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FAST COMMUNICATION

A SHARP BOUND ON THE L? NORM OF THE SOLUTION OF A
RANDOM ELLIPTIC DIFFERENCE EQUATION*

TOMASZ KOMOROWSKIt AND LENYA RYZHIK?

Abstract. We consider a stationary solution of the Poisson equation (A4 L“)¢y(z;w)=
—0*b(z;w), where A>0 and L¥ is a random, discrete, elliptic operator given by L¥u(z):=
0* [a(z;w)Ou(z)], z€Z. Here Of(z):=f(z+1)— f(z) and 0* f(z):= f(x—1) — f(z) for an arbitrary
function f:Z—R. The coefficients {(a(z;w),b(z;w)), z €Z} form a stationary random field over a
probability space (Q,F,P). We prove that if the field of coefficients is sufficiently strongly mixing
then ||¢x(0)||p — the L2 norm of with respect to the probability measure P — behaves as CA—1/4,
as A< 1 for some constant C'>0. In addition [|&¢x(0)—d¢o(0)|lp < CAV/4 for A€ (0,1] and some
constant C'>0. These results complement those of [A. Gloria, F. Otto, preprint, 2010] and [J.C.
Mourrat, preprint, 2010] that hold for an analogous problem in the multidimensional setting.
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1. Introduction

Suppose that {(a(z;w),b(x;w))x €Z} is a stationary random field over a prob-
ability space (2,F,P). We shall be concerned with the stationary solutions of the
equation

A+ L¥) oy (z;w) = —0"b(x;w), (1.1)
where A >0 is small,
L¥u(x):=0"[a(z;w)0u(x)], z€Z,

where u:Z—R, and Ju(x):=u(zx+1)—u(z) is the discrete difference operator with
adjoint 0*u(z):=u(x—1) —u(x). We assume that there exist constants 0 < a, <a* <
400 and b* < 400, so that

a(z;w) € [ax,a™], |b(z;w)|<b*, VaxeZ,P as. inw. (1.2)

Note that the operator L“ is positive-definite and is the discrete version of (—V-
(a(x)V)) in the continuous case, thus all A >0 belong to its resolvent set. This obser-
vation allows us to find a (unique) stationary solution of (1.1) for any A > 0; see e.g.
[7] for a details. On the other hand, since L“1=0, A\g =0 belongs to the spectrum of
the operator.

We shall be concerned with the limiting behavior of ¢y (z), as A 0.

It has been shown recently (somewhat surprisingly) in [6] (see also [8] for another,
more probabilistic, argument) that when d >3 (d>9 in [8]), and the coefficients a(z) =
b(x) (in [8] a(x) and b(x) are allowed to be different) are i.i.d., ||¢x(0)||p stays bounded
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608 A SHARP BOUND ON THE L? NORM OF A RANDOM...

as A1 0. We denote here by ||-||p the L? norm with respect to the probability measure

P:
Il =| [ 2o -

When d=2 one can prove, see ibid., a logarithmic bound ||¢(0)||p <Clog” A=t for
A€ (0,1]. In the present note we complete the picture by proving that in one dimension
|62 (0)||p ~ CA~1/4, with an explicit constant C' >0, as A0 (see Theorem 1.1 below),
provided that the field a(x) is sufficiently strongly mixing. The case when a(z)=0b(z)
is of particular interest in the homogenization theory as the respective field ¢y (x),
called the corrector, can be used to show the convergence of solutions of equations with
fast varying coeflicients. A somewhat related question of determining the convergence
rate for homogenization in one dimension has been considered in [1].

Our second result concerns the rate of convergence of the gradient of the A-
corrector in one dimension. It has been shown in [13] (see also [2] for the discrete
setting) that in the continuum case when d >3 and the coefficients are sufficiently
strongly mixing there exist constants C,y >0 such that ||V (0) — Vo (0)||p <CN,
A€(0,1]. In fact, in the discrete setting, for an i.i.d. field a(x) one can show that
v can be chosen arbitrarily in the interval (0,(d—2)/(d+38)); see [2]. When d=2
the corresponding result is slightly weaker (see [10], Lemma 7.1) — it asserts that
[V (0) — Vo (0)||p < CAY/1oglos(A ™) - X € (0,1] for some C,y>0. We prove that in
the case d=1, under the aforementioned mixing assumption, ||[0¢y(0)—d¢o(0)|p <
CAY4 for all A€ (0,1], where C' >0 is a constant.

Finally, we use our approach to obtain estimates of the convergence rate of solu-
tions of parabolic equations with random coefficients and random initial data towards
the expected value of the initial data; see Theorem 3.1. This property is known as
stabilization of solutions of the heat equation and has been introduced by Zhikov in
[14]. Our contribution is to establish the rate of convergence to equilibrium.

The method of the proof relies on a Feynman-Kac type of representation of the
gradient of the corrector given by Formula (2.4) below. This representation in turn
allows us to write the corrector itself in terms of the Green’s function of the symmetric,
simple random walk, which is given explicitly. These formulas together allow us to
describe the precise asymptotics of both ¢,(0) and ¢4 (0), as A1 0; see Theorem 1.1.

The main result. We assume that the field {(a(z),b(x)),z € Z} satisfies (1.2),
and the following;:

(1) Stationarity: For any N>1, z1,....,.xxy and z€Z the laws of

(a(1),b(@1), . a(n),b(zy)) and (a(@1+2),b(@1 +2), .. alzy +2),bzy +

x)) are identical. Under this hypothesis there exists a unique stationary so-

lution to (1.1) for each A >0; see [7].

(2) Mixing: Denote by [, the summation over all integers, B(z) :=b(x)/a(x) and

(0)= 2. B(r)=B() b

a\r) = a(x) &7 xr)= X )

where a:=(a='(0))z*, and b=(B(0))p, so that ((0))p=(B(0))p=0. We
require that the two point statistics satisfy

/Z$2[I<a(w)a(0)>n»| +1(B()B(0))el]dz < +oo, (1.3)
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and, in addition, the higher moments satisfy

2N
IN:= sup / < Yk (l“i)> dz1dzs...dray -1 <+00
22, T2N J w1 2w > 22N _12TaN] | \i=1 P
(1.4)
for N=1,...,5, k;=0,1, and yo=a(z), 11(z) =B(x).
The main result of this note is the following.
THEOREM 1.1. Under the foregoing hypotheses we have
oA (0)][p=CA™ 4 +0(1) as AL0, C.=a'/*Gy?)2 (1.5)
where
G0:=/<I‘(x)F(O)>pdx
zZ
and
[(z):= aba(z)+ B(x). (1.6)
In addition, there exists C>0 such that
[062(0) — 9o (0)[p < CAM* for all € (0,1]. (1.7)

2. The proof of Theorem 1.1

2.1. The proof of (1.5). In order to obtain a precise asymptotics in (1.5) we
will split the field ¢y into several terms (see decomposition (2.7) below), and estimate
each of them separately. Denote 1y (x) :=a(x)d¢x(z). Using Equation (1.1) we obtain

o) ==30" (@), (21
where
Fr(@) =2 (@) = o o). (22

Note that the field 9y (z) converges, as A— 0+, in L2(P) to 1o (x):=ab—b(z). This
can been seen as follows. Using Theorem 2.4 of [11] one can deduce that d¢y(z)
converges to some stationary field ®,(x) in L*(P). From (1.1) we get 0*[a(z)®.(z)] =
—0*b(x), hence @, (z)=—B(z)+Ca~!(x) for some deterministic constant C. Since
(®,(x))p=0 we conclude that C'=ab and the assertion follows due to the fact that
() = a(2)®. ().

Observe that vy (z) satisfies

(A/2)a (@) () + (1/2)0% 0 (z) = —(1/2)89b(z), YA>0. (2.3)

Therefore, it can be written as

+oo
or () = — /O Efex (t,2)0" 9b(X )] dt, (2.4)
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where
t
ex(t,z) ::exp{—()\/2)/ al(Xf)ds} .
0
Here { X[, t>0} is a symmetric, simple random walk on Z with continuous time start-
ing at x, given over another probability space (¥,.4,Q), and E denotes the expectation

with respect to Q. We shall drop the superscipt z in the case when the walk starts
at the origin. Using the fact that

t
M, =b(X7)—b(z)+ %/ 0" Ob(X7)ds
0

is a mean zero martingale, we conclude that (recall B(z)=b(z)a"!(x))

Vr(z) = /0 +OoE[e,\(t7at)db(Xf)]dt:% /0 T Bl (t.0) BOXE)]dt — b(e)
— ol ab—i—ZD (z)+ R\ (z), (2.5)
where
D\ (x) —Zl' (;\)Hl/OJFOOE{B(Xf) Uot (X7)d Y}exp{ ta~'A/2) dt
and
R (z) :;/OJFOOE{B(Xf){eA(t,x)—exp{—td_l)\/Z}

£ o)

(2.6)
Substituting (2.5) into the right hand side of (2.1) we obtain
or(0)=D 03 @)+ (@), (2.7)
=0
where
o\ (@)=10" |ab— D ()], (2:8)
1 A
¢E\l)( ):—Xa*Dg\l)(a:), fori=1 ,
and
n 1 * n
rg\ )(a:):—f(f? Rg\ )(m) (2.9)

A

As we will see, the main contribution to ¢, comes from ¢E\o) (:c)+¢g\1)(x) and is of
the order O(A~1/4), while the other terms are of the size at most O(1), provided that
n>3.
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Before we proceed to the estimates, note that simple symmetry considerations
give, for 1 > 1,

©) _ i e a1 T i T .
D\’ (z)= <2> /0 exp{—ta )\/2}dt/Ai(t)E{B(Xt ) Ll:[la(Xsk)} }dsl...dsl

A i+1 400 400 +o00 +o0
= (2> / d81/ dSQ/ dsz/ dsi+1exp{_8i+1d_1>\/2}
0 S1 Si—1 8

X / {B($i+1)P(8z‘+1 — 8, Tit1 — T;)
Zi+1

X [H a(zk)p(sk — Sk—1,Tk xk_l)] }dxl ...dx;,
k=1
(2.10)

where A;(t):=[(s1,...,8;):0<s81<...<s;], $0:=0, and xg:=x. Recall that the
Green’s function corresponding to the operator p+(1/2)0*0 is

+oo
G.(z) ::/0 e Mp(t,x)dt,

where p(t,x) :=Q[X;=z] for t >0, x € Z. It is explicitly given by (see, e.g. (3.134) p.
141 of [4]

Gu(z)=€(1-€)72¢" zez, (2.11)
with £:=(1+u)"! and g¢:=(1—+/1—&2)¢~". Observe that for small y we have

§1=1—p+o(u), (2.12)

and

e =L 1= /B ol V). (2.13)

Integrating out the s;41-variable in (2.10) and using the definition of the Green’s
function we can write

' A\t i
Dg\’)(x) = (2) /ZH—1 H [Oé(l‘k)G)\/(za)(xk_l 71’]@)] (214)
k=1
XB(miJrl)G)\/(z[l) ({I?Z — {,CH,l)diEl .. .d(Ei+1, 1 > 1. (215)

When i=0 we can write

e A
Dg\o)(x)—ab:5/0)\/(2&)(3?—{)31)ﬂ(1‘1)d$17 (216)
Z

where, as we recall, 8(x) = B(x)—b.
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Asymptotics of rf\”). We begin the proof of (1.5) with the estimate of rE\”) since
some elements of the proof of this bound will be used later in estimating the other
terms.

LEMMA 2.1. Suppose that n>3 is odd. Then there exists a constant C, such that

||,r§\”7b)HPSC'T)\(nJrl)M*l7 vAe(0,1]. (2.17)

Proof. It suffices to prove that there exists a constant C'>0 so that
IR [l <CAPHD/4 . v e (0,1], (2.18)

with Rg\n)(x) given by (2.6), and Rg\") ::R(An)(O). We use an elementary inequality

e—a_ze—b (b_a’) < 1

i < (n_’_l)'max{e_“,e_b}\b—a|"+l,

valid for any a,b>0. This inequality and the ellipticity assumption (1.2) together
imply that

400
R0 [ Ve {-02)@) (2.19)

where

with a deterministic constant C7 > 0. Calculations similar to those leading to (2.14)
yield

n+1
|R(A7L)|§C’2)\n—s-1/Z . H[a(mi)G/\l(xi_xi_l)]dxl...dxn+17 (2.20)
" E=1

where A1 :=a*)\/2, and thus

(R <ciress [

72n+2

2n+2
([
k=1 P
n+1
X H [GA1 (l‘z — xi—l)GA1 (xi+n+2 — xi+n+1)] dxl .. .d$2n+27 (221)
i=1

where z¢g=x2,43=0. Using (2.11), we conclude that

(RS 1P)e
2n+2 n+1
<o | <H a<xz—>> IT [aer g o d o,
Z22 ]\ k=1 pli=1

(2.22)
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and fl = (1+)\1)71.
We divide Z?"*? into simplicies A, := [To(2n42) > ... > Ty(1)], Where o is a per-

mutation of the set {1,...,2n+2}. Each simplex is further split as A, —APuaA®.
Here (21,...,Zop42) is in AWM ifoe [To(2)sTo(2n+2)), and in AP if0 Z[To(2),To(2n42))-

LEMMA 2.2. We have

n+1
H |:q‘£ﬂl3i*$i—1‘q‘gfi+7L+2*wi+n+l‘j| quf(2n+2)+\$a(2)\ on At(rl), (223)
=1
n+1 ,
L [l o] g on A = A frganin >0, (29
=1
and
n+1 | | .
H{q'ﬁﬁ“‘l‘q‘gf”"“*”””"“qng‘f"“) on AP = AP N[z, (2n2) <0]. (2.25)
=1

Proof.  In order to show (2.23), suppose that z, o) =x; and 42542y =k If
j<n+1 and k>n+2, then since xo,13=29=0 and

To(2) SO<To(2n42) ON A, (2.26)
it is clear that
To(ont2) T1Zo@2)| <2 —Tpg1| .o+ |Tong2 — Tonys| + o — 21 [+ 21 — 4],
(2.27)
and (2.23) holds since g¢, €(0,1). When j,k <n+1 we can write, using (2.26),
To(2n+2) T |$a(2)| = |$a(2n+2) _x0(2)| < |$0 —$1|+ s |$n —$n+1|a (2-28)

whence (2.23) holds. The case j,k>n+2 can be verified analogously.
In order to verify that (2.24) and (2.25) hold, we simply note that, say, for (2.24)
if 0(2n+2) <n+1 then we would use the fact that

To(ant2) = [To(ent2) —To| < |1 — 20|+ +|Tpp1 — Tl

and the other cases are very similar. a

We now finish the proof of Lemma 2.1. The integral in (2.22) can be written as

2n+2 n+1
/ < H a(xi)> H {qéfi—xi—l‘qz‘i#—&—fi-ﬂll dzy ... dzonio =11+ I,
Ao |\ k=1 pli=1

where I, correspond to the integration over domains A,(f), {=1,2. Using the mixing
condition (1.4) for N=n+1 and (2.23) we conclude that, with

AS,—l) = {[$U(2n+2) Z JJ‘cr(Qn) Z cee 2 xa(2)]70 S [xa(Q)axJ(2n+2)]} )
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we have

Ty (2nt2)tlZo(2)l
I < /qg @t DAz, 2)...dTo(ant2)
a®

1
2n+2
X sup H a(x;)
To(2n+2)1 Ts(2) e k=1 P

To(2n +lzg |
SInJrl/(l)qgl CrED T g, ) - AT (2n42)
Ay

dmo‘(l) . .dwa(2n+1)]

(i) /nt1
SIwH»l/ quz:'71 #il)/n dwl...d.’b’,H,l
Zn+1

a1y —(nD)
Tt (1)

C
< A(n+1)/2

for some constant C'>0. We have used (2.13) in the last step. On the other hand
the mixing conditions (1.4) and (2.24), (2.25) yield

L, <C ooy 5 501 qgf(2"’+2)dx0(2) Ty (o g0) < R
Coming back to (2.22) we conclude that
(RSP)e < Cua D72, (2:29)
which in turn implies (2.18). This finishes the proof of Lemma 2.1. |

Asymptotics of qbg\o) (0) —i—(bg\l)(O). Here, we identify the leading order contribu-
tion in (1.5).

LEMMA 2.3. We have
162 (0) + 6V (0) e =C A" YA+ 0O(1)  as ALO, (2.30)

with the constant C, as in (1.5).
Proof. From (2.8) and (2.16) we conclude that

1 1 x
¢§O)(0)=—5/23*@/(2@)(361)6(331)%1zi/zg(ﬂrl;&)q‘gl ‘5(1’1)(1331’ (2.31)

where & :=[1+\/(2a)]7!, and

1-¢
1+&°

_<1—1/1_+§), when <0, || <1.

There exists a constant C'> 0 such that

1+ when 2>1,]¢] <1,

g(w;8) =

lg(x;6) —sgn(z)| <CVA, VzeZ, Ae(0,1], [€]e[1/2,1], (2.32)
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with the convention sgn(z):=1 for £>1 and sgn z:=—1 for £ <0. Likewise, using
(2.8) and (2.10) we obtain that

A

A0 ==7 [ 0°Grygaa(20)Ga a2 - 21)a(00) Bloa)dnde
7.2

A&1

T A/1-8 e

Using the decomposition B(z)=b+3(z), we obtain from (2.31) and (2.33) that
00+ 63 (0) =1 + Ja, with

9(961;51)61,‘51lqlffl_Ir"la(ml)B(xg)dxldxg. (2.33)

1 ©
Ji= 5/9(551;51)(1'5'11|F($1)dfﬂ1dfﬂ2,
z

and

~\\1/2 1/2
Jz:(a2/\\)/§ (lf—1£1> /229(x1;51)qgllqlgfl7“'04(961)»3(582)‘1331‘1332‘

Here I'(x) is given by (1.6).
Asymptotics of J;. By virtue of (1.3) and (2.32), we deduce that, as A0,

IIJlH%»% /Z 2g(a:;él)g(a:’;fl)qg'”z"<r<x—x')r(o)>pdm’

1 7
= Z/sgn xrsgn x’qlglﬂm (T (2 — 2")T(0))pdada’ +O(1)

72
1 27
— & [ IFlae PG o), (234
0
where
F(z)=—1+2{Im {/ zm} =2i(Imz2)|1— 2|72 -1,
x>1
and

GO = /Z ¢4 (1 (2)T(0)) pda. (2.35)
Bochner’s theorem implies that
0<G(O <G [ [T@PO)eldo < +oc,
due to (1.3). In order to pass to the limit A} 0 we use (2.12) and (2.13), and obtain

5121—%4-0()\)

1—/1-¢2 A
q&:&glzl—\/;—ko(ﬁ).

and
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Thanks to (1.3) we have |G(¢) — G(0)| ~(¢2 for ( < 1. One can conclude that

cf;:nmmmn%

™

:4mfjw%1|auf

G(0 . d
= Wi v / Flae )P e (2.36)
0

However, we have

1 27 . 1 27 -
— \F(Q§lezc)|2d42%/2/ sgn rsgn x’q‘ ol | gica—ica’ dxdx’d¢
0 z2Jo

2w
/ opel LT,
g
1/21+q,?1 a'2G(0)

G(0) .. _
A -~ 4 (2.37)

whence

2=

which is the constant appearing in (1.5) in Theorem 1.1.

Asymptotics of J,. The L?-norm of J; satisfies

1< CA [ a2l ot Jatas) o) (o) ds doadasdes.

with some constant C'>0. To estimate the right side we use the mixing condition
(1.4) in the same way as in the proof of Lemma 2.1. We divide the domain of inte-
gration Z* into subdomains of the form A, := [To(1) > To(2) > To(3) = To(a)] Where o is
a permutation of (1,2,3,4). In case the permutation equals identity we can estimate
it by

To,Ta x2,T4q

C'A q§f2q§f4dx2dx4{ sup / [(o(@1)a(ws) B(z2)B(xa))p |dx1dx3}
[z1>22>23>24]
This expression can be further estimated by

C"M1—gg,) 2 <Ci, Yere(0,1],

with some C”,C;. The cases corresponding to other domains can be dealt with
similarly. This completes the proof of Lemma 2.3. ]

Asymptotics of ¢g\i) for i >2. Next, we show that the contribution of both ¢g\2)

and ¢E\3) in ¢y is small.

LEMMA 2.4. There exist constants Cii), 1=2,3 such that

1657 ()llp <CEIN21 - for A€ (0,1]. (2.38)
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Proof. We start with the argument for i=2. A simple calculation, using (2.1)
and (2.14), shows that

A2 "
&2)(0)=—§/ [0%Gxy2a)(#1)] Gy 2a) (22 — 1) G (20 (23 — T2)
z
xa(z1)a(xe)B(xs)drdradrs
— K1 + K, (2.39)
where
)\1/2&3/28 o1l |1 —
K1:=2%2¢2 (14+&) 7'/ 8 /29(”;51)‘1‘511"1'&1 la(ar)a(es)ddes,
z
St 21| |1—w2| |w2—ws
Ko = . 1 1—x2 2—T3 )
2 74(1*"51)/2}(3:1751)%1 @G, g, o(@n)a(xe)B(as)drydrades

The L? norm of K satisfies

4
HK1||H2»§C/\/Z49(301;51)9(333;51)(121qulimqg?"qgrul <Ha(3€z)> dxydradrsday
i=1 P
4
SC”)\/4qu‘qgg‘qgl_“lqgr“l <Ho¢(x7)> dzidxodrsdry, (2.40)
z ' i=1 P

with some constants C,C’ > 0. To estimate the utmost right side of (2.40) we use the
mixing condition (1.4) with N=2. We divide the domain of integration Z* into the
subdomains of the form A, :=[7,(1) > Z,(2) > T (3) > To(4)], Where o is a permutation
of (1,2,3,4), and use an argument detailed in the proof of Lemma 2.2 below. When
the permutation equals the identity we can estimate this term by

dﬂ?l dl’g } .

4
C'/\/ q|£f2|qi~f4|d$2dl'4 sup/ HOZ(%‘)
A T2,T4 J (X1 >x0>w3>74] =1 P

The last expression can be further estimated by
C"\1—qe,) 2 <Cy, Yere(0,1]

for some C”,Cy. The other domains of integration can be dealt with similarly. The

considerations for || K3|? are similar. Finally, to estimate Hqﬁg\i) (0)|2 for i >3 we can
easily generalize the above argument applying the mixing condition (1.4) for N =4.0

To finish the proof of Theorem 1.1 we use expansion (2.7) for n=3. The result is
a direct consequence of Lemmas 2.1, 2.3, and 2.4.

2.2. The gradient estimate.  We now prove (1.7).
Proof. It suffices to show that

[97(0) = o (0) [ <CX*, - W€ (0,1], (241)
for some constant C'>0. Using (2.5) it is enough to estimate

ID” + D" —abllp,
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||D§\i)H]p for i=2,3, and ||Rx||p. We have used a shorthand notation Df\i) ::Df\i) (0).

From (2.14) we obtain after elementary calculations the decomposition Dg\l) =L1+ Lo,
where

A
L1::§/F($1)G)\/(2@)(331)d$1,
7
Aagt / o1 =] 1]
Lyi=-—-—>1 ! Udridrs.
2 A116) Z2a($1)5($2)q51 4, Gx14T2
Thus,
wwﬁz—iﬁff m““@w—fﬁm»dwf:Ad/%HW e)PG(Q)d¢+O(N)
F=a—e) Jp % : 207 J, T !

where G(¢) is given by (2.35), Fi(2):=(1—|z|?)]1—2|72 is the Poisson kernel in
dimension d=2. Since |G(¢) —G(0)| ~(¢? for (< 1 one can easily deduce that

G(0)\a
247

2T
1La[2 = / Iy (ge, €%)2dC + O(N).

We have

/2”|F< Pac<o [ X
; 119¢, SOy Rl—qE1+C2

for A€(0,1] and some constant Cq >0 and 1—ge, ~ A2 Hence, after elementary
computations, we get

|L1[|3 < CoA!/2

for A€ (0,1] and some constant Cy > 0.
To estimate ||La||3 we repeat essentially the estimates of ||.J3||2 and obtain

L] < CA

for A€ (0,1] and some constant C > 0.

The computation that HDE\”(O)H% <O A2 for i=2,3 (in fact both these quanti-
ties are of order o(\'/2)) is quite routine, taking into account the arguments contained
in the proofs of Lemmas 2.1 and 2.4. This ends the proof of (1.7) and that of Theo-
rem 1.1. a

3. Asymptotics of transition semigroup of the environment process
Expansion (2.8) can be used to describe the asymptotics of the solution of the
initial value problem

(0 + LY)®(t,z;w) =0, (3.1)
D(0,z;w) =c(x;w),

as t — 400, where {(a(z;w),c(z;w)), z € Z} is a stationary field satisfying assumptions
(1) and (2) from Section 1. In addition, we assume (c(0))p =0.

We obtain, in the one dimensional situation, an estimate of the rate of convergence
in the stabilization problem. Namely, the following result holds.
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THEOREM 3.1. Under the above assumptions there exists a constant C >0 such that

7/ |0 (t,2) ||]P,dthl/2, VereZ,T>1. (3.2)

REMARK 3.1. The property expressed in (3.2) is known as the stabilization (in the
mean) of solutions of the heat conduction equation (see [14]), and has been considered
in various versions in a number of papers; see e.g. [15, 16, 3] and the references
therein.

Proof of Theorem 3.1. The proof of this result shall be done in a number of
steps.

Step 1: Representation of ®(¢,z). Suppose that {Y;”“,¢>0} is a random
walk starting at x and corresponding to the generator —L“. We have

O(t,z;w) =E[c(Y,"")] = c(z;w) — Li(w3w), (3.3)
where
Lt(x;w)::/O EL¥c(YF¥)ds.
Let
~ [ 12(s.0) ds.
0
Since
[®(t,2)[1F = [12(t,0) 12 = |c(0)[[F — 2(c(0), L¢ (0))e +[| L (0) 12,
we obtain

+oo
@(A)::/O e Mop(t)dt =15 [II (0)[F —2(e2(0),¢(0))e +(2(0),6x/2(0))e] . A>0,
(3.4)

with ¢y (z) the solution of (1.1) corresponding to b(z):=a(x)dc¢(x). Indeed, denote
F(t,z;w):=—EL“c(Y;"“;w) and F(t):=F(t,0). Then

+oo
<Z>>\(Jc;w):/ e MF(t,z;w)dt.
0
A direct application of the integration by parts formula gives

+o0 e t _ )
—2/0 e dt/o <c(0),LS(0))pds——ﬁ(c(o),qﬁA(O))Pds. (3.5)

For any t >t >0 we have

(F(ta), F(t'2))p = (F(t), F(¢))p = (F(t '), F(2¢ ). (3.6)
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We prove this identity momentarily but first use it to verify (3.4). We have

—+oo t
/ M / Lo (0)|[2ds = 2 / =M (F(sy), F(s1))pdtdsdsdss
0 0 [t>8>51>52>0]

3.6) 2 _
(:) F : ]e Asy <F(81 —82),F(282)>]}»d81d82
8128220

2
= 55y OO F@sa))eds:

_ %(@(0),@/2(0»@

and the second equality in (3.4) follows.

The proof of (3.6). To show (3.6) we use the notation p“(¢,z,y) to denote
transition probabilities corresponding to Y;”“. The first equality follows easily from
the stationarity of the environment so we only need to prove the second one. Because
the generator —L“ is in a divergence form and counting measure is invariant and
reversible we have p“(¢,x,y) =p“(¢,y,x) for all z,y€Z. The middle term in (3.6)
equals

/ L¥c(y)L¥c(y )p* (t,0,y)p” (t',0,y")dydy’

72

=/ Lec(y) LY c(y )p* (t,0,y)p” (£,0,2)p” (' —t,2,y" ) dydy’
Z2

=/ L¥c(y) L c(y")p* (t,0,y)p" (t,0,2)p” (t' —t,2,y")dydy'dz.
Z3

Using stationarity of the environment we can rewrite the right hand side as being
equal to

/ LYc(y—2)L¥(y" — 2)p“ (t,—z,y — 2)p“ (t,—2,0)p* (t' — t,0,y" — 2)dydy'dz.
ZB

Changing variables y:=y— z, y' :=y’ — 2z, z:= —z and using symmetry of p*(¢,z,0) we
obtain that the above expression equals

/ L¥c(y) LY c(y')p* (t,2,)p” (£,0,2)p” (t' — 1,0,y ) dydy'dz
ZS
=/ L¥c(y) LY c(y")p* (2t,0,y)p* (t' —,0,y")dydy’,

72

and the last equality in (3.6) follows.

Step 2: Estimates of the resolvent. We make use of computations made in
Section 2.1 with b(x) =a(x)dc(x). Notice that B(x)=0c(x) and b= (B(0))p=0. We
prove the following.

PROPOSITION 3.2. Under the above assumptions there exist C1,Co >0 such that
[#2(0) = 65" (0)ll]p < C1AY2, (3.7)
and

1e(0) + 6V (0)]| < C2A2, Xe(0,1]. (3.8)
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Proof. The argument is very similar to what has been done in Section 2.1.
This time, however, we use the expansion (2.5) with n=6. From Lemma 2.1 we

can estimate ||’f’§\6)||]p < CAY2. To estimate H(bg\l)(O)Hp we use representation (2.33).
Because b=0 we get (recall that B(z)=dc(z))

A
E\l)(o):71/ "Gy 2a)(£1)07 G (20 (T2 — 21) (1) c(2) dr dvo
ZQ
)\ 1 To2—T1
:_Z/ g(ml;gl)g(-TQ;El)q‘gl lqlgl loz(xl)c(xg)dmldmg. (39)
72

Using the mixing assumption in the same way as in the proof of Lemma 2.3 we
conclude that

1650 (0) [ <CLA12, e (0,1]. (3.10)

A slight modification of the proof of estimates of (/ﬁg\i) for i > 2 is also possible due to
the fact that B(z) is a gradient of a zero mean field ¢(z). In that case we can write

; Al . 1—1 X
¢(A)(O):—2i+1 /Z_Ha G,\/(za)(ﬂcl)I_IC*'>\/(2(1)($lc+1—ﬂﬁk)8 G,\/(za)(xiﬂ—xi)
¢ k=1

7

X H a(mk)0($i+1)dl‘1 .. .dl‘H_l
k=1
)\(i+1)/2 o]
- 72iT/Zi+1 9(x1:61)9(iv1:61) G,

X H [qgkﬂ—wk‘a(xk)] (Tip1)dxy ... doiyy.
k=1

(3.11)

Using the mixing lemma for N =i+ 1 we arrive at the estimate
16Ol <CIX/2, A€ (0,1] (3.12)
This, and expansion (2.33), implies (3.7). To show (3.8) observe (see (2.31)) that

1
¢(AO)(9U):—5/3*GA/(2a)(£E—x1)8c(x1)dx1
zZ
1
:_5/3*8GA/(2a)($—év1)C(x1)dw1
zZ

A
:?/Gx/(%)(xfxl)c(xl)d:clfc(:c)
ajz

—L |lz—x1|
_Qa(1_§§)1/2/zq§1 c(z1)dzy —c(z).
Hence,
2

160+ 02 <€A [ o eoryan
Z

P

The L2 norm on the right hand side is of order of magnitude A\~*/2, which can
be seen analogously to the estimates of J; done previously; see (2.34) and following
estimates. ]
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Step 3: The end of the proof of Theorem 3.1. Note also that, directly from
the definition in (3.4), it follows that A™'¢ (A1) <@()), hence

Ap(ATH) <A%3(N), VA€(0,1]. (3.13)

This in turn implies that, with A=7"1,

1 /7 o
7 ), |®(t,x)||pdt <T>@(T~). (3.14)

By virtue of (2.34) and Theorem 3.2 we conclude that the right hand side of (3.14)
can be estimated by CT~1/2, which implies (3.2).
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