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ASYMPTOTIC ANALYSIS OF ACOUSTIC WAVES IN A POROUS
MEDIUM: INITIAL LAYERS IN TIME*
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Abstract. This is the first of a series of three papers which study acoustic waves governed by
the linearized compressible Navier-Stokes equations in a porous medium. In particular, we want to
analyze the simultaneous inviscid and high frequency limits of fluid flows in a porous medium. In
this paper, we focus on the case of strongly viscous flow, namely fluid flow without the presence of
boundary layers in space. We study the behavior of the energy using two-scale expansions in space
and reveal that initial layers in time trap the energy carried by the flow during the usual two-scale
homogenization process. We examine the time-space boundary layer problem in our forthcoming
works.
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1. Introduction

There are many works that study the homogenization of the Stokes operator
and that of the incompressible Navier-Stokes equations in a porous medium (open set
perforated with tiny holes). We refer the interested reader to text books [3, 18, 11] for
some formal developments and to [19, 1, 14] for some rigorous mathematical results.
However, there are fewer works dealing with the homogenization of the compressible
Navier-Stokes system, see for instance [8, 13, 9, 15, 20].

In this paper, we extend some of the methods developed in the incompressible case
to study the case of the linearized compressible Navier-Stokes system. This paper (as
well as the companion papers [7, 6]) can be considered as the linear version of [13].
In [13], the goal was just to pass to the weak limit in the system and recover the
porous medium equation. There, the main difficulty was the passage to the limit in
the non linear terms. Here, we consider the linearized problem with different possible
viscosities. Our main goal here is to give a complete description of the energy carried
by the flow (and not just the weak limit).

Physically, it is well known that viscous flow problems under a Dirichlet boundary
condition exhibit a thin layer forming at the boundary when viscosity goes to zero,
separating the flow into two regions: a boundary layer and interior flow. The changes
that occur in the flow within the boundary layer are very important in understanding
the overall behavior of the fluid. Moreover, the viscous effects in space influence the
behavior of the flow near initial time, and describing the changes of the flow near
initial time is essential in describing the energy carried by the flow. In all our papers,
time and/or space boundary layer phenomena take place and it is crucial to provide
appropriate asymptotic expansions describing the flow in all regions of time and space.
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240 ACOUSTIC WAVES IN A POROUS MEDIUM

It is worth noting that there are many open problems related to the passage to the
limit in the non linear terms due to the presence of boundary layers.

We study the following linearized compressible Navier-Stokes equations in a
porous medium:

Op® +divu® =0 in (0,00) x ]Rg,
o’ —eP AuF +Vp© =0,

ut=0 on ORY, (1.1)
ut(t=0)=a",
po(t=0)=0%,

where p° and u® are the pressure and velocity, and € is the viscosity. Here, R? is the
porous medium formed by periodic repetition of an elementary fluid cell which has
been shrunk to size € (see Section 2.1). Finally, 5 € R measures the relative importance
of the viscous effect to the size of each cell. As we will see in the appendix £° and ¢ are
dimensional parameters and hence it makes sense to compare them. For a derivation
of this model, we refer the reader to the Appendix where a dimensional analysis is
performed.

Due to the possible vanishing of the viscosity at the limit, we can get the formation
of boundary layers in space. In our problem, there are two boundary layers in space
of size eBT1/2 and /2 corresponding to the incompressible and acoustic parts of
the flow, respectively. Since the size of a cell is €, we can only see a boundary layer
if 8>1. The value f=1 is a critical value and we define strongly viscous flow as the
case when $<1, i.e. the case when there is no boundary layer in space. This paper
is an in-depth study of the strongly viscous regime.

Our goal in the paper is to describe the energy carried by the high frequency
flow as the e goes to zero. Mathematically, we wish to understand the local and total
energies

e (t,a) = |p° (t,2) |* + [u® (¢,2) %,

. U e (1.2)
B ()= [Ip" (Ol 2 ma) + 1w (D2 ey

when fluid flow occurs in a porous medium, and when the limit & going to zero is
taken. We present a complete description of the energy, which is motivated by formal
two-scale expansions (see [18]).

Due to the viscous effects, the formation of boundary layers in time occurs which
traps the flow during the usual two-scale convergence method. In the case 5 <0, the
usual formal two-scale expansions will describe the pressure, but will fail to describe
the velocity for all times. Here, what we mean by the usual formal two-scale expansion
is expressing (u,p®) as a formal expansion depending on (¢,,y), where y =12 /. These
expansions show that the pressure equals its initial value on the microscopic scale when
B <0, and is governed by the fluid flow Equation (2.7) when §=0. On the other hand,
due to very strong viscous effects the usual two-scale expansions describe the velocity
as zero. This failure to precisely describe the velocity is due to the formation of a
boundary layer in time of size €277, which decouples the flow when ¢ goes to zero.
To describe the velocity near initial time, we need to introduce a different time scale
during the homogenization process. Through this time rescaling, we deduce that
the velocity is governed by heat flow near initial time (see Subsection 2.4 for formal
arguments for the case §=0). The precise partition of the flow near initial time for
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b°, o)

Fic. 1.1. The behavior of the flow near initial time for 5<0.

(6, af)

Fic. 1.2. The behavior of the flow near initial time for 0< B <1.

B <0 can be seen in Figure 1.1.  In the case € (0,1), the usual formal two-scale
expansions will fail to capture the microscopic behavior of both the velocity and the
pressure. This is due to the formation of initial layers in time of size €277 and &” that
trap the velocity and pressure, respectively. To capture the flow near initial time, we
need to account for these layers in time by introducing appropriate time scales in the
asymptotic expansions of the velocity and pressure. In doing so, we deduce that the
microscopic limit equation governing the velocity and the pressure remains decoupled.

At the critical value =1, the initial layers in time merge and the microscopic
description of the pressure and velocity near initial time becomes coupled. In par-
ticular, we rescale time identically for both the pressure and velocity to describe the
behavior of the flow near initial time.

We conclude with few remarks about the case 5 >1, i.e. the time-space boundary
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Fic. 1.3. The behavior of the flow near initial time for f=1.

(b°, a%)

* 1
LB-BF 2P

Fi1c. 1.4. Boundary layers in time for 1 << 2.

layer problem. In the case of strongly viscous flow, we saw that the very strong viscous
effects in space impacted the behavior of the flow near initial time and was responsible
for the boundary layers in time. When 5> 1, we can ask the question: “How does
the presence of boundary layers in space affect the flow near initial time?”. We show
that the boundary layer in time of size €277 remains from the case of strongly viscous
flow, and that the boundary layer in space of size e(3+1)/2 creates time oscillations of
frequency 1/¢ and an initial layer in time of size e(3=5)/2,

Note that when §=1, all the layers in time merge (see Figure 1.3). When 1< <3,
time oscillations remain trapped and are damped, while time oscillations propagate
forever when 3 > 3. The value 8 =3 is a critical value, and we define mildly viscous flow
as the case 1 < < 3 and weakly viscous flow as the case §>3. We note that essentially
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there is another critical value, namely =2, that corresponds to the disappearance
of the initial layer in time of size ¢(2~#) and boundary layer in space £%/2. We do not
define additional regimes corresponding to the case §=2.

Our forthcoming papers deal with the time-space boundary layer problem. In
particular, we describe how these layers in time partition the flow and how the flow
carries the energy in the homogenization process in the case of 5> 1. More precisely,
we show that the layer in time of size €277 captures the micro-incompressible part
of the flow, i.e. the part of the flow that is divergence free on the microscopic level,
ie. divyu(z,y)=0. A detailed study of the energy carried by micro-incompressible
flow, in case 8>1, is carried out in our second paper [7]. Our final paper, [6], is a
complete study of micro-acoustic flow in the mild and weakly viscous regimes. Here
micro-acoustic flow is defined to be the part of the flow trapped by the layer in time
£(3=A)/2 Notice that micro-acoustic flow oscillates in time at the frequency 1 /e.

In conclusion, we remark on the various weak convergence tools needed to deal
with the extra difficulty of time-space boundary layers. In addition to two-scale con-
vergence, the Bloch decomposition and the Wigner measure are applied. To emphasize
the need for tools beyond two-scale convergence, we refer the reader to Section 5 for
formal arguments in the case =2 and to compare this with Section 2.4.

2. Preliminaries

2.1. The Domain. Define Y =(0,1)? to be the unit open cube in R¢, and let
Y, be a closed smooth subset of Y with strictly positive measure. By smoothness of
JY;, we mean to take it as regular as needed. The domain Y/ is denoted by Y} and
we refer to Y, Y} to be the solid and fluid parts of Y. Repeating Y; by Y-periodicity
to all of R? we get the fluid domain Ry. The porous medium is now defined to be
eRg, which is denoted by RZ. We define Y7, Y$ to be €Yy, €Y, and note that

Rg:{z:xGster, for some p € Z%}.

0 1

Fic. 2.1. The elementary fluid cell.

2.2. Notations. Throughout this paper, we define C’;f(Y) to be the space

of all infinitely differentiable functions on R¢ which are Y-periodic. The space of
functions which are C* on R¢, and have compact support, are denoted by D(R?).
We define the space Li(Yf) to be all functions belonging to L? (R%) which are Y-

periodic, and H;;(Yf) to be the space of functions with derivatives up to order k
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belonging to L% (Yy). When k=1, the space Hg,(Ys) is defined to be all functions
belonging to H(Y}) which vanish on 9Y;. We define the scalar products

(U,'U)Li(yf):/ uvde, (U,’U)Hé#(yf) = [ Vu-Vudz, (2.1)
Yy Yy

and also recall that the space H#_él(Yf) is defined by the norm

Hf”H?;l(yf): sup <fiu>.

w Hé#(Yf)zl

Also, when no confusion is possible, the symbol # will be omitted in my formulas.
We conclude by defining X? as the Banach space of vector valued functions of
d-components, each component belonging to the Banach space X.

2.3. Two-scale convergence. To write the two-scale homogenized equation
we need the notion of two-scale convergence. This notion was first introduced by G.
Nguetseng [16, 17] and later extended by G. Allaire [2]. In the sequel, we will use
two-scale convergence to capture the part of f¢ which oscillates at frequency =1 in
the z-variable only. In our problem two-scale convergence plays a significant role in

understanding the local and total energies (1.2).

DEFINITION 2.1. Let f%(z), fo(z,y) belong to L*(RY), L?(R¢ x Y}) respectively. We
say that f€(x) two-scale converges to fo(z,y) (denoted f© = fo) provided

T

" ff(w)d(at,g) 630/]1@ L fo(z,y)o(z,y)

for all o € D(Rd;C;f(Yf)).

DEFINITION 2.2. We say f¢ strongly two-scale converges to fo(x,y), denoted f¢ =
fo(z,y), provided f¢ two-scale converges to fy and

. 2 2
;E}I(l)HfEHLZ(]Rg):‘|f0||L2(Rdxyf). (22)

REMARK 2.1. Notice that if f¢(x) two-scale converges to fo(z,y) then the following
always holds:

. 2 2
;E}%H]m”[lz(]]{g) > Hf0||L2(]Rd><Yf) :

The inequality follows from Definition 2.1, where we only capture the oscillations of
the sequence f¢ in resonance with the test function o.

Strong two-scale convergence is interpreted as saying all of the oscillations of f¢
are of frequency e~!. This is due to the fact that strong two-scale convergence implies

. . X
i 7] ey =l | o (. )| (2.3)

€0 L2(R¢)

whenever fj is continuous in either the z or y variable. More generally, (2.3) holds
provided fj is an admissible test function in the sense of Allaire (see Definition 1.4
of [2]). We refer to Proposition 2.3 for further discussion on the characterization of

strong two-scale convergence. We note that given fy(x,y), having continuity in at
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least one of its variables enables us to make sense of the quantity fo( ) Indeed,
this follows from the fact that fo(z,%) is the trace of the function fo(z, y) We refer
the reader to Section 5 of [2] for further discussion. If f€ strong two-scale converges
to fo € L?(R% x Yy) and if, in addition, fo(z,y) is an admissible test function, then we
can improve the convergence of (2.3). Indeed, we have the following:

lim
e—0

fE( )= fo (mg)}Q:O.

Finally, we can add a time dependence in all the limits we mentioned above. In
particular if fo € C([0,77; L2, (Yy; C(RY)NL*(RY))), then we have

sy (1 2)

We now state an existence theorem regarding the two-scale limit for bounded
sequences in L%(RY). For a proof, we refer the reader to [16] and [2].

L2((0,T)xRd) - HfOHW((O,T)defo)' (24)

THEOREM 2.2. Let f¢ belong to a bounded set of L*(RY). Then there exist a subse-
quence of € (still denoted by €) and a Y -periodic function fo(z,y) € L*(RYx Yy), such
that f€(x) two-scale converges to fo(x,y).

We conclude by stating the following Proposition which characterizes the strong
two-scale limit. We first introduce the following mollifier in the x variable. Let
weC’o"(Rd) be such that w>0, [w=1, and Supp(w)€ B(0,1). We denote by fx*
ws(z,y) = [ f(x—2,y)ws(z)dz the convolution in the z variable of f, where ws(z)=

5140«’(5)

PROPOSITION 2.3. Assume that f¢ is bounded in L?(R%) and two-scale converges to
a function fo(z,y) € L2 (R xYy). Then f¢ two-scale converges strongly to fo(z,y) if
and only if the following holds:

F2(@) = foxws(z, )|

e

hm hmsup
e—0

o = (2.5)

Proof. Assume that f€ two-scale converges strongly to fo(z,y). To prove (2.5),
we use that foxws(z,Z) two-scale converges (and even two-scale converges strongly)
to fo*ws(x,y) and hence, by Theorem 1.8 of [2], we deduce that

iy [ 5@ s (02) = [ o foren(o)

e—0

and hence
lim || ¢ - -
tim | 20) = foress ()| gy = Mo0) = Foxn ) ooy

Sending ¢ to zero, we deduce that (2.5) holds.
Conversely, if (2.5) holds, then for a>0 there exists dg such that for 6 < dp, we
have

lim
e—0

<.

17 (@)= foxws (2,2

L2(R¢)
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Also, there exists §; such that for § <91, we have

Hfo(xay) — foxws (fmf) ‘

€

<.
L2(R4xYy)

Taking 0 < min(dg,d1), we deduce that

tim | £%(2)l| 2 ag) — 1 fo(@,9) 2 ey | < Co
and hence (2.2) holds. O

2.4. Formal Asymptotics for 5=0. Before stating the main results, we
present a formal argument for the case §=0. This formal process motivates all the
conclusions of this paper, and we refer the reader to [5] for the formal arguments for
other values of 3.

In the usual manner one assumes that (p®,u®) admits the following two-scale
expansion (see [18]):

0o
» x
pE :Z‘Sjpj (t,l’,g) )
=0
> X
u® zzosjuj (t,x,g) ;
j=

where the functions (p;,u;) are periodic in y. Upon doing so, we conclude that
Ayup=0 and the following two-scale system for (po,u1):

(2.6)

O¢Ppo +divyu1 =0 in (0,00) x RY x Yf,
Vypo — Ayul = O7
u; =0 on 0Y5, (2.7)

po(t:O):bo(Jf,y),
y— (po,u1) is Y-periodic,
where by (z,y) is the two-scale limit of b°.

We conclude immediately that two-scale convergence (without time rescaling)
captures the part of the flow with initial condition (b°,0). Furthermore, the part of
the flow with initial value (0,a®) is captured using the following expansions where
time is also rescaled:

oo

c j t T

b= E €°Pj 727‘%77 )
X g 3
Jj=0
oo

- j t T

U = E euj| 2,2, - ).
X 3 S
j=0

We point out that we are using the same notation ug,u1,... and pg,p1,... as in (2.6).
There will be no confusion later since (u1,po) and wug, used to describe the pressure
and velocity p®, u®, have different time scales. Notice that here, the main part of flow
near initial time is described by the following heat equation:

Orup— Dyug =0 in (0,00) x R? x Yy,
ug=0 on Yy,
uo(T=0)=aop(x,y),
y—ug is Y-periodic.

(2.8)
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Here 7=t/e% and ag(x,y) is the two-scale limit of a®.

System (2.8) shows that the velocity g is dominated by the viscous effects that
yield the damping of ug on a very short time scale. Besides, system (2.7) shows that
the dissipation of py happens on a time scale of order 1 and is due to the second order
velocity u;.

3. Statement of the main results

In order to state the main results, we impose the following conditions on the
initial data (b%,a®). We assume that

(A1) (b°,0%) " (bo(x,y), ao(,y)).
We now state the main results.
THEOREM 3.1. (8<0) Let (A1) hold and assume the following reqularity:
%ap € L*(R*x Y}), V]a|<2.

Let (p,uf) € C([0,T); L*(R%) x L2(R4)4) be the solution to (1.1) for <0 and assume
we are in dimensions d=2,3. In addition, assume by is an admissible test function
(see Remark 2.1). Then for T € (0,00), we have the following description of the energy:

T 2 e—0
sup ||p°(t,x)—bo (m,f)‘ ,
0<t<T €/ L2 (RE)
¢ 2\ |I? e—0
sup ||u®(t,z)—ug 5T —0, (3.1)
0<t<T € € LQ(Rg’)
T 2
1 t e—0
65/ ‘Vus(t,x)—vyuo (w,x,x) —0,
0 13 13 g LQ(Rg)

where ug satisfies (2.8).

Notice in particular that for this case the pressure strongly two-scale converges,
uniformly in time, to its initial data.

Now, we turn to the case 0 < < 1. Motivated by the formal argument of Section
2.4, we notice that in order to rigorously describe the energy carried by the pressure
p°, we need to deduce existence as well as general properties for the microscopic
system (2.7), which seems to be interesting by itself. We have the following result:

THEOREM 3.2. (0<3< 1, Existence for the limit system (2.7))

(i) Let bo(x,") € L?(Yy). Then there exists a unique solution (po,u1)(t,z,")€
C([O,T);L2(Yf)><H01#(Yf)d) satisfying system (2.7). In addition, (po,ui)
satisfy the following energy equalities:

t
2 2 2
HPO(tava')Hp(Yf) Jr/0 Hvyul(s,x,-)HLz(Yf) = ||b0(1’7’)HL2(Yf)a

t
2 . 2 _ 2
||Vyu1(s,x,-)”L2(Yf)—|—/0 vy (5,2, )2y = [ VA5 Voo, ) 22y,

(i) The solution constructed in (i) satisfies OF (po,u1)(-,z,-) € L?((0,00) x Y}) x
LQ(O,oo;Hé#(Yf))d for all k€N and satisfies the bound

Hafpo('vm7')HLZ((o,oo)fo) + Hatkul ('737»')HL2((0,oo)fo) SC||b0($")HL2(Yf)‘
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(iii) Moreover, we have
‘ <p0(t,x,)—][ b0($7y)>
Yy

[lur (6,2, ) g2 v,y < Collbo(@,-) [ 2y, €
The asymptotic behavior of the pressure and velocity obtained for =0 in the
formal arguments of Section 2.4 carries over to the case € [0,1). The precise theorem
reads as follows:

<Co HbO(%')HLz(yf)e_Cta
L2(Yy)

—Ct

THEOREM 3.3. (0<8<1) Let (A1) hold and assume the following regularity:
9%bo € L* (R LE,(Yy)), 0%ag€ L*(RYLE(Yy)), Vol <4.
Let (p©,u®) € C([0,T); L2(RY) x L2(R%)?) be the unique solution to (1.1) for B€[0,1)

and assume we are in dimensions d=2,3. Then for T € (0,00), we have the following
description of the energy:

6 t €T e—0
sup p(tax)fp(J 7/37%77 4)07
0<t<T € £/ |2 (e

c t T 2 e—0
sup ||u®(t,z)—ug oy EE b —0, (3.2)
0<t<T L2(Rd)

T 2
1 t T 1 t T e—0
B 5
€ Vus(t,x)—-Vyuo | —5,2,— | ——=Vyu1 | —=,2,— —0,
[, [pwea=29ma(gm02) 559 (503)

L2(RZ)
where (po,u1) and ug satisfy the systems (2.7) and (2.8) respectively.

REMARK 3.4. Notice that the flow remains uncoupled for 8 <1 (see Figure 1.1, 1.2).

We conclude with the results concerning the critical value 5=1. When the lay-
ers in time merge, the microscopic description of the pressure and velocity becomes
coupled (see Figure 1.3). The main result reads

THEOREM 3.5. (8=1) Let (A1) hold and assume the following regularity:
9%bg € L* (R4 L2(Yy)), 0%ap € L*(RY L2 (Yy)), V|a| <4.
Let (p*,u®) € C([0,T); L*(RY) x L?(R%)?) be the solution to (1.1) for 3=1, and assume

we are in dimensions d=2,3. Then for T € (0,00), we have the following description
of the energy:

t €T e—0
sup ||p°(t,xz)—po| —,z,— —0,
0<t<T e e ) 2w
t €T 2 e—0
sup ||u®(t,x)—ug | —,x,— —0, (3.3)
0<t<T € &/ llL2re)
T 2
1 t T e—0
6/ Vus(t,z) — = Vyuo <,x,> —0,
0 € e e )y
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where (pg, uo) € C([0,T); L2(RY) x L?(R%)?) is the unique solution of the following sys-
tem:

Orpo+ divyug =0 in (0,00) x R? x Yy,
Orup — Ayug+Vypo =0,
up=0 on 9Y,
po(r=0)=bo(x.y), (3.4)
uo(T=0)=ao(z,y),
Y — Po, Ug 1S Y -periodic.

REMARK 3.6.

1) Notice that energy is dissipated by the heat flow in the case 8 <0. As our fluid
becomes less viscous, i.e. §— 1—, the intensity with which the energy is dissipated
weakens.

2) In all the systems we obtained for 8 <1, the variable 2 appears as a parameter.
There is no macroscopic flow (flow in the = variable). This is due to the fact that the
viscosity is very strong.

3) In the three convergence Theorems we stated, we did not try to give a rate of
convergence in terms of e. One can easily get some error estimates in terms of € by
computing the next terms in the formal asymptotic expansions, but this is not our
goal in this paper.

4) Also, we did not try to get the best possible regularity on the initial data
and one can easily lower the regularity requirement on the initial data. Indeed, the
regularity in = of the initial data is used to control the force terms F° and G¢, which
loose derivatives (see Section 4), and also to be able to define the trace on the line
(w,Z) of some functions. We will state corollaries where the regularity requirements
are completely removed but we have to use a mollification in the x variable to state

our convergence result.

COROLLARY 3.7. (3<0) Let (A1) hold and let (p,u®) € C([0,T); L?(R%) x L2(R4)4)
be the solution to (1.1) for 8 <0. Then for T € (0,00), we have the following descrip-
tion of the energy:

2

L2rd)

x
limlimsup sup ||p®(t,x) —bg*ws (amf)‘
6—=0 ¢50 0<t<T €

2
o t T
limlimsup sup ||u®(t,z) — ug*ws (”,x,> =0,
§—0 £50 0<t<T g4 €/ llL2(re)

T 2

1 t T

limlimsupgﬁ/ ’Vue(t,x)—vyuo*W5 (26’36’) =0,
6—0 ¢—0 0 £ ISl £ L2(R4)

where ug satisfies (2.8). If in addition by is an admissible test function (in the sense
of Definition 1.4 of [2]), then (3.1) still holds without the necessity of using a molli-
fication.
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COROLLARY 3.8. (0<B<1) Let (A1) hold and let (p*,u)€C([0,T);L*(RY) x
L3R4 be the unique solution to (1.1) for B€[0,1). Then for T € (0,00), we have
the following description of the energy:

2

o R t T
lim limsup sup ||p°(¢,x) —porws | —,2,— =0,
020 £50 0<t<T e’ e L2(Rd)

t 2\ |7
lim limsup sup ||u®(t,x) —uo*ws | 5—,2,— =0,
0—=0 -0 0<t<T g2=F"" ¢ L2(R%)

T
1 t T
lim limsupe® Vu(t,x) — —Vyugrws | ——=,2,—
p /0 ‘ (t,x) o vyto 5<€2[3 5)

=0 0
1 t T
——=Vyuy*ws | —=,x,—
eB vt 6(6'8 5)

where (po,u1) and ug satisfy the systems (2.7) and (2.8) respectively. If in addition
(po,u1) and Vyu; are admissible test functions for each t €[0,T, then (3.2) still holds
without the necessity of using a mollification.

2
207
L2(RZ)

COROLLARY 3.9. (8=1) Let (A1) hold and let (p°,u®) be the solution to (1.1) for
B=1. Then for T € (0,00), we have the following description of the energy:

2

t
lim limsup sup ||p°(¢,x) — po*ws <,x,> =0,
020 c50 0<i<T e €/ llLa(re

2

N c t x
lim limsup sup ||u®(t,x) —ug*ws <,x,) =0,
020 50 0<i<T € €/ lL2mey
- T - 1 t x\|?
lim limsupe Vus(t,x) — = Vyug*ws | —,x,— =0,
=0 e50 Jo 5 e e/ly

where (po, ug) € C([0,T); L2(R?) x L2(R%)9) is the unique solution of (3.4). If in ad-
dition (po,uo) are admissible test functions for each t€[0,T], then (3.3) still holds
without the necessity of using a mollification.

4. Proof of the main results

The existence of a solution (p®, u¢) € C([0,T); L*(R%) x L2(R%)9) to the linear sys-
tem (1.1) is very classical and we do not recall it here. We only observe that the
solution (p°,u®) satisfies

t
2 2 2 2 2
P° (72 Ry + 6" ()] 2 (ay +25’3/0 VUl 72 gay = 16°(172ray + 0" 72 (ray -

We note that the proofs of the main results repeatedly make use of the Poincaré
inequality and the energy estimate satisfied by the sequence of solutions (p, u®). We
state the Poincaré inequality on the domain R? (see [18]):

THEOREM 4.1. Let f € H(RY). Then we have

||fHL2(JRg) SCEHVJCHL?(]Rg)'
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4.1. (8<0) Proof of Theorem 3.1.
Proof. Let ug be the solution of the limit system (2.7) and define the following
error terms:

X
a® :ps _bO (‘rag> )

4 T
f=ut—ug| —=,2,— ).
p 0<52—B 5>

Hence, we see that (o, 5°) satisfies

O +divp* =Fe(t,,x) in (0,00) x RZ,
0 3° —eP ABE+Vaf =G (t,),
B5=0 on ORY,

where the force terms are given by

Fe(t,x) = (—divyug —e *divyug) (t,x, g) ,
G (t,2) = (" A gtio + 267 div, V1o — Vbg) (t,a:, g) .
Here V=V, + %Vy.
REMARK 4.2. Due to the parabolic regularizing effect of the heat Equation (2.7), the

trace of the terms 89 9)uo (=t5,%, %) are well defined for || <2. We refer the reader
to [2] for details.

The energy equality for (4.1) is given by

t
o (Ol ey + 18Oy +=” | 195 e

=10 (O)]13 sy + 115° ()3 gy + (/ / (F*af +G*- /36))

and we now estimate the term

(/Ot/Rg (F6a5+Gf.ﬁf)>. (4.3)

(4.2)

We write

t
// Fe €:F1+F2a
0 Jre
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and we obtain the following bounds:

R0 [ faiven (G D)0, st [laco
Wty \ —5—5,%, = S a (s
1= Ne2=A"" ¢/ Ml 2wy 0 L&)
§C€2_ﬁ/ ‘
0

t
2
dr+ [ 106z
) 0
C 2= - d L ’ d ' e 2
<Ce* ivguo (1,2, 2
= /0 H HVatio (Tm e)’LZ(Rdef) T+/0 o (S)HLZ(R?)
t
S Al s

c [t 2 t 2
F <7 _|_ g .
| 2|_€2/0 L2 (Rd) /0 e (S)HLZ(Rg)

C [ee] ) T 2 t
S;Ez_ﬁ/ HdlvyuO <T,£E,*)‘ dT—|—/ ||a€(s)||iz(Rd)
0 € 0 c

L2(RZ)
t
<Cefy / 0% ()22 aa)-

N\ 12
div ug (T,x, 7) ‘

e/ llL2(md

1V, Uy 7%, Lr,—
y w0 EQ_Ba ) c

We now explain the estimates above. The first inequality in the estimates of F}, Fb
is just an application of the Cauchy-Schwartz inequality, while the second inequality
is just the change of variable s=¢2~#7. The third inequality in Fy, F; follows from
strong two-scale convergence (see (2.4)) and hence holds for € small enough.

We now justify the bound on div,ug(7,z,y) and divyug. First, notice that 0%ug
satisfies the same system (2.7) as uo with the initial data 0Suo(t=0)=0%ag. The
energy equality reads

@ 2 T e 2 o 12
100 () 22 gy + 2 / 1029 110 () ey = 1020 gty (44)
We take =0, and deduce that
/0 | divyuo (7, 2,y) ||i2(Rdef) dr<C.
On the other hand, using the Poincaré inequality in the cell Yz, we also deduce that
T o 9 T o 9
/0 107 UO(T/)HLZ(Rdef) SC/O 10z vaO(T,)||L2(Rdef) (4.5)
for all |a] <2. Hence,
| v ()l oy, <€
0

Similarly, we write

t
/ Gf B =G1+Go+G3
0 Jra
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and we obtain the bounds

1/2
cizee ([ ooz D)) (/ 1) e
/
<Pt (/0 HAwuo(E%ﬁ,%z) LZ(]Rd> (/ VB (s |L2(]Rd)12

t 2
C 2+,8/ HAI L E ‘ / £ 2
N T = Rl e A A Ol e

e 4
B t
3
§C€4+Z/O ||Vﬂ€(5)||i2(Rg)7

t

Gs| <C=P (/\
<Ce? (/ ‘ley “uo( 256’ ’I)‘
chﬁ/o ‘divyvmuo (Egﬁl‘g)‘ 2

<Cs2+56/t||w€<s>||2
< L2(Re)

1/2
)) ([ 15l
2 1/2
() (/ 195 (e

Hvﬁs(s)”i’z(Rd)
O €

) s x
divy Vzug (62—7[371‘, 5)

L2(RY) Z

|Gs|= bo :c - leﬂE(S x)

/
([ (frorot)”
<o [ (=2 + 5 /0 IV Ny

s eb ot 2
<Cte +Z/ IVE ()22 ey -
0

]Rd

Here, the second inequality in the estimates of G1,G made use of the Poincaré

inequality on the domain RZ. We concluded the final inequality in the estimates

G1, G2 with a change of variable in time along with the bounds in (4.4), (4.5).
Combining all the estimates on the force terms, the energy bound (4.2) becomes

o () gy 188 2ty + / 1955 2 e
(4.6)

2 2 2
<110 ()3 sy 18 (0) 2 gy + / o ()22 + e
where
Cre=C (P4 P +et 4+t P).

The proof of the Theorem 3.1 now follows by applying Gronwall’s lemma to (4.6). O
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4.2. Proof of Theorem 3.2.
Proof. In this Theorem, x is just a parameter. Hence, without loss of generality,
we can assume that by only depends on y. We begin with the proof of (i), the existence

and uniqueness for the limit system (2.7). We rewrite the vector equation of system
(2.7) as

Uy = ABlvpo, (47)

where ABI is the inverse Laplacian in the y variable with Dirichlet boundary condition
on 9Y; and periodic boundary conditions on 9Y. Hence, the scalar equation of (2.7)
becomes

(4.8)

Opo=—divAL'Vpy  in(0,00) x Yy,
p()(t = 0) = bo.

We can also apply 0; to (4.7) and use the scalar equation of system (2.7) to obtain
the initial value problem for wuy:

s = —A7Vdivu in(0,00) x Yy,
{ tY1 D 1 ( ) f (4.9)

up (t=0)=A5'Vby.
The proof of (i) now follows as a result of the explicit solutions for py and wuy,
po=e " by, up =e Luy (t=0),
where S =divA,'V and L=A}'Vdiv.

PRrROPOSITION 4.3. The operator S is a positive, self-adjoint, continuous mapping
on L2(Yf) and the operator L is a positive, self-adjoint, continuous mapping on
Hé#(Yf)d. The operators S and L are related by the following property: for all

ue Hy, (Yr)? and pe L*(Yy) we have
divLu= S divu, LAL'Vp=A5'VSp. (4.10)
Moreover, there exists a constant A such that for pe L3(Yy), we have

Pl 2 (vy) S ASPIl L2 (vy)- (4.11)

Proof. By elliptic regularity, we deduce that S is bounded on L? (Yy). Taking the
inner product

(Sp.p)L2(v;) = (VAL Vp,p) 2(v;) = —<Vp,A51Vp> @12)

4.12

= —<Au,u> = ||VA51VPH%2(Y}¢)>

where u = ABl Vp and

<"'>:<"'>H—1xHé

denotes the duality bracket between the spaces H'(Yy) and Hj(Yy). By a similar
argument, we deduce that

(LU,U)H(%# (Yf) = (diVU,diVU)LQ(Yf) .
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To prove (4.11), we present two different methods. The first one uses the following
estimate of the stationary Stokes system

—Au+Vp=f in Yy,
div(u)=g in Y%,

u=0 on 0Yy, (4.13)
/ p=0,
Y,
ol +[[Vullze <Clligllze + 1 F -] (4.14)

We use (4.14) with f=0 and g=div(u) zdivAE)le:Sp. Hence, we deduce that
Ipll2 +[IVull 2 < C||Sp|| L2

The second proof uses the so-called Bogovskii operator R. Indeed, for 1 <p < oo, there
exists a linear operator R (which is not unique) such that

R iLg(Yf){fELp(Yf) | . fO}% W (Y) (4.15)

and v="Rf solves the equation
div(v)=f inYy, v=0 on JY;. (4.16)

The existence of such a R that maps L (€.) into VVO1 P is well known (see for instance
[4, 10]). We will only use R with p=2. It allows us to prove that for pe L3(Y}), we
have [|p||12(Yy) <C|[Vp|/g-1. Indeed, we have

Ipllzev,)=  sup /pg— sup /pdiV(Rg)
Yy Yy

HQHLg(yf):l HQHLg(yf):l

< s VPl Relg
HQHL%(yf):l

<C|Vpllg-1.

Hence, we deduce that [|p||z < CHABIVpHHé <CSp|lL2. 0

We now proceed with the proof of (ii). Notice that repeatedly taking time deriva-
tives of the scalar equation in (2.7) and the vector system (4.9) yields the estimates

||aé€p0(t)HL2(yf) = Hafildivul(t)um(yfw

log 14 (4.17)
H@ful(t)HHé#(Yf):H@tk 1Vd1V“1(t)||H—1(yf)§||3tk ldlvul(t)HLQ(Yf),

where k=1,2,.... The proof of (ii) now follows by the energy bound for (pg, u1)

t
2 2 2
o)y + [ 1T v,y = Wl - (4.18)
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For the proof of (iii) we note that it suffices to prove the bounds associated with

the pressure, since the bounds for u; are obtained from the vector equation in (2.7)
and standard elliptic regularity estimates. We define

go=po—F bo.
Yy

Observe that (qo,u1) solves the system (2.7) with initial value go(t=0)=by—+ bo.

Moreover, the solution (go,u1) satisfies Y
d 2
T a0 ()l 72(v,) +2(Sq0(t),q0(£)) L2(v;) =0,
and as a result we get, from the coercivity estimate (4.11),
Bellao(®)l72(v,) +Clao D72y, <O (4.19)

Applying Gronwall’s lemma to (4.19) gives us exponential decay:

2 - 2
la(®)122v,) < e 9(0) 122y, -
Thus the proof of (iii) is complete. The proof of Theorem 3.2 is now complete. ]

REMARK 4.4. We end this subsection by some few extra remarks about the op-
erators S and L. We think these properties are interesting by themselves but will
not be used in the rest of the paper. First, it is clear that S and L have the
same eigenvalues. Indeed, 0 is an eigenvalue for both of them and Ker(S)={pe
L*(Yy)|p is constant }, Ker(L)={u€ Hj,(Yy)|div(u)=0}. Moreover, if (p,\) sat-
isfies Sp=MAp and A#0 then, by the second equation in (4.10), we deduce that
LAL'Vp=A5'VSp=AAL'Vp and if (u,)) satisfies Lu=Au and A#0, then by the
first equation in (4.10), we deduce that Sdivu=divLu= Adivu.

Another important property is the fact that if (p,\) satisfies Sp=Ap, namely
divAz,le:)\]L then taking the Laplacian and using that it commutes with div
we deduce that divVp=Ap=AAp. Hence, we deduce that either A=1 or Ap=0.
Moreover, if we define H={pe€ L?(Y;)|Ap=0} and denote by H~ its orthogonal
complement in L?(Y}), namely L?(Y;)=H & H*, hence Sy =Id.

We can also show that if py solves (4.8) and that 9)Aby € L9(Yy) for some ¢>1
and v€N?, then we get the exponential decay of 0 Apo in LI(Yy). Indeed, applying
the derivative AJ] to the scalar equation in (2.7) yields that

000 po+ D0 po =0

holds in the sense of distributions, and hence 9 Apy = e_ta;f Abg. However, this does
not allow to show that if by € H*(Y7), then py decays in H*(Yy). All we can say is
that for each s €N, there exists a constant C such that for by € H*(Y}), the solution
po of (4.8) satisfies the bound [|po(t) || zs(v;) < eCst||bo ()| z5(v;)- Indeed, we have just
to observe that, using elliptic regularity, we can deduce that the restriction of the
operator S to H*(Y}) defines a bounded operator from H*(Yy) to H*(Y%).
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4.3. (0<B<1) Proof of Theorem 3.3.
Proof. We define the following error terms:

t T t x
aE: - — y Ly — _5(17B) y Ly = |5
P —Dpo <€B E) Y4 o2-p -

t T t x
=t —ug | 51, = | =Py [ — 2,5 ),
P 0<€2B s) "\eB e

where (po,u1) satisfy (2.7) and wg is obtained from the heat Equation (2.8). The
remaining pressure term, pp, is defined by

(4.20)

o0
p(T,2,y)= / divyuo (7', z,y)dr’.

The error term (af,3%) defined in (4.20) satisfies the system given in (4.1), but with
force terms equal to

Fe(t,x) =—divyug— e Bdiv,uy
G*(t,x)=— 51*2ﬁ8pu1 +eP A gug+2e871 div, Vyug+eAzu, (4.21)
+2div, Vuy — Vapo —e' P Vpy,

where (pg,u1) are functions of (p,z,y) and (ug,p1) are functions of (7,z,y) and p=
t/ef, T=t/e*P and y=ux/e.

We now imitate the proof given for the case 5 <0. Notice that (af, 3) satisfies
the energy bound in (4.2), hence it suffices to show

t
// Feaf+Ge-5°
0 JRY

t t
<0E)+0ie? [ IV ) +C | (o)

(4.22)

for some 0 <+ and constant Cy < 1.

We begin by writing
t
| [ ra=rir.
0 JRY

and we obtain the following inequalities:

t
S T
|F1|§C/ ‘dikuo(ﬂax7f)‘
0 [oal €

t
<0+ [ ot @) Ea-

2 t
€ 2
B N O

| Fy| < (g2 Hdivmul (i T w))

2 t
15 2
el W O

t
<04 [t ()Faquy.
0

Note that the estimate associated to the term F» made use of the energy bound (4.18),
as well as the Poincaré inequality

105w ()l L2 vy SCNOZVur () 2y - (4.23)
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Similarly we write

t 7
Gs'ﬂs: G

and we proceed to bound the terms G;, j=1,2,.
term G7. We have

e ([ o (Gn2)

..6, followed by estimates for the

1/2
L?(Rd) (/ I15°(s ”Lsz)
/
A e )\LW) ( A IIVﬂE<s>|32(Rd))12
- 56/ H& Uy B’ T, )‘Lsz 7/ IV B (s ”L2 @)

§Cs474ﬁ+f/ ||VBE(S)H%2(R‘1)’
8 Jo c

Gazce ([ ooz D)) (/ 15
<o ([omo (D) ([ 1950l

t 2
S X
§052+/3/ HAzuO (—2_6 ,x,fﬂ
0 € €

Eﬂ ¢ e 2
PRy 2RO
86 t
<Cel+ = [ IIVA ()32 aa -
8 Jo :

t
|Gg‘§08ﬂ_1 / Hdivyvzu0< 2867 T, —
0

¢
gC’gﬁ(
0
¢
8 - 5 E)‘
<Ce /0 ‘dlvvauo(é.:%ﬁ@,g

, &8t e/ 2
SCe+— | VB (3)llr2(rey
A :

s o2 1/2 ‘ 1/2
- 2
(G D)) ([ 15OE)
" ) /2 , .4 1/2
2 S x e 2

< ([foan (G D) (L1956

t s T\ |2
§5475/ HAaﬁul (?axaf)‘

0 & 9

Eﬂ ¢ & 2
PRy N ZEOT
E’H ¢
<cet+ 5 [ IvE s,

1/2
) (/ 156 e )
1/2
() (/ 195 e
2

I € 2
e 3 [ IV

div, Vzug (

2— B’ 7

t
|G4|§6<
0
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1/2
L) (/ 196 e )
) 1/2
e 2
o) ([

2

85 t 2
i \V4 €
PR RO

|G5|§O</t‘
0
ch(/ot’divyvmul (E%JE)’
gC’eQﬁ/t‘
0

<12 [ vse)
= 8 Jo L2(Rd)>

¢ S x E 1/2
cize([[om(GeS) ( [ 1Ol
. PR ] 1/2
<c: < [[em (e < [ 195 Oes))
2 B i
/ [V (S )5 [ IV O

<045 /0 IV ()12 g

. S x
divy Vauq (57’33’ E)

) s x
divy Vauy (E—B,x,gﬂ

We remark that the final inequality for the term G follows from the time esti-
mates given in (4.17), while the final bounds in G4, G5, G follow from (4.18) and the
Poincaré inequality (4.23) on the domain Y.

In estimating the final term G7, we have

|G7|_€1 ﬁ’/ P1 5a Z, )leﬁs

HANIE: 1/2
1-5
<Ce (/ le e2— ,373 )‘LQ Rg)) (/ Hvﬂ ||L2(Rd)) (424)
236 - E — € 2
Ce /ole 52_B,x,5)‘L2(Rg)+ R /O VB () 22 cae

smap 0 [ 2
e N\l
8 0 €

We now explain the final inequality in (4.24). In order to do so, we need to obtain
appropriate energy bounds for ug. Multiplying the heat Equation (2.8) by —Ayuy we
obtain

cd

2
IVuo (2, ) aqvyy + 5 o

IVuo(r,z, )HL?(Y,) <0, (4.25)
where we have made use of the fact

||’LL0(T7.’E, )“Hé#(Yf) = ’|A51Au0(7',x, ) HHé#(Yf) < C ||A’U,O(T,{E7 ')”L?(Yf) :
We now apply Gronwall’s lemma to (4.25) and deduce

Vo (@)l v,y <€ IVao(@, ) oy, -
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The inequality (4.24) now follows from the bound

t T
b1 ﬂﬂ%g

We now combine all the estimates associated with the scalar and vector force terms,
and notice that (4.22) holds with v=min(2,4—48) and Cy =7/8. The proof of The-
orem 3.3 is now complete. 0

* : ;L —Cat/e?™F
< divug (T 795’,) <Che ™2 .
t €/ 1L2(RY)

L2me)  Ji/ers

4.4. (8=1) Proof of Theorem 3.5.

Proof. We define the asymptotic expansions

t x
af :p5 —Do <,£L‘,> ;
e g

t T
g g
B =U —Uo| =T~ |
13 g

where (pg, ug) is the unique solution to the limit system (3.4). The expansions (af, 5°)
satisfy (4.1), where the force terms are given by

Fe(t,x) = —div,uo,
G* (t,l’) = EAIUO + 2divszu0 — Vz;p(),

and similar to the cases 8 <1, it suffices to show (4.22).

In order to obtain the necessary bounds, we note that the solution (pg,uq) satisfies
the energy estimate

t
2 2 2 2 2
||p0(t)||L2(Yf)+||“O(t)||L2(Yf)+2/O IVyuo ()2 v,y = laollze v,y + 100 (Ol L2 (v, ) -
(4.26)
As a result of (4.26), we have

t t
[foreef
0 Jre 0

t
2
<Cet [ 1o Oac-

2 t
c 2
I Gl

. s
divyug | —,z,—
e ¢

We now estimate the term

t
/ G*-3°=G1+Go+G3,
0 Jrd
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and obtain the following bounds:

izce([ o (Ee ) + ([ 15 Olw)
/
gcg(AtAwqj@jﬂL”@) ([ 195 Hpm)l2

<@ [|ama G D)0, L, +5 [ 1956

<o+ [IV8 O

t
e
0
¢ S T
< di x by T
wor( [ nson(2)
t
SC&:/
0
2, € ! e 2
<ce+ 3 [ 1986
0
t s " 1/2
< - 2
cize([ rm (D)) (/“nﬂ e

/
<x( [ e (?wé))iz ) (1o
<C£/ HV:WO( LZ(Rd) /H HLZ(]Rd

scm+ZAHVﬁ@wé®g

/2

1/2
L) (/Hﬁ e
) 1/2
o) ([

PSS A LaCT

. s oz
divy Vaug <f,x,f)
e e

. s
divy Vzug (g,x,

Combing the estimates associated to F€ and G¢, we note that (4.22) holds with y=1
and C; =3/4. The proof of Theorem 3.5 is now complete. ]

4.5. (0<p<1) Proof of Corollary 3.8.

Proof.  In this subsection we explain some of the changes that must be made
to the proof given in Subsection 4.3. Instead of (4.20), we define the following error
terms:

t T t x
€ _pE _ ) (-8 bl
Qs =p pO*UJé( ﬂ’x ) € D1 xws (€2ﬁ7x7€)a

t T 1— t T
/BEZUE_UO*Wé( o REE )—E( By xws (5B’x75>.

The error term (o5, 35) defined in (4.27) satisfies the system given in (4.1), with force
terms F§ (t,x) = F° *ws(t,z) and G5(t,z) = G® *ws(t,x), where F° and G* are defined
n (4.21). Arguing as in (4.2) and (4.22) and using that ||V’;(u*w5)|\Lz(Rdef) <

(4.27)
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OO ¥ ||ull L2 Raxy,) for any function u(x,y), we deduce that

B8 t
2 2 € 2
IOz ey + 185 (e + / (NZHOL

: (4.28)
g 2 5 2 & 2 CE’Y
<5022 ey + 185 (0) 72 ray + ; [l (5)||L2(Rg)+?,
where y=min(2,4—403). Hence, by Gronwall Lemma, we deduce that
o0 ey H 15 Oy + [ 19556 e
(4.29)

Ce7
<e“"|[la5(0 )HL2(R¢1)+”56( )||L2(1Rd)+ 52 }
For each a >0, there exists dg such that for 0 < < dg, we have

llao(x,y) —ao *wé(xay)”LQ(RdXYf) +[|bo(2,y) — bo*xws (z,y) ||L2(Rd><Yf) <a.

We fix such a 4. Since (a%,b%) two-scale converges strongly to (ag,bp), we deduce that

0
6:3 ||O/0(£L'7y) _GO*W(?(xvy)”Lz(Rdef)a

a®(x) —ag*ws (m, %) ‘
b (x) — bo *ws (a:, E) ’

£

2 d
LGRS (4.30)

0
=37 1bo (2, y) —boxws (T,Y)|| L2 (R xv;)

L2(RE)

when € goes to 0. Hence, there exists an gy such that for 0 <e <eg, we have

Also, there exists an €1 such that for 0 <e<eq, we have g—; <« (recall that § has been
fixed). Hence, for 0 <e <min(gg,e1), we have

<2a.
L2(RZ)

a®(z) —ag*ws (x, E) ‘
€

+|[b%(x) — by *ws (x, E) ‘

e

L2(RY)

8 T
2 2 € 2

sup [Ilai(t)lle(Rg)+Hﬂ§(t)lle(Rg)]+71/ I35 ()1 72 ay < 3T

0<t<T 0

and hence Corollary 3.8 is proved. O

5. Concluding remarks

We remark on our forthcoming papers [7, 6], i.e., the case f§>1. To see the
difficulty in dealing with time-space boundary layers, we present a formal argument
in the case f§=2. Assuming the following two-scale asymptotic expansion for the
pressure and velocity

oo
, T
g — Ip.t —
p Zapj(ms),
3=0
= T
u® = aju(t,x,f),
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we conclude the following system for terms (pg,p1,uo):

‘Yf|atp0+diV:c/ up=0 in RY,
v,
Oruo — Dyu+Vpo+ Vyp1 =0 in RY x Y7,
divyuo =0,
Vypo=0,
up=0 on 0Ys,
po(t=0)=b(z),
ug(t=0) = Pyao(z,y),
y— (uo, p1) is Y-periodic,

where P, is the usual Helmholtz operator on the domain Y;. Notice that two-scale
convergence only captures the micro-incompressible part of the flow. This is due to
the formation of a thin boundary layer in time of size £'/2 which decouples the flow
into its micro-incompressible and micro-acoustic parts. The micro-acoustic part of
the flow, which we define as (¢°,v%), carries fast time oscillations, and the partition of
the flow near initial time can be seen in Figure 5.1 (compare with Figure 1.4). Notice

A

(6%, a%)

(qE’vE) (pE_q!’;"uz’;‘_Ué‘)

>t
172

Fic. 5.1. Boundary layer in time for f=2.

that the fast time oscillations associated to micro-acoustic flow are quickly damped
in the case g =2.

How to split the flow into its incompressible and acoustic parts on the microscopic
scale is performed in our second paper [7]. In addition to two-scale convergence, we
make use of the Bloch decomposition of the wave operator. By this we mean the
spectral decomposition of the wave operator

0 div
w=(37)

on the elementary fluid cell Y; equipped with #-quasi periodic boundary conditions.
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We conclude our study of the total energy (1.2) in our final paper [6] by describing
the energy carried by the acoustic part of the flow. More precisely, we provide appro-
priate asymptotic expansions for (¢%,v¢) via the Bloch decomposition of the viscous

wave operator
& (0div s({00
A® = (V 0 )—i—e <0A .

Closed equations describing micro-acoustic flow near initial time are obtained using
the Wigner measure.

Appendix A. Dimensional analysis. We consider a compressible fluid gov-
erned by the isentropic compressible Navier-Stokes equation. We study its flow in a
porous medium Rf, where [ is the size of each cell.

Op+div(pu) = 0, p>0,
(A1)
O (pu) +div(pu®@u) — pAu—EVdivu+ Vp=0,

with the Dirichlet boundary condition u =0 on the boundary 3Rld. Here, p and u are
respectively the density and the velocity of the fluid and the pressure p is given by a
baroscopic law p=ap”, a is a constant related to the entropy and p is the viscosity.
We would like to look at this model on a macroscopic scale L which is much larger
than the length [ of each cell. Hence, we introduce the nondimensional parameter
€= % We also introduce a time scale T and a velocity scale U. Since we are looking
at the propagation of acoustic waves with a fixed background, we will assume that
p=p(1+ap) where « is a small parameter, namely p is a perturbation of order «
of a fixed background p. Hence, the sound speed c is given by ¢2=ayp?~!. In this
problem we have two typical speeds, namely the sound speed ¢ and the velocity scale
U. Since we want to neglect the nonlinear effect coming from the transport term,

we take U < ¢ and define k= % We also adjust the time scale T" in such a way that
c= % We introduce the adimensional quantities Z, Z, ... given by
t="Tt, x=L%, u="U4. (A.2)

Hence, (A.1) becomes

Op+ LY div(a) + YL div(pa) = 0, p>0,
(A.3)

Oyii+ YL aVia— 45 Au— AL Vdivu+ 8LE Vj+ £ 24 V=0,
where 7=p""(1+ap)" "1 —1—a(y—1)7].
Recall that T and L are chosen in such a way that c= % > U. Also the fluctuation
in the density and the velocity scale U should be related by the fact that a =k, namely
a= % For simplicity, we will also take £ =0. Hence, (A.3) becomes

dpp+div(a)+adiv(pi) = 0, p>0,
] o ] (A.4)
O+ iV i~ £ Rut Vit sV + (45— 1) Au=0.

Here, we are interested in the understanding of the linear propagation and this is why
we took a <1, which allows us to neglect the nonlinear terms; notice that they all
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have a factor « in front. Neglecting the nonlinear terms, (A.4) becomes

Opp+div(a) =0, p>0,

3 . (A.5)

Oyl — 475 Au+Vj=0.
Denoting (uf,p®) = (,p), dropping the tilde from ¢, # and defining &* = %‘TTQ,

the system (1.1). B
Recall that the Reynolds number is defined by Re= %. It measure the relative
importance of the transport effect to the viscous effects. One can define a modi-
fied Reynolds number Re.= % =¢ P that measures the relative importance of the

acoustic effect to the viscous effects.

we get
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