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HOMOGENIZATION OF THE G-EQUATION WITH
INCOMPRESSIBLE RANDOM DRIFT IN TWO DIMENSIONS*

JAMES NOLENT AND ALEXEI NOVIKOV?

Abstract. We study the homogenization limit of solutions to the G-equation with random drift.
This Hamilton-Jacobi equation is a model for flame propagation in a turbulent fluid in the regime of
thin flames. For a fluid velocity field that is statistically stationary and ergodic, we prove sufficient
conditions for homogenization to hold with probability one. These conditions are expressed in terms
of travel times for the associated control problem. When the spatial dimension is equal to two and
the fluid velocity is divergence-free, we verify that these conditions hold under suitable assumptions
about the growth of the random stream function.
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1. Introduction
We study the asymptotic behavior as e —0 of the solution of the initial value
problem

ui—l—V(E,w)-Du€:|Du6|7 t>0, r€RY (1.1)
€
u =up(z), t=0, zcR%

The vector field V : R?% x Q — R? is assumed to be random, statistically stationary, and
ergodic with respect to x; (Q,F,P) is a given probability space, w €. The initial
condition ug(z) is assumed to be bounded and uniformly continuous. Under suitable
hypotheses on V', we prove that with probability one the function u¢ converges (as
€—0) locally uniformly in [0,00) x R to a function %(t,x) which satisfies an equation
of the form

a,=H(Du), t>0, zeR?

with the same initial condition @(0,2) =wug(z). The function H :R?— [0,00) is convex
and homogeneous of degree one.

The level-set Equation (1.1) is called the G-equation, and it is used as a model
for turbulent combustion in the regime of thin flames [26, 21]. In this model, the level
sets of u® represent the flame surface, and V is the velocity of the underlying fluid
(assumed to be independent of u€). Wherever u€ is differentiable and |Duf|#0, the
level sets of u move with normal velocity v=1+V -7, where i =—Du®/|Du¢|. When
V =0, the level sets move with constant speed s; =1, which is called the laminar
speed of flame propagation. An important scientific problem is to understand how
turbulent transport affects the speed of the spreading flame [22].

Let us state our assumptions on V. We suppose that V:R¢xQ—R? is a sta-
tionary random vector field, with (Q2,F,P) a given probability space. Specifically, we
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562 HOMOGENIZATION OF THE G-EQUATION

assume that there is a group {7, },era of transformations of (§2,F) which is measure-
preserving:

P(r,(A))=P(A), VA€F,

and which acts ergodically on (2,F), which means that if A€ F and 7,(A4)=A for
all x €R?, then either P(A)=0 or P(A)=1. We assume that the map (z,w) m,w
from R% x Q to RY is jointly measurable, and that

V(z,w)= V(ﬂ'xw), vz e RY,

for some random variable ‘A/ELC’O(Q,}" ,P). We assume that, with probability one,
V(-,w) defines a vector field that is C! and satisfies the bound

IV (w)ll poe (ray = HVHLOC(Q) =V, <o0.

We do not assume that V, <sp =1, and this presents the fundamental mathematical
difficulty, as we will describe. In particular, the Hamiltonian H(p,x)=|p|—V(z)-p
is not coercive in p at every point € R?, so existing results on homogenization of
random Hamilton-Jacobi equations ([25, 23]) do not apply here.

If the deterministic function ug is bounded and uniformly continuous, then with
probability one there exists a unique family of viscosity solutions {u¢}¢s¢ to (1.1). Our
main result is a sufficient condition on V' which guarantees that homogenization occurs
in dimension d=2. In addition to the preceding assumptions on V', we assume that
with probability one V is divergence free: V-V (z,w) =0 for all z € R?. In this case, the
vector field V may be associated with a stream function: V =V+¥ =(-0,,¥,0,, ¥),
where ¥(z,w):R?2xQ—R.

THEOREM 1.1. Let V:R2xQ—=R? be a stationary random vector field, uniformly
bounded, C', and divergence-free, P-almost surely. Suppose that E[V (0,w)]=0 and
that V=V+U = (-0,,9,0,,V) for some stream function ¥ which satisfies

/OOO]ID(sup | U (z,w) —P(0,w)]| >7‘/6> dr < co. (1.2)

|| <r
Let ug(z) be bounded and uniformly continuous in x€R2. Then there is a convex
function H:R?—[0,00) such that the following holds with probability one: for any
T>0 and R>0,

lim sup sup |uf(t,x,w)—u(t,z)|=0, (1.3)
€=0sc(0,7]|z|<R

where @ is the unique viscosity solution of the initial value problem

uy=H(Du) x€R?t>0, (1.4)
u(0,2) =uo(z), xR
The function H satisfies H(\p)=XH (p) for all \>0 and p €R?. Moreover, H(p)=0

if and only if p=0. If the law of V(z,w) is equal to the law of V(®zx,w) for any
orthogonal transformation ®, then H(p)>|p| for all peR2.

The starting point of our analysis is the control representation for the solution

uS.

u(z,t,w) = sup ug(Xg*(t)). (1.5)
acAg
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Here the set A; is the set of controls
Ai={a e L>([0,t];R?) : ||| <1},
and for each z € R? and control a € Ay, the function X5 (s) is defined by

d
EﬁX?aﬁ):‘4/@*3¥§“®D+fd$a sel0¢],  XpU(0)==. (1.6)
S
To keep the notation simple here, we have suppressed the dependence of V' and X on
w e Q. See [3] for proof of this representation.
To understand the behavior of u¢ as e — 0, we will consider the random variables

T(z,y,w)=nf{t > 0| X (t) =y, for somea € A;}. (1.7)

Here e=1. We refer to 7(x,y,w) as the travel time from z€R? to y eRY, since it is
the first time that a path starting from x may be controlled to the point y. From the
stationarity of V it follows that 7(x,y,w)=7(0,y —z,m,w). Ultimately we will apply
the subadditive ergodic theorem to this family of random variables to show that
r~17(0,r2,w) approaches a deterministic limit as 7 — co. Then, through the control
representation (1.5) this leads to the convergence of u¢ described in (1.3). However,
because we allow |V| to be larger than sy, =1, it is not clear a priori whether the travel
time 7(z,y,w) is finite for every pair (x,y). Indeed, it is easy to construct vector fields
for which 7 cannot be finite. For example, if V=VQ(z) for some function Q(x)
satisfying Q(z) = |z|? for |x| <1, then 7(0,y) cannot be finite for any y with |y| >1/2.
Because of the constraint |o| <1, the control cannot overcome the strong flow —V
directed toward x=0. On the other hand, in Theorem 1.1 we are assuming that V'
has zero divergence, so it is hopeful that this trapping phenomenon does not occur
with such a velocity field; from each point z, there should always be a way of escape.

In the case that V varies periodically with respect to x (and possibly time ¢), ho-
mogenization results analogous to (1.3) were proved recently by Cardaliaguet, Nolen,
and Souganidis [7], and by Xin and Yu [27]. As shown in [7], a sufficient condition
for homogenization in all dimensions d >2 is for ||V - V|| a(q,) to be sufficiently small,
where Q7 is the period cell. Homogenization may not hold, even in the periodic set-
ting, for vector fields which do not satisfy the bound on V-V. An important part of
these analyses is demonstrating the existence of “approximate correctors”— a family
of periodic functions 7, ,(z) (with parameters p€ R, \>0) which satisfy

Nixp (@) = [P+ Dir ()| =V (@) - (p+ D (), z€R

If one can obtain suitable bounds on the oscillation of Any ,, then Ay, — H(p) as
A — 0, and homogenization follows by standard arguments which extend the perturbed
test-function method developed in [11]. For the G-equation, however, it is difficult to
obtain such control because the Hamiltonian H (p,z)=|p|+V (z)-p is not everywhere
coercive in the gradient variable p when we allow |V|>1. Homogenization with non-
coercive Hamiltonians has been studied in other contexts [1, 2, 4, 5, 6, 12], yet those
results do not apply here, even in the periodic setting.

Beside the difficulties that arise from the noncoercivity of the Hamiltonian, the
randomness of the medium presents challenges that are not present in periodic or
almost periodic media. In particular, constructing and analyzing correctors or ap-
proximate correctors may be impossible. We do not pursue a precise discussion of
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this point here; the reference [17] explores this issue in more detail. Also, in the ran-
dom setting, the extreme behavior of the medium can lead to nonhomogenization [9].
Instead of using correctors or approximate correctors, our approach to proving Theo-
rem 1.3 relies on the control representation (1.5)-(1.6). This is similar to the strategy
used previously by Souganidis [25], Rezakhanlou, and Tarver [23], who proved ho-
mogenization of Hamilton-Jacobi equations in random media when the Hamiltonian
is convex and coercive. In those works, it is the action functional that is analogous to
our 7(z,y,w). Those results do not apply directly to the present setting, however, due
to the noncoercivity of H. For the G equation in the periodic setting, Xin and Yu [27]
used the control representation to obtain the necessary control of the approximate
corrector 7y p-

The novelty of the present analysis is the method of controlling the travel times
7(z,y,w) so that the control representation (1.5)-(1.6) can be used to prove homoge-
nization. As we have mentioned, we expect that some control on the divergence of V'
is necessary. Even if we assume V-V =0, however, other features of the medium may
be obstacles to homogenization, and these obstacles may occur on arbitrarily large
scales, since the medium is random. For example, there may be large vortices or shear
layers which may require a large amount of time to traverse. In two dimensions, the
geometry of V can be controled through the stream function ¥. Roughly speaking,
the condition (1.2) precludes the frequent appearance of very large scale features that
make 7(z,y,w) large. We do not know whether a condition like (1.2) is necessary for
homogenization, or whether V-V =0 alone is sufficient, as in the periodic case. If we
make the additional assumption that the stream function ¥(x,w) is stationary, then
condition (1.2) may be simplified:

PROPOSITION 1.2. Let d=2. If U(x,w) is stationary, then condition (1.2) in
Theorem 1.1 may be replaced by

E[|¥(0)[?] < oc.

Our proof of Theorem 1.1 is based on the following theorem which gives sufficient
conditions for homogenization in any dimension d >2. For R > 0 we define the random
variable

Y(Rw)= sup 7(z,y,w)
z,yEBR(O)

THEOREM 1.3.  Let d>2, and let ug(x) be bounded and uniformly continuous in

xR, In addition to the aforementioned hypotheses on the random field V , assume
that for all R>0,

E[y(R,w)] <oo, (1.8)
and that
1
limsup —v(R,w) < oo (1.9)
R—o0 R

holds with probability one. Then there is a convex function H:R%—[0,00) such that
the following holds with probability one: for any T >0 and R>0,

lim sup sup |u(t,z,w)—a(t,x)|=0, (1.10)
€=04e(0,7]|z|<R
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where 4 s the unique viscosity solution of the initial value problem

ay=H(Du) zecR% t>0, (1.11)
u(0,z) =ug(z), zecRe

The function H satisfies H(A\p) = H(p) for all \>0 and peR?. If V is divergence-
free, then H(p)=0 if and only if p=0. If the law of V(x,w) is equal to the law of
V(®x,w) for any orthogonal transformation ®, then H(p)>|p| for all pc RY.

In the first part of Theorem 1.3 we do not assume that V-V =0. However, by
the simple example described already, we know that conditions (1.8) and (1.9) may
not hold without some restrictions on the divergence. Since Equation (1.1) is first
order, information propagates at finite speed. We may think of R/~v(R,w) as a lower
bound on the speed at which information propagates between any two points in Bg(0).
Condition (1.8) precludes this speed from being too small, on average. Condition (1.9)
controls extreme behavior of the random environment as one observes larger and larger
regions of space. These two conditions may be difficult to verify, in general. However,
in two dimensions and with the hypotheses of Theorem 1.1, we can use the stream
function ¥ to prove that these conditions do hold.

Before proceeding to the proofs of these results, we mention that further analysis
and numerical computation related to this equation with periodic drift may be found
in [8, 10, 19, 20] and references therein. In particular, the predictions of the G-
equation model for flame propagation may differ significantly from the predictions
of a reaction-diffusion-advection model [10, 19]. Some related results for reaction-
diffusion-advection equations with random drift may be found in [16, 18].

The rest of this article is organized as follows: In Section 2, we will apply the
subadditive ergodic theorem to show that the averaged travel times 7(z,y,w)/|z—y|
become deterministic as |z —y| —oo. Eventually, we convert this into a statement
about u€, via the representation formula for u°. However, that step requires some
uniform control of 7(x,y,w), which we obtain in Lemma 2.2. In Section 3 we prove
Theorem 1.3 using the control representation for u¢ and the travel time estimates.
The main step (Lemma 3.1) in this proof is to show that the domain of dependence
for u¢ coincides approximately with that of 4. In Section 4 we prove a lower bound
on the volume of the set of points that are reachable via the controlled trajectories
(1.6). That estimate plays an important role in Section 5 where we prove Theorem 1.1
by verifying the conditions (1.5)-(1.6). Another key technical estimate in the proof
of Theorem 1.1 is Lemma 5.1 which relates growth of the stream function ¥ to an
estimate on the travel times. Proposition 1.2 is proved at the end of Section 5.

2. Asymptotic behavior of the travel times

In this section we describe the almost-sure asymptotic behavior of 7(z,y,w) as
|z —y| = 0o. Except where stated otherwise, we assume thoughout this section that
conditions (1.8) and (1.9) hold. The first result of this section is analogous to a “shape
theorem” for the first-passage time in percolation theory:

LEMMA 2.1.  There is a function q(p):R%— [0,00) and a measurable set Q C ) such

that P(Q)=1 and

1
lim —7(0,rp,w) =q(p)

r—oo T

holds for all peR? and we Q. This function § is continuous, convex, positively ho-
mogeneous of degree one, and q(p) > |p|/(1+ V) for all peR?.
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Due to the stationarity of V', this lemma implies that for any = and p, 7(rz,r(z+
p),w)/r—q(p) in probability as r — co. However, to apply this result in the control
representation for u€, we will require some uniform control over 7(z,y,w), as described
by the next Lemma:

LEMMA 2.2. Let ¢ and Q be as in Lemma 2.1. There is a measurable set Q C Q with

P(2) =1 such that for each R>0, M >0,

T(rz,r(x+p),w)

lim sup sup —q(p)|=0. (2.1)

T z|<R peRr?
lp|<M

holds for every w e Q.

In proving Lemma 2.1 and Lemma 2.2, we will make use of the following con-
sequence of condition (1.9). We give a proof of this proposition at the end of this
section. The proof does not require the condition (1.8) to hold.

PROPOSITION 2.3.  Suppose that condition (1.9) holds. Then

1
lim limsup (sup 7(7"6,7%0.})) =0 (2.2)

e—0 r—00 |I|S’r‘r

holds with probability one.

Proof of Lemma 2.1.
Proof.  First, we fix a vector p€R?, p#0 and define a non-negative family of
random variables

aix(p,w)=7(p.kp,w), 0<j<k, jkeR.

From the definition of 7, it is easy to see that for any three points z,y,z € R?, the
triangle inequality holds for 7:

7(z,2z,w) <7(x,y,w0)+7(y,2,W).

Consequently, g;  is a subadditive family:

45,0 < @5,k + Gkl
for all 0<j <k<I. Moreover from the stationarity of V it follows that

qj+m,k+m (w)= Qj,k(ﬂmpw)

holds for all indices j <k, and all m >0, so this is a stationary process. Finally,
condition (1.8) and the subadditivity imply that

0<E[gox] <kC

holds for all k>0 for a constant C that depends on |p|. Therefore, by the subadditive
ergodic theorem (for example, [15]) there is a random variable ¢(p,w) such that the
limit along integer values k

.1 -
lim —qo,x(p,w)=q(p,w) (2.3)
k—)ock
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holds with with probability one.

In fact, there is a constant ¢(p) such that ¢(p,w)=q(p) holds with probability
one. This follows from the fact that the limit ¢ is invariant under ., as we now show.
Suppose r € R? with |z| < R.

1
q(p,mew) = lim %T(Okp,vrzw)

1
= lim E(T(O,kp,w)—i—T(Qkp,me)—T(O,kpw))

k—o0

1
= lim z (7(0,kp,w) +7(x,2 4+ kp,w) —7(0,kp,w)). (2.4)

k—o00
From the definition of y(R,w), we see that
72 ipyo) — (0, k)] 7 (Ry) + (R, ).

By the ergodic theorem, the limit

k—o0

2
1
lim Z ;%mew)

exists with probability one (the subset of €2 on which the limit exists may depend on
p and R, but not on ), and it is finite since E[y(R,w)] < oo. Consequently,

k k—1
1 . 1 1
dim 2By migw) = lim, (k;_lw(R,ww) - kﬂ}_lﬁ(Rmnpw)> =0 (25)

holds with probability one. Therefore, with probability one,

1
lim z (7(z,z+kp,w) —7(0,kp,w)) =0

k—o0

holds for all x €R? with |#| < R. Since R is arbitrary, we conclude from (2.4) that
with probability one,

- .1 1 -
q(p,mpw) = Jim %T(kapvﬂ'xw) = lim ET(O,kp,w) =q(p,w)

holds for all z € R%. Now the assumption that 7, is an ergodic transformation implies
that ¢(p,w)=q(p) with probability one.

We claim that limit (2.3) holds along continuous time k € R. To see this, suppose
that r € [n,n+1) where n>0 is an integer. We have

T(O7TP7W) S T(O7np7w) +T(np7Tpaw) S T(O,np,w) +7(|p‘7ﬂ—npw)‘

Now using (2.5) with R=|p|, we conclude that, with probability one,

1 1 1
lim sup *T(O,T‘p,W) < h*>m ET(Oanp7w)+57(|p|a7rnpw):(j(p) (26)

N0 rclnn+1) T

This, and a similar lower bound establishes the claim.
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We have shown that for each p € R?, there is a set €, with P(€,,) = 1 on which (2.3)
holds along continuous time k € R. Now take 2=0,cqa{2, to obtain a measurable set
QC Q such that P(Q2=1) and for all we €, the limit

1
Jim —go,r (W) =a(p) (2.7)
holds along continuous time r € R, for all rational vectors p € Q<.

From the definition of 7 and the fact that |V| is bounded by V., it is clear that
d(p) > |p|/(14 V) for all p. Using the subadditivity property, it is not hard to show
that g(p) is continuous and convex in p and homogeneous of degree one: G(Ap) =Ag(p)
for all A >0. Thus we may extend the definition of g(p) to all p€ R?. Let us now show
that (2.7) holds for all p€R?, not just for vectors p€ Q?. Suppose that p; € R%. Let
p2 €Q? with |p; —pa| <e. Then

7(0,7p1,w) <7(0,rp2,w) +7(rp2,rp1,w) < 7(0,7p2,w) +Y(re, mrp,w) (2.8)
holds for all w€ Q. Similarly, 7(0,rpe,w) < 7(0,7p1,w) +7(rp1,7p2,w) so that
7(0,7p1,w) > 7(0,rp2,w) —y(re, Tpp,w). (2.9)

Assumption (1.9) and Proposition 2.3 imply that for any M >0,

1
limlimsup | sup —v(re,mppw) | =0 2.10
lig s <p§Mr (res o) (210)
holds with probability one. By removing from  a set of measure zero, if necessary,
we may apply this to (2.8) and (2.9) and conclude that for some function v(€)>0
which is o(1) as e =0,

1 1
d(p2)—v(e) < liminf;T(O,rphw) <limsup —7(0,rp1,w) <q(p2) +v(e) (2.11)

T—00 r—soo T

holds for all we ). Since G is continuous and since ¢ may be made arbitrarily small
by choosing ps € Q¢ arbitrarily close to pi, this completes the proof of Lemma 2.1. O

In order to prove Lemma 2.2, we will employ some ideas that have been used in
[13, 14, 24].

LEMMA 2.4. Let Q be as in Lemma 2.1. Fiz a>0. For each n>0 there is a measur-
able set N, CQ such that P(N,) >1—n and

: 7(0,rp,w)
lim sup sup |————=
Tﬁooweanele’

lp|<a

()| =o. (2.12)

Proof of Lemma 2.4.
Proof. Egorov’s theorem implies that for each peR? and 1 >0, there is a
measurable set NP CQ such that P(N})>1-n and

T(O7Tpaw)
r

lim sup
T—)OOweNg

—q(p)‘ZO
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holds (i.e. uniformly over N}'). For Q4 ={pn}> 4, let

Ny = () NE-..
n=1
Then P(N,)>1-mn, and

lim sup
00 WENn

; (2.13)

JEEE

holds for all rational vectors p€Q?. The locally uniform convergence described by
(2.12) now follows from (2.13) and condition (1.9) and Proposition 2.3, as in the
derivation of (2.11). |

LEMMA 2.5. Let Q be as in Lemma 2.1. There is a measurable set QLCQ with
]P’(Q) =1 such that the following holds: For every R>0, everyw e, and every integer
n sufficiently large (depending only on d), there exists a constant ro=r¢(R,n,w) such
that for all r >ro and x €RY satisfying |z| < R, there exists at least one point z' € R?

(depending on r and w) satisfying
1/d
3
|lr—2'|<R (2n> ,

Mg/ W € NQ—n,

and

where No—n is defined in Lemma 2.4 with n=2"".

Proof of Lemma 2.5.

Proof.  This may be proved as in [13]; see the proof of Theorem 2.1 therein.
Also, see Lemma 5.7 of [24]. We provide here a proof for the reader’s convenience.

Let R>0 and n=27". By the ergodic theorem, there is a set of full measure
Qg CQ such that

lim ‘{QERdMyWENm ly| < Rr}| _
00 {yeR|[y| < Rr}

P(N,)>1—n

holds for all we€ Qg. Consequently, there is ro =rq(R,n,w) such that for all r > ry and
h>0,

{z €RY|mw & Ny, 2| SR(r+h)} <2nl{z€R?||2| < R(r+h)}|
h d
:277<1+r> {zeR?||z|<Rr}|. (2.14)

Let h=(3n)'/r. For any y € B,r(0), Bs(y) C B r(0) if §=hR. Also

5 5
|Ba(y)|=W|BrR(0)|=W|{Z| 2| < Rr}|=3n|{z|[z[ < Rr}. (2.15)
If n<((5/4)/?—=1)?/3, we have for all r>0, 277(1—|—%)d=2n(1+(377)1/d)d<577/2.
Consequently, from (2.14) and (2.15) we see that if r>ry(R,n,w) there cannot be
y € B,r(0) such that

Bs(y) C{z|maw Ny, |2l < R(r+h)}.
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So, for every y € B,g(0) and w € Qg there must be a point y’ such that |y —3'| < and
Ty € NTI'
We finally set Q=nN%2,Qy, and the result follows with z=y/r and 2’ =¢'/r. 0O
Proof of Lemma 2.2. R
Proof. Let € be as in Lemma 2.5. Let w e (). For any pair of points z,2’ € R%.
T(rz,r(z+p),w)=7(re’,r(z' +p),w)+7(rz,r(z+p),w) —7(re’,r(z’ +p),w)
=7(0,7p, Tperw) +7(rz,r(z+p),w) —7(ra’,r(x +p),w), (2.16)
so that
7(0,7p, g w)

T(rx,r(i+p),w) _aw)|< :

—q(p)

1
+;|T(TJE,T‘(1‘—|—p),W) —T(TI/,’/‘([E,—Fp),LU”

S T(O7Tpa7rrw’w)

—q(p)

r
1 ! 1 !
+;’y(r|x —ac|,7rmw)—|—;’y(r|x — |, Ty (pgpyw)- (2.17)

Fix neNand |z| <R, and let 7 =7¢(R,n,w) be as in Lemma 2.5. Then for r > ry and
|x] < R, we may choose 2’ =z'(x,r,n,w) according to Lemma 2.5. Since 75w € Noy—n,
we have

7(0,7D, Tppr ) 7(0,rp,w")

sup |————= — q(p)‘ < sup sup —q(p)|, (2.18)
peR? r W' €Ny—n pcR? r
[p|<a [p| <

where the right hand side is independent of x, for all |z| <R. To control the other
terms in (2.17) we may apply (1.9) and (2.2), since |z —2'| < R(3)*/? may be made
arbitrarily small by taking r and n large, with R fixed. Consequently, (1.9) and (2.2)
imply that

1
lim limsup sup —y(r|a’ —z|,mrpw)=0 (2.19)

"0 r—oo |z|<RT

and

1
lim limsup sup sup —v(rle’ —z|,m (4 pw)=0. (2.20)

ne0 r—oo |z|<Rlp|<aT

Because n € Z may be chosen arbitrarily large as 7 — 0o, we combine (2.17), (2.18),
(2.19), (2.20), and Lemma 2.4 to conclude that for all weQ, R>0, and o >0,

limsup sup sup w (j(p)‘ =0. (2.21)
=00 |z|<R peR? r
Ip|<a
This proves Lemma 2.2. 0 Proof of Proposition 2.3.

Proof.  Assume that condition condition (1.9) holds (but we need not assume
condition (1.8)). For h>0 and My >0, let Gz, C 2 denote the set

1
GMo,h{wEQI HV(M’W)Sh, VMZMo}.
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By condition (1.9) we know that for any ¢>0 we may choose h sufficiently large
and M, sufficiently large so that P(Gpg.n)>1—e. Observe that for all y€R?
P(myGay,n) =P(Gasy,n). Therefore, the ergodic theorem implies that

{z € Br(0) | mow € Grrn}|

Rll—r)noo |BR(O)| *]P)(GMO,h) (222)

holds with probability one. So, for almost every w €2, there is an Ro= Ro(My,h,w)
such that

{z € Br(0) [ maw & Gio,n} < 2| Br(0)| (1 =P(Gary 1))

holds for all R> Ry. Thus, if R> Ry and x € Bg(0), there must be a point ' € Br(0)
such that |z —a| SCR(lf]P’(GMO,h))l/d and myw € Gy, .p, where C is a universal
constant.

Now, for any €>0, we may choose h and M, sufficiently large so that C(1—
P(Gary.n))Y/? <e. Thus, for R> Ry(Mo,h,w), every point x € Bg(0) is contained in a
ball of the of form Bge(z') where 7w € Gy 5. Since the point 2’ € Gy, p, we know
that

(M, mpw) <hM, ¥M>M,. (2.23)

In particular, y(2Re, mw) < 2hRe, for R> Mye~1/2. On the other hand, Bag.(2') D
Bpre(z) since |z — 2’| < Re, so the definition of v now implies that

Y(Re, mpw) <y(2Re, mpw) < 2hRe

holds for all « € BR(0) and R >max (R, Moe ! /2). Taking R— oo we conclude that

1
limsup — sup v(Re,mw) < 2he
R—o0 |lz|<R

holds with probability one. O

3. Homogenization

In this section we prove Theorem 1.3 using the estimates on the travel times
(Lemma 2.2) and the control representation for u¢(¢,z,w). Throughout this section
we assume that conditions (1.8) and (1.9) hold. First, we identify the effective Hamil-
tonian for which Theorem 1.3 holds. Let

H(p)=sup{p-z| zeRY, q(z)=1}.

Since H(p) is the supremum of a family of linear functions of p, it is immediate that
H is convex in p, and positively homogeneous of degree one. Since q(p) > |p|/(1+ Vao)
it follows that H(p) < |p|(1+V ).

Fix w € Q where Q is as in Lemma 2.2. For any « € R and ¢ >0 we define Iy(w)C
R? to be the set of points y for which X&(¢) =y for some control « € A;:

Toi(w)={yeR?| X%(t)=y, for someac A;}, (3.1)

and XZ(t) solves (1.6) with e=1. We refer to this set as the reachable set at time ¢,
starting from x. With e=1, the control representation for u is

ul (z,t,w) = sup ug(XX(t))= sup uo(y). (3.2)
ac A Y€l 1 (w)
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Thus, the set I'y ; may be regarded as the domain of dependence of the solution
ul(x,t). We will compare this set with the bounded, convex set {z+W;}={z+y|y €
W;}, where

Wy={tv|veRY, qv)<1}={z| zeRY, G(2) <t}.

The set {x+W;} is the domain of dependence of the function @(x,t) satisfying the
effective equation. The following lemma shows that for ¢ large, the reachable set I', ;
approximately coincides with {x 4+ W;}:

LEMMA 3.1. Let >0, R>0. For all we(, there is a time to=to(0,R,w)>1 such
that if t > tg, then the following hold:

(i) For all |v| < Rt, T'y¢(w) C{x+Wia44)}-
(i1) For all |x| <Rt and all z€{x+W,} there is a point yeT'y (w) such that
ly—z| < ét.

Proof of Lemma 3.1.
Proof. First we prove (i). Observe that

I (w)c{ze R | 7(x,2,w) <t}

Let m=2(||V||oc+1). From the definition of X*(¢) it follows that if |v| >m, then
7(z,m+tv) > 2t for all z € R? and ¢ >0. Therefore,

Tpi(w)C{z|7(z,2,w) <t} {x+tv||v|<m, T(x,x+tv,w) <t}

holds for all ¢ >0. Now we apply Lemma 2.2 to conclude that for ¢ sufficiently large
(depending on ¢, R, and w, but not on x),

T, ¢(w)C{z+tveR?|q(v) <1+6} (3.3)

holds for all |z|<Rt. This last set is precisely {z+tveR?|q(v)<1+6}={z+
Wi(1+6)}. This proves that there is g =1 (0, R,w) such that (i) holds for all ¢>t,.

Now we prove (ii). We first prove that (ii) holds for z in the boundary of the set
{z+W;}. Then we will prove it for z in the interior of this set. Let

H=0W,={z] zeR?, q(z)=1},

and let M >1+V, so that [v| <M for all v€H. From Lemma 2.2, we know there is
a function r(t) >0 (depending on w, M and R) such that lim; ,.,7(t) =0 and

t
sup  sup M—Q(U) <r(t) (3.4)
x| <Rt o] <M t

holds for all ¢>1. This tells us that the travel time from any x to z+tv is approx-
imately ¢. Specifically, for any |z| <Rt and v €H we may choose a control a such
that

Xg(s)=z+tv

for some time s=7(x,x +tv,w) satisfying |s—t| <r(t)t. If s <¢, then the bound on V'
implies

| X5 (8) = (2 +t0) [ = [ X7 (8) = X3 ()| < (14 [V [loo) [ — 1.
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Similarly, if s>¢, then we may extend the control a by setting a(r)=0 for re€
[s,t]. Using this modified control we obtain the same bound: |X%(t)—(x+tv)|<
(14+||V|lso)|t —s|. In either case, this shows that for all |x|< Rt and veH, we may
choose a control o € A; such that

[ X2 (1) = (z+t0)| < (L+ [V ]| oo )r ()t

Consequently, for all |x| <Rt and z€d{x+W;} =x+tH there must be a point y €
Iy (w) such that |y —2z| <(1+||V|e)r(t)t. Since r(t)—0 as t — oo, this proves (ii)
for z € 0{z+W,}.

Finally, suppose that z=x+tv is in the interior of {x+W;}={x+tW;}, with
dist(v,H) >€; and €; €(0,1). The set W; is convex. So, we may choose s€[0,1]
and vy,v9 €H such that v=sv;+ (1 —s)ve. Since dist(v,H)>e€; there must be ey €
(e1/(2M),1—€1/(2M)) such that s€ (e2,1 —€3). Since vy € H there must be a point
Y1 € Ty ts(w) such that |y — (z+tsv1)| <dst if t > (e2) ~'to(d, R,w). Since vy € H, there
also must be a point ys €'y, ;(1—s)(w) such that [y2 — (y1 +1(1—s)v2)| <O(1—s)t if
t>(e2) " Mo(d,R,w). Consequently, for all |x| <Rt and t> (e2) o (d, R,w), there is
y2 €'y +(w) such that

ly2 — (z+1tv)| = |y2 — (y1 +t(1 = s)v2) +y1 — (x+tsvy))| <0t (3.5)

holds. This completes the proof of (ii).
COROLLARY 3.2. Let§>0, R>0, h>0. For allw €, there exists ey = €o(, R, h,w) >
0 such that if e€(0,¢ep), the following hold:
(i) For all |z| <R and t>h, el'ye-1 o1 (w) C{x+ W46}
(ii) For all |x| <R, t>h, and all z € {x+W,} there is a point y € el ye—1 -1 (w)
such that |y —z| < dt.

Proof of Corollary 3.2.

Proof.  Since eW,.-1 =W, this is an immediate consequence of Lemma 3.1, with
Gozh_lto(é,R,w). 0

Proof of Theorem 1.3.

Proof.  The solution @ of (1.11) is given by the control representation

a(t,x)= sup up(y),
ye{z+W,}

while for each € >0,

u(tw)= sup  uo(y).
ycel’

ze—1 te—1
Let § >0, h>0, and R>0. Applying Corollary 3.2 (i), we see that for |x| <R, t>h,
and €>€y(0,h, R,w),

u(t,x) < sup uo(y) =u(t(1+9),x).
ye{x+Wyi146)}

Therefore, because of the uniform continuity of @ and the arbitrariness of § >0, we
conclude that

limsupsup sup (u€(t,xz,w)—1u(t,z)) <O0. (3.6)
e—0 t>h|z|<R
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Now we use Corollary 3.2 (ii) to obtain a lower bound, as follows. For all |z| <
R, te[h,T], ze{z+W;}, and €>¢y(6,h,R,w), there is a point y* € el'ye-1 o1 (w)
satisfying |y* —z| <OT. If z € {x+W;} is chosen so that

u(t,x)= sup ug(y)=1uo(2),
ye{z+W:}

then from (ii),

ut(t,x) = e uo(y) 2 uo(y”) = uo(2) = |uo(z) —uo(y”)]

zsfl,tefl

>au(t,z) —¢(6T),

where ¢ is the modulus of continuity for ug(z). Therefore, since § >0 was arbitrary,
we conclude that

P, c . >0 '
11£Ii>l(l)lft1121£‘zl|11§fR(u (t,z,w)—u(t,x)) >0 (3.7

This proves that u¢— @ uniformly on compact sets in (0,00) x R%. To obtain the
locally uniform convergence down to time t=0, we observe that for z € R?, u(t,z)
satisfies

sup |uf(t,z) —u(t,x)| < sup |u(t,x) —ug(z)|+ sup |a(t,z) —uo(x)]. (3.8)
te[0,h] te[0,h] te[0,h]

Since | X5%(t) — x| <t(1+ V), the first term on the right is bounded by

sup |u(t,2) —uo(z)| < sup  |uo(y) —uo(x)| < d(h(1+ Vo)) (3.9)
t€[0,h] yeRr?
ly—z|<h(14+Vo)

This and a similar bound on |u(¢,z,w) —up(x)| implies that

lim |limsup sup |u®(¢,z,w)—u(t,z,w)|| =0. (3.10)
h—0 e—0  pcRr?
te[0,h]

Finally, by combining (3.6), (3.7), and (3.10), we conclude that (1.10) holds with
probability one. The stated properties of H follow immediately from the properties
of ¢ and the Corollary 4.2 at the end of the next section. O

4. A lower bound on the reachable set

In this section we prove an estimate on the growth of the reachable set I'y ;(w)
defined at (3.1), under the assumption that V' is divergence-free. This estimate holds
in all dimensions d>2 and does not rely on conditions (1.8) and (1.9). Since this
estimate makes no use of the statistical structure of the vector field V', we will suppress
the dependence of I'; 4, V(x), and 7(z,y) on we Q.

LEMMA 4.1.  Let d>2. Assume that V € C1(R%;R?) is divergence free. For x € R?
and t>0, let I'y 4 CR? be the set of points that are reachable at time t:

Iye= {yeRd | XS(t)=y, for somea€ A},
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and X&(t) solves (1.6) with e=1. For all x €R? and t >0,
Ta | > wat?, (4.1)

where wy is the volume of the unit ball in dimension d.

Proof of Lemma 4.1.
Proof. Consider the map X (¢,z,):[0,00) x R x By (0) —R¢ defined by

%X(t,x,m):—V(X(t,a?,n))—i—fi, t>0, (4.2)

with X (0,2,x) ==z. For all k€ B1(0) and z €RY, the matrix M (¢,z,x)= D, X (t,7,K)
satisfies

0 ov?
—M,; i =— — (X Moy s 1<9,9<
ot b - 8Xg( (t,l‘,fﬁ)) 4,5 +61J7 <i,j <d,

with M (0,2,x)=0. Consequently, for A(t)=—DV(X(t,x,x)), we have

t n
¢ t e t f‘; A(T)d’l‘

M(tw,li):/ el: AT ds =11+ §:/ gd&

0 n=170

n!

Therefore, by our assumptions on V', there is a constant Cy such that ||M(t,x,x)—
tI|| < Cyt? for all t€(0,1), x€R? and k€ B;(0), where I:R?—R? is the identity.
Then using the contraction mapping theorem, one can show that for any small € >0
there is a to=1t¢(€) >0, small such for all ¢ € (0,%y] the image of the map X(¢,x,):
B1(0) —R? contains a ball Bs(X (¢,2,0)) with radius § bounded below by § > (1 —e)t.
Since T',; is obtained from the control problem with a larger set of controls (not
just the constant controls), this ball must be contained in I',;, which shows that
ITs.t| >wa((1—e€)t)? for all t€(0,tp] and z € R%.

Now, let t; € (0,tp) and define t;, = kt; for positive integers k. The analysis above
shows that

Tonn D |J Bs(X(t1,9,0)) (4.3)

Y€l ¢,

must hold for § = (1 —e€)t;. Since V has zero divergence, the flow defined by (4.2) with
k=0 is volume-preserving. Hence, |I'; | >|T'; 5| holds for all ¢>s and

U X(t17y70) :lrl'r,tk‘ (44)

yerz,tk

Now by applying the Brunn-Minkowski inequality to (4.3) and using (4.4), we obtain
the bound

Tt |2 > 8wl 2+ Ty |4

Tybr41

Iterating this inequality yields

Dot [ 2 (k= 1)3Ja| V4 Ty |/ 2 ka4,
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S0, Ta by, | > wa(l—€)%(kt1)? holds for all k€ N. Because |y | >[I | holds for all
t>s and because t; and € may be made arbitrarily small, this implies (4.1). 0

An immediate consequence of Lemma 4.1 and Lemma 2.2 is the following simple
estimate on the functions ¢ and H:

COROLLARY 4.2. Suppose that V is divergence-free and that conditions (1.8) and
(1.9) hold. Then the function q defined by Lemma 2.1 satisfies

{z1d(=) <1} > wa (1.5)

where wyq s the volume of the unit ball in dimension d>2. Moreover, if the law of
V(z,w) is equal to the law of V(®z,w) for any orthogonal transformation ®, then
{2|q(2) <1} > B1(0) and therefore H(p) > |p| for all peRY.

5. An upper bound on the travel times in dimension d=2

In this section we prove Theorem 1.1 by showing that the conditions (1.8) and
(1.9) hold for a large class of vector fields in dimension d=2. If V € C*(R%;R?) is
divergence-free, then there is a stream function ¥:R? — R such that

V(z)=ViU(z)=(-0,0,0,7).

Some of the analysis of this section does not use the statistical structure of V and ¥
so we suppress the dependence of V', ¥, and 7 on we€ . Our main estimate is the
following lemma which relates the travel times 7(x,y) to the growth of the stream
function:

LEMMA 5.1.  There are constants C and Co such that if M >0, K >1, z€R?, and
W(2) (=) | < K (5.1)

holds for all x satisfying |x —z| <3M 45K, then 7(x,y) <C1 K+ Calz—y| holds for
all z,y € By(2).

To prove this bound, we introduce a modified control problem associated with a
modified stream function V.

LEMMA 5.2.  Suppose ¥, M >0, K>1, and z€R? are such that (5.1) holds for
all |z —z| <3M+5K. Then we can modify ¥ by adding a non-negative function ¢ so
that the modified function

U=U+¢

satisfies:
o U(z)=U(x) if |z —2z| <M,
o K+1/3<W(zx)—U(2)<3K+1/3+M, for M+14+4K <|z—z|<3M+1+
4K,
o |Vo|<1/2.
Proof of Lemma 5.2.
Proof. Let p(s) € C*°(R™) be a non-decreasing function that satisfies

0, s<M,
p(s)=
s/2—M/2—1/6, s>M+1
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and 0< p(s)<1/3 when M <s<M+1. We can choose p so that 0<dp(s)/ds<1/2.
Then we define ¢(x) =p(|z — z|). |

The modified stream function v depends on z. For z fixed and U defined in this
way, let V(z) = VW be the vector field associated with the modified stream function,
and define an auxiliary control problem

%Yf(t):—V(Y&(t))—&—d(t), Y4(0)=z€R?, (5.2)

where the control & satisfies the constraint |&] <1/2:
ae Ay ={aeL=(0,t];RY) : ||alloc <1/2} C A

Travel times for the unmodified control problem are bounded by travel times for the
modified problem:

LEMMA 5.3.  For any solution Y, (t) with control a€A; of the system (5.2), there
is a solution X2(t) with control a € A; of the system (1.6) such that X&(s)=Y2(s)
for all s€[0,t]. Thus,

m(2,y) <7(2,y), (5.3)
where
#(x,y) =inf{t >0|Y(t)=y, for someicA;}.

Proof of Lemma 5.3.

Proof. Given a control &€ Ay, we set a(s) = V=LY, (s))+a(s) for s€[0,t] and
solve (1.6) with this control. By definition of ¢, a € A;. Also, X%(s)=Y,(s) for all
s€[0,t]. If 7(x,y) is infinite, the bound (5.3) holds trivially. If 7(z,y) < oo, there is
a time ¢ and a control & € A, such that Y,&(t)=vy, so by choosing a as we have just
described, we obtain (5.3). d

Proof of Lemma 5.1.

Proof.  Suppose that M >0, K >1, and z€R? satisfy the hypotheses of the
Lemma. Let us choose ¢(x)=p(|z—2|) as in Lemma 5.2, and ¥ =U+¢. First we
will show that if g,y € Bas(2), then

7(20,y0) SC1K +CoM (5.4)

must hold for some constants C; and C5 that are independent of xq,yq,K,M,z.
Lemma 5.2 implies that for all A bounded by K+1/3<h<3K+1/3+ M there ex-
ists a connected component S9 of the set Sy ={zcR?|U(x)—¥(z)<h} satisfying
B (2) CS) C Br(z), where R=3M +1+4K <3M +5K.

We will obtain (5.4) from a similar estimate on 7(xg,yo). To estimate 7(zq,yo)
we will estimate the time required to move from zo to any point in the set 95}, then
the time to reach yo from some point in 9Sp.

We first estimate the time to reach the boundary of Br(z), starting from xy. For
each t >0 we define the (modified) reachable set

fzo,t ={yeR?| Yf;(t) =y, for someézeflt},
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and Y,2(t) solves (5.2). From Lemma 4.1 it follows that in dimension d =2,

. +2
|rz0,t|z%, V>0, (5.5)

holds for all ¢>0. The factor 1/4 here comes from the fact that the controls in flt
defining Y'* must satisfy |&| <1/2, rather than |o| <1. If I’} :USE[OJ]IA‘%,S, the lower
bound (5.5) implies that I} N@Bg(z)#0 for times ¢>2R. Thus the curve y=d5?
also intersects I';" at times ¢ >2R, and for all he [K +1/3,3K +1/3+ M].

The curve + is an integral curve of a solution of (5.2) with @=0, thus vCdS}
for some h. Let us estimate the time

1
7= [ s
4

required to traverse this curve. Since ¥ e C? and ¢ € C™ we have U e C2. Applying
the Sard’s lemma we conclude that the set R of regular values of ¥ has full measure.
The implicit function theorem guarantees 05 is a finite union of C? compact man-
ifolds without boundary for each h€R. R is also open because ¥ e C?(S). For any
0 >0 by the co-area formula

N .
2 1 v
/ / L dh:/ AV <1Sn, 15, .
h \Jas, [V¥|+4 Sny\Sn, V|40

where hy < hs, and |Sy| denotes the area of Sj,. Noting that [V|=|V¥| and using the
monotone convergence theorem we obtain

ho 1
/ / —ds dh:|Sh2|—|Sh1‘
m \Jos, |V|

Since [Sk1/3] >7M? and |S3x41/340| <TR? the last identity implies

3K+1/3+M 1
/ / —ds |dh<m(R*—M?).
K+1/3 asy |V|

Thus there exists h€ RN[K +1/3,3K +1/3+ M] so that

1 1
T:/ fdsgf —ds<m(R*-M?)/(2K+M)<4rR<13R. (5.6)
oSy |V| as, V|

Thus at all times ¢ > (13+2)R, T} contains the C? curve y=9859 C Sj,, where h is
chosen, so that (5.6) holds.

We complete the proof of (5.4) by estimating the time needed for '} to contain
the entire set S. If we replace V with f‘A/, then starting from any point y; € S
at time t=0, we may apply Lemma 4.1, as above, to show that there is a control
B EAt for which the controlled path reaches 852 at some time t* <2R. Therefore
by reversing time with this control, we conclude that for any point y3 € Bys(2) C Sy
there is a control a(s)=—3(t* —s) € A;, and a point y € dSY for which Yo (t*) =y

Thus y; € I} for all ¢>(1342+2)R=17R. Using our definition of R we obtain the
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bound 7(zg,y0) < C1K +CaoM for all xg,yo € Bar(z). Now (5.4) follows immediately
from this and Lemma 5.3.

Now, using (5.4), we show that

7(w0,50) < C1 K + Chlzo —yol (5.7)
holds for all xg,yo € Ba(z), with constants C{ and C) that are independent of
M,K,z,x0,y0. If |xo—yo|>M/4, then it is immediate from (5.4) that 7(zg,yp) <
C1K+CoM <C1 K +4C5|z9 —yo|. In this case the estimate (5.7) holds with C7 =C}
and C,=4C5. So, let us suppose that zg,yo € By(z), but |zg—yo|<M/4. If
M <5K, then 7(xo,y0) <C1K+CoM <(C1+5C5)K. So, (5.7) certainly holds with
C{=(C145C) and C,=0. Therefore, it suffices to assume that |zg—yo| < M/4
and M >5K. In this case, let us define 2’ = (z¢+yo)/2, M'=|xo—yo| < M/4, and
K’'=2K. Then it is easy to see that

Bsargske (Z/) C Banysk(2)

since 3M'+5K' <2M +5K and 2’ € Bys(z). Therefore, |¥(z) — ¥(z")| < K’ holds for
all |z — 2’| <3M’'+5K'. Thus, we may apply the bound (5.4) with M’, K’ and 2/, to
conclude that 7(zo,y0) <C1K'+CoM'=2C1 K 4 Cs|xo —yo|. In this case (5.7) holds
with C1=2C and C4=C5. Finally, by combining each of these cases, we see that
(5.7) holds for all xg,yo € By (2) with C] =2C; +5C5 and C}=4Cs. O

In proving Theorem 1.1, we will make use of the following lemma which shows
that the stream function grows no more than sublinearly, if E[V]=0:

LEMMA 5.4. Let V:R2xQ—R? be a stationary random wvector field, uni-

formly bounded and divergence-free. Let W(x,w):R*xQ—R be a stream function:
V=V =(-0,,V,0,,¥). IfE[V;(0,w)] =0, for i=1,2, then ¥ must satisfy

1
lim — sup |¥(z,w)|=0 (5.8)

r—oo T |z|§,r,

with probability one.

Proof of Lemma 5.4.
Proof. Since V' is uniformly bounded, ¥(z,w) must be uniformly Lipschitz
continuous. Therefore, it suffices to prove that with probability one,

o1
Tlirgo;|@(rz,w)\ =0 (5.9)
holds for any fixed vector z € R? with rational coordinates (i.e. z € Q?).
Without loss of generality, we may assume that ¥(0,w)=0 almost surely. So, for
any curve p:[0,r] —R? we have

T

Y(p(r) w) = / PV dt= / Ve (t).w) — P (Vi (p(1),0)

For a given z € Q?, let p(s) = zs. Therefore,

r

1 1
lim —¥(rz,w)= lim - [ 6(t,w)dt,

r—oo T r—o0 T 0
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where 0(t,w) =21 Va(zt,w) — 20V1 (2t,w). Observe that 0(t+h,w)=0(t,7,pw), so that
0(t,w) is statistically stationary in ¢t. Therefore, the ergodic theorem implies that
there is a random variable i€ L*() such that the limit

1 T
lim - | 6(t,w)dt= 5.10
Jm = dbw)di=n(w) (5.10)
holds with probability one. We claim that n=0. This follows from the fact that 7
must be invariant under the action of m, for all y € R%. So see this, observe that the
stationarity of V implies that [; 6(t,m,w)dt =" (zr+y,w)— ¥(y,w). Because |(¥(zr+
y,w) —¥(y,w))—V(zr,w)| <2Ky we then have

N(myw) = lim = (D (zr+y,w) — U(y,0))

r—o0 T
.1 1
:71i>r20 ;\IJ(’ZT’("J) +Tli>rglo ; ((W(zr—&—y,w) - \IJ(y>w)) - \II(ZT7W))
=n(w).
Thus, 7 is invariant under 7, for all y €R?, so  must be a constant, and therefore,
n=E[n] =E[z*-V(0,w)]=0. This establishes (5.9). ad

Proof of Theorem 1.1.

Proof.  Our proof consists of verifying conditions (1.8) and (1.9) in Theorem
1.3. First, let us verify condition (1.9), using the assumption that E[V]=0. By
Lemma 5.1, with K =My=M and z=0, we know there is a constant C3 such that
if |¥(z,w)—¥(0,w)| <My holds for all |z| <8My, for some My >1, then v(My,w) <
C3Mp. From Lemma 5.4, we know that with probability one there is a random
variable My(w) < oo such that if M > My(w) then |¥(z,w)— ¥(0,w)|< M holds for all
|z| <8M. Consequently,

y(M,w)<CsM, VM >My(w) (5.11)

holds with probability one. This implies condition (1.9).
Now we verify condition (1.8), using assumption (1.2). Fix M >2. For any
K >3M/5, Lemma 5.1 implies that

IP’( sup T(x,y)>ClK+CzM><]P’( sup \If(x)—\I/(0)|>K>

I,yEB]\/[(O) |$‘§3JW+5K
R 3M
=P| sup |¥(z)-T(0)]>———](5.12)
lz|<R 5 5
where R=3M +5K. If R>900M /5, then R/5—3M /5> R/6, so in this case we have
R
]P’( sup  7(z,y) >C’1K+C’2M> g]P( sup |¥(z)—P(0)| > > . (5.13)
z,y€Bn (0) |z|<R 6

By assumption (1.2), this last quantity is integrable in R, so

sup T(x,y)] :/ IP’( sup T(J;,y)>r> dr
z,y€Bp(0) 0 z,y€Bn (0)

§C4M+C’5/ IP’( sup |\P(:c)\11(0)2]6%> dR
0

le|<R

E
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This establishes condition (1.8). o

Proof of Proposition 1.2.

Proof. For any R>1, we may cover the set Br(0) by O(R?) balls of radius 1.
That is, there is a constant C, independent of R, such that for each R >1 there is a
set of points {z;}¥, with N <CR? such that Br(0) CU?L1 Bi(z;). Therefore, since
¥ is stationary,

P sup |¥(z)—T¥(0)|>R/6 | <P| sup |¥(z)|>R/12

|z|<R |z|<R

N
<> P| sup |¥(z)|>R/12
=1

z€B1(z;)

<CR*P| sup |¥(x)|>R/12 (5.15)

lz]<1

holds for all R>1. Consequently

/ P( sup \\Il(x)f\Il(O)|2§ ng/ CRP| sup [¥(z)|>R/12 | dR
1 lz|<R 6 1 |z|<1
3
<C'E ||sup |¥(z)|| |- (5.16)

lz|<1

Since V is uniformly bounded by Vo, then |V¥| < V.. Therefore, the last expectation
is bounded by

3
E||suwp w@)| [ <E[(20)+V)’],
|z|<1
which is finite, by assumption (1.2). Thus condition (1.2) holds. |
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