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ASYMPTOTIC STABILITY OF RAREFACTION WAVES IN
RADIATIVE HYDRODYNAMICS*

CHUNJIN LINT

Abstract. In this paper, we study the asymptotic stability of rarefaction waves for solutions to
a one-dimensional radiative hydrodynamic system which couples hyperbolic-elliptic equations. We
assume that the initial data tend to constant states at x =400, respectively, and that the corre-
sponding Riemann problem for the compressible Euler equations admits a continuous rarefaction
wave solution with small strength. If the initial perturbation is small, the solution is proved to
tend to the rarefaction wave as t — +oo. The proof is based on the L2?-energy method and elliptic
estimates.
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1. Introduction

We consider a system of PDEs describing astrophysical flows, where a gas interacts
with radiation through energy exchanges. The evolution of the gas is governed by the
following system of equations, written in Lagrangian coordinates:

Ve — Uy :O7
(e+u?/2)+ (pu+q). =0,

where v >0, u, and e >0 represent the specific volume, the velocity and the specific
energy of the gas, respectively, p is the pressure and ¢ denotes the radiative heat
flux. The radiative heat flux ¢ satisfies the following elliptic equation, still written in
Lagrangian coordinates:

qx 4
(U)x—l—vq—i—(H ), =0, (1.2)
where 6 >0 is the absolute temperature of the gas. System (1.1)-(1.2) can be formally
derived by asymptotic arguments, starting from a more complete system involving a
kinetic equation for the specific intensity of radiation; see the appendix of [9] and the
references therein. We also refer to [15, 22] for the physical background.

In (1.1) and (1.2), v, u, 6 and ¢ are chosen as independent variables. The pressure
p and the specific internal energy e are related to v and 6 by

p(v,@):%a, e:%ﬁzzcvé, (1.3)

where R is the perfect gas constant, v > 1 is the adiabatic constant, and ¢, = R/(y—1)
is the specific heat at constant volume.
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208 STABILITY OF RAREFACTION WAVES IN RADIATIVE HYDRODYNAMICS

In this paper we are interested in the asymptotic stability of the rarefaction waves.
To this end it is convenient to work with the equation for the specific entropy s. The
second law of thermodynamics asserts that

0ds=de+pdo. (1.4)

From (1.3) the expression of the specific entropy s can be obtained: we have Aexp = =
p (v)Y with A a constant. The pressure p , the temperature 6, and the internal energy
e can be viewed as functions of v and s:

p=p(v,s), Qzé(v,s), e=¢é(v,s).

Note that Assumption (1.3) yields many algebraic simplifications, but we believe that
our results still hold for a general pressure law satisfying the usual requirements of
thermodynamics. In variables of v, u, and s, system (1.1) reads

UVt —Ug = 07
ut+p(v,8)z =0, (1.5)
St + = dx :0,

O(v,s)

In what follows we study the coupled system (1.2), (1.5). This system is completed
by imposing the initial data

(v, u, $)(0,2)=(vo,ug,80)(x) = (vg, us, $1), as & — o0, (1.6)

where vy >0, u+, and s4 are constants which can be connected by a rarefaction wave.
Since we focus on the stability of rarefaction waves, throughout this paper we assume
that s, =s_=35.

Next we introduce an approximation for our system (1.2), (1.5) by neglecting the
derivatives ¢, and ¢ , i.e.:

vy —uy =0,
Ut +ﬁ(vvs)m:07 (17>
St:().

We can still associate to the solution of (1.7) the following quantity:

g=— (54(0,3))96/@. (1.8)

Note that system (1.7) is the usual compressible Euler system. There are two families
of rarefaction waves for (1.7) which are solutions of the compressible Euler Equation
(1.7) with the Riemann data

(v, u, 8)(0,2) = (v, ull,s&)(x) = (vi, uy, 5), for x=0. (1.9)

For illustration, we only consider the 1-rarefaction wave. In this case, we assume
that the asymptotic data satisfy v_ <wv,. The rarefaction wave (VI UE SF)(t z) is
characterized by

A (VE(t, 2,5) =—/—p,(VE(t,2),5) =wh(t,x),

SE(t,x)=5,
VE(t,x)
UR(t,z)=us — Ai(z,8)dz,
vt
Mo (VE(t,z),SE(t,2)) >0,
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where Aj(v,s) is the first characteristic speed of the compressible Euler system (1.7)
and w’(t,z) is the unique solution to the following Riemann equation

wl +wlwl =0, 1.10

w?(0,7) =wl(z) =ws := A1 (v, 3), for =0. (1.10)
Since w_ < w., system (1.10) admits a unique continuous solution which will be given
by (2.3) in §2.

Also associated with the rarefaction wave (VE UZE SE ©F)(t,r), the radiative
flux Q¥ is defined by the equality (1.8) with é(v,s) replaced by ©F zé(VR7SR). The
case for the 3-rarefaction wave can be discussed similarly. For more details about the
rarefaction wave of compressible Euler equations, we refer to [20, 19, 1].

Under the above preparation, our asymptotic stability result on the rarefaction
wave (VE U ST)(t ) is stated in the following theorem.

THEOREM 1.1. Let (VE, UR SE)(t,z) be the 1-rarefaction wave solution to the
Riemann problem of the compressible Euler system (1.7), (1.9). Assume that the
initial data (vo, ug, So)(x) of the Cauchy problem (1.2), (1.5), (1.6) satisfy

(vo(z) —v+,up(z) —us) € L*(Ry),
(0pv0(),0zu0(z)) € HY(R).

Let (V,U,0)(t,x) denote the smooth approzimation of the rarefaction wave constructed
by (2.2) in §2, which satisfies the classical Euler system (1.7). We suppose also that

[[(vo(2) =V (0,2),u0(x) =U(0,2),50(x) = 5) || g2 (s

is sufficiently small. Then the Cauchy problem (1.5)-(1.6) admits a unique global
smooth solution (v, u, s, q)(t,z) satisfying

lim sup{|(v(t,x)—VR(t,$), u(t,z) - UR(t,z), s(t,m)—§)|}=0.

t_)+OOLE€R

REMARK 1.2. Theorem 1.1 states the stability of weak rarefaction waves. In fact,
V(0,z) defined in §2, satisfies

vy —v_|
IV(0,2) ~ v sy =00 =,
where € >0 is a parameter intended to be small. Thus the assumption about the

initial perturbation suggests |[v; —v_|=o0(¢e). In the same way, |uy —u_|=o0(e).

Concerning the large-time behavior of the solutions to the problem (1.1)-(1.2),
Kawashima, Nikkuni and Nishibata in [5] showed the global in time existence of solu-
tions in the neighborhood of a constant state in Eulerian coordinates. The situation
when the data leads to a shock has been investigated recently in [9], where the ex-
istence of a shock profile is established and in [10], where the stability of the shock
profile is analyzed. In these results, a smallness assumption on the strength of the
shock in needed (by contrast to the scalar case dealt with in [7]). In [10], it is proved
that the solution to the problem (1.1), (1.2) approaches the travelling wave of the
shock profile (existence result were obtained in [9]):

(‘/;U,@,Q)(t,l') = (V:U,@,Q)(.’II—O't),
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which is the exact solution of (1.1), (1.2) satisfying (V,U,0,Q)(£o0) = (v4,u+,0+,0),
where o is the constant called the speed of shock. In the case of 1-shock, the asymp-
totic data verify v_ > vy, while here for a 1-rarefaction wave we study the case v_ <wv.

Such a problem of the stability of the rarefaction wave has been well studied for
viscous regularization of hyperbolic systems and the relaxation approximation of con-
servation laws. For example, the stability of the rarefaction wave for the compressible
Navier-Stokes equations has been studied in [11, 4, 16], and in [13, 14] the authors
proved the stability of the rarefaction wave for the isentropic flow. For the relaxation
approximation of conservation laws, we refer to [12, 23, 17]. We also mention that the
vanishing viscosity limit to the rarefaction waves for the Navier-Stokes equations was
studied in [2]. By introducing a scaling argument, the problem reduces to the stability
of a rarefaction wave for the compressible Navier-Stokes equations with non-smooth
initial data.

In [8, 18], the stability of the rarefaction wave for a simplified model of radiating
gas dynamics has been proved. This simple model, which can be seen as a prototype
for discussing the coupled system (1.1), (1.2) is a Burgers-type equation coupled with
a linear elliptic equation for the radiation, so that the equation for the gas is scalar.
Here, inspired by [16, 11], we wish to deal with the full system of hydrodynamic
equations coupled with a nonlinear elliptic equation.

The content of this paper is as follows. In §2, following [11, 4, 16], we define
a smooth approximation of the rarefaction wave solutions and give some properties
of this approximation. Then we reformulate system (1.1), (1.2) by considering the
perturbation from the smooth approximation of the rarefaction wave and state the
stability result for the reformulated system. That stability result is proved in §3 by the
standard energy method combined with elliptic estimates. Notice that these elliptic
estimates are crucial and make the analysis different from the case of compressible
Navier-Stokes, as discussed in [11, 4, 16].

In the rest of this paper, we use C' or O(1) to denote a generic positive constant
which is independent of ¢ and z. H' (I>0) denotes the usual Sobolev space with the
norm ||-||;. Let ||-|| denote the usual L? norm, and |-|, denote the L? norm. Note
that |[-flo=|l-I=1-|2.

2. Smooth approximation and the reformulation problem

Following [4, 11, 16], to prove the stability result, we make use of a smooth
approximation of the l-rarefaction wave (VZ, U, S%)(¢,z). Given a small but fixed
constant € > 0, let w(z,t) be the unique global smooth solution to the Cauchy problem:

{wt—l—wwmz(), 2.1)

w(0,7) = wp(z) 1= L5+ + LU= tanh(ex),

where wy = A1 (v4,5). Then, V(t,2), U(t,x), S(t,z) and O(t,x) are defined by

Al(V(tv$>7§) = _V(t_?va/(tvx))g) = w(t,a:),
U(t,x):ui—/ Ai(z,s)dz, (2.2)
S(tx)=s,
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In fact w(t,x) is a good approximation of w(¢,x), the continuous solution of the
Riemann problem (1.10); see [13, 21]. Since w_ <wy <0, wf(t,2) =w?(%) can be
given by

w-, £<w*a
wh(@) =S¢ wo<E<wy, (2.3)
Wy, §>’U)+.

We shall see that w(¢,z) fulfills some regularity proprieties. Consequently, (V,U,©)
is a good approximation of the 1-rarefaction wave (VE UF ©F) (see [13, 21]), and
we will say that (V,U,0,5) is the smooth approximation of the rarefaction wave.
The estimates on the smooth rarefaction wave are obtained through the properties of
w(t,x), which is the unique solution to the Cauchy problem (2.1). Since the initial
data wg(z) are strictly increasing, and by the characteristic method, we have the
following properties [4, 16]:

LEMMA 2.1. If w_ <w., then the Cauchy problem (2.1) has a unique global solution
w(t,x) satisfying

1. wo <w(t,x) <wi and wy(t,x) >0, for all (t,z) eRT xR,

2. For any p (1<p<o0), there ezists a constant C,, such that

1 1 1
»owrt e

[wg (8) | SCpmin{u?El ,

0L w(t)], < Cpmin{we' =5 &'t} 1>2

9
where W= |w_ —w4|.

3. lim_sup|w(ta)—w® (T)|=0.
Amsupfetn) —ets

According to (2.2), the functions (V,U,S,0)(t,z) defined by w(t,z) are globally
well-posed and smooth. Furthermore, we check that (V,U,S,0)(t,x) verify

‘/t 7U’E :07
St:(),

Ot +p(V,0)U, =0.

Due to Lemma 2.1, (V,U,0,5)(t,z) also have the following properties:

LEMMA 2.2.  Let us denote §=|v_—vi|+|u_—uy|. The smooth functions
(V,U,0,5)(t,x) constructed above have the following properties:

1. Vi=U; >0, for all (t,x) ERT xR.

2. For any p (1<p<o00), there exists a constants Cp, such that

1

|Vx;Uz,®x|p SCpmin{dfl_%v(S;t_l+%}7
|0L(V,U,0)], §C’pmin{(5el*%,gl’1*%t—1}, [>2.

3. |[(V,U,0)(t,2)| <C{(V,U,0).(t,x)|.
4l sup|(V.U,S,0) (1) — (VU S%,07)(1,2)] = 0.
t*)%*OOmGR
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Under the above preparations, let us state the reformation problem. To this end
we set

(@7¢a¢7§72)(t’$) :(v—V,u—U,@—@,s—§,q—Q)(t,a:),

and recall that Q(t,2)=—(0*(t,2))./V (t,z). Here (¢,%,¢,2)(t,x) represents the per-
turbation of the rarefaction wave, and solves

Pt 7¢I :07
Ui+ [p(v,0) =p(V,0)]. =0,
(©%)s

et + 0. 0) (VO (0 8)is 2= (1572
e () e e {(55) 4

with the initial data

(,4,0)(0,2) = (0, %0, 60) (x) := (vo(2) = V(0,2),u0 = U(0,2),00(x) = ©(0,2)). (2.5)

In what follows we choose ¢, 1,¢ and z as independent variables. For any T >0,
we define the functional space:

(¢, v, 6) € L(0,T; HA(R)),
X(0.7)=3 (¢, ¥, ¢, )(t0)|  (por b, 6,) € L2(0,T:H(R)),
2 € L(0,T; H¥(R)(\L2(0, T; H (R))

Thus we are going to prove the following result:

THEOREM 2.3. Under the hypotheses stated in Theorem 1.1, the Cauchy problem (2.4)
admits a unique global solution (¢, ¥, ¢, z)€ X(0,400). Furthermore the solution
satisfies the following uniform estimate:

(e, ¥, ¢)(7f)||§+||Z(7f)||§+/0 IV2(7) (0, 0) (r)|2dr

+ / (1(@ar Brr 62) (D2 +12(DIZ)dr < Cll(g0r w0, d)(BIB+e2),

(2.6)
for any t>0.

The global existence follows by combining a local result and the a priori estimate
(2.6). The local existence of solutions of such a hyperbolic-elliptic system is proved
by the standard iteration method; we omit the details and refer to [5, 6]. Hence, to

complete the proof of Theorem 2.3, the crucial step is to show the a priori estimate
(2.6). To this end, we set

N(t)?*= sup (ll(e, ¥, )3 +I2(T)II5).

T€[0,t]
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PROPOSITION 2.4. Let T>0 and let (o, ¥, ¢, 2)€ X(0,T) be the unique solution
to system (2.4), (2.5). Then there exists a constant € independent of T such that if
N(T)<g, and e <é, then the estimate

(e, ¥, Q)O3+ 213+ /HVE” )(0,0)(7)|[2dr
/ Iz, Yo, b)) +]2(7)I3) dr < C(ll(w0, Yo, bo)(t)lI3+eT)

holds for any t € [0,T], where the constant C does not depend on T.

It follows from Proposition 2.4 and the standard continuation argument (c.f [3])
that we get the proof of Theorem 2.3. The proof of Proposition 2.4 is given in the
next section, and is based on the energy method combined with the elliptic estimates.

3. A priori estimate

In this section we will use the energy method to the perturbation system. Firstly
we show the L (H?) estimate of the fluid perturbation variables (¢,1,¢). Notice that
linearizing the equations around the smooth approximation of the rarefaction wave is
no longer a valid approach. As pointed in [10], this is because the dissipation intro-
duced by the elliptic equation is not strong enough to control the linearization errors.
However, the standard symmetrization of the quasi-linear form of the perturbation
system (2.4) works, as we shall see below. Following [3], we then give the L?(H!)
estimate of the derivatives of the fluid perturbation variables (y,1). Eventually the
elliptic inequalities will be given by using the elliptic equation.

3.1. L*°(H?) estimate. In this paragraph we wish to prove the following
proposition.

PROPOSITION 3.1. Under the assumptions stated in Proposition 2.4, there holds

\\(w,w,¢><t>||§+/ { IR+ IV .02 bar

SC(N( el (N () +e / (ot ) (7 >||1dT) 31)

We split the proof of Proposition 3.1 into two lemmata. Firstly we prove the
following

LEMMA 3.2. Under the assumptions stated in Proposition 2./, there holds

IO+ [ (VT I+ ar

(3.2)
<C<||(5007¢o,¢0)||2+1\7 / | (pusba) (T )||d7-+51/4>

Proof.  Following [16, 11], we introduce the normalized entropy n(e, ¥, ¢, z)
around the smooth rarefaction (V,U,0) as

(g, ¥, ¢,2)=e(V+¢,0+¢)+ 1 (U +v)? - [e(V,0)+ $U?]
[p<v,@>so+w+@<ss>],
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and notice that é,(v,s)=—p(v,0), és(v,s) =0. It is easy to show that n satisfies the
following equality:

vz +zm/v

77t(907 ZZ% ¢7Z) 4093 +{ }CE

3 (3.3)
=+ |:p(v,9) *p(v,e))‘kp(“/}@)@* (Z/,®¢:| Ur :ZHZ3

where the functions H; are defined as

92 B 0% gy P 1
6> 49@3(@ e~ 390519 == (o9 .

oe(5) [o+ )]

Z(b%

Hi=— O, +

z
z 4003

Here and after, {}m denotes the terms that will vanish after integrating with re-
spect to z. Observe that p,(v,8) =—p/v, ps(v,5)=p/c,. Thus, integrating (3.3) with
respect to t and x over [0,¢] x R yields

IO+ [ (VT 126012} ar
sc<||<¢o,¢o,¢o)||2+ [ _wa,x)ddxdf) (3.4)

where we have used the properties of the smooth approximation of the rarefaction
wave, Lemma 2.2. Then we estimate all the terms in the right-hand side of (3.4). We
start with

t t t
//|H1(T7m)|dde§C//|@I||z||(<p,gb)|d7+//|@wzz$|dxd7. (3.5)
0JR 0JR 0JR

Using the Sobolev, Young and Hoélder inequalities, the first term in the right-hand
side of (3.5) can be estimated by

/ / 10, 112l/(p.0)dr <C / 1.8 (P12 (2 o0) (1) 12 ()| () [ dr
0JR 0

<C (N(t)6/0t II(%,%)(T)2d¢+/0t||@m(7)||4/3d7>
<C (N(t)G/OtII(%%)(T)2dr+51/4) .

Note that in the last inequality we have used Lemma 2.2 and the following inequality

/\al (r)[e+dr < sup [2L6( |a/ L) hdr

7€[0,t]

Hy=—

- (60%¢° +40¢° + ¢*)

< sup |0LO(T) / 0Le(r)dr

T€[0,]

+oo
< sup |0LO(T)" (/ 916 d7+/ |a;@(7)|gdf).
T€[0,t]
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Similarly by the Holder and Cauchy-Schwarz’ inequalities and Lemma 2.2, the second
term in the right-hand side of (3.5) can be estimated as follows

//\@ zzx\dxd7</ |©2(7)|oo| 222 (7)1 dT<C€/ Iz(r)[I3dr .

Thus we have

AtA|H1(T,x)|dxdT<C{/0t (N2 ([0 62) (P2 + el ()12 )d7+51/4}

where we have used the fact that N(7') is sufficiently small. Next, the term H2 in the
right-hand side of (3.4) can be estimated as follows

/ot/R |Ho(7,2)|dadr
((@4)x>
V x

t t
N(b)? / b ()| +
0 0 1

1 ! 2 1 (@4)93 i 1 ?
+1/0 llz(T)|I1 o Jr v( v )z’ <‘49@3 )dIdT
<3 [ lemar o {nw? [ mipar+<),

and the term of H3 in the right-hand side of (3.4) can be estimated as follows

4
3

dr

2 1
\we7 ),

[ [ striazie<c [ [ (06.21+10.26% 641206 avar
<on (o) [ (1 + e+ V0N ar.

Substituting the above estimates of H,;, i=1,2,3, into (3.4), and using the fact that
N(t) and ¢ are sufficiently small, gives the desired estimate (3.2). d

To prove Proposition 3.1, it remains to show the L>(L?) estimates of the deriva-
tives of (p,1,¢). We need to use the standard symmetrization of the quasi-linear form

of the perturbation system (2.4) to prove the following lemma:

LEMMA 3.3. Under the assumptions stated in Proposition 2.4, there holds

1 (@osthas ) ()12 + /nzz J[2dr —C(N /||\/vt (0,8)(r)|Pdr

(3.6)
~C(N(t)+e / (.0 (DI} dT<C(H(<PO’¢07¢0) [2+£74).
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Proof. Following [3, 10], we recast the system (2.4) as

— ¥, =0,
R, o 0O, quV
_R(v)g@w—fl RV V2 2

4
C1J¢f+R;wT+ZT - <(®Vv)m> :f2 = [p(’[},e) 7p(‘/7®)]U

o (), e (5)2),

_f R P 94)1 _(4@3) (b_ (6@2¢2 +4@¢3+¢4)
= J3:= % T z
Then we apply 0, to the above system, and multiply the resulting equations by

2 2 2 .
Pz, BgVa, gz P and o5z 72z, respectively. We get

P+

6

E1(<p”l/}a¢)t+{"'}E+E2(chazrz):ZHJ', (38)

=4

with
1 2 S
Bulp.0)=3 (¢ Ly +lamd),

3
v 9 VZgy

10502t 1g3p2°

v 02 25 Zgm 02 02
H4=(9)z¢zwz+(92)m¢zzz— : (436392) +(75), 0245 (mz) o2,
_ 2 [ (9Y), 99, 1l (* =
H5_RW< v ) qb”{( vV v (R&?4@3>x7

’U2
ROT” 392 4@3 R9

We shall estimate the functions Eq,Es and H;, j=4,5,6, by using the properties
of the smooth rarefaction wave (V,U,0). Firstly, we have

c(pz(t,x) 95 (t,2) + 63 (t,2)) < Er(p,,0) < C(95 (t,x) + 43 (t,a) + ¢5(t,2)),

E2(vazmx) =

Hﬁz azf1+ 1/1r3 f2+ o2 ’Ef3

EQ(Zfb’ZIfﬂ) > C(Zz(tax) -I—sz(t,x)),

with some positive constants ¢ and C. Next the functions #H;, j =4,5,6, are estimated
as follows:

Hy gC(N(t)+€)|(1/)x,¢a;,2x,2m)(ta$)|2>

2

4
Hs < C (el (t.0)] +2 <(®V)w> + 41z ()
©,\ 11| 2 N\ [
)] ol i) )
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Hs <CN (1) +2) (1V Vil 8) (10 + (00 82) (1) + 220 (8,2) )

where we have used the Cauchy-Schwarz inequality. Note that fot 1((©%) 2/ V) zz||?dT <
Ce3. By integrating (3.8) over [0,#] x R with respect to variables ¢ and x respectively,
and using the above inequalities, we have

| (artber o) (1) 2+ / 2 (7 |2dr — C(N(t) +£) / |(@ortber ) (7)Pdlr

(3.9)
—C(N / VY07 (2.0) ()2 < Ol (poro, o) |2 +€74).

Similarly we apply 92, to the system (3.7), multiply the resulting four equa-
tions by @z, %Zﬁm, }%’—;qﬁm and fﬁgé’—; respectively. Calculating their sums and

integrating the resulting equality over [0,¢] x R, we can get the following estimate:

e / 0z (r) [rdr = CN(0) ¢ / 1(Portbrsa) (P12
(3.10)
_C( / ”\/‘/ti QO ¢ HQdT<C(H(¢0a¢07¢0)wz”2+€1/4)

We omit the details here. Using the estimates (3.9) and (3.10), we get the desired
estimate (3.6). d

With the estimates (3.2) and (3.6), we can easily get the inequality (3.1) and the
proof of Proposition 3.1 is complete. To finish the proof of Proposition 2.4 we need
now to estimate the last integral in (3.1). We shall start by estimating the derivatives
of ¢ and v in the H! norm in Section 3.2 and then we will discuss ¢ in Section 3.3.

3.2. L?*(L?) estimates. In this paragraph, we show the L?(L?) estimates of
the derivatives of the perturbation variables ¢ and . We have the following

PROPOSITION 3.4. Under the assumptions stated in Proposition 2.4, there holds

[ Nen@itar=¢ [ (VAT @1 +H(6nz)0IR) dr
<C (10,40 602) I+ (2.6 5) D). (3.11)

Proof. We rewrite the second and the third equations of the perturbation system
(2.4) around the smooth rarefaction wave (V,U,0):

R¢>m 9 POz

. 2V
¢so _Rw + ? 0,

e+ VQQ% f f1+R +R Vo2 (3.12)
o P (6% iR@@ Ry '
Cv¢t+Rwa+sz2f2+< % N Vo + U.

Multiply the above equations by —V ¢, and %ww respectively, then calculate their
sum. We get

RO ) 2V B 2V
7(,01+Vw$+{}a:+ (V'(/)w‘p_c R@@/Jz)t—R%% LSDV ztCy (R@(b) :|’(/Jt

2?2 2V2 = =2V
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Integrating the above equality over [0,t] xR yields

/O (i) (7) |2

t 8 (313)
2 2 J(7,2)|dedT
SC(I(%,%,QSM)II +11(0: ¢, 92) (D) +/O/Rj§_7|7'lg( ;x)|dzd )

with

2V2 2V2
Hr = Rpp). + %%Zx +¢z‘4@*cvwz¢ <R@

t
R © 212 R ©
Y7 V;E T Y, ¥FT v A 17 x T YrFT |
speti (o per) e (g0) (6 Pe)
~ 2V2p =22
Then, by using the Cauchy-Schwarz inequality and Lemma 2.2, the function H; can
be estimated as follows

t 1 t
| [tetrapiaodr < [lgrwnnlar
+C [ 16a )OI+ VT 0.0 P

It follows from (3.12) that for |(¢,,¢)| —0,
[Fil=0 (19O +[6Ve| + |0l + [0l +|opal),
|f2|:C(|@ww‘+‘®w|(|Vw‘+‘®w|))+0(|Ua:<p|+|Ux¢‘+|¢¢x|+|@¢w‘)~
Then, by using the Cauchy-Schwarz inequality and Lemma 2.2, we have

/Ot/R|7‘lS(T,$)dIdTS <i+CN(t)> /0t||(%7¢x)(7.)”2d7_
e ( /ot(”%(m%m<w,¢><T>||2)dT+Ew4>,

Substituting the estimates of H;, j=7,8 into (3.13), and using the fact that N(t)
and ¢ are small enough, we have

[ lenv@lPar—c [ (VAo P60 ar
0 0
<C (0, Bo,500)IIP + (9, 8,162) (1) 2 +21/4) . (3.14)

Similarly, apply 9, to system (3.12), then multiply the second equation and the

third equation by —V ., and %wzm respectively. Calculating their sum and inte-
grating over [0,t] X R, we easily get the following estimate:

[ W@arbaadnPar = [ (IVTD )OI+ 6220 (DI dr

0 + 0

~C [ Npaw)mPar <€ (.00 OIF + g 002) Ol +1).
0

Then using the estimates (3.14), (3.15), we get the desired estimate (3.11) and thus
finish the proof of Proposition 3.4. ]

(3.15)
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3.3. Elliptic estimates. Eventually, we show the elliptic estimates with
which we get the L?(L?) estimates of the derivatives of ¢, and the L>°(L?) estimates
of z and its derivatives; thus the proof of Proposition 2.4 will be complete. We begin
with the L?(L?) estimates of the derivatives of ¢, i.e.

LEMMA 3.5. Under the assumptions stated in Proposition 2.4, there holds

/ 62 (r) 27

<o( [ (1enB+ VTP drte [ loanliar+<).

Proof. Multiply the fourth equation in (2.4) by ¢,, and then integrate the
equality over [0,¢] x R. We get
4
(QV)I <p> dadr

/0t4493¢§dxd7:%)t4¢m ((?)x—vz—@@?’)x
[ [ (55) 4 e

' _ 22 3, 4
"‘/0/]R ¢ {60%¢° +40¢° +¢"} dxdr. (3.16)

By the Cauchy-Schwarz inequality, the first term in the right-hand side can be esti-
mated as

o [oatPar+ S [ (1B + VAT ar

where v is a small constant to be chosen later. Then to the second term in the
right-hand side of (3.16), we have

2\ 1
v . >wv}wdxdT=F1—|—]Fg,

R
[ {(52) 1 (5) o

< €/Ot||¢>z(7)||2d7+g t {<<@V4>w>mj}_ (<@V>)V}

t
<e / lba () |27+ CEA,

//R%% ( w)xdwdTSCff/Ot||<sox,¢z)<f)||2d7.

In the estimate of F;, we wused the inequality fg||{((@4)m/V)mH2+
1((©%):/V).Ve||?}dT < Ce®. Hence we get the estimate of the second term in
the right-hand side of (3.16):

c{s / t||<sox,¢m><7>||2df+sl/4},

with

2
dr
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with the numerical constant C' independent of €. Finally the third integral can be
estimated as

C [ [ 100101621161 +16%1 +16%) +18:] (162]+ 6 dacr
0JR :
<CN() / (lle= (M2 + 1V Va(T) (,0) (7)) ar.

Insert the above estimates into the equality (3.16), choosing v < 2inf ©3; by using
the fact N(t) and ¢ are sufficiently small, we have

NSRS

Next, we apply 0, to the fourth equation in (2.4), multiply the result by ¢,., and
then integrate the resulting equation over [0,¢] xR to obtain

t t
//4@3¢fmdmd7'=//qﬁm(él@‘?’)xqﬁxdxdr
0 Jr 0JR

o) 00 5)
[fe{(5) o

t
+ / / — 20 {6070 +40¢° + ¢} dzdr.
0JR

(3.17)

Now we are going to estimate each term in the right-hand side of the above equality.
Firstly apply the Cauchy-Schwarz inequality to obtain

t t
//¢Im(4@3)m¢zdxd7§05/ H(ZSI(T)”?dT
0JR 0

and

¢ Zx ! 2 c [t 2
— ) — < —
[ [oee((Z2) —02) anro [ foualars S [ atoyizar

where v denotes a small constant to be determined later. Then

/ t [ 6ex (~10%).6+ @;)zw)xdxdT

t t
<C [ [ 100l (©crl+102P) 01+ e dadr+C [ [ forel|2] 61+ o) dadr

<N 0 [ NomtmlPar+e*) 2 [ ool + loul)ir

As in our estimate of ¢,, we have

/ / —¢m{((e’v4””)$f,}mdxdf<0{s / t(|¢>m<7>||2+||sox<7>|%)df+sl/4},
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and
t t
//_(bm{6@2(;52+4®¢3+¢4}mdszSC’N(t)/ ||¢¢(7')H%d7'—|-061/4.
0JR 0

Applying the above estimates to the equality, choosing v <2inf ©3, and using the
fact N(t) and e are sufficiently small, we have

/ | 62a(7) |27

0 " ) t
<C</0 ||Z(T)||§d7'+51/4—|—5/0 HSO“J’(T)H%dT"‘(N(t)'FE)/O ¢z(T)||2dT>,

Thus, together with estimate (3.17), we get the desired estimate and complete the
proof. 0

It remains to show the L>°(L?) estimates of the radiative variable z and its deriva-
tives. We have the following Lemma.

LEMMA 3.6. Under the assumptions stated in Proposition 2.4, there holds

Iz 3= (e, ) B3 +214). (3.18)

Proof. We multiply the equation satisfied by z,

2 4 4
2, e o _(©%)s (0% Zx 4 o4
vz+v+{ Yo= % SOZ+< % x”+(0 0%) z;.

Then, we integrate the above equality with respect to x and recal that {---}, denotes
the terms that disappear after integration. Using the Cauchy-Schwarz inequality, we
have

12013 <C (I, 0) B2 +24). (3.19)

Next we apply J, to the elliptic equation and have

xx x 403 z 43; 1
U%—(i})w—i-zzvx—kvxz:((p ®V@> _{<(®V) ) U—|—(94—@4)} . (3.20)

xrx

On the one hand, we multiply the last equation by z,, then integrate the resulting
equation with respect to x to obtain

41030,
\%4
dx.

dx

Hzx(t)”%SC’/|Uﬂc|(|zx|2+|zxzxx|)dx+/|Zac;c| ¥

+Z|zm| {((@;”)miﬂef—@‘*)}x

Note that |v,| < C(N(t)+¢€) by the Sobolev inequality and the properties satisfied by
the smooth approximation of the rarefaction wave; see Lemma 2.2. Then apply the
Cauchy-Schwarz inequality to obtain

lea (@)1 <€ (12N + 16O + le @ +¢/1) . (3.21)
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The details are omitted. On the other hand, we multiply (3.20) by z.... Integrating
the resulting equality with respect to x, we have

||wa(t)H2 <C |lel|(|vzl| + |UIZ| + |ZI1'UI‘ + ‘ZlvllDdx

+/:|zm| {<(@v4)m)wi+(9494)}m

+/| | 4030, q
& Zrxx ¥ % . ZT.

Thus, by applying the Cauchy-Schwarz inequality, we have

eaaa 2 <C (12N + (0, O)OIF+214). (3.22)

dx

By multiplying (3.19) by a sufficiently large constant and adding the result to
(3.21), we get the L?(H?) estimate of z. Then we multiply the resulting estimate by
a sufficiently large constant and add it to (3.22), obtaining the desired estimate (3.18)
and completing the proof. O
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