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ENTROPIES FOR RADIALLY SYMMETRIC HIGHER-ORDER
NONLINEAR DIFFUSION EQUATIONS*
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Abstract. A previously developed algebraic approach to proving entropy production inequalities
is extended to deal with radially symmetric solutions for a class of higher-order diffusion equations
in multiple space dimensions. In application of the method, novel a priori estimates are derived for
the thin-film equation, the fourth-order Derrida-Lebowitz-Speer-Spohn equation, and a sixth-order
quantum diffusion equation.
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1. Introduction

In the last two decades, there has been a growing interest in the mathematical
analysis of fourth and higher-order nonlinear diffusion equations. Such equations arise,
for instance, in lubrication theory and as models for the electron transport in semi-
conductors; below, we will briefly review several specific examples and their origins in
physics. Rigorous results about the existence of solutions and their qualitative behav-
ior are typically much harder to obtain than in the context of the well-studied second-
order diffusion equations. One of the principal difficulties is the non-applicability of
comparison principles. To substitute for this loss, one has to rely on suitable a priori
estimates.

In [11], the last two authors have proposed a systematic approach to the derivation
of a priori estimates for certain classes of nonlinear evolution equations of even order.
This procedure allows one to determine Lyapunov functionals, which we call entropies
in the following, and to derive integral bounds from their dissipation, called entropy
production inequalities. The developed method has been successfully applied to several
equations in one space dimension. The main idea is to translate the procedure of
integration by parts — which is the core element in most derivations of a priori
estimates — into an algebraic problem about the positivity of polynomials. Roughly
speaking, to each evolution equation, a polynomial in the spatial derivatives of the
solution is associated, and integration by parts allows one to modify the coefficients
of this polynomial. If a suitable change of coefficients can be found that makes the
resulting polynomial nonnegative, then this corresponds (formally) to a proof of an
a priori estimate on the solutions. The key point is that such polynomial decision
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354 ENTROPIES FOR HIGHER-ORDER EQUATIONS

problems are well-known in real algebraic geometry, and there exist powerful methods
to solve them.

The approach of [11] can, in principle, be generalized in a straightforward way
to multidimensional higher-order equations by taking all partial derivatives as poly-
nomial variables. However, this leads, even in simple situations, to huge polynomial
expressions, and the corresponding algebraic problem is too complex to be solved
directly, even with the aid of computer algebra systems. The method has been suc-
cessfully adapted to deal with certain multidimensional equations of second order
[15, 19] and fourth order [12, 20], but the systematic extension of the scheme to the
general multidimensional case is still under development. In this paper, we propose
a further adaption that works generally for radially symmetric solutions to higher-
order nonlinear equations of a certain homogeneity, and we prove its practicability by
applying our scheme to the Equations (1.1)—(1.3) listed below.

Before describing our main results, we briefly review the example equations. The
first is the fourth-order thin-film equation

U +div(UPVAU) =0, (1.1)

which models the flow of a thin liquid along a solid surface with film height U (¢;2) >0
(for 8=2 or 8=3) or the thin neck of a Hele-Shaw flow in the lubrication approxi-
mation (for 5=1). For details, we refer to the reviews [2, 21]. The one-dimensional
family of equations has been first analyzed by Bernis and Friedman [1]; for the mul-
tidimensional case, we refer to the work of Dal Passo et al. [7] and references therein.

The other examples we are dealing with arise as approximations of the quantum
diffusion model by Degond et al. In [8], an equation for the dynamics of the electron
density in a plasma has been derived. Although essentially non-local in its nature,
the partial pseudo-differential equation can be developed asymptotically in terms of
the reduced Planck constant i, and this provides a family of approximative (genuine)
partial differential equations.

The equation for the electron density U(t;z) >0 obtained at order A? is (after

neglecting electric fields)
AVU
OU+div| UV — | | =0. 1.2
a5 (7)) "

Interestingly, this equation — in one space dimension — also describes the fluctuations
of the interface between the regions of positive and negative particle spins in the
Toom model. It has been derived by Derrida et al. in [9]; we shall therefore refer
to (1.2) as Derrida-Lebowitz-Speer-Spohn (DLSS) equation in the following. It has
been first analyzed in [4] for local positive smooth solutions and then in [14] for global
nonnegative weak solutions. The existence of weak solutions to the multidimensional
equation was proved recently in [10, 12].

When the non-local quantum diffusion model is expanded to order /%, the main
part of the differential operator is of sixth order, and the corresponding equation reads
as

d
1 1
aU —div | UV Z(5(8J2klogU)2+E&f—k(UﬁfklogU)) =0.  (1.3)

J,k=1

The one-dimensional version of (1.3) has been derived in [11]; see Appendix A for the
derivation in the general case. The one-dimensional equations with periodic boundary
conditions have been analyzed in [13].
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The objective of this paper is to prove, for radially symmetric smooth positive
solutions U (t) to (1.1), (1.2), or (1.3) satisfying no-flux and Neumann-type boundary
conditions (see below for the precise conditions), estimates of the type

dE,

U]+ QU () <0 (14)

on a specific range of parameters «, where

Ea[U]oz(ozl—l)/QUadx’ a#0,1,
EO[U]:/Q(UflogU)d:E, (1.5)

El[U]:/Q(U(logU—l)H)dx.

Above, Q= B?={|z| <1} is the unit ball in R%, ¢>0 is a constant independent of the
solution U, and @), is a nonnegative functlonal containing higher-order derivatives of
U. We call E, an entropy if (1.4) holds with some suitable choice of @, and ¢>0 for
arbitrary solutions U (¢) of the evolution equation under consideration. The estimate
(1.4) is referred to as an entropy production inequality, and Q,, is the corresponding
entropy production. Inequalities like (1.4) provide a priori bounds for the evolution;
they are a necessary first step in proofs for existence of solutions, and they allow one
to describe the equilibration behavior of the solutions.

Entropy production inequalities for the evolution equations reviewed above have
been extensively studied in the literature. Concerning the thin-film equation, with
no-flux and homogeneous Neumann boundary conditions, it has been shown in [3, 7]
that E, is an entropy if 3/2 <a+ 8 <3. The same result holds for periodic boundary
conditions [11]. This bound turns out to be sharp, at least in the one-dimensional
case [17]. Moreover the entropy production @, in (1.4) can be made explicit: a valid
choice is Qu[U] = [, |(U@+F)/2),,|?dz with a suitable ¢ > 0 if 3/2 <+ 3 < 3; see [11].

Let U be a smooth solution to the DLSS Equation (1.2) with periodic boundary
conditions. Then (1.4) holds with

_ (o)
a?(p(a) =p(0))’

where p(a)=—a?+2a(d+1)/(d+2)—(d—1)%/(d+2)?, and Q,[U]= fQ(AUO‘/Q)de
for all 0<a<2(d+1)/(d+2) [12]. In the one-dimensional case, this estimate holds
true for a larger range of values for o, with c=2/a? for 0<a<4/3 and c=8(3—
2a) /a3 for 4/3<a<3/2.

Entropy estimates for the sixth-order quantum diffusion model (1.3) with periodic
boundary conditions are available only in one space dimension. In fact, it has been
shown in [13] that Fj is an entropy and (1.4) holds for some ¢ >0 and with Q,[U]=
Jol(VO)2p, + (VD)8 )da.

To our knowledge, no entropy production inequalities (1.4) are available for the
DLSS equation with no-flux and Neumann boundary conditions' and for the sixth-
order equation with aw#1. In this paper, we will prove such results for radially
symmetric solutions.

(1.6)

n one spatial dimension, calculations related to entropy production estimates typically carry
over from one “reasonable” boundary condition to another (e.g. from periodic to no-flux or Neumann
conditions). In dimensions d>2, this is no longer true since the boundary terms resulting from
integration by parts have a more complicated structure.
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The advantage of considering radially symmetric solutions U (¢;2) =u(t;|z]) — in
comparison to solutions of the full multidimensional problem — is that the reduced
function w(t;r) satisfies an evolution equation with only one spatial variable r>0.
Still, the proof of entropy production inequalities (1.4) is substantially more difficult
than in the genuinely one-dimensional situation considered before [11]. The reason
is that the variable r appears explicitly in the evolution equation. On the algebraic
level, this adds one polynomial variable.

In the following we summarize our main results. Below, Q= B? C R? denotes the
d-dimensional unit ball, and v is the exterior unit normal vector to 9f2.

THEOREM 1.1 (Thin-film equation). Let U be a radially symmetric smooth and
positive solution to the thin-film equation with homogeneous Neumann and no-flux
boundary conditions:

0 U+div(UPVAU)=0 in Q, fort>0,
VU -v=UPVAU-v=0 on 09, fort>0.

Then the functionals E,, defined in (1.5), are entropies provided that 3/2<a+ 3 <3.
In this case, the entropy production inequality (1.4) holds with

CZﬁ(i’)—a—ﬂ)(?(a-ﬁ-ﬁ)—?ﬂ and QO‘[U]:/Q<AU(Q+B)/2)2dx.

The facts that F, is a Lyapunov functional for 3/2<a <3 and that Q,[U] is an
entropy production, for some unspecified constant ¢, are well known [7]. The explicit
dependence of the constant ¢ on o and § is new. This dependence is illustrated in
Figure 1.1.

1.2

0.8r1

04r

0 , ,
1.5 2 2.5 3

a+

Fic. 1.1. Thin-film equation: Values of ¢ as a function of a+ 3.

THEOREM 1.2 (DLSS equation). Let U be a radially symmetric smooth posi-
tive solution to the DLSS equation with homogeneous Neumann and no-fluz boundary
conditions:

8,U +div (UV(M)) —0 nQ, fort>0,
v=0 on 09, fort>0.
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Then the functionals E,, defined in (1.5), are entropies if

_1)2
d=1,2,3, or4, and Mgagg,
d+2 2
(Vd—1)? (Vd+1)?
= —<a<l—
d=5,6, or 7, and 172 <a< dr2
d—4 (Vd+1)?
> <a<
d>8 and 2(d72)_a_ dt2

and the entropy production inequality (1.4) holds with Qu[U] :fQ(AUQ/Q)Zda: and

2p(a) for (Vd—1)? o< 5d+7
d=1.2.3: c— a?(p(a) —p(0)) d+2 ~3d+6’
8(3—2a) dd+7 3
— form<a<§,
2p() (Vd—1)? (Vd+1)?
d=4,5,6,7: C:—oz2(p(a)—p(0)) for 152 <a< 72
16(d—2)a—8(d—4) d—4 d*—5d—8
Ea =2 S S P _2d—8
d>8: c=
2p(a) for d?>—5d—8 e (Vd+1)?
a?(p(a) —p(0)) d?>—2d—8 d+2 ~

where p(a)=—a?+2a(d+1)/(d+2)—(d—1)?/(d+2)%.

The dependence of ¢ on « is illustrated in Figure 1.2 for various dimensions d. The
values for ¢ for d=4,5,6,7 are the same as those derived in [12]. We are able to improve
the results from [12] in the radially symmetric case for space dimensions d=2,3 and
d>38, see Figure 1.3. Our main contribution is that the range of parameters « leading
to entropies is larger than in [12].

It is known from [11] that the bounds 0 <« <3/2 are optimal if d=1. We prove
in Section 5 that in dimension d =2, no entropies exist for a« <0, and that the lower
bound a=(d—4)/(2d —4) is optimal for d>8.

1000 T T T T 10 T T T T
100 1L
10
¢ ¢ 0.1¢
1
0.1 0.01¢
0.01 0.001
0 0

Fic. 1.2. DLSS equation: Values of ¢ as a function of d and «.
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Fi1G. 1.3. DLSS equation: Values of ¢ as a function of a. The solid line represents the values
from Theorem 1.2, the dashed line those from [12]. Here, |=2(8 —1/15)/17.

THEOREM 1.3 (Sixth-order quantum diffusion equation). Let U be a radially
symmetric smooth and positive solution to the sizth-order quantum diffusion equation:

d

1 1
aU —div | UV Z(5(8§klogU)2+ﬁajzk(UafklogU)) =0 inQ, fort>0,
k=

d
1 1
—ov|Y (§(a§k1ogU)2+Ea§k(Ua§klogU)) =0 on OQ.

Then the functionals E,, defined in (1.5), are entropies if

d=1 and 0.1927...<a<1.1572...,
d=2 and 0.2827...<«a<1.0982...,
d=3 and 0.3470...<a<1.0517...,
d=4 and 0.3968...<«a<1.0123...,
d=5 and 0.4380...<a<0.9775...

Moreover, in dimensions d=1,...,4 and for a=1, the entropy production inequality
(1.4) holds for some ¢>0 if one chooses

QU)= | (VAVTP+ |V ¢al)da. (1.7)

The bounds for « are roots of certain polynomials and can be determined only
numerically; see Figure 1.4. The Lyapunov property of E, for a=1 and d=1 is
proved in [13]. The proof of this property for a«#1 and d>1 as well as the entropy
production inequality are new. Interestingly, it seems that the logarithmic functional
E; is no longer a Lyapunov functional for the sixth-order equation in (the unphysical)
space dimensions higher than 4. We remark that in dimension d =2, the results from
Section 5 show that there are no entropies if a>4/3.

The paper is organized as follows. The algebraic formalism is developed in Sec-
tion 2. Section 3.2 is devoted to the proof of two auxiliary results about quadratic
polynomials. The proofs for Theorems 1.1 to 1.3 are given in Section 4. In Section
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d

FiG. 1.4. Sixth-order quantum diffusion equation: Upper and lower bounds for o depending on
the dimension d.

5, a sufficient condition is provided under which E, is not an entropy. Finally, the
derivation of the quantum diffusion Equation (1.3) from the Wigner-BGK model is
outlined in Appendix A and a Mathematica notebook used in the proof of Theorem
1.3 is given in Appendix B.

2. Decision problem and shift polynomials

In this section, we establish the connection between the analytical problem of
proving entropy production inequalities (1.4) and an algebraic problem about the
non-negativity of certain polynomials. This correspondence — which is summarized
in Lemma 2.1 below — constitutes an extension of the ideas previously developed for
entropy estimates in one spatial dimension by the last two authors [11]; see also [17]
for an alternative approach. The proof of the main theorems are then obtained by
solution of the associated algebraic problems.

2.1. Formulation as a decision problem. To start with, we need to
introduce some notation. First, observe that U:Q— R, is a smooth and positive
radially symmetric function if and only if there exists some

uel:={uecC™([0,1;Ry) | 8T|T:0u(r)20 for all odd m € N}

such that U(z) =u(r) with 7 = |z| for all z € Q= B?%. We shall refer to u as the (radial)
reduction of U, and to U as the (radially symmetric) extension of u.

Throughout this article, n and &1, &s,... denote real variables. For k€N, let ¥
be the linear span of all monomials n*&Y"---&" satisfying s+1-p;+---+k-pp=k.
Alternatively, one can define Xy as the set of polynomials P in (n,1,...,&;) with the

homogeneity property

P()\T],)\fl,)\Zgg,...,)\kfk) :)‘kp(n’§17527"'7§k) (21)

for all AeR. To any P € X, we associate a non-linear differential operator Dp of
order less or equal to k by

Dplu,r] =P (1, ‘9’““(@7...7‘95“(@)

T ou u

acting on functions uel.
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The key point behind this formalism is that the reductions w(¢;r) of radially
symmetric solutions U(t;x) to the evolution equations under consideration satisfy
equations of the form

Opu+r~"D9, (r P Dplu,r]) =0, >0, (2.2)

where 8 €R is a parameter, PE€ X _1, and K is the order of the equation.

EXAMPLE 2.1. Recall the representation of the gradient, divergence and Laplacian
in radial coordinates: If W (x)=w(r) is a radially symmetric function on Q= B9, and
e, =x/r is the unit vector in radial direction, then

d—1
T

Vmw(x):wr(r)era din(W(l')er):wr(T)+ w(r):Ti(dil)ar(rdilw(r))a

and, in combination,

AW (x) =wpe(r)+ #wr(r) =:Ayw(r).

For our examples, this leads to the following:
(A) A radially symmetric solution U (¢;a) =wu(¢;7) to the thin-film Equation (1.1)
satisfies:

atU:—lex(UﬂVmAZU):_dIVI |:uﬂ+1 (ur'r'r‘_'_ d_]- (urr _ Uﬂ,‘)) er:| .

u T u o Tu
This equation is of the form (2.2), with
P(n,&) =&+ (d—1) (né& —n°&).

(B) A radially symmetric solution to the DLSS Equation (1.2) satisfies:

U =—div, |UV, (A\%FU)

W /0

o Tuprr e u, 143 d=1[up w2 u,
~d 2 Yrrr  Urr Ur | 2 U T .
Wa _u<2 U U u+2u3+ 2r u  u?z ru er

Also this equation is of the form (2.2), with 8=0 and

=—divy, |10, (

IS

P(n,&) == (& —266+&8 +(d—1)(n& —n&l —n*&)).

DO =

(C) If U(t;x)=wu(t;r) is a radially symmetric solution to the sixth order Equa-
tion (1.3), then tedious but straightforward computations show that 0,U =
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div,;(uG(u)e,), where

ud U3 Uy Up U2, UZ Uppr Uy Upprr
Glu)=—=6 s+ 18 s~ 8 3
+5& Yrrr  Urrrer
u o u U
1 uf 1 uﬁ u% U 1 uf u%r
_(d_l)r<_6u4+(2d_7)ru?’+14u2u+(3d_8)r2u2_ 2
1w, u Up U 1 u 1 u
—3(d—4)- rtrr _glr g g)— L _3(d—3)= LT
( )ruu our( )r3u ( )r2u
1 uT""T‘ uT""T‘T
+(d—5)+2)-
rou u

In principle, one can easily deduce the correct choice of P from here.
Equation (2.2) is supplemented by initial conditions at ¢t =0,

u(0,r) =uo(r). (2.3)

For the fourth order equations (K =4), homogeneous Neumann and no-flux boundary
conditions are assumed,

ur(r)=0, rd_le[u,r] =0 at r=0and r=1. (2.4)

Additional boundary conditions will be specified for the sixth order Equation (1.3),
when K =6.

Notice that the Neumann condition at =0 is already implied by u €. On the
other hand, the no-flux condition at =0 is in general not trivially satisfied since
D p[u,r] might contain terms with negative powers of . More precisely, the condition
is that

lim (r*~' Dp[u,r]) =0.
rl0
In terms of the radially symmetric extension U (t;z) =wu(¢;r), the homogeneous Neu-

mann and no-flux boundary conditions (2.4) for an equation of the form 0,U =
div, (UPTIG(U)) correspond to

v-VU(t;2)=0, v-UPHGU)=0 for all x €09 and ¢ >0,

with v =e, denoting the outer normal vector at the boundary of the unit sphere.
For radially symmetric solutions U (¢;2) =u(t;r), the entropy functionals in (1.5)
become

Wq

Ea[U(#)] = | /0 w(t:r)*ri=tdr,

ala—1

where w, is the surface of the unit sphere in R%. For the time derivative along (2.2),
one calculates

d __Wd ' ya—1 ) ed—1
%Ea[U(tﬂ_a—l/o w(t;r) ™ Opu(t;r)re™ dr
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where the no-flux boundary conditions in (2.4) have been taken into account. The
integrand in (2.5) is again of polynomial structure: defining Sy € Xk by

50(7775) = _glp(n7§17"'7€K71)7
one can write

%EQ[U(t)]z—wdlo[u(t)] with Io[u(t)]::/o u(t;7) P Dg, [u(t),r]rdtdr. (2.6)

Following [11], we call Sy the canonical symbol that characterizes the dissipation of

E, by (2.2).
Recall that the primary goal is to identify — for a given equation of the form
(2.2) — those entropies E, which are monotone in time along all smooth radially

symmetric solutions. Thus, we wish to determine values a € R such that the corre-
sponding functional Iy in (2.6) is nonnegative on Y. To prove nonnegativity, we apply
integration by parts to the integral expression for Iy in a systematic way that we
explain now.

Let v€R and a polynomial R € X, _1 be given. Introduce the divergence T=0,R
as the unique element T € Y which satisfies

0, (r*~'u(r)" Drlu,r]) =r* u(r)" Drlu,r]

for all ueld. Formally, d,:Xx_1—X is a linear map that acts on monomials
R(n,&) =ngh - &8 as follows,

6y R(n,&) = [(d— 1—s)n+(y—p1——pr-1)& -1—1'01?2 ++pr1 L3
1 Ex—1

For S=S¢+1T with T'=¢6,R, where y=a+ and R€ Xk _1, it follows by the funda-
mental theorem of calculus that

I[u]::/o u(r)a+ﬁD5[u,r]rd_1dr:/O u(r)o‘+ﬁ(Dso[u,r]—|—DT[u,r})rd_1d7‘

=Ip[u]+ [u(r)‘”ﬁ DR[u,r]rd’l} =

r=0

Assuming that u satisfies boundary conditions which imply in particular that
¥ 1 Dg[u,7]=0 at r=1 and for r |0, (2.8)

then Ifu]=Iy[u], i.e., the replacement Sy S=Sy+7T modifies the integrand but
does not change the value of the integral. Hence, if there exists an R€ X _; for
which S=S5y+dn+sR is a nonnegative polynomial, then it follows that Io[u] = I[u] is
nonnegative for all u €U that satisfy (2.8). Consequently, if the boundary conditions
(2.4) for (2.2) imply (2.8), then E,[U(t)] is monotone in time for all smooth radially
symmetric solutions.

In practice, it is more convenient to work directly with the polynomials T =
0y R € ¥k rather than with their pre-images R€ ¥ x_1. Let Ry to R, be a collection
of linearly independent polynomials in ¥y for which (2.8) holds; we refer to Section
2.2 below for details on how to select appropriate R’s. Denote by 11 =6, R; to T}, =
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0y Ry, their respective divergences, which can be explicitly calculated using the rule
(2.7) above. In analogy to [11], we call them shift polynomials. In conclusion of our
discussion, the following is now obvious.

LEMMA 2.1. If the algebraic decision problem
3et,... em €R:V(n,€) e REFL: (So+erTi+-+emTn)(0,€) >0 (2.9)

can be solved affirmatively, then E, is a Lyapunov functional for (2.2).

Algebraic decision problems of the type (2.9) are solvable in an algorithmic way;
this is discussed in Section 3 below. We remark that it would suffice to prove (2.9)
for all £ €R¥ and positive n €R only, since n=1/r>0. However, since both Sy and
the T satisfy the homogeneity property (2.1) with an even K, their values at (n,£)
and (—n,—¢&) agree; thus, (2.9) is true under the restriction 7> 0 if and only if it is
true without this restriction. We prefer to work directly with (2.9).

2.2. Determination of the shift polynomials. The next goal is the fol-
lowing. For the boundary conditions at 0f) as prescribed in Theorems 1.1 to 1.3, we
shall compose a list of linearly independent shift polynomials T € X . Recall that
shift polynomials are divergencies T'=¢,R of polynomials Re€ Xk _; satisfying the
relations (2.8). Consequently, the key is to characterize these R in a systematic way
and select, among all of them, those which satisfy (2.8) in all dimensions d>1 and
give rise to “useful” (in a specific sense explained below) shift polynomials.

To begin with, we discuss the case K =4 of the DLSS and the thin film equation.
First, we use that fact that u € U satisfies homogeneous Neumann boundary conditions,

ur(0) =u,(1)=0. (2.10)

We wish to find all polynomials R€ Xk _1 =33 for which (2.8) holds. To this end,
observe that

d—1 _ upr (1)
("' Dglu, )], _, _R<1,0, o )
Observe further that R(1,0,&2,£3) =0 for arbitrary & and &3 if and only if R can be
factored in the form R(n,£1,£2,€3) =&1Q(n,&1,&2) with some @ € ¥o. Among polyno-
mials R of this type, it remains to single out those for which also

o (d—1 _
17}?01(7“ Dg[u,r]) =0. (2.11)

Since Y, is spanned by &, 2, né1, and 72, we need to investigate (2.11) for Ry =& &,
Ry=¢&}, R3=n¢2, and Ry =n?¢, respectively. Since R; and Ry are independent of ),
both satisfy (2.11). Further, by ’'Hospital’s rule, and since u,(0) =0 and d>1,

—~

li d—1 _
O C

T) rd_lu,.(r)) ~ ur(0)u,(0)
u(r)? /-

d—2 ) _ Urr(o)
(

u

. d—1 . Uy
iy (07 Do) =iy

<

—~

)T
u(r)?

limr?—2.

lim (r¢~'Dpg, [u,r zlim(uT
rJ,O( ralt:7]) 10 ) 710

<

The second limit does not vanish in dimensions d=1 and d=2. Therefore, we shall
not use Ry for further computations.
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According to (2.7), the corresponding shift polynomials are

Ty (10,8) =6a4pR1(n,€) = (a+B—2)E e+ E1&3+ &5 + (d— 1)n&i s, (2.
To(1,€) =6a4pR2(n,&) = (a+B—3)&] + 35+ (d— 1)ngs, (2.13
T5(n,€) =0atsR3(1,£) = (a+ B—2)nE] + (d—2)n>E; + 2n&1&s. (2.

(

This finishes the discussion of the homogeneous Neumann boundary conditions (2.10
for equations of order K =4.

Next, we continue to assume K =4, and we recall that u €U also satisfies no-fluzx
boundary conditions, i.e.,

"1 Dplu,r] =0 at r=0and r=1

with the corresponding polynomials P € ¥5 given in Example 2.1 (A) and (B). Thus,
trivially, P itself satisfies (2.8), giving rise to the shift polynomial Ty =01 5P. How-
ever, it is easily seen that T is of no use for our calculations: The coefficient of &3 in
the polynomial P is positive, so the coefficient of £, in T} is positive as well. Recalling
that So=—¢&1 P does not contain &, at all, it follows that S=Sy+csTy diverges to
—00 as £ —Foo if ¢4 0 (keeping 7, &1, & and &5 fixed). Hence, for S=Sy+csTy
to have a definite sign, it is required that ¢4 =0. Consequently, we omit Ty in the
following.

REMARK 2.2. The argument is not completely conclusive, since there could be an-
other shift polynomial Ty € ¥4 for which T, + T} is non-trivial and does not contain 4.
In fact, this cannot happen in the context of radially symmetric solutions, but cancel-
lations of this type do occur when dealing with general multi-dimensional solutions.

We turn to the sixth-order Equation (1.3) and start again with the discussion of
homogeneous Neumann boundary conditions (2.10). Arguing as for K =4 above, it
suffices to consider polynomials R of the form R;(£,7) =& Q(&,n) with Q € X _o =34,
There are 12 such polynomials, listed in Table 2.1 below.

REMARK 2.3. Observe that the 5-tuples (p1,...,p5) in the table represent precisely
the integer partitions of 5—s with p; >1. Generally, for a differential operator of
order K, one would find (K —1)-tuples of integer partitions. This indicates the rapid
growth of the number of shift polynomials with K.

We investigate the limits (2.11) corresponding to these R;. For Rg=n& &3,
Ro=n%¢}, Rio=n¢1&2, Rii=n%¢3, and Ris=n*¢), respectively, one obtains by
I'Hospital’s rule (using that u,(0) =u,.»(0) =0 for all we€lf) that

. d—1 BT uy(7) Td_lurrr(r) _ urr(o)urrrr(o) s d_
gy (D fusr]) =i )T e =0,
3
. d—1 s UT(T)B r _ Uy (0) sood
lrlflol (" Do fu.1]) 71&%( 73 u(r)3> L u(0) lrlﬁ)lr =0,
_ 2
d—1 o UT(T) rd QUTT(T) o UTT(O) s d—2

lrlfl(} (" Dy [ r]) _lrlfl(}( r u(r)? ) U u(0) lrlﬁJlr ’

2
. d— . Uy (T)z =2 Uyy (O) . d—
hm(r 1DR11[U7T]):1}?01( ) = limr?~2,

10 T r2 u(r)? u(0) J rio
o (d—1 ur(r) TN e (0) gy
lﬁfﬁl (" Dy [u.1]) hm( o u(r) ) — u(0) lrlﬁ)lr '
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# |5 p1 P2 P3 P4 D5
1 /10 5 0 0 0 0
210 3 1 0 0 0
310 1 2 0 0 0
4 10 2 0 1 0 0
510 1 0 0 1 0
6 |1 4 0 0 0 0
701 2 1 0 0 0
8 |1 1 0 1 0 0
912 3 0 0 0 0
102 1 1 0 0 0
1113 2 0 0 0 0
1214 1 0 0 0 0

TABLE 2.1. Ezponents of the monomials nsffl -~~£g5 satisfying s+p1+2p2+---+5-p5s =5 and
p12>1.

The limits corresponding to R1g, R11 and Ri2 do not vanish in general in dimensions
d=1 or d=2; we thus shall not use these mononomials directly for the derivation
of shift polynomials; however, we will employ a suitable linear combination of them
below. Omitting the analogous calculation, we remark that (2.11) is also satisfied for
Re=n&t and Ry =né2€, in d> 1. For all the remaining monomials R; to Rs, property
(2.11) holds trivially since these R; are independent of 7.

Since Equation (1.3) is of sixth order, additional boundary conditions can be
imposed. We choose

AVU
V(ﬁ

In terms of the reduction u, this means that we assume

)-V:O on 0.

Urpr(T) Upr (1)
W+(d*l) ’I“’u,(r) —O at ’I"—l. (215)
There are polynomials R € X5 for which r?~!Dg[u,r] vanishes for 70 and at r=1
because of (2.15), and not on grounds of the homogeneous Neumann conditions alone.
In analogy to the case of Neumann boundary data, these polynomials can be written
in the form R(n,&) = (& + (d—1)&n)Q(n,€) with an appropriate Q € ¥5. There is no
need to consider Q =¢7, since then R contains & as a factor, and this has already
been investigated above. It is easily seen that the choice R= (&3+ (d—1)n&2)n? does
not satisfy (2.8) in dimension d=1. On the other hand, R, = (34 (d—1)né2)&: gives

d—1 2
hm (Tdfl DR* ['LL, 7"}) _ 11{8 T u’r‘T(r)ur’r‘T(T) + (UTT (0) > 1imrd72

710 u(r)? u(0) J o
_ u’l‘T (O)uTTTT (0) . d uTT (0) 2 . d_2
=Tz et o) ) et

While the first term vanishes in all dimensions d > 1, the second diverges for d=1 or
is finite but generally nonzero for d=2. However, it can be annihilated by a suitable
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linear combination of Rjg and Rj;. Indeed, replacing Rig by

Rio(n,€):=(d—1)n*&1&a —2(d— D)n*€} + (&3 + (d— 1)néa)&o,

it is now easily verfied that R}, has the property (2.8). Finally, the shift polynomial
arising from the no-flux boundary condition is neglected for the same reason as in the
case K =4 above.

In summary, we shall use the following expressions for the definition of the shift
polynomials:

R1:£?7 R2:£§£27 R3:§1£§7 R4:§12€37 R5:£1€47
Re=nél, Rr=néi&, Rs=n&é&, Ro=n’g,
lo=8&+ (d—1)(n°&& —20°E +né3).

The corresponding shift polynomials read as follows:

Ty (n,€) = (a+B—5)& + 51 €+ (d—1)néy, (2.16)
To(n,€) = (a+B—4) &+ 3565 +E06+ (d—1)nélé, (2.17)
Ts(n,€) = (a+ B —3)E165 + &5 + 2616063+ (d— 1)nér&3, (2.18)
Ty(n,€) = (a+B—3)E}€s+ 261 &8s +E78a+ (d— 1)nETEs, (2.19)
Ts5(n,€) = (+ B—2)E78a+ 165 +Eaba+ (d—1)néréa, (2.20)
To(n,€) = (a+B—4)nE} +4n&7&a + (d—2)n°¢E], (2.21)
Tr(1,€) = (a4 B =3)né} o + 2061 €3 +nET&s + (d = 2)n°ET 6o, (2.22)
Ts(n,€) = (a4 B —2)nE7 &3 +n&as +né1&a+ (d—2)n &1 s, (2.23)
Ty(1,€) = (a+B=3)nEl +3n°E &+ (d—3)n°¢7, (2.24)
Tio(n,6) = &84+ &5+ (a+ B —2)616283+3(d— 1)néas + (d— 1) (a+ B—2)n6:1 &3
+(d=D)nP6&+(d—1)*PE + (d—1)(a+ B -2)nE 6 (2.25)

H(d=1)(d=T)P6& —2(d—1)(a+ B - 2)°€) —2(d—1)(d - 4)n"¢7.

3. Solution of the algebraic problem
We discuss the solution of the algebraic problem derived in the previous section
and we solve two easy quantifier elimination problems.

3.1. Quantifier elimination and sum of squares.  The algebraic problem
stated in Lemma 2.1 is of quantifier elimination type: one is given a statement about
a polynomial inequality with quantifiers over certain polynomial variables, and one
wishes to find an equivalent formula in which all quantified variables are eliminated.
Specifically, in (2.9), all variables except o are quantified, and one wants to derive a
statement that involves o only. The latter statement provides the range of parameter
value a such that F, is an entropy.

Problems of this kind have been studied extensively in (real) algebraic geometry.
In his pioneering work [22], Tarski has proven that a quantified formula for polynomial
inequalities can be reduced to a quantifier free formula (for another set of polynomial
inequalities) in an algorithmic way. He even proposed such an algorithm, which,
however, is rather impractical. Nowadays, a variety of computer algebra tools are
available that perform quantifier elimination efficiently. Most of them are based on
cylindrical algebraic decomposition (CAD), which was originally introduced by Collins
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[6] and has since then been improved by various authors. Quantifier elimination
performed by a computer with such an algorithm is equivalent to a genuine proof (to
the extent to which one is willing to accept computer-aided proofs at all).

For the solution of the problems arising in the proofs of Theorems 1.1 to 1.3, we
have made use of the command Reduce provided by the computer algebra software
Mathematica, which uses an implementation of CAD. For Theorems 1.1 and 1.2, it has
a posteriori — i.e., knowing from Mathematica’s result what the solution should be —
been possible to write down an explicit proof, choosing suitable values for the variables
¢; and applying Lemma 3.1 and 3.2 below. For Theorem 1.3, the effort of giving an
explicit proof would have been too large, so instead the output of Mathematica is
presented in Appendix B.

A remark on the (im)possible extension of our method to more complicated equa-
tions is in order here. The main problem with the CAD-based algorithms is that their
complexity grows doubly exponentially in the number of polynomial variables (novel
algorithms with single exponential complexity, see e.g. [5], are not yet implemented).
This limits the type of problems that can be dealt with in practice. The calculations
involved in the computer-aided proof of Theorem 1.3 appear to be already at the
edge of feasability. In fact, the solution with Mathematica was only possible after
performing a priori simplifications of the problem. Entropy calculations for PDEs of
order K =8 are currently out of reach.

An alternative — more efficient but less rigorous — approach to the solution of
the specific decision problem (2.9) is provided by sum-of-squares (SOS) decomposi-
tions. Instead of verifying the existence of decision variables ¢; to ¢, for which the
polynomial S, :=So+c1 Ty + -+ ¢, Thy, is non-negative for all (1,6) €REFL one tries
to determine specific values of the ¢; such that S. can be written as the sum of squares
of polynomials in (n,£). The existence of such an SOS decomposition for S, clearly
implies its non-negativity, but it is in general far from being equivalent. The reformu-
lation of (2.9) as an SOS problem allows for its approximate solution by application
of efficient numerical optimization tools, also in situations where the complexity for
CAD would be by far too high.

In contrast to the quantifier elimination algorithms discussed before, the numeri-
cal SOS method never delivers a proof of the statement, and its results will in general
be sub-optimal due to the non-equivalence of positivity and the existence of a SOS de-
composition. However, the SOS approach often reveals invaluable information about
the suitable choice of the decision variables ¢;, and this information can later be used
for the simplification in the (rigorous) quantifier elimination. For a priori simplifica-
tions in the proof of Theorem 1.3, we have employed the MATLAB tool yalmip [18];
see Remark 4.1.

3.2. Two auxiliary lemmas. In this section, we solve two easy quantifier
elimination problems by elementary means. These results will be useful later to
perform the proofs for Theorems 1.1 and 1.2 completely explicitly, and to reduce the
computational effort for proving Theorem 1.3 with computer aid.

LEMMA 3.1. Let

P(n,&1,6) = 1€ + a2+ as€l +aansl +asn*El +agnér1&e

be a polynomial with real coefficients. Then the quantified formula

V(n,61,6) €R®: P(1,61,62) >0 (3.1)
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is equivalent to the quantifier free formula
either az >0 and
[(4(13(15 —a2>0 and 4ayasas —azal — aias —ayai 4+ asasas >0) or
(4dazas — af =2asa3 — azag =0 and daza; —a3 >0)] (3.2)
or az=0 and as =ag=0 and

[(a5 >0 and 4asaq —ai >0) or (as=a5=0 and a; 20)}.

Proof.  The polynomial P is nonnegative on the hyperplane & =0 if and only
if a3 >0. For & #0, formula (3.1) is equivalent to the statement that the quadratic
polynomial

2 2
p(1,22) = a1+ a2xo +azxs + agx1 + asxy + agr1To

is nonnegative for all real values z1=n/¢; and zo=¢&;/€2. For fixed a7 €R, the
quadratic polynomial in zo,

p(23,22) = (a1 + asx} +as(x})?) + (a2 + agz} )2 +azzs,
is nonnegative if and only if
either az >0 and ¢ (2}) :=4a3(a1 +asz} +as(x])?) — (a2 +agz})? >0 (3.3)

or a3 =0 and ¢a(z7):=as+agzr] =0 and g3(x7]) :=a1 +asx] +a5(xi‘)2 >0.

Therefore, p(x1,z2) is nonnegative if and only if ¢1 (21) >0 or if ga(z1) =0 and g3(z1) >
0 for all z; € R. The polynomial

q1(z1) =4aza; — a3 +2(2aza4 — azag )y + (4azas —al)x?
is nonnegative if and only if
either 4azas —aZ >0 and (4azas —az)(4aza; —a3) — (2azas — azag)? >0
or 4asas — ag =2a4a3 —asa¢ =0 and 4asza; — a% >0.

The polynomial g2 vanishes on R if and only if as =a=0, and g3(z1) =a1 +asx1 +
asx? is nonnegative if and only if

either a5 >0 and 4asa; — ai >0
or ag=a5=0 and a; >0.
Inserting these statements into (3.3) yields (3.2). ad

LEMMA 3.2. Let the polynomial P(z)=bo+bix+box? with by >0 and real numbers
z1 < z9 be given. Then the quantified formula

Jr € (21,22): P(z)<0 (3.4)
is equivalent to the quantifier free expression
either bo >0 and [bo + b1z b2t <0 or (4bgby —b3 <0 and 2byz; +by < O)}
and [by+b122+baz3 <0 or (4boba — b <0 and 2byzs+b1 >0)]
or bo=0 and [(bl >0 and bg+b121 <0) or (by <0 and by+by22<0)
or (by=0 and by SO)].
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Proof.  First assume that b, > 0. Then the quadratic polynomial P is nonpositive
in some interval if and only if 4bgbs —b? <0 and exactly for those x which lie in
between the two real roots x4 = (/b3 —4boba —b1)/2bs. The statement (3.4) is then
equivalent to z; <x4 and zo>x_, which can be rephrased as the first two lines of
(3.5). Indeed, if 21 +b1/2bs <0 then 23 <z is always satisfied, and if zq +b;/2bs >0
then z; <z is equivalent to by + by 21 + bQZ% < 0. Notice that this inequality is satisfied
Ol’lly if 4b0b2 - b% < 0.

If b5=0, then P is linear. If additionally by =0, (3.4) is equivalent to by <0.
Therefore, let by #0. Then P vanishes at xg=—by/b1, and (3.4) is equivalent to
z1 <o (if by >0) or 2o >z (if by <0). This leads to the last two lines of (3.5). |

4. Proofs of the theorems

4.1. Proof of Theorem 1.1. By Example 2.1 (A) and (2.6), the canonical
symbol of (1.1) reads as follows:

So(n,€)=—&&— (d—1)n&r&e+ (d— 10’

We have to solve the decision problem
361702;03 € Riv(n»51a§27§3) € R4 : 5(7775) = (SO +ClT1 +02T2 +03T3)(777£) > 07 (41)

where the shift polynomials 77, T5, and T3 are given by (2.12)-(2.14).

This problem can be simplified. Indeed, the variable {3 appears in S only in the
term &;&3, and its coefficient —1+¢; has to vanish; otherwise, S(n,&) would become
negative for {4 =1 and & — 400 if ¢4 <1. Thus, ¢; =1, and the decision problem
reduces to finding co, c3 €R such that for all (n,£) = (n,£1,&) €R3,

5(7775) = (SO +T‘l +02T2 +03T3)(777€)
= a1&] +a2&i 6 +as€l + a8 +asn*E; +agnéi e >0,

where, setting vy=a+ 3,
al:(ry_g)ch a’2:,y_2+3c25 a/3:17
ag=(y—2)ez+(d—1)ca, as=(d—2)cz+d—1, ag =2cs.
In this proof, we perform the quantifier elimination explicitly, without computer aid.
By Lemma 3.1, this decision problem is equivalent to either

0<4azas —a2=—4(c3+1)(c3—d+1)=:—4C, (4.2)

0<q(co,c3) :=4a,a3as — azas —asas — alag +azaqsag
=(9C—(d—3c35—1)*)c3+2Cvca + (v —2)°C (4.3)

or

0=4azas —ai =—4(cz+1)(cz3—d+1), (4.4)
0=2aga4 —asas =2c2(d—3c3 —1), (4.5)

0<4ajaz—a2=4(y—3)cy — (3ca+v—2)?

7)2 8 3

_ V.85 EEAY 4.
o(cat 3) 56 (v (16)

First, we solve (4.4)-(4.6). Equation (4.5) yields c2 =0 or ¢s=(d—1)/3. Because of
(4.4), the latter case is only possible if d=1. Let c; =0. Then (4.6) is fulfilled if and
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only if y=2. On the other hand, if c3=(d—1)/3 (and hence, d=1), the largest range
for ~ fulfilling (4.6) is obtained by choosing the maximizing value co =—v/9. With
this choice, (4.6) is fulfilled if and only if 3/2 <~ <3. This shows that (4.4)-(4.6) holds
for some cq, c3 €R if and only if d=1 and 3/2<y<3 orif d>1 and y=2.

Next, we solve (4.2)-(4.3). The first inequality implies that —1 <c3<d—1. For
any fixed c3, the polynomial g(co,c3) is quadratic in co with a strictly negative leading
coefficient (since C'<0 by (4.2)). Thus, there exists c¢o € R such that ¢(ca,c3) <0 if
and only if the discriminant of ¢(-,c3) is nonnegative:

0< (207)* =4(9C — (d—3c5 — 1)%) (v —2)2C = 4CA(c3),
where
Ales) =7 +3(v—2)(d— 4=~ d)es + (v —2)*(d—1)(d+8) +7° —7*d.

Since C <0, the discriminant is nonnegative if and only if the quadratic polynomial
A(es) is nonpositive for some —1 <c¢3 <d—1. By Lemma 3.2, this is the case if either
d=1and 3/2<y<3ord>1and 3/2<~<3. Thus, there exist c2 €R, c3€ (—-1,d—1)
such that (4.2)-(4.3) holds if and only if 3/2 <~ <3. This shows that E, are entropies
for all 3/2<a+p<3.

We wish to quantify the constant ¢ >0 in the entropy production inequality (1.4)
for the choice

QQ[U}/Q(AUW/Z)dewd/olumw[u,r]rdldr.
The symbol W that characterizes Q. is
Vo= (G ()2 G (e
+2a-1(3) (3-1)ng+@-17(3) g +20a-1) (1) neate

2 2 2

We wish to find the largest ¢>0 for which there exist ¢z, c3 €R such that for all
(7775) = (77751752) GRSa

Se(n,€) = (S —cW)(n,€) = a1 €] + a2éiba +as€s +aunés + asn*&; +agnéi€s >0,

where

o= (1)

]
e
ag=(y—2)es+(d—1)cg —2¢(d—1) (%)2(%—1),

as=(d—2)cs+d—1—c(d—1)2 (%)2

a6 =2c3 — 2c(d—1) (%)2
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We consider the cases az >0 and a3z =0 separately. First, let ag =0, which is equivalent
to c=4/v%. By Lemma 3.1, we find that as =ag =0, which gives co=0 and c3=d — 1.
Furthermore, we obtain a5 =0. Hence, by the same lemma, a4 =0 and a; =—(y/2—
1)2 >0, implying that v=2. Next, let a3 >0. By Lemma 3.1, the nonnegativity of S,
for certain values ¢, co, and c3 is equivalent to either

0<d4azas—ai=—(cz—d+1)(4decz —~y*dc+4)=:—E, (4.7)
O§q(02,03,c)::4a1a3a5fagaifa§a5fa1a§+a2a4a6
1 2 2o B L 2
:m(QE—(QdefGCng’y (d—1)) 0)02+5762+Z(772) (4.8)
or
0=4azas —a2=—(cz —d+1)(4cz —y cd +4), (4.9)
0=2a3as —azag=c3(2d—2—6c3 +~°c(d—1)), (4.10)
1
0§4a1a3—a%:—90§+%(’y2c—4)+§(7—2)2(720—4)
2 1
— (CQ—%(72074)> + o (o= ( e+ 3297+ 144(1 ). (4.11)

First, we solve (4.9)-(4.11). We obtain a maximal value for ¢ by choosing co =~(y?c—
4)/36. Since ag=1—~%c/4>0 by assumption, we have co <0. With this choice of
c2, condition (4.11) implies that ¢<16(2y—3)(3—+)/y*. Furthermore, by (4.10),
c3=(d—1)(y?c+2)/6. Condition (4.9) can be satisfied only if d=1.

Next, we consider (4.7)-(4.8). The polynomial ¢(-,c3,¢) is quadratic in ¢y with
a negative leading coeflicient (since as>0). Hence, there exists co €R such that
g(ca,c3,c) is nonnegative if and only if its discriminant D(cs,c) = EAq(cs,c)/4 is non-
negative, where £ <0 (by (4.7)) and
Ag(cs,c) =475+ (87° +12(y—2)*(d—4) —4v*d —v"cd) c3

+4(y—=2)2(d—1)(d+8) — 42 d +4~* —4y2c(y—2)%(d—1)® =y cd 4+~ cd?

is a quadratic polynomial in ¢3. Applying Lemma 3.2, we find that
1
if d=1 and 76(2,3): c<’y—2(2773)(377);

ifd>1and y€ (3,3) \{2}: c§$(27—3)(3—v).

The case a3 =0 provides the choice v =2 with ¢=16/4*=1. This proves the theorem.
4.2. Proof of Theorem 1.2. By Example 2.1 (B), the canonical symbol Sy
for entropy dissipation along the DLSS Equation (1.2) is given by

S0(06) =~ ik + 68 — 361 — 5 (d— s €~ & -,

Again, we have to solve the decision problem (4.1). The same argument as in the
previous subsection shows that ¢; =1. Thus, we wish to find cs, ¢3 € R such that for

a’u (T}ag) = (n7§15£2) € Rga
25(n,8) = a1€] + a2&7 &+ as&3 + aan&s +asn®EE +agnéiéa >0,

where
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a1 =(a—3)ca—1, as=a+3ca, az=1,
ag=(a—2)cg+(d—1)(ca+1), as=(d—2)cg+d—1, ag =2cs.
According to Lemma 3.1, the above decision problem is equivalent to either
0<4azas —a2=—4(c3+1)(c3—d+1)=:—4C, (4.12)
0<q(c,c3) :=4ajazas —azaj — a3as —aag +azazag
=(9C —(d—3c5—1)*)c3 —2(d* +4d+ (d—T)es —5—aC) s

+a?C —d? —2d+4c3+3 (4.13)

or
0=4azas —a2=—4(c3+1)(c3—d+1), (4.14)
0=2a3a4 — azag = —2(ca+2c3+3cacs+1)+2(ca +1)d, (4.15)
0<4aia3—a3=—4—a®—12co —2acy —9c3. (4.16)

First, we solve (4.14)-(4.16). Condition (4.14) implies that either cs=—1or cg=d—1.
In the former case, (4.15) gives co=—(d+1)/(d+2). Then (4.16) is equivalent to
2(d+1) (d—1)2
2
— <
2 Mo =Y

which is satisfied if and only if

2 2
Wa-12 | (Vd+1? (4.17)
d+2 d+2
In the latter case c3 =d —1, (4.15) is satisfied if d=1orif d>1 and co =—1/2. If d=1,
we choose the maximizing value ca =—(a+6)/9 for (4.16). Then, this inequality is
satisfied if and only if 0 <« <3/2. On the other hand, if d>1, (4.16) can be written
as a® —a+1/4<0, which is satisfied if and only if a=1/2. We have shown that the
decision problem is solvable if d=1 and 0 <« <3/2 or if d>1 and (4.17) hold.
Next, we solve (4.12)-(4.13). The discriminant D(c3) of the quadratic polynomial
q(-,c3) factorizes as D(c3) =4CA(c3), where

Alez)=a?c3+2(a*(d—5)—a(d—T7))ez + (d* +6d—T7)a?
—2a(d®>+4d—5)+(d—1)%
Notice that C' <0 by (4.12). An application of Lemma 3.2 shows that D(c3) is non-
negative if d=1 and 0<a <3/2, or d€ {2,3} and (Vd—1)?/(d+2)<a<3/2, or de
{4,5,6,7} and (Vd—1)?/(d+2) <a < (Vd+1)%/(d+2),or d>8 and (d—4)/(2d —4) <
a < (vVd+1)?/(d+2). This proves that dE, /dt <0 if these conditions are satisfied.

The estimates for the entropy production term wq | (Arua/ 2)2pd=1dr are obtained
by similar arguments as in the previous subsection. We leave the details to the reader.

4.3. Proof of Theorem 1.3. The canonical symbol associated to the sixth-
order Equation (1.3) can be read off from the representation of its radially symmetric
solutions as given in Example 2.1 (C). One finds

So(1,€) =667 — 186182+ 11€765 +867¢3 —3¢764 — 51 &bz + 6165
+(d—1)[—6n& + (2d—T)n"E +14nE & + (3d — 8)nPE? — dn&1 65
—3(d—4)?Ei& —6nEes +3(d—3)n ¢l —3(d=3)n° 616 + (d— 5061 &3
+2n&1&4).
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We have to solve the decision problem
Jery..e10 ER:V(0,€) :S(,6) = (So+e1Ti + -+ +c10T10) (1,6) >0,

where the shift polynomials T; are given by (2.16)-(2.25) with §=0. Again, we can
simplify this problem by eliminating the terms whose sign cannot be controlled. We
choose ¢3=0 to eliminate &3, c5=—1 to eliminate £1&5, cg=—(d—1) to eliminate
1né1€4, ¢4 = — 2 to eliminate £f§4, and c19g =1 to eliminate the product £;&, introduced
by T5. With these choices,

S(n,&) = (1T + 2T +0-Ts+ (a—2) Ty + (—1) - Ts + cTs + 7T — (d— 1) T
+cgTy+1 'Tlo) (n,€)
= ((a=5)c1 +6)&7 + (5er + (a—4)co — 18) &1 &x + (3e2 + 11)ETES
+ (ca+ (a+1)(a—3)+8) & + (3a—5)&162&3

+ ((a=4)es+ (d—1)(c1 = 6)) ey

+ ((a=3)cg +(d—2)c+ (d—1)(2d— 7)) &t

+ ((a—3)er+4cs + (d—1)(c2+14))n&i o
+((d=3)eg —2(a=2)(d— 1)+ (d—1)(3d —8))7°&}
+(2¢7+ (a=6)(d—1))n&1&3

+ ((@=2)(d—1)+3co +(d—2)c7 —3(d—1)(d— 4)) &1 &
+(

cr—3(d—1))néits + (d— 1)’ —2(d— 1)* 3616
—2(d—1)n*61€s+2(d— 1)néabs + (d—1)*n°E3 + €3

The corresponding decision problem contains the four variables 7, £;,...,£3 and the
five coeflicients c¢1, co, cg, ¢7 and cg. For further simplification, we make a change of
variables. Let

_h =t S _an (& 1
Cﬁ&, =@ g G= e §<€1 61)' (4.18)

These definitions are motivated by the observation that for any radially symmetric
function U(x) =u(r), the tensors V,U, V2U and V3U of the first, second and third
total derivatives take the form

V. U(z)=u& e,
sz(.ﬁ) :uff (C2er Xer +C11>7
ViU (2) =uéd (Ger @ e, @ e, +(1e, @5 1),

where (e, ®s1);jx =0;;xk+0;5x; +0xx;. It turns out that S can be expressed in
terms of (=((1,(2,(3) only. Furthermore, choosing ¢; =—cg=(a+1/2)(d—1) — see
Remark 4.1 below — some higher-order terms cancel, and we end up with 5;(¢)=

$5(n,€), which is defined in Appendix B in input line 6 of the Mathematica notebook.
For any fixed ¢; and (s, the polynomial S ({) is quadratic in (3, with leading coefficient
equal to one. This quadratic polynomial is nonnegative if and only if its discriminant

D((1,62) = (54351(417C2,0))2 —451(¢1,¢2,0)
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is nonpositive. Thus, the nonnegativity of Sy for some coefficients ¢; is reduced to the
following decision problem:

Jer, 2,66 €ER:VE, (2 €R:—D((1,¢2) > 0.

The discriminant D((1,(2) is again of quadratic type, now in terms of {; and (s.
Thus Lemma 3.1 is applicable and yields several conditions on ¢1, ¢z, and c¢g for the
nonpositivity of D. This nonlinear system of equations and inequalities is solved by
the computer algebra system Mathematica (see Appendix B for more details). As a
result, we obtain, for given dimension d > 1, conditions on the admissible values of «.
More precisely, « has to be in between the numbers ap(d) and «;(d), and «;(d) are
the positive roots of certain higher-order polynomials which are explicit. Their roots,
however, can be calculated only numerically and are given in the statement of the
theorem.
The entropy production

wd/ (Arvu)2 + (§/u)8)r¢=tdr
0

is represented by the symbol

2
Wine) = (6 5a6s + 60+ (0=l gt =€)+ et
9 6
= S (4G (26 1204416 - 9) + g = W ().

Setting a=1 in the definition of S1(¢), we obtain the decision problem
361,82,66 eR,c>0 VCZ (Cl,CQ,Cg) ERB : Sl(C) —cWs (C) >0.

Our solution strategy is the same as before. We observe that S; —cW; is a quadratic
polynomial in (3, and we calculate the respective discriminant. The latter turns out
to be quadratic in the remaining variables (; and (3. Omitting the details, we remark
that the reduced decision problem for the discriminant is again solvable with the aid
of Lemma 3.1 and Mathematica. This results in numerical values for ¢ >0 such that
(1.4) holds.

REMARK 4.1. The ad hoc choice of the coefficients ¢; and cg in the proof was
originally motivated by the numerical result for the SOS decomposition of S; obtained
with yalmip [18]. There are several reasons to believe that this choice is indeed
optimal: First, cg=—cy; cancels the coefficient of the indefinite term (7, which is
obtained after rewriting S in terms of (¢1,(2,(3). Second, with ¢z =(a+1/2)(d—1),
the coefficient of the term (;¢Z in the discriminant D((;,(s) vanishes, such that the
remaining polynomial becomes quadratic in ¢; and (5.

5. Absence of entropies

Similarly as in [11, 17], it is possible to prove that certain functionals E,, cannot be
entropies. Below, we generalize Theorem 19 in [11] to the multidimensional, radially
symmetric situation. Specifically, let y€R and S € Xk be given, and define

H(u):/O u(r)Dglu,r]rd~1dr.
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Further, define the components of a vector £ € R¥ by

&=0, &G=0(c—1),..., éxk=0(c—1)---(c—K+1),

where 0= (K —d)/v. By inserting (n,£)=(1,£) into formula (2.7), one easily verifies
that all shift polynomials T} vanish at this particular point. Therefore, the values

of any two characteristic symbols S and " coincide at (1,£). Hence, if the given S
is negative at (1,£), so is any affine combination S+ ¢ Ty + -+ ¢ T. In this case,
I(u) cannot be written as an integral over a pointwise nonnegative expression by the

method developed before. This statement can be strengthened as follows.

THEOREM 5.1. Assume that S(1,£) <0. Then there exists a family of functions u. €U
with uc(r)=1 for r€[2/3,1] satisfying lim. oI(us) = —o0.

The set U is defined on page 359. We remark that, since the functions u. are equal
to a positive constant for r>2/3, they satisfy any homogeneous boundary condition
that involves derivatives at r=1.

The principal idea for our definition of w. in (5.1) is borrowed from Laugesen’s
construction of a “trial function” in one space dimension [17]. Our definition and also
the proof of I(u.) — —oo are more straightforward, since we work under the assump-
tion of strict homogeneity (2.1); the proof in [17] has been designed for a slightly
more general situation. The functions u. are chosen as suitable e-regularizations of
the radially symmetric power function @(z)=r?. A purely formal calculation gives
Dgl[r,i]=r"""%5(1,£) and, even more formally, I(%)=S(1,£) folr_ldr:—oo. The
rigorous calculations below heavily exploit the marginal singularity of the r ~!-integral
for the estimation of the additional terms that originate from the regularization @ — u;
the argument would not work for o # (K —d) /7.

Proof. Let a cut-off function ¢ € C*°(R) with 0 <¢ <1 be given that satisfies
¢(r)=1 for r<1/3 and ¢(r)=0 for r>2/3.
Choose € € (0,1/2) arbitrary and define u. by
ue(r)=¢(r/e)e” +[1—¢(r/e)]o(r)r? +1—¢(r). (5.1)

Clearly, u,. is positive and of class C°°. Moreover, notice that u.(r)=1 for 2/3<r <1
as stated in the theorem. We need to evaluate the integral

1
I(ue) :/0 ug(r)”Dp[us,r]rdfldr.

This is done by splitting the domain [0,1] into three intervals. To start with, let r €
[0,2¢/3]. Then u.(r)=c%(r/e), where ¢¥(p) =p(p)+[1—d(p)]p?, and consequently
afus(r) _ok (95 (p)

Ue (T) ’d)(p) ’
with p=r/e. The homogeneity (2.1) of S € Xk now implies
DS[UE,T] :E_KDS[QZ)vp]‘

Substitution of r=¢cp under the integral leads to

2/3

2e/3
I 12/ (1) Dplue,r]r®~tdr ="K+ [ 4 (p)YDp b, plp* " dp.
0 0
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Since v is positive and smooth, and all of its derivatives vanish at p=0, the last
integral is well-defined and finite. In fact, the value of I; is independent of ¢, since
o0v= K —d by definition of o.

Next, let r €[2¢/3,1/3] and notice that u.(r)=r7. It follows that

afus(r) =o(c—1)--(c—k+ 1)r‘7—k :r_kgkua(r).

Using the homogeneity (2.1) once again, we obtain Dg[u.,r]=r"%5(1,&,...,6k), and
thus

1/3
Ig::/ ue (r) ' Dgue,r)rdtdr
2e/3

1/3

:S(laglang)/ r'm—&-d—Kg

2e/3 r

:”S(lagiv“'75}()1n[1/(26)y

Finally, for r € [1/3,1], the function u.(r) is smooth and positive, and does not depend
on £ >0. In other words,

1
I3 ::/ us(r)“’DS[ug,r]rd*Idr
1/3

is a finite, e-independent value. In summary, there is some constant C'> 0 for which
Iue) =L+ I+ I3 =C+S(L&,....Ex) In[1/(2¢)].

This sum converges to —oo as €0 since S(1,&,...,6x) <0 by assumption. ]

As a corollary, we obtain that E,, cannot be an entropy for the evolution Equation
(2.2) if the associated canonical symbol Sy has the property that

So(1,0,0(0—1),....,0(c—1)--(c—K+1)) <0

foroc=(K —d)/(a+ ). Indeed, we may use the corresponding function u. constructed
in the proof of Theorem 5.1 above as an initial condition ug in (2.3). The functions u,
are positive and smooth, and they satisfy the boundary conditions since u. is constant
close to the boundary. By classical parabolic theory, there exists a corresponding
solution wu.(t), at least locally in time, i.e. for t€[0,7], and this solution and its
spatial derivatives depend continuously on t € [0,7]. Hence,

Fafue ()] — Eaue] = —wa /O ’ /0 e (57 Digy e (), 7] dr .

Choosing ¢ and 7 sufficiently small, the double integral on the right-hand side is
negative, and one concludes that E, [u.(7)] > Eq[ue].

We apply this result to the fourth- and sixth-order equations introduced in the
introduction. It turns out that for the thin-film Equation (1.1), we have Sy(1,£) <0
if and only if a+8¢[3/2,3] for d=1, a+ € (—00,1) for d=2, a+F€(—1,1/2) for
d=3, and a+8e(—(d—4)/2,(d—4/(d+2)) for d>4 (our method does not give any
statement for d=4). In one space dimension, we achieve the optimal bounds for a.+ 3,
being in the interval [3/2,3] (asin [17, 11]). However, we obtain much less information

for d>1.
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For the DLSS Equation (1.2), So(1,£) <0 holds if and only if a ¢ [0,3/2] for d=1,
a € (—00,0) for d=2, a € (—1/2,0) for d=3, and a € (0,(d—4)/(2d—4)) for d>4. We
recover the optimal range in the one-dimensional case. Moreover, we see that the
lower bound for d > 8 is optimal, at least for nonnegative values for a.

Finally, for the sixth-order Equation (1.3), we have Sy(1,£) <0 if and only if
ac(5/4,10/3) for d=1, a € (4/3,00) for d=2, a ¢ [-3(1 —+/33)/8,—3(1+/33)/8] for
d=3, and o € (—00,—1) for d=4. For higher space dimensions, Sy(1,£) >0 holds for
all « €R and we do not obtain any information. In the two-dimensional case, there
are no entropies for a>4/3, which is not far from the upper bound a=1.0982...

obtained in Theorem 1.3.

Appendix A. In this appendix we give a sketch of the derivation of the sixth-
order Equation (1.3). This equation is formally derived from an O(g%) approximation
of the generalized quantum drift-diffusion model of Degond et al. [8], where € is the
scaled Planck constant. Without electric field, this model is given by

U =div(UV A), (A1)

where the particle density U(t;z) and the function A(t;z) are related through the
integral

1 p? d
Ultx)=—— E Alt;z)——|d R% t>0.
(t;x) Gre)? /Rd Xp( (t;x) 5 p, =R t>

Here, the so-called quantum exponential Exp is defined by Exp(a) = W (exp(W ~1(a))),
where a(t;z,p) is a function in the phase-space, W is the Wigner transform, W =1 its
inverse and exp is the operator exponential. For precise definitions and the derivation
of the quantum drift-diffusion model we refer to [8].

The crucial step in the O(g%) derivation of (A.1) is to determine an O(g%) approx-
imation of Exp(a) with a(z,p) = A(t;x) —|p|?/2. To this end, we follow the strategy
proposed in [8]. Define F(z)=Exp(za) and expand F(z) formally as a series in e,
ie. F(z) =Y poe"Fi(z). The functions Fy(z) can be computed by pseudo-differential
calculus. For odd indices k, we have Fj(z) =0, and for even indices we have to solve
the following differential equation:
%Fk(z):aooFk(z)+a02Fk_2(z)—&—...—&—aokFo(z), z2>0,
with the initial condition Fj(0)=0g. The multiplication o,, is defined for any two
smooth functions wy and wy by (see also (5.19) in [8])

i\" (=18l N N
wiopwe= Y (2> ol 9208 w08 05w, (A.2)
lal+18]=n

where «,3 € N9 are multi-indices.
Let V¥ denote the k-tensor of partial derivatives of order k, i.e.,

k _ A(i1,02,..00k) k _ a(31,925Jk)
(vzw)il,iz,w,m_aﬂﬁ w (pr)jl,n,w,jk_ P W

LEMMA A.1.

Z'n

w1 on W2 = ooy <,;J(_1)k (Z) (vok ®V’;w1) : (V;‘k®V§wg)> , (A.3)
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where “®” denotes the tensor product and “” the component-wise inner product.

Proof. Let k=|B|=p1+ --+B4 for BEN?.  According to the Schwartz
rule, each partial derivative 35 appears in V’; on exactly k!/p! positions, where
B'=pB1'...84". Analogusly, for |a|=n—k, each 02 appears at V?~% on (n—k)!/a!
positions. Thus, the expression 85‘85 appears in V;“k@V’; on (n—k)k!/(a!B!) po-
sitions, and the same number of appearances holds for the expression 8;‘85 ol dp in
(Ve k@VE): (Vi "@Vk). Using these combinatorial observations, formula (A.3)
follows immediately. O

The functions Fy(z) and Fs(z) have already been calculated in [8]:
FO(Z)(.’E,p) :eza(aj’p)»
1 za(z,p) [ .2 2 2 2 2
Fy(z)(w,p) = ge=" (z A A+ S|V, AP - gva:p@)p).

Thus, it remains to solve

d
£F4(z) =aog Fy(z)+aog Fa(z)+aos Fy(z)=a-Fy(z)
+ % [z5\VA|4+5z4|VA|2AA—2z5|VA|2(v2A;p®p)

—424(V2A: V2 Ap@p)+2° (V2 A:pap)® +223| V2 A|?
—52'AA(V2A:pRp) +623(AA)? +322A%A+ 23 A|V AP
—2BA(VZA:pRp)+62°VA-VAA+22'VA-V|VA]?

—2Z4VA-V(V2A:p®p)} +§@ [z4(V4A:p®p®p®p)
=22 (VIA: (pepl)) - 22 (VA p@ Vi (p@p))
—23(V*A:V,(ppap)) +22(VIA: V,(pe]))
+2A(V4A: V2 (pep)|,

with F4(0)=0. In the above computations, we have exhaustively used Lemma A.1.

By the variation-of-constants formula, we obtain

384

8 1
— = (VPA: V2 Ap@p) + o (VP A:pep)’ + [ V2 A"

1 2
Fy(1) g\VA|4+2|VA|2AA—g\VA|2(V2A:p®p)
—2AA(V?A:p@p)+ (AA)? +2A2A + %A|VA|2

1 4
- 5A(VZA:;mguo)+3VA~VAA+ gVAV|VA|2

4 1
— gVA-V(VQA:p®p)+3(V4A:p®p®p®p)

(VA pepeD) + (V' 4:pe V,(bep)
HTA: Y, p@pep) + 5 (V'A:V,(pe 1)

+(VIA:V2(p@p)) .
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This gives us the O(g%) expansion of the quantum exponential.
It remains to represent the density u as a function of A. We integrate Fy, F», and
F, with respect to p€R? and employ the formulas

1 / pipieA PP 2qp = el 5o
(2me)d Jpa© (vV2me)d
A
1 e P 2Ap = (5,8, + 6,404 +6,50s;)
(27‘[‘5)d derpsplp] p (\/ﬂé‘)d rsUsg riYsj r3Usjy)s

where d;; denotes the Kronecker symbol. This gives

1
:7(27T€)d/d(Fo(l)+€2F2(1)+64F4(1))dp+0(€6)
R
L (12 <2AA+|VA|> (5\VA|4+20|VA| AA
 (V2me)d 5760

+[|V2A|? +20(AA)? +24A%A + ?A|VA|2+33VA~VAA
+12VA.V|VA2)) +O(9).

To obtain an e-expansion of A in terms of U, we insert the ansatz A= Ag+e2Ay+
e*A,+0(e% in the above expression for u. Equating equal powers of ¢ yields the
system

eAo
U=——F—, 0=A4 + 2AA0+|VAo|*),
a0 A AP

1
O:A4+—A§+—A2 (2840 +|VA*) + —(AA2+VA0-VA2)

e (5|VA0|4 20V Ag[?AAg + || V2 Ag||2 +20(A Ag)?

F24A2 A+ ?A|VAO|2 +33VAg- VAAg+12VA- V|VA0|2).

Therefore,
1AVU
Ag=1 log(V2 Ag=—- "V
o=logU +dlog(v2m), Az 6 VT
1/ AU |VU|4 AU VU2 VAU VU
Ayj=—(2 —3— L 44V UVU - VU +4— —4—
4 720( U + VU2 U U
AU ||V2UH2
~2(%7) - )
1 2 2, Lo, 2
360( IV210g U2 + = V2 (UV21ogU) ).

Finally, up to terms of order O(g%), (A.1) becomes

2

6tU:AU—€— (Uv(Af))

1
Loz 2 2, 2
+360d1v< (2||V logU || +UV (UV logU))>.
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The second term on the right-hand side is the fourth-order operator of the DLSS
equation. The sixth-order Equation (1.3) is obtained by taking into account only the
sixth-order expression and choosing £* = 360.

Appendix B. The following Mathematica notebook has been used in the
computer-aided proof of Theorem 1.3.

the sixth — order quantum diffusion equation
characteristic polynomial

= S[{n_, €1_, €2_, €3_}] 1= ((a-5)cl+6) 1%+ (5cl+ (a-4)c2-18) €1 €2+ (3c2+11) €12 €22+
(C2+ (a+1) (a-3) +8) €163+ (3a-5) E1 2 &3+ ((a-4) c6b+ (d-1) (c1-6)) &1+
((@=-3)cO9+ (d-2)c6b+ (d-1) (2d-7)) n? 1%+ ((a-3) c7+4c6+ (d-1) (c2+14)) n&1® €2+
((d-3)c9-2 (a-2) (d-1) + (d-1) (3d-8))n° 1%+ (2¢c7+ (a-6) (d-1)) n &L €22 +
((@-2) (d-1) +3¢c9+(d-2)c7-3(d-1) (d-4)) n? €12 €2+ (c7-3 (d-1)) n 12 €3+
(d-1)%n*€1?-2(d-1)’n’€162-2 (d-1) n*€1&3+2 (d-1) n£2&3 + (d - 1)% n? £2% + £3%

change of variables
nep= €1 = n/ 8l £2 = 1% (E1+£2); &3 = £1° (83431 82);
choice of particular coefficients — integrations by parts

1
n@El= €7 = (d-1) |a+ —|;
2
c9 = -c7;
k= Expand[S [{n, €1, €2, €3}181°/n° // FullSinplify]

characteristic polynomial in new variables

In[6]:= S1[{81_, &2, £3_}]:=
6-5cl+cla-12gl+4clel-4c281-4c681-6dLl+cldEl+c2all+cball+4r12+2c281%+

49 g1 €2

2c6812+5dg1%2+c2dg12+c6dg12+2d281%2-1882+5¢c182-4C282+C2 a2 + ——— +
25d g1 g2 7aglE2 5

802§l§2+406§1§2+T+02d§1§2—T—Eda§1§2+2a2§l§2+da2§1§2—

15 5
56122 - —dg1?2g2- —d?g12g2+4 a1’ g2 +4dagl?g2 +d? a£12 €2 + 11 £2% +3¢2 £22 - 10 g1 £22 -
2 2

5d81822+6at12?+3dalg2?+421222+4d 812822 +d?g1282%2+583+c283-2al3+a® &3 -
5g1¢g3 5dele3

-——  +2a8183+daflg3-5£283+3a8283+481£8283+2d81E2E3+83%;
2 2

the discriminant with minus sign

in7}= Expand[- (D[SL[{&1, &2, £3}1, €31 /. {&3 - 0})*+4SL[{&l, £2, 0}]]

ou7- -1-20c1-10c2-c22+20a+4cla+4c2a-1402-2c20?+4c®-0*-23¢c1+16c1cl-11¢2¢1 -
16c6c1+dcl+4cldcl+5c2dcl-30atl+4c6acl-20dacl-2c2datl+130% 1+

c1? ) , 15dc1? ) )
+8c2£1°+8c6r1°+ —— +4c2dcl +4c6dgl+
2

39
9do?cl-4acl-2da®cl+

7d2 12
———+10at1?2+15dac1?+5d? ac1? -4 0? c1? -4d P £12 - d? o® £12 - 222 +20cl 2 -

6C2C2-50aC2-2¢c20C82+220°c2-60°02+3301C2+24¢2¢C12+16¢c601C62+5dc1E2+
37f182+23daclc2-1202¢6162-6d0?c1c2+19¢622+12¢2 22 +30a£2%2 -9 02 £22
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coefficients like in Lemma 3.1

d = 3; (*specify the di nensionx)

al=-1-20c1-10c2-c22+20a+4cla+4c2a-14a?-2c2a®+4a’-a* // Simplify;

a2 =-23£1+16c181-11c2¢81-16c681+dgl+4cldgl+5c2dgl-30al+4cball -
20dagl-2c2dal+13a?°81+9da?8l-4a°g1-2da®gl /. {€1 1} // Sinplify;

39 g12 ) , 15dg1? 7d2g12
= +8c2£1%2+8c681%2+ ———+4c2dg1%?+4c6dg1%?+ ———+10a 1%+
2 4

15dagl?+5d?agl?-4a? 812 -4da?£1?-d?a® 812 /. (€151} // Sinplify;
a4 =-22£2+20Cc182-6c282-50ak2-2C2al2+22a°E2-6a382 /. {€2->1} // Sinplify;
a5=19822+12¢c2822+30a82?-9a?82%2 /. {€2 1} // Sinplify;
a6 =338182+24¢c28182+16c68182+5d8182+37allE2+
23daglg2-12a?8182-6da?8182 /. {€1>1, €21} // Sinplify;

eliminate existence quantifiers

Reduce|
Exists[{cl, c2, c6}, a3 >0&& (4a3a5-a6”>08&4ala3a5-a3a4”-a2”a5-ala6’+a2ada6z20]]|
4a3a5-a62 == 08&%2a4a3-a2ab ==O&&4a3a1-a2220) |] a3 == 0&&a2 = 0&&
a6 = 08& (a5 > 0884 a5al -a4% 2 0 | | a4 = 08&a5 = 0&&al > 0)]] // Ful ISinplify

Root [393 601 781429741700 - 30 869 921 438 354 950 920 121 + 909 136 653 589 444 589 613 =12 -
13067 554891 693 074 455322 =1% + 107 071 198 804 242 721 933 029 =1 -
530285185987 109 657 337 150 1115 + 1 485065 531 007 236 342 067 360 121° -
903670068054 124 067973182 1217 - 11349670571 166 667 138590671 1218 +
56577657354 736 919146 273378 21° - 147 230360918572 718 046 770295 =10 +
231738416778937 419353125992 121! - 152027 093 646 093 153 304 987 580 1112 -
284596 131667 929 366 633259 084 1113 + 1101 664 331 459 877 604 997 419 944 11114
2005868470113009 076388148352 1115 + 2528368 657 408 139 905 354 920 900 #1116 -
2393183070603 095081 573333536 117 + 1741484151169 186832842089 152 11118
974340654437711767 044765696 111° + 412502928 272 845793838861 312 1120 -
127825181451 243356527 042560 112! + 27 303 715 635 205 678 822 932 480 11122 -
3581686 556 834 839599513 600 1112 + 216 469 226 809 568 762 265 600 11%* &, 5] =< o <

Root [393601 781429741700 - 30 869 921438 354 950 920 =1 + 909 136 653 589 444 589 613 111? -
13067 554891 693 074 455322 =1% + 107 071 198 804 242 721 933 029 =1 -
530285185987 109 657 337 150 1:1° + 1 485065 531 007 236 342 067 360 11° -
903670068054 124 067973182 117 - 11349670571 166 667 138590671 1218 +
56577657 354 736 919146 273378 121° - 147 230360918572 718 046 770295 =110 +
231738416778937 419353125992 121! - 152027 093 646 093 153 304 987 580 1112 -
284596 131667 929 366 633259 084 11113 + 1101 664 331 459 877 604 997 419 944 11114
2005868470113009 076388148352 =15 + 2528368 657 408 139 905 354 920 900 =116 -
2393183070603 095081 573333536 117 + 1741484151169 186 832842089152 n1'® -
974340654437 711 767 044 765696 1:1'° + 412502 928 272 845793 838 861 312 1120 -
127825181451 243356527 042 560 112 + 27 303 715 635 205 678 822 932 480 11122 -
3581686 556 834 839599513 600 111%% + 216 469 226 809 568 762 265 600 112* &, 6

evaluate these roots numerically

% // N

0.347013 < o < 1. 05174
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