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KRAMERS’ FORMULA FOR CHEMICAL REACTIONS IN THE
CONTEXT OF WASSERSTEIN GRADIENT FLOWS*
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Abstract. We derive Kramers’ formula as singular limit of the Fokker-Planck equation with
double-well potential. The convergence proof is based on the Rayleigh principle of the underlying
Wasserstein gradient structure and complements a recent result by Peletier, Savaré and Veneroni.
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1. Introduction

In 1940 Kramers derived chemical reaction rates from certain limits in a Fokker-
Planck equation that describes the probability density of a Brownian particle in an
energy landscape [3]. The limit of high activation energy has been revisited in a recent
paper by Peletier et al [6], where a spatially inhomogeneous extension of Kramers’
formula is rigorously derived for unimolecular reactions between two chemical states
A and B. Their derivation relies on passing to the limit in the L2-gradient flow
structure of the Fokker-Planck equation. It is well-known by now that the Fokker-
Planck equation has also an interpretation as a Wasserstein gradient flow [2] and
the question was raised in [6] whether Kramers’ formula can also be derived and
interpreted within this Wasserstein gradient flow structure. This concept has also
been investigated on a formal level for more complicated reaction-diffusion systems
in [4]. A further motivation for studying the Fokker-Planck equation within the
Wasserstein framework comes from applications that additionally prescribe the time
evolution of a moment [1].

In this note we present a rigorous derivation which is based on passing to the
limit within the Wasserstein gradient flow structure. To keep things simple we re-
strict ourselves to the spatially homogeneous case and consider the simplest case of a
unimolecular reaction between two chemical states A and B, which are represented as
two wells of an enthalpy function H:R—R. To avoid unimportant technicalities we
assume that the enthalpy function H is a ‘typical’ double-well potential. Specifically,
we assume that H is a smooth, nonnegative and even function that satisfies

zH'(x)<0 for 0<|z|<1, xH'(z)>0 for |z|>1,
with
H(£1)=H'(+1)=H'(0)=0, H(0)=H(+2)=1, H"(0)<0<H"(+1).

The probability density of a molecule with chemical state = is in the following de-
noted by p. In Kramers’ approach the molecule performs a Brownian motion in the
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624 KRAMERS’ FORMULA AND WASSERSTEIN GRADIENT FLOWS

energy landscape described by H, so the evolution of p is governed by the Kramers-
Smoluchowski equation

Op=0,(0zp+e *pH'), (1.1)

where ¢ is the so-called ‘viscosity’ coefficient. In what follows we consider the high
activation energy limit €2 < 1.

The leading order dynamics of (1.1) can be derived by formal asymptotics and
governs the evolution of

0

u+(t)::2/ p(t,z)dz, uf(t)::2/ p(t,z)dz,

0 —00

which satisfy u™ (t) +u*(t) =2 due to [; p(t,2)de=1. Using WKB methods, for in-
stance, one finds

du® k
BT ), =T k=n W HOET ). (12)

We emphasize that the constant k depends on the details of the function H near its
two local minima and its local maximum, and that the time scale is exponentially
slow in the height barrier H(0)/e?=1/e% between the two wells.

Our goal is to derive (1.2) rigorously by passing to the limit € — 0 in (1.1). In order
to derive a non-trivial limit we have to rescale time accordingly. Thus we consider in
the following the probability distribution p. = p.(¢,z) that is a solution of

Tgatp828£(8£p5+872,05H/), zeR,t>0. (1.3)
An important role in the analysis will be played by the unique invariant measure

2421

() = 2L H @)/ ZE::/e—H@)/EQdy:ef(HO(l)), (1.4)
R H"(1)

which converges in the weakx topology of probability measures to 1(5_1 +d41), where
041 denotes the delta distributions in 41,

As in [6] it is often convenient to switch to the density of p. with respect to 7.,
that is u. =p./v.. Heuristically we expect that u. is — to leading order in ¢ —
piecewise constant for z <0 and z >0, where the respective values correspond to u™
and u~ as introduced above. In what follows we write u instead of u™, so u™ is given
by 2 —u.

For the derivation of the limit equation we assume that our data are well-prepared.
THEOREM 1.1. Let 7. and k be as in (1.2), and for each € let p.:[0,00) x R—[0,00)
be a solution to (1.3) with initial datum pl. Moreover, suppose that the initial data
pC are probability measures on R that converge weaklyx as e —0 to some probability
measure p°, and satisfy

02 |0z u|? 0( ) — 0
Yelug|* dx+ de <C, u(x)=p(x)/ve(x) >ec>0 VzxeR
R R

Te

with constants C and c independent of €. Then, for all t >0 we have that

pe(t,) =01 (u(t)&rl + (2—u(t))5,1)
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weaklyx in the space of probability measures, where the function wu:[0,00)— [0,00)
satisfies

u=—k(u—1), u(0) =wuy, (1.5)

where ug=2 [~ p°dx.

This result has already been derived in [6] in the more general setting with spatial
diffusion and under slightly weaker assumptions on the initial data. Our main contri-
bution here is therefore not the result as such, but the method of proof. We answer
the question posed in [6], how the passage to the limit can be performed within a
Wasserstein gradient flow structure and we identify the corresponding structure for
the limit.

We present the formal gradient flow structures of (1.3) as well as (1.5) in Section 2.
In order to derive the limit equation we pass to the limit in the Rayleigh principle
that is associated to any gradient flow. This strategy is inspired by the notion of
I'-convergence and has already been successfully employed in other singular limits of
gradient flows (e.g. in [5]). In Section 3 we first obtain some basic a priori estimates as
well as an approximation for u. that will be essential in the identification of the limit
gradient flow structure. It is somewhat unsatisfactory that we cannot derive suitable
estimates solely from the energy estimates associated to the Wasserstein gradient flow.
Instead we use the estimates that correspond to the L2-gradient flow structure that
is satisfied by wu.. It is not obvious to us how this can be avoided.

Section 4 finally contains our main result, that is the novel proof of Theorem 1.1.
We show that the limit of J,p. satisfies the Rayleigh principle that one obtains as
a limit of the Rayleigh principle associated to the Wasserstein gradient structure of
(1.3). As a consequence the limit is a solution of (1.5).

2. Gradient flows and Rayleigh principle

We briefly summarize the Wasserstein gradient structure of the Fokker-Planck
equation as well as the corresponding gradient flow structure of the limit problem.
To point out the key ideas we give a formal exposition and postpone some technical
details to Section 3.1.

Given an energy functional E on a manifold M, whose tangent space T, M is
endowed with a metric tensor g, the g-gradient flow z(t) of F is defined such that

G (t) (a':(t),v)—!—DE(x(t))U:O (2.1)

for all v €T, ;)M and for all £>0. Here DE(z(t))v denotes the directional derivative
of E in direction v. Our convergence result relies on the Rayleigh principle, that
amounts to the observation that a curve x(t) on M solves (2.1) if and only if for each
t the derivative #(t) minimizes

39a(1) (vv) + DE(x(t))v
among all v €T, ;) M. Slightly more general — and more suitable for generalizations

to abstract manifolds in function spaces — is the time integrated version: For each
0 <T < oo the function & minimizes

/O 102 (u(8),0(8)) + DE((t))o(t) dt
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among all functions v with v(t) € )M for all t€[0,7]. In what follows we pass
to the limit € — 0 in the time integrated Rayleigh principle because only this one is
compatible with the boundedness and compactness results derived below.

To describe the Wasserstein gradient structure of the e—problem (1.3) we
consider the formal manifold

ME::{pE:R%[O,oo)/pedle}, TpEMSZ:{’UE:R*}R},
R
along with the metric tensor

5. (vg,vg) :zrg/pe\je|2da:, where  ve =—0,(peje)- (2.2)
R

The energy of the Fokker-Planck equation is given by

E(pe):= / Pe (lnpe +5_2H) dx,
R
and has the directional derivative

DE*(pe)ve = /

ve(lnpg+<€_2H)dx:/pgjgaz(lnpe—&—e_QH). (2.3)
R R

Consequently, the direction of steepest descent v, is characterized by the requirement
that

5. (ve,0:) = —DE®(pe ) - V. €T, M®.
This means
Je= —7;18;6 (lnpg —|—€72H),

and we conclude that (1.3) is in fact the formal g°-gradient flow of E€ on M°.
The gradient structure of the limit problem is very simple. The correspond-
ing manifold

M:={ue(0,2)}, T M:={veR}
is one-dimensional and equipped with the metric tensor

02 In(u/(2—w))
90 = -

Notice that the metric tensor is continuous in u with g (v,v) =v%/k, and that k>0
is defined in (1.2). The limit energy is given by
E(u):=1(ulnu+(2—u)n(2—w)), DE(u)v=3vin(u/(2—u)),

)

and we easily check that (1.5) is the g-gradient flow of E on M.
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3. A priori estimates and implications

The density of p. with respect to 7, that is ue =p:/7e, is smooth and satisfies
the equation

TeVeOpte = Oy (Vea;cua)a (31)

and hence we readily justify that

9 t
/75|u5|2dx+*//'Ya|8:vua|2dxd*9:/'Ya'ugpdm, (32)
R Te Jo JR R

1 L 0pel? 1
7/%\3#5\%“/ 9P| dxds:—/fys|8mu2|2dx. (3.3)
27 Jr 0JR e 27 Jr

Moreover, due to the assumption from Theorem 1.1 the maximum principle for (3.1)
implies that

ue (t, ) > 0. (3.4)

inf
t>0,z€R,e>0

The a priori estimates (3.2) and (3.3) are direct consequences of the H ~!-gradient and
the L2-gradient flow structures of (3.1); see [6] for details. The Wasserstein structure,
however, implies the a priori estimate

t
/pg(lnp€+s—2H)dx+i//pe(am(lnpaJrs—?H))deds:/pg(lnp2+s—2H) dz
R Te Jo JR R

and conserves the mass via f]R pedz=1. As mentioned before, our analysis does not
make use of this estimate but employs (3.2) and (3.3).

3.1. Rigorous formulation of the Rayleigh principle. We now derive
a rigorous setting for the time integrated Rayleigh principle that corresponds to the
Wasserstein gradient structure of the Fokker-Planck equation. To this end we suppose
that 0 <T < oo is fixed and consider the weighted Lebesgue space

Lgiz{fa:[O,T]xR%R;/T 12

0 JR Ve

da:dt<0},

which is a Hilbert space for each € >0. We also define the linear space
T = {UE:L§ such that v, = —0,(p-jc) for some j. with p.je ELE},

and show that the Rayleigh principle is a well-posed minimization problem on 7:.
LEMMA 3.1. For each f. € L? with 9, f. € L? we have

T T
/ / .8, f. dedt = — / / st )it (3.5)
0o JR 0o JrR Ue

and fo(-,x) =0 as x — oo strongly in LQ([O,T]). In particular, we have

Y
fs(t,y):/ Oz fe(t,x)dx, /Razfs(t,x)dx:O

for almost all (t,y) €[0,T] xR.
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Proof. Clearly, (3.5) holds for all smooth f. with compact support in [0,7] x R.
By approximation in L2 — and since we have v.Inu.,y.u-10,u. € L2 due to (3.2),
(3.3), (3.4), and |Inu.|<C\/us — we then conclude that (3.5) holds for all f. € L2.
Moreover, using Holder’s inequality and f;lz Yedx <1 we find

T 9 T T2 2 T rxo |a f |2
/ | fo(t, m2) — f(t, 1) dtg/ / Op f-(t,z)dx dtg/ / = dxdt
0 0 z 0 Jao Ve

for all z1 < z5. Therefore, and by assumption on 0, f, we know that f.(-, z) converges
strongly as x — 400 to some limit functions in L?([0,77). From

T T f 2
/ /f€2dazdt§||fye||oo/ /dedt@o
0 JR 0 JR e

we then infer that these limit functions vanish. O
COROLLARY 3.2. We have Osp. € Te. Moreover, each v. € T satisfies vas dx=0 for

almost all t, as well as
2 T T
< (/ g,ie(atpg,atpg)dt> (/ gzs(vg,ve)dt> <0 (3.6)
0 0

with g¢ and DE® as in (2.2) and (2.3).

T
/ DE*®(p:)v.dt
0

Proof. The first claim follows from 0;p. =0, (T; 1758xu5) and since the a priori
estimates (3.2) and (3.3) guarantee that 9;p. € L? as well as 7 1.0, u. € L2. Now let
=—0, f. €7T: be arbitrary. By definition and (3.4), we have

/gp Ve, Ve dt—/ / Ef‘5ddt<C/ / Tefe dxdt < co.
0

Moreover, Lemma 3.1 provides fR vedr =0 as well as

/ DE*(p.) vsdt—/ /fga lnugda:dt—/ / Je 20 “Ed dt
1 2 1/2
/ / 12 / /w@c%)dm ,
o JR Pe

which is (3.6). ]
From Corollary 3.2 we finally conclude that

T
/ 395, (U2, 0e) + DE® (pe)vdt (3.7)
0

is well defined for v, € 7, and that O;p. is the unique minimizer.

3.2. Compactness result for p.. We now exploit the a priori estimates (3.2)
and (3.3) to derive suitable compactness results for p., which then allow us to extract
convergent subsequences. To this end we choose 0 <« <1 independent of € and define
the intervals

JEi= (£l £14e%),  Jli=(—e%+£%),  J:=R\(JZUJS),
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—9 +2°
Jo J JE
- e S -
-
I I
F1c. 3.1. Schematic representation of pe, ue, and 1/pe.
as well as
IZ7 :=(—2+e% —&%), It = (" 2—¢%), I..=1-UI7.
We proceed with summarizing some properties of 7..
LEMMA 3.3. We have
1
/ Ve dx 20, =, / Ve dx 20, 0, (3.8)
JE 2 Je
as well as
sup e () 20, 0, =1 inf . () 20, 0, (3.9)
zeJ. zel.
and
T, 4 T,
/ Sdr 2% / Zdr 2% . (3.10)
Jo Ve k I. Ve

Proof. From the definition (1.4) and [, 7. dz=1 we readily derive (3.8). Thanks
to our assumptions on H we also have

H(z)>min (H(14e%),H(1—%)) >2(1+0(1))H"(1)e**  Vazel.,
and this implies (3.9);. Similarly, we find
H(x)gmax(H(sa),H@—sa))g1+0(1)—min(%H"(O)szo‘,H’@)go‘) Vel

and hence (3.9)2 and (3.10)2. Finally, a direct computation gives

o4

[ = [ (- 0) (o)) de = LEAD)

oY ) . H(DH"0)]

which is (3.10); thanks to (1.2). |
Our compactness result for p is illustrated in Figure 3.1 and reads as follows.
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LEMMA 3.4. There exists a subsequence € —0 along with a function u€ H([0,T])
with weak derivative U such that

1. for each t€1[0,T], pc(t,-) is a probability measure on R that converges weaklyx
to 3 (u(t)d41+ (1 —wu(t))d-1) such that

/ipgda: 29, 1+i(u-1) and /pgda: =9 (3.11)
Jz Je

uniformly in t€[0,T7,
2. Oup- is a measure on [0,T] xR that converges weaklyx to 5 (d;1 —ud_1) such
that

e—0

/i&gpgdz =+l and /|3tpg|dz =9 (3.12)
Jz Je

weakly and strongly in L*([0,T7), respectively.
Moreover, we have ¢ < u(t),2—u(t) < 2—c for some 0<c<2 and all t€[0,T).

Proof.  The estimates (3.2) and (3.3) combined with (3.9) imply

2
sup (/ pedm> < sup (/ vgugd,r) (/ fyedx) 0, 0,
te[0,7] \J J. te[0, 7] \J/R Je
T 2 T 0
/ ( ) |8tp5d:c> dtg/ </ ’ys|8tu5|2dx) </ ’ysd:c)dt =0,
0 Je 0 .

€

and hence we find (3.11)5 and (3.12),. We now consider the functions ux :[0,7] —R
defined by

éuf(t):z/ki pg(t,gc)dgc:/Ji ue (t, 2)ye (x) dz,

€

and using again (3.2), (3.3), and (3.9) we obtain

T
2
il N2 o §/0 (/Jivsu?dx) (/Ji%ﬂm) di <C,
2 T € 2 £
H e oy < | (/Ji%latuel dw) (/Ji%dx)dtsc.

By weak compactness we can therefore extract a subsequence such that

+ =0

uf = u*  weakly in H'([0,7]) cc C([0,T7]),

for some limit functions u*. Setting u:=wu, , the remaining assertions hold either by
construction, or thanks to (3.4) and [p.dz=1. d

From now on we suppose that a subsequence as in Lemma 3.4 is chosen and prove
the assertions of Theorem 1.1 for this subsequence. Since the function w is uniquely
determined by the limit problem (1.5), we then conclude afterwards that Theorem
1.1 holds for all subsequences.
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3.3. Leading order description of u.. In order to pass to the limit e — oo
in the minimization problem corresponding to (3.7) we show that the relative density
u. is close to a step function but exhibits a narrow and smooth transition layer at
=0 whose shape is determined by ~.; see Figure 3.1. Specifically, we prove that u.
can be approximated by

i (t, ) =1+ (u(t) — 1) ne (), ng(x):—Q/OI Wjé) //ﬂjé). (3.13)

Notice that 7. is an approximation of the sign function on the interval |z| <2 because
Lemma 3.3 provides that
sup |ne (z) —sign(x)| =290, (3.14)
xel.

LEMMA 3.5. We have

2
ue (t, ) —ﬁg(t,x)‘ dt =% 0.

T
sup  |ue(t, ) —dc(t, @) =29, / sup
te[0,T],zelE 0 zeJ?

Proof.  From (3.3) and (3.9)2 we infer that

e’ .
sup [ |0puc|*dz < sup /de (/ Tadx>;0>0,
tel0,T])J I, te[0,T] I, Te 1. Ve

and hence sup;c(o 7)5UP,, e 1+ |ue(t, 2) —ue(t, y)| 29 0. With (3.8) we therefore con-

clude that

sup sup
tel0,T) e 1E

w2 [ pna) =5 o

€

so Lemma 3.4 gives

e—0

sup sup |[1+(u—1)—u-(t,z)] == 0.
tel0,T)ze1E

The first assertion now follows from (3.14). Towards the second claim we integrate
(3.1) twice with respect to x. This gives

T

%(Ey) /Oyatpe(uz)dzdy (3.15)

x

ue(t, ) :ﬁe(t,x)—l—/

0
with 4. (¢, z) :=C1 (t)n:(x) + Ca £ (t), where the two constants of integration can be

computed by
ﬂe(t7+1/2)7ﬂ€(tafl/2) ﬂs(t7+1/2)+ﬂ€(tafl/2)
t)= t)= . 1
O (1) et M) ! (3.16)

For |y| <|x| <1—¢e® the integral term in (3.15) can be estimated by

1—e® . p (¢, 2)]2 1/2 1—e® 1/2
([ T

1/2 9 1/2
<C< wp W)> ( 10upe(t, 2)| dz) ,
R

|z|<1—ex Ye(2)

y
/ Ope(t, 2)dz
0
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so (3.3) and Lemma 3.3 imply

T
/ sup
0 |z|<l—e=
e—0

In particular, we have (-, £1/2) —— 1+ (u—1) in L? ([O,T]). From this, (3.16), and
the definition of both @, and . we finally conclude that

T
/ sup
0 |z|<2—e«

and the proof is complete. 0

e—0

2
‘dt — 0.

ue(t,2) — te(t, x)

e—0

2
‘dt — 0,

Ue(t, ) — Ue(t, )

It follows from Lemma 3.3 that for ¢ —0 the functions 7./7. generate a delta
distribution in x =0 with height 4/k. The following result combined with Lemma 3.5
shows that 7./p. has a similar property. For the proof we recall that the function

u— —L-In % is continous in u=1 and uniformly positive for v € (0,2).

e 2 . .
LEMMA 3.6. We have / Ti dy =22 In — uniformly in t €[0,T.
70 Yele E(u—1) 2—u

Proof. By definition we have

T, C. -1
= = = Oz (Inte(t, x)), C’;ltzrg/ —dzx.
@) o -1 () o
This implies
Te C-. U (t, +e%)
= dx= In— ,
/Jg Ve () (t, x) 2u(t)—1)  a.(t,—e®)

so the desired result follows from (3.13) and (3.14). d

4. Passing to the limit in the Rayleigh principle
We are now able to prove our main result, which then implies Theorem 1.1.

THEOREM 4.1. The limit of O:p., that is w, satisfies

T

/OT (%gu(u,u)+DE(u)u) dtg/o (%gu(v,v)—l-DE(u)U) dt

for all ve L*([0,T7).

This theorem is implied by the following three Lemmas, which ensure that the
limit % of the minimizers d;p. of the Rayleigh principle associated to the e-problems is
indeed a minimizer of the Rayleigh principle associated to the limit problem. Notice
that the assertions of Lemmas 4.2-4.4 are closely related, but not equivalent to the
I'-convergence of the Rayleigh principles. In fact, in Lemma 4.2 we prove lower
semi-continuity of the metric tensor only for the minimizers 0;p.. This is, however,
sufficient to conclude that @ is again a minimizer of the limit problem.
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LEMMA 4.2 (lim-inf estimate for metric tensor). We have

T T
limi(r)lf/o gzg(é)tps,ﬁtpg)dtz/ gu(u,u)dt.

E—r 0

Proof. Recall that we have

T T 2 T 2
/ g,i(é’tpa,atpe)dtz/ /%dxdtz/ / %dxd,;
0 o JrR Pe o JJjo Pe

where f.:=7717.0,u. satisfies the a priori estimate

2 2
/ %dx:/ degC for all t€[0,T7].
Jo  Pe Jo  Tele

Consequently, Lemma 3.5 and (3.4) ensure that

2 2
/Ts—sdxf/ %dm =% o Stronglyian([O,TD,
Jo Pe Jo Velle

and therefore it is sufficient to show that

T T f2 T
liminf/ / €—fdxdtZ/ gu(u,u)dt.
£20 Jo Jgo Yele 0

Setting f- (t):= fe(t,0) and using 9, f- = 0¢p. we find

Brpe? 1/2 1/2
SUP‘fg(t)—fg(t7l')’§ (/ tpadil’) (/ ’y€d1'> ,
z€J? zeJ9 e Jo

=
and hence

- 2 9 2
/ TE—{cde—/ TE—J}dx < / %dx / Yedx / TEN de | .
Jo Yele JO YelUe zeJo e Jo JO YelUe

Integration with respect to ¢, and employing (3.3) as well as Lemma 3.3, then gives

/ Tefe dx—f;/ g 2% 0 strongly in L*([0,T1). (4.1)
J J

0 Vele 9 VelUe

Applying Jensen’s inequality, the convergence (4.1), and Lemma 3.6 we estimate
2 -1
T 2 T
liminf/ / %dwdtz liminf / TE{CE dzx / Ti dz dt
=0 Jo Jgo Vele e=0 Jo JO Vele JO Vele
T T,
> liminf / f2 / = dx | dt.
e—0 0 JQ 'Yeua

The desired result now follows from Lemma 3.6 and since Lemma 3.1, combined with
Corollary 3.2 and (3.12), implies that f. = fooo Oy pedx 20 14 weakly in L*([0,77). O
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LEMMA 4.3 (lim-inf estimate for energy). We have

T
/DEE(pE)ﬁtpsdt 20, /DE Yadt.
0

Proof. By (3.4), which implies that |lnu.| <C\/uc, and using (3.2), (3.3), and
(3.8), we find

" s _of [T ] et "
‘/ atpslnusdxdt’ <C / dxdt / /%usdxdt
o JJ. o JJI. e o JJ.
1/2 1/2
<C sup </ ’ys|us|2da7> (/ 'ysd:c) 200,
0<t<T \J J. e

Moreover, the convergence results from Lemma 3.4 and Lemma 3.5 provide

T T .
/ / Orpe(Inue ) dadt 20, / l lnLdt,
0 Jgj: 0 2 2—u

which is the desired result. 0

LEMMA 4.4 (Existence of recovery sequence). For all ve L*([0,T]) there exists
a sequence v, € T, such that

T T
lirnsup/ %gzg (vs,vs) +DE®(pe)vedt < / %gu (v,v) + DE(u)vdt.
0 0

e—0

Proof. For each € >0 we define v.(t,z):= %v(t) (Ye(z—1)—9e(z+1)), where 1.
is a standard Dirac sequence with support in (—e®,e%). We also introduce functions
fe by fe(t,z):= f ve(t,y)dy. By construction, fa vanishes for |z| > 14, is equal
to 2u(t) for |z| <1—e%, and satisfies

2 T
o<// Tefe dxdtg/ izﬂ/ L dpdat 2% 0
JE Pe 0 JE Vele

thanks to (3.4) and (3.10). Moreover, in view of Lemma 3.5, Lemma 3.6 and (3.10)

we also have

2 T T )
/ / EfEd dt:/ @2/ " dpdt =% / Yt
e 0 |:L’\§1750‘ YelUe 0 2k:(u— 1) 2—u

and hence

Tsf52 e—0 T
gp v@fug dt— dedt —— gu(v,v)vdt.
0 0

Finally, fOT JpveInu.dadt 20, T 51In 5= dt follows as in the proof of Lemma 4.3. O
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