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RANDOM ATTRACTOR FOR A STOCHASTIC
HYDRODYNAMICAL EQUATION IN HEISENBERG
PARAMAGNET ON AN UNBOUNDED DOMAIN*

Y. F. GUOT, B. L. GUO¥, D. L. LI§, AND C. X. GUOY

Abstract. In this paper, the asymptotic behavior of the stochastic hydrodynamical equation
in the Heisenberg paramagnet on the entire two-dimensional space is studied. The asymptotic com-
pactness of the stochastic dynamical system is proved by using the uniform a priori estimates for
the far-field values of the solution. The existence of a random attractor is established for the corre-
sponding stochastic dynamical system, and the regularity of the random attractor is obtained, which
implies the asymptotic smoothing effect of the equation in a probability sense.
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1. Introduction

In this paper, we consider the following stochastic hydrodynamical equation
emerging from the Heisenberg paramagnet with additive noise defined in the entire
space R?:

du+ (Mu—Au—ux Au)dt =" ¢;(z)dw;(t), xR, (1.1)
i=1

where ) is a positive constant, ¢;(z)(i=1,2,---,m) are given smooth functions defined
on R? and {w;}™, are independent two-sided real-valued Wiener processes on a
probability space which will be specified later. In this equation, u= (uy,us2,us) is the
unknown denoting the spin density and x denotes the cross product for vectors in R3.
In physics, this equation describes the hydrodynamics of the Heisenberg paramagnet
in the long wavelength-low frequency limit when random spatio-temporal forcing is
taken into account [12].

In the deterministic case, the authors in [7] studied the equation and obtained
the existence and uniqueness of smooth solutions for this equation. This equation is
very similar to the Landau-Lifshitz equation [7, 12], which plays an important role
in understanding the dynamics of the ferromagnetism in materials, when the tem-
perature is below a critical temperature known as the Curie temperature. One can
refer to [10] for a thorough introduction. It is well known that stochastic differential
equations play an important role in understanding nonlinear phenomena. Indeed the
deterministic model usually neglects the impact of many small perturbations, but
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1098 A STOCHASTIC HYDRODYNAMICAL EQUATION

stochastic equations can conform to physical phenomena better. Recently these prob-
lems were intensively investigated by many mathematicians due to the importance
of the stochastic equations from the view point of mathematical physics. For exam-
ple, the stochastic Navier-Stokes equations, KdV, Schrédinger and Burgers’ equations
are studied [3, 4, 5, 13]. In particular, the existence of global smooth solutions was
obtained for (1.1) with additive noise on a bounded domain [8].

In order to capture the essential dynamics of stochastic dynamical system, the
concept of a random attractor was introduced in [5, 6] as the extension to stochastic
systems of the theory of attractors for deterministic equations founded in [16, 15].
The random attractor is a compact invariant set depending on chance and moving
with time, attracting any orbit starting from —oo. The existence of the random
attractor has been studied for stochastic PDEs on bounded domain [5, 6]. For (1.1),
the existence of the random attractor has been studied in [9] on bounded subdomains
of R2. But the existence of the random attractor has not been studied in the entire
space R? for (1.1).

We know that it is more difficult to prove the existence of random attractors for
stochastic PDEs than to prove the existence of attractors for deterministic PDEs on
unbounded domains because Sobolev embeddings are no longer compact, and so the
compactness of solutions cannot be obtained by the standard method. In the case of
stochastic PDEs, in order to overcome this difficulty in unbounded domains we provide
the uniform estimates on the far-field values of solutions. This idea was developed in
[17] to prove the asymptotic compactness for the deterministic version. By extending
the method of using the tail estimates to the case of stochastic dissipative PDEs,
some authors have proved the existence of the random attractor on an unbounded
domain [1, 18]. In this paper we use this method to prove the existence of the random
attractor in the entire space R? for (1.1). It is difficult to control the estimates which
are produced by the nonlinear term. In order to overcome this difficulty we will use the
ergodic property in the process of uniform estimates. The asymptotic compactness of
the stochastic dynamical system is proved by using the uniform a priori estimates for
the far-field values of solutions via a truncation function.

This paper is organized as follows. In the next section, we recall some fundamental
concepts of random attractors for stochastic dynamical systems. In Section 3, we
transform (1.1) into a continuous stochastic dynamical system. Section 4 is devoted
to the uniform estimates of solutions. These estimates are necessary for proving the
existence of bounded absorbing sets and the asymptotic compactness of the solution
for (1.1). In the last section, we establish the asymptotic compactness of the solution
operator by giving uniform estimates on the tail of solutions and then prove the
existence of the random attractor.

We denote by |- || and (-,-) the norm and the inner product in H = L?(R?) respec-
tively, and we use ||-||z» to denote the norm in LP(R?). H*(R?),k€ Z* are the usual
Sobolev spaces. Moreover, the norm of a general Banach space X is written as || - || x.
The letters ¢ and ¢; (i=1,2,---) are generic positive constants which may change their
values from line to line or even in the same line.

2. Preliminaries

We recall some basic concepts related to random attractors for stochastic dynam-
ical systems. For additional details, the reader is referred to [5, 6]. Let (X, -]lx)
be a separable Hilbert space with Borel o-algebra Z(X) endowed with the dis-
tance d, and let (2,F,P) be a probability space. We also denote the mappings
S(t,s;w): X = X, —0o < s<t<oo with explicit dependence on w. In most applica-
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tions there exists a group 6¢, t € R, of measure preserving transformations of (2, F,P)
with the property that for all s <t and x € X we have

S(t,s;w)x=95(t—s,0;0,w)x, P—a.e.

In applications to stochastic evolution equations driven by white noise, w(t) is
the two-sided Wiener space Co(R; X)) of continuous functions with values in a Banach
space X, equal to 0 at t=0. In this case 6, is defined as

(Ow)(s)=w(t+s)—w(t), s,teRr.

DEFINITION 2.1. Let teR and weQ). A stochastic dynamical system with time t
on a complete and separable metric space (X,d) with Borel o-algebra B over {6;} on
(Q,F,P) is a measurable map

S(t,s;w): X =X, —oco<s<t<oo

such that S(s,s;w)x=1z and S(t,s;w)x=S(t,r;w)S(r,s;w)x for all s<r<teR and
forallzeX, wel.

DEFINITION 2.2. Given t€R and weQ, K(t,w) C X is called an attracting set if for
all bounded sets BC X,

d(S(t,s;w)B,K(t,w)) =0, s——o0,
where d(A, B) is the semidistance defined by

d(A,B)=sup inf d(x,y).
z€AYEDB

DEFINITION 2.3. A family A(w) (we) of the closed subsets of X is measurable, if
for all x € X, the mapping w— d(A(w),x) is measurable.

DEFINITION 2.4. Define the random omega limit set of a bounded set B C X at time
t as

A(B,t;w) = ﬂ U S(t,s;w)B.

T<ts<T

DEFINITION 2.5. Let S(t,8;w)t>s.wen be a stochastic dynamical system, and let A(w)
be a stochastic set such that

(1) A(w) is the minimal closed set such that for teR, BC X,
d(S(t,s;w)B,Alw)) =0, s— —o0,

here we call A(w) the attractor of B (B is a deterministic set);

(2) A(w) is the largest compact measurable set, which is invariant in sense that
S(t,s;w)A(Osw) =A(bw), s<t.

Then A(w) is said to be the random attractor.
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THEOREM 2.6. ([5, 6]) Let S(t,s;w)i>sweq be a stochastic dynamical system satis-
fying the following conditions:

(i) S(t,r;w)S(r,s;w)x=5(t,s;w)x for all s<r<t and z€ X,

(i) S(t,s;w) is continuous in X, for all s<t,

(iii) for all s<t and x€X, the mapping w— S(t,s;w)x is measurable from
(Q,F,P) to (X,8(X)),

(iv) for allt eR, z € X and P-a.e. w, the mapping s+— S(t,s;w)x is right contin-
uous at any point.

Assume that there exists a group 0, t R of measure preserving mappings such
that

S(t,s;w)x=S5(t—s,0;0,w)x, P—a.ec.

holds and for P-a.e. there exists a compact attracting set K(w) at time 0. For P-a.e.
wef, we set Aw)=Upcx A(B,w), where the union is taken over all the bounded
subsets of X and A(B,w) is given by

A(B,O;w) = ﬂ U S(0,s;w)B.

T<0s<T

Then A(w) is the random attractor.

3. The hydrodynamical equations with additive noise

In the entire space R? there is a continuous stochastic dynamical system
(S(t,s;w); H'(R?)) generated by the stochastic hydrodynamical equation defined with
additive noise:

du—l—(/\u—Au—uxAu)dtde)i(x)dw,-(t), reR? (3.1)

i=1
with the initial condition
u(z,s) =us(x), (3.2)

where A is a positive constant, ¢;(x)(i=1,2,---,m) are given smooth functions de-
fined on R?, and {w;}™, are independent two-sided real-valued Wiener processes on
a probability space (Q,F,P;6;). For the deterministic case, it is obvious that there is
a dynamical system (S(t), H'(R?)); see [7, 10]. For the stochastic equation, there is a
continuous stochastic dynamical system (S(¢,s;w); H!(R?)) generated by the stochas-
tic hydrodynamical equation defined with additive noise; see [8, 9, 11, 14]. Now we
need to convert the stochastic equation with a random additive term into a determin-
istic equation with a random parameter.

Let a>0 be given; we shall impose a condition on « below. Given i=1,...,m,
let z; be the stationary (ergodic) solution of the one-dimensional Ornstein-Uhlenbech
equation

dz; + az;dt =dw;(t); (3.3)

so that

zi(t) = / t e =) dupy (s).

— 00



Y. F. GUO, B. L. GUO, D. L. LI, AND C. X. GUO 1101

Putting z(t) =i~ ¢:(x)z(t) we have

dz—i—azdt:iqbi (x)dw;(t). (3.4)

i=1
Then the trajectories of z; are P-a.e. continuous. Let ¢;(z) € H?(R?). We know that
for all € >0 one can choose a >0 such that

E|z (0)[*<e. (3.5)

This is possible since 0 <E|21(0)|* = Var(21(0)), and Var(z1(0)) — 0 as o — oo; see [7].
From (3.5) and the ergodic theorem we obtain

. 1 2 2
SEIPOO’;/S ;|zi(t)| dt=mE|z (0)]> =0 P-ae. (3.6)
as o — 0o. In addition, for P-a.e. w € (2, we have that

m

D (=P =) (3.7)

i=1
grows at most polynomially as ¢t — —oo0, where p> 2.
Let u(t) =v(t) 4+ z(t). We have
d
d%j—!—kv—Av:Az—l—(a—A)z—F(v—Fz)xA(v+z), (3.8)

with initial condition
vs(x) =us(x) —2(s). (3.9)

We now consider the properties of (3.8)-(3.9).

4. Uniform estimates of solutions

In this section we consider the uniform estimates of solutions for (3.8)-(3.9) to
derive uniform estimates on the solution of (3.1)-(3.2) defined on R? at ¢t =0, for the
purpose of proving the existence of a bounded random absorbing set and the asymp-
totic compactness of the stochastic dynamical system associated with the equation.
In particular, we will show that the tails of the solution, i.e., solutions evaluated at
large values of |z|, are uniformly small when ¢ —0~. Now we consider the equation

dv+ (M —Av)dt = Azdt + (a— N)zdt + ((v+2) X A(v+2z))dt. (4.1)

LEMMA 4.1. Let ¢;(x) € H3(R?), and v(t) be the solution of (3.8)-(5.9). For any given
1n>0 and us € H satisfying ||us|| <n, there exist random radii ro(w),r1(w),r2(w),rs(w)
and s1(w) < —1, such that for all s<s1(w) the following inequalities hold P-a.e.:

[P < ro(w), u@|? <ri(w), te[-1,0],
0
/_ Vu(t) Pt <o),

0
/_1||Vv(t)—i—Vz(t)sztSrg(w).
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Proof. Taking the inner product of Equation (3.8) with v in H, we can obtain

1d

5 71017 F AP+ Vol = (Az,0) + ((a = A)z,0) +((v+2) x A(v+2),0)

=(Az+ (a=XN)z,0)+ (2 x Av,v) + (2 X Az,v), (4.2)

because (axb)-a=(axb)-b=0 for any a,b,c€R3. Moreover Young’s inequality im-
plies that

Azt (a=X)2,0)| < ol +e(I Azl + [21?) < S ol + 20
For the third term on the right hand side of (4.2), we have the estimate
(zx Az, v)[ <|lv][l|]z x Az|| < %HUH2 +ellzl Lol Az]* < gHUH2 +ealz3pe,
where the last inequality is due to the Sobolev embedding theorem H?(R?)— L°°(IR?).

We let ||Vl L <b||v| g3, where b is a positive constant. For the second term we
have the estimate

(2 x Av,v)] = (V2 x Vo,0)| < / o]V |V zlda < o] [Vu][ | V2]
R2
1 1
< ZIVelP+ V22 o l® < ZIV0IP 0% 2] o]

By using the above estimates we can obtain the inequality

d A

1017+ =207 2l ) o lP + S ol + [ Voll* < ea(llz]52 + l121122).
We let G(t)=ca(||2]|%: +12]132) <eXpei(|2k]? +|2k|*), which grows at most poly-

nomially as ¢t ——oco P-a.e., since Y, (|2]? +|2x|*) grows at most polynomially as
t— —oo P-a.e. [7]. Then we have

d A
a||v||2+(/\—262||z||i13)\|v||2+§||v|\2+||Vv||2gG(t). (4.3)
By Gronwall’s inequality for s < —1 and ¢ €[—1,0], we have

lo(®)]®
t
<o SO 1@ G0)do ()2 +/ o~ SO0 32040 G 1) g

S

0
< Pes(-A-2 f;’nz<o>u§,3do>||U(S)||2+6A/ e~ T(A=ZE [ @)I3349) G (1) .

(4.4)

From the ergodic theorem in [5], the process | z|% is stationary and ergodic, thus
there exist so(w) such that for any s < sp(w), we have

0 P A=A
2 2 _
_)\——/S ||z(U)HH3da§—/\——/S k§:1:|zk(0)| do <At 5 =—"

S S
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Therefore we see that

2
2= [ N12(0) 11,3 do)

o JHO=20712(0)|3,5)do < A = s(—A-

<o s (AR IS 2k(0) Pdo) < A A (4.5)

decays exponentially as s — —o0o. From (4.4) we have

0

s 2
||v(t)||2ge’\e%||v(s)||2+eA/ e*T(*’\*%ffI\Z(J)Hiﬁd")G(T)dr (4.6)

—0o0

Because G(7) is multiplied by a function which decays exponentially, the integral in
(4.6) converges. Given >0 we can choose s1(w) < sp(w) depending only on w such
that

e%n2 <1, Vs<s1(w).
We can then deduce from (4.6) that for all s <min{—1,s;(w)}, t€[-1,0],

lo(®)I <ro(w) =261+ sup ¥ 12(s)])

0
+e* / e~ T(A=ZE 21240 G (1 dr. (4.7)

Similarly, since z(s) grows at most polynomially as s — —oo and z(s) is multiplied by
a function which decays exponentially , then the term

As
sup e ||z(s) |
s<—1

is bounded. Now we can integrate (4.3) on [—1,0] and obtain

0 0 0
/1\\Vv(t)||2dt§r0(w)+[1G(T)d7+cr0(w)[1||z(7')||§[3d7'::7"2(w) (4.8)
and

0 0
/ HVv(t)JerHthg2r2(w)+2/ |V 2||2dt :=r3(w). (4.9)
1 -1

On the other hand, we can obtain

lu(®)I* <2llv(®)]1 +2[2(#)[|* < 2ro(w) +2 sup 121 =71 (w).

The proof is complete. ad

LEMMA 4.2. Let ¢;(z) € H3(R?) and v(t) be the solution of (5.8)-(5.9). For any given
1n>0 and us € H satisfying ||us|| <n, there exist random radii r4(w),rs(w) such that
the following inequalities hold P-a.e.:

0
/ e T(=A= 22 [0]|2(0) 125 do) [v(7)|)Pdr < ra(w),
—o0

0
/ e—f(—A—# L2 N2(0))13,5do) ||Vv(7')||2d7' <rs(w).
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Proof. Integrating from s < —1 to 0 on the both sides of (4.3), we have
2 A [0 oA 22 (o) o) 2
lwOIF+5 [ e RO o (7) || "dr

0 2 .
+/ (A= [ 12@)30d0) | gy () |2

0

<oA= [0 2(0)52d0) [ 5) 2 +/ A LI d) G )dr. (4.10)
S

For the first term of the right hand side of (4.10), there exists a s (w) < $1(w) satisfying

=S (A= [2120)3549) |y (s) |2 < e ¥ g2 < 1.
For the second term of the right hand side of (4.10), since G(7) grows at most polyno-
mially as 7 — —oo P-a.e. and is multiplied by a function which decays exponentially,
the integral in (4.10) converges. From (4.10) we can then deduce the results. The
proof is complete. ]

LEMMA 4.3. Let ¢;(x) € H3(R?) and v(t) be the solution of (3.8)-(5.9). For any given
1n>0 and us € H satisfying ||us|| <n, there exist random radii r¢(w), r7(w), rs(w) and
s1(w) <=1, such that for all s<sy(w), the following inequalities hold P-a.e.

IVo@)I? <re(w), [[Vu®)|* <rz(w), te[-1,0],

0
/ | Av(8)|2dt < rg ().

-1

Proof. Taking the inner product of Equation (3.8) with —Av in H, we obtain

Ld oo 2 >

2 IO+ NIV 4[]
=(Az,—Av)+ ((a—N)z,—Av)+ ((v+2) x A(v+2),—Av)
=(Az+(a—N)z,—Av)+ (v X Az,—Av) 4+ (2 X Az, —Av). (4.11)

Moreover, Young’s inequality implies that
1 1

[(Az+(a=A)z,=Av)| < S[[Av]* +e(|Az]* +]I2]%) < gl Avl* +eoll2ll72-

For the third term on the right hand side of (4.3), we have the following estimate
1 1
(2 x Az, =Av)| <[|Av][|2 x Az < Sl Av|]* + ¢l 7 [ A2l < S| AVI* +erll2] 372
For the second term we have the estimate
1
|(vx Az, = Av) | <[|Av][[[o]| s | Az ] s < G101 +el|l| ]| Az ] 7s
1 1
< Navl+elollIVollllAz]IIV Azl < Ll Av]* +es[[o*[Voll* +eoll2llF= 12175

where we use the e—Young’s inequality and the Gagliardo-Nirenberg inequality:

1 1
[l s <cllol[2 |V ol
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Using the above estimates we obtain the inequality
d
ZIVOlP+ AVl + Al < 2es|lv]* [ Vo* + F (), (4.12)

where F(t)=cxo(l12]% + 12014 + 2022 12120) S ep (122 + |z]4), which grows
at most polynomially as t — —oc P-a.e.
We then have

d
IVl =2es|lv]* [ Vol* < F(). (4.13)

Integrating from 6 to ¢ for any —1 <0<t <0, we have

t
va(t)HQSef;208||v(g)\|2da‘|vv(9)HQ+/ efftzcsllv(g)‘PdUF(T)dT
(4

0 0 2
< (|Vv(0)|2+/ F(T)d7> el=12esllv(@)Ido (4.14)
-1

Now integrating with respect to 6 on [—1,0] on both sides of (4.14), then there exists
s1(w) as in Lemma 4.1 | such that for all s < s;(w) we have

[Vo()]? < (/0 ||Vv(0)||2d0+/0 F(r)dr)el 1 2esllv@)’do
1 O .
§(T“Q(W)+[1F(T)d7)e2csro(“)::rﬁ(w). (4.15)

Now we integrate with respect to ¢ on [—1,0] on the both sides of (4.12) and
deduce that

0
/ | Av||2ds <7g(w).

-1

On the other hand, we can obtain

IVu®)l* <2l Vo) +2[Vz(t)]|* < 2ro(w)+2  sup 1HVZ(t)II2 =r7(w).

The proof is complete. O

LEMMA 4.4. Let ¢;(z) € H*(R?), >0 be given and us € H satisfy ||us|| <n. Then for
every € >0 and P-a.e. we, there ezist s*(w,e) <—1 and R*(w,e) >0, such that for
all s < s*(w,e) and R> R*(w,e), the solution v(t) of (4.2) with vs=wus—2z(s) satisfies

/ lo(t)Pde<e, te[-1,0].
|z|>R>

Proof. Let p(s) be a smooth function defined on Rt such that 0<p<1 for all
s€RT, and

(s)= 0, for 0<s<1,
P\S)= 1, for s>2.
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Then there exists a positive constant ¢ such that |p/(s)| <c for all s€R*. Taking the

inner product of Equation (4.2) with p (l zl”

1d ||d+/\/||d+ v (2
5qp |-, Pl de plv|*dx v\ S v

(Az+(a Az, p<k|22>v) + ((v+z) X A(v+2),p <|Ii|22> 11) . (4.16)

Noting that

( Av p<'k'f> ) - (w,v (p ('j;"'z) )) = [ pvePds+ (W’”P'“)Z)’

from (4.16) we have

)v in H, we obtain

1d
—— p|v|2dsc—|—)\/ p|v|2dx+/ p|Vo|?da
2dt R2 R2 R2

—— (Vv,vp/(s)if) <Az+(a Nz, p(|k|22)v>
+ ((v—l—z) xA(v+z),p(|2|22) v). (4.17)

Now we estimate the first term of the right side of (4.17):

2 2v/2

| = (Vo,0p'(s)15) 1< == [llp ()] Vvlda < - (I\v||2+||Vv\| )-

E<|z|<V2k

The second term of the right hand side of (4.17) is bounded by

2
Az+(a=N)z,p H2 v §é/ p|v|2dm+c/ p(|Az|? +|2]?)dx
k 8 Jre -

For the third term on the right hand side of (4.17), we have

((v—l—z) xA(v—&—z),p(']ﬁf) v) (zxAv p(|k|22)v> + (zxAz,p(if) 1())

The second term of the right hand side of (4.18) is bounded by

2 A
22X Az,p i v §f/ p|v\2dz—|—/ plz|?|Az)?dx
k2 8 R2 R2
A A
<5 [ ploPdurelsle [ plasPde< [ ploPdotelalis [ oo
8 Jr2 R2 8 Jr2 R2

For the first term of the right hand side of (4.18) we have the estimate

’(Ap('k” ’(vzwi@k!ﬁ)v)+‘<zxw,wl<s)i§)

1
SZAQp\VU|2dx+b2||z||%3/ p|v|2dx+ (HVUH2+||Z||H2||U|| ).
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Using the above estimates we obtain the inequality

d
G [l ars0=2Rel) [ plodat [ plvofas
RZ

012 C13
— v 12+ IVol?) + == IIZHHzIIvH2

+cl4(||z||§p/ ,0|Az|2dx+/ (D22 + |2[2)d). (4.19)
R2 R2

We let E(t) =cia(||z]|32 [g2 p|AZ2da+ [po p(|Az[> +|2|?)dz): Tt is easy to see that
Et)<ed 0 (lze*+|2kl*), which grows at most polynomially as ¢t——oco P-a.e.
Then we have

d
ﬁ/pmmwQ wwmq/mwm

(|| 12+ V0)2)+ 22 ||Z||H2||’U||2+E( ). (4.20)
By Gronwall’s inequality for s <—1 and ¢t €[—1,0], we have
JRECRE
]R2

Se—ﬁ()\—2b2‘|z(o)\|?{3)da/ p|U(S)|2d$L‘
R2

t,t,2zg20012 C13
4 [ e RO 1 [ 92 (o [Vl + 2 el o]+ () dr

S

<P A2 21O d0) 4 (52

0 p
+€AE/ e~ TEA=EE L@ Ed0) (|12 4 || Vo] 2)dr
A0 A [ ) Bado) ([ 2 ]2
+er 2 e  Jr w387 (|| 2| 3z 0| )dT
0
+6A/ e~ T(A=ZE 1@ G40) B(7)dr. (4.21)

As in the former discussion, we know that there exists sa(w) < s1(w) such that for
all s <sq(w) we have

2 ro 2 As
e S(=A=2E [0 |2k (o) d”)SeT,

which decays exponentially as s — —oo. Then there exists s* < sa(w) such that for all
5 < s* we have

Ao A= [ 1(0)]3d0) |4 (5) 2 <

For the second term of the right of the (4.21), there exists R; >0 such that for all
k> Ry we have

0
e*%/ TN L2 3389) (|2 4+ | Vo |2)dr

»p\m
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according to Lemma 4.2.
For the third term of the right of the (4.21), we have

0
O p [T o)

0
gexf/ O ||2|Zpe= A2 LU e |y 27
kJ_o

Since Y1 (J2k|?+|2x]*) grows at most polynomially, we know that e%||z||%12 is
bounded for all 7 <0. Therefore, by Lemma 4.1 there exists Ry >0 such that for all
k> Ry we have

c 0 262 (0 2
O [ TR o)

C 0 T 262 (0 2 e
<eL/ =5 (A2 20 3a)de | 24 <
— 00

I

For the fourth term of the right hand side of (4.21) there exists R3 >0 such that for
all k> R3 we have

0
ex/ ~m(A=£ L2 %a)de (1) <
e 1

when k is large enough, because E(t)<ed " |zx|* when |z|>Rs and Y ;- |zx]?
grows at most polynomially. We then know that for any € >0, there exists s* and
R*>+/2max{R1, Ry, R}, such that for all s <s* we have

/ |v(t)|2dx§/ |v(t)|2dx§/ plo(t)Pdr<e, te[-1,0]. (4.22)
|z|>R* || >+/2k R2

The proof is complete. ad

LEMMA 4.5. Let ¢;(z) € H*(R?), >0 be given and us € H satisfy ||us|| <n. Then for
every € >0 and P-a.e. w€eQ, there exist s**(w,e) <—1 and R**(w,e) >0, such that
for all s <s**(w,e) and R> R**(w,e), the solution u(t) satisfies

/|>R** ju(t)Pdr< 5, te[-1,0]

Proof. Let s* and R* be the constants in Lemma 4.4. Choosing R** > R* and
s** < s*, for all s<s** and |z| > R** > V2k > R* we have

z(t de:/ oi(x dzx
/ZZRJ (o) MW\Z ()2

i=1
9
< - — .
m /|1>R**Z|¢Z )Pl (®)Pde < o, te[-1,0] (4.23)
and

[, 0P, tel-1o) (1.20)
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Then by (4.23) and (4.24), for all s <s** and |z| > R** we have

u 2 T = v z 2 i
/MZR*J (t)d /WR*J (1) +=(0)2d

§2/ |v(t)\2dz+2/ |2(t)[2da
|z|> R |2|> R
<e, te[-1,0], (4.25)

which completes the proof. 0

Similar to the arguments in the proofs of Lemma 4.3 and Lemma 4.5, we can
obtain the following lemmas. In contrast to Lemma 4.5, the higher regularity for ¢;
is necessary in Lemma 4.7 due to the estimates in the higher space H!(R?).

LEMMA 4.6. Let ¢;(x)€ H3(R?) and v(t) be the solution of (5.8)-(3.9). For
any given 1>0 and us€ H'(R?) satisfying ||us||<n, there exist random radii
ro(w), r1o(w), 11 (w) and seo(w) <=1, for all s < sa(w), such that the following inequal-
ities hold P-a.e.:

AV <rg(w), [Au(®)|* <r10(w), te[-1,0],

0
/_1||VAv(t)||2dt§r11(w).

LEMMA 4.7. Let ¢;(x)€ H3(R?), n>0 be given and us € HY(R?) satisfy |jus|| <n.
Then for every e >0 and P-a.e. weQ, there exist s***(w,e) <—1 and R***(w,e) >0,
such that for all s <s**(w,e) and R> R**(w,e), the solution u(t) satisfies

/>RW Vu(t)Pd< S, te[-1,0]

5. Random attractors

In this section, we prove the existence of random attractors for the stochastic
dynamical system S(¢,s;w) associated with the stochastic hydrodynamical equations
in the entire space R?. We first prove the asymptotic compactness of S in L?(R?) by
using the uniform estimates on the tails of solutions.

LEMMA 5.1. Assume that ¢;(z) € H3(R?). Then the random dynamical system
S(t,s;w) is asymptotically compact in L*(R?); that is, for P-a.e. w €S, the sequence
u(0,8,;w) has a convergent subsequence in L?(R?) provided s,, — —oo0.

Proof. Let s, ——o00. Then by Lemma 4.1, for P-a.e. w€ ), we have that
{u(0,8,;w)}52; is bounded in L*(R?).
Then there is £ € L?(R?) such that
u(0,8,;w) — € weakly in L*(R?) as s,, — —o0. (5.1)

Next we prove that the weak convergence of (5.1) is actually strong convergence.
Given € >0, by Lemma 4.4 there is T} (n,w,e) and R(w,e) such that for all s<T; we
have

/ [u(0,s;0) [Pdx < = (5.2)
o> R 6



1110 A STOCHASTIC HYDRODYNAMICAL EQUATION

Since s, — —o0, there is Nj(n,w,e) such that s, <Ny for every n> Nj. Therefore it
follows from (5.2) that for all n> N; we have

/ [u(0,5,;w)2dx < = (5.3)
je|>R 6

On the other hand, by Lemma 4.1 and Lemma 4.2 there are T5(n,w) and r(w) such
that for all s <T5, we have

(0,815 s iy < (e0): (5.4)

Denote the set {x €R?:|z|< R} by Qgr. By the compactness of the embedding
HY(QRr) = L*(Qr), it follows from (5.4) that there is a subsequence

u(0,5,;w) — € strongly in L*(Qg) as s, — —00, (5.5)

which shows that for given e >0 there exists N3(n,w,e) such that for all n> N3,

£
[4(0,8050) =€l 72(0 ) < 3

Note that & € L2(R?), so there exists R (¢) > R such that

2. ¢
L s (5

and

9
J1(0,5n560) €320 < 5 (57)

Let Ny=max{N1,N3}. By (5.3), (5.6), and (5.7), we find that for all n> Ny

Hu(O,sn;w)—fH%z(Rz)S/ |u(0,sn;w)—§|2dﬂc+/ [u(0,5,;w) — &2 dx

|z[> R || <R’
<e, (5.8)
which shows that
u(0,8,;w) — € strongly in L?(R?) as s, — —o0, (5.9)
as desired. The proof is complete. 0

Through a similar discussion, we can prove the asymptotic compactness of S in
H'(R?) by using the uniform estimates on the tails of solutions.

LEMMA 5.2. Assume that ¢;(z)€ H?(R?). Then the random dynamical system
S(t,s;w) is asymptotically compact in H*(R?); that is, for P-a.e. w €, the sequence
u(0,8,;w) has a convergent subsequence in H'(R?) provided s,, — —oo.

THEOREM 5.1. Assume that ¢;(x) € H®(R?). Then the stochastic dynamical system
S(t,s;w) has a unique random attractor in H*(R?).

Proof.  Notice that S(t,s;w) has a random absorbing set A(w) in H(R?) by
Lemma 4.1 and Lemma 4.3, and is asymptotically compact in L?(R?) and H'(R?) by
Lemma 5.1 and Lemma 5.2. Hence the existence of a unique random attractor for
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S follows from Theorem 2.6 immediately; see also [18]. The proof of Theorem 5.1 is
complete. 0

In fact, the regularity of the random attractor is also obtained in the course of
the proof. From Lemma 4.6 and Lemma 4.7, we can see that the attractor can be
much smoother than the initial data, which implies the asymptotic smoothing effect
of the equation in a probabilistic sense.

Note that the above investigation mainly worked with the entire plane. If we
consider the unbounded domain, it is trivial that the results above can be extended
under the imposed condition ©u=0 for an infinite strip domain, x € 0€2. For more
details of the infinite strip, one can refer to [2], where the authors investigated the
existence of a compact attractor in an unbounded channel. In the cases of others, we
will further do some discussion for the extra difficulties produced by boundary terms
in the future.
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