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A TRANSPORT EQUATION FOR CONFINED STRUCTURES
DERIVED FROM THE BOLTZMANN EQUATION*

CLEMENS HEITZINGER! AND CHRISTIAN RINGHOFER?

Abstract. A system of diffusion-type equations for transport in 3d confined structures is derived
from the Boltzmann transport equation for charged particles. Transport takes places in confined
structures and the scaling in the derivation of the diffusion equation is chosen so that transport and
scattering occur in the longitudinal direction and the particles are confined in the two transversal
directions. The result are two diffusion-type equations for the concentration and fluxes as functions
of position in the longitudinal direction and energy. Entropy estimates are given. The transport
coefficients depend on the geometry of the problem that is given by arbitrary harmonic confinement
potentials. An important feature of this approach is that the coefficients in the resulting diffusion-
type equations are calculated explicitly so that the six position and momentum dimensions of the
original 3d Boltzmann equation are reduced to a 2d problem. Finally, numerical results are given
and discussed. Applications of this work include the simulation of charge transport in nanowires,
nanopores, ion channels, and similar structures.

Key words. Boltzmann transport equation, many-body system, transport equation, diffusion
equation, confined structure, entropy estimate, nanowire, nanopore, nano-structure, ion channel.
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1. Introduction

This paper is concerned with the derivation and analysis of classical sub-band type
models for charged particle transport in narrowly confined geometries. The basic idea
of sub-band modeling is to treat the transport of particles in the confinement direction
on a microscopic level, whereas the transport orthogonal to the confinement direction
is treated asymptotically on a much larger time scale.

Sub-band modeling has been employed very successfully in a quantum mechanical
setting, where the underlying transport picture is given by the Schrodinger equation.
In this case the result is a system of hydrodynamic or diffusion equations for the
densities in each sub-band (i.e., the eigenspace of the Schrodinger operator), whose
transport coefficients have to be computed by solving eigenvalue problems for the
steady-state Schrodinger equation in the confinement direction. We refer the reader
to [5, 11] for an overview of the physics literature. The hydrodynamic transport
picture is then obtained from a large-time asymptotic analysis of the equations for the
coefficients in the eigenfunction expansion of the solution of the Schrédinger equation
and can be derived rigorously under certain assumptions [3, 2].

The present work applies the general sub-band modeling approach to a classical
regime, where the underlying transport mechanism is described by a classical kinetic
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equation. Therefore the discrete energy levels of the Schrodinger operator are replaced
by a continuous energy variable and the final result is a diffusion equation with this
energy as an additional independent variable. There are two main differences between
the model considered in this paper and the works cited above. First, we consider an
essentially arbitrarily complicated geometry. While the papers cited above consider
transport in planar thin plates, we consider transport which is confined by an external
confinement potential that is produced by an irregular assortment of repulsive wall
charges. Second, we consider a regime where the forces produced by these charges are
much larger than the external bias, i.e., the force driving the particles through the
structure.

The applications in mind here are geometrically complex structures, such as ion
channels with a large number of charges on the channel walls [4, 10, 12], nanowires for
sensor applications [15, 13, 14, 9, 7, 6, 8], and nanopores. Consequently, we have to
make some simplifying assumptions on the potential outlined below in §2 as well as on
the collision operator to give explicit expressions for the resulting geometry-dependent
transport coefficients after a Galerkin discretization.

The rest of this paper is organized as follows. In §3, a sub-band transport equation
for confined structures, which takes the form of a diffusion system, is derived from
the Boltzmann transport equation. An entropy estimate is given as well; this is
important for the numerics of the equation. In §4, Galerkin approximations that
satisfy the entropy estimate are given. The transport coeflicients are first calculated
in general form and then explicitly for transport in 3d tubes with harmonic (i.e.,
parabolic) confinement potentials in §5. Finally, in §6, numerical solutions are given
to show that the calculations can be performed very efficiently and to illustrate the
physics of the problem. §7 concludes the paper.

2. The transport picture
The Boltzmann equation for the confined structure, the collision operator, and
the dimensionless equation are described in this section.

2.1. The Boltzmann equation.

The basic equation. The basic transport picture considered in this paper is given
by a Hamiltonian transport term forced by an external potential V' and collisions with
a background modeled by a Boltzmann-type collision operator. The basic equation is
the Boltzmann equation of the form

of+{& fixp+Q[f]=0. (2.1)

Here f(X,P,t) is the kinetic particle density, where X denotes the spatial variable
and P denotes the momentum vector. The Hamiltonian transport term is given by
the standard commutator, or Poisson bracket,

{9, f}xp=Vpg-Vxf-Vxg-Vpf=Vx-(fVrg)—Vp-(fVxg), (2.2)
and the energy (X, P) is given by

P

E(X,P)=aoV (X)+ -,

where V(X) is the external potential, |P|?/(2m) the kinetic energy of the particle,
m the particle mass, and ¢y the particle charge. We will use a phenomenological
relaxation term, discussed below, for the collision operator Q in (2.1).
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This paper is concerned with transport in confined geometries, i.e., narrow tubes
or thin plates. We therefore split the position and momentum variables into X = (z,y)
and P = (p,q), where 2,p € R? denote position and momentum along the tube or plate
and y,q € R3~? denote position and momentum in the transversal directions. For a
tube d=1 holds and for a plate d=2 holds.

We consider the case of a narrow geometry, i.e., the extension of the geometry
in the z-direction is much larger than in the y-direction. In this paper the geometry
is determined entirely by the potential V', which confines the transport to the given
geometry and forces the charged particles through the structure at the same time.
This is motivated by applications such as ionic channels where confinement is given
by fixed repulsive charges on the channel walls. We therefore split the potential V'
into two parts of the form

qOV(x,y):KBT(VO (%)—&—Vl (%,%)) (2.3)
Here V) and V7 are dimensionless functions. The parameter L denotes the characteris-
tic length scale of the structure in the z-direction, i.e., the transport direction, and eL
is the length scale of the structure in the y-direction, i.e., the confinement direction.
Hence the dimensionless parameter ¢ < 1 is the aspect ratio of the thickness of the
tube or plate to its length. V; denotes the confining potential (given by repulsive wall
charges) and Vj is an external potential driving charged particles through the struc-
ture. Here Kp denotes the Boltzmann constant and 7' is the ambient temperature,
so that V) and V; are dimensionless.
Remarks.

e The split V(z,y)=Vy(z)+ Vi(x,y) may seem slightly arbitrary at first, since
there are of course many ways to decompose a given potential V(z,y). This
form is motivated by organizing actual computations, where we want to study
the same structure, i.e., the same confining potential V;, under different bi-
asing conditions, i.e., for different Vj. Since the confining potential V; will
require extensive preprocessing in the following, whereas the driving poten-
tial Vy appears directly in the resulting macroscopic model, splitting the po-
tential in this manner proves to be convenient.

e Note that the form (2.3) implies that |V,V|=0(1|V,V|) holds, ie., the
forces confining the particle to the tube or plate are much larger than the
external forces driving the particle.

e The confining potential V; models the shape of the geometry that can depend
on z. For a circular tube or a flat plate, V7 could be independent of z.

Correspondingly, we split the energy and the Poisson bracket into

g(X’P) ::€x(x,p)+5y(x,y,q),
{gvf}XP:{gaf}xp+{gaf}y(I7

2
T
5z<w7p)r=KBT%(z)+%’
2
x Yy q
&) =KeTVi (1. )+

{gvf}wp:va: : (fvpg) —Vp- (fvacg)a
19:f}yq=Vy-(fVe9) = V- (fVy9).
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Using this notation, the Boltzmann Equation (2.1) becomes

8tf+{gw+gy7f}wp+{gyaf}yq+Q[f]:O- (2-4)

Collisions.  The collision operator Q in (2.4) models the inelastic interaction of
the particle with a background such as water molecules in the case of ionic channels
or phonons in the case of transport in a crystal. This interaction will in general
result in a gain or loss of the energy £(z,y,p,q) of the particle. Due to the narrow
geometric configuration, these collisions are much more likely to take place in the
transport z-direction than in the confinement y-direction, i.e., the probability of the
particle to collide with a background particle with the same y-coordinate is much
smaller than the probability to collide with a background particle with the same z-
coordinate. Consequently, we assume that the gain or loss of the cross-directional
part &, of the energy is negligible compared to the change in the transversal part &;.
We therefore model collisions by a relaxation operator @ which locally conserves the
cross-directional energy &, (z,y,q) when averaged over y while relaxing the transversal
kinetic energy &, (x,p) against a Maxwellian distribution according to thermodynamic
principles. Hence we define Q in Equation (2.4) as

uf(m,gy(x,y,q),t)>
N(z,&y(z,y,9)) )’

Olflens)i= 7 (1100 (2.5)

with M (p) being a Maxwellian distribution of the form

R )
so that
/ M(p)dp=1

holds. Here c is a normalization constant depending on the dimension d and normal-
izing the probability distribution M. The function N(z,n) denotes the z-dependent
density-of-states function, i.e., the measure of all states with given energy &£, and
defined by

N(am) = / 5(E, (2.y.q) —n) dyq. (2.6)

The parameter 7 in (2.5) denotes the relaxation time of the operator. The function
ug(z,n,t) is defined such that the operator Q locally conserves the cross-directional
energy &, i.e., the equation

/w(ﬁ’y(%yvq))Q[f](%y,p,q,t) dypg=0 Vu,t

holds for all test functions . For the function u¢, this implies

wy(z,m,t):= /5(5y(fﬂ7y7q) —n) f(x,y,p,q,t)dypg.
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Summary. The transport picture considered in this paper consists of the in-
terplay between a Hamiltonian operator and a dissipative collision mechanism where,
due to the geometry of the structure, the collisions dissipate energy predominately in
the transport z-direction. As will be seen below, this results in a macroscopic trans-
port picture where the conserved part &, of the energy appears as an independent
variable.

2.2. Scaling and dimensionless formulation. In this section we reformu-
late the transport problem (2.4) in dimensionless variables, which will enable us to
derive an approximate macroscopic (and lower-dimensional) transport equation for
a certain asymptotic regime. We scale the spatial variables z and y by L and €L,
respectively. Accordingly, we scale the momentum variables p and ¢ by (mgqyV)/?;
we scale time by a characteristic time scale ¢ty to be determined; and we scale the
energies &, and &, by qoV. Hence we set

f(z,y,p,q,t) = fo(zs,ys,v,w,ts)

and
x y - t

p q
- Ysim—, ViE e, W= ———, tgi=—.
L YT JmEpT VmEpT to

We scale the energies by the energy scale qoV, i.e., & (x,p)=KpTEys(xs,v) and
5y(x,y,q) :KBTgys(xsvysvw)v and obtain

Tg:i=

|v]?
gws(xsav):vb(xs)"rTv (27&)
|wl?
5ys($37y37w)zvl($3ays)+ 9 - (2'7b)

We scale the collision operator Q in (2.4) by the collision frequency 1/7 setting Q[f]=:
L9Q,[fs]. The scaled and dimensionless version of Equation (2.4) reads

Lym | Lym
———=0 s gms & syJsfxsv T T & sy1Js wT T s =s|/s :07 2.8
to\/m tsf +{ + Y f} s +6{ Y f}ys +T\/mg [f] ( )
where

{gvf}xsv =Vg,- (fVug)=V,- (fvacsg)a
{gvf}ysw :Vyﬁ : (fvwg) V- (fvybg)

and the scaled collision operator Qg is given by

uf, (s, Eys,s)
Ns(x&gys) ’

Ufs (1'87777755:) = /5(5ys(x37y37w) _n)fs(zSaysavvwvts)dysUw7 (2-9b)

Qs[fs}(xsyysavanS):fs_MS(U) (2'93)

o -con(2), ass
/ M,(v)dv=1. (2.9d)
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Here Nj is the scaled version of the density-of-states function N in (2.6). The scaled
version (2.9) of the collision operator Q, implies the conservation property

/qlz(gys(xs,ys,w))Qs[fs](scs,ys,v,w,ts)dysvw =0 Vu,,ts (2.10)

for all test functions ¥. We assume that the relaxation time 7 is of the order of
the time scale corresponding to transport in the confinement direction y, i.e., that
T=7s¢L\/m//KpT and 7, =0(1) hold.

Finally, we will consider the Boltzmann Equation (2.8) on a diffusion time scale
by setting

Ly

to:=
O VKpT
and obtaining the scaled equation
1 1
€3ts fs + {5323 +5y3afs}:csv + z{gya‘vfs}ysw + ;Qs [fa] :0 (211)

From here on we drop the subscript s for the scaled variables for notational simplicity.

2.3. Summary. We summarize the assumptions describing the physical
regime under consideration.

e Transport occurs in a narrow, irregular pipe or plate (d=1 or d=2, respec-
tively) with a geometric aspect ratio e.

e The confining forces are much larger than the external forces that drive the
particles through the structure and therefore |V, V|=0(¢|V,V]) holds.

e Collisions with the background conserve the cross-directional energy &, while
dissipating the energy &, in the transport direction x.

e Collisions occur frequently on the time scale of transport in the z-direction
which, for a given potential, is given by Ly/m//KgT.

In the following, a diffusion equation on a large time scale to = L+/m/ (e\/KBT)
will be derived from the transport Equation (2.11) using a standard Chapman-Enskog
approach. The final result of the asymptotic procedure is a conservation law of the
form

Oep(w,m,t) + Vo F*(x,0,t) +0p F" (x,1,t) =0, (2.12)

where the additional variable 7 denotes the energy &, in (2.7) on the macroscopic
level. While the large-time asymptotic analysis is quite straightforward, the actual
computation of the transport coefficients is quite involved due to the asymptotic
conservation properties of the effective collision operator {&,, f}y. + Q[f] and requires
special considerations and simplifying assumptions (see §5) to make the procedure
computationally efficient. In the end, the transport coefficients are given explicitly.

3. The transport equation for confined structures

In this section we derive a large-time approximation to the dimensionless Equation
(2.11) using a standard Chapman-Enskog type procedure. The result is a diffusion
equation for the density

plait) = / 5(E, (ay,w) — ) f (g0, w,8) dyvus,
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where the cross-directional energy £, appears as the additional variable . We also
derive an entropy estimate showing that the resulting diffusion problem is actually
well-posed.

3.1. The Chapman-Enskog expansion.  First, we observe that the linear
relaxation operator Q in (2.9) is a projection operator. We define the projection
operator P by

pf(zg (Iy, )7)

Plfl(z,y,v,w,t):= N8, (@) M(v), (3.1a)
N(z,n) /6 (x,y,w) —n)dyw, (3.1b)
/w(é’y)(P[f] — )z, y,v,w,t)dyvw=0 Va,t (3.1c)

for all test functions (7). Here M (v) denotes the scaled Maxwellian in (2.9) and
N(z,n) is the scaled density-of-states function. As before the definition (3.1) implies
that, for given f, the function ps(x,n,t) is given by

(x,m,t) /5 (z,y,w) =) f(z,y,v,w,t)dyvw, (3.2)

and a straightforward calculation yields that P is indeed a projection operator, i.e.,
that P? =P holds.

Hence the relaxation operator Q in (2.11) is a projection operator of the form Q=
T —P with Z being the identity operator. The projection P projects onto the linear
manifold of functions which are multiples of the Maxwellian M (v) and depend on y
and w only through the energy &, (z,y,w). The Chapman-Enskog expansion consists
of deriving the asymptotic form of the Boltzmann equation in local coordinates on
this manifold. To this end, we split the density function f(x,y,v,w,t) into f= fo+efi
with

fO(x,:%vawvt) ::P[f](x,y,v,w,t),

filz,y,v,w,t) = %(I—P)[f}(x,y,v,w,t).

We also split the evolution Equation (2.11) by applying the projections P and Z —P.

Before doing so, we observe that the Poisson bracket {&,,.}y. is a directional
derivative in a direction orthogonal to the kernel manifold of Q. To compute the
projection P[{&,, f}yw] for a general function f, we compute

pres o (@) = / 5(E, (.y.w) — )y }yurdyow

- / (68, (@.y,w) —0),Ey by fdypw =0 (3.3)

according to (3.2). The above identity holds because of the cyclicity of the commuta-
tor trace, i.e., [a{b,c}ywdyw= [{a,b}y,cdyw; moreover, the definition (2.2) of the
Poisson bracket implies that {&,,#},., =0 holds for any function ¢ which depends on
y and w only through the energy &,. Because of (3.3) and the definition of P, we
therefore have the identity

,P[{gyvf}yw] =0 Vf~
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Hence applying the projections P and Z—P to the Boltzmann Equation (2.11)
yields the system

Eath +P[{5x+€yaf0+6fl}:t’u]:03 (343)
QO+ (T~ PIEAE, ot efi)o 4 HE ot ehbut SA=0. (3.0

The system (3.4) can be simplified further using again the algebraic properties
of the Poisson bracket and the projection operator P. First, we note that the func-
tion fy as well as the energy £, +&, are even functions of the velocity v; therefore
the commutator {E;+&y, fo}ev i an odd function of v, the integral with respect
to v in the definition (3.1) and (3.2) of the projection operator vanishes, and thus
PH{E:+Ey, fo}law] =0 holds. Second, f, depends on y and w only through the en-
ergy &,; therefore, and because of the definition (2.2) of the commutator, we have
{&y, fo}yw=0. Using these two properties in the system (3.4), we obtain

Eatfo +P[{5x +gy,€f1}:m)] = 07 (35&)
62atfl +{‘€w +5y7f0 +€fl}wv _P[{gI +gy’€f1}xv} + %{gy?efl}yw + %fl =0. (35b)

Equation (3.5a) gives the evolution on the kernel manifold of the operator Q and
Equation (3.5b) gives the evolution on the orthogonal complement. The macroscopic
approximation is now obtained by formally dropping the O(e€) terms in (3.5b), i.e.,
the term e f; will stay small for all time assuming that we start on the kernel manifold
(i.e., ef1 =0 holds at t=0). This yields the system

atf0+7)[{g$+gy7f1}a:v]:07 (36&)
[Ee+ 4 fodeo €0 fidyu + -1 =0, (3.6b)

3.2. The conservation law. Using the definition of the projection operator P,
Equation (3.6a) can be written as a conservation law for the density py(z,n,t). To see
this, we integrate (3.6a) against the test function ¢ =4§(&,(z,y,w)—n) with respect
to y, v, and w and use the definition (3.1) and (3.2) of the projection operator to find

atpfo (l‘ﬂ%t) +(I)(Ivnat) = 07
where

B ,t) = / 5(E,(.,w) — ) {Ex 1€y f1 o Ay,

This constitutes a conservation law, since we have

/@(a@mt)dxn:/{Em—&—é'y,fl}mdxvazo,
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and therefore we should be able to write ® in divergence form as &=V, - F* 40, F".
Integrating ®(x,n,t) against a test function ¥ (z) yields

®(x,n,t)

M{&e+E&y, f1}avdzyow

/{1/1 ):€x +Ey tao f1dazyvw

/(vv (D(@)5(Ey — 1)) Vo (Ea tEy) — Vo (@)3(E, — 1)) - Vo (Ex 4+ E,)) 1 dayow

- / Vo ($(@)8(Ey — 1)) - Vo (Ex +Ey) fr dzyw

/6 n)Veth(z)-vfi dryvw — /w 16" (Ey—n) Vi Vi v fideyvw

Ik

()Vg-(6(Ey—m)vf1) dxva—i—/w y— 1) (Vo Vi) fi) deyow.  (3.7)

This constitutes the weak (in z) definition of the fluxes F* and F". The conservation
law is given by

atpf0<xa77at)+vw'Fx""anFn:O; (38)

where the fluxes are

(x,m,t) /(5 n)v f1dyvw,

(z,n,t) /6 NV V1-v) frdyvw.

Remarks.

3.3.

Equation (3.8) constitutes a conservation law for the mesoscopic fluid density
P, which still depends on the free energy n=¢£,. Thus the resulting model is
similar to a SHE (spherical-harmonics expansion) model [1] for the Boltzmann
equation except that only a part of the energy appears as an independent
variable.

The challenge is of course to compute the fluxes F'* and F" in (3.8), i.e., to
compute the density f; from (3.6b) for a given fj of the form fo(z,y,v,w,t)=
M(U)pfo ($7gy7t)/N(x’gy)'

It is easy to see that the resulting mesoscopic equation for py, will contain
second-order partial derivatives with respect to « and 7n. This raises the
question of well-posedness of Equation (3.8). We will address this issue below
by providing an entropy estimate for the system.

An entropy estimate. The goal of this section is twofold. The first

goal is to show that the system (3.6) is well-posed. To that end, we will show that
there is a convex functional of the density p—an entropy—which decays in time. To
make the system (3.6) amenable to actual computations, it will be necessary to solve
(3.6b) approximately via a form of series expansion. The second goal of this section
is therefore to characterize the structure of the system (3.6) in such a way that we
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can formulate a Galerkin approximation to (3.6b) which retains the same stability
properties.

We start from the system (3.6) and express the kinetic density fq in terms of the
mesoscopic density py, as fo(z,y,v,w,t) =py, (2,&y,t)M(v)/N(x,&,). (For notational
simplicity, we drop the subscript fy of the mesoscopic density pys, from here on.) We
write the system (3.6) in terms of linear operators £1 and Ly as

3tp($aﬂat)+£1[f1]($a777t):0, (393)
Eg[p](x,y,v,w,t)+{5y,f1}yw+%fl:O, (39b)

with the operators £1 and L, defined by

ﬁl[fl](%??,t) 1:/5(511(5572/,10)*U){5x+5y,f1}mdva, (310&)
o p(x7gy’t)
Lo[p)(z,y,v,w,t) := {&—i—é’y,M(v)W}m. (3.10b)

The operator £ maps functions of the form fi(x,y,v,w,t) to functions of the form
p(z,n,t), whereas the operator Lo operates in the opposite direction. The operator Lo
is related to the adjoint of the operator £; by Lemma 3.1 below. Since we will use
a combination of trigonometric basis functions for the Galerkin procedure in the
next section and it will be notationally convenient to write these basis functions as
complex exponentials, we define the adjoint of an operator over the complex numbers;
the solutions p and f; are of course real functions.
Let E?dj denote the adjoint of £; with respect to the L? inner product, i.e.,

/ ple )" L[ ), £) day = / L2 p) (e, w,0)° f @, 0,0, 1) deyow

holds, where * denotes the complex conjugate.

LEMMA 3.1 (adjoint property). Let E?dj denote the adjoint of L. Then the
operators L1 and Lo in (5.10) are related by the equation

e 0@ 1,1)

Lol otv.t) = oo | S

} (@,y,0,w,1). (3.11)

Here the constant ¢ denotes the mormalization constant of the Maxwellian so that
M (v) = cexp(—|v|?/2) holds. Furthermore the identity

e / =t U i) =0 Ve (3.12)

holds for all complex functions f(y,w), where Re denotes the real part.

The proof is deferred to Appendix A.
Using Lemma 3.1, the system (3.9) becomes

dp(z,nt)+Li[f](z,n,t) =0,  (3.13a)

—&,—&, padj
_ x yL:
“ ! N(z.n)

1
(.9, 0,0,8) +{&y, filyw+ —fr=0.  (3.13b)
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The significance of the form (3.13) of the system is twofold. First, it allows for the
straightforward proof of an entropy estimate below and therefore guarantees that the
resulting diffusion system is well-posed. Second, as will be seen in the next section,
expressing fj in terms of p from (3.13b) is a nontrivial matter, and will have to be done
numerically in general. In order for this numerical approximation (and the resulting
diffusion equation) to obey the same entropy estimate, we will use the form (3.13).
As a consequence of Lemma 3.1, we immediately obtain the entropy estimate.

PROPOSITION 3.2 (entropy estimate). Solutions (p, f1) of the system (3.13) sat-
isfy the entropy estimate

1 eVO (£)+TI

1
0 [ ——— HPden=—— [ 58| f|?d <0.
500 | Syl Pdan=—— [ e8|y Pdayon <

Proof.  Integrating (3.13a) against e"0(®)*7p(x.n,t)* /N (z,n) with respect to
and 7, integrating (3.13b) against Lefat&y £ with respect to z, y, v, and w, and
adding yields

Vot eVotn p* + padj eVotny
T@p(x,n,t}dxn—k Tﬁl[fl]dxn—/flljl { N }dxva

1 . 1
+E/e€z+£yf1 {gyafl}ywdxva-ﬁ-;/egw+gy\f1|2dffva:0~

Taking the real part and using Lemma 3.1 concludes the proof. 0

4. Galerkin approximations

Equation (3.13b) must be solved approximately by a form of series-expansion
method for practical computations. To prepare the system for this approximation
procedure, we will perform two steps below, while guaranteeing that the structure and
the stability estimate given by Lemma 3.1 and Proposition 3.2 remain unchanged.

4.1. Eliminating the lateral velocity v. We observe that the dependence
of the operator Lo in (3.10b) on the velocity v takes the form of a multiple of the
function M (v)v, i.e.,

Lop)(w,y,v,w,t) = M (v)v- (vm (P(Wyat)) L P@:Eyt)

N{r.€,) N(as,sy)“%”“)

holds. Since the Poisson bracket {&,, f1}4, does not operate on the velocity compo-
nent v, Equation (3.9b) allows a solution of the form

fl(l',y,'l),w,t) :M(v)v~g(x,y,w,t).

Here the function g(x,y,w,t) €R? is vector valued for the case of a plate and scalar
in the case of a tube. Correspondingly, we define the operators A; and Ay as

Mgl (w,m,t) := L1 [M (v)v-g](2,n,1), (4.12)
Lo[p)(z,y,v,w,t) =M (v)v-As[p](2z,y,w,t), (4.1b)

p(x,&y,t) ) p(x,&y,t)

Rl ) =Ve\ N, ) ¥ Ny

Vi (Vo+W1) (4.1c)
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and the system (3.9) becomes
Op(x,m,t) + A1 [g)(z,n,t) =0, (4.2a)
1

Here As[p] and g are d-dimensional vector functions and the commutator {€,,g}yw
acts componentwise on g. Correspondingly, we define the adjoint of the operator A
(over the complex numbers) by

/ o) A g) (,m,t) dam = / A ] (e, )P gy, ) day pag,

where g7 denotes the Hermitian conjugate g = (g7)*.

LEMMA 4.1 (adjoint property). The operator Ay is of the form

Al[g](mﬂ%t):/vw'(6(gy_n)g(xvy>wat))+8?7(5(€y_n)vzvl(xay)'g)dyw> (43)

and the operator As is given in terms of the adjoint of A1 by

. t)
A t)=—e o€y p2d] Vo+n P(221:1) t). 4.4
2[p](x7va7 ) € 1 € N(Z‘,ﬁ) (l',yﬂU, ) ( )
Furthermore the identity
%e(/egIJrsng{cfy,g}yw dyw) =0 Vo (4.5)

holds for all complex functions g(y,w).

The proof is deferred to Appendix B.
Thus, using Lemma 4.1, the system (4.2) becomes

op(z,m,t)+A1lgl(z,m,t)=0,  (4.6a)

e Vo0& Ar;dj [eVoJrn fm} (x,y,w, ) +{Ey, 9} yw + %g(m,y,w,t) =0. (4.6b)

4.2. Energy and angle variables. In order to obtain a closed equation for
the mesoscopic density p(z,n,t), Equation (4.6b) has to be inverted for g in terms
of p. For a general confinement potential V; (z,y), this must be done approximatively.
This approximation will take the form of a series expansion, i.e., Galerkin solution, of
(4.6b). To facilitate this procedure, we assume the existence of a one-to-one variable
transformation in (y,w) space mapping the (6 —2d)-dimensional vector (y,w) into the
scalar energy u=~&,(x,y,w) and a (5 — 2d)-dimensional angular variable #. This means
we assume the existence of an z-dependent variable transformation (u,0) =T (z,y,w)
and its functional inverse (y,w)=Q(z,u,0) satisfying

5@1(1‘,Q(I7U,9)):U, F(I,Q(SE,U,@)):(U,G), Q($7F(mayaw)):(yaw)
for all z€R?, y,weR3~? uecR, and § cR>2¢, The Galerkin approximation will

then take the form of a series expansion in the angular variable . Employing the
transformation (y,w)=Q(z,u,0), we define the operator A as

g1(x,u,0,t) :=g(x,Q(x,u,0),t), (4.7a)
A[Ql](%’?’t)?ZAl[Q](xa’?at)- (4'7b)
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To compute the system (4.6) after the transformation (y,w)=Q(z,u,0), we have to
compute the appropriate transforms of the operators Aj, A?dj7 and {&y,9}yw-

We compute the transformed operator A first. To this end, it will be necessary
to split the transformation € into

(3)) =Q(z,u,0) = (gi((f:ZZD '

We also define the Jacobian matrices

Ay, w)
A(u,0)’

O(u,)
Iy, w)

and the volume element o(x,u,0):=|det(0Q(x,u,0))|. The following lemma gives the
operator A and its adjoint A>3,

LEMMA 4.2. The operator A defined in (4.7) is given by

oz, u,0):=

oI (z,y,w) :=

A[gl](xvnvt):/vfﬂ'(Ugl(x’n797t))+677(U(‘T7n’9)vlvl(x’Qy(xvn"g))'gl)de' (4'8)

Its adjoint, defined by fgfIAadj [pldzud = [ Alg1]*pdan for all g1 and p, is given by

A [p)(,u,0,t) = U(x,u,@)/\?dj (o] (x,Q(z,u,0),t). (4.9)

Proof. Integrating Alg;] against a test function ¢(x,n) yields
[ oo Alg @ty den
=- /5(5y =) (Vad(@,m) - g(2,y,w) +0yé(2,n)VaVi(2,y) - g) deywn

after a calculation similar to (3.7) and using the identity [vTvM (v)dv=1I (see the
beginning of Appendix B for this identity). Substituting (y,w)=Q(z,u,0) and dyw =
o(z,u,0)dud in the integral yields

/¢(w7n)A[glldwn=—/5(u—n)

: (vw¢($a77) *g1 (w,u,@,t) +87]¢($777)V1‘/1 (.’I},Qy(I7’U/,9)) 'g]_)O'(I,U/,e) dxu@n,

where we denote the partial gradient of V; with respect to the first variable by V;V;.
Since a zero energy u=£&, =0 will correspond to infinitely many angles 6, o(x,0,6) =0
will hold giving the usual singularity at the origin of spherical-type variable trans-
formations. Therefore integrating out the variable u and integrating by parts with
respect to z and 7 gives the strong formulation of the operator A in (4.8).

To prove Equation (4.9), we compute

/ p* M lg)(@,7,t) day = / o Algi) (., t) dan = / Aol g, y,w,8) dayw

for all p, g, and g; and obtain the identity

/ p* Algt] (m1,8) darm / A ]y t) gy 2,7 ). £) s,
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Substituting (y,w)=Q(z,u,0) in the last integral gives
[ A7 g 0.0 400 = [ o0, 0) 4] 2w.0.0).0) g1 (5,00.)

for all p and ¢y, which yields Equation (4.9). 0

It remains to compute the transformation of the Poisson bracket {&,,g}yw un-
der the variable transformation (y,w)=Q(x,u,d). Since for a function ¢ of the form
o(x,y,w)=d(x,E(x,y,w)) the Poisson bracket satisfies {€,,¢}yw =0, the commu-
tator {&y,.}yw is essentially a directional derivative along the equipotential surface
&y(z,y,w) =wu. Therefore, after the transformation (y,w)=Q(z,u,0), the transformed
Poisson bracket contains only derivatives with respect to the angular variable 6. This
fact is expressed in Lemma 4.3 below. But first we partition the Jacobian matrices

09 and JI' into
9y 9y
0(z,u,0)= Oy, w) = < u gg)) —. <W11 w12) ’
0 90

w21 waz
o(u u Ju
O (z,y,w) = 2 = Gy Juw | = (711 712
(2,y,w) A(y,w) (gy 33,) (721 V22

LEMMA 4.3. Under the transformation (y,w)=Q(z,u,0) with g(z,y,w,t)=
g1(z,u,0,t), the Poisson bracket {€,,g}yw becomes

{€y:9}yw (@, Q(z,u,0),t) = (5-Veo)g1(,u,0,1), (4.10)
with the (5—2d)-dimensional vector S given by

S(2,u,0) := (v21715 — Y2271 ) (2, Qz, 0, 0)). (4.11)

Furthermore, the identity
9‘{2(/a(x,u,@)engr“gl(x,u,H,t)H(S-Vg)gl(x,u,ﬂ,t)duﬂ) =0 Vzx (4.12)

holds for all vector functions g;.

The proof is deferred to Appendix C.
Remarks.

e S is a vector in R572¢ i.e., it has the same dimension as the angle #, and
therefore the operator S - Vy is scalar and acts componentwise on the vector g1
in (4.10).

e Lemma 4.3 expresses the fact that the commutator {&,, .}, is in fact a
directional derivative. If g(z,y,w,t) is of the form g=g(z,&y(x,y,w),t), then
g1 is of the form ¢ (z,u,0,t) =g1(x,u,t) and (S-Vy)g1 =0 holds.

Lemmas 4.2 and 4.3 allow us to write the system (4.6) from the previous section
in terms of the transformed variables (u,0) =T'(z,y,w). Hence we obtain the system

Op(x,n,t) + Alg1](2,n,t) =0,  (4.13a)

. t
—e Vomu gadj eVﬁnip(I’n’) (a:,u,@,t)+a(S-V9)gl—|—ggl(x,u,0,t):O, (4.13b)
N(z,n) T
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Algi)(z.n,1) :/Vx (091(2,,0,8)) + 0y (0/(2,7,0) Vi Vi (,Qy (2,1,0)) - 91) 0,
(4.13¢)
S(,u,0) = (Y2171 —y22711) (2, Q(,u,0)), (4.13d)
o(z,u,0)=|det(0Q(x,u,0))|. (4.13¢)

Remark: Since the operator A in (4.13c) is such that the function g; is evaluated
only at u=m, no confusion is produced by renaming the independent variable from
to n in Equations (4.13b), (4.13d), and (4.13e) from here on.

4.3. Series expansions. In order to obtain a closed system for the density p,
Equation (4.13b) must be solved for g7 in terms of p and the result must be substituted
for g; in (4.13a). This inversion cannot be performed exactly in general, but must
be approximated by a series expansion. The point of Sections 4.1 and 4.2 was to
transform the system into a form such that the resulting approximate equation still
satisfies the entropy estimate of Proposition 3.2 in §3.3 because of the adjoint structure
in Equation (4.13).

We choose an orthonormal system of basis functions k() with K € K satisfying

/HK(Q)*HK/(G)dH:(sKK/,

where K is a multiindex varying in a (5—2d)-dimensional index set K. We expand
the function g; in (4.13) into the basis functions by setting

91(36,77,9715): Z HK(Q)GK(‘TJ]vt)' (414)
KeK

Since we will use a combination of trigonometric functions for the basis functions
ki, we allow for complex valued basis functions ki and therefore the coefficients
Gk (z,m,t) are d-dimensional complex valued coefficient vectors. (Of course, the com-
plex exponentials sum so that g; and p are real functions.) Equation (4.13b) is then
replaced by

_ * —Vo—n gadj Vg+nw
/“K(G) e A [e Nw.1) (x,n,0,t)do

+/nK(ﬁ)*(o(x,n,G)(S-Ve)m-i-291(m,n70,t))d9:0 VKeK. (4.15)

We remark that, because of the construction via adjoint operators, the entropy esti-
mate from §3.3 carries over directly to the approximate system regardless of the choice
of basis functions. Multiplying Equation (4.15) by e"*™"GE summing over the in-
dex K, integrating with respect to x and 7, taking real parts, and using Equation
(4.12) yields

B Vot P51, 1)" T Votn 2 _
ste(( [ 2 Al t)dan) + [ e g 0.0 danp =0,

Integrating (4.13a) against eV p(z,n,t)* /N (x,n) and adding the two equations then
yields again the entropy estimate

a/ V0+n|P z,, ))' d.’L"I]Z—/gevo+n|gl($777795t)|2dxn6SO (416)
T
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regardless of the choice of basis functions and the number of terms used in the Galerkin
approximation.

The rest of this section is devoted to computing the flux terms F'* and F" given
by Vg -F*+0,F"=A[g] in Equation (4.13) which, because of Equation (4.8) in
Lemma 4.2, are of the form

Fz:/agl(x,n,ﬁ,t)dﬂ,
F”:/Jlel(a:,Qy(x,n,H))~gld9

for a given confining potential V3 and a given variable transformation 2. Applying
the operator A in (4.13c) to a function g; of the form ¢, (z,u,0,t) =kK(0)G(z,n,t)
yields

A[’%KG] ('Ta777t) =Vg- (GK(%??)G(J?’UJ)) +ar] (AK(J%W) : G(“Mlvt))’

where the scalars ax and the d-dimensional vectors Ag are given by
axlz,n)i= [ nic(O)o(z.n,0)d6,
AK(x,n)::/RK(O)U(%n,G)Vlvl(;v,Qy(x,n,9))d0.

After using the Galerkin approximation, the conservation law (4.13a) becomes

3tp(xa77ﬂt) + Z V- (QK(xan)GK(xvnat)) +an (AK(IJ’) : GK(IWJ)) =0. (417)
KeK

We remark that the variable transformation (y,w)=Q(z,n,0) will necessarily be
singular at n=0, since a zero energy will correspond to any possible angle. Therefore,
as is always the case in a transformation onto spherical coordinates, o(z,0,6) =0 will
hold and therefore the coefficients ax and Ax will vanish at =0 as well.

We now turn to computing the matrix elements in Equation (4.15). We first
compute the term

e e )
1) = 0)* Vo(z)—n gadj V0+17p(x7777 0.4)d6.
RK(%% ) /K;K( ) € A € N($77]) (m7n’ ) )

Integrating Ry against a vector valued test function e"o+¢(x,n) yields
[ 16" Raclan.t)dey

— [ e @rotamy s | e B 1.1y

= / A[nk(aw(az,m]*evﬁnmdxne

— [ (% (asaaotean) + 0, (Axan)- o)) e 152 du

:/—aK(x,n)*qb(x,n)HVm (eVOJ”’%) —AK(mm)*qS(:c,n)H&‘n (evﬁn%) dan.
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This implies

o Ry (. 8) = —ax (2) Vs ( Vo+nN) Ax(z,0)*0, ( Vo+n%).

The second term in Equation (4.15) does not operate on the variables x and 7.
Therefore inserting the expansion (4.14) for g; into (4.15) results just in multiplication
with an (z,7)-dependent matrix C. With the definition

Cxx (z,m) ::/,%K(e)*(g(m,n,@)(S-Vg)/@;g(@)—i-gmfa (6))do,

Equation (4.15) becomes

* —Vy Vo 14 * —1 n P
ar(z,m)*e”"V, (e N)JFAK(“7> e Oy (e N)
+ E CKK/(x,ﬁ)GK/(Z‘,U,t):O VK ek. (418)

K’'eK

Summary.  For a given confinement potential Vi (z,y) and for a given variable
transformation (y,w) =Q(z,n,0) =(Q,,Q,) and (n,0) =T'(z,y,w), we have to compute
the coefficients ax (z,n), Ax(x,n), and Cxg(z,n) given by

K(x,n)Z/KK(Q)U(x,n,Q)dH, (4.19a)

A () = / 1 (0)0 (2,1,0) V1 Vi (2, (a,1,0) ), (4.19b)
Crexr (@) = / ki (0) 0 (2,m,0) ((S- Vo) (9)+%HK, (0)) 0, (4.19¢)
S(2,0,0) = (Y2172 — v22v11) (@, (,,0)), (4.19d)
o(z,n,0) =|det(0Q(z,n,0))| (4.19¢)

and solve the coupled system (4.17), (4.18) for the density p(x,n,t) and the d-
dimensional expansion coefficients Gk (x,n,t), K € K. Using the inverse of the ma-
trix C' (assuming it exists) to express the coefficients G in (4.18) in terms of the
density p in (4.17) yields the conservation law

Op(w,m,t) + Vo - F*(x,1,t) +0p F" (x,1,t) =0, (4.20)

where the d-dimensional flux vector F* and the scalar flux F" are given by

Fx(a:anat)zf Z aK(zvn)CI_(}(/(‘T?n)'

K,K'eK
. (aK/ (z,n)*e" "0V, (evo %) +Ag:(z,m)* e "0, (e"%)) , (4.21a)
Fl(znt)=— Y Ag(z,n)"Cyl (x.n)-
K,K'eKk

: (aK’ (z,n)* eV, (eVU %) + Ak (z,m)"e™ "0, (e”%)) . (4.21b)
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Remarks.
e Without making any further assumptions on the confining potential Vi, no
more specific information is available about the coefficients ax and Ak in
(4.19a) and (4.19b).

e Computationally, the actual challenge lies in computing the inconspicuous
looking term Oy, (z,m) in (4.21). K is a multiindex of the same dimension
as the angular variable 6, and 6 denotes an angle in the (6 — 2d)-dimensional
(y,w)-space. Hence K and 6 have 5—2d components.

For the case of a plate where d=2, K is a scalar and the matrix C(x,n) must
be inverted for every point (z,n).

For the case of a tube where d=1, the multiindex K has three components
and the resulting tensor C'(z,n) is very large even if a moderate number of
expansions terms are used in each component of 6.

e Computing C]_(i(, (z,m) for a general confining potential V; still represents
a reduction in computational complexity compared to solving the original
Boltzmann equation, since the inversion of C' must be performed only once
for a given structure.

e Since the idea of deriving large-time asymptotic approximations to the Boltz-
mann equation is to arrive at a relatively simple macroscopic system, we
will treat, in the next section, the special case where the confinement poten-
tial V7 is harmonic, i.e., where V;(z,y) is a quadratic function of the (3 —d)-
dimensional vector y with general z-dependent coefficients.

Boundary conditions. So far we have not specified the boundary conditions
for the conservation law (4.20). The boundary conditions in the z-direction depend
on the application under consideration. Usually, they will consist of a combination
of insulating walls (i.e., v- F* =0 where v is the normal vector) and connections to
a bath meaning that the density p is prescribed by a given equilibrium bath density.
The conservation law must hold for 7 € [0,00) and F(x,0,t) =0 must hold because of
mass conservation.

5. Harmonic confinement potentials

As will be seen in this section, the formulas (4.21) for the flux vectors F'* and FY
simplify dramatically in the case where the potential V] is quadratic in the variable y.
Since the inversion of the matrix C'in (4.21) presents a major computational challenge
only in the case of transport in a tube (d=1), we will restrict ourselves to this case
here. Hence, for the rest of this section, we will assume that z,v €R and y,w € R2.
The coefficients Ag in (4.21) are therefore scalar and the gradient V, becomes a
partial derivative 0,. In this case we assume that the confinement potential V;(z,y)
is of the form

(y—b(@))" B(z)(y—b(x)), (5.1)

DN =

Vi(z,y)=
where y,b € R? and the diagonal matrix B(z) is given by

Bla) = (Bléx> Bﬁx)) |

We require that By(z) >0 and By(x)>0 for all « so that the particles are indeed
confined.
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5.1. Constructing approximate harmonic potentials. Assuming that the
confinement potential V; has the quadratic form (5.1) may seem slightly arbitrary at
first. The physical relevance of the resulting model depends to a large extent on the
quality of the approximate expression (5.1). However, this assumption will drastically
simplify the resulting conservation law as seen below.

The immediate question is how to choose the coefficients B; and b;, j€{1,2},
for a given potential Vi(z,y). The guiding principle is that the forces acting in the
confinement direction y on the particle due to the exact potential V; should be ap-
proximated optimally by the approximate expression (5.1). Therefore the coefficients
in (5.1) should be chosen so that the resulting approximate field in the y-direction,
which is of the form B(z)(y—b(x)), approximates the exact field V,V; locally for
every value of . Hence we choose the coefficients B; and b;, j€{1,2}, in (5.1) to
locally minimize the functional

/B |B(2)(y—b(x)) — Y, Vi (.9) [P dy

for every value of x. Here B denotes an appropriate domain in the y-space enclosing
the structure. We choose to approximate the forces in the L?-norm, since this yields
a simple nonlinear least squares problem for every value of x. Thus the coefficients B;
and b;, j €{1,2}, are computed from the equations

/B (45— by) (B (s —b;) 0, Vi) dy=0  Vje{1,2}, (5.2a)
[ Bu—b) -0, idy=0 vie,2) (5.2b)
B

giving four—albeit nonlinear—equations for the four coefficient functions Bj;(x)
and bj(x), je{1,2}. If the potential V;(z,y) is given either in analytic or tabular
form, the solution of the system (5.2) is straightforward.

5.2. The fluxes for harmonic confinement potentials. @ We define the
variable transformation (y,w)=Q(z,n,0) in two stages. First, we transform (y;,w;),
j€{1,2}, using polar coordinates. We set

|2r
=:b;+ FCOSQJ, w; =:4/2r;sinb;,
g

with ; €[0,00) and 6, € [—m,m) for j € {1,2}. This gives the energy &, as &,(z,y,w) =
r1+72. Next, we use the transformation

+ 0 ro—"T1 1 —93 1+93

=r T = T = To =17

n 1 2 3 7”2+’I"1’ 1=" 9 2 ] 9

with n€[0,00) and 65 €[—1,1]. Now the energy &, is given by &,(z,y,w)=n. Com-

bining the two transformatlons yields

by + 1/ "(1_03) cosb,

Y Q,(z,n, 77(1+9%)
(w) =Q(z,n,0) = (QZ((I,U, ): ba+4/ costs
/n(l— 03) sinf;
/1(1403)sinfs
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Transforming the volume element in the involved integrals according to the two trans-
formations yields dyw = ﬁ drire0105 = ﬁ dnf160205 and hence we find
n
o(z,n,0)=|det(0U,n.0))| = ——c (5.3)
2 B1 (QZ‘)BQ (SC)
n (4.19). For the density of states function N, we immediately obtain
4 2
N(ff,n)=/0(mma9)d9= —__
B1 (I)BQ (:Z?)

The variable 6 is a three-dimensional angle in the four-dimensional (y,w)-space and
03 is the sine of the azimuthal angle varying in the interval (—%,5). Therefore the
natural choice for the basis functions in §4.3 is

(5.4)

1 . .
ki (0) = —eF 01Tkl (00 K = (ki ko, ks),

21

where Ly, (63) the Legendre polynomial of degree k3 normalized in the L2-norm on
the interval [—1,1].

We now turn to computing the coefficients ax, Ak, and Ck g in (4.19). Using
the fact that the zero-order basis function kg :=#r g0,y is given by ro(0) =1/ (27v/2),

the coefficient ax in (4.19a) simplifies to
U . V2

)= df=v2 df=—===00,x- 5.5

)= ot =or pe [oipcan=JeSh. 69

To compute the coefficient A (x,n) in Equation (4.19b), we first compute the

term 0, Vi (z,y) :ZJ 130:B;(y; —b;)* — B;j(y—b;)9;b;. After the variable transfor-

mation it becomes

31‘/1( (93 y,0))

:Z ( (InB;)n(1+(—1)703)cos*6; — \/Bjn(1+(—l)jﬁg)cosﬁjﬁwbj> ,

which yields the coefficient Ax in (4.19b) as

1 b s
_ n ik16014iko26
A , — 101 2 2L 6 .
S AN (0

2
Z (;6w(lnBj)’l7(1 + (—1)3493)0082 9j - \/Bj?’](l + (—1)j93)0089j6$bj) d919293.
j=1

After integrating and defining
1
Li Z:/ vV 1:|:93Lk3 (93)(2193, (56)
-1
we find

A (z,n)= 102 (10 B1)0ky 0 (Fky 2+ 20k,.0 + 0k 2) (V20150 — V/2/3015.1)

2\/3132 (
+ *7731(11132)%1,0(5@,4 +26k,0 + Ok 2) (V2015 0+ V/2/361,,1)

—/NB103b10ky,0(0ky,—1 + 08y 1) L. — /1 B205b26k, 0(0ky,—1 +0ky 1)L ks) (5.7)
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Explicit expressions for Lfg are given in Lemma D.1 in Appendix D.

To compute the matrix element Ck g in (4.19c), we first have to compute the
vector S(z,n,0) = (V21712 —122711) (@, Q(z,n,0)). Computing the matrix elements v;
represents an elementary but quite tedious calculation. In the special case of a har-
monic potential, it is actually easier to compute the vector S by directly transforming
the Poisson bracket. The equation {&y,¢}yw =8TVy¢; must hold for any function
o(y,w)=¢p1(n,0). Given the shape (5.1) of the potential V7, the equation

2
{£y,8}yw =Y _(w;dy,¢— B;(y; —b;)0u, )

j=1

holds and straightforward calculus yields
2
{gya¢}yw = Z \Y Bjaej ¢1 (7779)
j=1

Therefore the equation S(x,r],@):—(«/Bl(x),\/Bg(x),O)T holds. Computing the
matrix element Cx g+ in (4.19¢) yields

1 n —i —i
CKK’(‘TJ”SWQ\/E/G e TN (SE

v B ik Ly (03)
—| VB2 | - | ikaLky(63) | +
0 Doy Ly (03)

1 7 —ik10y—iksfa
_ 1 1 L 9 .
82 \/BlBQ /e kS( 3)

1 a7 c1t
. <—ik/1\/ By —ikb\/Ba+ 7—> ell€101+1k262Lké (65)d6,

1 a1l
Lké(e?;) e1k101+1k202d9

e

and after integrating out 6 we obtain

Ckr(z,m)=

n 1 . .
——— | — —ik1/ By —ika/ B> | 0k K.
9 TlBg (T 1R 1 —1R2 2) KK

Thus the choice of a harmonic confinement potential makes the matrix C'(z,n) diag-
onal and the elements C’I_&(, (z,m) of its inverse are given by

27’\/ BlBQ 1+7’(k1\/ Bl +I{32\/ BQ)I
n 1+T2(k1\/31+k2\/B2)2

Cre(,m) = Sk, (5.8)

We note that the inverse always exists.

The formulas (5.5), (5.7), and (5.8) provide all the details to compute the ex-
pression for the fluxes in (4.21). It still remains to choose the index set K, i.e., the
number of terms used in the expansion (4.14) of g1 (x,n,0,t). We note that because
of (5.5) the term ax only gives a contribution for K =0. Also the coefficient Ax in
(5.7) vanishes for |k1|>2 and |k2| > 2, since the complex exponentials are orthogonal
to cosf; and cos®6; for all j € {1,2} in this case. Therefore, regardless of the number
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of terms used in the expansion, the fluxes F'* and F" in (4.21) are of the form

F*(x,m,t) = —ao(2,1)Cog' (2,1)
(ao z,n) eV, ( N) +Ao(z,m)" e "0, (87’%))7 (5.9a)
MNx,m,t)= 22: 22: OOAKJ;nC’KK(xn)

— —2ks=

0
‘ <5O,Ka0(x7n)*67VOVI (evo%) +Ag(xz,n) e "0, (e"%)) . (5.9b)

Therefore we can use all terms in 6; and 6, in the expansion (4.14) of ¢1(z,n,0,t)
and choose the index sets of both k1 and ko as Z. This means that in the case of a
harmonic confinement potential V; the components of the initial density f(z,y,v,w,t=
0) corresponding to the higher modes in 6; and 65 do not contribute to the large-time
dynamics after the projection in §3.

We proceed to calculate explicit expressions for the fluxes. To simplify notation,
we define Ty :=e~ "0V, ( Yo p) and Th:=e~ "9, (e” p) We find

4m2Tn 2rn?

Fo(zm,t) =~ InB,)+0,(InBy))T: 5.10
(3?,777) \/m \/m( (n 1)+ (n 2)) 5 ( )
and
P () = =T (9, (10 By) + 0, (1n By)) T
It = VB1B2 © 1 © 2))41
© 7T27_772
3" L (499,(In By)d, (In Bs) (36, 0 — S,
kgz—oum(” (0 51)0: (In Ba) (3040 = Ok; 1)
n(3+872B1)(8,(InB1))2  n(3+872B)(d,(In By))?
+ ( 1+4T2B1 T 1+47—232 (36k3,0+6k3,1)

MUBOF 0, MBI o
14+72B; ks 1+72By *8 .

Using the expressions for L,fs in Lemma D.1, the sums over (L,fa)2 become
Ks Ks

_ 16(2K5 +8K3+11K2+6K3+1)
L+ 2: L 2: 3 3 3
2 (L) =D (L) (4K2+8K5+3)?

ks=0 ks=0

and clearly their limit as K3— 00 is 2. Therefore we can choose the index set of k3
as Z¢ and the whole index set as K:=Z x Z x Z§ . Finally we obtain

n 7T27-772
F (x,n,t):—m(ﬁm(lnBl)—l-am(lnBﬂ)Tl
7'('27'7]2 12B1(8$b1)2 12B2(83;b2)2
_ 210, (In B InB
wm( 4B, T 14mE, 0B )

n(3+872B1)(9:(InB1))?  n(3+872B2)(9,(InBy))?
1+472B, + 1+472B, Tp. (5.11)
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Equations (5.10) and (5.11) give the constitutive relations for the fluxes used in
the conservation law

Oup(,1,t) + 0 " (2,1,t) + Op F (,1,) =0

in the case of a tube with a harmonic confinement potential after inserting the expres-
sions for ag, Ax, and Cg} from (5.5), (5.7), and (5.8). The resulting equation is a
diffusion equation because of the first-order partial derivatives with respect to x and 7
in the definition of the fluxes (5.9). The resulting diffusion matrix has automatically
the right eigenvalues, since the entropy estimate (4.16) holds.

All the coefficients of the derivatives in the fluxes are indeed real numbers. Im-
portantly, the three infinite sums over ki, ko, and k3 have been reduced to explicit
expressions. In summary, numerical solutions of this problem can be calculated as
fast as solutions of the two-dimensional drift-diffusion equations.

6. Numerical results

Using the explicit form of the transport coefficients, solutions of the diffusion
system can be calculated very efficiently. A finite-volume scheme was implemented
for the case of tubes (d=1). The numerical examples presented in the following
illustrate the features of the solutions due to confinement.

6.1. First example. We consider an example with no applied potential first.
The simulation domain is defined by x €[0,10] and n €[0,10]. We set Vy(x):=0, 7:=1,
Bi(x):=By(z):=1+5exp(—(x—5)2/2), and by (x):=by(x):=0. The boundary con-
ditions are the Maxwellian distributions p(0,n):=2exp(—n) and p(10,7):=exp(—n);
this means that the concentration gradient between the two baths drives the current.

The resulting concentration p and fluxes F* and F" are shown in Figure 6.1.
The influence of the boundary conditions and the reduction in concentration due to
confinement in the middle of the channel at x =5 is seen in the concentration p. The
streamlines plot for the fluxes shows that the particles are pushed towards higher
energies because of the confinement potential and some of the particles are reflected
back to the left boundary.

To illustrate the convergence properties as the grid becomes finer, the values for
the current [ F*(10,n)dn are noted here since it is important in applications: for a
grid spacing of Az:=An:=1 the current is 0.048108; for 1/2 it is 0.057327, for 1/4 it
is 0.061520, for 1/8 it is 0.062836, for 1/16 it is 0.063117, and for 1/32 it is 0.063120.

6.2. Second example. In the second example, we apply a potential Vy(x):=x
and leave the rest of the parameters unchanged. This potential drives particles from
the right to the left in opposite direction to the concentration gradient of the baths.

The resulting concentration p and fluxes F* and F" are shown in Figure 6.2.
Again it is observed that the confinement potential drives the particles towards higher
energies in the middle of the channel at =>5. Additionally, we see in the plot of the
concentration that the influx of particles from the right boundary due to the strong
applied potential and the confinement in the middle result in a pile-up of particles at
around x=7.

The current values for different grid sizes are the following: for a grid spacing of 1
the current is —0.932237, for 1/2 it is —0.916781, for 1/4 it is —0.905318, for 1/8 it is
—0.897971, for 1/16 it is —0.893613, and for 1/32 it is —0.891181. Due to the applied
potential, the current has opposite sign now and it is much larger.



852 TRANSPORT EQUATION FOR CONFINED STRUCTURES

i
|\
““‘A“‘!:‘:“‘

X

Fic. 6.1. The concentration p(xz,n) (left) and a streamlines plot of the flux F*(x,n)ez+
F(x,n)ey (right). Large values are red, small values blue.

x

Fic. 6.2. The concentration p(x,n) (left) and a streamlines plot of the flux F*(x,n)ez+
F(x,n)ey (right). Large values are red, small values blue.

7. Conclusion

We have derived a diffusion-type equation for particle transport in confined struc-
tures from the Boltzmann transport equation. In the case of confinement in cylindrical
structures or pipes, the six independent spatial and momentum variables in the Boltz-
mann transport equation are reduced to two independent variables, namely position
in the longitudinal spatial direction and energy. The Galerkin approximation and the
variable transformation are chosen so that the geometry dependent transport coeffi-
cients can be given explicitly and therefore the diffusion-type equation can be solved
efficiently. Entropy estimates are given for solutions of the diffusion equation.
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A numerical scheme for the resulting diffusion equation was implemented. The
responses of the numerical solutions to changes in the parameters, the confinement po-
tential, and the boundary conditions are consistent with the physics of the underlying
transport problem.
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Appendix A. Proof of Lemma 3.1.
Proof. 'To prove Equation (3.11), we have to show that the identity

o(z)+
- [ favat) Lalpldayow=e [ £1fe5 5 ) S P e ()

holds for all functions f(z,y,v,w,t) and p(x,n,t). Inserting for £; yields

eVo(x)+n
/Cl E—yf (p(x)n’)dxn

V0@ +E p(z. £, 1)
N(z,&y)

dzyvw.

—c [{Ear g
Since the Poisson bracket obeys the product rule of differentiation, we find

{Eat 8™ 75 f han = {84 &y f Lave™ T H{Ea £y ™ T [
= {g:c +£ya f*}mve_gm_gy7
due to the identity {€, +&,,e %= ~¢v},, =0. Hence we have
eVo(x)+n t
/»Cl S—yf P(xn)dxn

N(z,n)
Vg(ac —E&x ( 7)
€

Vg,

Using the identity ce'o(®)=€ = M (v) and the cyclicity of the commutator under the
trace, this can be written as

Yoo p(a,n,t)
e[ Life=CeE S PABIY) o
/ 1 ] N (z,n)

:/f*{l\%p(az,gy,t),&g—i—gy}

yielding (A.1) and consequently (3.11). To show (3.12), we set and calculate

dzyvw.

—c [{E+8. )0

dxva:_/f(x7y7vaw7t)*[’2[p]dxva

rv

I::/ et UE, [y dyw = / {5480 1.6,y fdyw
:/e£x+£y{f*agy}wadyw+/f*{egz+£yvgy}wadyw
:/egw*nyf{f*’gy}ywdyw:_/e“"erEyf{gy,f}deyw:—1*7
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which implies Re(I) =0. |

Appendix B. Proof of Lemma 4.1.

Proof. We start with the observation that, since the Maxwellian M is of the form
M (v) =ce~"I/2 with J M(v)dv=1, integration by parts yields the matrix identity
JvTvM(v)dv=1, where I is the d x d identity matrix. Inserting the definition of £
into (4.1a) and integrating against a test function ¢(z) gives

/d)(x)Al[g](x,n,t)dx:/d)(x)é(gy—n){Sm+€y,M(v)v-g}mdxva.

Using the cyclicity of the commutator under the trace yields

[ot@milalntdo= [{0@)6(E, = 1), +8, b Me)o-gdoyou
— [(Tu(@@)3(E, .9,0) = 1) V(€ £) = Ta(B()3(E, ~ ) VolEs+E)))-
- M(v)v- gdzyvw
= [ (=5(6, = 0)¥.(0) - ()8 (&, =) V2V2) - 0) M0} gy
Then, using the identity [v?vM (v)dv=1, we obtain
[ e@milglantyda= [ (~5(6,~)uo() - 6(2)5'(E, - )W) gy
= [[6@) (V. 516, ~ n)9) + 00(0(E, ~ ). Vi) day,

which proves Equation (4.3).
The relation (4.4) is essentially the same as the adjoint relation (3.11) in
Lemma 3.1: Equation (3.11) implies that

Vo p(z,n,t)
N(z,n)

,n,t). Using the definition (4.1) of Ay
’U)U~g(:c,y,w,t) gives

/f*ﬁg[p] dﬁva:—cfﬁl[effz*&,f]* den
holds for all functions f(z,y,v,w,t) and p(x
and Ay and setting f(z,y,v,w,t) := e M(

eV p(z,1,1)

dzn
N(z,n)

/eg-f*gyM(v)ngv(v-Az[ﬂ])dxva:_C/Al[g}*

Using the identities ef= M (v) =ce"® and [vTvM(v)dv=1I yields

Vo+&, H LeVotip
c/e 0Ty g Ag[p]dxywz—c/Al[g] I dxn,

and therefore

holds, which proves Equation (4.4). Finally, the relation (4.5) is essentially the same
as Equation (3.12) in Lemma 3.1 formulated for vector valued functions g. a
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Appendix C. Proof of Lemma 4.3.
Proof. For any function ¢(z,y,w) and its transform ¢;(z,u,0)=
o1(x,T(z,y,w)) := ¢(x,y,w), their gradients are related by

Vyd" =001 11+ Vol 121, Vo' =0ud] 12+ Vod] 2. (C.1)

Differentiating the identity &,(x,Q(u,0)) =u with respect to v and 6 gives, using the
chain rule, the relations Vyggwu + ngg(y'gl =1 and Vyggwlg + Vwé'yngg =0 or, in
matrix form,

(V&) Vuéy )o0=(1,0).
Multiplying with O =9Q ! from the right gives(V, &}, V&) = (11,712) and hence
we have
Y11 (x,y,w) = Vygy(x7y7w)T7 712(I7y7w) = vwgy(zvyaw)T'

Computing the (scalar) commutator as

{gya(b}yw ($7y7w) = vwggqus - vugng¢ = 712vy¢ - 'Vllvwgb
=V ¥~ Vuwd

and using the transformation (C.1) of the gradients of ¢ yields

{&y, 0}y (T y,w) =0u1 (2, T) (V1712 — V12711) + Voo (2, 1) (v21712 — Y22711)-

Considering the dimensions of the matrix elements vji, i.e., y11 and 712 are both
1 x (3 — d)-dimensional matrices and ;1775 is a scalar, we find that v117{5 —y1271; =0
holds. Thus we have

{é'y,¢}yw(:c,y,w):V(,gél(x,F(:c,y,w))TS(x,I‘(x,y,w))
= (S(xar('xava)) ’ v9)¢1 (‘T)F('rayaw))
The relation (4.12) is obtained directly from (4.5) in Lemma 4.1 by performing the

appropriate variable substitution in the integral. This concludes the proof. 0

Appendix D. The integrals L.
Here we prove explicit formulas for the integrals L defined in (5.6).

LEMMA D.1. Let L, be the Legendre polynomials on the interval [—1,1] normalized
in the L?-norm. Then the equation

[ _ —4(F1)"
Ln—/_1\/1ian(x)dm—(2n+3)(2n1) TS| YneN

holds.

Proof. We denote the non-normalized Legendre polynomials with P,(1)=1
by P,. Since ||L,||=1 and ||P,||*=2/(2n+1),

2n+1
Ly,=1/ P,
2
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holds. It is well-known that the Legendre polynomials P, can be written as

_ 1
~ 9npl

P, (x) o (z?—1)"

using Rodrigues’ formula. This expression yields

1 [2n+1 [t
L= nt / VTEZO (2% —1)"de
n: 2 -1

1 [on+1, . [1 ! . .
=/ (F ) M [ aay e iy

after n partial integrations. Here [a],, denotes the falling sequential product

n—1

la]y == H(a_j)~

Jj=0

It is straightforward to see that the boundary terms vanish; the derivatives of (2 —1)"
vanish at %1, since they all contain a factor 22 —1. The last integral can be written
as a beta function after substituting y:=(1+x)/2, yielding

/1 (1ix)_”+1/2(x2—1)"dx:(il)”/l Vitz(zF1)"dx
—=2V2(=2)"B(3/2,n+1)=2V2(~2)" F(ig)fg;;) D_ [ﬁ(?)/?]:i; :

since I'(n+5/2) = [n+3/2]+2y/7. In summary, we obtain

L= @)y a1 — A (jﬂ)n\/m(fl)”*1 [n—3/2]u-1(-1/2)

[n+3/2n42 [n+3/2] 542
1
=(F1)"V2 1
L 12 n=1/2)"
which concludes the proof. 0
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