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A SINGULAR 1-D HAMILTON-JACOBI EQUATION, WITH
APPLICATION TO LARGE DEVIATION OF DIFFUSIONS*

XIAOXUE DENGT, JIN FENG!, AND YONG LIU$

Abstract. The comparison principle (uniqueness) for the Hamilton-Jacobi equation is usually
established through arguments involving a distance function. In this article we illustrate the subtle
nature of choosing such a distance function, using a special example of one dimensional Hamiltonian
with coefficient singularly (non-Lipschitz) depending upon the state variable. The standard method
of using Euclidean distance as a test function fails in such situation. Once the comparison is estab-
lished, we apply it to obtain a new result on small noise Freidlin-Wentzell type probabilistic large
deviation theorem for certain singular diffusion processes.

This article serves to explain basic ideas behind an abstract approach to comparison developed in
[J. Feng and T.G. Kurtz, American Mathematical Society, Providence, Rhode Island. Mathematical
Surveys and Monographs, 131, 2006], [J. Feng and M. Katsoulakis, Arch. Ration. Mech. Anal.,
192(2), 275-310, 2009] in a simple manner, removing all technicalities due to infinite dimensionality.
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1. Introduction

The comparison principle for the Hamilton-Jacobi equation is usually established
through arguments involving a distance function as a test function. When the state
space is a subset of Euclidean space and the Hamiltonian has Lipschitz dependence
in the state variable, the distance can be chosen to be the usual Euclidean one. This
was amply illustrated in the classical theory of viscosity solutions; see, for instance,
Crandall, Ishii and Lions [1]. When the Hamiltonian becomes singular, it becomes
critical to choose a distance function carefully reflecting intrinsic properties of the
Hamiltonian. Lions [7] first pointed out this connection in search of a geometrically
invariant condition which gives the comparison principle proof.

Exploring additional special structures of equations, Feng and Katsoulakis [2],
Feng and Kurtz [3] introduced an argument utilizing such a distance function idea
on examples of the Hamilton-Jacobi equation in the space of measures over R%. In
these publications, much technical effort was also devoted to making sense out of a
geometrically motivated calculus for functions on the space of measures using modern
mass transportation techniques. That may have obscured the overall picture for the
Hamilton-Jacobi equation theory. It is therefore of value to expose the key ideas in
[3, 2] again through new examples in the simplest possible way. In this article, we go
to another extreme end by considering the situation of one space dimension.
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290 HAMILTON-JACOBI-BELLMAN EQUATION WITH SINGULAR COEFFICIENT

Let E:=R, :=(0,00); we define a Hamiltonian function H:R; xR—R by

H () i=nlp— o)+ 510/l (1)

where k,1,0>0 and 2ku>6%. The Hamiltonian is singular in the sense that the
vx term is a non-Lipschitz coefficient. In a sense, x € E' can be identified as an
unnormalized measure — it is the density of a measure on a fixed point. Analogy
between the simplistic 1-D model here and the technically complicated infinite-D
models in [3, 2] can be drawn based upon this observation.

The main result of this article is a uniqueness type theorem for the nonlinear
PDE:

flz)—aH (2,0, f(x))=h(z), z€E, a>0.

The equation is studied in viscosity sense (to be defined below), which has an implicit
dependence on choices of test functions. Such dependence is more pronounced if we
write the equation in operator notation

(I—aH)f=h, (1.2)

where I is the identity map, and H f(z):= H(z,0, f(z)) for f € D(H), the domain of
H, with

D(H)=D:={f:f=g+C,gcC*(E),C €R}.

Throughout, C?(E) denotes the collection of functions with compact support in E
and with continuous second order derivative, and Cy(E) denotes bounded continuous
functions on E.

THEOREM 1.1. Let h€ Cy(E) be uniformly continuous and D(H)=D. Then for
every bounded upper-semicontinuous viscosity sub-solution f and every bounded lower
semi-continuous viscosity super-solution f of (1.2), both in the sense of Definition 2.2,

we have fgi

In particular, the above conclusion implies that there exists at most one bounded
continuous viscosity solution to (1.2). Equipped with the above conclusion, we study
1-D diffusion processes with a singular diffusion coefficient:

{an(t)/i(an(t))dtJrnéG\/)T(t)dW(t), (1.3)
X, (0)>0.

This is known as Cox-Ingersoll-Ross model in mathematical finance. The condition
2k > 02 ensures that there exists a unique X, (t) € E (the existence and uniqueness
for X,,(¢t) >0 follows from a result due to Yamada-Watanabe; see Proposition 5.2.13
and Corollary 5.3.23 in Karatzas and Shreve [5]. The strict positivity of X,,(t) follows
because 0 is a natural boundary; see Chapter 15.6 of Karlin and Taylor [6]).

Next we show that a large deviation principle holds for {X,,(-):n=1,2,...}. This
type of result is along the spirit of Freidlin-Wentzell theory [4] for processes converging
to a deterministic trajectory. The novelty here lies in that the diffusion coefficient /z
is both non-Lipschitz and degenerate. Therefore, even though the diffusion process
X, is simply one dimensional, the theory in [4] and its various generalizations still do
not apply.
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Recalling the definition of H in (1.1), we define a Lagrangian L through the
Fenchel-Legendre transform

._ _lg—rlp—=2)P
LW)--ﬁgg{P'q H(z,p)} =55 (1.4)
By convex duality in Euclidean space, it also follows that
H(x,p) =sup{p-q—L(z,q)}- (1.5)
geR

For a set A in a metric space, we denote A and A° respectively the closure and
interior of the set. We also denote AC((0,T);F) the class of E-valued absolutely
continuous curves on (0,7).

COROLLARY 1.2. Assume that {X,(0):n=1,2,...} satisfies a large deviation prin-
ciple with a good rate function Iy. Then the following holds for all Borel sets
AcCC([0,T);E):

— inf I(m(~))gliminfllogP(Xner)§limsupllogP(Xn€fl)§— inf I(x())
n n

z(-)€A° n—r00 n— oo z(-)EA
where
1) = { Io(zo) + Jy Lix(s),i(s))ds, a() € AC((0,T):E), (16)
00, otherwise.

Such I has compact level sets and is lower semicontinuous on C([0,T]; E).
2. Viscosity solutions and comparison principle

2.1. Definitions of viscosity solution. First, we define viscosity solution
(and strong viscosity solution) for (1.2) with a general operator H in mind (not
necessarily that given by (1.1)). We assume that the domain D(H)C M (E) and the
range R(H)C M(E), where M (FE) is space of measurable functions on E.

DEFINITION 2.1. f is a viscosity sub-solution to (1.2), if it is bounded upper semicon-
tinuous and if for every fo € D(H), there exists o € E satisfying both (f — fo)(zo) =
S, (F — fo) (), and a~(F —h)(wo) < H fo(xo).

[ is a viscosity super-solution to (1.2), if it is bounded lower semicontinuous, and
if for every fi € D(H), there exists x1 € E satisfying (f1— f)(x1) =sup,cp(fi — f)(2)
and o= (f —h)(z1) > H f1(21).

If a continuous function f is both a sub-solution and a super-solution, we call it
a viscosity solution.

f is called a strong viscosity sub-solution if the following modification is made
in the above definition: replace the sentence “there ewxists xg€ E satisfying ...and
.. by “for every xo € E satisfying (f — fo)(20) =supe(f — fo)(z), we have o~ (f —
h)(zo) < H fo(zo)”. Similarly, we can define strong viscosity super-solution and strong
viscosity solution.

Applied to Equation (1.2) with D(H)= D, Definition 2.1 may be vacuous. Since
FE is not compact, there is no a priori guarantee that there exists those maximiz-
ing/minimizing points. To make sense of that definition, one either needs to have
growth estimates on f and f or, equivalently, to alter the class of test functions
allowing growth to infinity.
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The following generalized notion of viscosity solution was introduced in [3] for
making sense of (1.2) when D(H)=D.

DEFINITION 2.2. f is a viscosity sub-solution to (1.2), if it is bounded upper semi-
continuous and if for every fo € D(H), there exists a sequence x, € E satisfying both

1imn—>oo(?_f0)(-rn):SuszE(f_fO)(x)7 and

hmsupail(?_ h)(xn) - HfO(xn) <0.

n—0o0

[ is a wviscosity super-solution to (1.2) if it is bounded lower semicontinuous, and
if for every f1 € D(H) there exists a sequence x, € E satisfying lim, o (f1 — f)(zn) =
sup,cp(fi—f)(z) and

liminfa ™" (f —h)(zn) — H f1(z,) >0.

n—oo

2.2. Failure of traditional proof of the comparison principle and the
choice of test functions. Formally speaking, the comparison principle follows
as a consequence of the maximum principle satisfied by operator H. Since the H
can only operate on smooth functions and since we have no a priori differentiability
estimate on sub- and super- solutions f and f, an approximate argument is needed:;

see Chapter 9.1 of [3]. The traditional proof (e.g. Crandall, Ishii and Lions [1]) uses

supmyy(?(x) —fly)— S| —y|?) (as m— 00) to approximate sup,, (f(x) — f(x)). Going
through the proof, this requires estimate of the following kind:

m m
H (2,0, T o —yl?) —H (-0, Flo—y?) Sw(mlz—yl+la—yP?),  (21)

where w(-) is a modulus. With the square root singularity in the 3|6/zp[*> term of
H(z,p), this can never be satisfied.

Lions [7], however, formulates a more general condition with geometric implica-
tions of certain first order Hamiltonians in mind. To explain the ideas in a nutshell,
we adapt everything to our specific situation. We single out the nonlinear part of H
to define H(y,p):= %|0\/§p|2. H induces a variational distance through its Legendre

transform Z(y,q) :==sup,{qp— fI(y,p)} = ﬁ%. For every xg,21 € F,

dg(xo,arl):inf{/o L(y(s),9(s))ds : y(-) € AC((0,1); E), y(0) =wo, y(1)=x1}

2
= S VR-val,

From the explicit calculation 0,d?(z,y) = 25 (1— %) and yd?(z,y) = & (1— %), we
can directly verify the geometric identity
1o 2 Lo 2 1
0VT0, 5 () = 10/50y 5 () = 5 (a,3). (2:2)

Hence a generalized version of (2.1) holds trivially with |z —y| replaced by d:

H (x,&‘m%d%x,y)) - (y,fay%cﬂ(x,y)) =0.
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Note that the Cauchy problem d;u= H(x,0,u) has an explicit solution given by the
Lax formula

u(t,z) = sup {u((),y) _ @) } .

yeE t

To get a generalized version of (2.1) for H (instead of H), it is sufficient to have

(n—2)0ud*(x,y) — (L —1)dy(—d*(x,y)) <0,

or, in other words, the ODE &=y —x defines a contraction under d. This can be
verified directly through computation:

= (1-%) - (v (1-7))

g5 (1= 1= ) (o= vET - V)
d*(z,y)

=y pd? <0. :
Ve kd”(2,y) <0 (2.3)
There is another problem: to ensure that Definition 2.1 makes sense, we need a
certain growth estimate on test functions so that the maximizing/minimizing points
can be attained. Specifically, for sub-solutions, we need test functions growing to
infinity, and for super-solutions we need test functions growing to negative infinity.
This motivates the use of a function V playing a role for the stochastic process X
(or a deterministic control problem induced by H) similar to that played by the
Lyapunov function for uncontrolled-ODEs. We would like V' to have compact level
sets and sup, H(z,0V (z)) <oco. Noting that 0 and +oo are the boundary of E and
the dynamics of the stochastic process X behaves differently at these two points, we
construct V in three steps. First, let

| —x|?
)=

Voo (z)=clog(14U(x)), U(x 5

e>0.

This function has the property that, when ¢ is small enough,

e 0% )\8U(m)|2}§0.

sng(x,aono(x)) =Sgp{ —6(1 S 21+U(w)/ 14U ()

Now consider Vj(z)=—logz; then
1 1,
supH(ac,@mVo(x))zsup{—; fw—ie +H}§K<OO,

where we used critically the condition 2k >62. Finally, we smoothly paste V5 and
Voo by

V(@) :=p(x)Vo(z)+ (1 - ¢(2)) Voo (x),

where ¢ € C™ satisfies ¢’ <0 and
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It follows then V' (x) has compact level sets in E and sup, H(z,0,V (z)) < .
Using the above inequality, by convexity of H(z,p) in p, we now introduce two
new classes of test functions: for 0 <e<1 and m >0, define

Do:={fo : fo(-):=(1—e)md*(-y)+eV()+¢(-), ¢eD,ycE},
Dy:={f1 : fi(-):=—(+e)md*(z,)—eV()+¢(-), ¢eD,xcE},

and two more operators

Ho fo(x):=H (2,0, fo(x)), fo€ Do, (2.4)
Hy f1(x):=H(x,0, fi(x)), fieDs. (2.5)

More discussion on such test functions can be found in detail in Section 1.2.2 on page
285 of [2].

It follows that Hy fo, H1 f1 € C(F) are well defined for all x € E. We will prove the
comparison between the sub-solution given by Hj and the super-solution given by H;
in Lemmas 2.4 and 2.5. Then, by linking respective sub- and super-solutions of H
and H; with those of H in Lemma 2.6, we arrive at the conclusion of Theorem 1.1.
Hy and H; can be viewed as sub- and super- extensions from the H in (1.2), which
is defined only on D (Lemma 2.6).

2.3. Comparison principle for some related equations. The domain D
of H only contains smooth functions with compact supports. This class is easier to
work with when one is performing convergence type analysis, using for instance the
Barles-Perthame half-relaxed limit approach. However, for the proof of uniqueness
(comparison principle), we need test functions in Dy and D;. First, we prove an
important property which generalizes (2.1):

LEMMA 2.3.

1
1—¢

1

(Ho((1=md*(p)+eV () (@)) = = (H (= 1+ me (@) eV () )

€ €
< H .
< (1_6+1+6>sgp (2,0, V (2))

Proof. By convexity of H(z,p) in p,

Ho((1=md*(-y) +eV () ()
<(1—€)H(z,0,md*(x,y)) —‘rGH(l‘,amV(x))

<(1—¢) {nm;ﬁ(uf:v) ( - ﬂ) +m29—22(\/§7\/5)2} +eH(z,0,V(x)).

Similarly,

Hi (= (1+md(@,) =V () ) (1)

ve
NG

By (2.3), the conclusion follows. O

> (14 6) [~ (=) (1= Y2) 4P o (V5= VE) |~ eH 5.0,V (0).
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With the above estimate, the next lemma follows by modifying the standard
arguments in [1].

LEMMA 2.4. Let hg,h1 €Cy(E). Let bounded upper semicontinuous f be a strong
sub-solution of

(I—CYH())?: ho, (26)
and bounded lower semicontinuous f be a strong super-solution of
(I—aH:)f=h, (2.7)
both in the sense of Definition 2.1. Then
sup { f(z) — f(2) } <sup {ho(z) —h1(2)}. (2.8)
el relR
Proof. Let
1 4 1 9 € €
(I)e,m(xvy)_li_ejc(x) 1+€i<y) md (xvy) I—EV(x) 1+€V(y)’

where 0 <e<1 and m > 1. Since V has compact level sets, there exists (a:em,yg,m) IS
E x E satisfying

(I)e,m(l'e,maye,m) = sup q)e,m(l'vy)'
(z,y)EEXE

Let fo(z)=(1—€)md*(z,ye m)+€V (z); then
T@E,m) —fo (xs,m) = ;gg {?(x) —fo (x)} .

By the strong sub-solution property of f, a '(f—ho)(@em) < (Hofo)(Tem). Sim-

ilarly, let fi(y)=(1+€)md*(xem,y) — €V (y); then o' (f —h1)(Yem) > (Hif1)(Yem)-
Thus,

sup { {2 70) ~ ) - 2 Vo) |

wcE | 1—¢ 4 1—e2

=sup D, (2,7)
zel

< q)e,m (l‘e,m ) ye,m)

- 1 € €
< e o) — — )inf
< T em) = o)~ (T 1 )V ()
1

Sa[lie (Hofo(fl?e,m)) - ﬁ(Hlfl(ye,m))}

€ €
# (tafeem) = (m)) o (T Wil + Tl

€ e .
_ <1—e+ 1+6)11;fV(m).

By a standard argument (e.g. Lemma 9.2 in [3] or Proposition 3.7 of [1]),

lim md? (fe,maye,m) =0.
m—00

Together with Lemma 2.3, taking lim._,o4 lim,, o, we arrive at the conclusion. 0O
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2.4. Comparison principle for Equation (1.2). Hy, Hy, H are local
operators. Similar to the proof of Lemma 9.9 of [3], we have the following.

LEMMA 2.5. Any sub-solution of (2.6) is also a strong sub-solution of (2.6), and
any super-solution of (2.7) is also a strong super-solution of (2.7); all in the sense of
Definition 2.1.

In view of 2.4 and 2.5, we are only one step away from concluding Theorem 1.1.
This step is provided in the following lemma.

LEMMA 2.6. Any sub-solution to (1.2), in the sense of Definition 2.2, is also a sub-
solution to f —aHyf=~h in the sense of Definition 2.1. Similarly, any super-solution
to (1.2) is also a super-solution to f —aHyf=h.

Proof. 'We only prove the sub-solution case. The case of super-solution is similar.

Let f be a sub-solution to (1.2) and fy€ Dy. By the definition of Dy, and the
facts that lim, 04 fo(z) =00 and lim,_, 4 o fo(z) = 00, there exists 0 < a <b < co such
that fo(a)= fo(b)=C and

sup {f(z)— fo(x)} = sup {f(z) = fo(x)}.

z€la,b]
Moreover, for Vz ¢ [a,b], f(x)>C and
sup f(z) - C <sup{f(z) - fo(z)}.

zEFR el

After taking {a, }52 ; such that 0 <a, <a, a, }.0, and {b,,}32; such that b,, > b, b,, T o0,
we construct f, € D satisfying

fn( )= fo(), €lan,bn),
folan) < fu(z) < folan)+1, € (an+1,an),
fo(b )<fn(ff)<f0( n)+1, €€ (bn,bntr),
falz)= fO(an) €(0,an+1],
fn(z)=fo(b )+1 € [byt1,00).

Hence, by the definition of sub-solution to (1.2), there exists a sequence {z,}°; C
[a,b] satisfying

1

F(@n) = falzn) > sup{f(z) = fu(2)} - o, (2.9)
el 2
which implies
limsup (a_1 (f=h)(zn) — H fn(z,)) <O0.
n—oo
Therefore there is a convergent subsequence x,, — o as k— oco. Then
1i]£nsup (F=h)(zn,)) < lilznsuposznk (Tn,) =aHofo(zo). (2.10)
—00 — 0

By (2.9), we have

hm5upf(xnk) _hmlnffnk (xnk) 2 hmlnf (f(xnk) - fnk (xnk» Z?(J?o) _fO(xO)a

k—o0

which implies that limsupy,_, o f(zn, ) > fo(zo). By upper semicontinuity of f,
limsupy,_, o, f(@n, )= f(x0). Therefore, the conclusion follows. |
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3. Large deviation for singular diffusions
We consider a sequence of processes {X,,(-):n=1,2,...} given by stochastic dif-
ferential Equation (1.3). By Ito’s formula, the generator of X,, is given by

Anf(os):/{(ufx)axf(x)+%szamf(x), f+ce OE(E), ceR.

Following [3] (e.g. Theorem 2.10 or 7.18, and Corollary 8.28), large deviation proper-
ties of {X,,(-):n=1,2,...} can be established by studying

Hy J (@)= e Ay (2) = n(u—2)00 f () + 3 0V/EOL S+ 5 6%00ef, fED.

The following convergence result follows by direct verification.

LEMMA 3.1. For every fe D,

[ Hy f = H f[loc =0.

lim |
n—-4o00

In order to apply Theorem 2.10 in [3], we also need to verify an exponential
compact containment type condition (Condition 2.8 of [3]) for the processes. This is
verified in the following.

With a slight abuse of notation, we make obvious extension of H,, f(z) even when
f€C?(E) but f¢D. First, under the condition 2xu > 62, when N is large enough

1 1
sup sup H, Vp(z) = sup sup {— <2f1u—92 (1+ >) } +r<K<o00.
n>NzeE n>Nz€eE 2z n

Similar to the verification of sup, ¢y H(z,0,V (x)) < 0o, we have

~:=sup sup H,V(z) < cc.
n>Nz€E

LEMMA 3.2. For each compact set Ko CCFE, and each a>0, there exists another
compact set Ko, CC E such that

1
limsup —log sup P(I<T, X, (t) ¢ Ko|Xn(0)=2)<—a. (3.1)

n—oo T z€Ko
Proof. Apply Ito’s formula, it follows that
My (£) i= "V (X () =V (X (0)= [ HaV (Xn(5))4ds]
is a super-martingale. Choose a compact set K1 CC F, K1 D Ky, and define
Tp i =inf{t>0,X,(t) ¢ K1}
and

= inf V(y)— V(y).
B nf () yseullgo (v)

By the optional stopping theorem, for n> N,

P(Ht <T,Xo(t) ¢ K ‘Xn(o) :x) "= < BIM, (T A1) | X (0) =2] =1.
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That is,

&H)P(Htg]ﬂX@ﬁ)¢](4)@AO%:x)ge_"w_Tﬂ.
rzeKo

For the given a >0, since limps o0 inf|; > V(2) = +00, we have the conclusion by
choosing [ sufficiently large. ]

With Lemmas 3.1 and 3.2, combined with the comparison principle for H in
Theorem 1.1, by Theorem 2.10 (or 7.18 of [3]) we have that {X,,:n=1,2,...} satisfies
the large deviation principle. Next, we explicitly identify its rate function I and show
that it is given as in (1.6).

Recalling the definitions of H(z,p) and L(z,q) in (1.5) and (1.4), we have the
following variational representation of H:

Hf()—sup{uaf() L(z,u)}, feD.

For readers familiar with optimal control theory, the above implies that the operator
H is a generator of a Nisio semlgroup correspondmg to the simple controlled ODE
#(t) =u(t) with running cost Ir|x fo u(s))ds.

In order to apply Corollary 8. 28 of 3], ﬁrst we verlfy Condition 8.9 in that book.
Conditions 8.9.1-8.9.3 hold trivially. Condition 8.9.4 requires that, for each compact
set K CCFE and 0< M < oo, there exists a compact set K CCE such that for any
trajectory z(-), (0) € K and fOTL(a:,a'c)ds < M imply that z(t) € K, 0<t<T. To see
that this holds, we note that such z(-) is absolutely continuous and that CE( )>0 for
each s>0. Let u(t)= w that is, 2(t) =k(u—x(t)) + 0/ x( ; then

0+/2(
d (%)
%Vo( z(t) = —rt)

<*efi+iu(t)+n
- 2z(t) x(t)

u?(t)

< 5 + K.

Therefore,

1 /7
Vo(olt) ~Va(w(O) <5 [ ut)Pdr-+ 2.
0
On the other hand, there exists a constant C' such that

d 0 U() .
GV ) =)

—[r(p—2@®)]?  —k(p—=
1+M +61_~_”(“ ‘”“»29\/7 )

ge_“ = wt))ze\/ £) < Clu(t)
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That is,
T
Vi (1)) — Vo ((0)) gCT/ () 2d.
0
Together, these estimates imply that
T
V(z(t)) =V (2(0)) gOT/ lu(t)|2dt +KT.
0

By properties of V', Condition 8.9.4 in [3] is satisfied as well.
For each f € C?(E) and compact set K CC E, there is a constant Ck, s such that

lu-0pf(2)] < Cr p(L(z,u)) 2+, V(z,u)e K x U. (3.2)

Thus Condition 8.9.5 holds.
Next, we verify Condition 8.10 in [3] by selecting a trajectory z(-) satisfying
x(0) =z >0, and for every t>0, x(t) >0 and

Lo [T —Ru—a ()P,
/OL(x,x)dS—/O 5022(5) ds=0.

The solution to the ODE
i(t)=r(p—2z(t), x(0)==zo (3.3)

satisfies the requirement.
Finally, Condition 8.11 in [3] requires us, for each fe€D, to find an x(-)€
C([0,T); E) such that

to

Hf(x(s))ds:/2 ((5)- 00 F2(s)) ~ Lla(s).(5)) ) ds. (3.4)

t1 t1

Since
H(xap) :8pH(.’E,p)p—L(1’78pH(ZL’,p)),

where 9,H (z,p) = k(u—x) +6%xp, the above condition is satisfied for any solution to
the ODE

&(t) = r(pn—a(t)) +0%2(t) 0, f (x(t)).

Existence of a solution z£(t) >0, t € [0,77] to the above equation follows from standard
theory. Therefore Condition 8.11 in [3] holds as well.

By Theorem 8.14 and Corollary 8.28 of [3], the rate function of {X,,(-):n=1,2,...}
admits the form given by Corollary 1.2.
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