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A LOGARITHMIC FOURTH-ORDER PARABOLIC EQUATION AND
RELATED LOGARITHMIC SOBOLEV INEQUALITIES*

JEAN DOLBEAULT', IVAN GENTILf, AND ANSGAR JUNGELS

Abstract. A logarithmic fourth-order parabolic equation in one space dimension with periodic
boundary conditions is studied. This equation arises in the context of fluctuations of a stationary
nonequilibrium interface and in the modeling of quantum semiconductor devices. The existence of
global-in-time non-negative weak solutions and some regularity results are shown. Furthermore, we
prove that the solution converges exponentially fast to its mean value in the “entropy norm” and in
the Fisher information, using a new optimal logarithmic Sobolev inequality for higher derivatives. In
particular, the rate is independent of the solution and the constant depends only on the initial value
of the entropy.
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1. Introduction

This paper is concerned with the study of some properties of weak solutions
to a nonlinear fourth-order equation with periodic boundary conditions and related
logarithmic Sobolev inequalities. More precisely, we consider the problem

ug + (u(logu) sz )z =0, u(-,0)=ug>0 in S (1.1)

where S is the one-dimensional torus parametrized by a variable z € [0, L] for some
fixed L>0.

Recently equation (1.1) has attracted the interest of many mathematicians since it
possesses some remarkable properties. For instance, it is a one-homogeneous equation
which is a simple example of a generalization of the heat equation to higher-order
operators. The solutions are non-negative and there are several Lyapunov functionals.
A formal calculation shows that the entropy is non-increasing:

ol u(logu—l)dm—i—/ u|(logu)ze|” dz=0. (1.2)
dt S1 S1

Another example of a Lyapunov functional is |, g1 (u—logu)dxr which formally yields

d

— (u—logu)dx—!—/ |(log 1)z |> dz=0. (1.3)
dt S1 S1
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276 A LOGARITHMIC FOURTH-ORDER PARABOLIC EQUATION

The last property is used to prove that solutions of (1.1) are non-negative. Indeed,
a Poincaré inequality shows that logu is bounded in H?(S!) and hence in L>(S1),
which implies that v >0 in S* x (0,00). We prove this result rigorously in section 2.
Notice that the equation is of higher order and no maximum principle argument can
be employed. More Lyapunov functionals of (1.1) have been found in [4, 5]; for a
systematic study we refer to [12].

Equation (1.1) has been first derived in the context of fluctuations of a stationary
non-equilibrium interface [8]. It also appears as a zero-temperature zero-field approx-
imation of the quantum drift-diffusion model for semiconductors [1] which can be
derived by a quantum moment method from a Wigner-BGK equation [7]. The first
analytical result has been presented in [4]; there the existence of local-in-time clas-
sical solutions with periodic boundary conditions has been proved. A global-in-time
existence result with homogeneous Dirichlet-Neumann boundary conditions has been
obtained in [13]. However, up to now, no global-in-time existence result is available
for the problem (1.1). Our proof is an adaption of the method of [13]; we present the
complete proof since we need the approximation scheme for the subsequent sections.

The long-time behavior of solutions has been studied in [5] using periodic bound-
ary conditions under restrictive regularity conditions on the initial data, in [15] with
homogeneous Dirichlet-Neumann boundary conditions and finally, in [11] employing
non-homogeneous Dirichlet-Neumann boundary conditions. In particular, it has been
shown that the solutions converge exponentially fast to their steady state in various
norms and, see [13], in terms of the entropy. The decay rate has been numerically
computed in [6]. We also mention the work [14] in which a positivity-preserving
numerical scheme for the quantum drift-diffusion model has been proposed.

Concerning the multi-dimensional problem, there exists only the work [10] in
which the existence of global-in-time weak solutions has been proved.

In the last years the question of non-negative or positive solutions of fourth-
order parabolic equations has also been investigated in the context of lubrication-type
equations, like the thin film equation

up + (f () Uzzs)e =0

(see, e.g., [2, 3]), where typically, f(u)=u® for some a>0. This equation is of de-
generate type which makes the analysis easier than for (1.1), at least concerning the
positivity property. Notice that (1.1) is not of degenerate type.

In this paper we show the following results. First, the existence of global-in-
time weak solutions is shown under a rather weak condition on the initial datum
ug. We only assume that ug >0 is measurable and such that fsl (up —logug)dz < co.
Compared to [4], we do not impose any smallness condition on wy. We are able
to prove that the solution is non-negative. The existence proof is based on a semi-
discrete formulation of (1.1). The semi-discrete problem has a strictly positive and
smooth solution. This property enables us to prove the long-time behavior of solutions
rigorously.

Our second result is concerned with regularity issues. We prove that, if \/ug €
H(SY,

Vue L(0,T; H(SY))NL*(0,T; H3(SY)) for all T >0.

Although one might obtain more regularity results from this (see Remark 3.4), we are
interested in applying this property in order to show an exponential decay rate of the
Fisher information [g [(v/u)s(-,t)[*dz.
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The third and main result of this paper is the exponential time decay of the
solutions, i.e., we show that the solution constructed in Theorem 2.1 converges expo-
nentially fast to its mean value u= [wu(x,t)dz/L: for all t >0,

/Slu(x,t)log <U(Z’t)) dxge*Mlt/Sluolog (%) dz, (1.4)

(Vu)a (- t)[Pde <e™ ™2 [ [(Vaug)s|*da, (1.5)

| I
St St

where My =327% /L%, My=16un*/L*, and i =1.646169... The constant M; is easily
obtained by linearization in the asymptotic regime. It also shows up in [5] (as the
decay rate in a different norm) but only in the more restrictive H! setting. In [5], an
exponential convergence rate in the LP? norm has been given. Then, in principle, the
decay rate in the “entropy norm” (1.4) could be derived by letting p — 1. However,
the decay rate of [5] contains the factor p—1 which vanishes in the limit such that no
decay rate in the “entropy norm” can be deduced. In [15], the exponential decay of
the relative entropy is established, but with a rate which depends on the initial data.
Here, M, and M> are independent of the solution and the constant on the right-hand
side of (1.4) is optimal; it is simply the initial value of the relative entropy. Thus,
both decay results (1.4) and (1.5) are new.

Our proof is based on the entropy—entropy production method. For the proof
of (1.4), we show that the entropy production term [wu|(logu)s,|”dz in (1.2) can be
bounded from below by the entropy itself yielding

%/Slulog<%)dx+M1/91ulog<%)dw§0~

Then Gronwall’s inequality gives (1.4). For the proof of (1.5) we first need to show
that the following entropy—entropy production inequality holds for some p >0,

R Ry IV W
st st
and then we apply the Poincaré inequality and Gronwall’s lemma. The proof of the
above inequality is based on the algorithmic entropy construction method recently
developed in [12].

The lower bound for the entropy production in (1.2) is obtained through a log-

arithmic Sobolev inequality in S'. We show (see Theorem 4.1) that any function
u€ H"(S) (neN) satisfies

2 2n
/ u210g 37 dm<2<L> /
St ||u||L2(51) 27 St

where Hu||2L2(51) = [u®dz/L, and the constant is optimal. As already mentioned in
the case n=2, the proof of this result uses the entropy—entropy production method.

2

u™| de, (1.6)

Entropy estimates are interesting for the following reason. The L' norm of a
solution u to (1.1) is preserved by the evolution. It is therefore natural to look for a
convergence of u to its average @ measured in L' rather than in L?, p>1. As noted
in many papers, the limit of such LP estimates as p—1, p>1, is the entropy rather
than the L' norm itself. The convergence of u to @ is then a consequence of the
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standard Csiszar-Kullback inequality. Exactly as for the heat equation, p=1 looks
as a threshold from the point of view of the existence theory and for the optimality
of the estimates on the asymptotic behaviour. This work is a step towards a deeper
understanding of both entropy methods and higher-order equations.

The paper is organized as follows. In section 2 the existence of weak solutions is
proved. Section 3 is concerned with the regularity result. Then, section 4 is devoted
to the proof of the optimal logarithmic Sobolev inequality (1.6). Finally, in section 5,
the exponential time decay (1.4) and (1.5) are shown.

2. Existence of solutions

THEOREM 2.1. Let ug:S'—R be a nonnegative measurable function such that
fsl(uo—loguo)dx<oo and let T >0. Then there exists a global weak solution u of
(1.1) satisfying

we L0, T: W (S1) nWige (0,15 H(57),
u>0 in S'x(0,00), loguec L*(0,T;H*(S")),

and for all T >0 and all smooth test functions ¢,

T T
/O<ut,¢>H72’szt+/0 /Slu(logu)mqﬁmdxdt:&
(H?(SY))"
1.

1) by introducing the new

The initial datum is satisfied in the sense of H2(S1):=
In order to prove this theorem, we first transform (
variable u=e? as in [13]. Then (1.1) becomes

(ey)t+(eyyxx)mm:0, y(,o):yo in Slv (21)

where yg=Ilogug. In order to prove the existence of solutions to this equation, we
semi-discretize (2.1) in time. For this, let T'>0, and let 0=ty <t; <--- <ty =T with
t, =kT be a partition of [0,T] with 7=T/N. Furthermore, let y;,_; € H*(S') with
Jexp(yr—1)de = [uodz and [(exp(yr—1) —yr—1)dz < [(up—logug)dz given. Then we
solve recursively the elliptic equations

1
—(e¥ —e¥* 1)+ (¥ (Yr) e )exe =0 in S (2.2)
-

LEMMA 2.2. There exists a solution yr € C(S*) of (2.2).

Proof. Set z=1vyi_1. We consider first for given £ >0 the equation
1
(6YYpa) oz — EYpa +EY=— (e —e¥) in St (2.3)

In order to prove the existence of a solution to this approximate problem we employ
the Leray-Schauder theorem. For this, let we H'(S!') and o€[0,1] be given, and
consider

a(y,p)=F(¢) for all pc H*(SY), (2.4)

where for all y,¢ € H2(S!),

g

a(y,¢)Z/Sl(e“’yxmm+syw¢z+sy¢)dm, F(¢)=*/Sl(ez—ew)¢d$-

T
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Clearly, a(-,-) is bilinear, continuous and coercive on H?(S!) and F is linear and
continuous on H2(S!). (Here we need the additional e-terms.) Therefore, the Lax-
Milgram lemma provides the existence of a solution y € H?(S1) of (2.4). This defines
a fixed-point operator S: H*(S1) x [0,1] — H*(S'), (w,0)—y. It holds S(w,0) =0 for
all we H'(S'). Moreover, the functional S is continuous and compact (since the
embedding H?(S') c H!(S') is compact). We need to prove a uniform bound for all
fixed points of S(-,0).
Let y be a fixed point of S(-,0), i.e., y € H?(S') solves for all ¢ € H?(S!)

/ (Y Ysatan+eyatra +eyd)do =2 / (¢ —e¥)dda. (2.5)
g1 T St

Using the test function ¢=1—e7Y yields

/ Y2 da— / Yaayda+ e / e y2date / y(1—e¥)da
St St S St

= g/ (e —e¥)(1—e Y)dx.
T Js1

The second term on the left-hand side vanishes since 4.,y = (y2),/3. The third
and fourth term on the left-hand side are non-negative. Furthermore, with the in-
equality e* >1+x for all z € R,

(" —e")(1—e™) <(e” —2) = (e —y).

We obtain

g/ (ey—y)der/ yfmdng/ (e® —z)dx.
T Js1 S1 T Jgs1

As z is given, this provides a uniform bound for y,, in L?(S'). Moreover, the in-
equality e® —x > |z| for all # €R implies a (uniform) bound for y in L!(S!) and for
Jydx. Now we use the Poincaré inequality

Hu—/ w3
s L

Recall that ||“H2L2(51) = [q1u®dx/L. Then the above estimates provide a (uniform in
¢) bound for y and ¥y, in L?(S?) and thus for y in H?(S!). This shows that all fixed
points of the operator S(-,0) are uniformly bounded in H!(S'). We notice that we
even obtain a uniform bound for y in H?(S') which is independent of ¢. The Leray-
Schauder fixed-point theorem finally ensures the existence of a fixed point of S(-,1),
i.e., of a solution y € H?(S') to (2.3).

Next we show that the limit € —0 can be performed in (2.3) and that the limit
function satisfies (2.2). Let y. be a solution of (2.3). The above estimate shows
that y. is bounded in H?(S!) uniformly in e. Thus there exists a subsequence (not
relabeled) such that, as e — 0,

2
<£||uw||L2(S1)< £ ||uxz||L2(S1) for aHUEHQ(Sl).
T 27 “\ 27

LQ(SI)

Yo =Y weakly in H?(S1),
Ye —Y strongly in H'(S') and in L>°(S%).

We conclude that e¥s —e¥ in L?(S1) as e — 0. In particular, €¥= (y.)ze — €¥yz, weakly
in L'(S'). The limit ¢ —0 in (2.5) can be performed proving that y solves (2.2).



280 A LOGARITHMIC FOURTH-ORDER PARABOLIC EQUATION

Moreover, using the test function ¢ =1 in the weak formulation of (2.2) shows that
Jexp(yx)dz = [exp(yr—_1)dz= [uodz.

It remains to prove that the solution yj of (2.2) lies in C*°(S'). Writing u = e¥*,
we can reformulate (2.2) as

202 3 1
Ugzre = (W_Z;) _;(U’_eyk71>' (26)
T

Since yy, € H2(S1) — W1e°(81), also u € H?(S') — W (S1) and w is strictly positive
in S1. In particular, 1/u€ L*°(S'). Thus u2u,,/u€ L?(S') and u2 /u? € L>°(S'). By
(2.6) this implies that uy., € H 1(S') and therefore u € H3(S'). Again by (2.6) this
yields Ugpqr € L2(S1) and u € H*(S'). Continuing this procedure leads to u € H™(S1)
for all n€N and hence u € C°°(S'). Finally, since u is strictly positive, this shows
that yx =logue C>(S1). 0

For the proof of Theorem 2.1 we need further uniform estimates for the finite
sequence (y™). For this, let y¥) be defined by y™)(z,t) =y (x) for z€ S, te
(tg—1,tx], 1 <k < N. Then we have shown in the proof of Lemma 2.2 that there exists
a constant ¢ >0 depending neither on 7 nor on N such that

)
Y™ 220 i) + Iy oo sy e e rpey <e. (27)
To pass to the limit in the approximating equation, we need further compactness
estimates on e¥" . Here we proceed similarly as in [11].
LEMMA 2.3. The following estimates hold:

(N)
”y(N)HL5/2(0,T;W1v°°(Sl))+||ey L3720, (s1)) <€ (2.8)
where ¢>0 does not depend on T and N.

Proof. We obtain from the Gagliardo-Nirenberg inequality and (2.7):

1y /20 s (s1y) S elly ™R 0.1 s1) 19 HL1(0 Ti(s1) =

1y s /20,7 pos (1)) < €lly™ ||Loc(o TiL1(S1)) [ HL2(0 T, H2(51)) S C
This implies the first bound in (2.8). The second bound follows from the first one and
(2.7):

()
[le¥ ||L5/2(O,T;W1~1(Sl))
(N) (N)
<e (1™ oo zizacsy + 1™ allzsromiz sty )
(N) (N)

<c||e? ||L5/2(O,T;L1(Sl))+c||ey ||L°°(0,T;L1(Sl))||y§cN)||L5/2(o,T;Loo(sl))

<c.
The lemma is proved. O

We also need an estimate for the discrete time derivative. We introduce the shift
operator on by (on (™M) (z,t) =yr_1(z) for x€ ST, t € (tp_1,tx].

LEMMA 2.4. The following estimate holds:

() )
le¥ " — e Lioso 0.1 ar-2(0,1y) < €T, (2.9)
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where ¢>0 does not depend on 7 and N.
Proof. From (2.2) and Hoélder’s inequality we obtain

]. (N)

7||ey (N)
T

—e7N ||L10/9(O TiH-2(S1)) S ||€y y:vm M) | L10r9 (0, 1;2(51))

< Hey ‘|L5/2(0,T;L°°(Sl))||ng |l L2(0,7;22(51))
and the right-hand side is uniformly bounded by (2.7) and (2.8) since W11(0,1) —
L>(0,1). 0

Now we are able to prove Theorem 2.1, i.e. to perform the limit 7—0 in (2.2).
From estimate (2.7) the existence of a subsequence of y™¥) (not relabeled) follows
such that, as N — oo or, equivalently, 7— 0,

yN) —~y  weakly in L?(0,T;H?(S1)). (2.10)

Since the embedding Wt(S1) c L2(S!) is compact it follows from the second bound
in (2.8) and from (2.9) by an application of Aubin’s lemma [17, Thm. 5] that, up to

the extraction of a subsequence, v — g strongly in L%/2(0,T;L?(SY)).

We claim that g=e¥. For this, let z be a smooth function. Since ev™ —yg
strongly in L?(0,7;L?*(SY)) and y™) —y weakly in L?(0,7;L?*(S")), we can pass to

the limit N — oo in
O</ / (yN) — 2)dadt
Sl

Og/OT/Sl(g—ez)(y—z)dmdt.

The monotonicity of x+ e” finally yields g=eY.
Noticing that the uniform estimate (2.9) implies, for a subsequence,
1
2 (ey”“ —e“N@(N))) —(e¥), weakly in L1/°(0,T; H2(S1)), (2.11)

T

to obtain the inequality

we can pass to the limit 7—0 in (2.2), using the convergence results (2.10)-(2.11),
which concludes the proof of Theorem 2.1.

3. Regularity of solutions

THEOREM 3.1. Let ug € H*(S') satisfy the assumptions of Theorem 2.1. Then the
solution constructed in Theorem 2.1 satisfies the regularity properties

Vaue L*(0,T; H3(SY))NL>(0,T; H*(SY)). (3.1)

The theorem is an immediate consequence of the following lemma and the con-
vergence properties shown in the previous section.

LEMMA 3.2. Let yp € C>(S1) be the solution of (2.2) constructed in Theorem 2.1
and set up=e% , k=1,...,N. Then

1
;/SI(K\/Uk)w\Z—K VUk—1) d:c+u/ (/)| 2dz <0,
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where p= (1034 +/241)/72=1.646169... is the largest root of 362 —103x+72=0.

Proof. The proof is based on the algorithmic entropy construction method re-
cently developed in [12]. The main idea of this method is to reformulate the task of
proving entropy dissipation employing integration by parts as a decision problem for
polynomial systems.

The functions up =e¥% and wug_1=eY -1 are strictly positive and smooth and
satisfy

1
;(uk—uk,l)—&-(uk(loguk)m)mzo in S (3.2)

We multiply this equation by ulzl/ 2(ul,lc/ 2)m7 integrate over S', and integrate by parts

the second term:

T

1 _
O:f/ U 1/2(uk—uk_1)(u,1€/2)mda:
Sl
—/1 (uk(loguk)m)x(u,zl/z(u,lc/z)m)xdx::h—Ig.
S

Integrating by parts once, an elementary computation shows that

1 1
11:—7/ (\(u,lc/Q)zF—|(u,1€/_21)z|2)dx——/ uk,1|(loguk—loguk,1)1|2dx
T Js1 47' St
1
< [ vl de

We claim that the integral I can be estimated as

L>u /S e Pl (3.3)

where p is as in the statement of the lemma. We write, omitting the index k in the
following,

= ol Ce) -2(5) S () () (%)
g1 L2\ w U U U U U U

_Qﬁuﬂuszr}(umm)?}d%
U U u 2\ u

Moreover, we have
9 ruz\6 9 ruy\tu 3 /ug\3u
7= J Wikade= |l () -5 () s () =
/Sl(ﬁ)mzx /Slu 64\ u 16\ u u +8 u u
+g(ui)2<um)2_§uiuﬂum+1(umx)2}dx
16\ u u 4du u wu 4\ u '

In order to show that inequality (3.3) holds, we need to perform suitable integrations
by parts. It turns out that only the following integration by parts is useful:

o= [ () o= [ o[-(2) wo(22) ] =,
3
o= [ () = [ a[-a(2)" 2 (1) M) (22
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Then we can write the integral as Is =15+ c1J; +coJo for arbitrary constants cp,
co€R. We wish to find >0 and c¢;, ¢z €R such that Ir+c1Jy+codJo >pJ. For
this task we identify the derivative d2u/u with the real variable ¢; and deal with the
polynomials

1 1 .
P& = 55?‘ — 26T+ €363+ 262E2 — 2616063 + 5532,, which corresponds to I,

9 9 3 9 3 1 .
E()= 6745? - 175611& + gg?fs + 1—65%53 - 1515253 + ng, which corresponds to J,
Ty (&) =—4£8 +5¢1€5,  which corresponds to Jy,
(&) = —351152 —i—ﬁ’ﬁg +3£%§§, which corresponds to Js.

Thus we wish to find constants >0 and ¢1, co € R such that
(P—pE+ciTi+cT5)(€) >0 for all €= (&;,60,83) T €R3,

which corresponds to a pointwise estimate of the integrand of Is. The determination of
all parameters such that the above inequality is true is called a quantifier elimination
problem. In this situation it can be explicitly solved.

The above inequality is equivalent to

a1€9 +as€ 1o +az€ils +as€i€s +aséi€aés +ags >0 for all £1,8,& €R,

where
1 9 9 3
a1:§—6—4,u—4cl, a2:—2+1—6u+5017302, a3:1—§u+02, (3.4)
9 3 1 1
a4:27E,u+302, a5:72+1,u, a6 =5~ 1 (3.5)

Now, we recall (a slight generalization of) Lemma 12 of [12]:
LEMMA 3.3. [12] Let the real polynomial
P(&1,62,83) = a1€0 + a2 6o+ as€i€s + aa€ €5 +astrbabs +asts
be given and let ag>0. Then the statement
P(£1,62,83) =0 for all §1,62,8€R
is equivalent to

either (1) 4asas—a2 =2asa6—azas=0 and 4ajag—a3>0, (3.6)

or (i) 4a4a6fa§>0 and 4a1a4a6—a1a§fagagfa§a4+a2a3a5ZO. (3.7

In both cases, the condition ag > 0, which is equivalent to p < 2, has to be satisfied.
The first two conditions of case (i) give

0 R CT )

2Tue_n T2

and the third one is equivalent to

—36p2 4103 —"72>0.
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This polynomial has two real roots,

103_772 VAL 914942, and 103% V2L 646169, .

Thus we obtain the requirement p < (103++1/241)/72 in case (i).
It can be seen that case (ii) gives a stronger condition on u; we leave the details
to the reader. a

REMARK 3.4. From Theorem 8.1 it follows that
ue L= (S x (0,00))NH(0,T; H~*(SY))  for all T>0.

Indeed, we know that u™) € L>(0,T; H'(S*))NL2(0,T; H3(SY)). Thus, the first prop-
erty is a consequence of the embedding H'(S')— L°°(S') in one space dimension.
Furthermore, we obtain from (3.2)

% (™ —on (™)) = —2(Va™ (Va™) g

—(VuM),(Vu™),,) € L*(0,T; H~(SY)).

Then the limit N — oo shows the claim.

4. Optimal logarithmic Sobolev inequality on S!

The main goal of this section is the proof of a logarithmic Sobolev inequality
for periodic functions. The following theorem is due to Weissler and Rothaus (see
[9, 16, 18]). We give a simple proof using the entropy—entropy production method.
Recall that S! is parametrized by 0 <z < L.

THEOREM 4.1. Let Hy={u€ H'(S'):u, #0 a.e.} and ”“H%Z(sl) = [qru*dx/L. Then

inf fsl Ugd$ 271'2
in _ar
uets [giulog(u?/|Jufl7z gy )de L2

(4.1)

We recall that the optimal constant in the usual Poincaré inequality is L/2, i.e.

2d 4 2
R L L (4.2)
veHs [g(v—0)%dx L2

where 0= [, vdx/L.

Proof. Let I denote the value of the infimum in (4.1). First we prove that

1 2d
r<lpyp st (4.3)
2veH: [g (v—2)%dx
since then the upper bound I <272 /L? follows directly from (4.2). Let v € H; and set
u=uc=1+¢e(v—10). Without loss of generality, we may replace v—o by v such that
Js1vdz=0. Then u®=1+2ev+e%v? and the expansion log(1+z) =z —22?/24+0(z?)
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for x — 0 yields
/ u?log(u?)dx = / (1+2ev+e?v?)log(1+2ev +£%0?)da
51 51

= 352/ v?dr+0(e%),
S1

1 1
/ quxlog(/ qux)z/ (1+e%*v?)dxlog (/ (1—|—521)2)d33)
Sl L Sl Sl L Sl
:52/ v?dr+0(s*) (e —0).
Sl

Taking the difference of the two expansions gives

2
2 v :22/ 2 3y
/Slu Og(fslqux/L>d$ e Slv dx+0(e”)

. 27 _ 2 2
Therefore, using [, u2dr=¢? [, vidz,

Jg1 uzda 1 [ vidx
Js1 u210g(u?/\|u||L2(S1 Ydr 2 Jg1 v2dx
In the limit e — 0 we obtain (4.3).

In order to prove the lower bound for the infimum we use the entropy—entropy
production method. For this we consider the heat equation

+0(e).

Vi =Uge in S*x(0,00), w(-,0)=u? in S*

for some function u € H'(S1). We assume for simplicity that Hu||%2(sl) = [qruldz/L=
1. Then

d
— vlogvdm:—él/ wde,
dt S1 S1

where the function w:=+/v solves the equation w;=w,,+w?2/w. Now, the time
derivative of

2 2 2 2
f)=[ widx— 77 [ log(w*)dzx
Sl

Sl

U)
f’t:—2/ ( e )dm<—/ —Idas<0
() S1 3w 51w2

where we have used the Poincaré inequality

w? L? 2
dr<— | wi,dr. (4.4)
St 47 S1

This shows that f(t) is non-increasing and moreover, for any u e H!(S?),

272 ?
/uidx—%/ u?log | —g—— dz = f(0) = f(t).
st st ||“HL2(31)

equals
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As the solution v(-,t) of the above heat equation and hence w(-,t) converges to zero
in appropriate Sobolev norms as t — +o00, we conclude that f(t) —0 as ¢t — +oc. This
implies I >272/L2. 0

REMARK 4.2. Similar results as in Theorem 4.1 can be obtained for the so-called
convex Sobolev inequalities. Let o(v) = (v” —o”)/(p—1), where 0= [g, vdx/L for 1<
p<2. We claim that

" Jsr 0" (w)vidr  8x?
veHy Joio(w)dz L2

As in the logarithmic case, the lower bound is achieved by an expansion around 1
and the usual Poincaré inequality. On the other hand, let v be a solution of the heat
equation. Then

d 4
— O'(U)dl‘:**/ wide
dt St P Js1

where w=vP/? solves
2 2

and, using (4.4),

d 5 27m2p o 4m? 5 (2 wi
d _p dr=—2 o 2 1) P2y
i /s (wm I o(v) |dx /sl Wow = T3 wy + p el

This proves the upper bound

p 7 2 2 27T2p/
= dx= dx > dx.
4/510 (v)vidx /Slwm T2 Sla(v) x

With the notation v=u2/? this result takes the more familiar form

1 1 L2
— / u?dr — L —/ uPde ) | < / uzdr for allue H'(S'). (4.6)
p—l S1 L S1 27('2]9 St

The logarithmic case corresponds to the limit p— 1 whereas the case p=2 gives the
usual Poincaré inequality.

We may notice that the method gives more than what is stated in Theorem 4.1
since there is an integral remainder term. Namely, for any p € [1,2], for any v € H*(S?!),
we have

p " 2 27T2p/
- >
4/310 (v)vidx+Rv] > I o(v)dx

with
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where w=w(x,t) is the solution to (4.5) with initial datum ug/Q. Inequality (4.6)
can also be improved with an integral remainder term for any p € [1,2], where in the
limit case p=1, one has to take o(v) =vlog(v/v). As a consequence, the only optimal

functions in (4.1) or in (4.6) are the constants.

COROLLARY 4.3. Letn€N, n>0 and let H,={u€ H"(S'):u, £0 a.e.}. Then

Ji |u™| d _1 <2W)2n (4.7)
u€Hn, fSlu210g(u2/||u||2L2(Sl))d:E 2\ L ’ ’

Proof. We obtain a lower bound by applying successively Theorem 4.1 and the
Poincaré inequality:

2 L2 L 2n
/ u210g 1;7 dajg—z/ uidmﬁQ() /
St HUHLZ(Sl) 2w St 2w S1

The upper bound is achieved as in the proof of Theorem 4.1 by expanding the
quotient for u=14ev with fsl vdxr =0 in powers of ¢,

2

u™| dz.

fSl |u(n)|2dl' 1 f51 }”(n)}Qdfc
fslu210g(u2/||u||2L2(Sl))dx 2 fslv2dx

+0(e) (e—0),

and using the Poincaré inequality

o Jalo®Pdr (2“)2”

L

in 5 =
u€tn [ |v—0|"dx

The best constant w=(27/ L)2n in such an inequality is easily recovered by looking
for the smallest positive value of w for which there exists a nontrivial periodic solution
of (=1)"v®™ 4w =0. 0

5. Exponential time decay of the solutions
We show the exponential time decay of the solutions of (1.1). Our main result is
contained in the following theorem.

THEOREM 5.1. Assume that ug is a nonnegative measurable function such that
fsl(uo—loguo)dx and fsl uglogugdx are finite. Let u be the weak solution of (1.1)
constructed in Theorem 2.1 and set = [, uo(x)dz/L. Then

ot 27t
/ u(+,t)log (u(,)) dxge*Mlt/ uglog (@)dm, where Mlzg—z.
S1 u St u L

Moreover, if in addition \/ug€ H(S'), then

/S1 ((\/ﬂ)x(-,t)fdxge_MQt/ (Vug)2dx, where Mgzm%

S1

where p=(103+4+/214)/72=1.646169... is the largest root of 362* — 103z +72=0.
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Proof. Since we do not have enough regularity of the solutions of (1.1) in order to

manipulate the differential equation directly, we need to regularize the equation first.
For this we consider the semi-discrete problem

1
;(uk—uk,l)—l—(uk(loguk)m)m:0 in St (5.1)

as in the proof of Theorem 2.1. The solution uy € C°°(S') of this problem for given
ug_1 is strictly positive and we can use loguy as a test function in the weak formulation
of (5.1). In order to simplify the presentation we set w:=wuy and z:=wug_;. Then we
obtain as in [15]

1
f/ (ulogu—zlogz)dm—i—/ u|(logu)ze|? dz <0. (5.2)
T . Js1 St

From integration by parts it follows

S1 (7 S1 u
l lllS ldell“ly gi\/es

2 4 a2 2 14
g1 g1\ U U U g1\ U 3u

w2,  lul  ug.u? 9 1 ul
/51< to—5——>5 >d:£4/ (V) ge|?dr+— | —Zdx

U 3u U

Thus, (5.2) becomes

%/S (ulog(%) _zlog (%))d$+4 (V) 0| < 0. (5.3)

Now we use Corollary 4.3 with n=2:

4

[ o (£)ae £ [ [t

From this inequality and (5.3) we conclude

%/31 (ulog(%)leog( ))d +3§44/S1u10g< )dm<0

This is a difference inequality for the sequence

FEy ::/ uy log <U—f> dzx,
St u

yielding
(A+7M)Ey<Ep1 or Epy<Eo(1+7M;)~",
where M is as in the statement of the theorem. For t € ((k—1)7,k7] we obtain further

Ep <Eo(14+71M;)~Y".
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Now the proof goes exactly as in [15]. Indeed, the functions uy(z) converge a.e. to
u(z,t) and (1+7M;)~"" —e Mt as 7 —0. This implies the first assertion. The
second one is obtained similarly employing Lemma 3.2. ]

REMARK 5.2. In the H'-norm we obtain the following decay estimate if \/ug €
HY(SY):

) =l o) < Ce 2, (5.4)
where
2
16pum? L2\ | VL _
My==r and C=4(1+25) PNV +Va| N(vialfas):

The decay rate is slightly worse than that in [5] which equals 327*/L*, but we do not
need the strong condition ||(logug).|/z2(s1) <12 which is assumed in [5].
The proof of (5.4) uses the inequality

_ VL
lg—gllLe(sty < THQIHB(Sl) for all g€ H'(5)
and the uniform bound

lu(-,t) || Lo sy < IV ul-t) — \/'E”L“(Sl) +Vu<
@”
2

ey +

< (Vo) L2(s1) + V.
By Poincaré’s inequality, we have

2
)=l 1 < (14 555) || @VaVL) (- t)da
2
<a(1+ g ) VGO e o) (V) (D) s

L2\ /VL _\ 2 _
<4(1+ 1) (5N agsn) + V) I (vao)e I3 gstye ™"
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