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INFINITELY MANY SIGN-CHANGING SOLUTIONS FOR
QUASILINEAR SCHRODINGER EQUATIONS IN RV*

YINBIN DENG', SHUANGJIE PENG?!, AND JIXIU WANGS#

Abstract. This paper is concerned with constructing radial solutions with arbitrarily many
sign changes for quasilinear Schrédinger equations in RY which have appeared as several models in
mathematical physics. For any given integer k>0, by using a minimization argument, we obtain
a sign-changing minimizer with & nodes of a minimization problem with double constraints, and
by applying an energy comparison method we prove that the minimizer is indeed a solution of the
quasilinear Schrédinger equation.
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1. Introduction
This paper has been motivated by the quasilinear Schrodinger equations

i0iz=—Az+W(2)z— f(|2|*)2z — AR(|2]?)W (|2]*)z, (1.1)

where z: RxRY —C, W: RN =R is a given potential, x is a real constant, and f,h
are real functions of essentially pure power forms.

The semilinear case corresponding to x =0 has been studied extensively in recent
years; for example, see Berestycki and Lions [7], Floer and Weinstein [17], Rabinowitz
[34], and Strauss [36]. Quasilinear equations of form (1.1) appear more naturally in
mathematical physics and have been derived as models of several physical phenomena
corresponding to various types of h. For instance, the case h(s)=s models the time
evolution of the condensate wave function in super-fluid film ([21, 22]). This equation
has been called the superfluid film equation in fluid mechanics by Kurihara [21]. In
the case h(s)=(1+s)"/2, problem (1.1) models the self-channeling of a high-power
ultra short laser in matter, the propagation of a high-irradiance laser in a plasma
creates an optical index depending nonlinearly on the light intensity and this leads to
an interesting new nonlinear wave equation (see [8, 12, 16, 35]). Problem (1.1) also
appears in plasma physics and fluid mechanics [4, 20, 33], in mechanics [19], in the
theory of Heisenberg ferromagnets and magnons [4] and in condensed matter theory
[28]. For more physical motivations and more references dealing with applications,
we can refer Brill and Lange [10], Lange et al. [23], Poppenberg et al. [32], and
references therein.

In the mathematical literature, very few results are known on equations of the
form (1.1). In the case h(s)=(1+5)"/? the local well posedness is proved in [16] for
the space dimension N =1,2,3 where smallness assumptions on the initial value are
needed if N=2,3. The case h(s)=s,N=1 is investigated in [23], and the case of
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860 ON QUASILINEAR SCHRODINGER EQUATIONS IN RN

general h(s) is considered in [30] for N =1 and in [31] for arbitrary space dimension
N>1.

Here we focus on the case h(s)=s,k=1/2. It was shown that a system describing
the self-trapped electron on a lattice can be reduced in the continuum limit to this
case, and numerical results on this equation have been given in [9]. Our special interest
is the existence of standing waves, that is, solutions of type z(t,z) =exp(—iEt)u(x),
where F €R and w is a real function. It is well known that z(¢,z) satisfies (1.1) if and
only if the function u(z) solves the following equation
—Au+V(az)u—%A(u2)u:f(u2)u, zeRY, (1.2)

u—0, as |z|— oo, '

where V(z) =W (z) — E is a new potential.

The existence of a positive ground state solution of problem (1.2) has been proved
in Poppenberg et al. [32] and Liu and Wang [24] by using a constrained minimization
argument, which gives a solution with an unknown Lagrange multiplier A in front
of the nonlinear term. In Liu et al. [25], by a change of variables the quasilinear
problem was transformed to a semilinear one and an Orlitz space framework was used
as the working space, and the existence of a positive solution of problem (1.2) for any
prescribed A >0 was proved by using the Mountain-Pass theorem (e.g., Ambrosetti
and Rabinowitz [1]). The same method of changing variables was also used recently
to obtain positive solutions of problem (1.2) in [13] for the case of subcritical growth
and in [5] for the case of critical growth. Along this line, one could also look for sign-
changing solutions (as, for example, in [26]) by utilizing the Nehari method; Liu et al.
treated more general quasilinear problems and obtained positive and sign-changing
solutions. The main mathematical difficulties with problem (1.2) are caused by the
nonlinearity involving second order space derivatives. In the variational formulation,
these difficulties concern the nonlinear functional ¥(u)= [~ u?|Vul?* which is homo-
geneous of order 4 and non-convex. A further problem is caused by the usual lack of
compactness since these problems are dealt with in the whole RYV.

We remark that the solutions given in the above papers were obtained mainly by
using a constrained minimization method or the Mountain-Pass theorem and hence
are ground state solutions. Generally, these types of solutions are orbitally stable,
since they have the least energy (i.e. the mountain-pass level ¢) among all solutions.
However, concerning sign-changing solutions, we found no results except in [26] where
the solutions change sign exactly one time. Physically speaking, a sign-changing
solution u of (1.2) corresponds an excited standing wave z(t,x2) =exp(—iFt)u(z) of
(1.1) (see [15]), which generally has less orbital stability since a sign-changing solution
has at least double the least energy c. In this paper, we construct radial solutions
of (1.2) with arbitrarily many sign changes. When =0 in (1.1), the existence of
radial sign-changing solutions has been explored thoroughly; we refer the readers to
[2, 11, 14, 37] and the references therein. In dimensions N =4 and N > 6, Bartsch and
Willem [3] were able to construct sequences of nonradial sign-changing solutions of
(1.1). Concerning nonradial positive solutions with higher energy of (1.2), we should
point out that a recent paper [27] gives a very interesting result: on the annulus
{xeRN:a<|z|<a+1}, (1.2) has a sequence of nonradial positive solutions with
higher energy for large a.

We will construct infinitely many solutions to problem (1.2) by the Nehari method.
To emphasize our main idea, we only concentrate on the case where f(s) is purely in
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power form; that is, we consider

(1.3)
u—0, as |z|— oo,

{ —Au+V(z)u—SA(Ju)u=Au[P~?u, z€RV,
where A>0, N>2, 4<p<22* 2* is the Sobolev critical exponent, that is, 2*=
2N/(N —2) if N>3 and 2*=+oc0 if N=2.

We assume V() is a radially symmetric function and satisfies
(V): VeCO(RY R), 0<V, ::%{nj\fV(m).
Our main result for (1.3) is:

THEOREM 1.1. Suppose that V(zx) satisfies (V), 4<p<22*, A\>0. Then for any
ke{0,1, 2, ---} there exists a pair of radial solutions uf of (1.3) with the following
properties:

(i) uj; (0)<0<uf(0);

(i) u:kt possess exactly k nodes r; with 0<r;<re<---<rp <400, and
uf(x)\mznzo, Z:L 2’ e k.

On the main result, we give some remarks.

uf have at least the energy (k+1)c and hence belong to higher energy solutions
if k>1, where c is the least energy corresponding to (1.3). Since |u|P~2u is odd in
u, we see that fUZ' and —u,, are also sign-changing solutions to (1.3). However, we
can not claim that ug = —u,; since the nodes 71, --,r; might not be unique. It is a
very interesting problem to study the uniqueness of k£ —node solutions (up to a sign)
of (1.3) for given k€N even k=0.

In Theorem 1.1, we mainly deal with the nonlinear term |u|[P~2u. But, the oddness
assumption on nonlinear term is actually unnecessary. Our main result holds true for
general nonlinearity f(|x|,u) with properties similar to those in [2] or [11]. Indeed, in
this case we only need to extend f(|z|,u) as follows:

F(2l, ), ifu>0,
+ —
T et {f(|x|,u>, ifu<0,

or

—f(|z|,—u), ifu>0,
f(|$7u)i={

f(zl,u), ifu<0,

and define J*(u), ¢ :infueMki J*(u) in the same way as those in [11]. By a similar

argument, we can prove that cf can be attained by uf, which must be the k—node
solutions for the corresponding problem.
Particularly, we can prove the following Corollary.

COROLLARY 1.1. Suppose that V(zx) satisfies (V), 4<p,q<22*, \,u>0. Then for
every integer k there exists a pair u,f of radial solutions of

—Au+V(z)u—IA(uP)u= us Pt — T, weRN,
u—0, as|z|— oo,

with uy, (0) <0<, (0), having exactly k nodes.
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Since 22* =4N/(N —2) behaves like a critical exponent for equation, by using a
Pohozaev type variational identity, Liu et al. [26] proved that (1.3) has no positive
solutions in H*(R™N) with [y u?|Vu|? <oo if p>22*. A natural problem is whether
or not (1.3) has sign-changing solutions (including radial solutions) if p >22*. We will
give some results on the problem in a future work.

In [5, 13, 24, 26, 32], to obtain ground state solutions of (1.3), V(x) should satisfy
0<Vo=infV(z)<Ve= lim V(z). (1.4)
RN |z]— o0
Hence, another interesting problem is whether or not ground state solutions or higher
energy solutions exist if (1.4) is not satisfied?

We will prove Theorem 1.1 by looking for a minimizer for a constrained minimiza-
tion problem in a special space in which each function changes sign k (k€ {0,1,2,---})
times, and then verify that the minimizer is smooth and indeed a solution to (1.3) by
analyzing the least energy related to the minimizer. Unlike those done in the above
mentioned papers, we will work directly with the functional I corresponding to (1.3)
in spite of its lack of smoothness. We mention here that the main method to prove
our theorem was introduced by Bartsch and Willem in [2] and Cao and Zhu in [11]
independently, but, as we can see later, the appearance of the quasilinear operator
A(-%)- may cause more difficulties.

The paper is organized as follows: Section 2 is devoted to preliminaries and some
useful lemmas. Theorem 1.1 will be proved in Section 3.

2. Some preliminary lemmas

In this section, we give some definitions and lemmas. The proof of some lemmas
mentioned here can be found in the corresponding references. Here we use |u|, to
denote the L4(RY) norm. In the following, we set

Hy (RY) = {ue H'(RY) :u(z) =u(|2])},
and
X={ueH}(RN)| [pn V]u|*dz <400, [on |Vul*|u]?dx <400}
Set

1/2
Jull = ([ (9P Vial)ar) "

A function u € X is called a weak solution of problem (1.3) if for all ¢ € C§°(RY)
it holds

/(1+u2)VuV¢d:c+/ \W|2u¢>dx+/ Vud)dx—A/ |uP~2u¢pdx = 0.
RN RN RN RN

Define the energy functional I on X by

1
I(u)zf/ (1—|—u2)|Vu|2dx—|—f/ V|u|2dx—é/ |u|Pd.
2 RN 2 RN P JrN

Formally, our problem has a variational structure. Given u € X and ¢ € C§°(RY), the
Gateaux derivative of I in the direction ¢ at u, denoted by (I'(u),®), is defined as

lim+ w It is easy to check that
t—0

(I'(u), ) :/ [(1 +u?)VuVe+ \Vu|2u¢+Vu¢—)\|u\p_2u¢} dz.
RN
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Hence, u is a weak solution of problem (1.3) if this derivative is zero in every direction
¢ € CE°(RY). In particular, for u € X, we denote

7(u)=<[’(u),u>:/ (1+2u2)|Vu|2d33+/ V|u|2dx—)\/ lufP da.
RN RN RN

Note that we do not claim that I is well-defined nor of class C! in X.
From [32], we have the following two lemmas.

LEMMA 2.1. For N >2, there is a constant C=C(N)>0 such that
1-N
lu(x)| < Cla| =" [Jul
for any |z| >1 and u€ H}(RY).
LEMMA 2.2. Let {u,} C HY(RYN) satisfy u, —u in H*(RY). Then

liminf/ |Vun\2\un\2dz2/ |Vu|?ul*dz.
n RN RN

The following lemma was first proved by Strauss [36].
LEMMA 2.3. Let N >2 and 2<q<2*. Then the imbedding

HYRY)— LYRY)
18 compact.

LEMMA 2.4. (Brézis-Lieb lemma [6]) Let {u,}C LY(RY) be a bounded sequence,
where 1 < q< 0o, such that u, —u almost everywhere in RY. Then

i (Jun 4 e~ ) = [ul.

LEMMA 2.5. ([26]) Let u be a weak solution of (1.8). Then u and Vu are bounded.
Moreover, u satisfies the following exponential decay at infinity

lu(z)| < Ce R, |z| =R, (|Vu)? +|ul?)dz < Ce R,
RN\Bgr

for some positive constants C.,0.

Let Q be one of the following three types of domains:

{zeRYN | |z| <R},
{zeRN | 0< Ry <|z|<R3<+o0}, (2.1)
{zeRN | |z|>Rs>0}.

Set
Hy () ={u€ Hy ()| u(z) =u(|z])}
and

X(Q):{UGH&T(QH/Vu2dsc<—|—oo,/|Vu|2u2dat<—|—oo}.
Q Q
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Now we consider the following equation on :

{ —Au+Vu—A(JuP)u=AulP~?u, ze, (2.2)

u|ag=0.

Corresponding to (2.2), we define the functional

1 1
IQ(u):5/52(1+u2)|Vu|2dx+5/9V|u\2da:—%/ﬂ|u|pdx, we X(9Q).

Similarly we can define the Gateaux derivative of I at ue€ X (2) and weak solutions
of problem (2.2). Set

m(u)z<1;Z(u),u>:/(1+2u2)|vu\2da:+/V|u|2dx—x/ lufPda
Q Q Q

and define
M (€)= {ue X(\{0}| ra(u)=0}.

REMARK 2.1. If Q is of the second or the third shape of (2.1), then by Lemma 2.1
X(9) is a subspace of Hj .(Q) and I is well defined and C* smooth in X (£2). Hence,
in these two cases, we can obtain solutions of problem (2.2) much easier by using the
variational formulation.

From [26] we have the following lemma.

LEMMA 2.6. Suppose that p>4 and uw€ X (Q). Then there is a unique t >0 such that
tu € M(Q). Moreover, if va(u) <0, then t€(0,1).

LEMMA 2.7. Suppose that the domain ) is one of the forms of (2.1). Then c¢1=

]\i4r(l&f2)IQ (u) can be achieved by some positive function u which is a solution of problem

(2.2), i.e., ¥V ¢ CF(Q) it holds
/ (1442 VuV 6+ [VuPug+ Vg — Mul?~ug| dz =0. (2.3)
Q
Moreover, the above equation holds for ¢ € X (Q) with the property that
/uz\v¢|2dx<oo and / |Vu|?>¢p?da < co.
Q Q

Proof. Since the quasilinear operator A(-2)- appears, we can not use the
Mountain-Pass theorem here. Now we use a minimization method. The proof can be
divided into three steps.

Step 1. c; is attained.
By the definition of ¢y, there exists a sequence {u,} C M () such that

Io(un)=c1+0(1),

ie.,
0:/(\Vun|2+V|un|2)d:c+2/ui|Vun\2d:z:—>\/ fup [P dz,
Q Q Q

1 1 A
c1+0(1):IQ(un):E/Q(|Vun|2+V|un|2)da:+§/Qui|Vun|2dx—;/Q\un\pdx.
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Thus we have

1 1 1 2
c1+o(l)= <2 _p> | |12 + <2 _p> /Qufl|Vun|2dx. (2.4)

From p>4, it is easy to verify that {u,} is bounded in X (). Hence, by Lemma 2.3,
we can extract a subsequence of {u,} (still denoted by {u,}), such that

u,—u in X(Q),
up,—u in L1(Q), 2<g<2*.

Since V(u2) is uniformly bounded in L?(Q) from (2.4), by Sobolev’s inequality we
have |u?|o« < C, which gives |uy, |22+ <C. By Holder’s inequality we have

up,—u in LP(Q), 2<p<22*. (2.5)

Next we want to prove u, — u in X (Q). Let v, =u,, —u, uy, € M (). Then by Lemmas
2.2, 2.4 and 2.5,

= 1 = 1 2 2_ p
0 7}1_>H;O'YQ(UTL) nh_{go““n” + 2fun Vi |3 — Aun [}
> lim lvp|? + [Jull* +2luVul3 — Mul} (2.6)

=ya(u)+ lim (v,
n—00

so that yo(u)<0. If vq(u) <0, then by Lemma 2.6 there exists ¢t € (0,1) such that
tue M(Q). From v (u,)=0, we have

2|unvun|g = —||Un||2+/\\un|§7
so that

1 1 1

Therefore we get

. 1 11 1.
1= Jm Tofun) = gl (=5 ) Aulp 5 fim o
1, (1 1
>l (-2 ) Al 2.7

1o 9 (1 1\,
:it [t +(4—p> AP ltulb.

For t€(0,1), we have

1 1

1 2

which contradicts the definition of ¢;. Thus we get

Yo(u)=0 and uve M(Q). (2.8)
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Combining (2.6) and (2.8), we obtain
. 2
Jim_ v, [|* =0. (2.9)
Substituting (2.8) and (2.9) into (2.7), we see
IQ (u) =C1,

and c; is attained by u.

Step 2. u is a radial solution of (2.2).

We use an indirect argument which is similar to [26]. Suppose that ue€
M(Q), Io(u)=cy, but the conclusion (2.3) of the lemma is not true. Then first
we can find a function ¢ € X () with the property that

/uZ\V¢|2dx<oo and / |Vu|?¢?dx < oo,
Q Q
but

<I§(u),¢>=/ [(1+u2)wv¢+\Vu|2u¢+vu¢—x|uvﬂ—2u¢} dr < —1.

Q

Choose € >0 small enough such that
1
(Io(tut0¢),¢) <=5, ¥ [t—1|+|o]<e.

Let 1 be a cut-off function such that
1, |t—1]<3e,

n(t):{o, [t—1]>e.

We estimate supIq(tu+en(t)¢). If [t—1| <e, then
t

zgau+emw¢>=fguu»5£ (I (tu-+ oen(t)6), en(t)d)do -

< To(tw) ~ gen(t).

If [t — 1| > €, then 7(t) =0, and the above estimate is trivial. Now since u € M (€2), for
t#1 we get Ig(tu) <Iq(u). Hence it follows from (2.10) that

IQ(tu) <IQ(’U,), if t# 1,
Io(t t)p) < 1 1
altuten(t)o) < Io(w) - Zen() =Io(w) - e, ift=1.
In any case we have Iq(tu+en(t)¢) < In(u)=c;. In particular,
sup Iq(tu+en(t)p) <c.
0§t22 al n(t)e) <ci (2.11)

Since u € M (), we have

/ [(|Vu|2+Vu2)+2u2|Vu|2—)\|u|p dx=0. (2.12)
Q
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Let
h(t) :/Q [IV(tu%n(t)éf))IQ+VItU+6ﬂ(t)¢\2+2ItU+€?7(t)¢|2|V(tu+€77(t)¢>)\2
—/\\tu+an(t)¢|p} dz.

Without loss of generality, we assume & < %. For t =2, we have 1(2) =0, and thus from
(2.12),

h(2) :/ (419 ul? +VIuf?) 43200 [ Vul? 27 Nuf? | dx
Q

:(4—21’)/(|Vu|2+V|u|2)dm+(32—2”+1)/ [l Vul2de
Q Q
<0.

For t= %, we see

1 1 1
1 1 2 2y Ly,02 2 p
h(3) —/Q[4(|Vu| +Vul )+8|u| |Vul —2p)\|u| ]dx

_ 1_i 2 2 1_ 1 / 2 2
_(4 2p>/ﬁ(|m| Vi )dx+<8 2p_1> [ ol Vulda
0.

As a result, we can find £ € (3,2) such that h(f)=0, which implies that tu+en(f)¢ €
M(R2). However, it follows from (2.11) that Io(tu+en(t)¢) <ci. Hence, we get a
contradiction.

Step 3. u>0.

Firstly, by Lemma 2.5, we have u, |Vu|€ L>®(§). Moreover, by the condition
V(z) €C(RV,R) and the LP estimate, we know that u€ W P(Q) for any p< +oc.
Hence ue C%(Q), ae(0,1). Since u satisfies the equation

loc

N-1 NulP=2 =V +|u,|?
—Upy — r=

r 14u?

(2.13)

)

—2 2
we know that w,.,. is continuous, except possibly at 0. Set G(r) = ’\‘ulpl;—u‘frlu"lu, and

note that G(r) is continuous on [0,+00). Rewriting (2.13) as — <& (r¥ =1y, ) =rN=1G(r)
and integrating from 0 to r, we find

Ny, = —/ sN7IG(s)ds.
0
With a change of variable, we get

1 1
TN_lur:—r/ sNT1G(sr)ds  or &:—/ sNTLG (sr)ds.
0 0

r

Since

1
/SN_IG(ST)dS%@ as r—0,
0 N
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we deduce that . (0) exists and u,.(0)= %. Furthermore, from Equation (2.13)
we see that
G(0
urrﬁ—% as r—0,

and thus u € C?(9).

Secondly, we try to verify that the minimizer of ¢; will not change sign. If the at-
tained function u changes sign in Q, then u™,u~ € M (Q), where ut =max{u,0}, u~ =
—min{u,0}. Thus

Io(u™) <Ig(u) ZJVi[l(lé)IQ(u) <Iq(ut),
which is a contradiction. Therefore either v >0 or © < 0. Without loss of generality, we
can assume u > 0. Now we show that « > 0. If there exists x( such that u(z¢) =0, then
u'(x0) =0 for u>0. By the Strong Maximum Principle (e.g., Gilbarg and Trudinger

[18]), ©=0 near z and w will vanish identically, which is impossible since u € M ().
Hence u>0 and we complete the proof. 0

3. The proof of Theorem 1.1

In this section we will consider the existence of the nodal solutions of (1.3). For
any given k-2 numbers 7; (7=0,1,---,k4+1) such that O=ro<r;<rg<--- <1<
rk4+1 = 100, denote

W ={zeRN: |z|<r},
W ={zeRN:r;_y <|z|<r;}.

We will always extend u; € X(€7) to X by setting u=0 on z€RN\QJ for every
u; €X(Y), j=1,2,---,k+1. In this sense, we use I(u;) to replace I, (u;) and y(u;)
to replace vqi (u;) in the sequel.
Define

k+1

Yki(rl,m,"'ﬂ"kJrl):{UEX |u=+ Z (_1)3‘—1“],7 u; >0,
j=1

uj;—éoaquX(Qj)hj:la 27"'7 k+1};

Mki:{ueX | J0<m <ro <...<rE <Tgg1=-+00,
such that uGYki(rth?...ﬂ’kH) and uje M(),j=1, 2,---, k+1}.

Note that M ,;t #(0,k=1,2,---. In the following we will always refer to M} and we will
drop the “+”. For M, , everything could be done exactly in the same way. By the
arguments of the standard Nehari method [29], it is easy to verify that

k41 . k41
Vu=>Y (-1)"tu;€ M <= I(u)= max [ a;i; |, (3.1)
7=l 1<idi \I=L
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LEMMA 3.1. ¢ is attained provided that 4 <p<22*, k=0,1,---.
Proof. We will prove by induction that for each k there exists ug € M} such that

I(uk) =Ck-

The case that k=0 can be deduced by setting 2 =R" in Lemma 2.7. We discuss the
case k>1 in the following.

Firstly, we prove I is bounded from below on M} by a positive constant. Let
k+1 _ .
w€ My; then u= 3" (—1)7~!u; and u; € M(Q), j=1, 2,---, k+1. Denote

Jj=1

77]2:/_(1+u?)|Vuj|2dx+/vV|uj|2dx.
QJ QJ

By Holder’s inequality and Sobolev’s inequality we have, with 8= (p—2)(N —

2)/2(N+2),
1-6 i~ 0
[ wpas < ([ puspa) ([l #a)
Qi Qi 0
1-0 1\?§2
<C</ |uj|2dac> (/ u?|Vuj2dx>
QI QJ
)
<O
:CHJ?*Q%)I;)
Then

0 :/ (1+2u§)|vuj\2dz+/ V|uj\2d:rf/ uj[Pda
0J QI QI

24 2(p—2)

ZUJZ 7077_7 e ’

from which
n: >C;>0. (3.2)

Then from (3.2) and p>4,
k+1 , k+1
I(u) =T{ 32 (=171 | = 32 I(uy)
j=1
1 A ,
/A(1+u?)|Vuj|2das+§/‘V|uj|2dx—f/_|uj|"d:r}
Qi Qi P Jqi

L

2

11 vttt (22 [ 9
(5-3) [ avusPeviutas (5-2) [ ubila)

k+1

2(%—§)ZCJ~>O.

Jj=1
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Hence I is bounded from below on M} by a positive constant.
Secondly, we suppose the claim is true for £ —1 and let {w,, }m>1 be a minimizing
sequence of ¢ in Mj, that is,

lim I(um)=cr, Um€Mr, m=1,2,---.
m— o0

1 2 k

U corresponds to k nodes, rL, 72 -7k with 0<rl <72 <...<rk <+4o0. Set

QL ={zeRN| ri ' <|z|<rl},

and

m

; Uy, xeﬂfm
ul = .
0, g Q.

By selecting a subsequence, we may assume that lim !, =r¢ and clearly 0<r! <
m—0o0

r2<...<rk <4o00. Now we divide the rest of the proof into three steps.

Step 1. ri#r=1 =1, 2, ---, k. Here we denote r*=0.

If there exists some i€{l, 2, ---, k} such that ri=r"1 then lim 7} =
m—00

n}iﬁmoorﬁ;l. We denote the measure of Qf by | |, so that |Q% |—=0 as m— oo.

Since uf, € M(QF)),

. 1 . . 1 . . A .
Th) = [ (VP4 Vi ot 5 [ Vi PliPde=2 [ oo

1 1 . ) 1 2 . )
=(=== V(ul, 2+Vu§n2dx+(>/ Vi |2 |ul, |2 dx
(575) [, 0V R iyt (5-2) [ 19, P
>Cn?(uy,),
(3.3)

where
2 () = / (Ut (ud )|V () Pl + / Vi, Pde.
Qi Qi,

On the other hand, it follows from Hoélder’s inequality, Sobolev’s inequality, and the
fact ul, € M(Q%)) that

:)\/_ lul, [Pdx

_P_
([ )™ o, o
QI

m

ya
<O [ 19ul, Pl ) o, 1
Qi

m

P () < / (9 )2+ V], [2)de + 2 / Vi, |2 a2
b %,

r
4

C(n2(ud,)) " 16,113

IN
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Thus
p_
2 . 1 1 i —14+ =2
(n (ufn)) > C|Q, |1k (3.4)
Since 4 < p < 22*, we have from (3.4) that
n*(ul) =00, as m-—00.
So (3.3) implies
I(ul,)— o0,

as m— oQ.

(3.5)
By the inductive assumption and (3.5), for € >0 fixed we can choose M >0 such that
I(ul)>cp—cp_1+e,

[ (tm) —ck|<e, as m>M.
Then we may define 4(z) € My_;1 by

ul, (z), reQl asl<i,
a(x) =90, ey,
—ul (x), xeQl asi>i.
Hence

I(0) =T () —I(ul,) <cp+e—(cp—cp_1+€)=cp_1,

as m>M,
which contradicts the fact that cp_1 :]\/i[nf I(u). Thus ri#ri=1 i=1,2, - k.
k—1

Step 2. 7F < +oo0.

that

m—0o0

If r* =400, then lim r¥ =+oo. It follows from Lemma 2.1 and u¥, € M (uk))

m

Q'NL
:)\/ |uf |Pdx
QF,
< [ kP o
Qk,
<l 2 [l Pl
Ok

A-N)(p—2)
<C(nP(uh)) Ik T

(k) < / (V)2 + V], )+ 2 / Yk 2l 2
Ok k

vrs 3

Thus

1 (up,) > Clriy [V (3.6)
From (3.6) we have

P (uk) =00, as m—oo.
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So by (3.3) we find
I(uF)— o0, as m—oo. (3.7

Repeating Step 1, we can obtain r* < +o0.

Step 3. ci is attained.
Using an argument similar to that in the proof of Lemma 2.7, we can find a
subsequence (still denoted by {u,,}) such that

Uy —u  in X,
U —u  in LP(RY).

Set Vi ={zeRN | ri7t <|z|<r'}, for alli=1, 2, -, k+1, r%=0, and r*™ =+o0.
Lemma 2.7 implies that ¢= i?£~)1 (u) is attained by some positive function 4° which
M T

satisfies the following boundary value problem

{ —Au+Vu— i A(uP)u=AulP?u, zeQ,

u|aQi =0.
k+1 . . ) )
Define uy = > (=1)"tai(z), (a'(z) =0, z ¢ Q). Then, clearly, uj, € Mj,. Consider the
i=1

coordinate transformations
®,,: RV RN, m=1,2, -,
by

x
‘Pm(w):¢m(lwl)m7 zeRY,

+7r71, For any r €R, clearly, ®,,(Q,) ="

Let y=®,,(z) €Q’, if z€Q,. It is easy to show that

[Vu(y)| = (R},) " [Vu(z)], (3.8)
dy=|Ji | dz, (3.9)
and
al, < (qu(r) W-t< Al (3.10)
T
where
|
; rt—r . _ _
R,=——,  Jh=len(z)N  (em(l2) 2,
T, —Tm

b= i, )Y,
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and
e I e
Clearly,
ab, Ri, <|Jh | <Al R, (3.11)
and
Ri —1, al,—1, Al —1, Ji =1, as m—oco. (3.12)
Let

() =¢ /Q (V) 24V it [2)dy + 2 /Q |V, Pl [y — X /Q Jui, Pdy.

Since p> 4, there exist some t!, >0, such that f(t! )=0, thus ¢! u’, € M(Q).
Now, we claim that

ti.—1 as m—oo, i=1,2, -, k. (3.13)
Indeed, since f(t!,)=0, we have
[ 9PVl Py 42065, [ (95 Pl Py
¢ ¢ (3.14)
()P fup, [Pdy=0.
Qi
We can prove that there exists a constant M >0 such that
0<tl, <M< oc.

By selecting a subsequence, we may assume that lim t¢ =t¢. Using (3.8)-(3.12), we

m— 00
have that

lm [ |Vuj, )] dy= | [V, (@)[de. (3.15)
m—oo [qyi m—oo Qi
. 7 2 . i 2
lim | V(y)|u, ()| dy= lim [ V() |u, ()| d, (3.16)
m—aoo Joyi m— 00 Qi

. i 20 2 . i 20 2
lim | |V, ()] [u, ()| dy= lim | [Vuy, ()], ()] do, (3.17)
m—0o0 [y m— o0 Qﬁn

i P dy = i i|p

AL, Jou el = i f, Vil (3.18)

Substituting (3.15)-(3.18) into (3.14), we find that

i | [ (9P VI P)ds 20607 [ 190, Pl o
(3.19)
A [ }uinv)dx}:O.
Qi
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Let

. i 2 i |2 1
i [ (19 ?) o=

. . .92 .
lim |Vul, [Plub, | de =V,
4,

m-—so0
n}i_r)rloo)\ o ’uin|pdx:ci.
Then (3.19) reads
al+2b (L)% — At P2 =0. (3.20)

But from ui, (x) € M(Q2,) we know that
al+2b' — ¢t =0. (3.21)
Set
h(s)=a'42b's? — c'sP~2.
It is easy to verify that h(s) has only one zero point in (0, +00). Taking (3.20) and

(3.21) into account, we have ti =1. So (3.13) holds. Moreover, by (3.13), (3.15)-(3.18),
we deduce that

lim I(t8 ul,(y))= lim I(uf,(z)). (3.22)

m—o0 m—r0o0

On the other hand, since I(4%)= inf I(u) and t¢ ul, (y) € M(Q), we get

M(Q) m

(') < Ity up, (y)),
and hence

Jii)nml(u%(x))zl(ﬁi), i=1,2, -, k+1.
Thus
K+l K+l
cx=lim I(up)= ﬂggnoogﬂumz;umzﬂuk).

Since uy € My, we have that ¢ =I(u), which means that ¢y is attained. 0

Now, we are ready to prove the main result.

Proof of Theorem 1.1. By Lemma 3.1, there exists ug € M} which attains c;. We
will prove that wuy is indeed a solution to problem (1.3). For convenience, we denote
u:=ug. Thus we get k nodes: ry, ro, 1k, 0<ry <re<---<rp<+oo. Clearly, u
satisfies (1.3) in {z e RN :|z|#£7r;,j=1,2,---,k+1}. We set 7:=|z| and treat (1.3) as
an ordinary differential equation. To simplify notation we write u(r) instead of u(|z|).
We know already that u is of class C? on

E={re(0,+00):r#r;,j=1,2,---,k}
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and satisfies, for re€ F,
—(1+u®)(rN ) =r N (NP2 =V + U/ ), (3.23)

where ’ denotes d%. To complete the proof, it suffices to show that u satisfies (3.23)

for all » > 0. This is the case if and only if

u = lim v'(r)= lim «/(r)=v", j=1, 2,---, k.
+= (r) JMim (1) J (3.24)
In order to get (3.24), we use an indirect argument. Assume that u/, #u’ and set
p=rj_1,0=r;,T=r;y1. We may assume that >0 on [p,o], ©<0 on [o,7]. Now fix
d>0(0<min{o—p,7—0}) and define v: [p,7] >R by

u(r), if |r—o| >0,
v(r) = L =0+ 9)u(e+8) —u(e—9)]
26

Clearly, v is continuous on [p,7]. Let 09 =0¢(d) € (0 —d,0 + ) be defined by v(og) =0.
According to (3.1), there exist a=a(d) >0, f=p(4) >0 such that

,if |r—o] <.

/“o (Je' |+ V]aw|* + 2o |*|aw]?) TN_ldr:)\/Uo law|PrN~Ldr,
P P

| 3w+ vigop 2150 P oR) Ve = [ (ol .
o oo

0

Next we define

av(r), p<r<oy,
T)7 JOST§T7

u(r), otherwise,
hence w € Mj. By the definition of u, we have
¥(u) <Y (w),

where
/1 A
w(h)=/ (2(h’2+Vh2+h2h’2)—p|h|p>rN1dr. (3.25)
P

Since [Vh[P =h% is convex for h >0, we have

w2—u2

1 1
,wp>7up+
pl | p|| 5

lu[P~2, if u,w > 0.

It follows that

o—9 T
1
/ +/ ((|w’|2+Vw2+w2|w’|2)—>\|w|p) rN-Lldr
P o+46 2 p
o—0 T 1 A
p o+d 2 p

—%( 2 —u2)|up_2> TN_ld’I“}.
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On the other hand,

o+d 1 A
/ (2(|w'|2+Vw2+w2w’2)—w|p) rNtdr
o—§ p

o+d
1 A A A A
< [ (GO PV )= el Sl S G ) Y
o 2 p p p 2

~ Jo—s
(3.27)
By the definition of u, we have

/ (Ju'|? +Vu? +2u2|u'|2)7"N71d7‘=)\/ |u|PrN =L dr. (3.28)
p P
Thus, combining (3.25)-(3.28) we obtain

P(w) <P(u)

o—0 T
1 A
+ / +/ ~(|w' ]2+ Vw? +w? w2+ 3o [?) = Sw?lufP )N tdr
4 o446 2 9

oo 1 2 2 2 2 2 2 )\ )\ N—-1
[ (GO ) - Sl + 2l )
o—04

(3.29)
Using (3.23), we see that

o—98
! A
/ <(|w/2 +Vw? +w?|[w' > +u?|u[?) — 2w2ulp) N1
p

2
A 2., 2 2 2 N-1 170 e N
= — (Ju'[? + Vu? + oPu?|u | = AulP) rV ~tdr+ = wlu' |5 T N dr
2.Jp 2/,
2 po—6 2 2 po—6
-1
= %/ (|u’|2—|—Vu2—|—2u2|u’|2—/\|u|p)rN_1dr+7(a 5 ) / w? || ?rN Ly
p p
2 2_1 2 o—9
- %[u(075)+u3(075)} (afa)Nflu'(afan%/ w2 PrNdr.
P
(3.30)
Since u(c) =0, (r¥~1u/)|,—, =0 by (3.23), we obtain
u(o—06)=—du’_+o0(9),
N-1,7/ N—1,.1 (3'31)
(c—=0)" "t (o —9)=c""tu_+0(9).
By (3.1), it is easy to verify that
}i_l%a((;):}iigﬂ((;):l. (3.32)
It follows from (3.30)-(3.32) that
o—0 1 A N
/ (2(|w'|2—|—Vw2+w2|w’|2—|—u2|u’|2)—2w2|u|p>r “Ldr
p
2 2_1 2 oc—4
= %(J—é)N_lu/(U—&u(a—(S)—1—%/ P PNt (3.33)
oN-1 g

— 5 (ul_)25+0(5).
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Similarly, we can prove that

T 1 A O.N—l
/ <(|w’|2 +Vw? +w? ' [P+ u? | [?) - w2|up) Nt dr = ———(u/,)?6 +0(6).
o6 \2 2 2
(3.34)
On the other hand, it is not difficult to check that
o+ 1 by A
/ (2(Vw2—|—w2|w'|2—|—u2|u'|2)—|w”—|—|u|p> rN=ldr=o0(9). (3.35)
o—9 p p
1 o+48 1 o+d
f/ |w'|?rN = dr :f/ [v'|2rN = tdr + o(6)
2 oc—9 2 oc—9
2
B [u(o+6>—u(a—5)} ((a+5)N B (a—é)N) L o(d) (3.36)
B 802 N N

O.N—l

= T(u’+ +u' )26+ 0(6).

Now combining (3.29) and (3.33)-(3.36), we deduce that

N-1

b(w) <lu)— "T(u; —u )26+ 0(5).

This implies that ¢)(w) < (u) for § >0 small enough, which contradicts the fact that
P(u) <p(w).

As a result, we complete the proof.
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