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WELL-POSEDNESS CLASSES FOR SPARSE REGULARIZATION*

MARKUS GRASMAIRT

Abstract. Because of their sparsity enhancing properties, ¢! penalty terms have recently re-
ceived much attention in the field of inverse problems. Also, it has been shown that certain properties
of the linear operator A to be inverted imply that ¢!-regularization is equivalent to £°-regularization,
which tries to minimise the number of non-zero coefficients. In the context of compressed sensing,
one usually assumes a restricted isometry property, which requires that the operator A acts almost
like an isometry on certain low dimensional sub-spaces. In this paper, we show that similar proper-
ties appear naturally when one studies the question of well-posedness of £0-regularization. Moreover,
we derive a complete characterisation of those linear operators A for which ¢0-regularization is well-
posed. It turns out that neither boundedness nor invertibility of A are necessary conditions; compact
operators, however, are shown not to be suited for £0-regularization.
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1. Introduction

While the basic assumption of classical regularization methods for the stable
inversion of ill-posed operator equations is either boundedness or smoothness of the
solution, the theory of sparse regularization is based on the assumption that the
true solution has a finite expansion with respect to some given basis of the space of
definition. This sparsity of the solution can be enforced by employing the number
of non-zero coefficients as a regularization term. There are two major problems with
this approach: The first problem is the fact that, in general, this does not yield a
well-posed regularization method, as has been observed in [I5]; the number of non-
zero coefficients is no coercive functional, and therefore the regularization functional
need not attain its minimum. The second difficulty lies in the actual computation of
the solution, provided it exists.

In order to obtain a problem that is computationally tractable, it has been sug-
gested in [6] to use the ¢-norm as a sparsity enforcing regularization term. Then
one obtains a convex minimisation problem that can be solved by standard methods.
This approach was rigorously justified later, when it was shown that, under certain as-
sumptions, the £*-minimiser is also the sparsest solution (see, for instance, [4, 5] 8,9]).
In [5], the main assumption is that the operator A to be inverted satisfies a certain
restricted isometry property, which requires that A acts almost like an orthogonal
operator on the class of all sufficiently sparse vectors (see also [3]).

In [7, 12, [15, [17, 18], the method of ¢!-regularization has been considered from
an inverse problems point of view. It has been shown there that ¢'-regularization
provides a well-posed regularization method and, in addition, that it may have ex-
ceedingly good properties: If the true solution of the considered equation is sparse and
satisfies a range condition, and the operator A satisfies a certain restricted injectivity
property, then the regularized solution converges linearly to the true solution as the
noise level decreases to zero. In [I3], the injectivity condition has been replaced by
the assumption of uniqueness of the ¢'-minimising solution. In addition, it has been
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shown that the restricted isometry property implies a uniform range condition on the
set of all sufficiently sparse elements.

There are, however, fundamental differences between the latter results and those
on compressed sensing. First, the convergence rates derived from restricted isom-
etry properties hold uniformly on the set of sufficiently sparse vectors, while those
in [I3] depend strongly on the solution. Second, the results on convergence rates
for ¢'-regularization in [I3] make no assertion concerning the question whether the
¢*-minimising solutions are actually the sparsest ones (note however [16], where spar-
sity results for ¢'-regularization were derived using methods from compressed sensing
applied to the setting of inverse problems). Indeed, the range condition postulated
in [I3] seems not be strong enough to guarantee such a sparsity. On the other hand,
it might be possible to substantially weaken the assumptions in [5] and still be able
to obtain this equivalence of ¢!- and °-regularization. Also, it might be possible that
weaker assumptions would at least imply the equivalence of ¢°-regularization and
{P-regularization for some 0<p<1. Such regularization methods with non-convex
penalty term have for instance been studied in [T}, 10, 1T} 2T] (see also [I5], where some
preliminary first results on well-posedness of the non-convex case were presented).

If one aims for the derivation of more general equivalence results, it makes sense
to study first the properties of (O-regularization more closely. In particular, because
regularization with ¢P-penalty terms is well-posed for every p> 0 (see [10]), one should
derive conditions for the operator A that guarantee this well-posedness also for the
case of an ¢%-penalty term. In this paper, we will approach this task by studying the
method of quasisolutions, where one assumes that a strict bound for the penalty term
is known. In the setting of sparse regularization, this means that an upper bound
s for the number of non-zero coefficients of the expected true solutions is known a
priori. The same assumption is also present in the theory of compressed sensing.

The main result of the paper is Theorem [3.I} where a characterisation of those
linear operators is given for which the assumption of s-sparsity leads to a well-posed
problem. It turns out that the conditions one obtains are closely connected to the
restricted isometry property, though far less restrictive. As a consequence of these
conditions, we obtain that compact operators are only in the finite dimensional case
susceptible to £0-regularization. Still, the class of operators for which s-sparsity is
a meaningful regularization assumption contains more operators than only isomor-
phisms: We show by means of two explicit examples that neither the boundedness of
the operator A nor the closedness of the range of A are necessary for (°-regularization
to be well-posed.

2. Sparse regularization
Let A be some countable index set, ¥ some Hilbert space, and A: (?(A) =Y a
linear operator. The goal is to solve, for given data y €Y, the operator equation

Az =y. (2.1)

If the operator A is ill-posed, then solving this equation, if possible, in general does not
yield any meaningful results, as small errors in the data y can lead to arbitrarily large
errors in the solution. In order to obtain useful results nevertheless, it is necessary to
have some additional a priori knowledge about the solution of the equation and to use
it in some approximate solution process. One possibility for such a priori knowledge
is sparsity, where one assumes that the support of the solution zf = (a:ir\) ren of ,

that is, the set
supp(zf) = {xeA: x; #0},
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is a finite set.

There are several methods for exploiting this knowledge. If one not only knowns
that supp(z') is finite, but an additional estimate of the data error in the form ||y —
y°|| <4 is available, then one can solve the constrained minimisation problem

|[supp(z)| = min subject to || Az —1°||? <462 (2.2)

Also, it is possible to apply a Tikhonov type of regularization, and solve the uncon-
strained minimisation problem

1Az —3°||* +alsupp(z)| — min, (2.3)

where the regularization parameter o> 0 is chosen in some suitable manner. If, on
the other hand, an explicit bound for |[supp(z1)| is given, for instance the knowledge
that [supp(z')| <s, then it makes sense to compute the quasi-solution of , which
is defined as

2 :=argmin{||Az —y°||? 12 € X, }, (2.4)
where
X, :={zeP(A):|supp(z)| < s}

The problem with all of the three models , , and is that, in general,
none of them is well-defined. The reason is that, while the mapping x+— |supp(z)| is
weakly lower semi-continuous, it is not coercive (see [I1]). Thus, direct methods for
proving the existence of solutions can only be applied, if the non-coercivity of |[supp(x)|
is compensated by the coercivity of the fidelity term || Az —%°||? on the set X,. To see
what can happen in the general case, we consider a simple example, which makes use
of the same construction as an example in [I5] Section 5.2], where it is shown that
Tikhonov regularization with an /°-penalty term need not be well-posed.

Before that we clarify some notation that is used throughout the text. Whenever
A is some (countable) index set and x € £2(A), we denote by z) €R, A€ A, the A-th
coefficient of x. Moreover, we denote by e* € /2(A), A€ A, the standard basis vector
with coefficients (e*)y=1 and (e*), =0 for every € A\ {A\}. That is, for all z € (2(A)
we have the representation z =3, ., zxe*.

EXAMPLE 2.1. Define A: 2(N) —R? by

Aok — cos(k)e! +sin(k)e?

Then

< () (Ze)+ () (X4)
<2,

showing that A defines a bounded linear operator on £*(N).
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Now note that the set A(X1)={A(te*):teR, keN} is dense in R%. Thus, when-
ever y® € R2\ A(Xy) is given, the problem of minimising || Az —y°||*> over X has no
solution. Even more, the Tikhonov functional attains no solution if ||y°||* > a.
Indeed, the density of A(X) in R? implies that inf,cx, ||[Ax—y°||>=0 and therefore

: 5112 .
nt (142 =y P +alsupp(z)]) <a.
On the other hand, with =0 we have ||Az—1y°||*+a|supp(z)|=||y°||* >, which
implies that x =0 is no minimiser. If, however, © € X1 were a minimiser, then ||Ax —
y°||>=0, contradicting the assumption that y° ¢ A(X1).

In the following, we will concentrate on the concept of quasi-solutions, that is,
the model . These types of models are classically treated within the concept of
well-posedness classes [19]:

DEFINITION 2.1. Let X and Y be topological spaces and let A: X =Y. The set
X C X is a well-posedness class for A, if the restriction of A to X is well-posed in
the sense of Hadamard. That is, the following conditions are satisfied:

e The restriction of A to X is continuous.

o The restriction of A to X is injective.

e The mapping A~*: A(X) — X is continuous.

In other words, the set X is a well-posedness class for A if the operator A is a
homeomorphism between X and its image A(X)CY.

In the following section, we will derive necessary and sufficient conditions for the
linear operator A that guarantee that the sets X, for given s €N, are well-posedness
classes for A.

3. Well-posedness classes
Let

pmsu{ E2laex 0],

]

US::inf{ | Az] 'xeXs\{O}}.

-

Moreover, define for z € £?(A) with Az #0

L (Ax,AZ)
e() "Sup{ TAz] Az

where (-,-) denotes the inner product on the Hilbert space Y, and define for Q C A
75(Q) :=sup{7,(x) : supp(z) CQ, Az #0}. (3.1)

Here we set 75(92):=0 if Az=0 for every x satisfying supp(z) CQ2. Note that the
supremum in is attained whenever Q C A is a finite set and Az #0 for some x
satisfying supp(z) C Q. That is, whenever Q is a finite set and 7,(€) > 0, there exists
x € (%(A) with supp(x) CQ such that 75(2) =74(z).

THEOREM 3.1. The set X is a well-posedness class for the operator A if and only if
the following hold:

7€ X, supp(Z) Nsupp(z) =0, Az # 0},

ps <00, (3.2)
7y >0, (3.3)
7:(Q) <1  for every QC A with Q] <s. (3.4)
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Proof. Assume first that X, is a well-posedness class for A, that is, the restric-
tion of A to X, is continuous, injective, and has a continuous inverse. We show by
contradiction that the conditions f are satisfied. Assume first that does
not hold. Then there exists a sequence (z(*))zen C X, with ||| <1 for all k£ and
Az || = 0. Setting #(F) :=z(*) /|| Az*)||, it follows that #(*) — 0 while || Az || =1
giving a contradiction to the continuity of A on Xj.

Now assume that does not hold. Then there exists a sequence (x("”'))keN C X,
such that ||z*®)|| =1 for all £ and Az(*) — 0. Obviously, this contradicts the continuous
invertibility of A|x,.

Finally assume that holds, but does not hold. Let Q2 C A be such that
|| < s and 75(2) =1. Then there exist x € ¢*(A) with supp(z) CQ and ||Az|=1, and
a sequence (z?);cy C £2(A) such that %) € X, supp(z®)) Nsupp(z) =0, ||Az*)|| =1
for all k€N, and

P T (Ax, Ax®) 1.
JAz Az — AnArT) =

Then
|A(z—2®)|? = || Az||? + || Az |2 — 2(Az, Az®)) = 2(1 — (Az, Az(F))) = 0.

On the other hand implies that ||z| > ||Az||/ps=1/ps and also [|z®)||>1/p,
for all k€ N. Because supp(z)Nsupp(z*)) =0, this implies that [z —2® | >v/2/ps,
showing that Az(®) converges to Az while z(®) does not converge to . This gives the
necessary contradiction.

For the converse direction, assume that f hold. We first show that
Alx, is continuous. Let therefore x € X, and assume that (x(k))keN C X converges
to z. Denote m,: £2(A)— (?(A) the projection on the subspace spanned by the basis
elements in the support of z, that is,

7 (Z) = Z Zret,

A€supp(x)

and define 77 :=1d —7,. Then x—m, (gc(k)) € X, for all k£ and, similarly, Wé‘(l'(k)) € X,
for all k. Therefore,

1A ® — )| < J|A(ms (a) = )|+ | Ay ()]
<ps(Ima(@™) =+ 3 (zN)]) < V20, )™ ~ 2],

proving the continuity of A|x,.

Now assume that z € X, and (z(®)) ey C X, are such that Az(*) — Az. We have to
show that also z(®) — z. Let Q:=supp(z). Then by assumption 7,(Q) < 1. Moreover,
we have supp (7, (z(*)) —x) Csupp(x) CQ, and therefore, as [supp (7 (z*)))| <s and
supp(my (zM))NQ =0,

(A (2®)) = 2), Am (2)) S 7o ()| Ao (2) = ) || Amy (&)
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for all k. Thus,

1A ® —a)||?
=[|A(mo (z®)) = 2)|* + || Ax

2 (@NIP = 2(A(me (™)) —2), Amy (™))

> [| A (2) ~ )II2+||A7#(:E oIl
x)

(

x

=27 () Ao (2 ™) —2) | | Amy (2 ) |
= ([ A(me (™) =) || - | Amz- (2 ®)])?

+2(1 = 7o () A(ms (2) = 2)|[|| Amy (2 ) |
> 0.

Since by assumption ||A(z*) —z)|| converges to zero and 1—7,(9)>0, it fol-
lows that so do the sequences ||A(m,(zF))—z)| —||Art(z®)| and ||A(7,(z*) —
z)||[| A (*))|. Consequently, we obtain that

| A(mg () — )| = 0 and | Az ()] — 0. (3.5)
Because 7, (x*) —2 € X, and 7t (z(¥)) € X, for all k€N, it follows from (3.3) that

l2®) ]| = |70 (2®)) || +||mz (&)
<o (J[A(mo (= ™) —2)|* + || Amy (&)%)

Now the convergence of (z(*)) to z follows from (3.5)). 0

COROLLARY 3.2. Assume that X1 is a set of well-posedness for the linear operator
A: (2(N)—Y and that A is an infinite set. Then A is non-compact.

Proof. For ease of notation we assume without loss of generality that A =N.

Assume to the contrary that A is compact and consider the sequence of basis
vectors (eF)ren. This sequence converges weakly to zero in ¢2(N). Moreover, the
compactness of A implies in particular that A is bounded, and therefore also the
sequence (Ae*)en converges weakly to zero. Now the compactness of A implies that
(AeF) ey converges to zero with respect to the norm, and thus ||Ae*||—0. This,
however, is a contradiction to the assumption that X; is a set of well-posedness for
A, as Theorem [3.1]in particular implies that ||Ae¥|| >a; >0 for all k€ N. O

REMARK 3.3. Most of the technicalities in the proof of Theorem stem from the
fact that the sets X, are not linear sub-spaces of £2(A). If the sets X were linear
spaces, then ps; would simply equal the norm of the restriction of A to X, and o
the reciprocal of the norm of its inverse; thus, the conditions ps < co and o4 >0 alone
would be equivalent to X being a well-posedness class for A. Here, because of the
non-linearity, the additional condition is needed. Note, however, that the proof
of Theorem shows that this condition is only required for the continuity of the
inverse: the restriction of A to X is continuous, if and only if p, < co.

REMARK 3.4. The (s,s")-orthogonality constant of A(see [0]) is defined as
Ts,s i=sup{7,(Q): QCA, |Q <5}

It can be used in conditions that guarantee that the solution of constrained ¢'-reg-
ularisation is at the same time the sparsest solution of the equation Az=1y (see [2]
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for a collection of results of that type). Obviously, the condition 7, s<1 implies
condition (3.4) of Theorem Conversely, however, it is easily possible in the infinite
dimensional case that (3.4)) holds, although 7, s =1.

REMARK 3.5. There is also a connection between 7, and the notion of coherence of
a linear mapping, which can be defined as

ol 400
s AT AT

Coherence is one of the main tools in compressed sensing for deriving not only the
equivalence of ¢! and £°-regularization, but also the correctness of several greedy
algorithms that can be used for solving the minimisation problem numerically (see [9]
for a large collection of results). It is easy to see that u(A)=71 ;1. In [20], the babel
function p11: N—=R>(, defined by

|(Aet, Aed)|
pa(m):= sup sup » =,
QCA igﬂ,ezg (| Aet[||| Aed ||
Q1=m

has been introduced in order to obtain sharper results on the validity of greedy algo-
rithms. This original definition has been dissected in [I4] in order to analyse different
a priori assumptions on the support of 2t than that of s-sparsity. In the course of
this analysis, the setwise babel function has been defined as the mapping that assigns
to every index set {2 C A the number

|(Aet, Ae?)|
:=sup
zeﬂz ||A61||Hz46]||

This definition of uq(£2) is very close to that of 71 (£2) in the present paper. The main
difference to 77 is that p; uses the sum of the absolute values of the inner products
of Ae? and Aed, which can be interpreted as an ¢!-norm on a sub-space of Y. Indeed,
the arguments in [14] are based on an estimation of the norm of the operator A with
respect to suitable £'-norms (see also [16], where similar arguments are used in the
infinite dimensional case).

4. Examples

In this section we show by means of two concrete examples that the conditions
in Theorem [3.1] imply neither boundedness nor bounded invertibility of the operator
A, even if they are satisfied for every s€N. In the first example, we construct an
unbounded operator, for which X is a set of well-posedness for each s € N.

EXAMPLE 4.1. Consider the sets
A:={(k,1):k,leN, 1<I<k},
AN:={(k,0l):k,leN, 0<I<k}.
Let moreover A: £2(A) — (2(A') be any linear operator satisfying
AePlt = k0 g kil for (k1) € A.

In the following, we show that the operator A is unbounded, but that every set X, is
a set of well-posedness for A.
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In order to see that A is unbounded, consider ®) C(?(A) defined as z®) :=
Zlgzgk e®!. Then Ax(k):kek’OJerngkek’l, and therefore

| P =k, while (| AP =K+ (41)

Now let s€N be fized. In order to show that the set X, is a set of well-posedness
for A, we have to verify that ps < oo, g5>0, and 75(Q) <1 for every Q C A with |Q] <s.
Even more, we will show that the (s,s)-orthogonality constant 7 s is strictly smaller
than 1.

Assume first that =3, 3" c,cpTh1e"' € X, Then

[Az2=> " > ad, 4| D wea| |- (4.2)

ko\1<i<k 1<i<k

This immediately shows that ||Ax||? > ||z||?, implying that o, >1. Moreover, because
x € X, it follows that there exist at most s pairs (k,l) such that zy,;#0. Consequently,
making use of the estimate (y1+...+ys)> <s(yi+...+y?), we obtain that

A< > (L+s)ag, =1 +s)llz]?,

k 1<i<k

showing that ps <+/1+s. Together with (4.1)) we obtain that, in fact, we have equality;
that is, ps=+/1+s.

Now let £=3", 3" cj<rTr1€™ € Xy be such that supp(z)Nsupp(Z)=0. Then

<
Tk, =0 for every (k,1) € A, showing that

(A, A= | N wradrat [ Y wa || Y F
k

1<i<k 1<i<k 1<i<k

E Tl g Tk

4

1<I<Kk 1<I<k
< E E Tl g Tk
L \|1<i<k 1<I<k

Now note that the fact that |supp(z)| < s implies the inequality

2
< 2
xk,l SS xk,l’

1<i<k 1<I<k

which in turn shows that

Z Tt < 548—1 Z 95%,1‘*‘ Z Trl | o,

1<I<k 1<I<k 1<i<k
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and, similarly,

Z i’k,l S S—T—l Z i’%J‘F ‘%k,l

1<i<k 1<i<k 1<i<k

Therefore,

2 2
~ S - -
(Az, AT) < por xy,+ Tk, Z 5+ Z Tk
% 1<I<k < <i<k
k

<5 x2 + z
= 5+1 k.l k,l
1<i<k 1<i<k
2
X Z Z 3+ Z T,
k 1<i<k 1<i<k
s -
= | Az|[[| Az |,
s+1

which shows that 74(x) <s/(s+1) for every x € Xy and therefore 75 s <s/(s+1).
In the following example, we construct an operator A that is bounded, injective,

and has non-closed range in such a way that every set X, is a set of well-posedness
for A.

EXAMPLE 4.2. Let again A::{(k,l):k,leN, 1§l§k} and let
1 k.l
= — Z e,
\/Elglgk

Then the vectors ny, form an orthonormal system in £2(A). Choose now any sequence
{ci}ren with 0<cp <1 for all k and limy,_,oocx = 1. Define A: £2(A) —¢2(A) by

Ax:z—ch<x,nk>nk.

keN

Then we obtain, with the abbreviation dy:=2cj —c3,

1Az = |2)* =2 erlw,m)+ ) cifw,m)’

keN keN
= ]| = (2cx —c}) (w,mi)?
keN (4.3)
2
2 dk
=lz)?=>" - > gy
kEN 1<I<k

In particular, || Az|? <||z||?, showing that A is bounded. Moreover, it is obvious that
A is not boundedly invertible, as ||Ang||*=1—dr —0 as k— oo.
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Now we show that every set X is a set of well-posedness for A. Because A is
bounded, we have to show that o5s>0 for all s€N and 74(x) <1 for all seN and
x € Xs. Let therefore seN and let x € X5. Because |supp(x)| <s, it follows that

2

Z zi; | <min{k,s} Z Tp .

1<i<k 1<i<k

Thus (4.3)) implies that

Azl > = 3 (mingh,5} % 37 a7,)

keN 1<i<k

— Z ((1 - min{k,s}%) Z 37%1)

keN 1<i<k

. min{k,s} 9
> — _— .
_lirellf\l<1 i k )”xH

Because the term dy, is strictly smaller than 1 and min{k,s}/k tends to zero as k — oo,
it follows that

in{k,s}
29 ( B min{k, .
o2 i (1-de—yp >>0

Now let T € X be such that supp(Z) Nsupp(xz) =0. Define the mapping mp: X = X
by

Wk(:i'):: Z i‘kvlek’l.

1<i<k
Then
(A, AZ) = (Amyz, Ami ).
keN
Moreover,

(Ampx, Amp @) = (e, T Z) — di (i) (Z, 1k

:_dk<xank><‘%ank>:_dk Z T, Z T |- (4.4)

1<i<k 1<I<k
Now denote
ny := |[supp(z) Nsupp(nx)| and iy, := |supp (&) Nsupp (1) -
Then implies that
(Aﬂkx,Aﬂk@zSdinzgk Z :z:i,l Z 5%71 . (4.5)

1<i<k 1<i<k
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Moreover, as dgng/k <1 and dgng/k <1 for all k,

- n n -
|Ama 2l Ama)? > (1=de 50 ) (1= 22 ) | D0 ad | | D0 ). @0
1<I<k 1<I<k
Now define
i k/2
Gstzsupdkimm{s’ /}
keN k
Then

0. — { dp, drs }< { d. s }<1
s TR 5, 9 ,ffi A i U= WD S P 2’

as 0<dp <1 for allk eN. Next, note that the assumptions [supp(x)| <s, |[supp(Z)| <s,
and supp(x)Nsupp(Z) =0 imply that npng <min{s? k?/4} for all k€N. Thus we
obtain that for all k€N

2Tl _ga L

d
k k2 — S8 4

Now, the inequalities 0 <dpny/k<1, 0<dyng/k<1, and dingig/k* <0 imply that
for all keN

ng g 9
1-d —)(1—d )= (1-0,)2
( "k v ) = (10:)
Consequently, we obtain from (4.5)) and . ) that

02
<Aﬂkx,Aﬂk53>2Sﬁ||Axll || AZ|J?.
Consequently,
(Az,AZ)= Z(Amgx,Aﬂ'k@
keN
5 keN

Z:IIAWMC\I2 > llAmE|2

keN keN
Because 05 <1/2, the assertion follows with

05
Ts,s S — < 1.

1-6;
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5. Conclusion

We have derived a characterisation of those linear operators between ¢? spaces
and general Hilbert spaces for which the assumption of sparsity constraints leads to
well-posed problems. For this well-posedness to hold, the operator A as well as its
inverse have to be bounded on the set X consisting of all s-sparse elements of £2(A).
In addition, if z, Z € X have disjoint support, then the angle between Ax and A%
has to be strictly larger than some positive number. These conditions are closely
related to various formulations of a restricted isometry property that is commonly
encountered in the context of compressed sensing. There, this property implies first
the stability of sparse regularization and, second, that its solution can be computed
by minimising the ¢'-norm instead. The results of the present paper indicate that
conditions that are similar to a restricted isometry property appear naturally when
treating sparse regularization problems. Also, the examples show that, although the
approximate inversion of compact operators with sparse regularization can lead to
problems, the theory is not restricted to invertible operators. Instead, there exist
operators with non-closed range for which every set X is a well-posedness class, that
is, any restriction of the support of the solution yields a well-posed problem.
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