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LADDER THEOREM AND LENGTH-SCALE ESTIMATES FOR A
LERAY ALPHA MODEL OF TURBULENCE*
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Abstract. In this paper, we study the Modified Leray alpha model with periodic boundary
conditions. We show that the regular solution satisfies a sequence of energy inequalities which are
called “ladder inequalities”. Furthermore, we estimate some quantities of physical relevance in terms
of the Reynolds number.
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1. Introduction
We consider in this paper the ML-« model of turbulence

88—1:+(u~V)ﬁ—yAu+Vp:f in RT x T3,
—o?Au+u=u in T3,
Vou=V-a=0, , (1.1)
oo
Ts Ts
u_g=u'".

where the boundary conditions are periodic. Therefore we consider these equations on
the three dimensional torus T3 = (IR?’/E) where T3 =277Z3/L, x € T3, and t €]0,+00|.
The unknowns are the velocity vector field u and the scalar pressure p. The viscosity
v, the initial velocity vector field u'", and the external force f with V- f =0 are given.
In this paper the force f does not depend on time.
This model was first studied in [8], where the authors prove the global existence and
uniqueness of the solution. They also prove the existence of a global attractor A to
this model and they made estimates of the fractal dimension of this attractor in terms
of Grashof number Gr.
The dimension of the attractor gives us some idea of the level of the complexity of
the flow. The relation between the number of determining modes, determining nodes,
and the evolution of volume elements of the attractors are discussed by Jones and
Titi in [12]. Temam also interprets in his book [15] the dimension of the attractors as
the number of degrees of freedom of the flow.

It is easily seen that when a=0, Equation (1.1) reduce to the usual Navier-Stokes
equations for incompressible fluids.
Assuming that feC®, any C* solution to the Navier-Stokes equations formally
satisfies what is called the ladder inequality [3]. That means that for any C* solution
(u,p) to the (NSE), the velocity part u satisfies the following relation between its
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higher derivatives:

1d
iﬁHN <-vHn11+CnHy ||VU||OO+H11V/2¢)N1/27

(1.2)
where HN:/ ‘VNU‘QdX and (I)N:/ |va|2dX
Tg Ts

These differential inequalities are used first in [3] to show the existence of a lower
bound on the smallest scale in the flow. The same result is obtained in [4] by a
Gevrey class estimate. Recently, the ladder inequalities have been used to study the
intermittency of solutions to the Navier-Stokes equations; see [9]. The ladder inequal-
ities to the Navier-Stokes equations are based on the assumption that a solution exists
such that the higher order norms are finite. Note that we need no such assumption in
the case of the alpha regularization, where existence and uniqueness of a C*° solution
are guaranteed.

The ladder inequalities are generalized in [10, 11] to other equations based on
the Navier-Stokes equations such as Navier-Stokes-alpha model [5] and Leray alpha
model [1].

In this paper we aim to study ladder inequalities for model (1.1). In the whole paper,
a >0 is given and we assume that the initial data is C°°. One of the main results of
this paper is

THEOREM 1.1. Assume f€C°(T3)? and u™ € C>®(T3)%. Let (u,p):=(u®,p®) be
the unique solution to problem (1.1). Then the velocity part w satisfies the ladder
inequalities,

1/d-— d
3 (HN+042HN+1> <—v(Hys1+a*Hy2)

dt dt (1.3)

e — 12
+CN||VUHOO(HN+OZ2HN+1)+HN / @Nl/Q,

where

Hy= ’VNﬂ|2dm,Co:0 and Cn~2N for all N >1. (1.4)
T3

The gradient symbol V¥ here refers to all derivatives of every component of u of
order N in L?(Tj3).

REMARK 1.1. We note that Hy — Hy as a— 0. Thus we find the inequality (1.2).

Another task of this paper is to estimate quantities of physical relevance in terms
of the Reynolds number Re (see (2.8) below); these results are summarized in Table
2.1. For simplicity, Equation (1.1) will be considered with forcing f(x) taken to be
in L? of narrow band type with a single length scale ¢ (see [9, 10]) such that

IV* Fllz =" || £l 2 (1.5)

In order to estimate small length scales associated with higher order moments, we
combine in Section 5 the force with the higher derivative of the velocity [3, 9, 10],
such that

JN :m+20€2FN+1, (16)
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where
Fy=Hy+71*0y, (1.7)
the quantity Fy is different from 0, and the quantity 7 is defined by
7=0Cv Y GrinGr)~Y2, (1.8)

We notice that 7 has the dimension of time and is chosen in this way to ensure that the
additional forcing term in (1.7) becomes negligible with respect to Hy when Gr — oo
(compare [10, Appendix A.2]). The Jy is used to define a set of time-dependent

inverse length scales
1
Iy \ 2=
/wm(f> | (1.9)

The second main result of the paper is the following theorem.

THEOREM 1.2. Let feC>®(T3)3 be of narrow-band type and u'™ € C*>(T3)3. Let
u:=u® be the velocity part of the solution to problem (1.1). Then estimates in terms
of Reynolds number Re for the length scales associated with higher order moments
solution ko (N >2), the inverse Kolmogorov length A, and the attractor dimension
drpymr—o(A) are given by

(K 0) < Clo,v, 0, L) N=Y/N Re5/273/2N (1n Re) /N 4 C'Reln Re, (1.10)
(A <cRe/8, (1.11)
) 3/4
L34 / 9/4
dF,ML—a(A) SC W Re s (112)
1

where (-) is the long time average defined below (2.2).

The paper is organized as follows: In Section 2, we start by summarizing and
discussing the results given above. In Section 3 we recall some helpful results about
existence and uniqueness for this ML—« model, and we prove a general regularity
result. In Section 4, we prove Theorem 1.1. We stress that for all NeN fixed,
inequality (1.3) goes to inequality (1.2) when a— 0, at least formally. In Section 5,
we prove Theorem 1.2.

2. Summary and discussion of the results

Generally the most important of the estimates in Navier-Stokes theory have been
found in terms of the Grashof number Gr defined below in terms of the forcing, but
these are difficult to compare with the results of Kolmogorov scaling theories [7] which
are expressed in terms of Reynolds number Rexrs based on the Navier-Stokes velocity
u. A good definition of this is

Ut _
R6N8277 U?=L"*(|ull7.), (2.1)

where (-) is the long time average

(9 =Limig [ a(s)as. (2.2)
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where Lim indicates a generalized limit that extends the usual limits [6].
With frms=L"%/2?|f||12, the standard definition of the Grashof number in three
dimensions is

(2.3)

Doering and Foias [2] have addressed the problem of how to relate Reys and Gr and
have shown that in the limit Gr — oo, solutions of the Navier-Stokes equations must
satisfy

Gr<c(Reirs+ Rens). (2.4)

Using the above relation (2.7), Doering and Gibbon [9] have reexpressed some
Navier-Stokes estimates in terms of Rears. In particular they showed that the energy
dissipation rate exrs =v (||Vul[2,) L3 is bounded above by

ens <l (Ref’\/s—i—Re/\/S), (2.5)
and the inverse Kolmogorov length A s = (exrs/v*)!/* is bounded above by

D‘;j\/s < cRe%é. (2.6)

The relation (2.4) is essentially a Navier-Stokes result. In [10] it was shown that

this property holds for the Navier-Stokes-alpha model [5]; the same methods can be
used to show that for Equation (1.1) we have (compare [10, Appendix A.1])

Gr <c(Re*+ Re), (2.7)

where Re is the Reynolds number based on the smoothed velocity w which is the
solution for Equation (1.1),

Rez?, UZ:L’3<||E||%2>. (2.8)
In this paper, we will use (2.7) to obtain estimates in terms of the Reynolds number
Re. These estimates are listed in Table 2.1.

The estimate for dparr—a(A) is consistent with the long-standing belief that
Re3/* x Re3/* x Re®/* resolution grid points are needed to numerically resolve the
flow. The fact that this bound is not valid for the Navier-Stokes equations is consistent
with the fact that dp ar—o(A) blows up as « tends to zero. The improved estimate
to the inverse Kolmogorov )\,;1 coincide with the estimate to the Navier-Stokes-alpha
given in [10] and blows up when « tends to zero. The estimate for (Hs) is not
calculated for the NS-ov and the Bardina model in [10, 11], but it can be obtained for
these two models by following the same method used here for the Modified Leray-
a. The estimate for (k3% ) is obtained directly from the |[Va||o term in the ladder
inequalities (1.3) as opposed to the v~ 1|[w||2, term in [10]. In the case when the ladder
inequalities with the v~!|[u/% term as in [10] are used, we obtain that the solution

to the Modified Leray-a also satisfies ¢2 <’€?\7,0> <cRe't ~an (InRe)~ . However, the

exponent g— % from our study is less than 14—1 - ﬁ for all N > 1.

We finish this section with the following remark. The existence and the uniqueness
of a C*° solution for all time 7" to the ML-« motivate the present study. Provided that
a regular solution exists for a maximal interval time [0,7[, we can show the ladder
inequalities to the Navier-Stokes equations in [0,7*[. We then naturally ask ourselves
if we can use the convergence of (1.3) to (1.2) in [0,7*[ to deduce some information
about the regular solution beyond the time 7. This is a crucial problem.
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’ ‘ NS-a/Bardina ‘ Leray-« ‘ ML-« ‘ Eq. ‘
Py Re®/8 Re™/12 Re/8 (5.23)
(Hy) Re®/? Re™/3 Re®/? (5.22)
<F2> Re? Re8/3 Re? (5.17)
() _)- Re? Re™ (5.8)
dr(A) Re%* | Re%/5 Re%/7 Re%/4 (5.25)
C (K0 Re'l/4 Rel7/12 Re®/? (5.10)
02 <Hio> Reln Re Reln Re Reln Re (5.5)
{Im)2,) Re'/4 Re®/? Rell/4 (5.6)
(IVE]| 0o Re?5/16 Rel7/12 Re®/? (5.9)
(K 0) Re'i ~i~ (InRe)~ | Ret: 128 (InRe)~ | Re2 2x (InRe)~ | (5.13)

TABLE 2.1. Comparison of various upper bounds for the Navier-Stokes-a, Bardina, Leray-
a from [10, 11], and Modified Leray-a with constant omitted.

3. Existence, unicity and regularity results
We begin this section by recalling the system (1.1) considered with periodic
boundary conditions.

%—?—i—(u-V)ﬂ—uAu—i—Vp:f in R* x Ts,

—a’Au+u=u in T3,

V-u=V-u=0, (3.1)
% u:?{ u=0,

T3 T3

u;_g=u'".

Note that given u=u —a?Aw, the Poincaré inequality ||u|| > < L/27||Vul| 2 im-
mediately leads to

_ L? _
s <l < 15+ ) Il (32

In order to prove the ladder inequalities (1.3) we need first to show a regularity result
for (1.1) or (3.1).

PROPOSITION 3.1. If f€ H™ Y(T3)3 and u™ e H™(T3)3, m>1, then the solution
(w,p) of (1.1) is such that

we L*°([0,T], H™(T3)*)NL*([0,T], H™ 1 (T3)?), (3.3)
pe L2([0,T], H™(T3)?).

The following theorem is a direct consequence of Proposition 3.1.

THEOREM 3.1. Assume f€C>(T3)? and u™ € C>®(T3)3. Let (u,p) be the solution
to problem (1.1). Then the solution is C* in space and time.

The aim of this section is the proof of Proposition 3.1. We begin by recalling
some known results for (1.1) or (3.1).
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3.1. Known results. Results in [8] can be summarized as follows:

THEOREM 3.2. Assume f € L?(T3)% and u'™ € H'(T3)3. Then for any T >0, (1.1)
has a unique distributional solution (w,p):=(u*,p*) such that

we L>([0,T],H *(Ts)3)NL3([0,T],L?(T3)?), (3.5)
we L2([0,T],H' (T3)°) N L2([0,T], H*(T3)?),

a(t)|Z> +o?[@(®) 15 < (lu™|Z: +azllui”||?p)exp(—47wt/L2)

e (e (camyr)). O
Furthermore, if u'™ € H?(T3)? then
w € L>([0,T),L*(T3)?), (3.8)
we L>([0,T], H*(T3)?), :
[ (1)1 + o[ (1) < k(). (3.10)

Where k(t) satisfies
(i) k(t) is finite for all t>0.
(1) limsupk(t) < co.
t—o0
REMARK 3.1.

(1) The proof is based on the following energy inequality that is obtained by taking
the inner product of (1.1) with u:

1/d,_ d, _ _ _

5 (Gl 42 G Ivalt ) +v(Ivalts + 2l Al < flus . (1)
(2) Note that the pressure may be reconstructed from u and @ by solving the elliptic
equation

Ap=V-((u-V)u).

One concludes from the classical elliptic theory that pe L'([0,7],L%(T3)?).

We recall that we can extract subsequences of solutions that converge as a— 0
to a weak solution of the Navier-Stokes equations. The reader can look in [8] and [5]
for more details.

COROLLARY 3.1.
(1) We have we L*([0,T],L*(T3)), and by the Sobolev embedding we obtain that e
L*([0,T],L°°(Ts3)). Thus there exists a constant M(T):= M (u™, f,a,T) >0 such that

t 1 t
[l < [ ulfe<2r) for atitefo.7)
0 0

(2) We also observe by using (3.2) that there exists a constant C(a):=C(«,L) >0
such that

[ ()]72 < Cla)k(t), (3.12)
for all t>0, and k(t) is defined in (5.10).
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3.2. Regularity: Proof of proposition 3.1.  The proof of proposition 3.1 is
classical (see for example in [13]). In order to make the paper self-contained we will
give a complete proof for this regularity result. The proof is given in many steps.

Step 1: We show that we L>°([0,7],L*(T3)?)NL*([0,T], H(T3)?).
Step 2: We take d;u as a test function in (1.1).

Step 3: We take the m —1 derivative of (1.1) then we take 9, V™ 1u as a test
function and the result follows by induction.

Step 1: We have the following Lemma.

LEMMA 3.1. For u™ € L?(T3)3 and f € H '(T3)3, Equation (1.1) has a unique so-
lution (u,p) such that

we L>([0,7],L%(T5)*) N L*([0,T], H' (T5)?). (3.13)

Proof of Lemma 3.1. We show formal a priori estimates for the solution estab-
lished in Theorem 3.2. These estimates can be obtained rigorously using the Galerkin
procedure.

We take the inner product of (1.1) with w to obtain

1d

3 7@ +vIIVultx)l7: < [V ezl Vel +|((w- V)@ u)). - (3.14)

Integration by parts and the Cauchy-Schwarz inequality yield
[((w- V)o,u)| < [luew] Ve, (3.15)

and by Young’s inequality we obtain

_ 1, v
IVl 2|V 2 < A iz +Z||VUH%2,

1 , (3.16)
|(w-V)w,u)| < ;Hué@ﬁl\%z +ZIIVUH%2-
From the above inequalities we get
d 2 2 2 ote2 L 22
@l +vVut,x)llz: <~V £l + - lluallz.
t - T (3.17)
< IV IR S e,
where we have used in the last step that
)2 < = 2 3.18
2o < —5 ullz.. (3.18)
This implies that
d
— (L [lu(t,x)[|72) < CL(1+[|ult,x)]|72)?, (3.19)

dt

2
where C1 =max (2L, = ||V f||7.). By Gronwall’s Lemma, since ||u||2, € L*([0,T7)

l/Ot27V

(Corollary 3.1), we conclude that

L ([t %) 17 o 0,77, 22) < K2 (T),
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where K;(T):=K;(T,u™, f) is given by

) T
Ky(T) = (1+[u™|7) exp <01/0 (1+ IU(S)II%z)d$>~

Furthermore, for every T'> 0 we have, from (3.17),
T
2 2 ing2 | 2o—1 g2 2
X)Lz X )|[L2at = 27T~ L2 — M. .
[w(T,x)[|z2 +v ; IVt x)l|zedt < [[u™|z2 + VT FILT+ - KM, (3.20)

Thus we L2([0,T], H'(T3)?) for all T>0.

Step 2:
With the same assumption in the initial data as in Theorem 3.2 , we can find the
following result:

LEMMA 3.2. Assume f € L*(T3)? and u'™ € H'(T3)? . Then for any T >0, Equation
(1.1) has a unique regular solution (w,p) such that

uc C([OaTLHl (TS)S) mLz([OaT]sz(TS)B)a (321)
% € L*([0,T],L*(T3)?), (3.22)
pe L*([0,T],H (T3)?). (3.23)

Proof of Lemma 3.2. It is easily checked that since we L>([0,T],L?(T3)3)N
L3([0,T),H(T3)?), then we L>([0,T],H*(T3)%) N L*([0,T],H3(T3)?). Consequently,
by the Sobolev Injection Theorem, we deduce that @< L>([0,T],L>(T3)?) and Va €
L2([0,T),L>(T3)3).

Therefore,

(w-V)@ e L*([0,T],L*(T3)?). (3.24)

Now, for fixed t, we can take d;u as a test function in (1.1), and the procedure is
the same as the one in [14]. Note that the proof given in [14] is formal and can be
obtained rigorously by using the Galerkin method combined with (3.24).

Once we obtain that

we L*([0,T), H(T3)*)NL*([0,T), H*(T3)*) N H*([0,T],L*(T3)*)
and pe L?([0,T],H'(T3)3), interpolating between L?([0,T],H?(Ts3)?3)
and H'([0,T],L?(T3)?) yields uwe C([0,T], H'(T3)?).
Step 3:

We proceed by induction. The case m=1 follows from Lemma 3.2.
Assume that for any k=1,....,m—1, if f€ H*"1(T3)? and u™ € H*(T3)? then

ue L>([0,T],H*(T3)3) NL2([0,T],H**1(T3)?) holds.

It remains to prove that when k=m, f€ H™ 1(T3)? and u'* € H™(T3)? that
we L>([0,T), H™(T3)3) N L3([0,T], H™+1(T3)3).

It is easily checked that for w e L>([0,T], H*(T3)*)NL2([0,T], H*"1(T3)?),
we L>®([0,T], H*2(T3)*) N L ([0,T], H*+3(T3)?).
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Consequently, by the Sobolev Injection Theorem, we deduce that
VFka e L>=([0,T],1L°°(T3)?), and VFH'@ e L2([0,T],L>=(T3)?).
By taking the m —1 derivative of (1.1) we get, in the sense of distributions, that
ovmTly
ot
V-V ly =0,

Vm_lut:o = Vm_lui".

+V"H (u-V)a) vV Au 4V iVp =V L E
(3.25)

where boundary conditions remain periodic with zero mean and the initial condition
still has zero divergence and mean.
Therefore, after using Leibniz Formula

v Z (PR VAP TA VAL 7 (3.26)

since
VEue L°([0,T],L*(T3)?)
and
Ve L2(0,T],L°°(T3)?),
for any k=1,...,m—1, we deduce that
V™ ((u-V)w) € L*([0,T],L%(T3)?). (3.27)

Now, for fixed t, we can take 9; V™ lu as a test function in (3.25) and the pro-
cedure is the same as the one in [14]. One obtains that we L>([0,T], H™(T3)*)N
L*([0,T],H™(T3)?) and pe L?([0,T], H™(T3)?). This finishes the proof of Proposi-
tion 3.1.

4. Ladder inequalities: Proof of Theorem 1.1

The first step in the proof of Theorem 1.1, which has been expressed in Section
1, is the energy inequality (3.11) that corresponds to the case when N =0 in the
inequality (1.3). Having showed in the above section the regularity result for (1.1),
we can take the N derivative of (1.1) and get, in the sense of distributions, that for
all N>1

AVAEY!
ot
V. VNu=0,

N _ N,
\Y% Ut:()—v ’Ulln,

+ VY ((u-V)a@) —vVVNAu+VVVp =VV £,
(4.1)

where the boundary conditions remain periodic with zero mean and the initial con-
dition still has zero divergence and mean. Taking VN u as test function in (4.1), we
can write

Mt/ IVNa|® dx+a? 2dt/ V) dx

VVNaVvY Audx—va? | VNaVY AAudx
Tg T3

VVav¥ (@ -V)a)dx—ao? | VNavY((Au-V)a)dx+ [ VVNav fdx,
Ts T3 Ts



486LADDER THEOREM AND LENGTH-SCALE ESTIMATES FOR A LERAY ALPHA MODEL OF TURBULENCE

where the pressure term vanishes as V- VNu=0.
Using the definition of Hy in (1.4) we obtain

1/d— d—
(=" *—H 4.2
2<dt Ntat N+1> (4.2)
<—v(Hyi1+?Hyo)+| [ VVNavY ((u V)u)dx
Ts
+a?| [ VTNl (Aw-V)w)dx| + / vVavh fax|,
Tg TS
(4.3)
where we have integrated by parts in the Laplacian terms.
The central terms are
NL, =| [ V¥NaVv¥((m V)a)dx (4.4)
T3
and
NLy =a? / VNtV (Aw- V)a)dx (4.5)
T3

These two terms NL; and NLs can be bounded using the following Gagliardo-
Nirenberg interpolation inequality [3]:

LemMMA 4.1. The Gagliardo-Nirenberg interpolation inequality is:
For 1<q,r<o0, j and m such that 0 <j<m we have

V90|, <ClIIV™olly o], (4.6)

where

. ) d
fori§a<1 and a=2- fm—j——€N".
m m r

The first nonlinear term NL; is estimated with the Gagliardo-Nirenberg inequality
[3] by en ||Vl Hy, where ¢g=0 and ¢y < 2", Indeed, the nonlinear first term NL;
is found to satisfy

N
NLi=| [ VYV (@ Vympdx| <2V N Y [V, [V e

Ts =1

o

where p and ¢ satisfy 1/p+1/¢=1/2 according to the Holder inequality.
We use now the two Gagliardo-Nirenberg inequalities

IV, <er [Vl Vel

[V |, <o |9Vl V]S

Iz
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where a and b must satisfy

1_N—l, (1 N-1
q 3 2 3 )
Since 1/p+1/¢=1/2, we deduce a+b=1. Thus we obtain

vVNavy ((@-V)w)dx
Ts

<o |V, . (4.7)

In the same way, we can estimate the nonlinear second term with Gagliardo-
Nirenberg inequality in order to have

2

a <o’ |Val, Hyer, (48)

/ VNV (Am-V)w)dx
Ts

where c;\, < 2N,
The result (1.3) then follows.

5. Estimates in terms of Reynolds number: Proof of Theorem 1.2
5.1. Proof of inequality (1.10). We begin by forming the combination
Fy=Hy+7°0y,
where the quantity 7 is defined by
r=0Cv Y GrinGr)~Y/2,
We define the combination
In=Fn+ QQQW—H-

The following result is a consequence of Theorem 1.1 and its proof follows closely to
that of the Navier-Stokes-alpha model in [10] and we will not repeat it.

THEOREM 5.1. As Gr— o0, for N>1, 1<p<N the unique solution to Equation
(1.1) satisfies

1+2
1d Jy ¥
sqINE v X +COno |V, Jn +Cve~ 2 Re(In Re). Iy (5.1)
Jh_,
and, for N=0,
1d i
§%JOS—VJ1+OV€ Re(ln Re) Jy. (5.2)

When ae— 0, Jy tends to Fy = Hy +72®, and the result of Theorem 5.1 is consis-
tent with the result achieved for the Navier-Stokes equations in [3].
To obtain length scales estimates, let us define the quantities

1
<JN 2(N=7)
KN r= .
I’ JT
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In the o — 0 limit, xn,0 behaves as the 2Nth moment of the energy spectrum.
The aim of this subsection is to find an estimate for the length scales associated with
the higher order moments solution ko (N >2). To this end, we first find upper
bounds for (k3;,.), (1), and (||Va&|o). Then we use the identity

IQ?V,O = /@%ﬁ]_l)/]vni/év (5.3)

in order to deduce the result.
(a) The first two bounds are obtained by dividing by Jy in Theorem 5.1 and time
averaging to obtain

<H?V7T>SC’NﬂV*l<|\Vﬂ||oo>+C€72Re(lnRe) (5.4)
and
(k10) <Cl*Re(InRe). (5.5)

REMARK 5.1. Note that the bound on {||@||%,) is found to satisfy (see in [10] for
more details)

(|[@]|%) < C22V, Re' /4, (5.6)

(b) It is also possible to estimate (||Va||o) by returning to the Equation (1.1)
and taking a different way. We take u=—a?Au+w as test function, then integrating
by parts (see Lemma 3.1), using (3.10) and time averaging, to obtain

where

v (H; +207H; + o H;) < O(HVH||L2||AﬁH%2>+(1+a2£*2)<Fol/2<1301/2>

— — _ —1/2
< O ) [l o o110 + (1+2¢72) (Hy P 12)

< Ca 2 A L3Re3Gr* + C(14+ a0~ 2) 34 L3 Re3.
(5.7)
Thus we can write

(Hs) < C(a,v,0,L)Re". (5.8)

This can be used to find the estimate for (||Va| o). In fact, Agmon’s inequality [6]

1/2 1/2
]| oo < [luall 37 el 3/

says that
_ o\ 1/4 =\ 1/4
(IVEllo) < (Hs) * (Hz)
< C(a,v,0,L)Re®/?.
(¢) Thus we obtain from (5.4) and (5.9) that
(kY ,) < C(a,v,0,L)Re®/? + CRe(In Re). (5.10)
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In particular, for r=0,
0 </€?\,70> < C(a,v,0,L)Re®’? + CRe(InRe). (5.11)
By choosing »=1 we can then get an improvement for <"'€%v,0> by writing
2(N-1)/N 2/N
<“<“?V,0> = <"31\§,1 V ’431,/0 >
N—1)/N 1/N
< <’€?\/,1>( )/ <,€2 > /

1,0
and then using the above estimates for <"‘5?\/,1> and </<;%)0> which give, for N >2,

(5.12)

b

2 <f<a?\,70> < C(a,v, 0, L)N=1/N Re5/2=3/2N (1n Re)1/N 4+ C Reln Re. (5.13)

Note that when N =1 we return to ¢? </<;io> <CRelnRe.

5.2. Proof of inequality (1.11).  Let us come back to relation (1.3); when
N =0, we get the energy inequality (3.11):

d . . .
a(H0+a2H1)gfy(H1+a2H2)+H01/2<I>01/2. (5.14)
The Poincaré inequality together with the Cauchy-Schwarz, Young, and Gronwall
inequalities in (5.14) imply that Ho+a?H; is uniformly bounded in time according
to (3.7). Time averaging, using the fact that the time average of the time derivative
in (5.14) vanishes, we obtain

<E+&2F2> < <F01/2‘I>01/2>

(5.15)
< ev2~*L3Re’.
Thus
<Fl> < ev20~*L3Re? (5.16)
and
(Hy) < ca V20 *L3Re3. (5.17)

We deduce from (5.16) that the energy dissipation rate e=wv(||Vau|2,)L > is
bounded above by

e< vl Re3, (5.18)
and the inverse Kolmogorov length A\, ' = (¢/1%)/* is bounded above by
At <cReP (5.19)

From (5.17) and by using the interpolation inequality

s

Ay <Hy . " Hygy (5.20)

)

that is

<HTH,? (5.21)
1 >110 2
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and we can improve (5.16) in order to obtain
1 1
(H7) < (Ho)? (H3)* <ca™'w?(~3L°Re®/>. (5.22)

This improves the above result (5.19) for the inverse Kolmogorov length to
o\ 1/
A,;lgc<> Re%/8, (5.23)
@

We also deduce that the energy dissipation rate e =v(||Va||7.) L™ is also bounded
by Re5/2, but all of the improved estimates blow up when « tends to zero.

5.3. Proof of inequality (1.12). The authors in [8] showed the existence of
a global attractor A to this model and they made estimates of the fractal dimension
of this attractor. The sharp estimate found in [8] for the fractal dimension of A
expressed in terms of Grashof number Gr is

2T 3/4
dpyvr—a(A)<c (La%) Gr/2, (5.24)

1 (1 27
—=min|(1,— |.
~ "a?L

However, the estimate (5.24) can be reexpressed in terms of Re (compare to [10,
Section 3]). We observe that their bound for the attractor dimension in [8] depends
upon (H; +a?Hy), for which the upper bound is Re®. With this observation used in
[10], it is found that the estimate of dp arr—a(A) in [8] converts to

where

(5.25)

4\ 3/4
L3/2(2723/2£ 4) RO/,

drvin—a(A) <C<

«

In term of degrees of freedom, the result (5.25) says that Re®/* x Re3/* x Re3/* reso-
lution grid points are needed.
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