
COMM. MATH. SCI. c© 2005 International Press

Vol. 3, No. 4, pp. 621–663

BOUNDARY VALUE PROBLEM FOR THE THREE DIMENSIONAL
TIME PERIODIC VLASOV-MAXWELL SYSTEM∗

M. BOSTAN†

Abstract. In this work we study the existence of time periodic weak solution for the three
dimensional Vlasov-Maxwell system with boundary conditions. The main idea consists of using the
mass, momentum and energy conservation laws which allow us to obtain a priori estimates in the case
of a star-shaped bounded spatial domain. We start by constructing time periodic smooth solutions
for a regularized system. The existence for the Vlasov-Maxwell system follows by weak stability
under uniform estimates. These results apply for both classical and relativistic cases and for systems
with several species of particles.
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1. Introduction
The coupled nonlinear system given by the Vlasov-Maxwell equations is a classical

model in the kinetic theory of plasma. The main assumption underlying the model is
that collisions are so rare that they may be neglected.

Consider Ω an open bounded subset of R3
x, with boundary ∂Ω regular. We intro-

duce the notations Σ=∂Ω×R3
p and:

Σ± ={(x,p)∈∂Ω×R3
p | ±(v(p) ·n(x))>0}, (1.1)

where n(x) is the unit outward normal to ∂Ω at x and v(p) is the velocity associated
to some energy function E(p) by v(p)=∇pE(p), p∈R3

p. The functions to be considered
are:

E(p)=
|p|2

2m
, v(p)=

p

m
, (1.2)

for the classical case and:

E(p)=mc2
0

((
1+

|p|2

m2c2
0

)1/2

−1

)
, v(p)=

p

m

(
1+

|p|2

m2c2
0

)−1/2

, (1.3)

for the relativistic case, where m is the mass of particles, c0 is the light speed in
the vacuum. We denote by f(t,x,p) the particles distribution depending on the time
t, the position x∈Ω and the momentum p∈R3

p and by (E(t,x),B(t,x)) the electro-
magnetic field depending on t and x. If we note by F (t,x,p)= q(E(t,x)+v(p)∧B(t,x))
the electro-magnetic force, the Vlasov problem is given by:

∂tf +v(p) ·∇xf +F (t,x,p) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p, (1.4)

f(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−, (1.5)
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622 TIME PERIODIC SOLUTIONS FOR THE VLASOV-MAXWELL SYSTEM

where q is the charge of particles and g represents the distribution of the incoming
particles, which is a given T periodic function. Some other boundary conditions can
be considered as we will see later on. The problem (1.4),(1.5) is coupled with the
Maxwell equations:

∂tE−c2
0 rot B =−j(t,x)

ε0
, ∂tB+rot E =0, div E =

ρ(t,x)
ε0

, div B =0, (t,x)∈Rt×Ω,

(1.6)
with the boundary condition:

n(x)∧E(t,x)+c0n(x)∧(n(x)∧B(t,x))=h(t,x), (t,x)∈Rt×∂Ω, (1.7)

where ε0 is the permittivity of the vacuum, ρ(t,x)= q
∫

R3
p
f(t,x,p)dp is the charge

density, j(t,x)= q
∫

R3
p
f(t,x,p)v(p)dp is the current density and h is a given T periodic

function on the boundary Rt×∂Ω such that (n ·h)|Rt×∂Ω =0. We introduce also the
permeability of the vacuum, µ0, given by ε0µ0c

2
0 =1.

When the magnetic field is neglected, the electric field derives from a potential
E =−∇xΦ and we obtain the Vlasov-Poisson system:

∂tf +v(p) ·∇xf −q∇xΦ ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p,

f(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−,

−∆xΦ=
ρ

ε0
, (t,x)∈Rt×Ω, Φ(t,x)=ϕ0(t,x), (t,x)∈Rt×∂Ω,

where ϕ0 is the potential on the boundary Rt×∂Ω. This model can be derived from
the relativistic Vlasov-Maxwell system by letting c0→+∞, see Degond [12] for the
case of smooth solutions and [9] for the case of weak solutions.

Various results were obtained for the free space Vlasov-Poisson system. Weak
solutions were constructed by Arseneev [1], Horst and Hunze [26]. The existence
of classical solutions has been studied by Ukai and Okabe [35], Horst [25], Batt [2],
Pfaffelmoser [31]. The existence of global classical solutions for the Vlasov-Poisson
equations with small initial data is a result of Bardos and Degond [5], see also Schaeffer
[33], [34]. A powerful method has been proposed by Lions and Perthame [30] in order
to study the propagation of the moments for the three dimensional Vlasov-Poisson
system. The existence of global weak solution for the Vlasov-Maxwell system in three
dimensions was obtained by DiPerna and Lions [14], one of the key points being
the compactness result of velocity averages (see also [21]). The global existence of a
strong solution is still an open problem. Results for the relativistic case were obtained
by Glassey and Schaeffer [17], [18], Glassey and Strauss [19], [20], Klainerman and
Staffilani [27], Bouchut, Golse and Pallard [10].

However, for applications like vacuum diodes, tube discharges, cold plasma, so-
lar wind, satellite ionization, thrusters, etc. boundary conditions have to be taken
into account. Results for the initial-boundary value problem were obtained by Ben
Abdallah [6] for the Vlasov-Poisson system in three dimensions and Guo [23] for the
Vlasov-Maxwell system. Permanent regimes are particularly important. They are of
two types and they are modeled by stationary solutions or time periodic solutions for
boundary value problems. Another strong motivation to study such solutions is the
great difficulty to compute it numerically. The stationary problem for the Vlasov-
Poisson equations was studied by Greengard and Raviart [22] in one dimension and
by Poupaud [32] in three dimensions for the Vlasov-Maxwell system. An asymptotic
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analysis of the Vlasov-Poisson system was done by Degond and Raviart [13] in the
case of the plane diode. The regularity of the solutions for the Vlasov-Maxwell sys-
tem has been studied by Guo [24]. Results for the one dimensional time periodic case
can be found in [8] for the Vlasov-Poisson system and in [7] for the Vlasov-Maxwell
system.

The aim of this paper is to prove the existence of time T periodic solution for the
three dimensional Vlasov-Maxwell system (1.4),(1.5), (1.6),(1.7) when the boundary
conditions are supposed T periodic, with T >0 fixed. The techniques introduced for
the analysis of the one dimensional case cannot be applied in the three dimensional
case. Indeed, the proof in [7] relies on the fact that in one dimension the solution of
the Maxwell equations can be computed explicitly, where in three dimensions such a
formula is not available. Our main result is the following theorem.

Theorem 1.1. Assume that Ω is bounded, with ∂Ω smooth and strictly star-shaped,
g∈L∞(Rt×Σ−),h are T periodic such that g≥0, (n ·h)|Rt×∂Ω =0 and:

W0 :=
∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ <+∞.

Then there is a T periodic weak solution (f ≥0,E,B)∈L∞(Rt×Ω×R3
p)×

L2
loc(Rt;L2(Ω)3)2 for the Vlasov-Maxwell system (classical or relativistic case):

∂tf +v(p) ·∇xf +q(E(t,x)+v(p)∧B(t,x)) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p,

∂tE−c2
0 rot B =− j

ε0
, ∂tB+rot E =0, div E =

ρ

ε0
, div B =0, (t,x)∈Rt×Ω,

f(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−,

n∧E(t,x)+c0n∧(n∧B(t,x))=h(t,x), (t,x)∈Rt×∂Ω.

Moreover the continuity equation is satisfied ∂tρ+div j =0 in D′(]0,T [×Ω), there
are trace functions γ+f ≥0, ‖γ+f‖∞≤‖g‖∞, normal and tangential traces (n ·E,n ·
B),(n∧E,n∧B) and for some constant C depending on m,ε0,µ0,Ω we have:

ess sups∈R{
∫

Ω

∫
R3

p

E(p)f(s,x,p)dxdp+
∫

Ω

{ε0|E(s,x)|2 +
1
µ0

|B(s,x)|2}dx}

+
∫ T

0

∫
Σ+

(v(p) ·n(x))(1+E(p))γ+f(t,x,p)dtdσdp

+
∫ T

0

∫
∂Ω

{ε0

[
(n ·E)2 + |n∧E|2

]
+

1
µ0

[
(n ·B)2 + |n∧B|2

]
}dtdσ

≤ C ·W0.

As in [14] we construct a T periodic weak solution as weak limit of solutions for a reg-
ularized system. One of the crucial points consists of finding uniform a priori bounds
for the total (kinetic and electro-magnetic) energy by using the physical conservation
laws. As usual we prove the existence of a solution for the regularized problem by the
fixed point method. By the conservation laws of the mass and the energy we obtain:
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d

dt

∫
Ω

∫
R3

p

f(t,x,p)(1+E(p))dxdp+
ε0

2
d

dt

∫
Ω

(|E(t,x)|2 +c2
0|B(t,x)|2)dx

+
∫

Σ+
(v(p) ·n(x))γ+f(t,x,p)(1+E(p))dσdp

+
ε0c0

2

∫
∂Ω

(|n∧E|2 +c2
0|n∧B|2)dσ

=
∫

Σ−
|(v(p) ·n(x))|g(t,x,p)(1+E(p))dσdp+

ε0c0

2

∫
∂Ω

|h(t,x)|2 dσ, t∈Rt.

(1.8)

If for the initial-boundary value problems the equation (1.8) provides immediately
bounds for the total energy after integration on [0,t], t>0, the situation is different
for the time periodic case, since in this case initial data are not available. Nevertheless,
after integration of (1.8) over a period we obtain:∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f(t,x,p)(1+E(p))dtdσdp

+
ε0c0

2

∫ T

0

∫
∂Ω

(|n∧E|2 +c2
0|n∧B|2)dtdσ

=
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p)(1+E(p))dtdσdp+
ε0c0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ.

(1.9)

In order to estimate the total energy we use also the momentum conservation law. We
suppose that ∂Ω is strictly star-shaped with respect to some point x0∈Ω i.e., ∃r>0
such that (n(x) ·(x−x0))≥ r, ∀x∈∂Ω, and we multiply the Vlasov equation by the
test function (p ·(x−x0)):

d

dt

∫
Ω

∫
R3

p

f(t,x,p)(p ·(x−x0))dxdp+
∫

Σ

(v(p) ·n(x))γf(t,x,p)(p ·(x−x0))dσdp

=
∫

Ω

∫
R3

p

f(t,x,p)(v(p) ·p)dxdp+
∫

Ω

∫
R3

p

qf(t,x,p)(E +v(p)∧B) ·(x−x0)dxdp.

(1.10)

In the previous equality γf denotes the trace of f on Rt×Σ (in fact γf =γ+f on
Rt×Σ+ and γf =g on Rt×Σ−). By using the Maxwell equations the last integral in
the above equation can be written:∫

Ω

∫
R3

p

qf(t,x,p)(E +v(p)∧B) ·(x−x0)dxdp=
∫

Ω

(ρE +j∧B) ·(x−x0)dx

=ε0

∫
Ω

[(Ediv E−E∧rot E)+c2
0(Bdiv B−B∧rot B)] ·(x−x0)dx

−ε0

∫
Ω

∂t(E∧B) ·(x−x0)dx. (1.11)

We use also the identity (udiv u−u∧rot u)i =
∑3

j=1
∂

∂xj
(uiuj)− 1

2
∂

∂xi
|u|2, 1≤ i≤3

and the inequality (v(p) ·p)≥E(p), ∀p∈R3
p. After integration by parts and direct
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computations the equations (1.10), (1.11) yield:∫ T

0

∫
Ω

∫
R3

p

fE(p)dtdxdp+
ε0

2

∫ T

0

∫
Ω

(|E|2 +c2
0|B|2)dtdx

+
ε0r

2

∫ T

0

∫
∂Ω

[(n ·E)2 +c2
0(n ·B0)2]dtdσ

≤ R

∫ T

0

∫
Σ

|(v(p) ·n(x))| · |p|γf dtdσdp+
ε0R

2

∫ T

0

∫
∂Ω

[|n∧E|2 +c2
0|n∧B|2]dtdσ

+ ε0R

∫ T

0

∫
∂Ω

[|(n ·E)| · |n∧E|+c2
0|(n ·B)| · |n∧B|]dtdσ, (1.12)

where R=supx∈∂Ω |x−x0|. The estimate (1.12) together with (1.9) clearly give the
desired bounds. There is another important point to be clarified: in the above com-
putations we used the divergence equations div E = ρ

ε0
, div B =0. In the case of the

initial value problem these equations hold true as soon as they are verified by the
initial data. In the time periodic case the idea is to regularize the Vlasov-Maxwell
equations and to use the time periodicity. Indeed we consider T periodic solutions for
the perturbed equations:

αf +∂tf +v(p) ·∇xf +q(E +v(p)∧B) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p,

αE +∂tE−c2
0 rot B =− 1

ε0
j(t,x), αB+∂tB+rot E =0, (t,x)∈Rt×Ω,

where α>0 is a small parameter. Note that the continuity equation is in this case
αρ+∂tρ+div j =0. As usual, by taking the divergence in the perturbed Maxwell
equations we find (α+∂t)(div E− ρ

ε0
)=0, (α+∂t)div B =0 and by time periodicity

we deduce that div E = ρ
ε0

, div B =0. Once we have obtained uniform estimates for the
total energy of the solutions for the regularized Vlasov-Maxwell system, the existence
of the T periodic weak solution for the non perturbed Vlasov-Maxwell system follows
easily by weak stability results (cf. [14]).

The content of this paper is organized as follows: first we recall some basic defini-
tions and results concerning the Vlasov problem. In the next section we prove general
existence and uniqueness results of the time periodic solution for evolution equations
with time periodic source terms. In particular, existence and uniqueness results for
the regularized Maxwell equations are obtained in Section 4. In section 5 we prove the
existence for the regularized Vlasov-Maxwell system by using a fixed point technique.
In the next section we obtain the a priori estimates by using the conservation laws
of the mass, momentum and energy. In section 7 we justify the passing to the limit
for the sequence of regularized solutions. We end with some remarks concerning the
system with specular a boundary condition.

2. The Vlasov equation
The Vlasov equation describes the evolution of a population of charged particles

under the action of the electro-magnetic force. In this section we suppose that the
electro-magnetic field is a given T periodic function (E,B). The time periodic Vlasov
problem is given by:

∂tf +v(p) ·∇xf +F (t,x,p) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p, (2.1)

f(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−. (2.2)
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By taking into account that ∇(x,p) ·(v(p),F (t,x,p))=0, the equation (2.1) can be
written also:

∂tf +∇x ·(v(p)f)+∇p ·(F (t,x,p)f)=0, (t,x,p)∈Rt×Ω×R3
p.

Since there is no uniqueness for the Vlasov problem (2.1),(2.2) (because the distribu-
tion function can take arbitrary constant values on the characteristics which remain
in the domain), it is convenient to consider also the perturbed problem:

αf +∂tf +v(p) ·∇xf +F (t,x,p) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p, (2.3)

with the boundary condition (2.2), where α>0 is fixed. We introduce the definitions
of weak/mild solution for the perturbed Vlasov problem:

Definition 2.1. Assume that E,B∈L∞(Rt×Ω)3 and (v(p) ·n(x))g∈L1
loc(Rt×Σ−)

are T periodic. We say that f ∈L1
loc(Rt×Ω×R3

p) is a T periodic weak solution for
the perturbed Vlasov problem (2.3),(2.2) iff f is T periodic and:∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)(αϕ−∂tϕ−v(p) ·∇xϕ−F (t,x,p) ·∇pϕ)dtdxdp

=−
∫ T

0

∫
Σ−

(v(p) ·n(x))g(t,x,p)ϕ(t,x,p)dtdσdp, (2.4)

for all test functions which belong to:

Tw ={ϕ∈C1(Rt×Ω×R3
p) | ∃R>0 :ϕ=ϕ ·1{|p|≤R},ϕ|Rt×Σ+ =0,ϕ(·+T )=ϕ}.

Remark 2.2. In the above definition we can assume that E,B are only in
Ls(]0,T [×Ω)3 by requiring more regularity on f , namely f ∈Lr

loc(Rt×Ω×R3
p), where

s is the conjugate exponent of r.

Suppose now that E,B are T periodic and belong to L∞(Rt;W 1,∞(Ω))3. In
this case we can define the notion of solution by characteristics or mild solution.
First of all let us introduce the characteristics: for (t,x,p)∈Rt×Ω×R3

p we denote by
(X(s),P (s))=(X(s;t,x,p),P (s;t,x,p)) the unique solution of the system:

dX

ds
=v(P (s;t,x,p)),

dP

ds
=F (s,X(s;t,x,p),P (s;t,x,p)), sin(t,x,p)≤s≤sout(t,x,p),

(2.5)
with the conditions X(s= t;t,x,p)=x,P (s= t;t,x,p)=p. Here sin,sout represent the
incoming, respectively outgoing time given by:

sin(t,x,p)=sup{s≤ t |X(s;t,x,p)∈∂Ω},

sout(t,x,p)= inf{s≥ t |X(s;t,x,p)∈∂Ω}.

By using the time periodicity of the electro-magnetic field we check easily that

sin(t+T,x,p)=sin(t,x,p)+T, sout(t+T,x,p)=sout(t,x,p)+T, (2.6)

and:

X(s+T ;t+T,x,p)=X(s;t,x,p), P (s+T ;t+T,x,p)=P (s;t,x,p), (2.7)
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for all (t,x,p)∈Rt×Ω×R3
p, sin(t,x,p)≤s≤sout(t,x,p). The mild formulation follows

formally by solving:

αϕ−∂tϕ−v(p) ·∇xϕ−F (t,x,p) ·∇pϕ=ψ(t,x,p), (t,x,p)∈Rt×Ω×R3
p,

with the boundary condition ϕ|Rt×Σ+ =0. By integration along the characteristic
curves we obtain:

ϕα
ψ(t,x,p)=

∫ sout(t,x,p)

t

e−α(s−t)ψ(s,X(s;t,x,p),P (s;t,x,p))ds,

and we define the mild solution by:

Definition 2.3. Assume that E,B∈L∞(Rt;W 1,∞(Ω))3 and (v(p) ·n(x))g∈
L1

loc(Rt×Σ−) are T periodic, α>0. We say that f ∈L1
loc(Rt×Ω×R3

p) is a T pe-
riodic mild solution for the perturbed Vlasov problem (2.3),(2.2) iff f is T periodic
and:∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)ψ(t,x,p)dtdxdp=−
∫ T

0

∫
Σ−

(v(p) ·n(x))g(t,x,p)ϕα
ψ(t,x,p)dtdσdp,

(2.8)
for all test functions which belong to:

Tm ={ψ∈C0(Rt×Ω×R3
p) | ∃R>0 :ψ =ψ ·1{|p|≤R}, ψ(·+T )=ψ}.

For α=0 one gets the definitions of the weak/mild solution for the Vlasov problem
(2.1),(2.2). The existence of the T periodic mild solution is a standard result and
follows by change of variables along characteristics (see also the Remark 2.6).

Proposition 2.4. Assume that E,B∈L∞(Rt;W 1,∞(Ω))3 and g∈L∞(Rt×Σ−) are
T periodic, α>0. Then the perturbed Vlasov problem (2.3),(2.2) has a unique T
periodic mild solution f ∈L∞(Rt×Ω×R3

p), verifying ‖f‖∞≤‖g‖∞. Moreover, if g≥
0 then f ≥0.

Remark 2.5. It is easy to check that all T periodic mild solutions are also T periodic
weak solutions.

Remark 2.6. It is well known that the mild solution of problem (2.3), (2.2) is given
by f(t,x,p)=e−α(t−sin(t,x,p))g(sin,X(sin;t,x,p),P (sin;t,x,p)) if sin(t,x,p)>−∞ and
f(t,x,p)=0 otherwise. Observe that when the electro-magnetic field and the bound-
ary data g are T periodic, the equalities (2.6), (2.7) imply immediately that f is T
periodic.

Remark 2.7. Under the same hypothesis as in Proposition 2.4, the T periodic mild
solution f has a trace γ+f ∈L∞(Rt×Σ+) verifying the following Green formula:∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)(αϕ−∂tϕ−v(p) ·∇xϕ−F (t,x,p) ·∇pϕ)dtdxdp

=−
∫ T

0

∫
Σ−

(v(p) ·n(x))g(t,x,p)ϕ(t,x,p)dtdσdp

−
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f(t,x,p)ϕ(t,x,p)dtdσdp, (2.9)
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for all ϕ∈C1(Rt×Ω×R3
p) with compact support in momentum and T periodic in

time. The trace γ+f is given by the same formula as in the Remark 2.6 and we have
‖γ+f‖∞≤‖g‖∞. Moreover, if g≥0 then γ+f ≥0.

Proposition 2.8. Under the same hypothesis as in Proposition 2.4, a T periodic
bounded weak solution of the perturbed Vlasov problem (2.3),(2.2) is unique and there-
fore coincides with the T periodic mild solution.

Proof. Assume that f ∈L∞(Rt×Ω×R3
p) is a T periodic weak solution with

boundary data g =0. We have ∂tf +v(p) ·∇xf +F (t,x,p) ·∇pf =−αf ∈L∞(Rt×Ω×
R3

p) and therefore (cf. [4], [15]) we obtain:

1
2
(∂tf

2 +v(p) ·∇xf2 +F ·∇pf
2)=−αf2.

After integration on ]0,T [×Ω×R3
p we deduce that:

α

∫ T

0

∫
Ω

∫
R3

p

f2(t,x,p)dtdxdp+
1
2

∫ T

0

∫
Σ+

(v(p) ·n(x))(γ+f)2(t,x,p)dtdσdp=0,

or f =0, γ+f =0.

Proposition 2.9. Under the same hypothesis as in Proposition 2.4, with g≥0,∫ T

0

∫
Σ− |(v(p) ·n(x))|g(t,x,p)dtdσdp<+∞, the T periodic mild/weak solution belongs

to L1(]0,T [×Ω×R3
p) and∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)dtdxdp≤ 1
α

∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p)dtdσdp.

Proof. By applying the mild formulation with the test function ψ(t,x,p)=χR(|p|)
where χR(u)=χ( u

R ), χ∈Cc(R), χ(u)=1 if |u|≤1, χ(u)=0 if |u|≥2 and 0≤χ≤1, we
deduce that 0≤ϕα

ψ ≤ 1
α and therefore:∫ T

0

∫
Ω

∫
R3

p

f1{|p|≤R} dtdxdp≤
∫ T

0

∫
Ω

∫
R3

p

fψ dtdxdp

≤ 1
α

∫ T

0

∫
Σ−

|(v(p) ·n(x))|g dtdσdp,∀R>0.

The conclusion follows by letting R→+∞ and by using the monotone convergence
theorem.

3. Time periodic evolution equations
We intend to solve the time periodic Maxwell equations by using standard theory

of maximal monotone operators. We present here some easy results of existence and
uniqueness for linear evolution equations with time periodic source terms. We need
the following lemma.

Lemma 3.1. Assume that g∈L1
loc(Rt;R) is a T periodic function and α>0 is fixed.

Then: ∣∣∣∣∫ t

0

e−α(t−s)g(s)ds

∣∣∣∣≤(
1

αT
+4

)
‖g‖L1(]0,T [), ∀t≥0.
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Proof. Consider G : [0,+∞[→R, G(t)=
∫ t

0
{g(s)−〈g〉}ds, where 〈g〉 := 1

T

∫ T

0
g(t)

dt. Obviously G is T periodic and bounded |G(t)|≤2 ·‖g‖L1(]0,T [), ∀t≥0. We have:∫ t

0

e−α(t−s)g(s)ds=
∫ t

0

e−α(t−s)(g(s)−〈g〉)ds+〈g〉 ·
∫ t

0

e−α(t−s) ds

=
∫ t

0

e−α(t−s)G′(s)ds+α−1(1−e−αt)〈g〉

=G(t)+α−1(1−e−αt)〈g〉−α

∫ t

0

e−α(t−s)G(s)ds.

Finally we deduce that:∣∣∣∣∫ t

0

e−α(t−s)g(s)ds

∣∣∣∣≤|G(t)|+α−1|〈g〉|+‖G‖L∞ ·
∫ t

0

αe−α(t−s) ds

≤
(

1
αT

+4
)
‖g‖L1(]0,T [). (3.1)

Proposition 3.2. Assume that A :D(A)⊂H →H is a linear maximal monotone
operator on a Hilbert space H, f ∈C1(Rt;H) is T periodic, α>0 fixed. Then there is
a unique T periodic solution ξ∈C(Rt;D(A))∩C1(Rt;H) for the perturbed evolution
equation:

αx(t)+x′(t)+Ax(t)=f(t), t∈Rt. (3.2)

Moreover, we have the following estimates:

‖ξ‖L∞(Rt;H)≤
(

1
αT

+4
)
‖f‖L1(]0,T [;H), ‖ξ′‖L∞(Rt;H)≤

(
1

αT
+4

)
‖f ′‖L1(]0,T [;H).

Proof. Consider an arbitrary x0∈D(A) and denote by x(·;0,x0)∈
C([0,+∞[;D(A))∩C1([0,+∞[;H) the unique solution of (3.2) with the initial con-
dition x0. We have:

α(x(t+T )−x(t))+x′(t+T )−x′(t)+Ax(t+T )−Ax(t)=0, t≥0.

After multiplication by x(t+T )−x(t), by using the monotonicity of A we obtain:

d

dt
{e2αt‖x(t+T )−x(t)‖2}≤0, t≥0,

which implies that ‖x(t+T )−x(t)‖≤e−αt‖x(T )−x(0)‖≤e−αt(2‖x0‖+
‖f‖L1(]0,T [;H)). If we denote by (xn)n the functions xn(t)=x(nT + t), 0≤ t≤T, n≥0
we deduce that:

‖xn+1(t)−xn(t)‖≤e−α(nT+t)(2‖x0‖+‖f‖L1(]0,T [;H))

≤e−αnT (2‖x0‖+‖f‖L1(]0,T [;H)),

and therefore xn → ξ in C([0,T ];H). We have

ξ(T )= lim
n→+∞

xn(T )= lim
n→+∞

x(nT +T )= lim
n→+∞

xn+1(0)= ξ(0).



630 TIME PERIODIC SOLUTIONS FOR THE VLASOV-MAXWELL SYSTEM

With the notation yh(t)=x(t+h)−x(t), we have:

α(yh(t+T )−yh(t))+y′
h(t+T )−y′

h(t)+Ayh(t+T )−Ayh(t)=0, t≥0.

After multiplication by yh(t+T )−yh(t) we deduce as before that 1
h‖yh(t+T )−

yh(t)‖≤e−αt 1
h‖yh(T )−yh(0)‖, h>0, t≥0 and by passing h↘0 we obtain:

‖x′(t+T )−x′(t)‖≤e−αt‖x′(T )−x′(0)‖≤e−αt(2‖x′(0)‖+‖f ′‖L1(]0,T [;H)).

In particular ‖x′
n+1(t)−x′

n(t)‖≤e−αnT (2‖x′(0)‖+‖f ′‖L1(]0,T [;H)) and therefore x′
n →

η in C([0,T ];H). Now, by taking into account that A is closed and [xn(t),f(t)−
αxn(t)−x′

n(t)]∈Graph(A), 0≤ t≤T,n≥0 we find by passing to the limit for n→+∞
that [ξ(t),f(t)−αξ(t)−η(t)]∈Graph(A), 0≤ t≤T or ξ(t)∈D(A) and αξ(t)+η(t)+
Aξ(t)=f(t), 0≤ t≤T . It is easy to check that η = ξ′ and thus ξ∈C([0,T ];D(A))∩
C1([0,T ];H) is a T periodic solution for (3.2). In order to estimate ξ observe that:

α‖x(t)‖2 +
1
2

d

dt
‖x(t)‖2≤‖f(t)‖·‖x(t)‖, t≥0,

which implies by using the Bellman lemma that:

‖x(t)‖≤e−αt‖x(0)‖+
∫ t

0

e−α(t−s)‖f(s)‖ds.

From the Lemma 3.1 we deduce that ‖xn(t)‖≤e−α(nT+t)‖x0‖+(
1

αT +4
)
‖f‖L1(]0,T [;H), or ‖ξ‖L∞(Rt;H)≤ ( 1

αT +4)‖f‖L1(]0,T [;H). In order to esti-
mate ξ′ we write αyh(t)+y′

h(t)+Ayh(t)=f(t+h)−f(t) and as before we deduce
that for h>0,t≥0 :

1
h
‖yh(t)‖≤e−αt 1

h
‖yh(0)‖+

∫ t

0

e−α(t−s) 1
h
‖f(s+h)−f(s)‖ds.

By passing to the limit for h↘0 one gets:

‖x′(t)‖≤e−αt‖x′(0)‖+
∫ t

0

e−α(t−s)‖f ′(s)‖ds,

and thus by using the Lemma 3.1 finally we find that ‖ξ′‖L∞(Rt;H)≤ ( 1
αT +

4)‖f ′‖L1(]0,T [;H). The uniqueness of the periodic solution follows easily by standard
arguments: consider ξ1,ξ2 two periodic solutions. We have as before that:

α‖ξ1(t)−ξ2(t)‖2 +
1
2

d

dt
‖ξ1(t)−ξ2(t)‖2 +(Aξ1(t)−Aξ2(t),ξ1(t)−ξ2(t))=0.

After integration on [0,T ] one gets that α
∫ T

0
‖ξ1(t)−ξ2(t)‖2 dt≤0, or ξ1 = ξ2.

Remark 3.3. The previous result holds for f ∈W 1,1
loc (Rt;H), T periodic (see also [3],

p. 138).

Indeed, approximate f by fε in W 1,1
loc (Rt;H) with fε ∈C1(Rt;H), T periodic and

notice that the corresponding solutions (xε)ε>0 converge in C1(Rt;H).

Remark 3.4. The equation αx(t)−x′(t)+Ax(t)=f(t), t∈Rt has also a unique T
periodic solution verifying the same estimates (take x(t)=y(T − t),0≤ t≤T , where y
solves αy+y′+Ay = f̃ , with f̃(t)=f(T − t),0≤ t≤T ).
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By transposition we can define the notion of T periodic weak solution as follows:

Definition 3.5. Assume that A :D(A)⊂H →H is a linear operator densely defined
on a Hilbert space, f ∈L1

loc(Rt;H), T periodic. We say that x∈C(Rt;H) is a T
periodic weak solution of (3.2) iff x is T periodic and:∫ T

0

〈x(t),αϕ(t)−ϕ′(t)+A?ϕ(t)〉dt=
∫ T

0

〈f(t),ϕ(t)〉dt,

for all ϕ∈C(Rt;D(A?))∩C1(Rt;H), T periodic.

Proposition 3.6. If A :D(A)⊂H →H is a linear maximal monotone operator on a
Hilbert space, f ∈L1

loc(Rt;H) is T periodic, α>0 is fixed, then there is a unique T peri-
odic weak solution ξ∈C(Rt;H) of (3.2) verifying ‖ξ‖L∞(Rt;H)≤ ( 1

αT +4)‖f‖L1(]0,T [;H).

Proof. Consider fn ∈C1(Rt;H), T periodic, such that limn→+∞fn =f in
L1(]0,T [;H) and denote by xn ∈C(Rt;D(A))∩C1(Rt;H) the corresponding strong
solution. By the Proposition 3.2 we have that ‖xn−xm‖L∞(Rt;H)≤

(
1

αT +4
)
‖fn−

fm‖L1(]0,T [;H) and thus (xn)n converges to some T periodic function ξ∈C(Rt;H)
such that ‖ξ‖L∞(Rt;H)≤

(
1

αT +4
)
‖f‖L1(]0,T [;H). If ϕ∈C(Rt;D(A?))∩C1(Rt;H) is T

periodic, we have for all n:∫ T

0

〈xn(t),αϕ(t)−ϕ′(t)+A?ϕ(t)〉dt=
∫ T

0

〈fn(t),ϕ(t)〉dt.

By passing to the limit in respect to n we deduce that ξ is a T periodic weak solution.
In order to prove the uniqueness, consider x1,x2 two T periodic weak solutions and
therefore we have:∫ T

0

〈x1(t)−x2(t),αϕ(t)−ϕ′(t)+A?ϕ(t)〉dt=0, ∀ϕ∈C(Rt;D(A?))∩C1(Rt;H),

Tperiodic.

In particular we deduce that
∫ T

0
〈x1(t)−x2(t),g(t)〉dt=0, ∀g∈C1(Rt;H), T periodic

(take ϕ the strong T periodic solution for αϕ(t)−ϕ′+A?ϕ(t)=g(t), t∈Rt). It follows
by density that

∫ T

0
〈x1(t)−x2(t),g(t)〉dt=0, ∀g∈L1

loc(Rt;H), T periodic, or x1 =x2.

4. The Maxwell equations
In this section we assume that the charge and current densities ρ= q

∫
R3

p
fdp, j =

q
∫

R3
p
v(p)fdp are given T periodic functions and we study the time periodic Maxwell

equations:

∂tE−c2
0 rot B =− 1

ε0
j(t,x), ∂tB+rot E =0, (t,x)∈Rt×Ω. (4.1)

On the boundary we impose the Silver-Müller condition:

n(x)∧E(t,x)+c0n(x)∧(n(x)∧B(t,x))=h(t,x), (t,x)∈Rt×∂Ω. (4.2)

In order to be consistent to the perturbed Vlasov problem we consider also the per-
turbed Maxwell equations:

αE(t,x)+∂tE−c2
0 rot B =− 1

ε0
j(t,x), αB(t,x)+∂tB+rot E =0, (t,x)∈Rt×Ω,

(4.3)
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where α>0 is fixed. Let us introduce the standard Hilbert spaces H(rot ;Ω),H(div ;Ω)
defined by:

H(rot ;Ω)={u∈L2(Ω)
3 | rot u∈L2(Ω)

3}, H(div ;Ω)={u∈L2(Ω)
3 |div u∈L2(Ω)},

endowed with the norms:(
‖u‖2

L2(Ω)3 +‖rot u‖2
L2(Ω)3

)1/2

, respectively
(
‖u‖2

L2(Ω)3 +‖div u‖2
L2(Ω)

)1/2

.

It is well known that C1(Ω)3 is dense in H(rot ;Ω) and H(div ;Ω) (see [16]). The
application ϕ∈C1(Ω)3→n∧ϕ∈C1(∂Ω)3 extends by continuity to a continuous linear

map n∧ :H(rot ;Ω)→
(
H1/2(∂Ω)

3
)′

=H−1/2(∂Ω)
3

such that:∫
Ω

rot u ·Φdx−
∫

Ω

u ·rot Φdx= 〈n∧u,ϕ〉H−1/2(∂Ω)3,H1/2(∂Ω)3 ,

for all functions u∈H(rot ;Ω), Φ∈H1(Ω)3, ϕ=Φ|∂Ω∈H1/2(∂Ω)
3
. On the other hand,

the application ϕ∈C1(Ω)3→n ·ϕ∈C1(∂Ω) extends by continuity to a continuous
linear map n· :H(div ;Ω)→

(
H1/2(∂Ω)

)′
=H−1/2(∂Ω) such that:∫

Ω

div uΦdx+
∫

Ω

u ·grad Φdx= 〈n ·u,ϕ〉H−1/2(∂Ω),H1/2(∂Ω) ,

for all functions u∈H(div ;Ω), Φ∈H1(Ω),ϕ=Φ|∂Ω∈H1/2(∂Ω). We note H=L2(Ω)6

endowed with the norm
(
‖E‖2

L2(Ω)3
+c2

0 ·‖B‖2
L2(Ω)3

)1/2

and define A :D(A)⊂H→H
given by:

D(A)={(E,B)∈H| rot E,rot B∈L2(Ω)
3
,n∧E,n∧B∈L2(∂Ω)

3
,

n∧E +c0n∧(n∧B)|∂Ω =0},

and:

A(E,B)=(−c2
0 rot B,rot E), ∀(E,B)∈D(A).

We check by direct computations that for (E,B)∈D(A) we have:

〈A(E,B),(E,B)〉=−c2
0

∫
Ω

{rot B ·E−rot E ·B}dx

= c0

∫
∂Ω

|n∧E|2 dσ = c3
0

∫
∂Ω

|n∧B|2 dσ≥0.

We have the following result (see [29]):

Proposition 4.1. The operator A is maximal monotone.

Proposition 4.2. The adjoint of the unbounded operator A is given by A? :D(A?)⊂
H→H where:

D(A?)={(E,B)∈H| rot E,rot B∈L2(Ω)
3
,n∧E,

n∧B∈L2(∂Ω)
3
,n∧E−c0n∧(n∧B)|∂Ω =0},
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and:

A?(E,B)=(c2
0 rot B,−rot E), ∀(E,B)∈D(A?).

Remark 4.3. By direct computation we check that for (E,B)∈D(A?) we have:

〈A?(E,B),(E,B)〉= c0

∫
∂Ω

|n∧E|2 dσ≥0,

and as before we can prove that A? is maximal monotone (see also [11], p.113).
We consider also the equation:

α(ϕ(t),ψ(t))− d

dt
(ϕ,ψ)+A?(ϕ(t),ψ(t))=(f(t),g(t)), t∈Rt. (4.4)

Proposition 4.4. Assume that (f,g)∈C1(Rt;H) is T periodic, α>0 fixed. Then
there is a unique T periodic solution (ϕ,ψ)∈C(Rt;D(A?))∩C1(Rt;H) for the equation
(4.4) which verifies the estimates:

‖(ϕ,ψ)‖L∞(Rt;H)≤
(

1
αT

+4
)
‖(f,g)‖L1(]0,T [;H),

and:

c
1/2
0 ‖n∧ϕ‖L2(]0,T [;L2(∂Ω)3) = c

3/2
0 ‖n∧ψ‖L2(]0,T [;L2(∂Ω)3)

≤
(

1
αT

+4
)

1/2‖(f,g)‖L1(]0,T [;H).

Proof. The existence and uniqueness of the T periodic solution as well as the
first estimate follow by the Proposition 3.2, the Remarks 4.3,3.4. By the other hand
observe that:

〈(ϕ,ψ),A?(ϕ,ψ)〉= c0

∫
∂Ω

|n∧ϕ(t)|2 dσ = c3
0

∫
∂Ω

|n∧ψ(t)|2 dσ.

After integration on ]0,T [, equation (4.4) gives:

α‖(ϕ,ψ)‖2
L2(]0,T [;H)+c0‖n∧ϕ‖2

L2(]0,T [;L2(∂Ω)3)≤
∫ T

0

‖(f(t),g(t))‖H ·‖(ϕ(t),ψ(t))‖H dt

≤‖(f,g)‖L1(]0,T [;H) ·‖(ϕ,ψ)‖L∞(Rt;H)≤
(

1
αT

+4
)
‖(f,g)‖2

L1(]0,T [;H),

and thus the second estimate follows.

Remark 4.5. If (f,g)∈L1
loc(Rt;H) is T periodic, then the T periodic weak solution

of the equation (4.4) verifies the same estimates as in the Proposition 4.4.

We can prove now the existence and uniqueness of the T periodic solution for the
perturbed Maxwell equations. Let us start with a result for strong solutions.

Proposition 4.6. Assume that j∈C1(Rt;L2(Ω)3) is T periodic and that there is
h̃∈C1(Rt;H1(Ω)3)∩C2(Rt;L2(Ω)3) T periodic such that n∧ h̃|Rt×∂Ω =h. Then for
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α>0 fixed there is a unique T periodic solution (E,B)∈C(Rt;H(rot ;Ω)2)∩C1(Rt;H)
for the perturbed Maxwell problem (4.3),(4.2). Moreover we have:

α

∫ T

0

∫
Ω

{|E(t,x)|2+c2
0|B(t,x)|2}dtdx+

c0

2

∫ T

0

∫
∂Ω

{|n∧E(t,x)|2 +c2
0|n∧B(t,x)|2}dtdσ

=− 1
ε0

∫ T

0

∫
Ω

j(t,x) ·E(t,x)dtdx+
c0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ, (4.5)

‖(E,B)‖L∞(Rt;H)≤c
1/2
0

(
1

αT
+4

)1/2

‖h‖L2(]0,T [;L2(∂Ω)3) +
(

1
αT

+4
) ‖j‖L1(]0,T [;L2(Ω)3)

ε0
,

(4.6)

and:∫ T

0

〈(E(t),B(t)),(f(t),g(t))〉Hdt=c0

∫ T

0

∫
∂Ω

(n∧ϕ)hdtdσ− 1
ε0

∫ T

0

∫
Ω

j(t,x) ·ϕ(t,x)dtdx,

(4.7)

for all (f,g)∈L1
loc(Rt;H), T periodic, where (ϕ,ψ) is the T periodic weak solution for

(4.4).

Proof. In order to prove the uniqueness consider (E1,B1),(E2,B2) two periodic so-
lutions and observe that, since n∧(E1−E2)+c0n∧(n∧(B1−B2))|Rt×∂Ω =h−h=0,
then (E,B)=(E1−E2,B1−B2)∈C(Rt;D(A))∩C1(Rt;H) is also a T periodic solu-
tion for the perturbed evolution equation α(E,B)+ d

dt (E,B)+A(E,B)=0. After
multiplication by (E,B) and integration on ]0,T [ we deduce that (E,B)=(0,0). In
order to prove the existence let us take (E1,B1)∈C(Rt;D(A))∩C1(Rt;H) the unique
T periodic solution for:

α(E1,B1)+
d

dt
(E1,B1)+A(E1,B1)=(− j

ε0
−αh̃− d

dt
h̃,−rot h̃)∈C1(Rt;H).

We verify that (E,B)=(E1 + h̃,B1) is a T periodic solution for (4.3),(4.2) with (n∧
E(t),n∧B(t))∈L2(∂Ω)6. By multiplying (4.3) by (E,B) and by using (4.2) we obtain:

α‖(E,B)‖2 +
1
2

d

dt
‖(E,B)‖2 +c0

∫
∂Ω

(n∧E) ·(n∧E−h)dσ=− 1
ε0

∫
Ω

j(t,x) ·E(t,x)dx.

Using again (4.2) we find that (n∧E) ·(n∧E−h)= 1
2 (|n∧E|2 +c2

0|n∧B|2−|h|2) and
therefore:

α

∫
Ω

{|E(t,x)|2+c2
0|B(t,x)|2}dx+

1
2

d

dt

∫
Ω

{|E(t,x)|2 +c2
0|B(t,x)|2}dx

+
c0

2

∫
∂Ω

{|n∧E(t,x)|2 +c2
0|n∧B(t,x)|2}dσ

=− 1
ε0

∫
Ω

j(t,x) ·E(t,x)dx+
c0

2

∫
∂Ω

|h(t,x)|2 dσ. (4.8)

Finally, after integration on ]0,T [ we deduce:

α

∫ T

0

∫
Ω

{|E(t,x)|2+c2
0|B(t,x)|2}dtdx+

c0

2

∫ T

0

∫
∂Ω

{|n∧E(t,x)|2 +c2
0|n∧B(t,x)|2}dtdσ

=− 1
ε0

∫ T

0

∫
Ω

j(t,x) ·E(t,x)dtdx+
c0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ.
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For (f,g)∈C1(Rt;H), T periodic, consider (ϕ,ψ) the unique T periodic solution of
(4.4). After multiplication by (ϕ,ψ) of the perturbed Maxwell equations and integra-
tion on ]0,T [ we find that:∫ T

0

〈(E(t),B(t)),(f(t),g(t))〉H dt=
∫ T

0

〈(E(t),B(t)),α(ϕ(t),ψ(t))

− d

dt
(ϕ,ψ)+A?(ϕ(t),ψ(t))〉H dt

= c0 ·
∫ T

0

∫
∂Ω

(n∧ϕ) ·h(t,x)dtdσ

− 1
ε0

∫ T

0

∫
Ω

j(t,x) ·ϕ(t,x)dtdx.

By using Proposition 3.6 and Remark 4.5 we verify easily that the previous equality
holds for (f,g)∈L1

loc(Rt;H), T periodic, with (ϕ,ψ) the associated T periodic weak
solution. By the Proposition 4.4 we deduce that for all (f,g)∈L1

loc(Rt;H), T periodic,
we have: ∣∣∣∣∣

∫ T

0

〈(E(t),B(t)),(f(t),g(t))〉H dt

∣∣∣∣∣
≤ c

1/2
0

(
1

αT
+4

)
1/2‖h‖L2(]0,T [;L2(∂Ω)3)‖(f,g)‖L1(]0,T [;H)

+
1
ε0

(
1

αT
+4

)
‖j‖L1(]0,T [;L2(Ω)3)‖(f,g)‖L1(]0,T [;H),

and thus the estimate (4.6) of our proposition follows.

Remark 4.7. In particular the solution constructed above verifies:∫ T

0

∫
Ω

{E(t,x) ·(αϕ−∂tϕ)−c2
0B(t,x) ·rot ϕ}dtdx−c2

0

∫ T

0

∫
∂Ω

(n∧B) ·ϕdtdσ

=− 1
ε0

∫ T

0

∫
Ω

j ·ϕdtdx,

and: ∫ T

0

∫
Ω

{B(t,x) ·(αψ−∂tψ)+E(t,x) ·rot ψ}dtdx+
∫ T

0

∫
∂Ω

(n∧E) ·ψ dtdσ =0,

for all ϕ,ψ∈C1(Rt×Ω)3, T periodic.

Definition 4.8. Assume that j∈L1
loc(Rt;L2(Ω)3) and h∈L2

loc(Rt;L2(∂Ω)3) are T
periodic, (n ·h)|Rt×∂Ω =0, α>0 fixed. We say that (E,B)∈C(Rt;H) is a T periodic
weak solution for the perturbed Maxwell problem (4.3), (4.2) iff (E,B) is T periodic
and: ∫ T

0

〈(E(t),B(t)),α(ϕ(t),ψ(t))− d

dt
(ϕ,ψ)+A?(ϕ(t),ψ(t))〉H dt

= c0

∫ T

0

∫
∂Ω

(n∧ϕ) ·h(t,x)dtdσ

− 1
ε0

∫ T

0

∫
Ω

j(t,x) ·ϕ(t,x)dtdx,
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for all (ϕ,ψ)∈C(Rt;D(A?))∩C1(Rt;H), T periodic.
Proposition 4.9. Assume that j∈L1

loc(Rt;L2(Ω)3) and h∈L2
loc(Rt;L2(∂Ω)3) are T

periodic, (n ·h)|Rt×∂Ω =0. Then, for α>0 fixed there is a unique T periodic weak so-
lution for the perturbed Maxwell problem (4.3),(4.2) verifying the equalities (4.5),(4.7)
and the estimate (4.6).

Proof. Consider jk ∈C1(Rt;L2(Ω)3) and h̃k ∈C1(Rt;H1(Ω)3)∩C2(Rt;L2(Ω)3) T

periodic such that jk → j in L1(]0,T [;L2(Ω)3) and n∧ h̃k →h in L2(]0,T [;L2(∂Ω)3).
Denote by (Ek,Bk) the corresponding T periodic strong solutions. By (4.6),(4.5)
we deduce that (Ek,Bk)→ (E,B) in C(Rt;H) and (n∧Ek,n∧Bk) converges in
L2(]0,T [;L2(∂Ω)3) to some function denoted (n∧E,n∧B). Finally, by passing to
the limit for k→+∞ we deduce that (E,B) verifies (4.5),(4.7),(4.6). Observe also
that by the Remark 4.7 we have:∫ T

0

∫
Ω

{Ek(t,x) ·(αϕ−∂tϕ)−c2
0Bk(t,x) ·rot ϕ}dtdx−c2

0

∫ T

0

∫
∂Ω

(n∧Bk) ·ϕdtdσ

=− 1
ε0

∫ T

0

∫
Ω

jk ·ϕdtdx,

for all ϕ∈C1(Rt×Ω)3, T periodic, and by passing to the limit for k→+∞ we deduce
that:∫ T

0

∫
Ω

{E(t,x) ·(αϕ−∂tϕ)−c2
0B(t,x) ·rot ϕ}dtdx−c2

0

∫ T

0

∫
∂Ω

(n∧B) ·ϕdtdσ

=− 1
ε0

∫ T

0

∫
Ω

j ·ϕdtdx.

Similarly we obtain that:∫ T

0

∫
Ω

{B(t,x) ·(αψ−∂tψ)+E(t,x) ·rot ψ}dtdx+
∫ T

0

∫
∂Ω

(n∧E) ·ψ dtdσ =0,

for all ψ∈C1(Rt×Ω)3. In order to prove the uniqueness, consider (E1,B1),(E2,B2)
two T periodic weak solutions and observe that (E1−E2,B1−B2) is a T periodic
weak solution corresponding to j =0, h=0. Thus, by Proposition 3.6 we obtain that
E1−E2 =0,B1−B2 =0.

5. The perturbed Vlasov-Maxwell system
We study now the full perturbed Vlasov-Maxwell system (2.3), (2.2), (4.3), (4.2).

We prove the existence of a T periodic solution by using the Schauder fixed point
theorem. Let us start by the relativistic case.

5.1. The relativistic case. In this case we have |j(t,x)|≤ |q| ·∫
R3

p
|v(p)|f(t,x,p)dp≤ c0|ρ(t,x)|, (t,x)∈Rt×Ω. We consider the set:

X ={(E,B)∈L∞(Rt;H) | (E,B)(·+T )=(E,B)(·)},

and define the application F :X →X , F(E,B)=(Ẽ,B̃) by:

(E,B)→ (Eε,Bε)→f → j = q

∫
R3

p

v(p)f(t,x,p)dp→ jε → (Ẽ,B̃),
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where:
(i) (Eε,Bε) is the convolution of (E,B) (the extension of (E,B) by 0 outside Ω) by
ζε(t,x):

(Eε,Bε)(t,x)=((E,B)?ζε)(t,x)

=
∫ T

0

∫
Ω

(E(s,y),B(s,y))ζε(t−s,x−y)dsdy,(t,x)∈Rt×Ω,

with
ζε(t,x)= ζε1,ε2(t,x)= ζ1,ε1(t) ·ζ2,ε2(x)=

[
1
ε1

∑
k∈Z ζ3

(
t−kT

ε1

)]
1
ε3
2
ζ2

(
x
ε2

)
,

ζ2∈C∞
c (R3),ζ3∈C∞

c (R),ζ2,ζ3≥0, suppζ2⊂B(0,1), suppζ3⊂ [−1,1],
∫

R3 ζ2(u)du=∫
R ζ3(u)du=1 (note that (Eε,Bε) is also T periodic);

(ii) f is the T periodic mild solution of (2.3),(2.2) corresponding to the regular force
Fε(t,x,p)= q(Eε(t,x)+v(p)∧Bε(t,x)) (cf. Proposition 2.4);
(iii) jε is the convolution of j (the extension of j by 0 outside Ω) by ζ

√
ε (t,x)=

ζε(−t,−x):

jε(t,x)=(j ?ζ
√
ε )(t,x)=

∫ T

0

∫
Ω

j(s,y)ζε(s− t,y−x)dsdy, (t,x)∈Rt×Ω;

(iv) (Ẽ,B̃) is the T periodic weak solution of (4.3),(4.2) (see Proposition 4.9)
associated to the current density jε.

Let us consider Mα,ε := c
1/2
0

(
1

αT +4
)

1/2‖h‖L2(]0,T [;L2(∂Ω)3) +
(

1
αT +4

) ‖ζ2‖L2(R3)

ε0·ε3/2
2

·
c0|q|

α

∫ T

0

∫
Σ− |(v(p) ·n(x))|g dtdσdp and C={(E,B)∈X |‖(E,B)‖L∞(Rt;H)≤Mα,ε}

which is a convex compact subset in respect to the weak ? topology of L∞(Rt;H).
In order to apply the Schauder theorem, we need the following two propositions. We
postpone the details of proofs to the end of this section.

Proposition 5.1. Assume that g,h are T periodic such that g≥0, (n ·h)|Rt×∂Ω =0
and ∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ <+∞.

Then F(X )⊂C.

Proposition 5.2. Assume that g∈L∞(Rt×Σ−),h are T periodic, with g≥0, (n ·
h)|Rt×∂Ω =0 and∫ T

0

∫
Σ−

|(v(p) ·n(x))|E(p)g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ <+∞.

Then the application F is continuous in respect to the weak ? topology of L∞(Rt;H).

The main result of this section is given in the following theorem.

Theorem 5.3. Assume that g∈L∞(Rt×Σ−),h are T periodic, g≥0,∫ T

0

∫
Σ− |(v(p) ·n(x))|E(p)g dtdσdp+

∫ T

0

∫
∂Ω

|h|2 dtdσ <+∞ and there is h̃∈
C1(Rt;H1(Ω)3)∩C2(Rt;L2(Ω)3) T periodic such that n∧ h̃|Rt×∂Ω =h. Then,
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for every α,ε1,ε2 >0 there is a T periodic solution for the perturbed relativistic
Vlasov-Maxwell system:

αf +∂tf +v(p) ·∇xf +q((E ?ζε)+v(p)∧(B?ζε)) ·∇pf

=0, (t,x,p)∈Rt×Ω×R3
p,

αE +∂tE−c2
0 rot B =− j ?ζ

√
ε

ε0
, αB+∂tB+rot E =0, (t,x)∈Rt×Ω, (5.1)

f(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−, n∧E(t,x)+c0n∧(n∧B(t,x))
=h(t,x), (t,x)∈Rt×∂Ω,

with j = q
∫

R3
p
f(t,x,p)v(p)dp.

Moreover ‖(E,B)‖L∞(Rt;H)≤Mα,ε, (E,B)∈C(Rt;H(rot ;Ω)2)∩C1(Rt;H) and:

α

∫ T

0

∫
Ω

{|E(t,x)|2+c2
0|B(t,x)|2}dtdx+

c0

2

∫ T

0

∫
∂Ω

{|n∧E(t,x)|2 +c2
0|n∧B(t,x)|2}dtdσ

=− 1
ε0

∫ T

0

∫
Ω

(j ?ζ
√
ε )(t,x) ·E(t,x)dtdx+

c0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ.

(5.2)

Proof. By the Propositions 5.1,5.2, the fixed point theorem of Schauder applies
and thus we deduce the existence of a T periodic solution for the perturbed Vlasov-
Maxwell system. The other statements follow by the Proposition 4.6.

The following proposition establishes an a priori estimate for boundary terms.

Proposition 5.4. Under the hypothesis of Theorem 5.3, consider (f,E,B) the T
periodic solution constructed above. Then we have:

α

∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)(1+E(p))dtdxdp+α

∫ T

0

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dtdx

+
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f(1+E(p))dtdσdp+
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ

=
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(1+E(p))dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ. (5.3)

Proof. Consider the test function ϕ(t,x,p)=E(p)χR(|p|). By using the Green
formula (2.9) we have:∫ T

0

∫
Σ+

(v(p) ·n(x))γ+fE(p)χR(|p|)dtdσdp+
∫ T

0

∫
Σ−

(v(p) ·n(x))gE(p)χR(|p|)dtdσdp

+α

∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)E(p)χR(|p|)dtdxdp

=
∫ T

0

∫
Ω

∫
R3

p

qf((E ?ζε)+v(p)∧(B?ζε)) ·
(

v(p)χR(|p|)+E(p)χ′(
|p|
R

) · 1
R
· p

|p|

)
dtdxdp.
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Observe that we can pass to the limit for R→+∞ in the last integral since E ?ζε ∈
L∞(Rt×Ω) and

f ·
∣∣∣∣v(p)χR(|p|)+E(p)χ′(

|p|
R

) · 1
R
· p

|p|

∣∣∣∣≤f ·
(
|v(p)|+2

E(p)
|p|

·‖χ′‖∞
)

≤f · |v(p)| ·(1+2 ·‖χ′‖∞)
≤f ·c0 ·(1+2 ·‖χ′‖∞)∈L1(]0,T [×Ω×R3

p).

By passing to the limit for R→+∞ and by using the monotone convergence theorem
we deduce that:∫ T

0

∫
Σ+

(v(p) ·n(x))γ+fE(p)dtdσdp+
∫ T

0

∫
Σ−

(v(p) ·n(x))gE(p)dtdσdp

+α

∫ T

0

∫
Ω

∫
R3

p

fE(p)dtdxdp

=
∫ T

0

∫
Ω

∫
R3

p

qf(E ?ζε)v(p)dtdxdp

=
∫ T

0

∫
Ω

E(t,x) ·(j ?ζ
√
ε )(t,x)dtdx.

Similarly, by using the test function ϕ(t,x,p)=χR(|p|) and by letting R→+∞ we
obtain that:

α

∫ T

0

∫
Ω

∫
R3

p

f dtdxdp+
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f dtdσdp=
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g dtdσdp.

By combining with (5.2), finally one gets (5.3).

Remark 5.5. In particular the above computations imply

α

∫ T

0

∫
Ω

∫
R3

p

f dtdxdp≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g dtdσdp,

and

α

∫ T

0

∫
Ω

∫
R3

p

E(p)f dtdxdp≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|E(p)g dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h|2 dtdσ.

Proposition 5.6. Under the hypothesis of Theorem 5.3 we have for a.e. t∈Rt:

α

∫
Ω

∫
R3

p

(1+E(p))f(t,x,p)dxdp+α

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dx

+
d

dt

∫
Ω

∫
R3

p

f(t,x,p)(1+E(p))dxdp+
1
2

d

dt

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dx

+
∫

Σ+
(v(p) ·n(x))(1+E(p))γ+f(t,x,p)dσdp

+
c0

2

∫
∂Ω

{ε0|n∧E(t,x)|2 +
1
µ0

|n∧B(t,x)|2}dσ

=
∫

Σ−
|(v(p) ·n(x))|(1+E(p))g(t,x,p)dσdp+

c0ε0

2

∫
∂Ω

|h(t,x)|2 dσ.
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Proof. By using the Green formula (2.9) with the test function ϕ(t,x,p)=θ(t) ·
E(p) ·χR(|p|), θ∈C1

c (]0,T [) and by letting R→+∞ we obtain:∫ T

0

θ(t)
∫

Ω

∫
R3

p

αfE(p)dxdpdt+
∫ T

0

θ(t)
∫

Σ

(v(p) ·n(x))E(p)γf dσdpdt

=
∫ T

0

θ′(t)
∫

Ω

∫
R3

p

fE(p)dxdpdt+
∫ T

0

θ(t)
∫

Ω

E(t,x) ·(j ?ζ
√
ε )(t,x)dxdt,(5.4)

or:

α

∫
Ω

∫
R3

p

f(t,x,p)E(p)dxdp+
d

dt

∫
Ω

∫
R3

p

f(t,x,p)E(p)dxdp

+
∫

Σ+
(v(p) ·n(x))γ+f(t,x,p)E(p)dσdp

=−
∫

Σ−
(v(p) ·n(x))g(t,x,p)E(p)dσdp+

∫
Ω

E(t,x) ·(j ?ζ
√
ε )(t,x)dx, a.e. t∈Rt.

(5.5)

By combining (4.8) (written for the current density j ?ζ
√
ε ) with (5.5) one gets

α

∫
Ω

∫
R3

p

E(p)f(t,x,p)dxdp+α

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dx

+
d

dt

∫
Ω

∫
R3

p

f(t,x,p)E(p)dxdp+
1
2

d

dt

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dx

+
∫

Σ+
(v(p) ·n(x))E(p)γ+f(t,x,p)dσdp+

c0

2

∫
∂Ω

{ε0|n∧E(t,x)|2

+
1
µ0

|n∧B(t,x)|2}dσ

=
∫

Σ−
|(v(p) ·n(x))|E(p)g(t,x,p)dσdp+

c0ε0

2

∫
∂Ω

|h(t,x)|2 dσ. (5.6)

Similarly we obtain for a.e. t∈Rt:

α

∫
Ω

∫
R3

p

f(t,x,p)dxdp+
d

dt

∫
Ω

∫
R3

p

f(t,x,p)dxdp+
∫

Σ

(v(p) ·n(x))γf(t,x,p)dσdp=0.

(5.7)
The conclusion follows by using the mass and energy balances (5.7), (5.6).

Proposition 5.7. Under the hypothesis of the Theorem 5.3 we have αρ+∂tρ+div j =
0, in D′(]0,T [×Ω), div E =(ρ?ζ

√
ε )/ε0, div B =0.

Proof. Since α
∫ T

0

∫
Ω

∫
R3

p
f dtdxdp+

∫ T

0

∫
Σ+(v(p) ·n(x))γ+f dtdσdp=

∫ T

0

∫
Σ− |(v(p) ·

n(x))|g dtdσdp, we can consider as test function in the weak formulation all func-
tion ϕ∈C1

c (]0,T [×Ω). We have:

〈αρ+∂tρ+div j,ϕ〉=
∫ T

0

∫
Ω

∫
R3

p

f(αϕ(t,x)−∂tϕ−v(p) ·∇xϕ)dtdxdp=0,
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or αρ+∂tρ+div j =0 in D′(]0,T [×Ω) (in fact the above equality holds for all function
ϕ∈C1

c ([0,T ]×Ω), T periodic). We verify easily that we have also α(ρ?ζ
√
ε )+∂t(ρ?

ζ
√
ε )+div (j ?ζ

√
ε )=0 in D′(]0,T [×Ω). Now, by taking the divergence of the perturbed

Maxwell equations we have:

αdiv E +∂tdiv E =− 1
ε0

div (j ?ζ
√
ε )=

α

ε0
(ρ?ζ

√
ε )+

1
ε0

∂t(ρ?ζ
√
ε ),

and thus:

α

(
div E− 1

ε0
(ρ?ζ

√
ε )

)
+∂t

(
div E− 1

ε0
(ρ?ζ

√
ε )

)
=0,

and we deduce by periodicity that div E = 1
ε0

(ρ?ζ
√
ε ). In the same manner we have

αdiv B+∂tdiv B =0 which implies that div B =0.

We detail here the proofs of Propositions 5.1, 5.2.

Proof. (Proposition 5.1) By the estimate (4.6) we have:

‖(Ẽ,B̃)‖L∞(Rt;H)≤ c
1/2
0

(
1

αT
+4

)
1/2‖h‖L2(]0,T [;L2(∂Ω)3)

+
(

1
αT

+4
)

1
ε0

‖jε‖L1(]0,T [;L2(Ω)3).

On the other hand we have:

‖jε‖L1(]0,T [;L2(Ω)3)≤
∫ T

0

‖j(t)‖L1 ·‖ζ
√

2,ε‖L2 dt=
1

ε
3/2
2

‖ζ2‖L2‖j‖L1(]0,T [;L1(Ω)3).

But from the Proposition 2.9 we deduce that:

‖j‖L1(]0,T [;L1(Ω)3)≤|q|
∫ T

0

∫
Ω

∫
R3

p

|v(p)|f(t,x,p)dtdxdp

≤ c0|q|
α

∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p)dtdσdp,

and therefore ‖(Ẽ,B̃)‖L∞(Rt;H)≤Mα,ε.

Proof. (Proposition 5.2) Consider (Ek,Bk)⇀ (E,B) weakly ? in L∞(Rt;H). De-
note by fk,f the T periodic mild solutions of (2.3) corresponding to the regularized
forces Fk,ε = q(Ek ?ζε +v(p)∧(Bk ?ζε)):

αfk +∂tfk +v(p) ·∇xfk +q(Ek ?ζε +v(p)∧(Bk ?ζε)) ·∇pfk =0, (t,x,p)∈Rt×Ω×R3
p,

respectively Fε = q(E ?ζε +v(p)∧(B?ζε)):

αf +∂tf +v(p) ·∇xf +q(E ?ζε +v(p)∧(B?ζε)) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p,

with the boundary conditions (2.2). Since (Ek,Bk) converges weakly ? in L∞(Rt;H),
we have the pointwise convergence (Ek ?ζε,Bk ?ζε)(t,x)→ (E ?ζε,B ?ζε)(t,x), (t,x)∈
Rt×Ω, as k→+∞. Moreover, (Ek ?ζε,Bk ?ζε) is bounded in L∞(Rt×Ω)6 and by the
dominated convergence theorem we deduce that (Ek ?ζε,Bk ?ζε)→ (E ?ζε,B ?ζε) in
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L2(]0,T [×Ω) as k goes to +∞. Since (fk)k is bounded in L∞(Rt×Ω×R3
p), ‖fk‖∞≤

‖g‖∞, we can suppose (after extraction of a subsequence) that fk ⇀f̃ weakly ? in
L∞(Rt×Ω×R3

p). In order to prove that f̃ is the T periodic weak solution of (2.3),(2.2)
corresponding to the field (E ?ζε,B ?ζε), take ϕ∈Tw and observe that:∫

R3
p

fk(t,x,p)∇pϕdp⇀

∫
R3

p

f̃(t,x,p)∇pϕdp, weakly in L2(]0,T [×Ω),

∫
R3

p

fk(t,x,p)(∇pϕ∧v(p))dp⇀

∫
R3

p

f̃(t,x,p)(∇pϕ∧v(p))dp, weakly in L2(]0,T [×Ω).

By combining with the strong convergence of (Ek ?ζε,Bk ?ζε) it is easy to prove that
f̃ is the T periodic weak solution for (2.3),(2.2) associated to the field (E ?ζε,B ?ζε).
In fact, by the uniqueness of the T periodic weak solution (see Proposition 2.8) we
deduce that f̃ is the T periodic mild solution f̃ =f . Moreover we can prove that all
the sequence (fk)k converges to f weakly ? in L∞(Rt×Ω×R3

p). Now we want to pass
to the limit in the perturbed Maxwell equations. We need to establish the convergence
for the regularized current densities (jk ?ζ

√
ε )k. By using the Green formula (2.9) with

the test function ϕ(t,x,p)= |p| ·χR(|p|) we find that:

α

∫ T

0

∫
Ω

∫
R3

p

fk(t,x,p)|p|χR(|p|)dtdxdp≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p)|p|χR(|p|)dtdσdp

+
∫ T

0

∫
Ω

∫
R3

p

qfk(t,x,p){(Ek ?ζε)+v(p)∧(Bk ?ζε)}·
p

|p|

(
χR(|p|)+

|p|
R

χ′(
|p|
R

)
)

dtdxdp.

By passing to the limit for R→+∞ we deduce that:

α

∫ T

0

∫
Ω

∫
R3

p

fk(t,x,p) · |p|dtdxdp≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p) · |p|dtdσdp

+
|q|
α

∫ T

0

∫
Σ−

|(v(p) ·n(x))|g dtdσdp · 1

ε
3/2
2

‖ζ2‖L2(R3)‖Ek‖L∞(Rt;L2(Ω)3), (5.8)

and therefore, since
∫ T

0

∫
Σ− |(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp<+∞, we deduce

that
∫ T

0

∫
Ω

∫
R3

p
fk · |p|dtdxdp is bounded by some constant C, uniformly in k. Simi-

larly we obtain that
∫ T

0

∫
Ω

∫
R3

p
f · |p|dtdxdp≤C. We can prove that jk ⇀j weakly in

L1(]0,T [×Ω). Indeed, for ϕ∈L∞(]0,T [×Ω) we have:∣∣∣∣∣
∫ T

0

∫
Ω

jkϕdtdx−
∫ T

0

∫
Ω

jϕdtdx

∣∣∣∣∣
≤

∣∣∣∣∣
∫ T

0

∫
Ω

∫
R3

p

q(fk−f)v(p)ϕ ·1{|p|≤R} dtdxdp

∣∣∣∣∣
+
|q|
R

∫ T

0

∫
Ω

∫
R3

p

(fk +f)|v(p)| · |ϕ| · |p|dtdxdp

≤

∣∣∣∣∣
∫ T

0

∫
Ω

∫
R3

p

q(fk−f)v(p)ϕ ·1{|p|≤R} dtdxdp

∣∣∣∣∣+ 2C ·c0 · |q| ·‖ϕ‖∞
R

.
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We take Rδ large enough such that 2C ·c0 · |q| ·‖ϕ‖∞/Rδ <δ/2 and since fk ⇀f weakly
? in L∞(Rt×Ω×R3

p) we have:∣∣∣∣∣
∫ T

0

∫
Ω

∫
R3

p

q(fk−f)v(p)ϕ ·1{|p|≤Rδ} dtdxdp

∣∣∣∣∣< δ

2
, ∀k≥kδ,

which implies that
∣∣∣∫ T

0

∫
Ω
(jk−j)ϕdtdx

∣∣∣≤ δ, ∀k≥kδ. We deduce the pointwise con-

vergence (jk ?ζ
√
ε )(t,x)→ (j ?ζ

√
ε )(t,x), ∀(t,x)∈Rt×Ω. Moreover, since (jk ?ζ

√
ε )k

is bounded we have jk ?ζ
√
ε → j ?ζ

√
ε in L2(]0,T [×Ω)3. Consider now (ϕ,ψ)∈

C(Rt,D(A?))∩C1(Rt;H) T periodic and note (f,g)=α(ϕ,ψ)− d
dt (ϕ,ψ)+A?(ϕ,ψ).

We have:∫ T

0

〈(Ẽk(t),B̃k(t)),(f(t),g(t))〉H dt=c0

∫ T

0

∫
∂Ω

(n∧ϕ) ·h(t,x)dtdσ

− 1
ε0

∫ T

0

∫
Ω

(jk ?ζ
√
ε )(t,x) ·ϕ(t,x)dtdx. (5.9)

Since ‖(Ẽk,B̃k)‖L∞(Rt;H)≤Mα,ε, ∀k we can suppose that, at least for a subsequence,
we have (Ẽk,B̃k)⇀ (e,b) weakly ? in L∞(Rt;H). By passing to the limit in (5.9) for
k→+∞ one gets:∫ T

0

〈(e(t),b(t)),(f(t),g(t))〉H dt= c0

∫ T

0

∫
∂Ω

(n∧ϕ) ·h(t,x)dtdσ

− 1
ε0

∫ T

0

∫
Ω

(j ?ζ
√
ε )(t,x) ·ϕ(t,x)dtdx,

and thus (e,b)=(Ẽ,B̃)=F(E,B) (the unique T periodic weak solution of (4.3),(4.2)
associated to j ?ζ

√
ε ). By the uniqueness of the T periodic weak solution of (4.3),(4.2)

we deduce also that all the sequence F(Ek,Bk)=(Ẽk,B̃k) converges to (Ẽ,B̃)=
F(E,B) weakly ? in L∞(Rt;H), or the application F is continuous in respect to
the weak ? topology of L∞(Rt;H).

5.2. The classical case. Let us analyze now the classical case, with E(p)=
|p|2
2m , v(p)= p

m , ∀p∈R3
p. We introduce also the energy and the velocity functions:

Ec(p)=mc2

((
1+

|p|2

m2c2

)1/2

−1

)
, vc(p)=

p

m

(
1+

|p|2

m2c2

)−1/2

,

with c>0. Observe that limc→+∞Ec(p)=E(p), limc→+∞vc(p)=v(p) uniformly
on bounded subsets of R3

p. The idea is to get the existence for the perturbed
classical Vlasov-Maxwell system by letting c→+∞ in the perturbed relativistic
Vlasov-Maxwell system (but keeping c0 fixed in the perturbed Maxwell equations).

Theorem 5.8. Assume that g∈L∞(Rt×Σ−), h are T periodic, with g≥0 and∫ T

0

∫
Σ−

|(v(p) ·n(x))|E(p)g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ <+∞,
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and there is h̃∈C1(Rt;H1(Ω)3)∩C2(Rt;L2(Ω)3) T periodic such that n∧ h̃|Rt×∂Ω =h.
Then for every α,ε1,ε2 >0 there is a T periodic solution for the perturbed classical
Vlasov-Maxwell system

αf +∂tf +v(p) ·∇xf +q((E ?ζε)+v(p)∧(B?ζε)) ·∇pf =0, (t,x,p)∈Rt×Ω×R3
p,

αE +∂tE−c2
0 rot B =− j ?ζ

√
ε

ε0
, αB+∂tB+rot E =0, (t,x)∈Rt×Ω, (5.10)

f(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−, n∧E(t,x)+c0n∧(n∧B(t,x))
=h(t,x), (t,x)∈Rt×∂Ω,

with j = q
∫

R3
p
f(t,x,p)v(p)dp. Moreover (E,B)∈C(Rt;H(rot ;Ω)2)∩C1(Rt;H) and

the solution verifies:

α

∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)(1+E(p))dtdxdp+α

∫ T

0

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dtdx

+
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f(1+E(p))dtdσdp

+
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ

=
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(1+E(p))dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ,

(5.11)

αρ+∂tρ+div j =0, div E =
1
ε0

(ρ?ζ
√
ε ), div B =0 in D′(]0,T [×Ω).

Proof. Since
∫ T

0

∫
Σ− |(vc(p) ·n(x))|Ec(p)g dtdσdp≤

∫ T

0

∫
Σ− |(v(p) ·n(x))|E(p)g dtdσdp

<+∞, by the Theorem 5.3 we deduce that there is a T periodic solution (fc,Ec,Bc)
for the system:

αfc +∂tfc +vc(p) ·∇xfc +q((Ec ?ζε)+vc(p)∧(Bc ?ζε)) ·∇pfc

=0, (t,x,p)∈Rt×Ω×R3
p,

αEc +∂tEc−c2
0 rot Bc =− jc ?ζ

√
ε

ε0
, αBc +∂tBc +rot Ec =0, (t,x)∈Rt×Ω,

fc(t,x,p)=g(t,x,p), (t,x,p)∈Rt×Σ−, n∧Ec(t,x)+c0n∧(n∧Bc(t,x))
=h, (t,x)∈Rt×∂Ω,

with jc = q
∫

R3
p
fc(t,x,p)vc(p)dp. Indeed the Propositions 5.1, 5.2 hold true by defin-

ing the application Fc as before and by taking Cc ={(E,B)∈X |‖(E,B)‖L∞(Rt;H)≤
Mα,ε,c}, where

Mα,ε,c =c
1/2
0

(
1

αT
+4

)
1/2‖h‖L2(]0,T [;L2(∂Ω)3)

+
(

1
αT

+4
)

c|q| ·‖ζ2‖L2

α ·ε0 ·ε3/2
2

∫ T

0

∫
Σ−
|(v(p) ·n(x))|g dtdσdp.
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Moreover, the Proposition 5.4 applies as well and thus we have:

α

∫ T

0

∫
Ω

∫
R3

p

fc(t,x,p)(1+Ec(p))dtdxdp+α

∫ T

0

∫
Ω

{ε0|Ec(t,x)|2 +
1
µ0

|Bc(t,x)|2}dtdx

+
∫ T

0

∫
Σ+

(vc(p) ·n(x))γ+fc(1+Ec(p))dtdσdp

+
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧Ec|2 +
1
µ0

|n∧Bc|2}dtdσ

=
∫ T

0

∫
Σ−

|(vc(p) ·n(x))|g(1+Ec(p))dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ

≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(1+E(p))dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ.

We deduce that Ec,Bc and n∧Ec,n∧Bc are uniformly bounded in L2(]0,T [;L2(Ω)3),
respectively in L2(]0,T [;L2(∂Ω)3) in respect to c>0. Observe also that (Ec,Bc)c

is bounded in L∞(Rt;H). Indeed, by observing that (vc(p) ·p)= |vc(p)| · |p|∈
[Ec(p),2Ec(p)], we have:

|q|−1‖jc‖L1(]0,T [;L1(Ω)3)

≤
∫ T

0

∫
Ω

∫
R3

p

|vc(p)| ·fc(t,x,p)dtdxdp

=
∫ T

0

∫
Ω

∫
R3

p

|vc(p)| ·fc ·1{|p|≤1} dtdxdp+
∫ T

0

∫
Ω

∫
R3

p

|vc(p)| ·fc ·1{|p|>1} dtdxdp

≤
∫ T

0

∫
Ω

∫
R3

p

1
m

fc(t,x,p)dtdxdp+
∫ T

0

∫
Ω

∫
R3

p

2Ec(p)fc(t,x,p)dtdxdp

≤ 1
α

(∫ T

0

∫
Σ−

(m−1 +2E(p))|(v(p) ·n(x))|g dtdσdp+c0ε0

∫ T

0

∫
∂Ω

|h|2 dtdσ

)
=C1.

For the last inequality we use Remark 5.5. Therefore, as in the proof of Proposition
5.1 we deduce that:

‖(Ec,Bc)‖L∞(Rt;H)≤ c
1/2
0

(
1

αT
+4

)
1/2‖h‖L2(]0,T [;L2(∂Ω)3)

+
(

1
αT

+4
)

‖ζ2‖L2

ε0 ·ε3/2
2

· |q| ·C1 =C2.

Take (ck)k with ck >0,∀k and limk→+∞ ck =+∞. We denote by (fk,Ek,Bk) the
corresponding solution. After extraction of subsequences we can assume that:

fk ⇀f weakly ? in L∞(Rt×Ω×R3
p), γ+fk ⇀γ+f weakly ? in L∞(Rt×Σ+),

(Ek,Bk)⇀ (E,B) weakly ? in L∞(Rt;H),

(n∧Ek,n∧Bk)⇀ (n∧E,n∧B), weakly in L2(]0,T [;L2(∂Ω)
3
).
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By standard arguments we deduce that:

α

∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)(1+E(p))dtdxdp+α

∫ T

0

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dtdx

+
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f(1+E(p))dtdσdp+
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ

≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(1+E(p))dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ =C(g,h).

As usual we prove that limk→+∞(Ek ?ζε,Bk ?ζε)=(E ?ζε,B ?ζε) in L2(]0,T [×Ω) and
by combining with the weak ? convergence of fk,γ+fk, after passing to the limit for
k→+∞ in the Green formula (2.9), we deduce that f,γ+f verify the weak formulation
of the perturbed T periodic Vlasov problem corresponding to the electro-magnetic
field (E ?ζε,B ?ζε) and to the energy and velocity functions E(p),v(p) (since (E ?
ζε,B ?ζε) is regular, by the uniqueness of the T periodic weak solution when α>0 we
deduce that f is also the T periodic mild solution). Now we want to pass to the limit
in the perturbed Maxwell equations. By observing that:∫ T

0

∫
Ω

∫
R3

p

|vk(p)| ·fk(t,x,p) ·1{|p|>R} dtdxdp≤ 1
R

∫ T

0

∫
Ω

∫
R3

p

|vk(p)| · |p| ·fk(t,x,p)dtdxdp

≤ 2
R

∫ T

0

∫
Ω

∫
R3

p

Ek(p)fk(t,x,p)dtdxdp

≤ 2
R
· C(g,h)

α
,

and:∫ T

0

∫
Ω

∫
R3

p

|v(p)| ·f(t,x,p) ·1{|p|>R} dtdxdp≤ 1
R

∫ T

0

∫
Ω

∫
R3

p

|v(p)| · |p| ·f(t,x,p)dtdxdp

=
2
R

∫ T

0

∫
Ω

∫
R3

p

E(p)f(t,x,p)dtdxdp

≤ 2
R
· C(g,h)

α
,

we deduce as in the proof of Proposition 5.2 that limk→+∞ jk = j weakly in
L1(]0,T [×Ω)3 and that limk→+∞(jk ?ζ

√
ε )= j ?ζ

√
ε strongly in L2(]0,T [×Ω)3. Consider

(ϕ,ψ)∈C(Rt;D(A?))∩C1(Rt;H) T periodic and note (f,g)=α(ϕ,ψ)− d
dt (ϕ,ψ)+

A?(ϕ,ψ). We have:∫ T

0

〈(Ek(t),Bk(t)),(f(t),g(t))〉H dt=c0

∫ T

0

∫
∂Ω

(n∧ϕ) ·h(t,x)dtdσ

− 1
ε0

∫ T

0

∫
Ω

(jk ?ζ
√
ε )(t,x) ·ϕ(t,x)dtdx,

and after passing to the limit for k→+∞ we deduce that (E,B) is a T periodic weak
solution for the perturbed Maxwell equations, corresponding to the current density
j ?ζ

√
ε . By the Proposition 4.6 we deduce that (E,B) is a T periodic strong solution.

The other statements follow exactly as in the relativistic case.
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6. A priori estimates
In the following we want to establish a priori estimates for the normal trace of the

electro-magnetic field as well as for the total (kinetic and electro-magnetic) energy. For
this we suppose that ∂Ω is strictly star-shaped in respect to some point x0∈Ω (i.e.,
∃r >0 such that (x−x0) ·n(x)≥ r,∀x∈∂Ω). After translation we can assume that
x0 =0∈Ω and thus x ·n(x)≥ r, ∀x∈∂Ω. This hypothesis was already used in order to
estimate the solutions of the Maxwell equations by using the multiplier method (see
[28]). These estimates for the normal trace of the electro-magnetic field and the total
energy are summarized in the following proposition.

Proposition 6.1. Assume that Ω is bounded, with ∂Ω smooth and strictly star-
shaped (in respect to 0∈Ω). Under the hypothesis of the Theorems 5.8, 5.3, consider
(f,E,B) the T periodic solution of the perturbed Vlasov-Maxwell system (classical case
(5.10), or relativistic case (5.1)) with fixed 0<α,ε1,ε2 <1. Then the electro-magnetic
field has normal trace (n ·E,n ·B)∈L2(]0,T [×∂Ω)2 :∫

Ω

div E(t)θ(x)dx+
∫

Ω

E(t,x) ·∇xθ dx=
∫

∂Ω

(n(x) ·E(t,x))θ(x)dσ,∀θ∈C1(Ω),

a.e. t∈Rt,

and: ∫
Ω

B(t,x) ·∇xθ dx=
∫

∂Ω

(n(x) ·B(t,x))θ(x)dσ,∀θ∈C1(Ω), a.e. t∈Rt.

Moreover, the solution satisfies the following estimate:∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)E(p)dtdxdp+
∫ T

0

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dtdx

+
∫ T

0

∫
Σ+

(v(p) ·n(x))(1+E(p))γ+f(t,x,p)dtdσdp

+
∫ T

0

∫
∂Ω

{ε0[(n ·E)2 + |n∧E|2]+ 1
µ0

[(n ·B)2 + |n∧B|2]}dtdσ

≤C ·

{∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ

}
+

C ·εs
2

αq ·εr
1

,

for some constant C and exponents q,r,s>0 and the total energy is uniformly bounded
in time:∫

Ω

∫
R3

p

E(p)f(t,x,p)dxdp+
∫

Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dx≤ C ·εs
2

αq ·εr
1

+C ·

{∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ

}
, ∀t∈Rt.

For the proof of Proposition 6.1 we need several lemmas.

Lemma 6.2. Assume that ∂Ω is regular (C1), u∈H(div ;Ω)∩H(rot ;Ω). Then we
have the following equality in D′(Ω):

uidiv u−(u∧rot u)i =
3∑

j=1

∂

∂xj
(uiuj)−

1
2

∂

∂xi
|u|2, ∀1≤ i≤3. (6.1)
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The proof of the above lemma is immediate and is left to the reader. In order to
estimate the normal trace of the electro-magnetic field we need the following lemma.
For the sake of presentation we start with the stationary case.

Lemma 6.3. Assume that Ω is bounded with ∂Ω regular and strictly star-shaped in
respect to 0∈Ω. Consider u∈H(div ;Ω)∩H(rot ;Ω) with n∧u∈L2(∂Ω)3 such that∫

Ω

(uidiv u−(u∧rot u)i)θ(x)dx+
∫

Ω

wi ·∇xθ dx

=
∫

Ω

viθ(x)dx+
∫

∂Ω

(n(x) ·wi(x))θ(x)dσ, (6.2)

for all functions θ∈C1(Ω)3, 1≤ i≤3, where vi, wi =(wij)1≤j≤3, n ·wi are some given
functions verifying vi ∈L1(Ω),wi ∈L1(Ω)3, wii ≥0, n ·wi ∈L1(∂Ω),1≤ i≤3. Then u
has a normal trace in L2(∂Ω) i.e., there is n ·u∈L2(∂Ω) such that

∫
Ω
div uθ(x)dx+∫

Ω
u ·∇xθ dx=

∫
∂Ω

(n(x) ·u(x))θ(x)dσ, ∀θ∈C1(Ω). Moreover we have the estimate:

‖n ·u‖2
L2(∂Ω) +

3∑
i=1

‖wii‖L1(Ω) +‖u‖2
L2(Ω)3 ≤C{‖n∧u‖2

L2(∂Ω)3

+‖v‖L1(Ω)3 +
3∑

i=1

‖n ·wi‖L1(∂Ω)}.

Proof. Since u∈H(div ;Ω)∩H(rot ;Ω), n∧u∈L2(∂Ω)3, we can approximate u

by smooth functions uk ∈C1(Ω)3 such that uk →u,rot uk → rot u in L2(Ω)3, div uk →
div u in L2(Ω), n∧uk →n∧u in L2(∂Ω)3. By using the Lemma 6.2 we have:

3∑
j=1

∂

∂xj
(uk

i uk
j )− 1

2
∂

∂xi
|uk|2=uk

i div uk−(uk∧rot uk)i

=uidiv u−(u∧rot u)i +rk
i , ∀1≤ i≤3, (6.3)

where rk
i →0 in L1(Ω) as k→+∞. By using (6.3) and the hypothesis (6.2) with the

test function θ(x)=xi we obtain for 1≤ i≤3:∫
∂Ω

3∑
j=1

uk
i uk

j xinj dσ−
∫

Ω

3∑
j=1

uk
i uk

j δij dx− 1
2

∫
∂Ω

|uk|2xini dσ+
1
2

∫
Ω

|uk|2 dx

=
∫

Ω

xivi(x)dx+
∫

∂Ω

(n(x) ·wi(x))xi dσ−
∫

Ω

3∑
j=1

wijδij dx+
∫

Ω

rk
i xi dx. (6.4)

By taking the sum for 1≤ i≤3 in (6.4) we obtain:∫
Ω

3∑
i=1

wii dx+
∫

∂Ω

(uk ·x)(uk ·n)dσ+
1
2

∫
Ω

|uk|2 dx− 1
2

∫
∂Ω

|uk|2(n ·x)dσ

=
∫

Ω

x ·v(x)dx+
∫

∂Ω

3∑
i=1

(n(x) ·wi(x))xi dσ+
∫

Ω

rk ·xdx. (6.5)
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By using the decomposition uk =(n ·uk)n−n∧(n∧uk) after easy computations we
obtain the identity:

∫
Ω

3∑
i=1

wii dx+
1
2

∫
Ω

|uk|2 dx+
1
2

∫
∂Ω

(uk ·n)2(n(x) ·x)dσ =
1
2

∫
∂Ω

|uk∧n|2(n(x) ·x)dσ

+
∫

∂Ω

(uk ·n)[(n∧(n∧uk)) ·x]dσ+
∫

Ω

x ·v(x)dx

+
∫

∂Ω

3∑
i=1

(n(x) ·wi(x))xi dσ+
∫

Ω

rk ·xdx. (6.6)

By our hypothesis there is 0<r≤R such that r≤ (n(x) ·x)≤|x|≤R, ∀x∈∂Ω and thus
we have:∫

Ω

3∑
i=1

wii dx+
1
2
‖uk‖2

L2(Ω)3 +
r

2
‖n ·uk‖2

L2(∂Ω) ≤
R

2
‖n∧uk‖2

L2(∂Ω)3 +R
3∑

i=1

‖n ·wi‖L1(∂Ω)

+R ·‖v‖L1(Ω)3 +R‖rk‖L1(Ω)3 +R‖n ·uk‖L2(∂Ω)‖n∧uk‖L2(∂Ω)3 , (6.7)

which implies that:

3∑
i=1

‖wii‖L1(Ω)+‖uk‖2
L2(Ω)3 +‖(n ·uk)‖2

L2(∂Ω) ≤C(r,R)(‖n∧uk‖2
L2(∂Ω)3 +‖v‖L1(Ω)3

+
3∑

i=1

‖n ·wi‖L1(∂Ω) +‖rk‖L1(Ω)3). (6.8)

Since n∧uk →n∧u in L2(∂Ω)3 and rk →0 in L1(Ω)3 we deduce that (n ·uk)k is
bounded in L2(∂Ω). In fact we can prove that (n ·uk)k converges in L2(∂Ω). For
this let us introduce the bilinear application:

ai(f,g)=fidiv g−(f ∧rot g)i, f ∈L2(Ω)
3
,g∈H(div ;Ω)∩H(rot ;Ω).

We have:

ai(f −g,f −g)=ai(f,f)−ai(g,g)−ai(g,f −g)−ai(f −g,g),
∀f,g∈H(div ;Ω)∩H(rot ;Ω).

Observe that ai(uk,uk)=ai(u,u)+rk
i , ai(ul,ul)=ai(u,u)+rl

i. By taking into account
that:

‖ai(ul,uk−ul)‖L1(Ω) ≤‖ul
i‖L2(Ω)‖div uk−div ul‖L2(Ω) +‖ul‖L2(Ω)3‖rot uk

−rot ul‖L2(Ω)3 →0,

when k,l→+∞ and:

‖ai(uk−ul,ul)‖L1(Ω) ≤‖uk
i −ul

i‖L2(Ω)‖div ul‖L2(Ω)

+‖uk−ul‖L2(Ω)3‖rot ul‖L2(Ω)3 →0,
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when k,l→+∞ we deduce that for 1≤ i≤3 we have:

3∑
j=1

∂

∂xj
{(uk

i −ul
i)(u

k
j −ul

j)}−
1
2

∂

∂xi
|uk−ul|2 =ai(uk−ul,uk−ul)

=ai(uk,uk)−ai(ul,ul)−ai(ul,uk−ul)−ai(uk−ul,ul)
=rk

i −rl
i−ai(ul,uk−ul)−ai(uk−ul,ul)= rkl

i ,

where rkl →0 in L1(Ω)3 when k,l→+∞. Now, by the previous computations (this
time with v =0,w=0,n ·w=0) we deduce that:

‖n ·uk−n ·ul‖L2(∂Ω) ≤C(r,R){‖n∧uk−n∧ul‖L2(∂Ω)3 +‖rkl‖1/2

L1(Ω)3
},

and thus (n ·uk)k is a Cauchy sequence in L2(∂Ω), or (n ·uk)k converges in L2(∂Ω).
Moreover, the limit doesn’t depend on the approximation sequence (uk)k and we can
associate to u the normal trace n ·u := limk→+∞n ·uk in L2(∂Ω). By passing to the
limit in (6.8) we find:

3∑
i=1

‖wii‖L1(Ω)+‖u‖2
L2(Ω)3 +‖(n ·u)‖2

L2(∂Ω) ≤C(r,R)(‖n∧u‖2
L2(∂Ω)3 +‖v‖L1(Ω)3

+
3∑

i=1

‖n ·wi‖L1(∂Ω)). (6.9)

Moreover we have
∫
Ω

div uk θ(x)dx+
∫
Ω

uk ·∇xθ dx=
∫

∂Ω
(n(x) ·uk(x))θ(x)dσ, ∀θ∈

C1(Ω), and by passing to the limit for k→+∞ we find that:∫
Ω

div uθ(x)dx+
∫

Ω

u ·∇xθ dx=
∫

∂Ω

(n(x) ·u(x))θ(x)dσ, ∀θ∈C1(Ω).

Once we have defined n ·u∈L2(∂Ω) we can define the trace of u on ∂Ω by γu=
(n ·u)n−n∧(n∧u)∈L2(∂Ω)3. By construction we have (n ·γu)=(n ·u) and n∧γu=
n∧u and therefore:

‖γu‖2
L2(∂Ω)3 =‖n ·γu‖2

L2(∂Ω) +‖n∧γu‖2
L2(∂Ω)3

≤C

{
‖n∧u‖2

L2(∂Ω)3 +‖v‖L1(Ω)3 +
3∑

i=1

‖n ·wi‖L1(∂Ω)

}
.

Moreover, the equality
∑3

j=1
∂

∂xj
(uiuj)− 1

2
∂

∂xi
|u|2 =vi +div wi holds in D′(Ω),∀1≤

i≤3. Indeed, for θ∈C1(Ω) we can write for 1≤ i≤3:

∫
Ω

 3∑
j=1

∂

∂xj
(uk

i uk
j )− 1

2
∂

∂xi
|uk|2

θ(x)dx=
∫

Ω

(
uidiv u−(u∧rot u)i +rk

i

)
θ(x)dx

=
∫

Ω

vi(x)θ(x)dx−
∫

Ω

wi(x) ·∇xθ dx

+
∫

∂Ω

(n(x) ·wi(x))θ(x)dσ+
∫

Ω

rk
i θ(x)dx.
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After integration by parts we deduce that:∫
∂Ω

uk
i

3∑
j=1

uk
j njθ(x)dσ−1

2

∫
∂Ω

|uk|2ni θ(x)dσ−
∫

Ω

uk
i

3∑
j=1

uk
j

∂θ

∂xj
dx+

1
2

∫
Ω

|uk|2 ∂θ

∂xi
dx

=
∫

Ω

vi(x)θ(x)dx−
∫

Ω

wi(x) ·∇xθ dx

+
∫

∂Ω

(n(x) ·wi(x))θ(x)dσ+
∫

Ω

rk
i θ(x)dx,

and by passing to the limit for k→+∞ we obtain:∫
∂Ω

(γu)i

3∑
j=1

(γu)jnj θ(x)dσ−1
2

∫
∂Ω

|γu|2ni θ(x)dσ−
∫

Ω

ui

3∑
j=1

uj
∂θ

∂xj
dx

+
1
2

∫
Ω

|u|2 ∂θ

∂xi
dx

=
∫

Ω

vi(x)θ(x)dx−
∫

Ω

wi(x) ·∇xθ dx+
∫

∂Ω

(n(x) ·wi(x))θ(x)dσ.

We have similar results for the time dependent case. The proof is left to the reader.

Lemma 6.4. Assume that Ω is a bounded domain with ∂Ω regular (C1) and
strictly star-shaped in respect to the origin 0∈Ω. Consider u∈L2(]0,T [;H(div ;Ω))∩
L2(]0,T [;H(rot ;Ω)) with n∧u∈L2(]0,T [;L2(∂Ω)3) such that:∫ T

0

∫
Ω

{uidiv u−(u∧rot u)i}θ(t,x)dtdx+
∫ T

0

∫
Ω

zi(t,x)∂tθ dtdx+
∫ T

0

∫
Ω

wi ·∇xθ dtdx

=
∫ T

0

∫
Ω

vi(t,x)θ(t,x)dtdx+
∫ T

0

∫
∂Ω

(n(x) ·wi(x))θ(t,x)dtdσ, 1≤ i≤3,

for all functions θ∈C1(Rt×Ω) T periodic in time, where z,v,wi =(wij)1≤j≤3,n ·wi

are some given functions verifying z,v∈L1(]0,T [;L1(Ω)3),wi ∈L1(]0,T [;L1(Ω)3),wii

≥0,n ·wi ∈L1(]0,T [×∂Ω),1≤ i≤3. Then u has a normal trace n ·u∈L2(]0,T [×∂Ω):∫
Ω

div u(t)θ(x)dx+
∫

Ω

u(t,x) ·∇xθ dx=
∫

∂Ω

(n ·u(t))θ(x)dσ,∀θ∈C1(Ω) a.e. t∈Rt,

and we have the estimate:

‖n ·u‖2
L2(]0,T [×∂Ω)+

3∑
i=1

‖wii‖L1(]0,T [×Ω) +‖u‖2
L2(]0,T [;L2(Ω)3)≤C ·(‖n∧u‖2

L2(]0,T [;L2(∂Ω)3)

+‖v‖L1(]0,T [;L1(Ω)3) +
3∑

i=1

‖n ·wi‖L1(]0,T [×∂Ω)).

Remark 6.5. We can define the trace γu=(n ·u)n−n∧(n∧u)∈L2(]0,T [;L2(∂Ω)3)
and we have

∑3
j=1

∂
∂xj

(uiuj)− 1
2

∂
∂xi

|u|2 =vi +∂tzi +div wi in D′(]0,T [×Ω), 1≤ i≤3.

Remark 6.6. The previous results adapt easily when replacing udiv u−u∧rot u by
ε0{Ediv E−E∧rot E}+ 1

µ0
{Bdiv B−B∧rot B}.

We give here the details for the proof of Proposition 6.1.
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Proof. (Proposition 6.1) Consider the test function ϕi(t,x,p)=piθ(t,x), 1≤ i≤
3, θ∈C1(Rt×Ω), T periodic. By using the Green formula (remark that this is possible
since

∫ T

0

∫
Ω

∫
R3

p
(1+E(p))f dtdxdp<+∞,

∫ T

0

∫
Σ+(v(p) ·n(x))(1+E(p))γ+f dtdσdp<+∞

and thus in both classical and relativistic cases we have
∫ T

0

∫
Ω

∫
R3

p
|p|f dtdxdp<+∞,∫ T

0

∫
Σ+(v(p) ·n(x))|p|γ+f dtdσdp<+∞) we deduce that:

α

∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)piθ(t,x)dtdxdp+
∫ T

0

∫
Σ

(v(p) ·n(x))piγf(t,x,p)θ(t,x)dtdσdp

=
∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)pi(∂tθ+v(p) ·∇xθ)dtdxdp

+
∫ T

0

∫
Ω

∫
R3

p

qθ(t,x)f(t,x,p){(E ?ζε)

+v(p)∧(B?ζε)}i dtdxdp.

Let us consider i=1 and compute the term involving the electro-magnetic field:

I1=
∫ T

0

∫
Ω

θ(t,x){ρ(t,x)(E1 ?ζε)+j2(t,x)(B3 ?ζε)−j3(t,x)(B2 ?ζε)}dtdx

=
∫ T

0

∫
Ω

{E1(t,x)((θρ)?ζ
√
ε )+B3(t,x)((θj2)?ζ

√
ε )−B2(t,x)((θj3)?ζ

√
ε )}dtdx

=
∫ T

0

∫
Ω

θ{E1(t,x)(ρ?ζ
√
ε )+B3(t,x)(j2 ?ζ

√
ε )−B2(t,x)(j3 ?ζ

√
ε )}dtdx

+
∫ T

0

∫
Ω

E1(t,x)
∫ T

0

∫
Ω

(θ(s,y)−θ(t,x))ρ(s,y)ζ
√
ε (t−s,x−y)dsdy dtdx

+
∫ T

0

∫
Ω

B3(t,x)
∫ T

0

∫
Ω

(θ(s,y)−θ(t,x))j2(s,y)ζ
√
ε (t−s,x−y)dsdy dtdx

−
∫ T

0

∫
Ω

B2(t,x)
∫ T

0

∫
Ω

(θ(s,y)−θ(t,x))j3(s,y)ζ
√
ε (t−s,x−y)dsdy dtdx

=M1 +R1(θ).

By using the perturbed Maxwell equations as well as the Proposition 5.7 the main
term M1 can be written as:

M1=
∫ T

0

∫
Ω

θ(t,x){E1ε0div E +ε0B2(αE3 +∂tE3−c2
0(rot B)3)

−ε0B3(αE2 +∂tE2−c2
0(rot B)2)}dtdx

=
∫ T

0

∫
Ω

θ(t,x){ε0(E1div E−(E∧rot E)1)+
1
µ0

(B1div B−(B∧rot B)1)

−2αε0(E∧B)1}dtdx

+
∫ T

0

∫
Ω

ε0(E∧B)1∂tθ dtdx.
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Finally we obtain for 1≤ i≤3 that:∫ T

0

∫
Ω

{ε0(Eidiv E−(E∧rot E)i)+
1
µ0

(Bidiv B−(B∧rot B)i)}θ(t,x)dtdx

+
∫ T

0

∫
Ω

ε0(E∧B)i∂tθ dtdx

+
∫ T

0

∫
Ω

(∫
R3

p

pif dp

)
∂tθ dtdx+

∫ T

0

∫
Ω

(∫
R3

p

piv(p)f dp

)
·∇xθ dtdx

=α

∫ T

0

∫
Ω

(
2ε0(E∧B)i +

∫
R3

p

pif dp

)
θ(t,x)dtdx

+
∫ T

0

∫
∂Ω

θ(t,x)

(∫
R3

p

(v(p) ·n(x))piγf dp

)
dtdσ−Ri(θ),

for all θ∈C1(Rt×Ω), T periodic. Let us introduce the notations:

vi =2αε0(E∧B)i +α

∫
R3

p

pif dp∈L1(]0,T [×Ω), 1≤ i≤3,

wi =
∫

R3
p

piv(p)f dp∈L1(]0,T [;L1(Ω)
3
), 1≤ i≤3,

n ·wi =
∫

R3
p

(v(p) ·n(x))piγf dp∈L1(]0,T [×∂Ω), 1≤ i≤3,

zi =ε0(E∧B)i +
∫

R3
p

pif dp∈L1(]0,T [×Ω), 1≤ i≤3.

Then we have for 1≤ i≤3, θ∈C1(Rt×Ω), T periodic:∫ T

0

∫
Ω

{ε0(Eidiv E−(E∧rot E)i)+
1
µ0

(Bidiv B−(B∧rot B)i)}θ(t,x)dtdx

+
∫ T

0

∫
Ω

{zi(t,x)∂tθ+wi(t,x) ·∇xθ}dtdx

=
∫ T

0

∫
Ω

vi(t,x)θ(t,x)dtdx+
∫ T

0

∫
∂Ω

(n ·wi)θ(t,x)dtdσ−Ri(θ).

(6.10)

We can not apply directly the Lemma 6.4 since we have the extra term Ri in (6.10).
By performing the same computations as in the proof of Lemma 6.3 we deduce that
there is a constant C such that:∫ T

0

∫
Ω

∫
R3

p

(p ·v(p))f dtdxdp+
∫ T

0

∫
Ω

{ε0|E|2 +
1
µ0

|B|2}dtdx

+
∫ T

0

∫
∂Ω

{ε0(n ·E)2 +
1
µ0

(n ·B)2}dtdσ

≤C{
∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ+αε0

∫ T

0

∫
Ω

|E∧B|dtdx
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+α

∫ T

0

∫
Ω

∫
R3

p

|p|f dtdxdp+
∫ T

0

∫
Σ

|(v(p) ·n(x))| · |p| ·γf dtdσdp+
3∑

i=1

|Ri|},

(6.11)

where Ri is the corresponding term to the test function θ(x)=xi, for example:

R1=
∫ T

0

∫
Ω

E1(t,x)
∫ T

0

∫
Ω

(y1−x1)ρ(s,y)ζ
√
ε (t−s,x−y)dsdy dtdx

+
∫ T

0

∫
Ω

B3(t,x)
∫ T

0

∫
Ω

(y1−x1)j2(s,y)ζ
√
ε (t−s,x−y)dsdy dtdx

−
∫ T

0

∫
Ω

B2(t,x)
∫ T

0

∫
Ω

(y1−x1)j3(s,y)ζ
√
ε (t−s,x−y)dsdy dtdx.

Note that from the Proposition 5.4 and the Theorem 5.8 we already have an uniform
estimate for the tangential traces (n∧E,n∧B) in L2(]0,T [;L2(∂Ω)3). On the other
hand, by using one more time (5.3), (5.11) one gets:

2αε0c0

∫ T

0

∫
Ω

|E∧B|dtdx≤2α

√
ε0

µ0

∫ T

0

∫
Ω

|E(t,x)| · |B(t,x)|dtdx

≤α

∫ T

0

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dtdx

≤
∫ T

0

∫
Σ−

|(v(p) ·n(x))|E(p)g(t,x,p)dtdσdp

+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ. (6.12)

We have also:

α

∫ T

0

∫
Ω

∫
R3

p

|p|f(t,x,p)dtdxdp≤αC ·
∫ T

0

∫
Ω

∫
R3

p

(1+E(p))f(t,x,p)dtdxdp

≤C ·

(∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ

)
,

(6.13)

and:∫ T

0

∫
Σ

|(v(p) ·n(x))| · |p|γf(t,x,p)dtdσdp

≤C ·
∫ T

0

∫
Σ

|(v(p) ·n(x))|(1+E(p))γf(t,x,p)dtdσdp

≤C ·

(∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ

)
.

(6.14)

Now we need to estimate the term Ri, 1≤ i≤3. We have:

|R1|≤ε2

∫ T

0

∫
Ω

{(|E1|?ζε) · |ρ|+(|B3|?ζε) · |j2|+(|B2|?ζε) · |j3|}dtdx.
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Note that for both classical or relativistic case we have:

|ρ(t,x)|=|q|
∫

R3
p

f ·1{|p|≤R} dp+ |q|
∫

R3
p

f ·1{|p|>R} dp≤C ·R3‖f‖∞+
C

R

∫
R3

p

(1+E(p))f dp

≤C ·‖f‖1/4
∞ ·

(∫
R3

p

(1+E(p))f dp

)3/4

,

and thus ‖ρ‖
L

4
3 (]0,T [×Ω)

≤C ·‖f‖1/4
∞ ·

(∫ T

0

∫
Ω

∫
R3

p
(1+E(p))f dtdxdp

)3/4

≤ C
α3/4 , where

for the last inequality we used (5.3), (5.11). Thus, by using the Hölder and Young
inequalities and (5.3), (5.11) we deduce that:

∫ T

0

∫
Ω

(|E1|?ζε) · |ρ(t,x)|dtdx≤‖(|E1|?ζε)‖L4 ·‖ρ‖
L

4
3
≤‖E1‖L2 ·‖ζε‖

L
4
3
·‖ρ‖

L
4
3 (]0,T [×Ω)

≤ C

α1/2 ·ε1/4
1 ·ε2

3/4
‖ζ3‖

L
4
3
·‖ζ2‖

L
4
3
· C

α3/4

≤ C

α5/4 ·ε1/4
1 ·ε3/4

2

.

In the relativistic case we have also ‖j‖
L

4
3 (]0,T [×Ω)

≤C ·α−3/4 and thus we obtain

similar bounds for the terms
∫ T

0

∫
Ω
(|B3|?ζε) · |j2|dtdx,

∫ T

0

∫
Ω
(|B2|?ζε) · |j3|dtdx, which

implies that |R1|≤C ·α−5/4 ·ε1/4
2 ·ε1

−1/4. In the classical case we can estimate j by
interpolation:

|j(t,x)|≤|q|
∫

R3
p

|p|
m

f dp≤C ·‖f‖∞ ·R4 +
2|q|
R

∫
R3

p

|p|2

2m
f(t,x,p)dp

≤C ·‖f‖1/5
∞ ·

(∫
R3

p

E(p)f dp

)4/5

,

and thus ‖j‖
L

5
4 (]0,T [×Ω)

≤C ·‖f‖1/5
∞ ·

(∫ T

0

∫
Ω

∫
R3

p
E(p)f dtdxdp

)4/5

≤C ·α−4/5. Now, by
using the Hölder and Young inequalities we deduce that:

∫ T

0

∫
Ω

(|B3|?ζε) · |j2(t,x)|dtdx≤‖(|B3|?ζε)‖L5 ·‖j‖
L

5
4
≤‖B3‖L2 ·‖ζε‖

L
10
7
·‖j‖

L
5
4 (]0,T [×Ω)

≤ C

α1/2 ·ε3/10
1 ·ε2

9/10
‖ζ3‖

L
10
7
·‖ζ2‖

L
10
7
· C

α4/5

≤ C

α13/10 ·ε3/10
1 ·ε9/10

2

.

Therefore, in the classical case we have |R1|≤C ·α−5/4 ·ε1/4
2 ·ε1

−1/4 +C ·α−13/10 ·
ε
1/10
2 ·ε1

−3/10. The conclusion follows easily by observing that (p ·v(p))≥E(p), ∀p∈R3
p

and by combining (5.3), (5.11), (6.11), (6.12), (6.13), (6.14) we can take q = 13
10 ,r =
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3
10 ,s= 1

10 . We deduce that there is t0∈]0,T [ such that:∫
Ω

∫
R3

p

E(p)f(t0,x,p)dxdp+
∫

Ω

{ε0|E(t0,x)|2 +
1
µ0

|B(t0,x)|2}dx

≤C

T

{∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ

}

+
C

T

εs
2

αq ·εr
1

.

By using the balance of the total energy (see the proofs of Proposition 5.6, especially
formula (5.6) and Theorem 5.8) we deduce that for t∈]t0,t0 +T [ we have:∫

Ω

∫
R3

p

E(p)f(t,x,p)dxdp+
1
2

∫
Ω

{ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dx

≤
∫

Ω

∫
R3

p

E(p)f(t0,x,p)dxdp+
1
2

∫
Ω

{ε0|E(t0,x)|2 +
1
µ0

|B(t0,x)|2}dx

+
∫ T

0

∫
Σ−

|(v(p) ·n(x))|E(p)g(s,x,p)dsdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(s,x)|2 dsdσ,

and the last conclusion follows by time periodicity.

7. The Vlasov-Maxwell system
We are ready to prove Theorem 1.1 (existence of T periodic weak solution for the

three dimensional Vlasov-Maxwell boundary-value problem).

Proof. (Theorem 1.1) We take η >0 a small parameter and we consider 0<
α,ε1,ε2 <1 such that αq =η1/4,εr

1 =η1/4 and εs
2 =η where q,r,s>0 are given in

Proposition 6.1. We regularize also the boundary data h by taking hη →h in
L2(]0,T [;L2(∂Ω)3) such that there is h̃η ∈C1(Rt;H1(Ω)3)∩C2(Rt;L2(Ω)3) T peri-
odic with n∧ h̃η|Rt×∂Ω =hη. From the Theorems 5.3, 5.8 applied to the boundary
data (g,hη) we deduce the existence of a T periodic solution for the perturbed Vlasov-
Maxwell system (fη ≥0,Eη,Bη). By the Proposition 6.1 we deduce that for all s∈Rt:∫

Ω

∫
R3

p

E(p)fη(s,x,p)dxdp+
∫

Ω

{ε0|Eη(s,x)|2 +
1
µ0

|Bη(s,x)|2}dx

+
∫ T

0

∫
Σ+

(v(p) ·n(x))(1+E(p))γ+fη(t,x,p)dtdσdp

+
∫ T

0

∫
∂Ω

{ε0

[
(n ·Eη)2 + |n∧Eη|2

]
+

1
µ0

[
(n ·Bη)2 + |n∧Bη|2

]
}dtdσ

≤C ·W0,η +C ·η1/2, (7.1)

where W0,η =
∫ T

0

∫
Σ− |(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+

∫ T

0

∫
∂Ω

|hη(t,x)|2 dtdσ.
After extraction of subsequences we can suppose that there is f,γ+f,E,B,(n ·
E),(n ·B),n∧E,n∧B such that fk :=fηk

⇀f weakly ? in L∞(Rt×Ω×R3
p),

γ+fk :=γ+fηk
⇀γ+f weakly ? in L∞(Rt×Σ+), (Ek,Bk) :=(Eηk

,Bηk
)⇀ (E,B)

weakly in L2(]0,T [;L2(Ω)3)2, (n ·Ek,n ·Bk) :=(n ·Eηk
,n ·Bηk

)⇀ (n ·E,n ·B) weakly
in L2(]0,T [×∂Ω)2, (n∧Ek,n∧Bk) :=(n∧Eηk

,n∧Bηk
)⇀ (n∧E,n∧B) weakly in

L2(]0,T [;L2(∂Ω)3)2, where ηk →0, as k→+∞. We note also by αk,ε1,k,ε2,k the
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values given by αq
k =η

1/4
k ,εr

1,k =η
1/4
k ,εs

2,k =ηk. Obviously, by weak ? convergence we
have:

max(‖f‖∞,‖γ+f‖∞)≤max(liminf
k→+∞

‖fk‖∞,liminf
k→+∞

‖γ+fk‖∞)≤‖g‖∞.

For R>0, θ∈C0(Rt), θ≥0 we have:∫ T

0

∫
Ω

∫
R3

p

θ(t)E(p) ·1{|p|≤R}f(t,x,p)dtdxdp

+
∫ T

0

∫
Ω

θ(t){ε0|E(t,x)|2 +
1
µ0

|B(t,x)|2}dtdx

≤liminf
k→+∞

{∫ T

0

∫
Ω

∫
R3

p

θ(t)E(p) ·1{|p|≤R}fk dtdxdp+
∫ T

0

∫
Ω

θ(t){ε0|Ek|2 +
1
µ0

|Bk|2}dtdx

}

≤liminf
k→+∞

∫ T

0

θ(t)(C ·W0,ηk
+C ·η1/2

k )dt

=C ·W0

∫ T

0

θ(t)dt.

By letting R→+∞ we deduce that:∫
Ω

∫
R3

p

E(p)f(s,x,p)dxdp+
∫

Ω

{ε0|E(s,x)|2 +
1
µ0

|B(s,x)|2}dx≤C ·W0, a.e. s∈Rt.

Similarly we have:∫ T

0

∫
Σ+

(v(p) ·n(x))(1+E(p))γ+f(t,x,p)1{|p|≤R} dtdσdp

+
∫ T

0

∫
∂Ω

{ε0

[
(n ·E)2 + |n∧E|2

]
+

1
µ0

[
(n ·B)2 + |n∧B|2

]
}dtdσ

≤liminf
k→+∞

(
∫ T

0

∫
Σ+

(v(p) ·n(x))(1+E(p))γ+fk(t,x,p)1{|p|≤R} dtdσdp

+
∫ T

0

∫
∂Ω

{ε0

[
(n ·Ek)2 + |n∧Ek|2

]
+

1
µ0

[
(n ·Bk)2 + |n∧Bk|2

]
}dtdσ)

≤C ·W0, ∀R>0.

We check that (f,E,B) is a T periodic solution of the Vlasov-Maxwell system. Indeed,
by the Green formula we have for all functions ϕ∈C1(Rt×Ω×R3

p) T periodic, with
compact support in momentum:

−
∫ T

0

∫
Ω

∫
R3

p

fk(−αkϕ(t,x,p)+∂tϕ+v(p) ·∇xϕ+q((Ek ?ζεk
)

+v(p)∧(Bk ?ζεk
)) ·∇pϕ)dtdxdp

=−
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+fkϕdtdσdp−
∫ T

0

∫
Σ−

(v(p) ·n(x))gϕdtdσdp.

Observe that αk

∫ T

0

∫
Ω

∫
R3

p
ϕfk dtdxdp→0 since ‖fk‖∞≤‖g‖∞, and (Ek ?ζεk

,Bk ?

ζεk
)⇀ (E,B) weakly in L2(]0,T [;L2(Ω)3), as k→+∞. Note that the compactness
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average result of DiPerna and Lions [14] adapts easily in the time periodic case
and still holds true for bounded spatial domains (use a cut-off function η∈C∞

c (Ω)
and write fk =ηfk +(1−η)fk as it was done in [23] page 256). For test functions
ϕ(t,x,p)=ϕ1(t,x) ·ϕ2(p), ϕ1∈C1(Rt×Ω) T periodic, ϕ2∈C1

c (R3
p), by using the ve-

locity average result we have:

lim
k→+∞

∫
R3

p

∇pϕ2fk dp=
∫

R3
p

∇pϕ2f dp, in L2(]0,T [;L2(Ω)3),

lim
k→+∞

∫
R3

p

(∇pϕ2∧v(p))fk dp=
∫

R3
p

(∇pϕ2∧v(p))f dp, in L2(]0,T [;L2(Ω)3),

and thus by combining strong and weak convergence we can pass to the limit in the
nonlinear term:

lim
k→+∞

∫ T

0

∫
Ω

{ϕ1(Ek ?ζεk
) ·

∫
R3

p

∇pϕ2fk dp+ϕ1(Bk ?ζεk
) ·

∫
R3

p

(∇pϕ2∧v(p))fk dp}dtdx

=
∫ T

0

∫
Ω

{ϕ1E ·
∫

R3
p

∇pϕ2f dp+ϕ1B ·
∫

R3
p

(∇pϕ2∧v(p))f dp}dtdx. (7.2)

Finally we deduce that:

−
∫ T

0

∫
Ω

∫
R3

p

f(t,x,p)(∂tϕ+v(p) ·∇xϕ+q(E(t,x)+v(p)∧B(t,x)) ·∇pϕ)dtdxdp

=−
∫ T

0

∫
Σ+

(v(p) ·n(x))γ+fϕdtdσdp−
∫ T

0

∫
Σ−

(v(p) ·n(x))gϕdtdσdp, ∀ϕ=ϕ1 ·ϕ2,

and by density the previous equality holds for all ϕ∈C1(Rt×Ω×R3
p) T periodic and

compactly supported in momentum. Now take ϕ,ψ∈C1(Rt×Ω)3, T periodic with
n∧ϕ−c0n∧(n∧ψ)=0 on Rt×∂Ω. We have:∫ T

0

∫
Ω

{Ek ·(αkϕ−∂tϕ)−c2
0Bk ·rot ϕ}dtdx+c2

0

∫ T

0

∫
Ω

{Bk ·(αkψ−∂tψ)+Ek ·rot ψ}dtdx

=c0

∫ T

0

∫
∂Ω

(n∧ϕ) ·hk dtdσ− 1
ε0

∫ T

0

∫
Ω

(jk ?ζ
√
εk

) ·ϕdtdx.

Since (Ek,Bk)k is bounded in L2(]0,T [;L2(Ω)3) we have:

lim
k→+∞

αk

∫ T

0

∫
Ω

Ek(t,x) ·ϕ(t,x)dtdx= lim
k→+∞

αk

∫ T

0

∫
Ω

Bk(t,x) ·ψ(t,x)dtdx=0.

We have also:∣∣∣∣∣
∫ T

0

∫
Ω

(jk ?ζ
√
εk

) ·ϕdtdx−
∫ T

0

∫
Ω

j ·ϕdtdx

∣∣∣∣∣≤
∣∣∣∣∣
∫ T

0

∫
Ω

jk ·(ϕ?ζεk
−ϕ)dtdx

∣∣∣∣∣
+

∣∣∣∣∣
∫ T

0

∫
Ω

(jk−j) ·ϕdtdx

∣∣∣∣∣= Ik
1 +Ik

2 .
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For the first term Ik
1 we write:

|q|−1 ·Ik
1 ≤

∫ T

0

∫
Ω

∫
R3

p

|v(p)| ·fk(t,x,p) · |(ϕ?ζεk
)(t,x)−ϕ(t,x)| ·1{|p|≤R} dtdxdp

+
1
R

∫ T

0

∫
Ω

∫
R3

p

|v(p)| · |p| ·fk(t,x,p) ·2 ·‖ϕ‖∞ ·1{|p|>R} dtdxdp

≤
∫ T

0

∫
Ω

|(ϕ?ζεk
)(t,x)−ϕ(t,x)|

(∫
R3

p

|v(p)| ·‖g‖∞ ·1{|p|≤R} dp

)
dtdx

+
4‖ϕ‖∞

R

∫ T

0

∫
Ω

∫
R3

p

E(p)fk(t,x,p)dtdxdp.

For δ >0 we take Rδ large enough such that 4‖ϕ‖∞
Rδ

∫ T

0

∫
Ω

∫
R3

p
E(p)fk(t,x,p)dtdxdp< δ

2 ,
uniformly in k. By using the dominated convergence theorem we have also:

lim
k→+∞

∫ T

0

∫
Ω

|(ϕ?ζεk
)(t,x)−ϕ(t,x)|

(∫
R3

p

|v(p)| ·‖g‖∞ ·1{|p|≤Rδ} dp

)
dtdx=0,

and therefore limk→+∞ Ik
1 =0. For the second term we have:

|q|−1Ik
2 ≤

∣∣∣∣∣
∫ T

0

∫
Ω

∫
R3

p

v(p)ϕ(fk−f)1{|p|≤R} dtdxdp

∣∣∣∣∣
+

∣∣∣∣∣
∫ T

0

∫
Ω

∫
R3

p

v(p)ϕ(fk−f)1{|p|>R} dtdxdp

∣∣∣∣∣=Ik
3 +Ik

4 .

By using the inequality |p| · |v(p)|=(p ·v(p))≤2E(p) we have for R large enough:

Ik
4 ≤

1
R

∫ T

0

∫
Ω

∫
R3

p

fk ·‖ϕ‖∞ · |p| · |v(p)|dtdxdp+
1
R

∫ T

0

∫
Ω

∫
R3

p

f ·‖ϕ‖∞ · |p| · |v(p)|dtdxdp

≤2‖ϕ‖∞
R

∫ T

0

∫
Ω

∫
R3

p

fkE(p)dtdxdp+
2‖ϕ‖∞

R

∫ T

0

∫
Ω

∫
R3

p

fE(p)dtdxdp<
δ

2
,

for R≥Rδ, since
(∫ T

0

∫
Ω

∫
R3

p
E(p)fk dtdxdp

)
k

is bounded. Now, for R=Rδ we can use

the weak ? convergence fk ⇀f in order to obtain Ik
3 < δ

2 , for k≥kδ. Finally we proved
the convergence limk→+∞

∫ T

0

∫
Ω
(jk ?ζ

√
εk) ·ϕdtdx=

∫ T

0

∫
Ω

j ·ϕdtdx. By using the weak
convergence (Ek,Bk)⇀ (E,B) in L2(]0,T [;L2(Ω)3)2 and hk →h in L2(]0,T [;L2(∂Ω)3)
we deduce that:∫ T

0

∫
Ω

{−E(t,x) ·∂tϕ−c2
0B(t,x) ·rot ϕ}dtdx

+c2
0

∫ T

0

∫
Ω

{−B(t,x) ·∂tψ+E(t,x) ·rot ψ}dtdx

=c0

∫ T

0

∫
∂Ω

(n∧ϕ) ·h(t,x)dtdσ− 1
ε0

∫ T

0

∫
Ω

j(t,x) ·ϕ(t,x)dtdx.
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In fact, by using the Remark 4.7, we can prove that:∫ T

0

∫
Ω

{−E(t,x) ·∂tϕ−c2
0B(t,x) ·rot ϕ}dtdx−c2

0

∫ T

0

∫
∂Ω

(n∧B) ·ϕ(t,x)dtdσ

=− 1
ε0

∫ T

0

∫
Ω

j ·ϕdtdx,

and: ∫ T

0

∫
Ω

{−B(t,x) ·∂tψ+E(t,x) ·rot ψ}dtdx+
∫ T

0

∫
∂Ω

(n∧E) ·ψ(t,x)dtdσ =0,

for all ϕ,ψ∈C1(Rt×Ω)3, T periodic. By the Proposition 6.1 and by using that
div Ek = 1

ε0
(ρk ?ζ

√
εk) we have for θ∈C1(Rt×Ω):∫ T

0

∫
Ω

1
ε0

(ρk ?ζ
√
εk

)θ(t,x)dtdx+
∫ T

0

∫
Ω

Ek(t,x) ·∇xθ dtdx=
∫ T

0

∫
∂Ω

(n ·Ek)θ(t,x)dtdσ.

As previous we have limk→+∞
∫ T

0

∫
Ω
(ρk ?ζ

√
εk)θ dtdx=

∫ T

0

∫
Ω

ρθ dtdx and thus, by passing
to the limit for k→+∞ one gets:∫ T

0

∫
Ω

1
ε0

ρθ dtdx+
∫ T

0

∫
Ω

E ·∇xθ dtdx=
∫ T

0

∫
∂Ω

(n ·E)θ dtdσ,

or div E = 1
ε0

ρ and (n ·E) is the normal trace of E. Similarly we deduce that div B =0
and (n ·B) is the normal trace of B. By using the Green formula (2.9) with the test
function θ=θ(t,x), θ∈C1(Rt×Ω), T periodic, we have:∫ T

0

∫
Ω

∫
R3

p

αkfkθ dtdxdp−
∫ T

0

∫
Ω

∫
R3

p

fk(∂tθ+v(p) ·∇xθ)dtdxdp

+
∫ T

0

∫
Σ

(v(p) ·n(x))θγfk dtdσdp=0.

By using that(∫ T

0

∫
Ω

∫
R3

p
(1+E(p))fk dtdxdp

)
k
,

(∫ T

0

∫
Σ+(v(p) ·n(x))(1+E(p))γ+fk dtdσdp

)
k

are
bounded, after passing to the limit for k→+∞ we deduce that
−

∫ T

0

∫
Ω

ρ∂tθ dtdx−
∫ T

0

∫
Ω

j ·∇xθ dtdx+
∫ T

0

∫
Σ
(v(p) ·n(x))θqγf dtdσdp=0 and in particu-

lar ∂tρ+div j =0 in D′.

8. Final remarks
By using basically the same arguments, it is possible to analyze also the time

periodic Vlasov-Maxwell system when the boundary condition (2.2) is replaced by:

f(t,x,p)=g(t,x,p)+a(t,x,p) ·f(t,x,R(t,x)p), (t,x,p)∈Rt×Σ−, (8.1)

with R(t,x) :R3
p →R3

p, R(t,x)p=p−2(p ·n(x))n(x),∀(t,x,p)∈Rt×Σ and
0≤a(t,x,p)≤a0 <1, ∀(t,x,p)∈Rt×Σ− (for the definition of T periodic weak
solution for the problem (2.1), (8.1) consider in the weak formulation (2.4) test
functions ϕ∈C1(Rt×Ω×R3

p), T periodic, compactly supported in momentum such
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that ϕ(t,x,Rp)=a(t,x,p)ϕ(t,x,p), ∀(t,x,p)∈Rt×Σ−). We assume that g,h are T
periodic, g≥0, g∈L∞(Rt×Σ−), (n ·h)|Rt×∂Ω =0 such that:

W0 =
∫ T

0

∫
Σ−

|(v(p) ·n(x))|(1+E(p))g(t,x,p)dtdσdp+
∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ <+∞.

The proofs are quite similar and we don’t detail them. We only indicate how a priori
estimates can be obtained in this case by formal computations. For example, by using
the weak formulation of the Vlasov problem with the test function 1 we get:∫ T

0

∫
Σ+

(v(p) ·n(x))γ+f(t,x,p)dtdσdp=−
∫ T

0

∫
Σ−

(v(p) ·n(x))γ−f(t,x,p)dtdσdp,

and by using the boundary condition (8.1) we deduce that :∫ T

0

∫
Σ+

(v(p) ·n(x))(1−a(t,x,Rp))γ+f(t,x,p)dtdσdp

=−
∫ T

0

∫
Σ−

(v(p) ·n(x))g(t,x,p)dtdσdp.

Since a(t,x,p)≤a0 <1, ∀(t,x,p)∈Rt×Σ−, finally one gets:∫ T

0

∫
Σ±

|(v(p) ·n(x))|γ±f(t,x,p)dtdσdp≤ 1
1−a0

∫ T

0

∫
Σ−

|(v(p) ·n(x))|g(t,x,p)dtdσdp.

Similarly, by using the weak formulation of the Vlasov problem with the test function
E(p) and by combining with the conservation of the electro-magnetic energy (obtained
by multiplication of the Maxwell equations by (E,B)), we deduce as before that:∫ T

0

∫
Σ+

(v(p) ·n(x))E(p)γ+f(t,x,p)dtdσdp+
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ

=−
∫ T

0

∫
Σ−

(v(p) ·n(x))E(p)γ−f(t,x,p)dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ,

and by using the boundary condition (8.1) we obtain as above that:

(1−a0)
∫ T

0

∫
Σ+

|(v(p) ·n(x))|E(p)γ+f(t,x,p)dtdσdp

+
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ

≤−
∫ T

0

∫
Σ−

(v(p) ·n(x))E(p)g(t,x,p)dtdσdp+
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ,

and:

(1−a0)
∫ T

0

∫
Σ−

|(v(p) ·n(x))|E(p)γ−f(t,x,p)dtdσdp

+a0
c0

2

∫ T

0

∫
∂Ω

{ε0|n∧E|2 +
1
µ0

|n∧B|2}dtdσ

≤−
∫ T

0

∫
Σ−

(v(p) ·n(x))E(p)g(t,x,p)dtdσdp+a0
c0ε0

2

∫ T

0

∫
∂Ω

|h(t,x)|2 dtdσ.
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From this point the computations follow exactly as for the case of absorbing condi-
tions.
Note also that all these results apply for the Vlasov-Maxwell system with several
species of particles. We point out that similar a priori estimates can be established
by formal computations for the T periodic solutions of the classical Vlasov-Maxwell-
Fokker-Planck system, which is obtained from the classical Vlasov-Maxwell system
by replacing the Vlasov equation by:

∂tf +v(p) ·∇xf +q(E(t,x)+v(p)∧B(t,x)) ·∇pf

=div p(σ∇pf +βv(p)f), (t,x,p)∈Rt×Ω×R3
p,

where β≥0,σ >0 are fixed parameters.

REFERENCES

[1] A. Arseneev, Global existence of a weak solution of the Vlasov system of equations, U. R. S. S.
Comp. and Math. Phys., 15, 131-143, 1975.

[2] J. Batt, Global symmetric solutions of the initial value problem of stellar dynamics, J. Diff.
Eq., 25, 342-364, 1977.

[3] V. Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces, Noordhoff,
1976.
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