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FROM BOLTZMANN EQUATION TO SPHERICAL HARMONICS

EXPANSION MODEL: DIFFUSION LIMIT AND POISSON

COUPLING∗
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Abstract. The diffusion approximation of an initial-boundary value problem for a Boltzmann-
Poisson system is studied. An elastic operator modeling electron-impurity collision is considered.
A relative entropy is used to control the terms coming from the boundary and to prove useful
L2

−estimates for the renormalized solutions of the scaled Boltzmann equation (coupled to Poisson).
A careful analysis of a relative entropy for high velocity allows us to show uniform bounds for the
total mass and the kinetic energy which gives the compactness of the self-consistent electrostatic
potential. Then, the moment method is used to prove the convergence of the renormalized solutions
to a weak solution of a Spherical Harmonics Expansion (or SHE-) model coupled to the Poisson
equation.
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1. Introduction

In this paper, we study the diffusion approximation of a Boltzmann-Poisson sys-
tem modeling electron-impurity interactions. We consider electrons described by their
distribution function fα :=fα(t,x,v) defined on the phase space Ω=ω×R

N , (N ≥2).
The time variable t is nonnegative. The position x belongs to a bounded and regular
domain ω. The velocity v belongs to R

N and α is a nonnegative parameter on the
order of the mean free path of collisions. These particles are submitted to a self-
consistent electric potential φα(t,x) created by the electrons themselves and a given
stationary external potential φ̃b(x). The scaled Boltzmann equation reads as follows:

∂fα

∂t
+

1

α

(

v ·∇xf
α−∇x(φ

α+ φ̃b) ·∇vf
α
)

−Q(fα)

α2
=0. (1.1)

The initial data is a given function

fα(0,x,v)=f0, (1.2)

and the inflow boundary data is well prepared; it is a function γ depending on (x,v)
via the total energy (|v|2/2+φb(x)):

fα(t,x,v)=fb(t,x,v) :=γ

(

1

2
|v|2+φb(x)

)

, v ·n(x)<0, x∈∂ω (1.3)

where n(x) is the outward unit normal vector at the position x on the boundary ∂ω.
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The elastic operator modeling electron-impurity interactions is given by

Q(f)(v)=

∫

RN

s(x,v,v′)δ
(

|v′|2−|v|2
)

(f(v′)−f(v))dv′,

where, s(x,v,v′)dv′dt is the probability density for a particle having a velocity v to
exit the interaction zone, with a new velocity v′ belonging to the volume dv′ around
v′, and during a time interval dt, and δ is a Dirac delta measure.

Let v=
√
2ε, ε= |v|2/2, and w∈v/|v|∈SN−1 where SN−1 is the unit sphere of

R
N . By identifying v with (ε,w) one can write the co-area formula, for all integrable

function ϕ on R
N , as

∫

RN

ϕ(v)dv=

∫

ε>0

(2ε)N/2−1

∫

w∈SN−1

ϕ(ε,w)dwdε.

It follows, according to this formula, that

Q(f)(v)=

∫

SN−1

|v|N−2σ(x,v, |v|w) [f(|v|w)−f(v)] dw. (1.4)

The potential φα is a self-consistent solution of the homogeneous Poisson equation

−∆xφ
α(t,x)=ρα(t,x) :=

∫

RN

fα(t,x,v)dv. (1.5)

The potential φ̃b is the harmonic extension in ω̄ of a given boundary data φb assumed
to be smooth and nonnegative.

In the present analysis, the solutions for the Boltzmann equation are considered
in a renormalized sense. This concept will be formulated later on, in Definition 5.1.

Our aim is to prove the convergence of the renormalized solutions (fα,φα) of the
Boltzmann-Poisson system (1.1)–(1.5), as α goes to zero, towards a function (F,φ)
satisfying a Spherical Harmonics Expansion (or SHE-)model coupled to the Poisson
equation. We notice that the SHE-model is an initial-boundary value problem

(
√
2ε)N−2 ∂F

∂t
−
(

∇x−∇x(φ+ φ̃b)
∂

∂ε

)[

D(ε)

(

∇xF −∇x(φ+ φ̃b)
∂F

∂ε

)]

=0, (1.6)

where the unknown F =F (t,x,ε) is a distribution function depending on time, posi-
tion, and kinetic energy. It is convenient to denote the "total" gradient ∇̃x,ε by

∇̃x,ε=∇x−∇x(φ+ φ̃b)
∂

∂ε
, (1.7)

and rewrite the SHE-Equation (1.6) as a spectral continuity equation

(
√
2ε)N−2 ∂F

∂t
+∇̃x,ε .J =0, (1.8)

where J is a spectral current density

J(t,x,ε)=−D(ε)∇̃x,εF, (1.9)
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and D(ε) is a diffusion matrix

D(ε)=−(2ε)N/2

∫

SN−1

w⊗Q−1(w)dw. (1.10)

Initial and boundary conditions on F are

F (0,x,ε)=
1

|SN−1|

∫

SN−1

f0(x,
√
2εw)dw and F (t,x,ε)|x∈∂ω

=γ
(

ε+ φ̃b(x)
)

,

(1.11)
where the function γ is introduced in (1.3). Finally, the potential φ (appearing in
(1.7)) solves the following homogeneous Poisson equation

−∆xφ(t,x)= |SN−1|
∫ +∞

0

F (t,x,ε)(
√
2ε)N−2dε. (1.12)

Kinetic and fluid models have been, for many years, powerful tools to study
transport phenomena in semiconductor physics [58, 61, 66, 67, 69], plasma [41], gas
dynamics [57, 37, 38], biology, and recently in traffic networks [51].

Fluid models like Drift-Diffusion, Energy-Transport and SHE equations, in semi-
conductor simulation, Keller-Segel modeling biological cell dynamics, and many oth-
ers, are based on specific assumptions of the equilibrium regime. However, due to
the ongoing miniaturization effort in nano-technology, systems of particles are gener-
ally far from equilibrium. Therefore, microscopic models are required for an accurate
description of the motion. Kinetic models like Vlasov, Boltzmann, and Fokker-Plank-
Landau equations are recommended to describe systems in non-equilibrium state. In
this family of micro-models, the evolution can be interpreted in terms of characteris-
tics in position-velocity space. Kinetic formulation introduces the individual velocity
as an additional variable to the position and time coordinates; it takes into account
the interaction between particles by considering operators dealing with physical con-
servation properties of the dynamics.

In the literature of asymptotic analysis, many macroscopic models have been
derived by assuming the smallness of the scaled mean free path of collisions (also called
Knudsen number). The Diffusion limit [20, 26] and high-field approximations [13,
19, 53, 56] represent the art of such modelling techniques. Drift-Diffusion equations
were introduced by Shockley in 1960 [17, 29]. In the 1990s, Poupaud rigorously
derived a Drift-Diffusion equation from Boltzamnn statistics [55]. The analysis is
based on a Hilbert expansion [37, 38]. In [32] a Drift-Diffusion equation for degenerate
semiconductors is also obtained from Fermi-Dirac statistics using a velocity averaging
lemma [24, 25, 30, 31, 44, 47]. We notice that various techniques are developed to
justify these asymptotics in several physical contexts. Further details can be found in
[8, 28, 32, 3, 4] and references therein.

These methods of approximation have been applied to different dynamics of colli-
sions, leading to an hierarchy of fluid equations lying in the gap of the full Boltzmann
equation and the Drift-Diffusion one. The SHE model was recently derived (formally)
as a diffusion limit of the Boltzmann equation by considering elastic collisions. In this
dynamics only mass and kinetic energy are conserved during shocks. It appears that
functions depending on v2/2 are formal equilibrium states.

For transport kinetic equations, Bardos [2] has studied the existence of weak
solutions using the characteristics method for a Vlasov transport equation with a
given electrostatic field. Extensions of this method can be found in [56]. In [1, 12, 14,
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5, 52, 60] the existence of weak solutions for Vlasov-Poisson-Fokker-Planck systems is
analyzed. The self variation of the electrostatic potential is also considered in several
contexts. Solutions are constructed by using a compactness argument [40]. In [11], the
concept of weak solution is extended to an initial boundary value problem for a one
dimensional Boltzmann-Poisson system. In [22, 23], Diperna and Lions introduced
the concept of renormalized solutions for the non linear Boltzmann equation. This
concept of solution considers equations satisfied by some β(f), and in many cases the
mass conservation property and entropy are verified in a weak sense. This notion is
then used by Mischler to construct a solution for the Boltzmann-Poisson system in
a bounded domain [49, 50]. Various details and eventually extensions are made by
Le Bris and Lions [42], Bouchut [15] and also De-Lellis [21]. In [47], Masmoudi and
Tayeb constructed a renormalized solution for an initial and inflow boundary value
problem for the Boltzmann-Poisson system.

In addition to the non-linearity due to self consistency, it remains unclear how
initial and boundary data should be considered to expect more regularity of the so-
lutions. It seems that boundary considerations limit the regularity of the solutions
and induce layers [55, 20]. Many analyses are limited to well prepared initial and
boundary data to avoid the high layers effect and the instability due to the entropy
production terms. The asymptotic analysis for general inflow data is an interesting
task.

The paper is organized as follows. In the next section, we present the assumptions
considered throughout the analysis and we state the convergence result. In Section
3, we recall the spectral properties of the collision operator. In Section 4, we derive
formally the SHE model from the Boltzmann equation for a force-free case (φα :=φ).
Section 5 is devoted to the existence of a renormalized solution for the Boltzmann-
Poisson system. In Section 6, we shall establish useful estimates for the solution of
the scaled Boltzmann equation. In the spirit of [7], a relative entropy allows us to
approximate the production terms due to the boundary for well prepared incoming
boundary data. This strategy gives a uniform L2-estimate on the distribution function
and controls the distance between fα and its local equilibrium Fα only in L2. In Sec-
tion 7, we improve the obtained a priori estimates by proving that the total mass and
the kinetic energy are uniformly bounded in L1 (Lemma 7.1). Using this lemma, we
obtain a (uniform) weak sense for the continuity equation and show the compactness
for the electrostatic potential φα in some Lp to finish the proof of Theorem 2.1.

2. Preliminaries and convergence result

In this paragraph, we would like to precisely state the assumptions on the initial
data, for the doping profile γ, and the dynamics of collisions. These properties are
useful for constructing a renormalized solution for the Boltzmann-Poisson system and
analyzing the diffusion limit.

2.1. Notations. The incoming and outgoing parts of the boundary, ∂Ω=
∂ω×R

N , are denoted by

∂Ω±={(x,v)∈∂Ω : ±v ·n(x)>0}. (2.1)
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The spectral particles density Fα and the spectral current Jα are defined by

Fα(t,x,ε) =
1

|SN−1|

∫

SN−1

fα(t,x,
√
2εw)dw,

Jα(t,x,ε) =
(
√
2ε)N−1

α |SN−1|

∫

SN−1

fα(t,x,
√
2εw)wdw.

(2.2)

The total particles and current densities are defined by

ρα(t,x) : = |SN−1|
∫ +∞

0

(
√
2ε)N−2Fα(t,x,ε)dε =

∫

RN

fα(t,x,v)dv,

jα(t,x) : = |SN−1|
∫ +∞

0

Jα(t,x,ε)dε =
1

α

∫

RN

fα(t,x,v)vdv.

(2.3)

For any function f ∈L1
loc, we denote by Φ[f ] the unique self-consistent potential,

i.e. the solution of the homogeneous Dirichlet problem

−∆xΦ[f ](x)=

∫

RN

f(x,v)dv, x∈ω. (2.4)

We define the functional βγ by

βγ(f)=−
∫ f

0

γ−1(s)ds.

The relative entropy and the entropy production flux are given by

Rγ [f |g] =
∫

Ω

(

βγ(f)−βγ(g)−(f−g)β′
γ(g)

)

+
1

2

∫

ω

|∇Φ[f−g] |2dx

and

R+
γ [f |g] =

∫

∂Ω+

(

βγ(f)−βγ(g)−(f−g)β′
γ(g)

)

|v ·n(x)|dσxdv.

(2.5)

As γ is a decreasing function, this implies that βγ is strictly convex and that the
relative entropy is nonnegative and vanishing only for f =g.

We define the kinetic equilibrium profile, or Gibbs state, as

G(x,v)=γ

(

1

2
|v|2+Φ[G](x)+ φ̃b(x)

)

.

We notice that this function plays a fundamental role in our analysis. We remark
that it is stationary, belonging to the null space N (Q), and is constant over some
characteristics lines:

∂G

∂t
=Q(G)=v · ∇xG−∇x

[

Φ[G]+ φ̃b

]

· ∇vG=0.
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2.2. Assumptions. From now on, we shall make the following assumptions

(A1) : (Initial state). The initial data f0 is a nonnegative function satisfying

f0∈L∞
x,v, Rγ [f0|G]<+∞.

(A2) : (Micro-reversibility). The dynamics of collisions satisfies the detailed balance
principle, in the sense that the cross section σ is symmetric. We assume also that it
is bounded from below and above:

∀(x,v,w)∈ω×R
N ×SN−1, 0<σ1≤σ(x,v, |v|w)=σ(x, |v|w,v)≤σ2.

(A3) : The incoming profile γ is defined on

[

inf
x∈∂ω

φb,+∞
[

with values in ]0,+∞[,

smooth, strictly decreasing, and rapidly decreasing at infinity, so that γ′ is bounded
in ]0,∞[ and

∫ +∞

0

γ(s)sN/2ds<+∞.

(A4) : (Strict convexity at infinity).

(
√
u−√

v)2.
(

γ−1(u)−γ−1(v)
)

(v−u) foru, v∈ [0,1],

where the notation a. b means that a=O(b).

(A5) : There exist a constant η>0 and a function θ : [0,η]→ [0,1], satisfying

θ(s)>s,

∫ +∞

0

sN/2−1θ(γ(s))<+∞,

and

0≤γ−1(s).γ−1(s)−γ−1(θ(s)) on [0,η] a.e.

2.3. The convergence result.

Theorem 2.1. Assume that (A1)–(A5) are satisfied. Let (fα,φα) a renormalized
solution of the scaled Boltzmann equation coupled to Poisson. Then, when α goes to
zero,

fα
∗
⇀ F (t,x,ε) in L∞(R+; L∞∩L1),

∇xφ
α → ∇xφ in L2(R+;Lp), ∀p∈ [1,2[,

where (F,φ) is a weak solution of the (SHE-P) model (1.8)-(1.12). Moreover,

φ∈L∞(R+;W 2,N+2

N ∩H1
0 (ω)).

3. Spectral properties of collisions

Lemma 3.1. Assume that (A2) holds. Then,

1. −Q is a bounded, symmetric and nonnegative operator on L2(RN ,ψ(|v|2)dv)
for every positive weight function ψ. Moreover, it satisfies, for any measurable
function ψ≡ψ(|v|2),

Q(ψf)=ψQ(f)
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2. N (Q)={f : ∃g such that f(v)=g(|v|2)}.

3. Pεf(t,x,ε)=
1

|SN−1|

∫

SN−1

f(t,x,
√
2εw)dw is the orthogonal projection of f

onto N (Q).

4. R(Q)=N (Q)⊥={f :=f(ε) such that Pεf =0, ∀ε}.
5. For every g∈R(Q), the Equation Q(f)=g has a unique solution f ∈R(Q).

If g is even (odd) then f is even (odd).

6. −Q is coercive on R(Q):

−
∫

SN−1

[Q(f)f ](
√
2εw)dw≥σ1 (

√
2ε)N−2

∫

SN−1

[(f−Pεf)(
√
2εw)]2dw.

The next lemma follows from (A2)–(A5).

Lemma 3.2. Let f, g∈L2∩L∞. Then, the following inequalities hold:

1. ‖f−g‖2L2(Ω)+‖∇x(Φ[f−g])‖2L2(ω).Rγ [f |g]

2. ‖f−g‖2L2(∂Ω+; |v.n|dσxdv).R+
γ [f |g]

3.

∫

RN

Q(f)γ−1(f)dv.−
∫

RN

|v|N−2
(

√

f(v)−
√

P|v2|/2f
)2

dv,

where Rγ and R+
γ are defined in (2.5).

Proof. According to (A3), the function γ satisfies 0≤−γ′≤C which implies
−(γ−1)′≥ 1

C . As a consequence,

βγ(f)−βγ(g)−(f−g)β′
γ(g)=−1

2
(f−g)2(γ−1)′(ξ)≥ 1

2C
(f−g)2.

By Integrating this inequality on Ω (resp. ∂Ω) with respect to dxdv (resp. |v ·n|dσdv),
we get the first and second inequalities. For the third one, we multiply Q(f) by γ−1(f)
and integrate with respect to dv. Using the co-area formula, we can write

∫

RN

[Q(f)γ−1(f)]dv=

∫ +∞

0

(2ε)N−2

∫

(SN−1)2

σ(x,ξ′,ξ)[f(ξ′)−f(ξ)]γ−1(f)(ξ′)dw′dwdε,

where ξ=
√
2εw and ξ′=

√
2εw.

By applying the transformation (w,w′) 7→ (w′,w), and using the symmetry of σ,
we infer

∫

RN

[Q(f)γ−1(f)]=
1

2

∫ +∞

0

(2ε)N−2

∫

(SN−1)2
σ (f ′−f)

(

γ−1(f)(ξ′)−γ−1(f)(ξ′)
)

dw′dwdε,

where σ is taken at (x,ξ,ξ′), f =f(ξ), and f ′=f(ξ′). Using Assumption (A4) and the fact

that σ is bounded from above, we obtain

∫

RN

[Q(f)γ−1(f)] ≤ −σ1

2

∫ +∞

0

(2ε)N−2

∫

(SN−1)2
[
√

f(ξ′)−
√

f(ξ)]2dw′dwdε

≤ −σ1

2

∫

RN

|v|N−2

∫

SN−1

[
√

f(v)−
√

f(|v|w) ]2dwdv.
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By applying the Jensen inequality with the measure dw/|SN−1|, and the convex function

t 7→ (c−
√
t)2 we get

1

|SN−1|

∫

SN−1

[
√

f(v)−
√

f(|v|w) ]2dw≥
(

√

f(v)−
√

P|v|2/2f
)2

,

which leads to
∫

RN

[Q(f)γ−1(f)].−
∫

RN

|v|N−2
(

√

f(v)−
√

P|v|2/2f
)2

dv.

4. Formal Hilbert expansion

Let us consider the force-free case (φα :=φ) and assume that the given electrostatic
potential φ is smooth enough. Insert the following Hilbert expansion of fα into the
linear scaled Boltzmann equation associated with φ:

fα=f0+αf1,φ+α
2f2,φ+ . . . .

Identifying terms with same powers of α, we get

Q(f0)=0, (4.1)

Q(f1,φ)=v ·∇xf0−∇x(φ+ φ̃b) ·∇vf0, (4.2)

Q(f2,φ)=
∂f0
∂t

+v ·∇xf1,φ−∇x(φ+ φ̃b) ·∇vf1,φ. (4.3)

According to Lemma 3.1, the first (formal) approximation of fα is an energy-
depending function: There exists a function F such that

f0(t,x,v)=F

(

t,x,
|v|2
2

)

.

By replacing f0 by F in (4.2) we obtain

Q(f1,φ)=v ·
[

∇xF −∇x(φ+ φ̃b)
∂F

∂ε

]

.

The function F is even, so the right hand side of the above equation is an odd function
of v. Therefore, using Lemma 3.1 we need only solve Q(λ)=v∈R(Q). Denoting by
∇̃x,ε the transport operator

∇̃x,ε=∇x−∇x(φ+ φ̃b)
∂

∂ε
,

and by λ the pseudo-inverse (componentwise) of v :

λ(v)=Q−1(v) := |v|Q−1(v/|v|).

Then, one can remark that λ is an odd function of v and then

f1,φ=λ(v) · ∇̃x,εF +θ(t,x, |v|2),

where θ is an arbitrary (even) function of N (Q). To solve (4.3), we define the spectral
current density as

J(t,x,ε)=(
√
2ε)N−1

∫

SN−1

f1,φ(t,x,
√
2εw)wdw.
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The solvability condition of (4.3) is equivalent to the following SHE equation:

(
√
2ε)N−2 ∂F

∂t
+∇̃x,ε · J =0.

By replacing J and f1,φ by their expressions, we get

J(t,x,ε)=−D(ε)∇̃x,εF,

where D(ε) is the diffusion coefficient

D(ε)=−(2ε)N/2

∫

SN−1

(w⊗Q−1(w))dw.

Finally, using Lemma 3.1, we deduce that D(ε) is positive definite.

5. Existence of solution

Definition 5.1. Fix α>0, fα∈L1
loc and φα∈W 1,1

loc . We say that (fα,φα) is a
renormalized solution of the Boltzmann-Poisson system (1.1)–(1.5) if the function
βγ(f

α) is a weak solution of



























α
∂βγ(f

α)

∂t
+v ·∇xβγ(f

α)−∇v ·
[

∇x(φ
α+ φ̃b)βγ(f

α)
]

+
Q(fα)

α
γ−1(fα)=0,

βγ(f
α)|∂Ω− =βγ(f

α
b ,)

βγ(f
α)(t=0)=βγ(f0),

(5.1)

and φα satisfies the homogeneous Dirichlet problem in the distribution sense.

Definition 5.2. We say that (F,φ) is a weak solution of the SHE model coupled to
Poisson Equation (1.8)-(1.12) if

F ∈L2
loc(R

+; (1+εN/2)dxdε)∩L∞
t,x,ε,

∇̃x,εF ∈L2
loc(ε

N/2−1dxdεdt), φ∈L∞(0,T ;H2∩H1
0 (ω)),

and for all ψ∈D(R+
t ×ω×R

+
∗ ),

∫

ω×R
+
ε

(√
ε
)N−2

(

F
∂ψ

∂t

)

(t,x,ε)dxdε+

∫

ω×R
+
ε

(√
ε
)N−2

F0ψ
∣

∣

t=0
dxdε

=

∫

R
+
t ×ω×R

+
ε

[

D(ε)∇̃x,εF.∇̃x,εψ
]

dtdxdε,

and φ satisfies the homogeneous Dirichlet problem.

Theorem 5.3. Assume that (A1)-(A5) hold. Then, the Boltzmann-Poisson system
(1.1)–(1.5) has a renormalized solution in the sense of the Definition 5.1. Moreover,
it satisfies

1. L∞-estimate:

0≤fα≤max(liminf ‖f0‖L∞ ,γ(inf
∂ω
φb)). (5.2)
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2. Spectral conservation property:

∂Fα

∂t
+∇̃x,ε · Jα=0, (5.3)

where Fα and Jα are given in (2.2) and ∇̃x,ε=∇x−∇x(φ
α− φ̃b) ∂

∂ε .

3. Continuity equation:

∂ρα

∂t
+∇x · jα=0. (5.4)

4. Entropy inequality:

d

dt
Rγ [f

α |G]+ 1

α
R+

γ [f
α |G]≤ 1

α2

∫

Ω

Q(f)γ−1(f)dxdv. (5.5)

For the sake of clarity, the proof of the theorem will be postponed in Appendix B.
We notice that the present asymptotic analysis also gives a rigorous proof of the exis-
tence of a solution for the SHE-Poisson system satisfying Definition 5.2. We refer to
[39] and references therein for recent developments on the existence of weak solutions
for the Spherical Harmonics Expansion model coupled to the Poisson equation.

6. Uniform a priori estimates

Lemma 6.1. Assume that the initial data f0∈L∞
+ (Ω) and Rγ [f0|G]<∞. Then, fα

satisfies the L∞− uniform bound (5.2) and the following estimates:

1. L2-estimate:

[

‖fα−G‖2L2(Ω)+‖∇xΦ[f
α−G]‖2L2(ω)

]t

0
+

1

α

∫ t

0

∫

∂Ω+

(fα−fb)2(v ·n)

+
1

α2

∫ t

0

∫

Ω×SN−1

|v|N−2
(

√

fα(v)−
√

Fα (|v|2/2)
)2

dvdwds.1.

(6.1)

2. L1-identity:

‖fα(t)‖L1 +
1

α

∫ t

0

∫

∂Ω+

(fα(v)−fα(−v))|v ·n(x)|dσxdvds=‖f0‖L1 . (6.2)

Proof. The L2-estimate follows immediately by analyzing (5.5) using the inequal-
ities stated in Lemma 3.2. The L1-identity is obtained from the weak formulation of
the continuity Equation (5.4).

As a consequence of this lemma, we can establish the following

Lemma 6.2.

1. fα is uniformly bounded in L∞(R+, L2
x,v)∩L∞

t,x,v and Fα is uniformly

bounded in L∞(R+, L2((1+εN/2−1)dxdε))∩L∞
t,x,ε.

2.

fα(t,x,v)=Fα

(

t,x,
|v|2
2

)

+α gα(t,x,v),

where gα is uniformly bounded in [L1∩L2](|v|N−2dtdxdv) and Fα=
P|v|2/2f

α.
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3. The spectral current density Jα is uniformly bounded in L1
t,x,ε.

4. The electrostatic field ∇xφ
α is uniformly bounded in L∞(R+, L2(ω)).

Proof. fα is uniformly bounded in L∞ by identity (5.2); it is also the same for
Fα(ε) := |SN−1|−1

∫

SN−1 f
α(
√
2εw)dw. The decay of the profile γ given in Assumption

(A3) implies that the Gibbs state G belongs to L∞(R+, L2
x,v)∩L∞

t,x,v, and then the
L2-estimate (6.1) leads to the uniform bound for fα in L∞(R+, L2) :

∫

x,ε

Fα(t,x,ε)2(1+εN/2−1) =

∫

x,ε

(1+εN/2−1)

[

|SN−1|−1

∫

SN−1

fα(
√
2εw)dw

]2

≤
∫

x,ε

(1+εN/2−1)

[

|SN−1|−1

∫

SN−1

fα(
√
2εw)2dw

]

.

∫

x

∫

ε≤1

fα(
√
2εw)2+

∫

x

∫

ε≥1

εN/2−1

∫

SN−1

fα(
√
2εw)2

. mes(ω)|SN−1|‖fα(t)‖2L∞ +2‖fα(t)‖2L2 ≤C.

The second point is also a consequence of the L∞ bound and Inequality (6.1). Indeed,
by writing

gα=
1

α

(

√

fα−
√

Fα(|v|2/2)
)(

√

fα+
√

Fα(|v|2/2)
)

,

we infer that

|gα|2≤ C

α2

(

√

fα−
√

Fα(|v|2/2)
)2

,

which gives the L2−bound. The L1−bound is a consequence of the H -older inequality.
Moreover, this distance to the local equilibrium gives a L1-bound of Jα and jα. Finally
the uniform bound for the electrostatic field is obtained from (6.1) thanks to the good
profile of the Gibbs state.

Remark 6.3. We note that, at this stage, the solution of the Boltzmann-Poisson
system only has a uniform bound in L∞(R+, Lp

x) for all p∈ [2,∞]. The analysis used
here does not allow one to obtain directly a uniform bound on ‖ρα‖L1(ω)=‖fα‖L1(Ω).
The main difficulty in obtaining such an estimate is approximating entropy dissipation
terms for high velocities. In [47], the solution of the Boltzmann-Poisson system fα be-
longs to LlogL,with bounded kinetic energy, but no Lp estimate has been established
for p>1. Here, we need a uniform L1−norm for the charge and current densities to
prove compactness (in t and x) for ∇xφ

α.

7. L1−estimate

Now, we would like to analyze the relative entropy dissipation Rγ [f
α|G] to im-

prove the inequalities of Lemma 3.2 and give an L1 control on the distribution function
fα.

Lemma 7.1. Under hypotheses (A1)-(A5), the mass and the kinetic energy are uni-
formly bounded: fα satisfies

t 7→
∫

Ω

(1+ |v|2)fα(t)dxdv∈L∞(R+).
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Proof. The main idea to prove this lemma is to approximate the distribution
function fα for high velocities. Let us come back to the relative entropy Rγ [f

α(t)|G]
and recall that 0≤Rγ [f

α(t)|G]<+∞. More precisely, one can state

βγ(f
α)−βγ(G)−(fα−G)β′

γ(G)=

∫ fα

G

(γ−1(G)−γ−1(s))ds.

By writing the density

ρα(t,x)=

∫

{fα≤θ(G)}

fα dv+

∫

{fα≥θ(G)}

fα dv,

and using (A3), it is easy to see that

∫

{fα≤θ(G)}

(1+ |v|2)fα dv<+∞.

For the second integral, we divide the velocity space and write

∫

{fα≥θ(G)}

fα dv=

∫

{|v|≤A; θ(G)≤fα}

fα dv+

∫

{|v|≥A; θ(G)≤fα}

fαdv= I+II. (7.1)

The first integral is finite using the fact that fα is uniformly bounded in L∞. To
approximate the second one, we choose A≥ c such that for all |v|≥A,

γ(|v|2/2+ φ̃b(x)+Φ[G](x))=G(x,v)≤ η

2
≪1,

and we remark that

II≤‖G‖L1 +

∫

{|v|≥A; θ(G)≤fα}

|fα−G|dv. (7.2)

The convexity of βγ gives

βγ(f
α)−βγ(G)−(fα−G)β′

γ(G)≥
(

inf
0≤s≤1

−γ−1′(G+s(fα−G))
)

|fα−G|2.

The function γ−1 is decreasing and G≤θ(G)≤fα. This implies that

−γ−1(G+s(fα−G))≥−γ−1(fα)≥0, ∀s∈ [0,1].

The assumption

∃a>0 such that −γ−1′(G+s(fα−G))≥a, ∀s∈ [0,1]

implies that

∫

{|v|≥A; θ(G)≤fα; |fα−G|≥η/2}

|fα−G|dv≤ 2

aη
Rγ [f

α(t)|G]<+∞. (7.3)
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When |fα−G|≤η/2, we remark that G≤θ(G)≤fα≤G+η/2≤η. We use the
fact that the function βγ is increasing on [0,η] to deduce

βγ(f
α)−βγ(G)−(fα−G)β′

γ(G)=(|v|2/2+ φ̃b+Φ[G])(fα−G)+βγ(fα)−βγ(G)

≥
(

|v|2/2+ φ̃b+Φ[G]
)

|fα−G|,

and hence
∫

{|v|≥A; θ(G)≤fα; |fα−G|≤η/2}

(|v|2/2+ φ̃b+Φ[G]) |fα−G|≤Rγ [f
α|G]<+∞. (7.4)

By combining (7.3) and (7.4) we control fα for high velocities, so that the right
hand side of (7.2) is finite. As a consequence, (7.1) is finite and the density ρα is
uniformly bounded in L1(ω). In the same way we show also that fα is bounded in
L∞(R+; L1(|v|2dxdv)). This completes the proof of Lemma 7.1.

8. Passing to the limit

Now we are able to conclude the proof of Theorem 2.1. We remark that the
uniform bound of fα in L1(1+ |v|2)∩L∞ implies that ρα is uniformly bounded in

L∞(R+, L
N+2

N ). Using the Poisson equation, ∇xφ
α is bounded in L∞(R+,W 1,N+2

N ).
Moreover, using the entropy dissipation, we deduce that jα is bounded in L1

t,x and
then, from the continuity equation,

∂tρ
α+∇x · jα=0 (8.1)

we infer that ∂t∇xφ
α is uniformly bounded in L∞(R+,W−1,1(ω)). Now, by applying

an Aubin lemma we get:

∇xφ
α belongs to a compact subset of Lp

t,x, ∀p∈ [1,2[.

To finish the passage to limit (α→0) we need to identify the weak limit J of the
spectral current density Jα.

Lemma 8.1. The current density J satisfies

J(t,x,ε)=−(2ε)N/2

[
∫

SN−1

(w⊗Q−1(w))dw

]

∇̃x,εF ∈L1
t,x,ε. (8.2)

where ∇̃=∇x−∇x(φ
α+ φ̃b).

Proof. Using the relation

fα=Fα+αgα,

and multiplying the scaled Boltzmann equation by α2, we get

Q(gα)=O(α)D′ +v .(∇x−∇x(φ
α+ φ̃b)∇v)F

α.

By passing to the limit, using the compactness of φα, we prove that there exist F, φ, g
and J satisfying

Fα ∗
⇀ F, in L1∩L∞,

∇xφ
α → ∇xφ, in Lp

t,x,

gα ⇀ g, in L2(|v|N−2dtdxdv),

Jα ∗
⇀ J, in Mb.
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In light of this convergence, one can infer from the above relation, using the fact that
F =F (|v|2/2) and v∈R(Q), that

g=

(

∇xF −∇x(φ+ φ̃b)
∂F

∂ε

)

Q−1(v).

Furthermore, one can express J as a function of g, so that

J : = (
√
2ε)N−1

∫

SN−1

gwdw=(
√
2ε)N

[
∫

SN−1

w⊗Q−1(w)

](

∇xF −∇xφ
∂F

∂ε

)

= −D(ε)

(

∇xF −∇x(φ+ φ̃b)
∂F

∂ε

)

∈L1
t,x,ε.

Now, we can pass to the limit (as α goes to zero) in the spectral equation satisfied by
Fα and Jα, thanks to the compactness of ∇xφ

α, and obtain

∂F

∂t
+∇̃x,εJ =0, in D′(R+

t ×ω×]0,∞[).

The L2−estimate (6.1) gives the strong convergence of (fα)|
Γ+

to the Gibbs state
G. By passing to the limit in the Poisson equation we obtain that (F,φ) is a weak
solution of the coupling SHE-Poisson system since F and J are in L1.

9. Concluding remarks

Remark 9.1. We remark that the renormalized solutions for the Boltzamm-Poisson
system have a weak sense. Indeed, the analysis of the entropy dissipation R[fα|G] al-
lows us to prove, using interpolation arguments, that the charge and current densities
belong to some Lp for p>1. This is enough to give a weak sense for the renormalized
solutions. We point out that in our analysis we need a uniform bound for the density
and the kinetic energy in order to get a time-compactness for the potential.

Remark 9.2. The analysis of diffusion approximation depends also on the regularity
of the solution of the limit model. We remark that if the solution of the SHE-Poisson
system has a Sobolev regularity, one can hope to obtain a rate of convergence using
the Hybrid Hilbert expansion method. The additional difficulty in obtaining such a
result is to prove that (αjα) converges to 0 in some Lp for p>1 (see [11, 48] for precise
details). So, we can formally state

‖ρα−ρF ‖L∞(0,T ;L1(ω)).α
1/3.

Since this result is formal we restrict ourselves to present the ‘approximation’ of the
current density. It is the subject of Appendix A.

Appendix A. The current density.

Lemma A.1.

∫ ∞

0

‖jα(t)‖
L

6
5
dt.α− 2

3 . (A.1)

Proof. Let us write

jα= |SN−1|
∫ ∞

0

Jα(ε)dε=

∫ ∞

0

(
√
2ε)N−1

α

∫

SN−1

(

fα(
√
2εw)−Fα(ε)

)

wdwdε.
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Let R>0. Then,

|αjα| ≤
∫ R2/2

0

(
√
2ε)N−1

∫

SN−1

∣

∣

∣

(

fα
(√

2εw
)

−Fα
)∣

∣

∣
dwdε

+

∫ ∞

R2/2

(
√
2ε)N−1

∫

SN−1

∣

∣

∣

(

fα
(√

2εw
)

−Fα
)∣

∣

∣
dwdε := I+II.

Using the L∞ bound of fα, we infer that

|I| ≤
∫ R2/2

0

∫

SN−1

(fα−Fα)(
√
2ε)N−1dwdε

≤
(

|SN−1|
∫ R2/2

0

(2ε)dε

)1/2
(
∫ ∞

0

∫

SN−1

(fα−Fα)2(2ε)N−2dwdε

)1/2

. R2

2

[
∫ ∞

0

∫

SN−1

(fα−Fα)2(2ε)N−2dwdε

]1/2

,

and

|II|. 1

R

∫ ∞

0

∫

SN−1

(
√
2ε)N Fα(t,x,ε)dwdε.

Let R be such that

R3=

∫ ∞

0

∫

SN−1

(
√
2ε)N Fα(t,x,ε)dwdε

[
∫ ∞

0

∫

SN−1

(fα−Fα)2(2ε)N−2dwdε

]1/2
.

This choice of the radius R is optimal and leads to

|αjα|.
(
∫ ∞

0

∫

SN−1

(
√
2ε)N Fαdwdε

)2/3[∫ ∞

0

∫

SN−1

(fα−Fα)2(2ε)N−2dwdε

]1/6

,

or also, using the fact that the kinetic energy is bounded,

∫ T

0

‖jα(t)‖L6/5dt≤ CT

α

[

∫ T

0

∫

ω

∫ ∞

0

∫

SN−1

(fα−Fα)2(2ε)N−2dwdε

]1/6

,

so that

∫ T

0

‖jα(t)‖L6/5dt≤C
α

[
∫

ω

∫ ∞

0

∫

SN−1

(fα−Fα)2(2ε)N−2dwdε

]1/6

≤Cα−2/3,

which ends the proof of (A.1).

Appendix B. Existence of a renormalized solution. Here we would like
to prove the existence of a renormalized solution for the Boltzmann-Poisson system
(1.1)–(1.5) (Theorem 5.2). The proof is divided in three steps, and to simplify the
presentation we drop the parameter α. In a first step, we regularize the Boltzmann-
Poisson system with a cut-off cross section and construct a uniformly bounded weak
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solution. Then, we remove the regularization of the Poisson operator. In a second
step we establish a uniform entropy identity and finally we pass to the limit to obtain
a renormalized solution for the unmodified system.

First step: Regularization. Let R>0. We define a cross section σR:

σR(x,v,v
′) :=σ(x,v,v′)1|v|≤R(v)1|v′|≤R(v

′)

and QR:

QR(f)(v) := |v|N−2

∫

SN−1

σR(x,v, |v|w) [f(|v|w)−f(v)] dw=Q+
R(f)−λR(v)f(v),

(B.1)
where Q+

R stands for the gain part and λR is an absorption term. The regularized
Boltzmann-Poisson system is the following



















































∂tf+
(

v ·∇xf−∇x(φ+ φ̃b) ·∇vf
)

=QR(f),

−(1−η∆x)
2m∆xφ=ρ=

∫

RN

f dv,

f(0,x,v)=f0(x,v)χ|v|≤R,

f(t,x,v)=fb=γ(|v|2/2+φb), (x,v)∈∂Ω−,

φ=∆xφ= . . .=∆2m
x φ=0, x∈∂ω,

(B.2)

where η is a nonnegative parameter and m∈ IN∗.
A standard computation shows that the operator QR is bounded in L2∩L∞ and
satisfies

∫

|v|≤R

QR(f)

(

1
|v|2

)

dv=

∫

RN

QR(f)

(

1
|v|2

)

dv=

(

0
0

)

. (B.3)

It is also known that (B.3) is enough to apply the Schauder fixed-point procedure
and construct a weak solution (fη,R,φη,R) for (B.2). Moreover, the following assertions
are satisfied:

• fη,R is uniformly bounded with respect to η and R in L∞∩L∞
loc(R

+, L1
x,v).

• fη,R is uniformly bounded with respect to η in L∞
loc(R

+, L1(|v|2dvdx)).
• ρη,R is uniformly bounded with respect to η in L∞

loc(R
+, L

(N+2)/N
x ) and in

L∞
loc(R

+, L1
x,v) with respect to η and R.

• jη,R :=
∫

RN vfη,Rdv is uniformly bounded in L∞
loc(R

+, L
(N+2)/(N+1)
x ) with re-

spect to η.

• ∇xφη,R is relatively compact in L2
loc(R

+, L
(N+2)/(N+1)
x ) uniformly with re-

spect to η.

We refer to [11] for similar results. We remark that in present regularization we
do not cut-off the velocity variable for the charge and current densities. We stress
that we cut-off the initial data in order to assume only a finite relative entropy at
t=0. Generally, we assume that initial data should have a finite kinetic energy.
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By letting η→0, we obtain a weak solution (fR,Φ[fR],ρR,jR) for

(BP )R



























































∂tfR+v ·∇xfR−∇x(Φ[fR]+ φ̃b) ·∇vfR=QR(fR),

fR(0,x,v)=f0(x,v)χ|v|≤R,

fR(t,x,v)=fb=γ(|v|2/2+φb), (x,v)∈∂Ω−,

−∆xΦ[fR]=ρR=

∫

RN

f dv,

Φ[fR]=0, x∈∂ω.

(B.4)

Second step: Uniform entropy-dissipation

Lemma B.1. Weak solutions of the modified system (B.4) satisfy the weak uniform
maximum principle (5.2), the corresponding spectral and continuity equations stated
in Theorem 5.3, and the following relative entropy:

d

dt
Rγ [fR|G]+R+

γ [fR|G]+
∫

Ω

QR(fR)γ
−1(fR)=0. (B.5)

Proof. We begin by writing the Boltzmann equation as a Vlasov transport
equation

∂tfR+v ·∇xfR−∇x(Φ[fR]+ φ̃b) ·∇vfR+λR(v) fR=Q+
R(fR),

noting that λR is a nonnegative absorption term and Q+
R preserves positivity. Using

the characteristic method [2, 5] one can show that fR verifies the weak maximum
principle (5.2). A suitable choice of a sequence of test functions allows to define the
spectral Equation (5.3):

∂FR

∂t
+∇̃ ·JR=0, in D′(R+× ω̄×R

+
ε ),

where the spectral density and current are

FR=
1

|SN−1|

∫

SN−1

fR(
√
2εw)dw, JR=

(
√
2ε)N−1

|SN−1|

∫

SN−1

fR(
√
2εw)wdw,

and the total gradient is ∇̃ :=∇x−∇x(Φ[fR]+ φ̃b)
∂
∂ε .

In the same way we get a weak sense of the continuity Equation (5.4):

∂ρR
∂t

+∇x ·jR=0, in D′(R+× ω̄). (B.6)

Furthermore, the function βγ(fR) is a weak solution of (5.1) in the sense that we
renormalize the initial and inflow boundary data:

βγ(fR)|∂Ω−
=βγ(fR|∂Ω−

) and βγ(fR(t=0))=βγ(f0χ|v|≤R).

Therefore,

d

dt

∫

Ω

βγ(fR)+

∫

∂Ω−∪∂Ω+

βγ(fR)(v ·n(x))=
∫

Ω

β′
γ(fR)QR(fR). (B.7)
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Since the solution is weak and the initial data fR

∣

∣

∣

t=0
∈L1(|v|2dxdv), one can multiply

the Boltzmann equation (satisfied by fR) by |v|2/2 and get

1

2

d

dt

∫

Ω

(|v|2+Φ[fR]+2φ̃b)fR +

∫

∂Ω+

(

1

2
|v|2+φb

)

fR |v ·n(x)|

=

∫

∂Ω−

(

1

2
|v|2+φb

)

fb |v ·n(x)|.
(B.8)

The continuity Equation (B.6) and the homogeneous Poisson equation −∆xΦ[fR]=ρR
lead to

d

dt

(

1

2

∫

Ω

(fR−G)Φ[fR−G]
)

=

∫

Ω

∂

∂t
(fR−G)Φ[FR−G]

=

∫

Ω

(fR−G) ∂
∂t

Φ[fR−G] =
d

2dt
‖∇xΦ[fR−G]‖2L2 .

Moreover, Φ[G] vanishes on ∂ω and satisfies

1

2
|v|2+ φ̃b(x)=−Φ[G]−β′

γ(G),

∫

∂Ω±

(

1

2
|v|2+φb

)

fR=−
∫

∂Ω±

fRβ
′
γ(G),

and by remarking that
∫

Φ[g]f =
∫

Φ[f ]g, we can establish

d

2dt

∫

Ω

[

|v|2+Φ[fR]+2φ̃b

]

fR=
d

dt

∫

Ω

[

1

2
(fR−G)Φ[fR−G]−fRβ′

γ(G)

]

.

On the one hand, the sum of (B.7) and (B.8), according to the above identities, gives

d

dt

∫

Ω

[

βγ(fR)+
1

2
(fR−G)Φ[fR−G]−fRβ′

γ(G)

]

+

∫

Ω

QR(fR)γ
−1(fR)

+

∫

∂Ω+

|v ·n|
(

βγ(fR)−fαβ′
γ(G)

)

=

∫

∂Ω−

|v ·n|
(

βγ(fR)−fRβ′
γ(G)

)

(B.9)
On the other hand, the Gibbs state is even (G(v)=G(−v)) and does not depend on
the time variable; this property leads to

d

dt

∫

Ω

(Gβ′
γ(G)−βγ(G))=

∑

±

±
∫

Γ±

(Gβ′
γ(G)−βγ(G))|v ·n|=0. (B.10)

Finally, the sum of (B.9) and (B.10) gives (B.5) and ends the proof of Lemma B.1.

Third step: (R→0).
As a consequence of Lemma 3.2, we deduce immediately that

• fR (resp. FR) is uniformly bounded in L∞(R+, L2
x,v) (resp. L∞(R+, L2

x,ε)).

• JR is uniformly bounded in L1
loc(R

+, L1
x,ε).

• The trace fR|∂Ω+
is uniformly bounded in L∞(R+, L2(|v ·n(x)|dxdv)).

• ρR (resp. jR) is uniformly bounded in L∞
loc(R

+, L1) (resp. L2(R+, L1)).

• ∇xΦ[fR] is relatively compact in L2
loc(R

+, Lp
x) for all p∈ [1,2[.
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With these estimates, we can pass to the limit R→0 and obtain the existence of
(f,Φ[f ]) : a renormalized solution of the initial Boltzmann-Poisson system such that

fR
L2

⇀f,

FR
L2

⇀F = |SN−1|−1

∫

SN−1

f(
√
2ε)dw,

JR
∗Mb⇀ J = |SN−1|−1(

√
2ε)N−1

∫

SN−1

f(
√
2ε)wdw,

(ρR,jR)
∗Mb⇀ (ρ,j)=

(
∫

RN

f dv,

∫

RN

f vdv

)

,

−∆xΦ[f ]=ρ, Φ[f ]=0, on ∂ω.

Moreover, the spectral equation and the continuity equation are satisfied in the weak
sense, and by a convexity argument and a velocity averaging lemma we can state the
relative entropy inequality:

Rγ [f |G](t)+
∫ t

0

R+
γ [f |G](s)ds+

∫ t

0

∫

Ω

Q(f)γ−1(f)≤Rγ [f0|G], (B.11)

which ends the proof of the existence of renormalized solution for Boltzmann-Poisson.
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