one gets from (4.35), (4.34), (4.3), and (4.24)-(4.26) that

∫ T∗

0

‖Ptt‖2L2dt

≤C
∫ T∗

0

(‖Pt‖L4‖∇u‖L4 +‖∇ut‖L2 +‖ut‖Lq‖∇P‖L2q/(q−2) +‖∇Pt‖L2)
2
dt

≤C.

One can handle ρt and ρtt similarly. Hence (4.30) is proved.
Next, we prove (4.31). Differentiating (1.1)2 with respect to t, then multiplying

the resulting equation by utt, one gets after integration by parts that

d

dt

∫ (
µ

2
|∇ut|2+

λ+µ

2
(divut)

2

)
dx+

∫
ρu2ttdx

=
d

dt

(
−1

2

∫
ρt|ut|2dx−

∫
ρtu ·∇u ·utdx+

∫
Ptdivutdx

)

+
1

2

∫
ρtt|ut|2dx+

∫
(ρtu ·∇u)t ·utdx−

∫
ρut ·∇u ·uttdx

−
∫
ρu ·∇ut ·uttdx−

∫
Pttdivutdx
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,
d

dt
I0+

5∑

i=1

Ii. (4.36)

It follows from (1.1)1, (4.3), (4.30), (4.24), and (4.26) that

|I0|=
∣∣∣∣−

1

2

∫
ρt|ut|2dx−

∫
ρtu ·∇u ·utdx+

∫
Ptdivutdx

∣∣∣∣

≤
∣∣∣∣
∫
div(ρu)|ut|2dx

∣∣∣∣+C
∣∣∣∣
∫
ρu ·∇(u ·∇u ·ut)dx

∣∣∣∣+C‖Pt‖L2‖∇ut‖L2

≤C
∫
ρ|u||ut|

(
|∇ut|+ |∇u|2+ |u||∇2u|

)
dx+C

∫
ρ|u|2|∇u||∇ut|dx+C‖∇ut‖L2

≤C‖ρ1/2ut‖L2‖u‖L∞

(
‖∇ut‖L2 +‖∇u‖2L4 +‖u‖L∞‖∇2u‖L2

)

+C‖u‖2L∞‖∇u‖L2‖∇ut‖L2 +C‖∇ut‖L2

≤ δ‖∇ut‖2L2 +Cδ, (4.37)

and

2|I1|=
∣∣∣∣
∫
ρtt|ut|2dx

∣∣∣∣

=

∣∣∣∣
∫
(ρtu+ρut) ·∇(|ut|2)dx

∣∣∣∣
≤C‖ρt‖L2q/(q−2)‖u‖L∞‖ut‖Lq‖∇ut‖L2

+C‖ρ1/2ut‖(q−4)/(q−2)
L2 ‖ut‖q/(q−2)

Lq ‖∇ut‖L2

≤C‖ut‖2Lq +C‖∇ut‖2L2 +C‖∇ut‖2(q−2)/(q−4)
L2 +C

≤C‖ut‖2Lq +C‖∇ut‖4L2 +C, (4.38)

due to 2(q−2)/(q−4)∈ (2,4) by (1.8). Moreover,

|I2|=
∣∣∣∣
∫
(ρtu ·∇u)t ·utdx

∣∣∣∣

=

∣∣∣∣
∫
(ρttu ·∇u ·ut+ρtut ·∇u ·ut+ρtu ·∇ut ·ut)dx

∣∣∣∣

≤C‖ρtt‖L2‖u ·∇u‖L2q/(q−2)‖ut‖Lq +C‖ρt‖L2‖|ut|2‖Lq/2‖∇u‖L2q/(q−4)

+C‖ρt‖L2q/(q−2)‖u‖L∞‖∇ut‖L2‖ut‖Lq

≤C‖ρtt‖2L2 +C‖ut‖2Lq +C‖∇ut‖2L2 . (4.39)

Cauchy’s inequality gives

|I3|+ |I4|=
∣∣∣∣
∫
ρut ·∇u ·uttdx

∣∣∣∣+
∣∣∣∣
∫
ρu ·∇ut ·uttdx

∣∣∣∣

≤C‖ρ1/2utt‖L2 (‖ut‖Lq‖∇u‖L2q/(q−2) +‖u‖L∞‖∇ut‖L2)

≤ δ‖ρ1/2utt‖2L2 +Cδ‖ut‖2Lq +Cδ‖∇ut‖2L2 , (4.40)

and

|I5|=
∣∣∣∣
∫
Pttdivutdx

∣∣∣∣≤‖Ptt‖L2‖divut‖L2 ≤C‖Ptt‖2L2 +‖∇ut‖2L2 .
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Taking into account the compatibility condition (1.6), we can define

u̇(x,t=0)=g,

which implies

‖∇ut(·,0)‖L2 =‖∇u̇(·,0)−∇(u0 ·∇u0)‖L2

≤‖∇g‖L2 +C (‖∇u0‖L2 +‖u0‖L∞)‖∇2u0‖L2

≤‖∇g‖L2 +C. (4.41)

Now, combining all the estimates (4.37)-(4.41), we immediately deduce from (4.36),
(4.30), (4.24), and Gronwall’s inequality that (4.31) holds. 2

Lemma 4.5. It holds that

sup
t∈[0,T∗]

(‖ρ‖H3 +‖P‖H3 +‖∇u‖H2)+

∫ T∗

0

(
‖∇u‖2H3 +‖∇ut‖2H1

)
dt≤C. (4.42)

Proof. The standard L2-estimate for elliptic system, (4.3), and Lemma 4.4 yield that
for p∈ [q,+∞),

‖∇2ut‖L2 ≤C‖µ∆ut+(µ+λ)∇divut‖L2

=‖ρutt+ρtut+ρtu ·∇u+ρut ·∇u+ρu ·∇ut+∇Pt‖L2

≤C (‖ρutt‖L2 +‖ρt‖L2p/(p−2)‖ut‖Lp +‖ρt‖L4‖u‖L∞‖∇u‖L4)

+C (‖ut‖Lp‖∇u‖L2p/(p−2) +‖u‖L∞‖∇ut‖L2 +‖∇Pt‖L2)

≤C‖ρ1/2utt‖L2 +C‖ut‖Lp +C, (4.43)

We observe from (4.43), (4.31), and (4.24) that

∫ T∗

0

‖∇ut‖2H1dt≤C. (4.44)

The standard L2-estimate for elliptic system yields that for p∈ [q,+∞),

‖∇4u‖L2 ≤C‖∇2(µ∆u+(µ+λ)∇divu)‖L2

≤C‖∇2(ρu̇)‖L2 +C‖∇3P‖L2

≤C+C‖∇u‖H2 +C‖ut‖Lp +C‖∇ut‖H1 +C‖∇3P‖L2 , (4.45)

where one has used the following simple facts:

‖∇2(ρut)‖L2

≤C
(
‖|∇2ρ||ut|‖L2 +‖|∇ρ||∇ut|‖L2 +‖∇2ut‖L2

)

≤C
(
‖∇2ρ‖L2 (‖ut‖Lp +‖∇ut‖H1)+‖∇ρ‖L4‖∇ut‖L4 +‖∇2ut‖L2

)

≤C‖ut‖Lp +C‖∇ut‖H1 ,

and

‖∇2(ρu ·∇u)‖L2

≤C
(
‖|∇2(ρu)||∇u|‖L2 +‖|∇(ρu)||∇2u|‖L2 +‖∇3u‖L2

)

≤C
(
‖∇2(ρu)‖L2‖∇u‖H2 +‖∇(ρu)‖L4‖∇2u‖L4 +‖∇3u‖L2

)

≤C
(
1+‖∇2ρ‖L2‖u‖L∞ +‖∇ρ‖L4‖∇u‖L4 +‖∇2u‖L2

)
‖∇u‖H2

≤C‖∇u‖H2
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due to (4.25), (4.3), and (2.3). In view of (4.27), (4.25), and (4.45), we have

(
‖∇3P‖2L2

)
t

≤C
(
‖|∇3u||∇P |‖L2 +‖|∇2u||∇2P |‖L2 +‖|∇u||∇3P |‖L2 +‖∇4u‖L2

)
‖∇3P‖L2

≤C
(
‖∇3u‖L2‖∇P‖H2 +‖∇2u‖H2(1+‖∇2P‖L2)

+‖∇u‖L∞‖∇3P‖L2 +‖∇4u‖L2

)
‖∇3P‖L2

≤C
(
1+‖∇u‖H2)(1+‖∇3P‖2L2)+C(‖∇2u‖H2 +‖∇4u‖L2

)
‖∇3P‖L2

≤C (1+‖∇u‖H2 +‖ut‖Lq +‖∇ut‖H1)(1+‖∇3P‖2L2),

which, together with Gronwall’s inequality and (4.25), (4.24), (4.44), yields that

sup
0≤t≤T∗

‖∇3P‖L2 ≤C. (4.46)

It thus follows from (4.44)-(4.46), (4.24), (4.25), and (4.3) that

∫ T∗

0

‖∇u‖2H3dt≤C,

which, together with (4.46) and (4.25), shows that

sup
0≤t≤T∗

‖P‖H3 +

∫ T∗

0

‖∇u‖2H3dt≤C. (4.47)

It is easy to check that similar arguments work for ρ by using (4.47). Hence,

sup
0≤t≤T∗

‖ρ‖H3 ≤C. (4.48)

Furthermore, it follows directly from (4.44) and (4.47) that

sup
0≤t≤T∗

‖∇3u‖L2 ≤C. (4.49)

Thus (4.42) holds by (4.47), (4.48), (4.44), (4.49), and (4.3). 2

Lemma 4.6. The following estimate holds:

sup
0≤t≤T∗

t
(
‖ut‖2L8/α∩D2 +‖∇4u‖2L2 +‖ρ1/2utt‖2L2

)
+

∫ T∗

0

t‖∇utt‖2L2dt≤C. (4.50)

Proof. Differentiate (1.1)2 with respect to t twice to get

ρuttt+ρu ·∇utt−µ∆utt−(µ+λ)∇divutt

=2div(ρu)utt+div(ρu)tut−2(ρu)t ·∇ut−(ρttu+2ρtut) ·∇u−ρutt ·∇u−∇Ptt.
(4.51)

Multiplying (4.51) by utt and then integrating the resulting equation over R
2, one

gets after integration by parts that

1

2

d

dt

∫
ρ|utt|2dx+

∫ (
µ|∇utt|2+(µ+λ)(divutt)

2
)
dx
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=−4

∫
uittρu ·∇uittdx−

∫
(ρu)t · [∇(ut ·utt)+2∇ut ·utt]dx

−
∫
(ρttu+2ρtut) ·∇u ·uttdx−

∫
ρutt ·∇u ·uttdx+

∫
Pttdivuttdx

=−4

∫
uittρu ·∇uittdx−

∫
ρut · [∇(ut ·utt)+2∇ut ·utt]dx

−
∫
ρtu

iujt∂iu
j
ttdx+3

∫
div(ρu)u ·∇ujtujttdx

+

∫
(div(ρu)tu+2div(ρu)ut) ·∇u ·uttdx

−
∫
ρutt ·∇u ·uttdx+

∫
Pttdivuttdx

=−4

∫
uittρu ·∇uittdx−

∫
ρut · [∇(ut ·utt)+2∇ut ·utt]dx

−
∫
ρtu

iujt∂iu
j
ttdx−3

∫
ρui∂i(u ·∇ujtujtt)dx

−
∫
ρuit∂i(u

k∂ku
jujtt)dx−

∫
ρtu

iuk∂ku
j∂iu

j
ttdx

+

∫
div(ρu)ui∂i(u

k∂ku
j)ujttdx−2

∫
ρui∂i(u

k
t ∂ku

jujtt)dx

−
∫
ρutt ·∇u ·uttdx+

∫
Pttdivuttdx

,

10∑

i=1

Ji. (4.52)

We estimate each Ji(i=1, · · · ,10) as follows. Hölder’s inequality gives

|J1|≤C‖ρ1/2utt‖L2‖∇utt‖L2‖u‖L∞

≤ δ‖∇utt‖2L2 +Cδ‖ρ1/2utt‖2L2 . (4.53)

It follows from (4.24), (4.30), (4.31), and (4.3) that

|J2|≤C
∫ (

ρ|ut|2|∇utt|+ρ|utt||ut||∇ut|
)
dx

≤C‖ρ1/2ut‖L2‖ut‖L∞‖∇utt‖L2 +C‖ρ1/2utt‖L2‖ut‖L∞‖∇ut‖L2

≤ δ‖∇utt‖2L2 +Cδ

(
‖ut‖2Lq +‖∇ut‖2H1

)
+C‖ρ1/2utt‖2L2 , (4.54)

and

|J3|+ |J6|≤C
∫

|ρt||u||∇utt|(|ut|+ |u||∇u|)dx

≤C
(
‖ρt‖L2q/(q−2)‖u‖L∞‖ut‖Lq +‖ρt‖L4‖u‖2L∞‖∇u‖L4

)
‖∇utt‖L2

≤ δ‖∇utt‖2L2 +Cδ‖ut‖2Lq +Cδ. (4.55)

Next, we observe

|J4|≤C
∫
ρ|u||utt|

(
|∇u||∇ut|+ |u||∇2ut|

)
dx+C

∫
ρ|u|2|∇ut||∇utt|dx
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≤C‖ρ1/2utt‖L2

(
‖u‖L∞‖∇u‖L4‖∇ut‖L4 +‖u‖2L∞‖∇2ut‖L2

)

+C‖u‖2L∞‖∇ut‖L2‖∇utt‖L2

≤ δ‖∇utt‖2L2 +Cδ‖∇ut‖2H1 +C‖ρ1/2utt‖2L2 , (4.56)

and

|J5|≤C
∫
ρ|utt||ut|

(
|∇u|2+ |u||∇2u|

)
dx+C

∫
ρ|ut||u||∇u||∇utt|dx

≤C‖ρ1/2utt‖L2‖ut‖Lq

(
‖∇u‖2L4q/(q−2) +‖∇2u‖L2q/(q−2)‖u‖L∞

)

+C‖ut‖Lq‖u‖L∞‖∇u‖L2q/(q−2)‖∇utt‖L2

≤ δ‖∇utt‖2L2 +Cδ‖ut‖2Lq +C‖ρ1/2utt‖2L2 . (4.57)

Moreover,

|J7|=
∣∣∣∣
∫
ρul∂l(u

i∂i(u
k∂ku

j)ujtt)dx

∣∣∣∣

≤C
∫
ρ|utt||u|

(
|∇u|3+ |u||∇u||∇2u|+ |u|2|∇3u|

)
dx

+C

∫
ρ|u|2|∇utt|

(
|∇u|2+ |u||∇2u|

)
dx

≤C‖ρ1/2utt‖L2

(
‖∇u‖3L6 +‖∇u‖L4‖∇2u‖L4 +‖∇3u‖L2

)

+C‖∇utt‖L2

(
‖∇u‖2L4 +‖∇2u‖L2

)

≤C‖ρ1/2utt‖2L2 +δ‖∇utt‖2L2 +Cδ, (4.58)

|J8|≤C
∫
ρ|utt||u|

(
|∇ut||∇u|+ |ut||∇2u|

)
dx+C

∫
ρ|u||∇utt||ut||∇u|dx

≤C‖ρ1/2utt‖L2

(
‖∇ut‖L4‖∇u‖L4 +‖ut‖Lq‖∇2u‖L2q/(q−2)

)

+C‖∇utt‖L2‖ut‖Lq‖∇u‖L2q/(q−2)

≤C‖ρ1/2utt‖2L2 +C‖∇ut‖2H1 +Cδ‖ut‖2Lq +δ‖∇utt‖2L2 , (4.59)

and

|J9|+ |J10|≤C‖ρ1/2utt‖2L2‖∇u‖L∞ +C‖Ptt‖L2‖∇utt‖L2

≤ δ‖∇utt‖2L2 +Cδ‖ρ1/2utt‖2L2 +Cδ‖Ptt‖2L2 .
(4.60)

Multiplying (4.52) by t and integrating the resulting equation with respect to t over
(0,T ∗), we obtain, by using (4.53)-(4.60), (4.30), (4.31), and Gronwall’s inequality
after choosing δ suitably small, that

sup
0≤t≤T∗

∫
tρ|utt|2dx+

∫ T∗

0

t

∫
|∇utt|2dxdt≤C. (4.61)

Next, setting v=u in (3.34) and multiplying the resulting equation by |x|α/2(u̇)t,
we obtain after integrating by parts that

∫
|x|α/2ρ|(u̇)t|2dx+

1

2

d

dt

(
µ

∫
|x|α/2|∇u̇|2dx+(µ+λ)

∫
|x|α/2|divu̇|2dx

)
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=−
∫
ρ(u ·∇u̇)|x|α/2(u̇)tdx

−µα
2

∫
∂iu̇

k(u̇k)t|x|α/2−2xidx− α(µ+λ)

2

∫
divu̇((u̇)t ·x)|x|α/2−2dx

+µ

∫
(∂iu

k∂iu)∂k(|x|α/2(u̇)t)dx−µ
∫
(∂ku

k∂iu)∂i(|x|α/2(u̇)t)dx

+µ

∫
(∂iu

k∂ku)∂i(|x|α/2(u̇)t)dx−(µ+λ)

[∫
(divu)2div(|x|α/2(u̇)t)dx

−
∫
(∂ju

k∂ku
j)div(|x|α/2(u̇)t)dx−

∫
(∇ukdivu) ·∂k(|x|α/2(u̇)t)dx

]

−
∫

(P∇uk) ·∂k(|x|α/2(u̇)t)dx−(γ−1)

∫
Pdivudiv(|x|α/2(u̇)t)dx,

9∑

i=1

Ki.

(4.62)

In view of (2.1), Lemma 4.4 and 4.5, we estimate each term on the righthand side of
(4.62) as follows:

|K1|=
∣∣∣∣
∫
ρ(u ·∇u̇)|x|α/2(u̇)tdx

∣∣∣∣

≤C‖u‖L∞‖ρ1/2(u̇)t|x|α/4‖L2‖|∇u̇||x|α/4‖L2

≤ 1

2
‖ρ1/2(u̇)t|x|α/4‖2L2 +C‖|∇u̇||x|α/4‖2L2

≤ 1

2
‖ρ1/2(u̇)t|x|α/4‖2L2 +C‖|∇u̇||x|α/2‖2L2 +C‖∇u̇‖2L2 , (4.63)

K2=−µα
2

∫
∂iu̇

k(u̇k)t|x|α/2−2xidx

≤−µα
2

d

dt

∫
∂iu̇

ku̇k|x|α/2−2xidx+C

∫
|∇(u̇)t||u̇||x|(α−2)/2dx

≤−µα
2

d

dt

∫
∂iu̇

ku̇k|x|α/2−2xidx+C‖∇(utt+ut ·∇u+u ·∇ut)‖L2‖u̇|x|(α−2)/2‖L2

≤−µα
2

d

dt

∫
∂iu̇

ku̇k|x|α/2−2xidx

+C(‖|∇u̇||x|α/2‖2L2 +‖∇utt‖2L2 +‖ut‖2L4/α‖∇2u‖2L4/(2−α)

+‖∇u‖H2‖∇ut‖2L2 +‖u‖2L∞‖∇2ut‖2L2)

≤−µα
2

d

dt

∫
∂iu̇

ku̇k|x|α/2−2xidx

+C(‖|∇u̇||x|α/2‖2L2 +‖∇utt‖2L2 +‖ut‖2L4/α +‖∇2ut‖2L2 +1), (4.64)

K4=µ

∫
(∂iu

k∂iu)∂k(|x|α/2(u̇)t)dx

≤µ d
dt

∫
(∂iu

k∂iu)∂k(|x|α/2u̇)dx+C
∫

|∇ut||∇u|(|∇u̇||x|α/2+ |u̇||x|(α−2)/2)dx

≤µ d
dt

∫
(∂iu

k∂iu)∂k(|x|α/2u̇)dx
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+C(‖∇u‖L∞‖∇ut‖L2)(‖∇u̇|x|α/2‖L2 +‖u̇|x|(α−2)/2‖L2)

≤µ d
dt

∫
(∂iu

k∂iu)∂k(|x|α/2u̇)dx+C‖∇u̇|x|α/2‖2L2 +C, (4.65)

and

K8=−
∫

(P∇uk) ·∂k(|x|α/2(u̇)t)dx

≤− d

dt

∫
(P∇uk) ·∂k(|x|α/2u̇)dx

+C

∫
(|Pt||∇u|+P |∇ut|)(|∇u̇||x|α/2+ |u̇||x|(α−2)/2)dx

≤− d

dt

∫
(P∇uk) ·∂k(|x|α/2u̇)dx+C(‖Pt‖L2‖∇u‖L∞ +‖P‖L∞‖∇ut‖L2)

×(‖∇u̇|x|α/2‖L2 +‖u̇|x|(α−2)/2‖L2)

≤− d

dt

∫
(P∇uk) ·∂k(|x|α/2u̇)dx+C‖∇u̇|x|α/2‖2L2 +C. (4.66)

Similarly, we can estimate the other terms on the righthand side of (4.62). There-
fore, we arrive at

1

2

∫
|x|α/2ρ|u̇t|2dx+

1

2

d

dt

(
µ

∫
|x|α/2|∇u̇|2dx+(µ+λ)

∫
|x|α/2|divu̇|2dx

)

≤ d

dt
Ψ(t)+C(‖∇u̇‖2L2 +‖|∇u̇||x|α/2‖2L2 +‖∇utt‖2L2 +‖ut‖2L4/α)

+C‖∇2ut‖2L2 +C,

(4.67)

where

Ψ(t),−µα
2

∫
∂iu̇

ku̇k|x|α/2−2xidx− α(µ+λ)

2

∫
divu̇(u̇ ·x)|x|α/2−2dx

+µ

∫
(∂iu

k∂iu)∂k(|x|α/2u̇)dx−µ
∫
(∂ku

k∂iu)∂i(|x|α/2u̇)dx

+µ

∫
(∂iu

k∂ku)∂i(|x|α/2u̇)dx−(µ+λ)

[∫
(divu)2div(|x|α/2u̇)dx

−
∫
(∂ju

k∂ku
j)div(|x|α/2u̇)dx−

∫
(∇ukdivu) ·∂k(|x|α/2u̇)dx

]

−
∫
(P∇uk) ·∂k(|x|α/2u̇)dx−(γ−1)

∫
Pdivudiv(|x|α/2u̇)dx.

It is easy to show that

|Ψ(t)|≤µα2‖|x|α/4∇u̇‖2L2 +(µ+λ)α2‖|x|α/4∇u̇‖2L2

+C

∫ (
|∇u|2+ |∇u|

)(
|x|α/2|∇u̇|+ |u̇||x|(α−2)/2

)
dx

≤ (2µ+λ)α2‖|x|α/4∇u̇‖2L2 +C

∫
|∇u|(|x|α/2|∇u̇|+ |u̇||x|(α−2)/2)dx

≤ (2µ+λ)α2‖|x|α/4∇u̇‖2L2 +C‖∇u|x|α/4‖L2‖|x|α/4|∇u̇‖L2

≤2(2µ+λ)α2‖|x|α/4∇u̇‖2L2 +C‖∇u|x|α/2‖2L2 +C‖∇u‖2L2
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≤ µ

8
‖|x|α/4∇u̇‖2L2 +C. (4.68)

Multiplying (4.67) by t and integrating the resulting equation over (0,T ∗), we deduce
from (4.68), (4.61), (4.3), and (4.24) that

sup
0≤t≤T∗

∫
t|x|α/2|∇u̇|2dx+

∫ T∗

0

t

∫
|x|α/2ρ|u̇t|2dxdt

≤C
∫ T∗

0

(‖∇u̇‖2L2 +‖|∇u̇||x|α/2‖2L2

+t‖∇utt‖2L2 +‖ut‖2L4/α)dt+C

∫ T∗

0

(‖∇2ut‖2L2 +1)dt

≤C. (4.69)

It follows from (4.69) and (2.1) that

sup
0≤t≤T∗

t‖u̇‖2L8/α ≤C sup
0≤t≤T∗

t‖|x|α/4∇u̇‖2L2 ≤C,

which yields that

sup
0≤t≤T∗

t‖ut‖2L8/α ≤C sup
0≤t≤T∗

t
(
‖u̇‖2L8/α +‖u ·∇u‖2L8/α

)

≤C+C sup
0≤t≤T∗

‖u‖2L∞‖∇u‖2L8/α

≤C. (4.70)

Choosing p=8/α in both (4.45) and (4.43), together with (4.42), yields that

sup
0≤t≤T∗

t‖∇4u‖2L2 ≤C. (4.71)

Hence (4.50) follows from (4.61), (4.70), and (4.71) directly. 2

Now we prove our main result Theorem 1.1.
Proof of Theorem 1.1. Proof. If ρ̃=0, Theorem 1.1 is an easy consequence of
Proposition 4.2 and Lemmas 4.3-4.6. It remains to prove that (ρ,u) becomes a classical
solution for positive time, that is, for any τ ∈ (0,T ∗],

ut,∇2u,∇ρ, ρt∈C
(
[τ,T ∗]×R2

)
. (4.72)

It follows from (4.42) and (4.50) that for any τ ∈ (0,T ∗],

sup
τ≤t≤T∗

‖∇2u‖H2 ≤C(τ),

which, together with (4.42), (∇2u)t∈L2(R2×(0,T ∗)), gives that for p∈ (2,+∞),

∇2u∈C([τ,T ∗];H1∩W 1,p) →֒C
(
R2× [τ,T ∗]

)
. (4.73)

It follows from (4.50) and (4.31) that

sup
τ≤t≤T∗

(‖ut‖L8/α +‖∇ut‖H1)+

∫ T∗

τ

‖(∇ut)t‖2L2dt≤C(τ), (4.74)
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which implies for p∈ (2,+∞),

∇ut∈C([τ,T ∗];L2∩Lp). (4.75)

It follows from (4.74) and (4.75) directly that

ut∈C
(
R2× [τ,T ∗]

)
. (4.76)

We deduce from (4.30) and (4.42) that

∇ρ∈L∞(0,T ∗;H2), (∇ρ)t∈L∞(0,T ∗;L2),

which yields that for p∈ (2,+∞),

∇ρ∈C([0,T ∗];H1∩W 1,p) →֒C
(
R2× [0,T ∗]

)
. (4.77)

It follows from (1.1)1, (4.73), and (4.77) that

ρt∈C
(
R2× [0,T ∗]

)
,

which together with (4.73), (4.76), and (4.77) gives (4.72).
If ρ̃>0, after bounding ‖u‖L2(R2) and ‖u̇‖L2(R2) by Lemma 2.5, we obtain

Theorem 1.1 as above. Hence, the proof of Theorem 1.1 is complete. 2
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