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KERR-DEBYE RELAXATION SHOCK PROFILES FOR KERR
EQUATIONS*

DENISE AREGBA-DRIOLLETT AND BERNARD HANOUZET?

Abstract. The electromagnetic wave propagation in a nonlinear medium can be described by a
Kerr model in the case of an instantaneous response of the material, or by a Kerr-Debye model if the
material exhibits a finite response time. Both models are quasilinear hyperbolic, and the Kerr-Debye
model is a physical relaxation approximation of the Kerr model. In this paper we characterize the
shocks in the Kerr model for which there exists a Kerr-Debye profile. First we consider 1D models
for which explicit calculations are performed. Then we determine the plane discontinuities of the full
vector 3D Kerr system and their admissibility in the sense of Liu and in the sense of Lax. Finally
we characterize the large amplitude Kerr shocks giving rise to the existence of Kerr-Debye relaxation
profiles.
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1. Introduction

In some contexts the propagation of electromagnetic waves in nonlinear media
can be modeled by the so-called Kerr-Debye model, which writes as a quasilinear
hyperbolic system with relaxation source-terms depending on the response time of the
material. Such hyperbolic relaxation problems have been investigated for a long time
in the mathematical literature, especially in relation to fluid mechanics; see [16] for a
review. In an important article ([5]), Chen, Levermore and Liu establish a theoretical
framework linking the properties of a relaxation system and its equilibrium model.
The Kerr-Debye model under consideration falls under this general framework.

To derive the models, one writes the tridimensional Maxwell’s equations

0y D — curlH =0,
0¢B+curlE =0,
divD=divB =0,

with the constitutive relations

B = M0H7
D= cyE+P,

where P is the nonlinear polarization and g, €y are the free space permeability and
permittivity.

In nonlinear optics, a medium exhibiting an instantaneous response is classically
simulated by a Kerr model [1§]

P =Py =cpe,|E|*E.
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2 KERR-DEBYE RELAXATION SHOCK PROFILES

If the medium exhibits a finite response time 7 >0 one should use the Kerr-Debye
model, for which

1 1
P:PKDZEQXE and atX+*X:*6T|E|2.
T T

See for example [24] for further details.

The Kerr-Debye model is a relaxation approximation of the Kerr model and 7 is
the relaxation parameter. Formally, when 7 tends to 0, y converges to €,|FE|? and
Py p converges to Pr. More precisely, as already observed in [8], the Kerr system is
the reduced system for the Kerr-Debye system in the sense of [5].

The convergence of smooth solutions of the Kerr-Debye system towards a smooth
solution of the Kerr system when 7 tends to zero is now well understood. The result
for the initial value problem, as the stability conditions of [22] are satisfied, is obtained
in [8]. For the more physically realistic situation of impedance boundary conditions,
in particular the ingoing wave, the result is proved in [4].

The convergence towards a weak solution of the Kerr system is far from clear -
even in the one-dimensional setting. Only a few partial results are available in the
literature for similar problems, and those results do not apply here; see comments
and references following (1.5), (1.6). As a first step into the comprehension of the
involved phenomena, we shall construct Kerr-Debye profiles for Kerr shocks. These
are smooth travelling wave solutions of the Kerr-Debye equations which converge to
a weak (discontinuous) solution of the Kerr system.

In the following we consider non-dimensionalized models, and as usual for relax-
ation equations the response time 7 is denoted by €. We therefore write the Kerr-Debye
equations as

0yD¢ —curlH, =0,
OHc+curlE.=0, D.=(1+xe)E., (1.1)

1
atXe - E (|Ee|2 *Xe) 5
with
divD,=divB,=0.

Let us note that if the initial data are divergence free, then so are (D, H.). Moreover
if x. is initially positive then so is . for all positive times.
Once non-dimensionalized, the relaxed Kerr system writes as

0y D —curlH =0,
{@H+mmpw»=a (1.2)
where P is the reciprocal function of D:
D(E)=(1+|E]’)E.
Denoting
qle)=e+e? (eeR) and p=q (1.3)
we have

E=P(D)=(1+p(|D|)*)"'D. (1.4)
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The equilibrium manifold for the Kerr-Debye model that is
V={(D,H,x): (1+x)?|D|* - x=0}
can be also defined as

V={(D,H,x): x=(p(|D]))*=|E]*}.

As proposed in [3] we also introduce the one dimensional models satisfied by solutions
D(x,t)=(0,d(z,t),0), H(z,t)=(0,0,h(z,t)) and x=x1 €R. In that framework the
solutions of the Kerr-Debye model (1.1) satisfy the system

atde +azhe - Oa
Othe+ 0, (14 xe)71de) =0, (1.5)
8tX6 = % ((1 +Xe)_2dz - Xe) y

while the solutions of the Kerr model (1.2) satisfy the system

{8td+awh =0,

Dyd+0up(d) = 0. (1.6)

It turns out that the 1D Kerr system (1.6) is a so-called p-system. Asp’ >0 it is strictly
hyperbolic, but the properties of the function p differ from the ones which appear
in the general framework of gas dynamics or viscoelasticity. For the last example,
some results concerning the convergence of Suliciu relaxation approximations towards
weak solutions of the p-system are obtained in [20]; see also [9, 10]. For Kerr-Debye
relaxation approximations, the convergence towards a weak solution of (1.6) is an
open problem.

Let us consider a planar discontinuity for the Kerr system (1.2) that is a weak
solution u(z,t) = (D, H)(x,t), such that

Ju—ifrw—0ot<0,
u(x,t){u+ if v-w—ot>0,

where uy, o, and w (Jw|=1) are given and satisfy the Rankine Hugoniot conditions
(see (3.19) part 3). A Kerr-Debye profile of this discontinuity is a smooth solution

we(2,8) = (Do, Hoyx) (,8) = W <1(m-w—at))
such that
W (£o00) = (D, Hx,xx+)
where (Dy,Hy,x+) are in the equilibrium manifold, so that
xx = (p(|1D<]))* =] Bx|*.

In [13] T.-P. Liu constructs such profiles for the 2x2 1D hyperbolic systems with
relaxation. In [23] W.-A. Yong and K. Zumbrun prove the existence of relaxation
profiles for small amplitude Liu-shocks in a general setting. Their results apply for
strictly hyperbolic reduced systems; see hypothesis (b) in [23]. These results do not
apply here because the 3D Kerr system (1.2) is not strictly hyperbolic and moreover
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the eigenvalues have variable multiplicities; see Section 3.1 herein. In the case of our
1D models, system (1.6) is strictly hyperbolic and the structural assumptions of [23]
are satisfied. In the present paper, without any smallness hypothesis, we characterize
all the shocks giving rise to the existence of a Kerr-Debye profile. We prove that a
Kerr-Debye relaxation profile exists if and only if the shock under consideration is
entropic in the sense of Lax.

Section 2 of the paper is devoted to the 1D systems (1.6) and (1.5), for which
explicit calculations are performed. First we characterize the Liu-admissible shocks,
which are the discontinuities satisfying condition (E) in Definition 2.1 below. In [12]
T.P. Liu proves that condition (E) is equivalent to the existence of a viscous shock
profile. Here, it turns out that this condition is not sufficient to ensure the existence of
relaxation profiles; in fact we prove that a profile exists if and only if the discontinuity
satisfies the additional assumption d_ d; >0 (so p is convex or concave on the interval
(d—, dy). We then observe that the same condition holds for the existence of a
viscosity profile related to the Chapman-Enskog expansion of the Kerr-Debye system.

In Section 3 we consider the full vector 3D systems. The Kerr system has six real
eigenvalues

A <A< A3=0= < As=—A < Ag=—\;.

The characteristic fields 1, 3, 4, 6 are linearly degenerate. If Ay#A; the second
characteristic field is genuinely nonlinear. We then characterize the Liu shocks and
the Lax shocks. The main result of this section is that Kerr-Debye relaxation shock
profiles only exist for Lax 2-shocks and Lax 5-shocks.

2. Kerr-Debye shock profiles for the 1D Kerr system

2.1. Admissible shock waves for 1D Kerr system. As already mentioned,
the system (1.6) is strictly hyperbolic, and the eigenvalues are

A(d) = =/ (d) <0< Mo (d) = /P (), (2.1)

with the related eigenfunctions
-1 1
(@) = (rm) 22

p"(d)
2,/p'(d)’
is zero for d=0. Hence the characteristic fields are genuinely nonlinear only on {u=
(d,h):d#0}.

If two constant states w, and u_ are connected by a shock propagating with
speed o, then the Rankine-Hugoniot conditions

hy —h :O—(d 7d—)a
{Pzrd+) -p(d-) io(m —h) (2.4)

We observe that

No(d, h)ri(d, h) = i=1,2 (2.3)

are satisfied.
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We consider nontrivial shocks, i.e. dy#d_. Rankine-Hugoniot conditions write
as
_hy—h_
Cdy—d_’

o(ug,u_)
(2.5)

(he —h-)*=(p(d+) = p(d-))(dt —d-).

For (d_,h_) fixed we denote H(u_) the Hugoniot set of u_ = (d_,h_). It is the union
of four sets:

HE(d—ho) ={(d,h): h=h_F/(p(d) —p(d_))([d—d_),d = d_}

and

My (d—,h)={(d,h),h=h_+/(p(d)—p(d_))(d—d_),d=d_}.

Hi(u_)=H] (u_)UH; (u_) is the set of states u connected to u_ with o(u,u_)<
0, while Ho(u_)=H5 (u_)UH, (u_) is the set of states u connected to u_ with
o(u,u_)>0.

In [11], T.P. Liu gives a generalization of Lax’s shock entropy conditions when
the characteristic fields are not everywhere genuinely nonlinear: the condition (E).

DEFINITION 2.1. Let u_ be a given left state and consider uy € H(u_). The discon-
tinuity is Liu-admissible if

(E) o(uy,u_) <o(u,u_), VueH(u_), ubetween u_ and u.

One-shocks. Liu’s one-shocks are the shocks satisfying condition (E) and such that
uy belong to Hi(u—). Here we have

o(uu_)=o(dd_)=— %. (2.6)
LEMMA 2.2. For all d=q(e) €R we denote
@'(@=a(~5¢) =54+ 39(a)] (2.7

where q is the function defined by (1.3). As a function of d, 0 € C*(R) and o has a
unique global minimum which is reached at the point d*(d_).

Proof. Writing ¢’ as the derivative of o(d,d_) with respect to d, we have

/ _ 1 o P(d)—p(d-)
o(dd-) = s d=d) [p e
: . —p"(d-)
It is easy to see that as a function of d, 0 € C1(R) and that o'(d_,d_)= m
P (d_

Let us define
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and k=K oq. We have

—2e?+ee_+e?
k(e) = 5
(e24ee_+e2 +1)(143e?)
and the roots are —%e_ and e_. This completes the proof. ]

L L
15 B 05 0 05 1 15

Fia. 2.1. Admissibility of a shock: d* is such that the secant (u—,u*) is tangent to the graph
of function p at u*.

As a first case, we study one-shocks with u, € H] (u_). We observe that if d_ >0,
then condition (E) cannot be satisfied since we must have d >d_ and p is concave for
d_>0.

Let us now suppose that d_ <0. By Lemma 2.2 ¢ is decreasing on [d_,d*(d_)]
and increasing on [d*(d_),+oo[. Therefore the condition (E) is satisfied if and only if
dy €]d_,d*(d_)].

We turn our attention to uy € Hy (u_). Note that v e H; (u_) if and only if —u €
H{ (—u_). On another hand o(—d,—d_)=0(d,d_). Therefore, we can deduce that
the condition (E) is satisfied on H7 (u_) if and only if d_ >0 and d € [d*(d_),d_].

Finally, letting S be the function defined by

S(d,d-)=+/(p(d) —p(d-))(d—d_), (2.8)

the following proposition summarizes these results.

ProprosITION 2.3. For a Liu one-shock, one has
p(dy)—p(d-)
dy—d_

Moreover, let u_ be a given left state.
If d_ >0, uy is a right state connected to u_ by a Liu one-shock if and only if

d+€[d*(d—)7d—[7 h+:h_+5(d+,d_).
If d_ <0, uy is a right state connected to u_ by a Liu one-shock if and only if
dy€ld_,d"(d-)],  hy=h_—S(ds,d-).

If d_ =0 there does not exist any right state connected to u_ by a Liu one-shock.

Two-shocks. Similar considerations lead to
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PROPOSITION 2.4. For a Liu two-shock, one has

p(dy) —p(d-)
dy—d_

Moreover, let u_ be a given left state.
If d_ >0, uy is a right state connected to u_ by a Liu two-shock if and only if

dy>d_, hy=h_+5(d4,d-).

If d_ <0, uy is a right state connected to u— by a Liu two-shock if and only if
dy<d_, hy=h_—S(ds,d-).

If d_ =0, uy is a right state connected to u_ by a Liu two-shock if and only if

di #0,  hy=h_+tsgn(dy)S(ds.d-).

2.2. Shock profiles. In this section we construct Kerr-Debye relaxation shock
profiles that are smooth solutions of the Kerr-Debye system (1.5) with the form

r—ot

we(x,t):W< ) W=(D,H,X),

€
and such that
W(+o0) =wx = (dx,ht, x+)-
We suppose that
w_ Fwy. (2.9)

It is well known that o, (d+,hs) must satisfy the Rankine-Hugoniot conditions and
that wy belong to the equilibrium manifold, so we have (2.4), dy #d_, 0 #0 and

X+ =(p(ds))’ =€ (2.10)
The problem is to find W (£) € C*(R,R?) such that

—oD'+H' =0,
—oH'+((1+X)"'D) =0, (2.11)
—oX'=(14+X)"2D*— X,

and
(D(d00), H(00), X (£:0)) = (d, b (p(d))?). (2.12)
Denoting E=(1+X)~1D, system (2.11) also reads as
—oD+H=Cy=—0dy+hy,

—0cH+E=Cy=—0chi+eq, (2.13)
—ocX'=FE?>-X.
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We also remark that by the last equation in (2.11) we have necessarily
VEER, X (&) >0. (2.14)

Let us determine some necessary conditions for the existence of smooth shock profiles.
First, by eliminating H from the two first equations of (2.13) we obtain

~0*D+E=0C,+Cy=—0%ds +ex. (2.15)
LEMMA 2.5. If W e CY(R,R3) is solution of (2.11)(2.12) with (2.9) then

7Cy +Cy #0. (2.16)

Proof. Suppose that 0C1+Cy=0. As d_ #d, one of them is not zero. Suppose
for instance that d_ #0. There exists a non empty maximal interval | — co,&; [ where
D #0. By (2.15), on this interval we have

(—o®+(1+Xx)" ") D=0,
so that X is a constant. By the last equation of (2.13), D=d_ on this interval. If &

is finite, then D(&;)=0; otherwise the limit of D at +oc is dy #d_. In each case it is
a contradiction. The same can be done if d_ =0 and d4 #0. ad

As a consequence we have

VEER, [1-0*(1+X(€))] 1f§f()€) =0C1+Cy #£0. (2.17)
Denoting
0(X)=[1-0*(1+X)]?
we remark also that
(0C1+C2)? =x-0(x-) =X+ 0(x+)- (2.18)

PROPOSITION 2.6. If W € CH(R,R?) is solution of (2.11)(2.12) with (2.9) and (2.4)
then

dyd_>0 and vEeER D(&)#0. (2.19)
Moreover
VEeR  O(X(E))#0, (2.20)

X is solution of the ordinary differential problem

;1 XO(X) —xab(xx)

v o 6(X) ’

(2.21)

X (£00) = x+ = (p(d+))?, (2.22)
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and D and H are given by

p_ (@C1+Cy)(1+X)
T 1-o’(1+ax) (2.:23)
H:Cl -|—O'D

Proof.  Using (2.14) and (2.17), by taking into account the continuity of D and
the equalities

oCy+Co=—02dy +p(dy)

we obtain (2.19).

The property (2.20) is an immediate consequence of (2.17).

Hence D is given by the first equation of (2.23) and we obtain the ODE (2.21)
from the third equation of (2.11). d

Reciprocally, according to the above results we consider data such that

d_#dy, d_dy >0, (2.24)
Rankine — Hugoniot conditions (2.4) are satisfied. ’

Such data satisfy the relation

X—O0(x-)=x+0(x+)

Let us study the problem (2.21)(2.22). We point out the fact that if X'(€) is a solution
of this problem then X ({—7) is also a solution for all 7€ R. Hence uniqueness does
not hold for (2.21)(2.22).

PROPOSITION 2.7.  Suppose that the data satisfy conditions (2.24). A solution of
problem (2.21)(2.22) exists if and only if one of the two following conditions holds:

(i) 0 <0 and 0<|d4| <|d_|,

(i) 0>0 and 0<|d_| <|d4]|.
Moreover, any solution X is monotone, positive, and X € C*(R).

Proof. We denote by 1 the function defined by
B(A) = XO(X) — x_O(x_) = XO(X) — X+ 0(x+).

As d_+#dy and dyd_ >0, y— and y are two distinct real roots of ¢). Hence there
exists a third real root yo. We have

Xo+X—+x4=2(c"2-1), (2.25)
so using
o2 qles) —ale) —11e dese +é2
€y —€_
we obtain

Xo=(p(d4)+p(d_))>.
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Denoting x,, =min(x_,x+) and xp =max(x_,x+) we thus have

0 <xXm <xMm <Xo- (2.26)

Equation (2.21) reads as

3 (X = Xm) (X = xm) (X — x0)

Vi=o o)

We have
O(y)=o'lo?—1—y]?
and
2 12 | 2
o —1=el+e +e_eq €xmxol, (2.27)

so that 6 is positive on [Xm,Xn]-

By the general theory of ODEs, for all yg €]x.m,Xxas], this equation has a unique
solution X € C1(R) such that X(0)=yo. It remains to study the behavior of this
solution at infinity.

We remark that since X (§) €]xm,xar[ for all £ €R,

sgn(X’) =sgn(o).

If 0 <0 then

lim X(€)=xar, lim X (§)=xm

{——o0 £——+o0
Therefore a solution of (2.21)(2.22) exists if 0 < x4+ < x—, which is equivalent to
either 0<dy<d- or d_<di<0.

With similar considerations, we prove that if ¢ >0 then a solution of (2.21)(2.22)
exists if

either 0<d_<dy or dy<d_<O0.

Reciprocally, if neither (i) nor (i) hold, by the general theory of ODEs the desired
solution does not exist. ]

We are now in position to prove the main result of this section.

THEOREM 2.8. There exists a Kerr-Debye relaxzation shock profile W € C1(R;R3)
solution of (2.11) (2.12) with (2.9) if and only if the conditions (2.24) are fulfilled
and the such defined shock is Liu-admissible. In that case each component of the
profile is monotone.

Proof. Suppose that a shock profile exists. By Proposition 2.6 conditions (2.24)
are satisfied and X is solution of (2.21) with (2.22). Therefore by Proposition 2.7
either condition (i) or condition (%) is satisfied. In view of Propositions 2.3 and 2.4,
the shock is Liu-admissible.

Reciprocally suppose that conditions (2.24) are satisfied and that the shock is
entropic. Then either condition (7) or condition (%) is satisfied in Proposition 2.7 so
that there exists a solution X € C°(R) of (2.21) with (2.22) and X is positive.
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We take
Ci=—o0d_+h_=—o0dy+hy, Coy=—ch_+p(d_)=—chy+p(dy).

A straightforward computation gives relations (2.18). We define D and H by (2.23).
Then we have

(o) -2

Consequently the last equation of (2.13) is satisfied. It is easy to verify that so are
the two first equations of (2.13).
It remains to verify the limits at infinity:

- _ (=o%dy +p(dy)(1+p(dy)?)
S D)= i o)D)

:d+

and similarly

lim D(§)=d-_.
E——o0
The limits for H are then immediate by the second equation of (2.11).
The monotonicity of the shock profiles is a direct consequence of the above con-
siderations. 1]

Let us detail Theorem 2.8 for a Liu-admissible shock o, (uy,u_).

If 0<0 and d_ >0 then the profile exists if d; €]0,d_[, does not exist if dy €
[d*(d-),0].

If 0 <0 and d_ <0 then the profile exists if dy €]d_,0[, does not exist if dy €
0,d(d_)]

If 0 >0 and d_ #0 then the profile always exists; if d_ =0 then it does not exist.

Let us point out that the condition d_ #0 is also required to apply the results of
[23] for the weak shocks. We note that if d_ #0 the Shizuta-Kawashima [19] condition
is satisfied. This condition is also crucial for studying the stability of relaxation shock
profiles; see [14] and references therein. In a recent paper [7] the existence of profiles
for weak shocks under a weaker (Kawashima-like) assumption is proved.

REMARK 2.9. By (2.17) we have
(1-0*(1+X)E=0C; +Cy #0.

We can directly show that E is necessarily a solution of the ODE
o

——F
oC1+Cy

which of course leads to the same conclusions. This is possible because F is here a
scalar quantity. This will not be true in the full vector 3D system.

E = (E—ep)(E—e_)(E4ey+eo), (2.28)

REMARK 2.10. If d; =0 or d_ =0, then we can construct discontinuous shock profiles.
In the case of an entropic one-shock with d; =0 and d_ €R the following solution can
be written:

D(§)=d_ it £<0, 0 otherwise,
H(¢)=h_if £<0, h4 otherwise,
X(€)=x_if £€<0, x_e/7 otherwise.
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A similar solution exists for an entropic two-shock with d_ =0 and d; €R.
We can prove the following asymptotic behavior of the shock profiles.
THEOREM 2.11. Let W be a shock profile with (2.12) and (2.9). We define
R, ==t d (1—“), gt (1-“).
e_+er o e_ e_+ep o

Then R_ is positive, Ry is negative, and there exists a positive constant K such that

VEER,  |W(€)—wy|<Ketfr and W (&) —w_| < KeSF-. (2.29)

Proof. Take data such that conditions (2.24) are fulfilled and the shock is
entropic, so that shock profiles exist. By Theorem 2.8, a shock profile is determined
by a solution X" of problem (2.21)(2.22), D and H being given by (2.23) with ad hoc
C1 and C5. Suppose that

2(€) — x| < CeR (2.30)
Then
D(E) —dy| = |oCy + Gl CR— !
TR ) T T (Thxg) o
Ix+ —&|

=l Ot Rl e et )

By (2.27) we know that
1-0?(14+X)>1—-0(1+xa)>0.
Therefore

|X — x|
G(XM) 7

Finally, it remains to prove inequality (2.30) to obtain the behavior at +oo.
Therefore we consider a solution X of problem (2.21)(2.22) such that X'(0) =y, €
IxXm>xar]- Then X (§) €]xm, xam[, Equation (2.21) reads as

[D(§) —dy| < [H(§) —hi|<|o||D(§) —dy].

X/:f(X)’
and for all y €]xm, xm|,

1 1 1 1
) PO Fam—xs) | Foom—xo)
We have already proved that sgn(f(X))=sgn(X’)=sgn(o).
If 0 <0 then x <x— so f(x4+)<0and f'(x-)>0.
If >0 then xy_ <x4 so f(x+)<0and f'(x_)>0.

Hence in all cases we have f/(y4) <0 and f'(x_)>0. By a straightforward com-
putation one finds

Ry=f"(x+) and R_=f"(x-),



D. AREGBA-DRIOLLET AND B. HANOUZET 13

which proves that Ry <0 and R_ >0.
To conclude the proof of the theorem, we remark that the solution of (2.21)
satisfies the following equality:

(e |V/B- () — v, [V A(E) — v |V (x0)
f:ln’ (6 —x +1n‘ (€ —x+ —|—1n’ (€) —xo
Yo —X- Yo — X+ Yo —Xo
This can also be written as
—Ry/f (xo0)

(&) —x-

—Ry/R_
- X N X(€) —xo
e 5R+|X(f)—x+|:|yo—x+‘ ‘ €)
Yo —X-

Yo — Xo

from which we deduce the first inequality in (2.29). The second inequality is proved
similarly. ]

2.3. Chapman-Enskog expansion. In the above paragraph we saw that if a
Kerr-Debye shock profile exists then the interval |d_,d[ (or ]dy,d_[) cannot contain
zero. As proposed in [5] it is a classical technique to perform the Chapman-Enskog
expansion of a relaxation system. In that way one obtains a viscous approximation
of the Kerr system. We shall observe that this approximation is degenerate for d =0,
so if the associated viscous shock profile exists then the interval |d_,d[ (or |dy,d_|)
cannot contain zero.

Let us first establish the Chapman-Enskog expansion for Kerr-Debye system.

PROPOSITION 2.12. The Chapman-Enskog expansion of the system (1.5) leads to the
viscous approximation system

Oehe + Dyp(d€) = €0y (B(d)Dzhe),

where the diffusion coefficient is

_ 2(p(d))?
BU)= s P (2.32)

Proof. We rewrite the Kerr-Debye system as

Ord~+ 0, h =0,
Oh+0,((1+x)"td) =0, (2.33)
Oix=Gldx)=¢ (1+x)d*—x).

Following [5] we expand w=(d,h,x) in the neighborhood of the equilibrium point
(d,h,(p(d))?) and choose

x= (p(d))* +emy(d,h)+O(e%).
Using (iii) and (i) in (2.33) we find

—2p(d)p'(d 2d
_ 2y )2 Oph = 5 Ouh.
O G(d, (p(d))?) (1+3(p(d))?)
Then we substitute m; into the expression for xy and then substitute the obtained
expression of y into (ii) in (2.33) to obtain the viscous approximation (2.31). O

ml(d,h)
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Let us now seek viscous shock profiles of the Chapman-Enskog expansion. We
are looking for solutions of (2.31) of the form

de(z,t)d<$at>, hé(x,t)h<$at> (2.34)

€ €

such that
d°(£o0)=dy and he(£oo)=hy. (2.35)

If such a profile exists then d is a regular solution of the ODE

= %M) (~o%(d—ds) +p(d) ~ p(dy)).

Denoting e =p(d) we obtain the following result.

PROPOSITION 2.13. If a viscous shock profile of the Chapman-Enskog expansion ezists

then the interval |d_,d[ (or ]dy,d_[) cannot contain zero and e=p(d) is a solution
of the ODE

__2

e 2(1—|—362)672(e—6_)(e—e+)(e+6_+e+). (2.36)

We observe that the existence condition for relaxation profiles is the same as the
one of a viscosity profile for (2.31), however in Equation (2.28) E=0 is a root, while
in Equation (2.36) e=0 is a singularity.

We can also consider the nondegenerate viscous approximation

Oyd+ Oph = €Dyyd,
Byd+ 0yp(d) = Dyh,

and consider a Liu-admissible one-shock (so we have condition (E)) with d_ > 0,
dy €]d*(d_),d_]. By [12] there exists a viscous profile for this shock. Note that for
d; €]d*(d-),0] Kerr-Debye relaxation profiles and Chapman-Enskog viscous profiles
do no exist.

3. Kerr-Debye shock profiles for the full vector 3D Kerr system

In this part we focus our attention on the cases with three spatial dimensions. In
order to exhibit the admissible shocks of the 3D Kerr system, we must first study the
properties of its characteristic fields. Then we prove our main result: there exists a
Kerr-Debye profile for a shock if and only if it is a Lax 2-shock or 5-shock.

3.1. Characteristic fields of Kerr system. Let us recall that the Kerr
system is hyperbolic symmetrisable [8, 4]. For the sake of completeness we actually
calculate the eigenmodes (see also [6]). We then see that four characteristic fields are
linearly degenerate while the two others are partially genuinely nonlinear.

3.1.1. Eigenmodes. System (1.2) is a 6x6 system of conservation laws
which, setting u= (D, H), can be synthetized as

3
Opu+ Y 0, Fj(u)=0.

Jj=1
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We let A;(u) denote the Jacobian matrix of F; and for all £ €R?, ££0, we set
3
A(w§) = ¢A;(u).
j=1

In order to obtain the eigenvalues of the system (1.2), we introduce the following
notation:

0 —& &
YWweR? Revi=| & 0 =& |v=¢&xw.
& & 0

With the above notation it is easy to see that for all u=(D,H) € RS, ¢ €R3,

AW@=(&§@»fﬁ)

where P is defined in (1.4). The matrix P’(D) is regular for all D € R?, and we have

P'(D) = -21+|E>)"'1+3|E>) 'EET+(1+|E|*) "',
P'(D)"! =2EET +(1+|E)?)Is.

Since the system is hyperbolic, we are looking for A€ R and a nonzero vector r=
(X,Y) €R3 xR? such that

—AX —-R:Y =0,
(3.1)
ReP/ (D)X —\Y =0.
One can see that A=0 is a double eigenvalue with the eigenvectors

0,97, (P'(D)~'¢,0)".

A real A#0 is an eigenvalue if and only if there exists a nonzero vector X € R? such
that

(NI +REP'(D)) X =0. (3.2)
In that case, the Y component of the eigenvector is
Y =\"'R:P'(D)X. (3.3)
Let us first compute ’Rg P’/(D). We have
RZEET=({x (ExE))ET
and
RE=¢€€ET — €13,
so that

REP'(D)=—=2(1+|B*) T A+3|E) 7 (Ex (Ex E) BT + (1+|E*) 71 (€€ ~ |6 Ia).
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We therefore look for A#0 and X such that

2 3R ) B 2ET X I5D.4
<A Ee )t T arERasE BT TER

£=0. (3.4)

We remark that if X is orthogonal to both F and £ we have the solution

)\2: |£|2
1+|E|%

If £ x E#0 we have the eigenvectors

(IEPEx B XX (ExE))T.

Another notable vector is X =¢ x ({ x E). This vector is equal to zero if and only
if {x E=0. Let us first suppose that this is not the case, and take X =& x (§ x E).
Then ¢ X =0 and

v [3E 2ET X .
L+[EP - (1+[EP)(1+3[E[?)
By using
ET X =E" (-E|¢]*+ (BT €)¢) =—|E]?|¢]* + (BT ¢)?
we obtain
2 [€EPA+IEP) +2(BT¢)?
(L+[EP)(1+3[E[]?)
and
ReP/ (D)X =—-N¢x E,
SO

Y=-XxE.

Finally we have six real eigenvalues:
AM< A< A3==0< 5= < Ag=—)\; (35)

where

el P JEPOIEP) BT

_ A= 3.6
STER T A B (1 3IER) (3.6)

The eigenvalues A1, A2, A5, Ag are simple except in the case £ x F=0. More precisely,

PROPERTY 3.1. The nonzero eigenvalues are double if and only if ¢ x E=0. In that
case the dimension of the eigenspace for A1 or Xg is 2.

Proof. ~ We have \; =)\, if and only if |E||¢|=|ET¢|, which is equivalent to
EXE=0.
If € x E=0 then the equation (3.4) writes as

1+|E? 1+|E|? ’
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For all vectors X orthogonal to £, we find an eigenvector (X,Y) corresponding to the

eigenvalue A1 so the property holds. 1]
We sum up the above facts in the following proposition:

PROPOSITION 3.2. The 3D Kerr system (1.2) is hyperbolic diagonalizable. The eigen-
values are given by (3.5) and (3.6), and the inequalities in (3.5) are strict if and only

if Ex E#£Q.

The eigenvectors corresponding to the eigenvalue 0 are

ry(u,€) = (2) ra(u,€) = (P/(%)_15> . (3.7)

If € X E#0 the others eigenvectors are

ri(u,€) = (AEE%XXEE)) L i=1,6, (3.8)
and
ri(u,€) = <£—X)\(£§>><<§)> i=2,5. (3.9)
If € x E=0, the others eigenvectors are:
ri(u,&) = (JfgiX)’;k) ,1=1,2,5,6, k=1,2. (3.10)

where X1 and X5 are two nonzero independent vectors orthogonal to .

3.1.2. Characteristic fields properties. Clearly the characteristic field
related to the zero eigenvalue is linearly degenerate. Let us consider the others eigen-
values.

PRrOPOSITION 3.3. The characteristic fields related to the eigenvalues A such that
A2 =¢2(1+|E[*)~! are linearly degenerate.

Proof. A characteristic field is linearly degenerate if for all ££0 and for all
u=(D,H), N(u,&)r(u,§)=0. As the eigenvalue only depends on E=P(D), it is
enough to verify that

where X is orthogonal to both E and &£&. We have

a(\?)
oE

=—|¢)*(1+|E]?)22ET, (3.11)
and as X is orthogonal to F,
P/(D)X =(1+|E]*)7"X,

so N (u,&)r(u,&)=0. d
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PROPOSITION 3.4. Take £#0. The characteristic fields 2 and 5 are genuinely non-

linear in the direction of & in the open set
Q)= {(D,H) €R® : £ x D40},
That is, for all ueQ(&) and i=2,5,
A (u, &) ri(u,£) #0.

(3.12)

Proof.  We note first that v € Q(&) if only if Ex E#0 or £ x (£ X E)#0. In this

proof we denote
§=(1+[E?)(1+3|E[*), X =)=z
The condition (3.12) is satisfied if and only if

oN?) ,
9E P'(D)(§x (§x E))#0.
First we compute %’g) to be
2
aé;j) =261 ([[€]7 =2 2+ 3|E)?)| BT +2(ET¢)ET).

By using the identity
EPET = (ET€)ET - (Ex (¢x E)T
we obtain
a(\?)
oF

=207 (a(BETOET + B (Ex (ExE))T)
with
a=3-2X2[¢|72(2+3|E|?), B=—1+2)%|¢|72(2+3|E]?) > 1.
We use again (3.14) to obtain
P/(D)(€x (§x B))=0" (a(ET€)E+bE x (x E))

with
_AEXEXEP 3TN+ x (Ex )P
€1 l§I*

Consequently we obtain

o(\?

B (D) (& x (€% B)) = 25 (aa( B €€ +bBl€ x (€ x B)P)
which writes as

o(N2) _, 21€ x (€ x E)|?
SE P (D)Ex (6 B) = 2P [ 30) BT
+HB(IEx (Ex B +e1M)],
which is strictly positive because
2+3|E|?

200+ 38 =3+2)2 >0.

€12

(3.13)

(3.14)

(3.15)

(3.16)
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3.2. Admissible plane discontinuities. In this paragraph we study Kerr
planar shocks and planar contact discontinuities. These are travelling waves

u(z,t) =u(w-x—ot), (3.17)

propagating in a fixed direction w, |w|=1, with velocity o, which are weak piecewise
constant solutions of the Kerr system (1.2) such that

u_, if w-zr—ot<0,

Uy, if w-z—0t>0, (3.18)

u(w~xat){

where u_ = (D_,H_) and uy = (D, ,H,) are two constant vectors of RS.
3.2.1. Rankine-Hugoniot conditions. As usual the jump of X is denoted
X]=X;—-X_.

The Rankine-Hugoniot conditions for (1.2) write as

o[ D] = —w x [H],
(3.19)
o[H]=wx [E],
where [E]=E, —E_=P(D,)—P(D_).
The divergence free conditions write as
w!' [D]=w” [H]=0. (3.20)

If o0 #0, these conditions are fulfilled as soon as (3.19) is satisfied.
If the characteristic field for an eigenvalue A = A\(u,w) is linearly degenerate, con-
tact discontinuities exist, i.e. plane discontinuities satisfying (3.19) and such that

o(up,u)=Mug)=A(u_). (3.21)

If A=0 we have stationary contact discontinuities (¢ =0).
PROPOSITION 3.5. Stationary contact discontinuities are characterized by
wx [H]=0,
w X% [E]=0.
The only divergence free ones are constant.
Let us now study the situations where o # 0. In what follows we consider nontrivial
discontinuities satisfying (3.19) : [u] #0, which is equivalent to
[D]#0. (3.22)

We first establish a preliminary result.

LEMMA 3.6. Let Dy and D_ be two distinct vectors in R®. Then

(DI [E]

"< DR

<1. (3.23)
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Proof. Since P is one-to-one, the jump of D is zero if and only if the jump of E
is. We have

[D]" [E]={(1+|E+ ) By — (1+]E_")E_}" (B4 — E_)
1
>|By B[P+ (B P~ |E_P)2>0.
Furthermore,

D)2~ D)7 [B] > o (|E4 12— |B_ )" + | |[E1 *Bs — |E_PE_|".

1
—2
Moreover |E, |?E, =|E_|?E_ if and only if E; = E_, and we obtain the result. 0O

ProposITION 3.7. Consider u— #us and 0#0. The Rankine-Hugoniot conditions
(3.19) are satisfied if and only if the following properties hold:

(i) The field D is divergence free, i.e.
wl'[D]=0, (3.24)
(ii) The jump of H is given by
[H]=0ow x[D], (3.25)
(11i) The three vectors w, [D] and [E] are coplanar, and
(iv) The propagation speed o satisfies

o= (3.26)

Hence by Lemma 3.6, o* €]0,1].

Proof. Necessary conditions. It is obvious that w’ [D]=w?[H]=0 and
(DT [H]=0, [E]"[H]=0. (3.27)
We obtain (3.25) by using (3.19-1) and (3.20) in
[H] = ([H]" w)w—wx (wx [H]).
By (3.25) and (3.27) we have
[E]" (wx [D]) =0,
which means that w, [D] and [E] are coplanar. By (3.19) we have
o*[D]=—wx (w x [E]),
hence
o*[D] = [E] - (" [E])w.

By taking the scalar product of the previous expression with [D] one finds (3.26).
Sufficient conditions. On the one hand

o[D]=—ow x (wx [D])
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because w! [D]=0, and we deduce (3.19-1). On the other hand, by (iii), there exist
two real numbers « and 8 such that

[E]=a[D]+fw,

hence

which implies

o[H)=c%wx[D]=w x [E]
and (3.19-2). This completes the proof. d
REMARK 3.8. It is easy to verify that

W' ([E] % [D]) =w” (B4 x E_)(|E4* ~|E-[?)
so that w, [D] and [E] are coplanar if and only if
W (By x B_)(|E4 = |B-[?) =0. (3.25)

The fields related to the eigenvalues A such that A\?=(1+|E|?)~! are linearly de-
generate. The associated contact discontinuities are characterized as follows:

PROPOSITION 3.9. A discontinuity o, uy, u_ is a contact discontinuity associated to
an eigenvalue X such that N2 = (1+|E|?)~ if and only if

|Bs| =B,
{0—2—<1+|E+|2>1—<1+|E|2>1, (3.29)

and

WwT'[E]=0,
{ [H}[:]aw «[D]. (3.30)

Moreover these contact discontinuities are the only discontinuities satisfying Rankine-
Hugoniot conditions (3.19) and such that |E_|=|E4|.

Proof.  Condition (3.29) is equivalent to condition (3.21), so the first part is a
consequence of Proposition 3.7.

Finally, if a discontinuity satisfies (3.19) and |E_|=|FE,| then the expression
(3.26) implies (3.29) and therefore the discontinuity is a contact discontinuity associ-
ated to an eigenvalue \ such that \2=(1+|E|?)~L. 0

At this point, it remains to study the discontinuities which are neither stationary
nor contact discontinuities related to an eigenvalue A such that A\?=(1+|E|?)~1: all
those for which the jump of |E| is not zero. By (3.28) these discontinuities are such
that £y, E_ and w are coplanar (hence also are Dy, D_ and w). Modifying only the
property (#4) in Proposition 3.7 we obtain the following characterization:
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PROPOSITION 3.10. The nontrivial discontinuities satisfying (3.19) with a nonzero
gump of |E| (|[E4|#|E_|) are the o, uy, u_, (Dy#D_) such that formulae (3.24),
(3.25), (3.26) hold and the three vectors w, Dy, D_ are coplanar, i.e.

wl'(DyxD_)=0. (3.31)

In the following the discontinuities satisfying the previous conditions are called

shocks.

Let us recall that for a fixed left state u_ the Hugoniot set of u_, denoted H(u_),
is the set of the right states uy such that there exists a shock connecting u_ and u .
We then let o0 =0 (u4,u_) denote the shock velocity. One can give a similar definition
by fixing the right state.

In Proposition 3.10 the coplanarity condition is trivial if D_ xw=0or Dy xw=0.
We consider two cases.

PropPOSITION 3.11. Case D_ xw#0.

Let u_=(D_,H_) be a fized left state such that D_ xw#0. Let ¢ be a unitary
vector orthogonal to w in the plane defined by (w,D_) .

The set H(u_) of the right states uy connected to u_ by a shock is the union of
two curves H* (u_) parametrized by d€R and constructed as follows: H*(u_) (resp
H~(u_)) is the set of (Dy,Hy)€ERS such that

Dy=(w'D)w+d¢, deR,

o satisfies (8.26), 0 >0 (resp 0 <0) and H satisfies (5.25).
One can describe similarly the set of left states connected by a shock to uy such
that D4 X w#0.

The proof is immediate. Let us remark that if
D_=(w'D Y)w+d ¢
then [D]=0 if and only if dy =d_, and |F;|=|F_| if and only if dy =+d_.

ProposITION 3.12. Case D_ xw=0.

Let u_=(D_,H_) be a fized left state such that D_ xw=0. Then the set H(u_)
of right states connected to u_ by a shock is the set of uy = (D4, Hy) satisfying (3.24)
such that

0 =X (uy) = (1+] B4 )~ (3.32)

and Hy satisfies (8.25).
One can similarly describe the set of left states connected by a shock to uy such
that Dy x w=0.

Proof.  We have Dy = (wT D_)w+d¢ (dy #0) where ( is an arbitrary unitary

vector orthogonal to w, which gives (3.32). o
REMARK 3.13. Since d4 #0 we have
. Dy[>|D- |,
. By | > |E_|
o? =\ (uy) <A3(u-). (3.33)

This is a semi contact discontinuity; the propagation speed of a contact discontinuity
coincides with both the eigenvalues associated to the right state and the left state; see
(3.29). Here we have only the equality for the eigenvalue related to the right state.
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3.2.2. Admissible shocks. We focus our attention on the admissibility of
shocks in the sense of Liu or in the sense of Lax.

DEFINITION 3.14. Let u_ be a left state for which the Hugoniot set is a union of
curves, and consider uy € H(u_). The discontinuity is Liu-admissible if

(E) o(ug,u_) <o(u,u_) VueH(u_) with ubetween u_ and u;.

DEFINITION 3.15. A discontinuity o, u_, uy is a Lax k-shock if

A (ug) <o <Agg(uy),
{ >\11:—1—(i_u_) <o <k-‘)\_;1€(ut) (3.34)

Liu’s condition may be applied only in the presence of a shock curve. Here such a

curve exists only if D_ xw#0.

PROPOSITION 3.16. Let u_=(D_,H_) be a fized left state such that D_ xw=0.
Consider uy € H(u_). If o <0 the shock is not a Lax shock. If o >0 the shock satisfies
the 5-shock conditions with large inequalities:

{A5(U+) <o=Xs(u+),
M(u_) <o <As(u—).

Proof. For o <0, a one-shock cannot hold because o = Ay (u4) > Ay (u_). A 2-shock
cannot hold because Ag(uy)>o0.

For ¢ >0: the first inequality is true because Dy xw#0. Moreover Ay =0 and
As(u_)=Ag(u_), hence following (3.33) we obtain the desired inequalities. O

REMARK 3.17. One obtains a similar result with ¢ <0 by considering the Hugoniot
set of a fixed right state such that D, xw=0.

If the shock satisfies the conditions of Proposition 3.11 then we may study Liu’s
condition. With the same notations as in Proposition 3.11, let u_ be such that
D_xw=#0, and

D_=diw+d_¢, di=w'D_, d_#0.
Consider u € H(u_) where
D=dyw+ dc. (3.35)

In order to characterize the admissibility conditions (E) or (3.34) we first express o
as a function of parameter d in (3.35). We have

P(D)=E=ejw+e(
with
d d

TIHEPR T 11p(JE+B)?

As [D]=[d]¢, o? :E and hence

e

: f(d).

f(d)~1(d )

v (3.36)

o?(u,u_)=
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Let us remark that if d; =0 we have p(d) = f(d) so that (3.36) reduces to (2.6). In fact
we show in the following lemma that the functions f and p have the same qualitative
properties.

LEMMA 3.18. The function f has the following properties:
(i) f(0)=0, f(0)=(1+e?)~", f"(0)=0,
(i) f is an odd increasing function,
(iii)f is strictly convex on | —o00,0], strictly concave on [0,+00].

Proof. We have
1 2ed

/ _ _ 1\ 2
f(d)= TTIEE i3 EDALEP)? =\3(D,w). (3.37)
Using (3.11),
v 2erwt +e¢T) 2eeq 1+3e?+e?
D ===arEpy |-G EparsEn T GrEp 3R
2e

(1+[E2)2(1+3|E)

As a consequence we have the following lemma.

LEMMA 3.19. For all d_ #0 there exists a unique d*(d_)#d_ such that

Fd) -~ f(d)

f(d) ==

Moreover, d*(d_)d_ <0 and |d*(d_)|<|d_]|.
We now give the characterization of Liu-admissible shocks:

ProproSITION 3.20. The Liu-admissible shocks are 2-shocks or 5-shocks.

For the 2-shocks (0<0), consider u_ with D_ X w#0 and uy. € H™ (u_). The discon-
tinuity is Liu-admissible if and only if dy belongs to the interval with extremities d_
and d*(d_).

For the 5-shocks (0>0), consider u_ with D_ xw#0 and uy € H (u_). The discon-
tinuity u_, uy, o is Liu-admissible if and only if |dy|>|d—_| and dy+d_ >0.

Proof.  Using formulas (3.36) and (3.37) we observe that

lim o?(u,u_)=A3(D_,w)=\2(D_,w)

U—rU_—

and

1 f(d)—f(d-)
200 (d) = "(d) — .
0o'(d)= <f( ) LD
O
Let us remark that these shock conditions are analogous to the ones found in part
2 for the 2 x 2 case.

We conclude this section with the following proposition.
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ProrosITION 3.21. The Lax-admissible shocks are 2-shocks or 5-shocks.

For the 2-shocks (o0 <0), consider u_ with D_ xw#0 and uy € H™ (u_). The discon-
tinuity is Lax-admissible if and only if |dy| <|d—| and dyd_ > 0.

For the 5-shocks (o >0), consider u_ with D_ xw#0 and uy € H™ (u_). The discon-
tinuity u_, uy, o is Laz-admissible if and only if |d|>|d_| and dyd_>0.

Proof. We prove the case o <0 only, the other one is similar. A Lax-admissible
shock must satisfy the condition

A2(uy) <Az(u_)(<0).
By (3.37) it is equivalent to
fdy)>f'(d-),
so |d4| <|d_]. The condition A;(u_) <o <Ag(uy) writes as

L A (+IE ) —d (1+]E, )
THE-P " (dy—d )+ [E-P) (I +]E )

(3.38)

If d_ <0 then d; €]d_,—d_[ and the above inequality is equivalent to
AL (1B, 2~ |B_P) >0,

Moreover |E, |* <|E_|? because p is an increasing function and |dy| < |d_|. Therefore
the Lax condition is satisfied only if d4 <O0.
Ifd_>0,dy€]—d_,d_]so (3.38) writes as

a4 (B4~ [B_[?) <0.

Hence the Lax condition is satisfied only if d > 0.
If we suppose conversely that |dy|<|d_| and d_dy >0, then condition (3.34)
follows from (3.36). d

REMARK 3.22. The Lax shocks are precisely the Liu shocks such that d;d_ >0, and
for the 5- shocks the Lax and Liu shocks coincide.

3.3. Shock profiles. In this part we consider a plane Kerr discontinuity which
is not a contact discontinuity; in particular o #0. By Proposition 3.9 we suppose that

AP (3.39)

By Proposition 3.10 we have (3.24), Do, D_, E,, E_ and w are coplanar, o satisfies
(3.26), and H satisfies (3.25).

Our goal is to construct a Kerr-Debye relaxation shock profile. We therefore look
for a smooth function W such that

(D, H,X)(2,t) =W (i(mw—at)) —W(e) (3.40)

is a solution of (1.1) and satisfies

W(:too):(D:bH:I:aX:l:)u (341)
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where (Dy,x+) is in the equilibrium manifold

{(D,x); 1+x)?ID]> —x =0},
so that

x+=|E+|? (3.42)
and by (3.39),
X+ 7 X (3.43)
Hence the profile we look for is a smooth solution of the ordinary differential system
(—oD—wx H)' =0,
(—cH+wx (1+X)"'D) =0, (3.44)
—oX'=(1+X)2|D* - X,

defined on R and satisfying (3.41). Let us remark that as o#0, those profiles are
divergence free, which reads as

wi'D' =wTH' =0. (3.45)

PROPOSITION 3.23. If there exists a shock profile then the solution component X ()
is a solution of the ordinary differential equation

W' Da? 0(xa) (14 xa) Pwx (wx D) ?

X' =X T T3 (3.46)
where O(X) = (T(X))?>=(c?(1+X)—1)? as long as X #—1 and X # 1;;’2 .
Proof.  Eliminating H between (3.44-1) and (3.44-2) we have
(0®’D+(1+X)'wx (wx D)) =0.
Hence
’D+(1+X)twx(wxD)=0?Di+(1+x+) 'wx (wx D), (3.47)

with the compatibility between right and left values insured by the Rankine-Hugoniot
conditions and by (3.42). On another hand, using the fact that D= (w’ D)w—w x
(wx D) along with (3.45) and (3.47) we have
D+ (1+X) 'wx(wxD)=0*(w!Di)w—T(x+)(1+x+) twx (wx D).
Therefore
O(X)(1+X) 2w x (wx D)* =0(x+)(1+x2) o x (wx D).
It follows that as long as X' # —1 and X' # 1—¢®

o2

W' Di? 0(Xe)(1+xa) *|w x (wx Dy )|?
(1+x)2 0(Xx)
and (3.46) follows by (3.44-3). 0

Let us now study the right hand side of (3.46), which we denote 1. If the profile
exists then there exists a smooth solution of (3.46) with X' (+o00)=x+, x4+ and x_

(1+X) 2D =
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must be two consecutive zeros of 1, and ¥ must keep a constant sign between those
two values. Therefore v is a monotone non constant function on this interval, which
implies that

X+ F X~

This is true by (3.39) since we do not consider contact discontinuities.
The function v writes as

P(X) =X —p(X), w(X)=(1fX)2+0(bX) (3.48)

with
a=lw"Dy|?,  b=0(xs)(1+xz) *|lwx (wx D)

These two coefficients are nonnegative. In (3.48) we cannot have b=0 and a>0
because otherwise

a
X)=X——=
() (I1+X)?
has only one zero. As a consequence we have
D_ xw#0,
The only zero of T(X) is Y= 1;52 and by Lemma 3.6,
X>0. (3.50)
Furthermore let us remark that
1 DT (D, —-D_)
T = —(x-— _
(X+) T+x_ (X X+) ‘D+—D,|2
(3.51)
1 DT (D, -D_)
T(yv_ ) = o 4+ )
(X ) 1+X+(X X+) |D+—D_|2

If b=0 and (3.49) holds, then 6(x+)=0. If 8(x+) =0, then
DT (Dy—-D_)=0

and so D_ xw =0, which contradicts (3.49-1). The same holds with §(xy_)=0. Con-
sequently

O(x-)#0 and 0(x4)#0 (3.52)

which is equivalent to

X-#Xs X+ FX- (3.53)

Consequently ¥(x+) is well defined and we obtain

YO) =1 (xs) =0. (3.54)
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0 - L L L o L L L
15 1 05 0 05 1 15 2 15 1 05 0 05 1 15 2

Fic. 3.1. Representation of the function ¢ in (3.48). Left: a=0 (x— =1.74, x+=0.18, X=
1.36). Right: a#0 (x— =1.74, x4 =0.23, x=1.38).

As b>0, Y is a singularity for ¢. If a=0 then the function ¢ is convex on | —o0,Y]
and on [, +oo[, ¢(£o0)=0, and p(Y£0)=+o0; see Figure 3.1 (left). If a>0, the
function ¢ is convex on the intervals | —oo,—1[, |—1,x[ and |X,+oo|, ¢(£o0)=0,
©(—1£0) =400, and ¢(x£0) =400, see Figure 3.1 (right).

In both cases, if the profile exists then the zeros x_ and x4 of ¢ are necessarily
in the interval |0,X[, which we may characterize by

T(x4+)<0, and T(x-)<0
or, using (3.51), by

(x- —x+)DL(D4—D-) <0,
(3.55)
(x- —x+)DY (D4 —D-) <0.

Let us denote X, =min(x—,x+), xa =max(x—,x+). Then [xm,Xxa]C]0, X[ and ¢ is
positive on | X, Xnm|, so 0 >0 implies that x_ =x,, and x4+ =xu, and o <0 implies
that x— =xn and x4 =Xm. In order to make condition (3.55) explicit we use the
notations of Proposition 3.11:

D+:d1w+d+g7
{D_ —diw+d_C, (3.56)

with d #d_ and, by (3.49), d+ #0 and d_ #0. Then (3.55) reads as

d_(x+ —x-)(d+ —d-) >0,
{d+(§1§_)(did_)>07 (3.57)

which forces

d_d, >0. (3.58)

2
Moreover x4 = (p (,/d% —|—dft)) so that y_ < x4 if and only if d> < di.
If d_>0 and dy >0, then x_ <y if and only if 0<d_ <d;, and so we have
(3.57).

If d_<0 and d; <0, then y_ < x4 if and only if dy <d_ <0, and so we have
(3.57) again.
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As a conclusion, x_ and x4 belong to the interval ]0,%][ if and only if inequality
(3.58) holds in (3.56).

If o >0, we have a 5-shock, X is an increasing function from x_ to x4+, so |[d_| <
|d+| and dyd_ >0 so the shock is admissible in the sense of Lax (and Liu).

If 0 < 0, we have a 2-shock, X’ is a decreasing function from y_ to x4, so |d_| >|d]
and according to Proposition 3.21 condition (3.58) impose that the shock is admissible
in the sense of Lax.

Reciprocally, let us consider a shock as defined in Proposition 3.10 and suppose
that condition (3.58) is satisfied (so we have also (3.49)). Then y_ and x4 are in the
interval ]0,Y[ and v is positive on |Xm, x|

If 0 >0 and x_ < x4 there exists a solution X of (3.46) with X' (+o00)= x4, and
X is an increasing function.

If 0 <0 and x4 < x_ there exists a solution X' of (3.46) with X' (+oo)=x+ and
X is a decreasing function.

We compute D by using the fact that

D=(w'D)w—wx (wx D), wI'D=wTDy,
and
WX (WxD)=T(X) ' A+X)T(x+)(1+x+) 'wx (wx D).

The expression of H is obtained by using (3.44-2).

THEOREM 3.24. Consider a shock as defined in proposition 3.10. There exists a the
Kerr-Debye profile for it if and only if it is a Lax 2-shock or a Lax 5-shock.

3.4. Revisited one-dimensional cases. The plane discontinuities of Kerr
system (1.2) are weak solutions of a 6 x 6 one-dimensional system. Without loss of
generality we can assume that w=(1,0,0). If we denote = =1, this system writes as

aiEDl :Oa
8tD2 +81H3 = 0,
0y D3 — 0, Hy =0,
O, H, =0, (3.59)
O Hy — 0, P3(D)=0,
O Hs+ 0. P2(D)=0.
The divergence free conditions write
0,D1=0 and 0,H,=0, (3.60)
so that D and H; are constant. Let us look for discontinuities such that
D_=(0,d_#0,0), H_=(Hy,0,h_), (3.61)

Dy=(0,dy,Ds 1), Hy =(H1,Ha 1 by ).

A contact discontinuity (for the 1 or 6 characteristic fields) satisfies conditions (3.29)
and (3.30), so we have

di+D3 =d>.



30 KERR-DEBYE RELAXATION SHOCK PROFILES

If moreover D3 =0, then Hy y =0 and (d,h)=(D2,Hs) is a weak solution of the
2 x 2 one dimensional system (1.6). In this case d4 =—d_ and this weak solution is
not a Liu admissible solution of (1.6).

If a contact discontinuity does not hold then dj +D3 | #d? and by (3.31) Ds 4 =
0, hence by (3.59) Hz + =0. Such a weak solution is necessarily a 2-shock or a 5-shock,
the condition D_ xw#0 reads as d_ #0, Propositions 3.20, 3.21 apply directly. As
before, (d,h)= (D2, Hs) is a weak solution of the 2 x 2 one-dimensional system (1.6).
This weak solution is a 1-Liu shock (resp. 2- Liu shock) of system (1.6) if and only if
it is a 2-Liu shock (resp. 5-Liu shock) of system (3.59).

Let us remark that Liu and Lax admissibility of shock coincide for the 2 x 2 system
(1.6), but this is not the case for the 6 x 6 system (3.59) where the Lax condition must
be more restrictive; see remark 3.22. As a conclusion we can see that for the system
(3.59) the Lax-admissibility of a shock is characterized by the existence of a related
Kerr-Debye relaxation profile.
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