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NUMERICAL SOLUTION OF BI-PERIODIC ELLIPTIC PROBLEMS
IN UNBOUNDED DOMAINS*

CHUNXIONG ZHENGT

Abstract. This paper aims at an efficient numerical approach for bi-periodic elliptic problems
with local defects in unbounded domains. We employ the methodology of artificial boundary methods
and try to design an accurate boundary condition in the form of a Dirichlet-to-Neumann (DtN) map.
The key issue is how to take advantage of periodicity as much as possible. We develop an approach
of computing the DtN map based on the DtN gluing and homogenization techniques, and prove the
unique solvability of the resulting discrete variational problem. Numerical evidence validates the
effectiveness of the proposed method.
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1. Introduction

Periodic media play an important role in many applications such as optics and
material science. When the number of periodic cells is huge, a domain-based dis-
cretization method directly using the details of each periodic cell could be too de-
manding and even hopeless. However, if the size of periodic cell is relatively small,
one can apply the homogenization theory [2], either directly or indirectly, to develop
a PDE solver which is asymptotically valid for the large scale homogenized equation.
We say that this kind of numerical method is homogenization-based. So far, the
validity of homogenization-based methods strongly relies on the scale separation of
the exact solution. In more realistic applications, unfortunately, this precondition is
generally violated since the media are not perfectly periodic and the defects appear
in some local regions. In this case, a full continuous set of scales might get involved,
which renders the homogenization-based methods either inaccurate or not applicable.
New ideas should be developed for this kind of problem.

In this paper, we are concerned with the numerical strategy for a particular
instance of the above defect problems: the exterior elliptic problem with bi-periodic
variable coefficients of the form

—V-(A(2)Vu)+ag(z)u=0, Vo € R?\D, (1.1)
u(z)=g(z), V€D, (1.2
/ | VulPdz < oo, (1.3)

R2\D

where ge Hz(AD), ao(z) is a nonnegative scalar function, and A is a symmetric
matrix-valued function such that for two positive constants o and 3,

alé?<E-A(x)E<BIE, Yz eR?, VEER?. (1.4)

We use the notation Cpp = (—0.5,0.5)% and assume D C Cy is a Lipschitz domain. We
suppose A and c are bi-periodic with period of 1 except on the defect cell Cyy. More
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514 BI-PERIODIC ELLIPTIC PROBLEMS

precisely, for any m,n €Z and x = (z1,22) € R? with # & Cog and (x1 +m,z2 +n) & Coo,
we assume

A(z1+m,xe+n)=A(x1,22), c(z1+m,z0+n)=c(x1,22).

According to the analysis in [11], there exist a constant u, and two positive constants
C and ¢ such that for sufficiently large x, the solution of (1.1)-(1.3) satisfies

[u(z) — oo | < Clz|7°. (1.5)

This implies that the solution of (1.1) with a finite Dirichlet integral tends to a
constant when the location point is far away from the coordinate origin. For instance,
if A(z)=1I2x2 and ¢(z)=0, then 6 =1, and if ¢(z) > ¢p >0, then us, =0 and § can be
made arbitrarily large since the solution decays exponentially fast at infinity.

Since the definition domain is an exterior region, the problem (1.1)-(1.3) is a so-
called unbounded domain problem. If one is interested in the numerical behavior of
such problems, a common practice is to introduce some suitable artificial boundary
and confine the computation to a bounded domain. For the considered problem, a
natural choice of this artificial boundary is the defect cell boundary dCyg. If the
exact Dirichlet-to-Neumann (DtN) map on 0Cyg, denoted by K, is derived for the
governing Equation (1.1) on the residual unbounded domain R?\Cjy, the solution of
the problem

—V - (A(x)Vu)+ag(z)u=0, Yz € Coo\D, (1.6)
u(z)=g(x), Ve €0D, (1.7)
n- (A(x)Vu(z))+ Kluloc,, | (z) =0, Vo € 9Cq0, (1.8)

will be the same as that of the original problem (1.1)-(1.3) restricted to the bounded
domain Cgo\D. Here n denotes the unit normal directed into R?\Cpo. A suitable
numerical method is then employed to compute the solution of the truncated domain
problem (1.6)-(1.8).

The key ingredient of the above practice is the determination of the DtN map K.
This issue has been a research subject for nearly forty years under various problem
settings. However, the closed form of this map is only available for some PDEs in
special geometries. In general, a good approximation is the best one could expect.
The readers are referred to [1, 7, 8, 9, 12] for some nice review papers. As far as the
periodic structure problems are concerned, an analytical expression for the scattering
operator in the form of a DtN map was presented in [13] for the one-dimensional
Schrodinger equation with sinusoidal potential. Later this expression was extended
to more general second-order ODE problems [5] in the case that the coefficient func-
tions are symmetric. The DtN map for general one-dimensional periodic arrays was
considered in [10, 3, 4]. Instead of seeking a closed form analytical expression, the
authors of [10, 3, 4] proposed some viable algorithms for computing the DtN map
in the discrete form. The underlying ideas had been further extended for bi-periodic
structure problems in [6, 3].

In this paper, we propose a new approach of approximating the DtN map of bi-
periodic elliptic problems by taking (1.1)-(1.3) as an example. Let us indicate G,, as
the union of a 3 x 3™ bi-periodic array centered at the origin. It holds that Gy = Clo,
GoCG1CGyC -+, and lim, o, G, =R% Put D, =G, 11\G,. Then {D,}, forms
a non-overlapping decomposition of the residual domain R?\Cyo; see Figure 1.1.
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DvaD‘DvD‘DvaD‘DvaD
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Fic. 1.1. The residual unbounded domain RZ\C_’OO :RQ\GO is decomposed into a sequence of
similar bounded domains {Dn}52 . Each Dy consists of eight identical cells or super-cells. Here
Go=Coo denotes the defect cell.

Confined to any D,, with n >0, the governing Equation (1.1) is well-posed pro-
vided the Dirichlet boundary conditions are specified on the two disjointed boundaries
0G,, and 0Gp+1. A DtN map, denoted by Kp, , is thus uniquely determined. Setting
the Dirichlet and Neumann data as

Un,p =1u|oG, s Un,n =0 A(z)Vu(z)|og,,

with n being the unit normal directed to the exterior of G,,, we have

<Un,N> —Kp, ( Un,D )7 n=0,1,---. (1.9)
un+1,N un—l—l,D

Note that Kp, is non-negative in the sense that
(lCDnu|aDn,u|3Dn>:/ (n.A(:v)Vu(m))u(x)ds:/ [Vu-A(m)Vu+ao(x)u2] dx > 0.
oD, n

After Kp, has been determined, the DtN map on U,Ll:ODn =Gpr41\Cop for any L>1
can be derived by the following gluing procedure. Take the case L =1 as an example.
Rewriting Kp, and Kp, into the block form (A;;) and (B;;), we have

<_U0,N> _ <«411 A12> <U0,D> (—U1,N> _ <B11 312) <u1,D>
UL,N Azg Asz ) \uip)’ \ ug,n Ba1 Bas ) \u2.p

or, equivalently,

—uo,n =A11uo0,p +Ar2u1,p, (1.10)
w1, Ny = Az1uo,p +A22u1,p, (1.11)
—u1,§y = Bi1u1,p +Biauz p, (1.12)
Uz, N = Ba1u1,p +Baoua p. (1.13)
Adding (1.11) and (1.12) together yields
uy,p=—(Aa2 +B11)_1(A21U0,D+B12u2,D)- (1.14)

The invertibility of Ay + By1 is ensured by the well-posedness of governing Equation
(1.1) in conjunction with the Dirichlet boundary conditions on 0Gy and 0Gs.
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Substituting (1.14) into (1.10) and (1.13) gives

—Uo,N = [An —Ai2( Az +B11)71A21] up,p — A12(Aza +Bi1) ' Biaua, p, (1.15)
ug, N = —Ba1 (A2 + 311)71A21U0,D + [322 —Ba1 (A + 311)71312] u2,p, (1.16)

which implies

K — Ay — Ao (Aza +Bi) T Az —Ara( A+ Biy) ! Bia
DouDs —Bo1(Az2 +Bi1) " Aa1 Baa—Bai(Asx+Bii) ' Big)

For L > 2, the DtN map Kp,u...up,, is derived by repeating the above gluing procedure
L times.

Since the size of domain G, grows exponentially fast with respect to L, in terms
of (1.5), we can terminate the gluing procedure for a moderately large L and impose
the homogeneous Neumann boundary condition at G 41. Rewriting Kp,u...up, into
a block form (C;;,1,) we have

—uo,n \ _ (Ci1,L Cia,L Uo,D —0
- C C , Up+1,N =VU.
UL4+1,N 21,L L22,L UrL+1,D
From these equations we derive

—1
—uo,n =Kruo,p, Kr=C11,L —Ci2,0.C5 1,Co1,L-

The operator Ky gives an approximation of the exact DtN map K on 0Gy, and
limy_,,. K, =K in a suitable sense.

Intuitively, the above idea of deriving an approximate DtN map is not limited
to the considered periodic structure problems, and is seemingly applicable in a much
more general case. Practically, however, unless some symmetry is prescribed in the
problem setting, this idea is of no use since the computational cost of the DtN map in a
large domain is very expensive for a general variable coefficient problem. Fortunately,
the problem considered in this paper fulfills the symmetry requirement perfectly; the
whole domain consists of identical periodic cells except only one defect cell. In this
special case, the DtN map on the large domain can be derived very efficiently. For
example, after the DtN map on a single periodic cell has been derived, the DtN map
Kp, can be computed by gluing together 8 single cell DtN maps. The domain D,
consists of 9 x 8="72 periodic cells, much more than Dy does. However, if the DtN
map on a super-cell, a 3 x 3 bi-periodic array, has been derived successfully, one can
compute Kp, by merely gluing 8 super-cell DtN maps. The computation of other
Kp, is analogous. We will study these technical issues in detail in the next section.

2. Discrete approximation of the DtNN map
Given a bounded Lipschitz domain Q C R?\Cyy, set
agq(u,v) def (A(2)Vu,Vv)aq -+ (ao(x)u,v)q, Yu,vc H(Q). (2.1)
According to the Assumption (1.4), ag(-,-) defines a bounded symmetric bilinear form
on HY(Q). For any fe H %(89), let us consider the minimization problem

de aQ(’UvU)

f .
J = f 2.2
a0 (f) U (2.2)
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By Dirichlet’s principle, the infimum is attained by S(f)€ H'(Q) which uniquely
solves the following variational problem:
Find ue H'(Q) with u|sq = f € H? (8Q) such that

ag(u,v) =0, Yo € Hy (Q). (2.3)
Therefore, it holds that

a0 (S().S())

Joa(f)= 5

The variation of Jyq is

<8Jaa(f),9>00=aa(S(f),S(9)), Vge H? (99),

which implies that §Jsq is simply the DtN map Kq on the domain .

Let Bfg, be a boundary triangulation of 9 with the characteristic mesh size h,
and T a triangulation of 2 by triangles and/or rectangles compatible with Bgn- Let
Py denote the polynomials of total degree k, and @ the polynomials of maximum
degree k for each spatial variable. If T € T} is a triangle, put V(T) = P¥(T), and if T
is a rectangle, put V(T)=Q*(T). Set

Vi ={vec(Q):vlreV(T) VT €T},

2.4
Bho={weC(09):wl|. € Py(e),Yee B} @4

For any f" € Bl,, let us consider the discrete counterpart of the minimization problem
(2.2):

h o phy_ : aq(v,v)
Jan(f)*v‘m:lfr}lf,vevg 5

(2.5)

The infimum is attained by S"(f") € Vi, which uniquely solves the following discrete
variational problem:
Find u" e V{{ with u”|pq = f* such that

ag(u,v) =0, Yo e V& with v|gq=0. (2.6)
Similar to the continuous case, it holds that

ao (Sh( iy Sh( fh
Jho(F) = o(S"(f 2)75 (f )). (2.7)

The variation of Jgﬂ is
(6T5a(f"),9" o0 =aa(S"(f"),8"(¢")), V4" € Biq. (2.8)

Therefore, (Ugﬂ gives a discrete approximation of the exact DtN map dJyq =Kq.
Note that by setting K& :5J§Q, we have

Tha(sh =220 (29)
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2.1. Single cell DtN map. In this part we compute the discrete DtN
map IC’(} for a single periodic cell C. More precisely, we will compute the matrix
representation of IC@ under a suitable set of basis functions. Here and hereafter, by
matrix representation of an operator £ in some Hilbert space V', we mean a matrix
B =(b;;) such that

bij = (Lpi,pj)v,

where (-,-)y stands for the inner product and {¢;} consists of a complete set of basis
functions in V.

Let Bgc be a boundary triangulation of dC obtained by decomposing each of
four edges into M =1/h equivalent segments, and let 72 be a triangulation of C' by
triangles and/or rectangles compatible with Bgc. The finite element spaces VC@ and
Bl are defined as (2.4).

. h
Let {®;4(z)}1%9¢ be the boundary element basis functions of Bl,. We use
the same notation @, x(x) to indicate its natural extension into V. Besides, let

. h_ h
{Pir(x) zlzmlvc dmBse 16 the finite element basis functions of Véf associated with
the interior degrees of freedom of 7. We denote the stiffness matrix associated with
the bilinear form ac(-,-) (see (2.1)) by

A= (a1 ) A=
where
ar11:61 =ac(Po.1, Po k), a12:61 =021k =0c (Pit, Po k), a2o.01=0c(Pir, Pik).
Set
B=Ay— A2 A5y Agy, B=(bgy).
According to (2.8) and (2.6) we have

bri = (KE@b.1,Po k) oo »

which implies that B is the matrix representation of K% under the boundary element
dim B},

basis functions {®y ()}, _; of Bh..

PropoOSITION 2.1. IC’& is a symmetric non-negative definite operator from Bgc to
Bgc, Besides, the only possible null functions of ICEv are constant. Any operator with
these properties is regarded almost symmetric positive definite (SPD).

Proof. By (2.8), ICg is symmetric and non-negative definite. If there exists
fhe Bl satisfying K& f" =0, then JE~(f*)=0 by (2.9). In terms of (2.7), it holds
that

ac(S"(f"),8"(f")=0.
Since (see (1.4))
ac(S"(f"),8" (") = alS" (M) ¢

S"™(f") is constant. Therefore, f* should be constant. This ends the proof. ]
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2.2. DtN gluing. Suppose {Q;}¥, are N non-overlapping bounded domains
such that Q=UXY,(; has a connected interior part. See Figure 2.1 for two typical
examples. Let BgQi be the boundary function space on 9€);. Suppose {Bgﬂi}f\il is
consistent in the sense that their restricted spaces are the same on any shared part
of boundary. With this assumption, {BgQi}ﬁil induces an interface function space,

denoted by BL’jN 56, » Which is defined on the union of all 952;. {Bh, }N | also induces
i=1 v 2

the boundary function space Bgﬂ on J92. We should point out that the consistency
requirement is automatically satisfied if all €2; consist of identical periodic cells and
all periodic cells are meshed in the same manner as in the last subsection.

Fic. 2.1. Left: Gluing 8 cell DtN maps for the ring-shaped domain. Right: Gluing 9 cell DIN
maps for the super-cell.

The approximate DtN map /Cg can surely be determined with the method in
the last subsection. However, if the approximate DtN maps IC&_ on the sub-domains
Q; have been derived, then Kg can be computed more efficiently, as shown in the
following.

For any f"e€ Bk, according to (2.5) and (2.9) we have

aq(v,v) ~a (v,v)
Joa(f")=  inf To= nf TR

vlga=r"vevh 2 vlgo=fh,veVh

N a (vi,v:)
= inf inf ZM

—fh h ) — ) h 2
wlgo=Ff ’weBU{\j_laﬂi viloa, =wlon, ,vi€Vy, 771

N
. h

. lnth E Joq, (wlag;)

wlon=Ff" we ON oo, i=1

N (h
_ inf ) Z (’Cﬂiwbﬁiéwbﬁi)aﬂi )
w|6§2:fh,wEBUlN:130i i—1
Set
def o
e
ba(v,w) =Y (K, vlon, wloa,on,, Yo,we€ Bl 4o (2.10)
i=1
then we have
bo (w,w)
Jh(FM = inf .
aa(f") o L 5
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The infimum of the above minimization problem is attained by S*(f")e B!y
i=1 N
which solves the following interface variational problem:
Find ve B@V:lmi with v|pq = f" such that
ba(v,w) =0, Ywe Blly ¢, with w|sq =0. (2.11)

The variational problem (2.11) is uniquely solvable since all ICgi are almost SPD.
Therefore, we have

ba(S*(f"), 8" (/")
2 )

Jha(f")=
and
(K&f",g") o0 = (0T5a(f"),9")oa =ba(S* (1), 8" (¢")), V",g" € Bio.  (2.12)

The determination of K} is much similar to that of the cell DtN map explained

: h
in the last subsection. Let {® () 22369 be the boundary element basis functions

of Bl,. We use the same notation ®; (z) to indicate its natural extension into the
—dim B}q,

' be the

associated with the interior degrees of

dimB"
. . h . uN o
interface function space Bufilc’mi' Besides, let {®;x(2)},,

interface element basis functions of BC N 50,
=193

freedom. The stiffness matrix associated with the bilinear form bg(-,-) (see (2.10)) is
denoted by

Bi1 B
B= ( 1 12)7 an: (bmn;kl)a

By By
where
N
h
bk =Y (K, b1, Pp1)00,
i=1
N
biogi =borap =Y (KB @i, ®p1)
12:1 = 21,1k 0 Pi s Po k) o0
i=1
N
h
baoki = Z(KQi‘bi,l7¢i,k)3Qi~
i=1

B can be easily written out if the matrix representations of IC’gli are available. Set

de _
C =fB11 — B12B5y' Ba1, C'=(c1).
According to (2.12) and (2.11) we then have
Chl= (’C?ﬂ’b,l,‘pb,k)m .

This implies that C' is the matrix representation of K} under the boundary element
. h
basis functions {® ;(z) lemle of Bh,.

PROPOSITION 2.2. If all ngi are almost SPD, then so is K&. The proof is analogous
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to that of Proposition 2.1, and we omit it here.

The benefit of the proposed gluing method is obvious: the approximate DtN map
in a large domain can be determined merely through the DtN maps on individual
components, without consulting the details of the interior mesh structure. The com-
putational cost is nearly cubic to the dimension of the interface function space. This
is a remarkable reduction of complexity compared with the direct method in the last
subsection, since the latter involves the invertibility of a matrix whose rank is the
total number of degrees of freedom in the solid domain.

2.3. DtN homogenization. After the single cell DtN map IC% has been
derived as in the Subsection 2.1, one glues eight such cell DtN maps to derive IC%O,
the approximation of the DtN map K p, on Dy. To approximate Kp,, one can first glue
nine cells’” DtN maps to derive the DtN map IC{‘)C for a super-cell consisting of a 3 x 3
bi-periodic array, and then glue eight IC?C to obtain IC'})l. The approximation of Kp,
with n > 2 is derived recursively. With the above treatment, however, one immediately
realizes that since the number of operations needed for £, is of O((dimBj, )?), and
dimBgan is tripled each time as n increases, the computational cost tends to a heavy
burden quickly. In this part, we propose a novel technique called DtN homogenization
to avoid this complexity disaster.

The basic idea of this technique is to control the dimension of the representative
space of the DtN map. It is known that IChU is an almost SPD operator defined on
BgGO @Bgcl Let P, be the L? projection from BaG to B2 fen CB@G , where B3I,
denotes the boundary function space with a characterlstlc mesh size 3h Set

Kl =T @Pw)Kh, (IP)).

Here 77,;'— denotes the adjoint operator of Pj, which identically embeds Bg’él into
BgGl. Then 16%0, acting on BgGO ®Bg}é1’ gives a simplified version of the discrete
DtN map IC}[L)O by coarsening the representations of both Dirichlet and Neumann data

at 9G1. Note that since dimng1 :dimBgG07 we have used the same number of
degrees of freedom on Gy and 0G1, the two disjointed boundaries of Dy.
dlmBaGl

dlmB
Let {‘I)aGO (@)}, {(I)ac:l (@)} , and {(I)aal (@)} e 561 be the
boundary element ba81s functlons of Baaoa BaG17 and B reh respectlvely. Suppose
P =(py,;) satisfies

dim BaG0

ac:1 Zpqu)BGl

and C'=(cy) is the matrix representation of IC%{J under the basis functions

dlch’)Go dlmBaG1

{(I)gGo, (@)} ey and {@gcl’ ()} oy , then under the basis functions
dim B}, dim B ~
{(I)gGo, (z) klml o9 and {CIJaG1 (@) klml %91 the matrix representation of K7, is

simply

é:(é g>c<é JBT).

The matrix elements of P are easily determined if the order of finite elements is
specified.
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To derive an approximation of Kp,, we first compute the super-cell DtN map
Klf,c with the gluing procedure. Note that IC’iC is defined on BgGl. A homogenized

version of IC?’C is then derived as
]Ci Phlc CPh

This operator is defined on B3h The approximate DtN map of Kp,, denoted by
IC ', is derived by first gluing elght super-cell DtN maps K3" ‘¢, and then applying
the DtN homogemzatlon on the exterior boundary dGs. Therefore, I€3hl is defined

on the space th @Bk 5¢,- The approximations of Kp, with n>2, denoted by IC3"

are computed recurswely
For the ease of reference, we write the entire algorithm.

Step 1 Given h, generate the boundary mesh Bgc and the interior mesh Tgf for a
single periodic cell.

Step 2 Specify the order of finite elements. Form the boundary element space Bgc
and the interior finite element space Tj%. Compute the single cell DtN map
Kl

Step 3 Set the zeroth level super-cell DtN map IC’&C = ICg. Forn=0,1,---, we perform

° Derive IC3"h by gluing together eight n-th level super-cell DtN maps
IC . Set

Kyh=(IeP)Kh IaPT),

where P is the L? projection from B3} ', to ngirhl.

e Derive n+ 1-st level super-cell DtN map lCn;hl ¢ by gluing together nine

n-th level super-cell DtN maps IC . Set the homogenized n+ 1-st level
super-cell DtN map as

3ntlpy 3"h T
,Cn+1,C_P,Cn+1,CP .

It should be pointed out that what we really derive from the above algorithm are the
matrix representations of IC%';}L under the natural boundary element basis functions

dlmBac 3np, gntlp, B; nt1 gntiy,
{(baGn,k( x)}y, of B35 and {<I>aGn+17k(x)}k:1 of BBGHH‘
PROPOSITION 2.1. If KP is almost SPD, so are K3'/ and I@%;h.

Proof. Tt suffices to prove that IC‘;”LC and l@%g are almost SPD. By Proposition
2.2, K]f,c and IC%U are almost SPD. Thus both IC3h and I@,hjo are non-negative definite.
If there exists a function v € ng such that IC3 'cv=0, then P Twv should be constant,
since IC?C is almost SPD. This implies that v is constant, considering P ' is the
embedding operator from B 56, to B This indicates that IC‘;”}LC is almost SPD.
The proof for IC%O is analogous. ]

2.4. Truncated domain problem. With the gluing and homogenization
techniques, we have derived a sequence of approximate DtN maps IC?bnnh of Kp, on

the domain D,,, which acts on B(9 @Bg’g;hl . By Proposition 2.1, all I@i’b’;h are al-
most SPD. For any L >0, we can employ the gluing procedure again to derive an
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approximate DtN map on UX_ D, =G 1\Goy. We denote this map by K}, which is
also an almost SPD operator. Recall that the size of domain UL_, D,, increases expo-
nentially fast with respect to L. In terms of (1.5), we can terminate the above gluing
process at a moderately large L, and apply the homogeneous Neumann boundary
condition at OGL41-

Let u? D EBQG be the approximate Dirichlet/Neumann data. Rewriting ICh
into a block orm gives

uh h h
Uyn N\ _onf %o \_ (Ci1,r Ci2L Uy p
3L+1h —ICL 3L+lh — C C L+1h (213)
UL+1,N UT11,D 21,L Co2 1, uLJrl "

where (C;;.1.) is the block representation of K%. Let u L+1 h.=0. We have

L+1

Ca1 Luo p+Coo, Lu?iﬂ H=0. (2.14)

Ca2.1, is an SPD operator since Kt is almost SPD. From (2.14) we have

3L+1p h
uf b =—Cs3 .Co1.LUG p-

Substituting the above into the first equation of (2.13) gives
_U&N [Cll L—Ci2 LCQQ Coa1, L} Uo,D —ICLUO D-

PROPOSITION 2.2. /C% 18 an almost SPD operator.

Proof.  Obviously K? is symmetric. Note that

h h, h h h
(Uo,Dv’CLUo,D)aGo = (UO,Dv *Uo,N)BGo

h h h h
. Up.p —Ug N . Uy, D ch Uy, D
— u3L+1h u3L+1h — u3L+1h 5 L u3L+1h .
L+1,D L+1.N ) ) oGouaGy s L+1,D L+1.0) /) sGouoGy s

If (ul p, Khult ))ac, equals zero, then ull , should be constant since K% is almost

SPD. This implies IC’L‘ is almost SPD. 0
dim B2 1, arth
Let {®}g, 1(@)},—; ~“° and {@gJLH} (x )}k L PGr be the boundary element

basis functions of BBGO and BBGL+17 and let Cf, be the matrix representation of ICZ
under this set of basis functions. Suppose

Op = Ciir Cia,L
Cor,r, Caa1,

is in block form. Then
Ciir _012,L0272{L021,L

gives the matrix representation of IC% under the boundary element basis functions
dlmBaGO

{‘I’gao, () hhr of Baco
Now we are ready to consider the numerical solution of (1.1)-(1.3) restricted

to the defect cell. Set Q=Go\D=Cp\D. Let T} be a triangulation of Q, with
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Fic. 3.1. Meshes used in the computation. M =8. Left: Example A. Right: Example B.

rectangles and/or triangles, which is compatible with BgGO. Let Vé‘ be the k-th
degree conforming Lagrangian finite element space. With the DtN map K? imposed
at BgGO, the approximate variational problem with truncated domain € reads:

Find u" € V' with u"|sp = I1,g, such that

(A(z)Vu",Vv)g + (ao(z)u”,v)q + (Kiu" v)ag, =0, Yo € V& with v|pp=0. (2.15)

Here I}, is the standard Lagrangian interpolating operator. Since ICZ is non-negative,
the following proposition is obvious.

PROPOSITION 2.3. The discrete variational problem (2.15) is uniquely solvable.

Since the matrix elements of K have been computed with the gluing and homog-
enization techniques, the discrete variational problem (2.15) is now solvable with the
standard choice of finite element basis functions.

3. Numerical examples
In this section, we present two numerical tests to demonstrate the performance
of the proposed algorithm.

3.1. Example A. As a first example, we consider an exterior problem of
Laplace’s equation. Let D be a square of width 0.5 centered at the origin, and let
X1

g(x)= P e be the Dirichlet boundary data at dD. The exact solution of this exterior
1 2
problem is simply

u(z)= T
We consider the underlying homogeneous medium as a special instance of bi-periodic
structures with the period of 1. In the left of Figure 3.1 we show the coarsest mesh
with M =8 for the defect cell used in the computation. The mesh for periodic cells
is generated with identical square elements. We plot the relative L? errors of the
numerical solution wuy in Figure 3.2, where L is the parameter in the approximate
DtN map K%; see Subsection 2.4. Remember that we derive K? by truncating the
residual unbounded domain R?\Cpy and applying the homogeneous Neumann data
at 0Gp41. For L=10, the errors degenerate almost with a rate of second order for
the linear finite elements, and a rate of fourth order for the quadratic finite elements.
This implies that in the mesh regime considered in this numerical test, the error from
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Fic. 3.2. Exzample A. Left: linear finite elements. Right: quadratic finite elements.
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Fic. 3.3. Example B. Error plot for the computed displacement field uy, .
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®

&

the approximate DtN map on the artificial boundary is negligible. An interesting
thing that we cannot explain is the super-convergence behavior of the quadratic finite
elements. For L =3, the errors first decrease and then saturate when the mesh is
successively refined. This typically indicates that the artificial boundary condition
for L =3 is not accurate enough.

3.2. Example B. In this numerical test, we consider a non-trivial bi-periodic
structure problem of period 1 by setting

a(x) =exp(sin(2m(z1 +22))), c(z)=0.

The domain D is a circle of radius 0.25, and the Dirichlet data g is the same as in
Example A. For this problem, the exact solution with closed form is not available.
To evaluate the quality of numerical solutions, we compute a reference solution with
the fourth order finite elements by setting M =32 and L=10. The mesh for M =8
is illustrated in the right of Figure 3.1, and the reference solution restricted to the
defect cell is shown in the left of Figure 3.3. The relative L? errors with linear finite
elements are plotted in the right of Figure 3.3, from which an analogous observation
can be made as for Example A.

4. Conclusion
We proposed a new approach of designing approximate DtN map in a discrete
form for a specific bi-periodic elliptic problem. The basic idea consists of several steps.
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First, the residual unbounded domain is partitioned into a sequence of bounded do-
mains {D,,}7° ; with similar shape. Second, after the single cell DtN map is deter-
mined, the DtN map K,, for each D,, is computed by gluing eight cell (or super-cell)
DtN maps. The gluing technique is also used to derive the DtN map for UL_,D,,,
which approaches the whole residual domain as L goes to infinity. Third, an approx-
imate DtN map for the residual domain is derived by truncating the residual domain
and imposing homogeneous Neumann boundary condition at a suitable place. This
approximate DtN map is finally combined with the governing elliptic equation to
determine the solution only in the local defect region.

At the discrete level, to control the growth of degrees of freedom involved in /C,,
we introduced a new concept — DtN homogenization. The underlying idea is to
coarsen the representations of both Dirichlet and Neumann data while maintaining
the energy of the smooth part of the data as much as possible. We proved the unique
solvability for the discrete variational problem. Though the error analysis is beyond
our capability at the moment, the numerical tests showed that the proposed techniques
are promising.
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