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On global dynamics of the Maxwell-Klein-Gordon
equations

SHIWU YANG* AND PN Yuf

On the three dimensional Euclidean space, for data with finite
energy, it is well-known that the Maxwell-Klein-Gordon equations
admit global solutions. However, the asymptotic behavior of the so-
lutions for the data with non-vanishing charge and arbitrary large
size is unknown. It is conjectured that the solutions disperse as lin-
ear waves and enjoy the so-called peeling properties for pointwise
estimates. We provide a gauge independent proof of the conjecture.
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The Maxwell-Klein-Gordon (MKG) equations are a nonlinear system mod-
eling the motion of a charged particle moving in an electric-magnetic field.
The particle verifies the linear Klein-Gordon equation (degenerates to lin-
ear wave equation when the particle is massless) while the electric-magnetic
field is governed by the Maxwell equation. The motion of the particle in an
electric-magnetic field generates electricity. Hence the interaction between
the electric-magnetic field and the particle is nonlinear in nature. From the
physics point of view, the electric-magnetic field fades away and the final
state of the particle must be static. The mathematical interpretation of this
conjecture raises two questions: The first one is that the MKG equations
admit global in time solutions, which has been well understood since the
works [6], [7] of Eardley-Moncrief in 1980’s. The second question is whether
this global solution decays in time and the final state conjecture holds in
general. The aim of our current study is to address the second question by
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showing that the solutions indeed enjoy the peeling decay estimates for the
massless case.

We begin with a quick introduction to the MKG equations. Let A =
A,dz" be a R-valued connection 1-form for a given complex line bundle
L over the Minkowski spacetime R3*!. The curvature 2-form F = (FW)
associated to A is simply dA, i.e., Fj,, = 0,A, — 0,A,. In particular, F is
a closed 2-form or equivalently V(,Fp, = 0. The pair of square brackets
denote the anti-symmetrization of the three indices «, 8 and . We will use
Einstein summation convention throughout the paper. The above equation
is also called the Bianchi equation of F'. It is also equivalent to

VE*Fu, =0,

where *F),, is the Hodge dual of F},,,. We recall that the Hodge dual *G g of
a 2-form Gz is %@@am(gGw, where &35 is the volume form of the Minkowski
metric mqg.

A section of the bundle L can be represented by a C-valued function ¢.
The covariant derivative of ¢ with respect to A is

Dup =0+ V—1A, - ¢.

The curvature form measures the non-commutativity of the covariant deriva-
tives

[D#, Du]¢ = \/__1Flw ' ¢

The massless MKG equations is a system of equations for a connection A
on L and a section ¢ of L:

VILF v = _Jlla
(0.1) { a

Uag =0,

where J, = (¢ - D,¢) is called the current and 04 = D*D,,. It can be
derived as the Euler-Lagrange equations for the action

1 1 ,

L(A, ¢) == DV¢ - D¢ + — FYE,,.

2 R3+1 4 R3+1
We use the volume form of the Minkowski metric in the action. The system
is a U(1)-gauge theory, namely, if (A4, ¢) is a solution of (0.1), then (A —
dx, eX¢) is also a solution for any smooth function .
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The total charge of the system is given by

1 1 S 1 .

g=-— [ divEde=— | I(Di¢-¢)=— lim 12 B 2 o,
A7 Jgs 47 Jgrs 4 r—o0 Ji, =1 r

where E; = Fy; is the electric field. It is easy to check that the total charge

is conserved. This in particular implies that the electric field E has the
nontrivial tail gor 3z at any fixed time.

The pioneering works [6] and [7] of Eardley-Moncrief established the
celebrated global existence result to the general Yang-Mills-Higgs equations
with sufficiently smooth initial data. Around ten years later, by introducing
the weighted Sobolev spaces, Klainerman-Machedon systematically studied
the bilinear estimates of the null forms. As a consequence, they derived the
notable global existence result for data merely bounded in the energy space.
The idea of proving bilinear estimates of null form introduced in [11] lead to
a revolution on the global well-posedness of PDEs of classical field theory,
such as MKG equations, Yang-Mills equations, wave maps, etc., aiming at
studying low regularity initial data in order to construct global solutions, see
[12] and references therein. For a more recent and comprehensive summary
of the progresses along this line, we refer to the work of Oh-Tataru [18].
The common feature of all these works is to construct a local solution with
rough data so that the global well-posedness follows from conserved energy
quantities. However regarding the global dynamics of the solutions, very
little can be obtained through this approach.

The long time dynamics of solutions of MKG equations have only been
well understood for sufficiently small initial data or data which are essentially
compactly supported. The robust vector field method introduced by Klain-
erman in [10] has been successfully applied to derive the decay estimates
for linear fields in [4] or nonlinear spin fields in [21] with small initial data.
If the data are compactly supported, one can also use the conformal com-
pactification method (see e.g. [2]) and this approach requires strong decay
of the initial data, which in particular forces the total charge to be vanish-
ing. To tackle the general case with nonzero charge, Shu in [22] proposed
a framework but without details. A complete proof towards this direction
was contributed by Lindblad-Sterbenz in [16], also see a recent work [1] of
Bieri-Miao-Shahshahani. However all these works are restricted to the small
data regime or can be viewed as global stability problems of trivial solutions.

As for the large data problem, by using the conformal compactification
method together with Eardley-Moncrief’s results, Petrescu in [19] obtained
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the asymptotic decay properties of solutions to MKG equations with essen-
tially compactly supported data, i.e., the scalar field has compact support
and the Maxwell field is electrostatic outside the support. A similar result for
Yang-Mills equation on R3*! was obtained by Georgiev-Schirmer in [9] but
with spherically symmetric data bounded in the conformal energy space (in
particular charges must be vanishing!). For general initial data, the global
asymptotic behaviour is only partially known. A Morawetz type of inte-
grated local energy estimate was obtained by Psarelli in [20] for solutions of
massive Maxwell-Klein-Gordon equations with data bounded in the energy
space. For massless MKG equations, the first author Yang in [24] derived
the stronger inverse polynomial decay of the energy flux through outgoing
null cones with data bounded in a weighted energy space. Both results allow
the existence of nonzero charges. However the decay estimates in [20] do
not distinguish the charge part and the chargeless part of the solution while
the estimates in [24] are valid only for the chargeless part of the solution.
The latter result in addition affirmatively answered a conjecture of Shu in
[21] that the nonzero charge can only affect the asymptotic behaviour of the
solution outside a forward light cone. Another consequence of the method
used in [24] allowed the author to improve the small data results to data
merely small on the scalar field while the Maxwell field can be arbitrarily
large, see details in [23]. This result can be interpreted as the global non-
linear stability of large Maxwell field under perturbation of massless scalar
field.

It is of great interests to remove the restriction of essentially compactly
supported data without any smallness assumption. This is the final state
conjecture of charged scalar fields: the solution should eventually decay as
long as it decays suitably initially. In this work, we will propose a sequence
of new ideas to handle the long range effect of the large charge and we will
prove this conjecture for rapidly decaying data.

1. Introduction to the main result

Throughout the paper, we use the following conventions:

e The Greek letters a, 3, .- denote indices from 0 to 3. The capital
Latin letters A, B,--- denote indices from 1 to 2. The little Latin
letters i, j, k, - - - denote indices from 1 to 3.

e (¢, F) is a given finite energy smooth solution of the MKG equations.
It exists globally and remains smooth according to the classical result
of Klainerman-Machedon [11].
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e The letter f denotes an arbitrary section of the bundle L (it may not
be ¢). The letter G denotes an arbitrary 2-form Gy, (it may not be
o We define ¢ = r¢.

We use two coordinate systems on the Minkowski spacetime R3*1: the Carte-
sian coordinates (2° = t, 2!, 22, 23) and the polar coordinates (¢,r,1). The
optical functions v and v are defined as

1 1
uzi(t—r), v:§(t+r), up =1+ ul, vy =1+v|.

A null frame is defined by (e1,es,e3 = L,eq = L), where L = 0y + Oy,
L = 0y — 0, and eq, e5 is an orthonormal complement of L and L.

The level sets of u and v define (locally) null foliations of the Minkowski
spacetime. Given ro > r1 > 0, we define the outgoing (or incoming) null
hypersurfaces H;? (or H;!) as

Hyp o= {(t,r,ﬁ)‘t}(),u: —%7“1,7“1 <r<ry} or

1
Hy = {(t,r0) [t > 0,0 = 57271 <r <y}

respectively. On the initial time slice {t = O} where the Cauchy datum is
given, we define
B2 = {(t,r,9) | t=0,r <7<l

In the limiting case where 73 = oo, we write H,, = H?°, H, = H¥ and
B, = By*. Three hypersurfaces H;?, H;! and B;? bound a spacetime region
and it is denoted by D;2. In the following picture, the gray region is D;2. The
truncated light cones H;? and H;! are denoted by the dashed line segments.
Their intersection is a 2-sphere of radius “42”’2 and it is the tip of D;? in the
picture. We denote this sphere by §;2. The dashed-dotted line segment on
the bottom is B;2.
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In the null frame, we have VL = VL = VL =V L = 0. Here V denotes
the flat connection in Minkowski space R3. Moreover, we have

1 1 1
veAL = ;eAv VEAL = _;6147 Ve,qu = WeAeB + ZgAB(L_ L)u

where Y., ep is the projection of V., ep to a 2-sphere S;2 (or to the span
of e; and ey) and Jap is the restriction of the Minkowski metric to S;2.
We can decompose G, with respect to the null frame:

a(G)a = G(L,ea), a(G)a = G(L,ea), p(G) = %G(L, L),
0(G)ap == Gap.

For the special case G, = F},,,, we write
1
ap = F(L,(BA), ay = F(La €A), p = §F(Lv L)7 OAB ‘— FAB-

Since o4p is a 2-form on §72, there exists a function o so that o4p = o Ap
where & 45 is the volume form on S;2. For the Hodge dual *F of F', if we
denote *aq = —¢ 4Bap (the Hodge dual of a on S'2), we have

aa(*F) = *aa, ag(*F)=—="ay, p(*F)=o0, o(*F)ap = —p& 45
1.1. The main theorem

We consider Cauchy problem to (0.1) with initial data given by

do(x) = $(0,2), d1(x) = (0, 2), B (2) = Ei(0, ),
B (z) = B;(0, ).

The initial data set (¢g, ¢1, E™), B*) is said to be admissible if it satisfies
the compatibility condition

(1.1) div(E®™) = S(¢o - d1), div(B™) =0,

To impose precise assumptions on the initial data, split the electric field
E) into the divergence free part EY and the curl free part E¢/, that is,

div(E¥) =0, curl(B¥) =0, E®) =pg¥ g
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From the above constraint equation, E°f is uniquely determined by (¢ -
¢1). In particular we can freely assign (¢o, ¢o, EY, Bi") as long as EY,
B are divergence free on the initial hypersurface {t = 0}. We require this
part of data to decay rapidly and belong to certain weighted Sobolev space.
However, since E/ satisfies an elliptic equation on R3, it has a nontrivial
tail ¢ even with (¢o, ¢1) compactly supported. To describe the asymptotic
behaviour of the solutions, we need to precisely capture the asymptotic
behaviour of the solution contributed by the charge. By formally expanding
the Green’s function for Laplacian:

i,j=1

we can define a potential function V (z) as

41 _ 1, _ _
Vi) =lol g [ (1 lal 2o+ el 2l e - ol?)

x S(¢o - p1)dy, |x| > 0.

The potential is well defined if the initial data (¢o,¢1) of the scalar field
decay rapidly. With the potential V' (z), we can define the general charge
2-form F[qp] with components

Flqoloi = Eilgo] = 0V (x), Flqolij = 0.

It is straightforward to check that F'[qo| satisfies the linear Maxwell equation
on the region away from the axis {x = 0}. Moreover, there is a constant C,
depending only on ¢g and ¢1, so that

(1.2)
p(Flao))| < Cr2, |a(Flao))| = la(Flg])| < Cr~2,  |o(Flg])| = 0.

We remark that most commonly one uses Flgo] = %dt A dr to denote the
charge part near spatial infinity and it is a special case of the above con-
struction.

Let £9 be a small positive constant (say 1072 ). We assume that the
initial data is bounded in the following gauge invariant weighted Sobolev
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norm

(1.3)

Coi= 3 [ [+ rPHromsan (DM g2 4 Dby
R3

k<2

+ IVH(EOD — Blgo]tjpy51) [ + [V BED[2) 4 1450 g 2] da.

Here we abuse the notation a little bit that the above integral is interpreted
as the sum of two separate integrals on {|z| > 1} and |z| < 1 due to the
cutoff 1j;>1. The main theorem of the paper is as follows:

Theorem 1.1 (Main result). Consider the Cauchy problem to the mass-
less MKG equation (0.1) with admissible initial data ((i)o,cbl,E-(lm),Bi(lm))

7
bounded in the above weighted norm (1.3). Then there is a global in time

solution (¢, F) satisfying the following pointwise peeling estimates

6] < Cuilvy!,  |DL(rg)| < Cui'vy®,  |o(F)

| < Cuito?,
[p(F)| + o (B)] + [P¢] < Cu?oi®, |a(F)| +|Drg| < Cuioit.

(1.4)

for some constant C' depending only on Cy, where F=F-— Flqo]1144<|2)}
with 1(14<|q|y the characteristic function of the exterior region {(t,z)|t+1 <
|z[}.

We give several remarks.

Remark 1.2. There is no restriction on the size or on the support of the
data. In particular, the charge gy can be large. Besides the above pointwise
estimates, uniform energy estimates as well as weighted energy estimates
can also be derived in the course of the proof. The appears to be the first
result describing the asymptotic peeling decay properties for the charged
scalar fields with large charge.

Remark 1.3. The peeling estimates (1.4) for the chargeless part of the
solution together with the trivial bound (1.2) of the charge part describe the
asymptotic behaviour of the full solution in the exterior region. Moreover the
estimate implies that the nontrivial charge can only affect the asymptotic
behaviour of the solution in the exterior region. This confirms the conjecture

of Shu in [21].

Remark 1.4. There is a heuristic explanation of the construction of the
charge part F[qo] from the dipole expansion perspective: if we expand the
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Maxwell field F' in a Taylor series near spatial infinity r = oo as
F=F+F+F+F+---,

where Fj, = O(r~*). The formal expansion of the Green function gives the
F[qo] = F> + F5 + Fy. In this work we require that the perturbation starts
from Fy. Indeed, the main reason for doing this is to make F' — F'[qo] de-
cay sufficiently fast initially so that the chargeless part is bounded in the
weighted Sobolev norm defined in (1.3).

Remark 1.5. The reason that we require such fast decay of the initial
data with weights (1 +7)2k+6+8< in (1.3) is the use of the conformal Killing
vector field K = £ (t241?)d;+trod, both as commutator and multiplier. In the
argument we will commute the equation with vector fields twice. In addition
to the multiplier, we need to assume that the second order derivatives of the
initial data are bounded in the weighted energy space with weights r2+4%2,
This corresponds to the power 6. The extra decaying factor (1 +r)3% is used

to control the long range effect of the nonzero charge.

Remark 1.6. Regarding the dependence of the constant C' on the size of
the initial data, our proof can easily imply that C' depends exponentially on
the zeroth order weighted energy (without derivative of the initial data) but
polynomially on the higher order weighted energies. Simply from the charge
part, it seems that exponential dependence on the zeroth order energy can
not be improved. However from the point of view of the bilinear estimates
in [11], we conjecture that the dependence on higher order energy should be
linear.

1.2. An outline of the proof: difficulties, ideas and novelties

The proof uses almost all the existing techniques and results for Maxwell-
Klein-Gordon equations: the vector field method, the conformal compact-
ification, the conformal analogues of the vector field method and the low
regularity existence results of Klainerman-Machedon. Besides these, we will
also introduce new commutation vector fields, new null forms and study
some new structure of the nonlinearities. In the rest of the section, we will
first sketch the proof in three steps. Then, we will present the difficulties in
each step and provide heuristic ideas to handle these difficulties. Finally, we
will summarize some new aspects of the proof.
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1.2.1.
Step 1

Step 2

Step 3
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The structure of the proof. The proof consists of three steps:

We take a positive number R, and it determines the so-called exterior
region D, (grey part).

t

Hr.

| r=R, B,

For large R., by restricting data on the region where r > R,, i.e.,
Br. (as the bottom of the grey region), we can assume that the
chargeless part of the restricted data is small. Since the grey region
is the domain of dependence of By, the solution in Dg_ is completely
determined by the restricted data on Br, . We therefore study the
long time behaviour of solutions of MKG equations in the grey region
Dpgr, with data small in the chargeless part. We emphasize that this
is not a small data problem as the charge part of the solution is large
and is independent of the radius R,.

This step connects the first step to the third. First of all, we will
carefully choose a hyperboloid in Dg, (on which we have precise
control on the solution from the previous step). This hypersurface is
denoted by ¥ in the next picture.

¢ Hr.

\ -
N% Z+ *

The solution restricted to this hyperboloid can be viewed as initial
datum for the solution in the interior region which is unknown so far.
This step is devoted to showing that the solution obtained from the
previous step is sufficiently regular on ¥ so that we can conduct
the next step.

In this last step, we will study the asymptotics of the solution in the
causal future J+(X) which is the grey region in the left figure (this
is the white region in the previous picture).
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The hypersurface ¥ consists of two parts: X_ and . Since ¥_
is finite, the solution on Y_ can be well controlled by the data on
the compact region {¢ = 0,|x| < R.}. This indeed follows from
the classical result of Eardley-Moncrief or the result of Klainerman-
Machedon. Together with Step 2, the restriction of the solution on
> will be well-understood in terms of the initial data.

Then we will perform a conformal transformation ¥ to map J*(2)
to a backward finite light cone (the grey cone on the right hand side
of the picture). The hypersurface ¥ will be mapped to the bottom of
the cone. By multiplying conformal factors appropriately, the global
dynamics of solutions to MKG equations defined on the left of the
picture is then reduced to understanding the solution to MKG equa-
tions defined on the right of the picture. The estimates from Step 2
provide a bound of the H?-norm of the solution on the bottom of
the cone on the right hand side of the picture. This allows us to use
the classical theory of Klainerman-Machedon to bound the solution
on the cone up to two derivatives in L?, hence the L norm of the
solution. Finally, we undo the conformal transformation by rewriting
the solution on the left hand side in terms of the solutions on the
right hand side. The conformal factors then give the decay estimates
of the solution in J1(X). Together with the decay estimates from
Step 1, we can derive the peeling estimates in the main theorem.

1.2.2. Difficulties in the proof. We list several difficulties which did not
appear in previous works on MKG equations. We would like to emphasize
that the first difficulty (the largeness of charge) listed below is related to all
the rest. The remaining difficulties arise in course of the resolution of the
first one. We also want to point out that the most difficult part of the proof
is Step 1.

1. The large nonzero charge.
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Although the energy norm of the chargeless part of the data in Step
1 is small, the charge gg can be large. First of all, the traditional con-
formal compactification method used in [2] by Christodoulou-Bruhat
requires strong decay of the data which forces the charge to be vanish-
ing. Secondly, the presence of nonzero charge may cause a logarithmic
divergence in the energy estimates, see a more thorough discussion in
the work [16] of Lindblad-Sterbenz for the purely small data case. The
error term caused by the charge can in fact be absorbed if the charge
is sufficiently small. We overcome this large charge difficulty by using
the method developed by Yang in [24].

We would also like to compare this charge difficulty with the massive
case of recent work [15] of Klainerman-Wang-Yang, in which they stud-
ied the massive MKG equations with small initial data. Their method
also applies to the case with arbitrary large charge. However, due to
the existence of mass which gives control of the scalar field itself, the
effect of nonzero charge can be easily controlled (see more detailed dis-
cussion in the next subsection). The main difficulty there, however, lies
in the inconsistent asymptotic behavior of Maxwell fields and solutions
of Klein-Gordon equations.

. The sharp peeling estimates.

Since in Step 3 we have to compactify JT(X), the estimates for the
solution obtained from Step 1 on ¥ must be sufficiently regular so
that the solution on its conformal compactification are bounded in the
right Sobolev spaces. In particular it requires to obtain the sharp decay
estimates such as Dy (r¢) = O(r~2) and a = O(r~3) along outgoing
light cones. As far as we know, even for the small data regime (with
small charge), these estimates are unknown.

New commutators to prove the necessary sharp peeling estimates.

The idea to obtain the above sharp peeling estimates is straightfor-
ward: we need to put more r-weights in the usual energy estimates
so that the r-weights will be converted into extra decay via Sobolev
inequality. We will use the conformal Morawetz vector field K as com-
mutators both for the Maxwell equation and the scalar field equation.
This vector field is of order 2 in terms of weights r, t and is used tradi-
tionally as a multiplier. In the case of spherical symmetry, the use of K
or vector fields with quadratic weights as commutators has appeared
in earlier works such as [9] of Georgiev-Schirmer. For the general case
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without symmetry, the structure of the nonlinear terms after commu-
tation becomes the primary concern and we will show that it has some
new null structure.

4. The hidden null structure of the MKG equations related to commuta-
tors.

This is related to point (2) above. When one commutes vector fields
with the MKG equations, although it may generate many error terms,
one needs to at least make sure that some of the fundamental struc-
tures remain unchanged. Very often, these structures are important in
the analytic perspective and more precisely they should be phrased in
such a way that they fit into the energy estimates. We will show that
there is a new null structure of the nonlinear terms which is invariant
after commuting with correct vector fields. Also, there is another im-
portant type of structure, which we will call it reduced structure, also
remains unchanged after commutations.

5. The choice of conformal compactification.

The presence of nonzero charge prevents us to use the usual Pen-
rose type compactification for the entire spacetime (see [2]): the p-
component of the Maxwell field behaves as % which cannot be com-
pactified near the spatial infinity. However this effect of charge does
not propagate from spatial infinity to future null infinity so that we
can indeed perform a conformal transformation inside a null cone to
avoid spatial infinity.

6. Precise energy estimates on the hypersurface 3 in Step 2.

Since 3 is a hyperboloid in Minkowski spacetime, the energy estimates
on Y, especially those needed in the Klainerman-Machedon theory
after the compactification, are not straightforward. Nevertheless, this
part is less involved compared to all the previous ones and can be
derived by using the classical energy estimates in a geometric way.

1.2.3. Key ideas and novelties of the proof. In this subsection, we
will list all the ideas and new features of the proof in order to deal with the
difficulties mentioned in the previous subsection.

1. The reduced structure and converting spatial decay against the loga-
rithmic growth.
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We first explain the reduced structure of the nonlinearity. Let F' = dA.
We may think of A as ¢. Thus, the Maxwell equations are reduced to
the form

OA=¢- Dé.

While most commonly, a nonlinear wave equation with quadratic in-
teraction looks like

Up = Vo -Vo.

The MKG equations is one derivative less in the nonlinearities. This
is the reduced structure.
In terms of energy estimates, the reduced structure will be reflected
in the following formula:

/H |Dro|* < Crér]° + C2/ /H %WHDLM

The left hand side is a classical energy flux term through outgoing
null cones {u = r1}. The first term on the right hand side is coming
from the data and the exponent —~yy reflects the decay of the data
near spatial infinity. The second term on the right hand side contains
a ¢ without any derivative acting on it. We remark that the % fac-
tor is arising from the charge. Heuristically for waves, a % factor can
be regarded as Dy-derivative so that we should think of the second
term as %|DL¢]2 thus we see that there is a logarithmic growth when
we integrate. We remark here that for the massive case in [15], since
solutions of massive Klein-Gordon equation decays as quickly as its
derivatives, i.e., one can regard ¢ as D¢, the above error term can be
easily absorbed by using Gronwall’s inequality.

We use an idea introduced by Yang in [24] to handle this logarithmic
loss. The precise statement is summarized and proved in Lemma 3.1.
Morally speaking, to obtain the estimates for the energy flux, we can

afford a loss in r instead of in time:

/H IDpg|* < C&-ry .

oo
1

In other words, the decay rate near null infinity changes from ~q to
Yo — €o-
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2. The egp-reductive argument for higher order energy estimates.

The argument is designed to make a better use of the reduced struc-
ture of the nonlinearity when we do higher order energy estimates.
Although the charge vanishes when taking derivatives, error term of
the above type arises from the connection field A and has the same
structure as described previously. For this reason, we need to design an
ansatz which allows higher order energy decays a little bit slower. To
be more precise, we assume in the bootstrap assumption that the k-th
order energy flux through the outgoing null hypersurface #H,, decays
with rates rf%H(kH)EO.

We will use the following example to illustrate how to improve this
bootstrap assumption. In the course of deriving energy estimates for
the first order derivatives, schematically, the nonlinear terms look like
[ 1V¢||V2¢| with expected decay rf7°+450 under the above bootstrap
assumption. On the other hand, |V¢| is already controlled when one
derives estimates for the solution itself without commuting vector fields
with equations, thus |[V¢|? ~ 7"1_7”+25°. By using the bootstrap assump-
tion to control |V2¢|, we indeed have a gain in decay for the above
nonlinear term, that is, [ |V¢||V2¢| ~ 7“1_“’°+3€°. This gain will play an
essential role in closing the estimates.

3. Morawetz vector field as commutator and new commutation formulas.

Traditionally, the Morawetz vector field K is only used as multipliers in
the energy estimates. In this work, we will commute K with the equa-
tion. The extra weights compared to the classical commutators such
as rotations and scaling provide an extra decay factor for the solutions
near null infinity. This extra decay factor is indispensable when we
perform the conformal compactification. We would also like to remark
that, since K is the image of 0; under the inversion map, commuting
K with the equation can be regarded as the usual commutation of 0
after the conformal transformation. Thus, this idea should be viewed
as a vector field method version of conformal transformations.

More precisely, for Z € Z = {T,Q]_Q,QQ?,, le,S,K}, where T is the
time translation, (2;; are rotations and S' is scaling, for Div (the prin-
cipal part of the Maxwell equations) and (04, we have the following
two formulas

Z(r)

(1.5) [r’Div,L7]G =0, [r?04, Dy + "

Jo =1°Q(¢, F; Z)
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for any closed 2-form G and complex scalar field ¢. We emphasize that
the formula holds for K and Q(¢, F'; Z) is quadratic in ¢ and F' = dA.
We also remark that to our knowledge these commutator formulas are
new.

. A new null form.

The quadratic form Q(¢, F'; Z) is indeed a null form. Take Z = S for
example. In the exterior region outside of the light cone, it can be
shown that

Q6.5 2)] S (iglel + el Do) + (;irlal + ol + 1o Do)
+ (o] + o) Do) + (1ol + lol) ] + eubic terms.

Similar estimates hold for other vector fields in Z. We remark that
rather than ¢ itself, the derivatives of r¢ appear naturally in the above
null structure estimate.

The most remarkable property of Q(¢, F'; Z) is that it has an iterative
structure. This is crucial when we commute multiple derivatives with
equations. More precisely, if we define ﬁz =Dz + @, we can show
that

[Dy, [Dx,r*04]] ¢
— —r2Q(, F; [Y, X]) — r2Q(¢), Ly F; X) + 22 Fy, Fx"¢.

The right hand side after commuting two derivatives can still be ex-
pressed in terms of ) and it still satisfies the null structure. This is
one of the key elements in the proof.

We remark that to our knowledge this null structure is also new.

The algebraic structure of J.

We have seen that r¢ appears naturally in the null form estimates. We
would like to point out another perspective. We mentioned previously
that D (r¢) = O(). We can also show that the best decay estimates
for D¢ is still O(:%) instead of O(-5). From this point of view, we
may consider ¢ to be “better” than ¢ itself. On the other hand, for
the Maxwell equation, instead of commuting with the operator Div,
we commute with r?Div. It thus requires to analyze r? - J, where



On global dynamics of the Maxwell-Klein-Gordon equations 381

the charge density J has components J, = (¢ - D,¢). The special
algebraic form implies

% Juo) = S((r¢) - Du(re)) = Julrd).

Therefore, we only have to deal with the “better” field r¢ rather than
¢ itself. This special cancellation from the algebraic structure is crucial
to obtain the sharp peeling estimates and to close the energy estimates.

. The conformal compactification.

Since the trace of the energy momentum tensor for MKG equations
is not zero, this field theory is not conformal. However, for special
conformal transformations, it can still be conformally invariant, e.g., if
OA = 0 where A is the conformal factor. The inversion map restricted
to the interior of the forward light cone is such a conformal map in
R3*+1 (not in other dimensions).

On the other hand, there is another important observation: although
the presence of a nonzero charge does not allow compactification around
spatial infinity, this effect indeed does not appear on null infinity. This
was first pointed out by Shu in [21]. The following computation for
F[qo] justifies this observation: on a outgoing light cone H,, defined by
r —t = 2u, the conformal energy flux passing through this light cone
(this is the basic energy quantity needed after the conformal transfor-
mation) is given by

elFwl] ~ [ ful'll®

u

Since [p| = % (as F[qo] has the leading term godt A dr) and u is a
constant on H,, the above energy flux is finite. On the other hand, if
one considers conformal energy on a constant time slice, the factor u*
would be replaced by r?u? (near spatial infinity) so that the contribu-
tion of the charge part of the field would be divergent. This is why we
choose inversions as the conformal mappings.

. rP-weighted energy estimates.

We use the rP-weighted energy estimates which was first introduced
by Dafermos-Rodnianski in [5] for the study of decay of linear waves
on black hole spacetimes. The method has also been used in the first
author’s works on MKG equations, see [24, 23], where p < 2. The new
idea in the current work is that we have to deal with the end point
case p = 2 to get the sharp peeling estimates.
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1.3. Further discussions

It is instructive to make a comparison with the works [14], [13] of Klainerman-
Nicolo to prove higher peeling estimates near Minkowski spacetime in an
exterior region and the work [17] of Luk-Oh for proving global nonlinear
stability of dispersive solutions to Einstein equations. Indeed, for a given
initial datum of the vacuum Einstein field equations, one can work in the
region r > R, and can assume that the datum is small provided R, is suffi-
ciently large. The mass m for the Einstein equations plays a similar role as
the charge ¢¢ for the Maxwell-Klein-Gordon equations: they all represent a
slow decay tail representing a static solution at spatial infinity (which is the
Schwarzschild solutions in the Einstein equations’ case). The proof of Klain-
erman and Nicolo indeed does not use the smallness of the mass m and this
is similar to our case where we do not assume that gg is small. For vacuum
FEinstein field equations, the mass m comes in through the p-component of
the curvature:

_m+°
p_TS p7

where p decays as T% However, for MKG equations, the charge qg comes in
through the p-component of the Maxwell field:

The r—3 decay is sufficient to apply Gronwall’s inequality in the Einstein
equations’ case while for MKG equations we have to find a new way to
compensate the logarithmic loss as we mentioned before.

Alternatively, for this large mass issue for Einstein equations, Luk-Oh
in [17] choose a special gauge condition so that such mass problem does not
appear. Since our approach in this paper is gauge invariant and the charge
is inherited in the connection field A, the charge difficulty is essentially
different from the mass problem for Einstein field equations.

For Einstein field equations coupled with other fields, say a scalar field,
the coupling field may bring a tail which decays more slowly. We believe
that our method in the exterior region can also be applied to these cases to
derive sharp peeling estimates.

It is also of great interests to compare our result to massive Maxwell-
Klein-Gordon equations (mMKG), that is the scalar field verifies the massive
Klein-Gordon equation. As far as we know, the most updated result for the
asymptotic peeling decay properties is contributed by Fang-Wang-Yang in
[8], in which it has been shown that solution to mMKG decays slightly weaker



On global dynamics of the Maxwell-Klein-Gordon equations 383

than linear solution (for example the decay rate for the scalar field is f%*),
under the assumption that the scalar field is sufficiently small. The common
feature of these works is to solve the equation in the exterior region and then
using the estimates to control the solution in the interior region. However the
conformal method in this paper which is crucial to analyze the solution in
the interior region can not be applied to the massive Klein-Gordon equation.

1.4. Organization of the paper

The paper is organized as follows: Section 2 is devoted to reviewing the
energy method and developing some new commutator formulae. The main
argument lies in Section 3, 4 and 5, in which we prove necessary energy
estimates and peeling decay properties of the solution in the exterior region
{t + R < |z|}. More precisely, in section 3, we carry out the zeroth order
energy estimates for the chargeless part of the solution with large charge.
In section 4, we give bootstrap assumptions and show pointwise decay es-
timates for the solution. In section 5, we use these decay estimates obtain
in section 4 to derive higher order energy estimates, hence closing the boot-
strap argument. In the last section, we perform conformal transformation
and conclude the peeling decay estimates for the solution in the interior
region {t + R > |z|}.

2. Preparations
2.1. The null decompositions of equations

Recall from the main theorem that the chargeless part F' of the solution is

defined as
F =F — Flgo]1{41<a)}-

It is straightforward to see that F satisfies the same equations as F:
(2.1) VHE,, = —J,

in the exterior region {t+1 < |z|}. In terms of the null components, we can
rewrite this equation as

L(r?p) +div (r’&) = r2J, L(r%p

L(r?6) +div (r**a) =0, L(r’c
Vi(ra)a —Valrp) — Y al

Vi(ra)a+Ya(rp) — *Val

div (r a) = —rQJL,
(22) +de( >*a) =0,

0) —
)
) =
)

ro
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Here for simplicity, (&, &, p, o) are the null components associated to the
2-form F'. For any complex scalar field f, the covariant wave operator [14
can be expressed in null frames:

rOaf = —=DrDp(rf) —i-lDQ(rf) +ip- (rf)

(2.3) 2 :
= —DDL(rf) + D (rf) —ip- (rf),

wherelD (rf)= Z mABDeADeB(Tf)'

A,B=1

2.2. Commutator vector fields and null structures

We shall use the following set of vector fields as commutators:
Z = {T, ng, Q23, 931, S, K},

where K = v?>L+u?L is the Morawetz vector field, S = vL+ulL is the scaling
vector field, ;; = x;0; —x;0; are the rotation vector fields and T' = 0; is the
time translation. For vector fields in Z, we define their discrepancy index as

ET)=—-1, &) =¢€&(8)=0, ¢(K)=1.

The energy estimates involve the deformation tensor of these vector fields:
Ty = §£’me = §(V”ZV +V.,2,),

where Lzm is the Lie derivative of the Minkowski metric. By computation,
we have

(K) (T)

S Qi
Tuy = t- Myv, ( )7r;w = Myy, ( J)7rp,l/ =0, Tuy = 0,

where m,,, is the flat metric of the Minkowski spacetime. We also remark
that the set Z is closed under the Lie bracket: the only non-vanishing
[Zl, ZQ]’S for Zl, ZQ € Z are

IT,8] =T, [T,K]=2S, [S,K]=K.

For Z € Z, we define the modified covariant derivative acting on complex
scalar field associated to the 1-form A as follows:

2(r)

Dz =Dz +
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This is the conjugate of Dz by the function r, i.e., ﬁzf =r~'Dgz(rf).

Lemma 2.1 (Commutator formula). For any closed 2-form G and any
complex scalar field f, we have

(2.4) [r*Div, Lz]G =0,

(2.5) (1204, D) f = 2V/=1r2F,, ZVD* f + N/ —17VH(ZVF,) f
for all Z € Z. Here recall that Div 1is the spacetime divergence, whereas div
1s the Fuclidean divergence.

Remark 2.2. To our knowledge, this set of commutator formulas is new
and it is one of the key ingredients to the proof.

Proof. We first show the following formula

(2.6)

[0, Dz + 1f = 22(r) Oaf +2V=1F,,Z"D" f + V-1V*(Z"F,,) f.

r

Z(r)
r
By commuting derivatives, we have

(O, Dz)f =0Z,D*f +2 @7, DFDY f + 28/ =1F,, Z" D" f
+ V=1V (Z"Fu) f.

For any function f;, we have

[Oa, filf =0f1- f+2VFADLS,

where f; will be @
For 7 € Z, if Z # K or S, we have (Z)WW = 0 and fi; = 0, therefore,
(2.6) holds.

For K, we have fi =t, [Oa, fi]lf =2V*fiD, f and OK = —T. Hence,

K(r)

[DAaDK + T]f = *T/LDuf+2tDAf+2V *1F;WZVD#f

+ V-1V (ZVF,) f + 2VHD,f.

The first term and the last term on the right hand side cancel. This proves
the case for Z = K.
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For S, we have f; = 1 and the proof follows exactly in the same manner.
Thus formula (2.5) holds.

We turn to the proof of (2.4). By commuting the derivatives, we have
[Div, L7]Gy = OZ" Gy + V,VHZ0 G5 + 2 D70V 5G .

If Z€ Zbut Z # K or S, then [r?, Lz] = 0. The above formula shows that
[Div, Lz] = 0. Hence, (2.4) holds.
For K, the above formula implies

[Div, Lk]G, = —2T" Gy + V,VFK® G5 + 2tVIG .
In the Cartesian coordinates, one can check immediately that
V,VHEK® G5 = 2G(9,, ;).
Therefore, we obtain
[Div, Lk]G =2t DivG.
Finally, we have

Lk (r*DivG) = K(r*)Div G + r*L (Div G)
= 2tr’Div G + r’Div (L G) — r*[Div, Lg]G
= r’Div (EKG).
For Z = S, recall that ()7 = m. The computation in this case is straight-

forward. This yields (2.4). O

Motivated by the formula (2.5), we introduce the following commutator
null form.

Definition 2.3. For any closed 2-form G and any complex scalar field f,
we define for any vector field Z the quadratic form

Q(f.G;Z) =2V —1G,, Z"D* f + V—=1V*(Z"G ) [
We then can write (2.5) as

(2.7) 1?0, Dzlf = r*Q(f, F; Z).
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To avoid to many constants, in the sequel we use the convention that
B < K means that there is a constant C, depending only on the charge ¢
and the size of the initial data Cy such that B < C'K. The next proposition
manifests the null structure of the quadratic form Q(f,G; Z):

Proposition 2.4 (Pointwise estimate of null form). For all Z € Z, r > 1
and |u| > 1, we have

(2.8)
lu|~$D|Q(f,G; 2)]

(WlpH!a\)IDL(Tf)H (, |
|ul

(\a\+—\p!)\ L)l + (Il + el + (!uHJLH

o 1+U|a|+|o\)|w<rf>|

for all G and f in the exterior region {t+1 < r}. The current J is associated
to G, i.e., J, = VIG,. Similarly, the null components c, p, o and o are all
defined wz’th respect to G.

Proof. We bound Q(f,G; Z) for each Z € Z one by one. We have

Q(f: G; Z) —1 v
7_ G“V Z D“(Tf) ( Jl,) . f
v I L
— (2r 'V G 2" — VP ZV G f -
I

For Z =T, we have

L= (a+a) D(rf) + -p(DL(rf) ~ Du(r))).

1
L = §(JL +Ju)f, I3 =—r""pf.
Therefore, we have

Q(f.G;T)|
< IlD(:f)l (Ja] + lal) + %'(Ifl + DL )+ |DL(rf)) + (Il + [ TL]) | £]-

For Z = §2;;, we have

L < |Di(rf)llal + [D(rfllel + o[ B(rf)l, I <rl/lf,
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1
I3 = (; (Gra, — Gra,) + VLQHGra+ ViQGra — VA95GA3> f
= -VAQlGapf.

Therefore, we have

(2.9)
Q(f, G )| S IDL(rfllal + [Dr(rfllal + ol f] + 7| F|| f| + ol D(r f)]-

For Z =S, we have

I = 22pD(rf) — 22pDy(rf) — 220 Blrf) — 220 D(rf),

u—+v
I = —vJif —uwpf, Iy=-2——pf.

Therefore, we have

QUGS S = Hul (Il DL(r )] + el [B(rf)])
+ (|pllDL(r )+ |allB(r)I) + |pllf| + 7Tl f] + [ull L] £]-
For Z = K, we have

u2 2 2

v ’1)2 u
L = =2—pDy(rf) +2—pDr(rf) + 2—a- P(rf) +2—a- P(r]),

I, = —02Jpf —ulJuf, Iy= —4%pf.
Therefore, we have

Q(f, G5 )| Sr (ol DL(rf)| + lall P(rf))
(2.10) +r(lpl[DL(r )l + ol D(rf)])
+[ullpllf| + 72Tl |+ w?[TL] | f].

The lemma is an immediate consequence of the above estimates. O

To analyze the higher order energy estimates of the solution, we will
commute the equations with the vector fields twice. From the commutation
formula (2.7), we have the following identity:

T2|:|Aﬁzlﬁ22f
= [r?04,D2,)Dz,f + [r*0a, Dz,)Dz, f + [Dz,,[r*0a, Dz,)] f
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(2.11) +ﬁzlﬁz2 (Tzlef)
=1*Q(Dz, f, F; Zo) + 1°Q(Dz, f, F; Z1) + [Dyz,,[r*0a, Dz, f
+ ﬁZlﬁZ2 (T2DAf)'

Note that for solution of MKG equations the last term vanishes. In particular
to derive the equation for the second order derivative of the solution, we need
to estimate the double commutator.

Proposition 2.5. For all X,Y € Z, we have

(2.12)
[Dy, [r*0a, Dx]| f = r*Q(f, F; [Y, X]) + 7°Q(f, Ly F; X) — 22 Py, Fx" f.

Proof. First from Lemma 2.1, we can write
(204, Dx)f = r?(2V—=1X"F,, D" f + V=1V*(F,, X")f).
Then for any two vector fields X and Y, direction computation implies that

[Dy, [Dx,r*Oal] f
= —Vy (2V-1r*X"E,,)D"f — Vy (V-1r*V*(E,, X")) f
+ 2\/—_1T2XVFMVVM(Y£r)) — 2V/=1r2X"F,, [Dy, D"]f
—( Oy V=12 X B D f 4 Vy (VTr2VA(Fu X7)) £ )
I I,
+ 2\/—_17'2X”FWV“(Y£T) )f 4+ 2V/=1r2X"V*YOF,, Dsf
+ 2T2FYMFXMf.

Now for the term Iy, we can compute that

I, =2v-1Y(r*)X"F,, D" f + 2y/~1r*Vy X" F,, D"
+2V=1r?X"Vy F,,, D" f
= 2V—1Y (r*)X"F,,, D" f + 2v/=1r*(Ly X" + VxY") F,, D" f
+2v=1r2X"(Ly F — V,Y°F5, — V,Y°F,5) DV f
=2y -1V (r*)X"F,, D" f +2v/~1r*Ly X" F,,, D" f

I I
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+ 2/ =1r2 XY Ly Fy D' f =2/ =172 X"V, Y F5, D" f.

113

As for the term I, we can further show that

L = V1Y (r*)VH(Fu X") [ + V=1V (Fu,Vy XY) f

+ VIV (Vy Fu XV) f + V=102 [Vy, V(B XY) f

= V1Y (r?)VHFuX") f + V=1r*V"(Fu(Ly X" + VYY) f
—V1r?VrYOF,, Vs X" f
VI ((Ly Fu = VY Fsy = VY Fg) X)) f
— V=1r?VrY OV F,, X" f

= V-1Y (r*)VH(EuX") f +V—1r*VH(E Ly XY) f

I,

+V-1r*V*(Ly Fu XV f

122

123
— V=1V (V,Y°F5, XY) f — V=1r*V*Y°VsF,, X" f
— V=1r*V*YF,, Vs X" f

We notice that the Iy; + Io;’s can be expressed in terms of the quadratic
form Q). We therefore derive that

[Dy, [Dx,7*04]] f

= Y (r)Q(f, F; X) = r*Q(f, F;[Y, X]) = r°Q(f, Ly F; X) + 2r* Fy, Fx" f
+2vV/=1r’ XV F, V*( Yt )) f+4v=1r*x" g F,, Dy f
+/—1r2VH (VMY5F5VX”) f+V=1r?VrY°VsF,, XV f
+V/—1r’VrY O, Vs X f

= —Y(r)Q(f, F; X) — r*Q(f, F;[Y, X]) = *Q(f, Ly F; X) + 2r* Fy, Fx" f
+2v/=1r2 X" F,, V*( Yir )) f+av/=1r X" Vg, Dy f
+V/=1r?0Y F5, XV f + 2\/—_ 2 Vo (VsF, XV f + Fu, VXV f).

Note that the last two terms can be written as

MmO (VsFu XV f + Fu Vs XV f) = o0V (FuXY) f.
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We now simplify the previous identity by checking vector fields Y € Z. We
basically have two cases: when ¥ = K, S or Y = T, Q;;. For the latter
situation, we notice that Y is Killing and

v(ry=0, Mz=0, OY’=o0.
Therefore we conclude from the previous identity that
[ﬁYa [ﬁX7T2DAHf = 7T2Q(f7 Fa [K X]) - T2Q(fa EYF, X) + 27’2FY“FX'U‘f-

Now for the first case when ¥ = K or S, note that we can write these two
vector fields in a uniform way

Y =4v’L+v’L, p=12,

in which p = 1 corresponds to the scaling vector field S while p = 2 stands
for the conformal Killing vector field K. We then can compute that

Mg ==bm, 7Y (r) =7, OY%9s5 = p(p — 1),
Y (r?) = 2rY (r) = 2r2tP7 L,

We therefore can show that

K
4xY B)pom ), Ds f + 2X Y FL, VA ( (T)) f+0OK°Fy5, XV f
T

+ 20y (F X f
= AXVPP IO, D f + 2XV E,, VRPN f 4+ p(p — 1) Fo, XV f
+ 2P OV 5 (F X7) f
=AXYP ', D f + (p—2)(p — D) Fo, XV f + 2t 'VH(E,XY) f
= V=Y (r*)Q(f, F; X).

The last step follows by the definition of Q(f, F'; X) and the fact that p =1
or 2. In particular we have shown that estimate (2.12) holds for all X,
YeZ O

We are now ready to commute vector fields with MKG equations (0.1).
First of all, recall that we have defined the discrepancy index £ for Z € Z,
that is, the value of T', €;;, S and K are —1, 0, 0 and 1 respectively. Let
k = (ko, k1, k2) be a triplet of nonnegative integers. The number kg, k1 and



392 Shiwu Yang and Pin Yu

ko denote the number of index —1, 0 and 1 vector fields respectively. For a
given k, we define the discrepancy index ¢(k) as

(k) = ko — ko.

We also define |k| = kg + k1 + ko. For derivatives on forms, for example the
Maxwell field F' or the charge density J, we take the Lie derivative L. For
any given tensor field 7, we use the expression /5127' to denote the following
k-derivatives on forms for Z € Z:

5T =Lz Lz L, T,

where there are exactly kg degree —1 vector fields, exactly k1 degree 0 vector
fields and exactly ko degree 1 vector fields in the collection {Z;|1 < i < |k|}.
In the sequel we only consider situations where |k| < 2. It corresponds to
commuting at most two derivatives with the Maxwell-Klein-Gordon equa-
tions (0.1).

As for derivatives on the complex scalar fields, we use the modified co-
variant derivative D. Define

DYf =Dy Dy, ﬁz‘k‘f-

For the solution ¢, we also define shorthand notations ¢® = ﬁgqb and
P = rDlggb. The previous commutator calculations allow us to derive the
wave equations for ¢(¥). Define

N& — DA¢(k)-

In particular we have N(© = 0. By definition of Q, we see that N ® =
Q(¢, F; Z). For the second order derivative oK) = Dy Dy,¢, Proposition
2.5 together with the identity (2.11) implies that

(213)  N® =Q(Dz,¢, F; Zs) + Q(Dz,¢, F; Z1) + Q(o, F; [ Z1, Z5))
+ Q(¢, L7, F; Zo) — 2Fy,, Fz,' .

We now turn to the Maxwell part. We first explain our notations. For r # 0,
we shall use the following shorthand notations to denote derivatives of the
chargeless part of F:

o = a(LEF), o® =a(LhF), p™ =p(L5F), o =o(LEF).



On global dynamics of the Maxwell-Klein-Gordon equations 393

We notice that p(®) £ p for gy # 0. In most of the cases in this paper, only
the total number of derivatives in Elé is important. The exact form of k is
usually irrelevant unless it is emphasized. Therefore, we will use shorthand
notations (1) and (2) rather than writing down the explicit expression of k,
e.g., for a(LpLoF) we simply write it as a(2).

For a given k, we also define

(2.14) JI = £k (r2)).

We remark that J(© = 72.J which is not the current J. The null components
of J®) are denoted by .J (k), J ik) and J @ More precisely, we define

k 1 k 1
I = —Sm(LE (), L), I = (L2 ), L),

JS{) = m(LY(r2T),es) for A=1,2.

In view of (2.1), (2.2) and (2.4), we can commute £X to derive

2.15

( )L(rzp(k)) +div (o) = 719 L(?p™) — div (*a®) = T},
L(20%) + div (12 *a®) =0, L(r?0™) + div (12 *a) = 0,
)
)

2.3. Multiplier vector fields and energy quantities

One can associate the so-called energy momentum 2-tensor 1[G, flas to a
closed 2-form G and any complex scalar field f:

1 - T
TIG, flap = GapG" = 7mapGuG" +R(DafDyf) = 5masD* [Duf -

-~

T[Glap T[flas

Given a smooth R—valued function x and a vector field Y#, for any (multi-
plier) vector field X, we define the associated current as:

(2.16)  NJG, flu = TIG, fluwX” - %Vux P+ %x Vu(If?) + Y.
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It can be computed that the space-time divergence of (X )J] [G, f] is given by
the following formula:

(2.17)
Div (X (G, ]) = TIC, flw S + xDIFD,f — %DX P +DivY

D,
+R(@Ouf(Dxf +xf)) + VFGp - G X5 + X1 F,, J(f]”,

D:

where the current J,,[f] = S(f - D,.f).

In this paper, we will use two types of vector fields as multipliers. In
particular the multiplier X will be chosen as X = 0, or X = rPL (0 < p < 2).
Their deformation tensors are recorded in the following table:

TLL TLL TLL TLA TLA TAB
X =0 0 0 0 0 0 0
X =7rPL 0 —prp_l 2p1“p_1 0 0 rp=1

an

To define energy quantities, we first clarify the measure over different
regions or hypersurfaces. In the sequel, the variable ¥ denotes a coordinate
on the unit sphere S2. We have

[ o= [raa [ = [,
M3 7 /s M -3 /s

/ .:/ /-T2drd19, / ':1/// - r?dudvdy.
B2 r JS2 Di3 2 s?

Given G and f, the energy through B;? and the energy flux through #;? or
H;! are defined as

€lG, f1(B}) = /B (G +1a(G) P + (G + |o(G)* + [DfI?,

FIG AN = [ 0GR + 0GR + lo(G)F + DL + DS,
FIG. A0 = | 10(@F +1o(G)F +1o(G)F + IDus + DS

Iirg

One can take X = 0y, x = 0, Y = 0 and then integrate (2.17) over D;2. This
leads to the classical energy identity:
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Lemma 2.6 (Classical energy identity). For all closed 2-forms G and any
complex scalar field f and all 0 < r; < 19, we have

(2.18)
FIG, fI(H) + E[G, f1(H73)

= &[G, f1(B}2) - /D R(OAS - Do, f) + VFGu - Go¥ + Fou J[f]*.

If we choose X = rPL, x = rP~! and Y = §rP2|f|?L, this leads to the
r-weighted energy identity

Lemma 2.7 (r-weighted energy identity). For all closed 2-form G and com-
plex scalar field f, we have

(2.19)
L D0+ IPEHE) + 7 (a(G)F + G +1o(G)F)

:/ (DL )P + Pla(@)P)
H 2

1

[ DR+ PGP + eGP
HL

R

t5 [ (DR + PlaG)R)

1

+ 2= D) (IBENE + (G +1%0(G) )

+/ P IR(@Oaf - Di(rf)) + m°VHG - GLY + rPFr, J[ )
D2

1

Vv
r-weighted error term Errp

for all 0 <1y <71y and p € [0,2].

One can find the detailed proof in [24]. For reader’s interest, we provide
the proof here.

Proof. The identity (2.19) is equivalent to the following one:

[ L UDsr DB+ 1BDE) + 17 2(0(G)F + G + lo(G) P)dra

L,
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:// r?(|Dr(r )]? 4 r*|a(G)[?) dvdd
3Jse

Ry

(2.20)
+/_T_: /52 P (|D(rf)* + 7% |p(G)? + r?|o(G)[?) dudy

N~

R,
< [ [ [ ppstene + iap)

+ 2 =p) (DI +7%p(G) + r%(G)P)} dvdddu

+ / rp—l?R(D—Af . DL(Tf)) +rPVEG,, - G’ + rPEp JIf1F.
D2

We take X = rPL, x = 7P~ and Y = §rP~2| f|?L in (2.17). We can compute
that

TIG, fluw O = 222074 (oG +0(G)?) — B P
+ 5 (IDLIP + | @) + P D DL .
\DEFD,f = = DL fDLf + 17 BfP,
pp—1)

1 2 _ p—3| £|2
SOx - 112 = —BE— i 2,

DivY = p;rpf’\ fP+pr"*R(DLSf - ).
Since 72|Df|? = |DL(rf)|?> — L(r|f|?), we obtain
D, = ?”"3(%(@2 +170(G)* + | B(rf) )
(2:21) + 203 (0@ + DL P).
Dy = P 'R(Taf - DL(rf)) + rPVFGp - GLY + P Fr, J[f]*,

where D;’s are defined in (2.17). Now we turn to the boundary integrals.
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On B2, the normal n# is 9;, we have
= 1
UG, 1y =517 (P lG)? +120(G)? + 120 (G)? + [ DL (r )

FIPODP) ~ 5 (0 D22 + 70 £7):

Therefore we derive that

/ X JIG, f1'n,
B2

= % / r20(G)2 +12p(G)2 + 120 (G)2 + | Dy (r )2 + |D(r )2
B3
(2.22) Ly in (2.20)

1 [™
5 | L@t Dl 10, 1Py dods

=0, (re+1|f1?)

1 1 1
— - p—1 2__/ p—1 2‘
5 1+2/3111T |f 7 8:27" If]

2

On H;2, the normal n* is L. Hence,
BTG, [l = P72 (Pal(@) + DL (e f)]? + 1D (rf))

S+ )P UR L(P)).

Therefore, we have

r2

| 056 = [ (DL + (G P)dvao
'HE ri S2

Ry in (2.20)

1 [%
3 [0 L @ 0B LR v

=L(retH{ f]?)

1 1
~Rity [ g [ e
2 Jsp 2 Jsp

On #;2, the normal n* is L. Hence,

(2.23)

VTG, fFn, = 1772 (12p(G)? + 120 (G)? + | B (r f) )
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+

DO |

(= (0 +D)rP2f17 + 77 LL(|£1%).

Therefore, we have

(2.24)

.

D56 = [ 5[ D)+ 1p(G)R + rlo(6)R) dudd
o 3 s

Ry in (2.20)

1 [~%
g [ o Dl L) ave
_T?2 S2

=L(r [ f[?)

1 1
=R2+—/ rp—1|f|2——/ 1R,
2 Jsp 2 Jsr

2

By combining (2.21)—(2.24) we can the use Stokes formula to complete the
proof.

O

To end this section, we introduce energy norms. For all 71 > 0, p € [0, 2],
k < 2 and a given small § > 0, we define the standard energy norms

W (¢gyr1) = F[0,0M)(Hy,) + sup F[0, p®](HL),

ro2T1

W (Fyry) = FILY(F),0(Hr,) + sup FILE(F),0](HIL),

To 2Ty

and the rP-weighted energy norms

T1

eWipir) = [ DR+ sup
H H

o 2T

P2 Pyt
+ [ (oD P+ 2~ plpu ),
D,

O Fipr) = [ a®P 4 sup [ (9P 00
HT1 T 2T !

T1
15

T1

s [ (patP £ 2= p(pM P +00P)).
D
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3. The analysis in the exterior region 0: set-up and zeroth
order energy estimates

We emphasize again that, till the end of the paper, (¢, F') is a given solution
of (0.1) associated to a given finite energy smooth initial datum. According
to the result of Klainerman-Machedon [11], the solution exists globally.

3.1. The exterior region

We take a positive number R, and require that R, > 1. The number R,
should be understood as a large number and its size will be determined later
on (solely by the initial datum). It determines the so-called exterior region
Dg, . It is the grey region in the following picture.

Hr,
Dr

The boundary of the exterior region consists of two pieces: the outgoing
null hypersurface H;? and its bottom Bpg, . The exterior region is also the
domain of dependence of By, .

According to (1.3), the following number is the initial energy for ¢ and

o

Fon Bgr,:

2

B Esn= 3 [ [ [P0 DG + D5 + [VHEP)
k=0 r>R, JS2
+ 50 o 2] r2drd.

Since we will eventually take a large R,., we can assume that for a given
small positive number € < 1 one has

Espr, <E.
Before we proceed to the energy estimates, we prove a key technical

lemma. The lemma is indispensable to the estimate on terms with critical
decay (coming from the charge term) of the current J.
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Lemma 3.1. (Key technical lemma) Let Cy,C1,Ca,v0 and €y be positive
numbers. The constant €y is small, say eg = 0.001 and vy > 100eq. Let f be
an arbitrary scalar field satisfying the following two conditions:

1). For all r1 > R., we have

(3.2) [ < coer

B.,

2). For all 7o > r1 > Ry, we have
_ 1
(33) | bt <o [ iDL,
Ho2 D;2

Then there exists a constant C' depending only on Cy,C1,Cy and €y such
that

(3.4) /H IDLf> < C&-ryte,

1

Remark 3.2. As we have mentioned in the introduction that the error term
caused by the charge may lead to a logarithmic growth by using the standard
Gronwall’s inequality. The importance of this lemma is to avoid this log-loss
with the price of losing a bit of decay. This technique was introduced by
the first author in [24] to derive the energy flux decay. For completeness we
summarize it as a Lemma which will also be used to obtain higher order
energy estimates.

Proof. Recall that uy = 1+ |u|. By virtue of Cauchy-Schwarz inequality, we

have
I::/ —|f|\DLf|<///uJr r2|DLf\ dudvdd
D2
—2) £12
+///u+r | f|*dudvd .
uJv JIP
I

We first deal with Is. In view of the case v = 4 in (A.11) of Appendix A,
we have

r2

I < /; u+(/ r*4|f|2)du

2u
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T2

2 . _ 2
5/ U+<u+5/ |f2+u+2/ |DLf| )du
= S Han
T _ 2
= / u+2(/ \f!2>du +/ uiDof|.
5 st o

-~

~ /B PP Cory ¢

1

Here the implicit constant is a universal constant. In particular there exists
a universal constant C' such that

/ IDLf]? < CCur] " + 002/ (1+ ’U\)il\DLfIQ
Hr2

T2
1

_ ]
= CCyr; %é+002/ ;(/H |DLf|2>ds.

T1

We now apply Gronwall’s inequality in Lemma A.1 (by setting f(s) =
Jare |D,f|?) to conclude that

/T D f|* < C(Cy + C2)é -1y 7 (rary 1) 0%,

71

€0
For a given rq, define rj :=r; *“*. Then for all ro < r}, we have

s —Yot+2 14522
(3.5) / IDLfl? Seven €y 2, ra<rp =1y 20
]

1

Here the implicit constant depends only on C; and C5. We now study the
case rp > r] in a different way. In fact, we take 7o = oo and we have

(3.6)
1 7172802 1+2502 —
= [ SIIDLA< [l T DL T

1 Dr1
s (u) = / i
H2u

_ —1-3c5,
= u+
= s

00 qy_co_
|DLf12du+/i u:”C"‘( //19r_2|f|2dvd19 )du,

II, 11,

u
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__*<0
2CCy

where C'is the constant in the definition of r]. Because u; is integrable
in u, we will use Gronwall’s inequality to bound II;. We first control II.

T 2u (2u)* = (211)1"%'l
. . 2u)* >(2u)* ..
The cone Ha, is the union of ”Héuu) and H2u( )" which is the cone

emanating from the sphere 82(2“)* ( Qu)* = (2u)1+2057002). In the picture,
Hi(%)* is denoted by the dashed line. Thus, we have

Wotw) = [P [ e

2u

g

A B
For the term A, we can apply the v = 4 case of (A.11) and we obtain

Lo
- < 53 2 —2
/Hifj”* 7“4|f| ~ U /52: 7y /H@u)*
N————

2 2u

DLf}2

A, A, use (3.5)

-3 2 o —Yo—2+2
SCl,C2 U+ / |f| +E'U+ ! ..
S

So the contribution of A in Iy is bounded by (we can always assume that

CCy>1)
0 14522 R T
/ u+ gcchdu 501,02 / u+ 2CCoq /2 |f|2du
1 1 u
2 2 Szu
use (3.2) and Lemma A.2

o0 €0
R —Yo—14eo+
+ & / U 29 day

i
2

o —mote
500701702 g u 0T,

For the term B, we can apply Lemma A.9 with v = 4 and ro = oo to obtain
that
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Drf]?.

(3.7) B < ((Qu)*)‘3/

2u)*
S

) [

B, B

= (2u)*
2u

~

The contribution of By in II5 is bounded by

* 1+2cs‘ocz < > _1_22%2 2
u, Bodu < u, |Dr, f|“du.
7 7 Hou

Therefore, this is the same expression as I3 and we will combine this term
with IT;.

For By, up to a universal constant, according to Lemma A.9 for | = 2u
and 1o = (2u)*, we have

_ 1
B, < [u] 3 / P / Lipusp.
S3 HeT T

Now the first term on the right hand side is A; and the second term is Ag
which have already been estimated. Therefore, the equaiton (3.6) can be
rewriten as

1 —1-5c5; 2 o —yote
I= ﬁ‘fHDLﬂS U 2 |Drf|*du+€ - w7070,
o Ho

71

N~

II,

—1—_50_
Since u,  *°“* is integrable in u, we can use standard Gronwall’s inequal-

ity to complete the proof. ]
3.2. Zeroth order energy estimates

We prove the zeroth order energy estimate.

Proposition 3.3. Forry > R, and 1 < p < 2, we have

(3.8) EO (i) + O (Fsry) < 260070,
' EO (@ pir1) + EO(Fypiry) < 2677070

Proof. We first prove the second estimate for the endpoint case p = 2 (This
is the only case which has applications in the current work. Indeed, for p < 2,
the proof is exactly the same and one may also see [24]). We set G = F,
f=¢and rf =1 =r¢ in Lemma 2.7. Thus, (2.19) yields
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/ |DL¢|2+r2&2+/ |DY? +r2|p* + r2|6)?
2 il
(3.9) +/ T_l(\DLi/)|2 +7%&[*) + Errp

D2

1

- /B DLy + [Py + (16 + |5 + |of?) < & 75,

71

It suffices to bound the term Errp, of (2.19). It is straightforward to see that
the integrand of Errp is qorP~2Jy, as the only non-vanishing null compo-
nents of Flgo] is p(F[qo]). Hence,

Brro] = oo [ il =|a [ 3050 = [ (D050,
D2 D;2 D3

1 1 71

In particular, (3.9) implies

/ \Dpy? Sé-rptse +/ r2 || D
o2 T2

71 1

We now can use Lemma 3.1 (with v = —4 — 8¢¢) and we obtain that

/ wwﬁ+/ P2l Dy < & -t
H2 D;?

1

This leads to the r-weighted energy estimates with p = 2. The case when

p < 2 follows in a similar way. Once we have control on the error term caused

by the nonzero charge, the first estimate of the proposition is an immediate

consequence of the basic energy identity (2.18). We may always assume that
e

R. is large enough so that by making use of the factor r; = we satisfy all
the hypotheses of Lemma 3.1. This completes the proof. U

4. The analysis in the exterior region 1: bootstrap ansatz
and decay estimates

4.1. Bootstrap ansatz

We make two sets of ansatz on the exterior region Dg,. The first set is on
the energy quantities:
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EW(Fry) + E® (g5 1) < dérOF200=(6=2k)e0,

g( )(F D 7’1)+€ (¢7p7 7'1) 48701 )
r1 = Ry, |k| =1,2 and p € [0, 2].

—6+2¢(k)—(6—2(k])eo (B)

The second set is on the current terms:

For all > R., |k| <1, we assume
|

<
‘J ’2 |J(k)|2 J(k)P
/ —5— / 3 4+ sup / 5
H 1 H r rozr JHL T

1 71

< 462 —8+2£(k) 4eo

and for |k| =2, we assume

(k)2
J(k)2 2 3 |J
/Lr+/ |J|+Supr/ L
2 1 jd
H (] H ro>T1 ﬂ;; r2

1 71

2 —8+2&(k)—4
< 4521,,1 8+ g( ) 50‘

3
+ sup 7“12/ —
ra2T HiLooT?2 (C)

We will show that if € is sufficiently small (by setting R, to be sufficiently
large), the constant 4 in the ansatz can be improved to be 2. In the sequel,
the bootstrap argument should be understood dynamically (as one does in
solving the Cauchy problem): we assume that the solution is defined in the
region where 0 < t < T, and T is a fixed positive number. Therefore,
for sufficiently small T}, (B) holds. The bootstrap argument will show that
one can indeed replace the constant 4 by 2 and this is independent of T.

Therefore we obtain estimates on the entire spacetime.
Based on these ansatz, we will first derive pointwise estimates on F

@.

4.2. Pointwise decay estimates of the Maxwell field

We use (B) to bound &, p, 6 and a.
Proposition 4.1. We have the following decay estimates:

| + 6] S VéEr—2u 2o,

& S VerTdugte,

Proof. Step 1. L™ estimate of &.

and
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In view of (A.6), Lemma A.8, the last equation in (2.15) and the fact
that L = 2T — L, we have

/H L1 (Lad) P < / Cr(Lad)? + / £1(Cod)?

H H

1 71 71
—Tr2 T2 —Tr2

— [ la®r
HrLo

RAT

+/ =¥ 4 o™ 42y Ly,
24 T

TSN

We remark that in this case £(2) = —1 and (1) = 0. By (B), we then have

1
L (Lad) | < erp®2 4 gr8=4e 4 TS
H - - ~ <1 1 " 5

1
—T2 —T2

We can use the first term of (C) to bound the last term in the above inequal-
ity. Recall that for forms =, we have r?|YZ|? < |L£oZ|? + |Z]2. Therefore,
(B) together (C) imply that

/ LL(Lad)? < eyt
M
By (B), we also have
[ 1ea(ea)? g erpo-ee
Mot
We then can apply (A.2) to derive
_1 .
(Srf) ~ "2 1
We can repeat the above argument by switching Lo& to & and we obtain
1
6| (s72y S 7 2 VErTT20

Compared to the L* bound of Ln¢, this bound gains an extra r~%° because
we use one less derivative in this case. This is clear from the bootstrap ansatz
(B). We then apply the Sobolev inequality (A.1) on ;. In view of the fact
that 42 ~ ry and |u| ~ 1 on S)}, we obtain

2 o —1 —3— [0}
(4.1) G| < Vér-tupd .
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Step 2. L™ estimate of p and 7. We only derive the bound on p since
o can be bounded exactly in the same manner. First of all, for 1 = (0, 1,0)
and k = (0,2,0), we have

L(La(rp)) =r~'L(r?pV) — p).

Thus by using the null equation for p as well as the bootstrap assumptions
we can show that

/ ’L(['Q(Tﬁ))’Q </ 7“_2|£L(7«2p(1))’2+ ‘p(l)‘z
e g2}
[t () - AP 0P
H L

1
Iiry

(B),(C)
< [ @R O ¢t PET e
H L

1
Itr;

By the p = 2 case of (B), we also have
[ ol + [ rRla(Con)P S et
H, H

1 71
=rg SErg

Therefore, we obtain that

/H yﬁg(rﬁ)l2+/ ﬁL(ﬁﬂ(Tﬁ))r*/ﬂ;é

o 2 o 4—2
Lo(La())| S e
ML
According to (A.2), the above energy estimate implies that

1
RATON It

o -1 5 o
[£a (TP) ||L4(Sfff) Sy 2\/57"1 .
Similarly, we have
1
o —5. /2. —2-9
rpll pegszey S g 2 VEry 22,
We notice that this is a similar bound but with an extra r| € due to one

less derivative compared to the previous case. We then apply (A.1) on S;}
and conclude that

: s —2, —2—¢€0
(4.2) 15| S Ver uyt
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Remark 4.2. By using the flux on #H;?, the same argument yields:
la| < Vér 2y 72

This is not optimal and we will obtain a better decay in the next step.

Step 3. L™ estimate of &. The sharp decay of & relies on the com-
mutator K and the rP-weighted energy estimate. Note that for an arbitrary
two form G, we have

A(LrgG)a =v 'V (03a(G))a + u*VLa(G)a + ua(G)a.
Therefore, we have
va(LgkG)a =V (vga(G))A + u2VL(ra(G))A + (u? + uv)a(G) 4.
If we take G = LoF, in view of the third equation in (2.15), we also have
(4.3)  Vi(v*Lad) = va O — (u? 4 u)aO10)
2 [77(7“0(0’1’0)) + Y (reOL0)) _ r—lJ(Ovl,O)]

By virtue of the bootstrap assumptions (B), (C) and |u| < 7, especially the
rP-weighted energy norms, we have

/ IV (v3Lad)|?
H

71

</ U2|Oé(0’1’1| +|’LL‘2 2|a010| Jr| | (| 020| +|O'(0’2’0)|2)

~

HTl
IU| (0,1,0)
1 2
557‘1_2 260

In view of v = u + r, we have
(4.4) IV L(rv®Lad)ll 2, ) S Véry

This estimate can be used to get a sharp decay estimates for ||Lad||z2(s2).-
In fact, we have

: o £ 12
HUQL'QaH%Q(S:f)—||v2£QaH%2(S:11):/TQ /SQL(\mﬂcQay )dddv
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I

5/2 V1 (rv?Lad)||rLod|r2ddd
r2 S2

<VLv* Lad) |2, IrLadl L2, )-
Thus,

[v2 Lo Tz sy S V2 LadllTasmy + VL0 Lad) |2, ) 7 Ld 1231, )

Sér P,

As a result, we obtain
3

- 3¢,

_3
(4.5) 1£aéll a2y S Very®r * 2
One can also bound [|Lqad|ps(s;2). We take = = rLod in (A.2) and we obtain

r3 HﬁQ&H%qsgf)

1
5/ |r£9a\2+/ —2|£L(7°2£Q&)|2+/ r|La(Lad)|?
HIL HIL T HIL

T2 2 T2

1
5/ 7“2\04(0’1’0)\24-/ —2|£L(r2,cg&)|2+/ r?]a(020)2
Hr AT

.
Hid Hes

bounded in (4.4)
° 747260
Séry )

In other words, we have
_3
(4.6) 1Lad pasizy S Very 2ry?=.
For g € [2,4], by interpolating (4.5) and (4.6), we have
: - —(142) —(3-2+G+2
(4.7) ILad pagsizy S Ver, r ,2<¢< 4.

We now try to improve decay in 7o in (4.7) for 2 < ¢ < %. For this purpose,
we choose 7y so that
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Therefore, we have

HT’YEQOo‘qu(S:f) - HT’Y'CQOO‘H%q(Sgll)

:/7/ L(|r® Loa|")dvdv

2 Jse

5/?/ V1 (2 Lad) |[r* Lod|* dod.
2 Jse

According to Cauchy-Schwarz inequality, we have

(48) I Ladl L, s S I Ladl Ly
+ VL (ro*Lad) || L2, ) 17770 1Lad T 2, ) -

v~

I

To bound I, since g < %, we proceed as follows

1 T2 1
1= ([ ro0caaf)t = ([0 Ladl i g, dr)
Hry ry m

(4.7) r2 —(5q—7+(q+1 L o1 2 (gr2t(grl
< (/ 6a-10 | 2q—1 'T_qul ( a=T+(q+ )6U)dr) T <2, 2(’1+ +(a+ )50).
T1

In view of (6.18) and (4.4), we have

3 el — ca —2(g+4+(g+3
17 L0dlL e, S EErT70T0) 4 gy 3 (H0H100)
1
Therefore, we have
2_3 _ 9
(4.9) Lol oszzy S Vs r 0T, for2 < g < 2

4
We remark that, compared to (4.7), the decay in ro has been improved.

Similary, we also have

2.3 _ 9
(4.10) &l zoqszp) < VErs r T, dorz<g < 7.

We can fix a ¢ € (2,9) (say ¢ = L) and apply (A.1). Therefore, (4.9) and
(4.10) together yield
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la] < \/gr_g‘u;lfso.
This completes the proof. ]
4.3. Pointwise decay estimates of the scalar field

We start with the decay estimate of ¢ on the initial slice Bg,. By (A.2) and
(A.1), we have

€0

s —2-4 ; —24e
Il paesiny S Ver ", IDagdllpasy S Véry ® .

By (A.1), we have
I poe sy S VErT 4.

Proposition 4.3. For the solution (¢, F) of the MKG equations on the
exterior region {t + R. < |x|}, the scalar field verifies the following decay
estimates:

6] S VErh P T Dgel S VATt
D6l S VEr2u2 =, |Dpv| S Ver2up ™,

Proof. Step 1. L™ estimate of ¢. For k < 2, by Lemma A.5 and (B) we
have

1 ®
(411) Dbl S IDbolaqsyy + - [ 1DuDbuf S er™ 2

We now use (A.1) to conclude that

5_gy

]l poe 512y SVEF

Here note that uy = 1+ 3|t — 7| = 1+ 3r;. We can indeed improve the
estimates by gaining a r; “°. First of all, notice that in (4.11), for k < 1, we
have
ko112 o —5—4
HDQ¢HL2(5:12)§57’1 .
To save one derivative, we can use the second equation in (A.3) to derive
that

||DQ¢||%4(8:12)’S§T2_1T;4_4€0 .
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Thus, by (A.1) again, we have
(412) H¢||LOO(SIIZ)S\/gr—lrl_a_zgog\/gr_lula—zcjo.

Step 2. L™ estimate of Dp¢. We first bound fﬁml \DL(DQDLQS) 2. It can
be split into: ’

J,

1
RATON

|Dr(DaDro)|? </7 !DT(DQDL¢)2+/H |DL(DaDr)|*.

"1 r1
iy, o

I, I,

To bound I;, we first commute derivatives to derive

DrDoDr¢ = Dr([Dg, Di]¢) + [Dr, D] Da¢ + Dy DrDad
= —].ETFQLd) + vV —1FQLDT¢ =+ v/ —].FTLDQ(ZS + DLDTDng.

We therefore can bound that
|DrDaDpé| < rlaM||g] + rlal|™ | + rlpl|Pe| + |DLo@),

where the discrepancy indices of the (1) and (2) are all equal to —1 and we
note that «, « and p are the curvature components for the full Maxwell field
F'. Therefore, we can split I into four terms:

I < / 2l + / r2laf?6M]? + / 2|l B
n - M

71 1
Hil Hl

+/ |DL(Z)(2)|2.
Hrroo

I

Recall that the full Maxwell field F' splits into the chargeless part F which
has been bounded in Proposition 4.1 and the charge part F'[go] satisfying
the trivial bound (1.2). Since F[qo] is stationary, we note that o) = g™,
Therefore we can use (4.12) to bound ¢ in the first term, use |a| < r‘lujr?
for the second term, use |p| < r~2 in the third term and the bootstrap
assumption (B) to bound the last term. In particular we can show that

]:1 5 /?:[ |Q(1)|2r17574€o +u;4‘¢(1)|2 _’_TfQHD(MZ + |DL¢(2)‘2

1
Ir5

S §T1_8_2€0 —|—7“1_4/ |¢(1)|2
H

71
Iy
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Since (1) = Dr¢, according to (A.5), for k < 1 we have
(4.13)

1 ) o
”DTDg(bH%ﬂ(SIf) S HDTD6¢H%2(5:11) + E /H |DLDTDQ¢|2 7 2.

We now use the case k = 0 to conclude that

[owemes [ () et

2u

™

T2
S 6/ €U+11 2€0du 5 527’1 10 280‘
_r2
2

Here we keep in mind that uy =1+ %7’1. In particular we derive that

—8— 280
I Sérg

Now we turn to the estimate of Is. By using the null equations for ¢, we
first can write that

DpDqoDr¢
= D ([Dg,DL]¢) + r ' DDL(rDa¢) + r~ (D Da¢ — DpDog)

2 /=ip, (Far¢) —OaDo¢ + D’Dog —V—1p- Dog
+ %(DLDQCb — D1 Dq¢)
=V-1L FoL- ¢ — Q(¢, F; Q) + (2\/—_1FQLDT¢ + zDTDQ¢>)
+ (1%(Dag) ~V=Tp- (Dag) ~ ~DyDas ~ V-TFarDLo).
For the integral of the last term, we use the pointwise bounds:
ol Sv72 0 |Farl = rlal S 7%+ Veu® ™ Sul?

We therefore can bound that

[ W (Das) = V=Tp- (Do) = 2DuDot = V=TFaDyof

Ilry

< / r=2|PDE ¢ + 174 Dag|? + 12| Dy Dagl? + uit| Dol
Hr1

iy,
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o *8*260
Séry )

For the third term in the previous identity, by using the above estimate
(4.13), we can show that

/H:;

< / r2| Dy Dad|? +u | Drof? < érps2.
H"1

RATSN

2
|2V —1FqrDr¢ + ;DTDQ¢>|2

For the first term /—1L1Fqr - ¢, we use the null equation (2.15) to show

that
V=1LLFor - ¢* S / (IPDP + oD 2 4 22| 412 + 2|af?) 6]

J,

1
—_r2 —_r2

Now recall that |f| = |¢||/[D¢| and we have the bounds |LqF[q]| < r3.
Then by using the bootstrap assumptions on F' as well as the pointwise
bound for ¢, we indeed can show that

/ W—1LpFar - 6|
Hr1

It

S /w (IBV2 + (6D + w75 Pl + r2a)? + r1) g2 < s,

AT

Finally for the quadratic term Q(¢, F';2), we use the bound (2.9) in the
proof for Proposition 2.4 to show that

/ Q6 F; Q)2
T

It

< /H DL af? + DL Plaf? + o216 + 2 PI6f + o2 Bl

< / D2 2ut 4 | Dyl ® + e 2162 + 2 Do)
H)
+ u110|¢¢|2

< /H IDroPust + [Duolfust +rus?gl? +ul|Bol?
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Here we have used the fact that L = 2T — L to bound Dy and estimate
(4.13) to bound the integral of ¢ as well as Dy¢. Combining the above
estimate, we have shown that

(4.14) /H |DL(DaDpg)|? < érp® .

Ly

The next object is to derive estimate for f?—til |Do(DaDp¢)[?. First for €,

' being angular momentum vector fields, recall the following commutation
formula:

Do (Do Dr¢) = V=1(LaFore + F([Q,Q],L)¢ + FoLDa¢ + ForDa¢)
+ D DoDo ¢

For the first four terms, we can bound the full Maxwell field by the pointwise
bound according to Proposition 4.1 together with the property of the charge
2-form F[qp]. More precisely we can show that

[ VT (CaFuwo+ F2.21, L6 + FrwDao + FouDar)

LTSN

S [ (1Ladl + 18P + o +ur | Dof? S et
Hr1

LA

Then by using the ansatz (B), we can derive that

/H Da (DaDpo)|* < ery 072,

RAT

Similarly, we also have

/H |DaDpé|? < érp67%,

71
Ly
Then using the Sobolev inequality (A.3), we derive that
IDaDLo| pagsiay Sy 2VErT? ™,
We then repeat the same argument for Dp¢ to derive

1
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Finally, by virtue of (A.1) and the fact that uj = 1+ Jry, we obtain that
HDL¢”LOO(S;12) S \/grl—lulg_ao.

Step 3. L™ estimate of [D¢. By the bootstrap ansatz (B), we have

/H . |DLDo (Dag)|* S ér 0%,

RA

We now use the rP-weighted energy estimate with p = 2 of the bootstrap
assumption (B) to show that

/ Dy (Do Dad)[* < / ¥ (Do Daw)* S érp >,
M

Hl
Therefore by using the Sobolev embedding, we have
1
Doy Dagll (si2y S g 2VEry >
Similarly, we can also obtain
Sl 4 g
IDagl pi(sizy Sy 2VEry 7.

Therefore, (A.1) implies that, for all angular momentum vector field €2, we
have

1Dadll L (srz) S Very ui?
Considering that |Dqg¢| = 7P|, the above estimate implies that
1Dl 572y S Vér?

Here note that on the sphere §;2 it holds the relation r = %

Step 4. L™ estimate of Dy (r¢). The idea is to use the commutator
K = v?L+u?L, which carries the highest weight. According to the bootstrap
ansatz, we have

3 / 12| DDl (D)2 + 12| BDY (Dico) P < érp 220,

k<1 —Tz
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Here we may note that Dq = ﬁg In particular we conclude that

/ DDy (D)2 + |Da (D) > < Ver 22,
Hr1

15

Therefore the Sobolev embedding implies that
|Dico| S Vér—tui'—.
On the other hand, we have
v’Di(r¢) = D (rd) —u’Dy(r¢) = rDgd — ru’Dpe + u’p.
Then by using the bounds for ¢ and D¢, we derive that
V|Dp(re)| S VE(L+[ul) 7.
This completes the proof. O
5. The analysis in the exterior region 2: energy estimates

The aim of this section is to improve the bootstrap assumptions from the
previous section. More precisely we show that

Proposition 5.1. Under the bootstrap assumptions (B) and (C), we show
that in the exterior region, the solution verifies the following energy estimates

)

(5.1) g(k)(ﬁ" Tl) + g(k) (¢’ Tl) (260‘ + Cé%)rfﬁ+25(k)*(6*2|k\)€o

<
(5.2) € (Fipiry) + £0) (g piry) < (28 + Ced ) CHHGITORMD=

i

for all |k| <2, r1 > Ry, 0 < p <2 as well as the bound for the current

k)2 k)2 (k)2

|75 /w\ / 727
5.3 / —— + + sup rf =
(53) Hoy 7“% Hoy r? T22T ! HL ra

<A1+ Cry Yy Ry <9,
|J(k)|2 02 —1y..—8+2¢(k)—4eo
(5.4) sup s— <& (1+Cry)ry , |kl=2
T2 2T Hl r

for some universal constant C.
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By choosing ¢ sufficiently small and R, sufficiently large such that
2408 <3, CRI'<2,

then the bootstrap assumptions (B) and (C) can be improved. The rest of
this section is divided into several subsections to prove the above proposition.

5.1. Energy estimates on Maxwell field

For a multi-index k with 1 < |k| < 2, we can take G = /LEF and f =0 in
(2.18) and (2.19) to deduce:
E®(Fyry)
< ELEF)(B,,) + / r 2T, LY R
D

1

—6+2§(k) 8¢co

<ér
&) (k) &)1 (k)
LHp(k| [0 L[p™] [ )a®] ™)
+C/ + 3 R L
Iz ;?,f I4

and
EW(Fyp =2;7m)

</ﬁﬂW®FHNW+W®ﬂ+/ 709 - LR,

71 1

e [ |4,
D, ~~ d

I Is

where C' is a universal constant. In this section, the constant C' may change
but they all denote universal constants. We now bound the I;’s one by one.
For I and I5, we have

et ]y
/»l / </°°(/H p®) 2)dr>%

5 S
ot —2e0 o1 —2 3—1lk|)e 03 —442¢(k)—(6—-2|k
< g E0972 ot SEEOO-(olke0 < o2 2609 —(0-2lkDe0
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The last step follows from the bootstrap assumption (C) as well as the
bootstrap assumption (B). Similarly,

/ I, < &p 0209 (6=2ke0.
D,

For I, we have

/DT I, < (/D |J;k;9£|2);(/m T%|p(k)|2>§
- </:°U%(/ﬂ2 ut%)dvf(/:ov%(/ﬂg r2’p(k)‘2)dv)%

2
. —2e(k)—2 o1 —e(k)—(3—1k .3 — —(6—
< ér, = TE(k)—2e0 _857,1 5 T6(k)—(3—|k|)eo 5657‘1 6+2¢ (k) —(6—2[kl)eo

We remark that in the last step we have used the bootstrap assumption (B)
since fwl 2| p(k)P appears in the rP-weighted energy. Another key point is
that v~ 4 is integrable on (5, 00).

For I3 and Iy, we have

s (] SRR () ar)’
([, ) (1 e

r -
o —L4+E(k)—2e0 o1 —2+&(k)—(3—|k|)e 03 —6+2¢6(k)—(4—2lk
557‘1 2 f( ) 0‘527“1 b) g( ) ( | ‘) 0 ngrl 64 5( ) ( | ‘)60

Similarly, we have

/ I < &3, 0200~ (6=2k)eo,
D

1

(/ s )\2) </ g(‘;>\2);
(/ / > ‘Q)drg);</7:%(/%l a2 )dv);
)— 1

For 14, we have

Jo.

N

_T _T —(3—
< s HEk 2, gy 3 HE(k)—(3—k[)eo
< égrl—6+2§(k)—(6—2|k\)50.
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As a conclusion and by our convention on the implicit constant, we derive
that

W (B ry) < g PPHMITO2MD0 (1 4 o3,
<& 1—6+2§(k)—(6—2|k\)50(1_i_CED%)

for some universal constant C. In particular estimates (5.1), (5.2) hold for
the Maxwell field part.

5.2. Energy estimates on scalar field

For all multi-index k such that 1 < |k| < 2, we take f = ﬁ%qﬁ and G =0
in (2.18) and (2.19). Let v = ¢ We deduce the following energy
estimates

W (¢3r1) < E[M(B,,) + / (049 - Dy, o™ | + | Fo, T[o™]H|

1

<§r1—6+2£(k)—860+/ 046%)(IDL6™| + |DLo™))

71

R,
(5:5) 4 / (la] + la)| Do)
D,,
S,
+ /D Pl (IDL6™)| + [DLo™ )6
T,

as well as the r-weighted energy estimates

(5.6)
M (¢ip=2;m1)
</ \Dw)(k)|2+|lp¢(k)|2+/ T‘DAqb(k) 'DL%Z)(k)‘-i-Tz}FL#J[qS(k)]“}

1 1

< gy U080 / r|0a¢®|| DLy ™) + / r?al[Bet]|p1)]

1 1

v~

R2 SZ

4 / Pl DL ™[9],

1

-~

T
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We remark that for the term Ty, we have used the following structure of
current term:

r2J[o] = r?3(61 - Do) = (w1 - DY) = J[p)
This will be crucial for the estimate of T5. We first bound the S;’s which
rely on the following lemma:
Lemma 5.2. Under the bootstrap ansatz, for vo >0, v1 > 1, we have
/ [$Y17 . 3 —rt2600~(6-2Ml)eo
D

iyl ~ L
1

Proof. Let S, be the intersection of H,, and H,. By (A.5), we then have

/ o) |2 _/ Js, 100 / Js.. +[ul7t [y, DLy ®P?
p,, T ul= Sy S 7”1\U|72 ~ o |ulre
Sun ) |2 /f | D)2

~ |u|71+72 1 |u”71+’)/2

The first term is from the initial data and it is bounded by

o —3—v1—v2+2£(k)—8¢
éry T1—72+2§(k) o

We can control the second term by the bootstrap ansatz and it is bounded

by C’é’rl_?’_%_72+2£(k)_(6_2|k‘)5°. This completes the proof. O

For Sy, according to Proposition 4.1 and the decay properties of the
charge part a(Fqo]), a(F[qo]), we in particular have the following bounds

‘Oé| < \/&_?7" 1 —£&o —1—7”_3’ < r 7 ’g‘ S \/gr—luJ—rS—ao _'_,,,—3 57” 1 12'

We have used the fact that € is sufficiently small. Therefore we can show
that

sz | 169]|6)
~ Drl

rlul?

IR (k)2 &
<(f P ()

Ju |1 DOMPP 3 1912y 3
:</|u|>% ) () vﬁ|u||3> |

1




422 Shiwu Yang and Pin Yu

We use the bootstrap ansatz to bound the first term and use Lemma 5.2 to
bound the second term. Therefore, we obtain

S, < §r1—6.5+2§(k)—(6—2\k|)50

We can also derive in the same manner that

S, < §T;4.5+2§(k)7(672\k|)€o

By our convention the implicit constant is independent of R,. Since r; > Ry,
by choosing R, sufficiently large, we derive the following estimates

5. _ _ges
k)(qﬁ; r1) < —€ry 6+2¢(k)—8e0 | R, + Ty,
(5.7) 45
9 (gip=2m1) < 157”1_4”5(1()_850 + Ry + Ty

with R;, T; defined in (5.5) and (5.6).

5.2.1. Energy estimates on one derivative of the scalar field. We
consider the case where |k| = 1. The multi-index k then represents a vector
field Z € T'. In view of (2.8) and the pointwise bounds in Proposition 4.1
and Proposition 4.3, we have

D@ i) £ T Dy + el
Thus, we have
r[0a0™M P < 1%1Q(e, F; Z)?
(5.8) S M2 D) + [u* M2 Do + ‘“'iﬁwm\?

\UI2£

|o1*.

Since 772 < |u|72, according to the bounds on the zeroth order energy
estimates, we have

[ PP < [0 2 ([ D) g i,

1 u
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/ ‘u|2§(1)—2|m¢|2 < / ‘u|2£(1)—4—2a0(/ Ingb]Q)du < égr%{(l)—7—6ao7
D, u -
and

w|26(1)+2 ) o N
/ H72’DL(Z5|2§/1L|2§(1)|U‘ 2(/ |DL¢‘2)du§€r%$(l) 5 650'
D T . "

T1

By Lemma 5.2, we also have

‘“|2£(1) 2 o 26(1)—5—6
/ S loff S ety

1
Thus, we have

26(Z)—5—6¢g
(5.9) / 21Q(g, F; 2)|2 < r2E D560

1

Let (2) denotes two vector fields Z; and Zs. If we replace ¢ by Dy, in the
proof between (5.8) and (5.9), we obtain

(5.10) /; TZ’Q(EZIQZ)’ F; Zz)|2 S; r%5(2)*576€o'
Similarly, we have

/ 2(1Dpd V)| + (Do)’

™1

L o], e oo s
|u| =7y Heu v H,

< Eorfg(1)—5—4ao.

Therefore, we can bound R as follows

1

R; < ( /D r2\DA¢<”I2)% ( /D (1D + [DLoV))?))*

o —6+42£(1)—5
557“1 +2£(1) €0

One can also proceed exactly in the same manner to prove that

R, < </D r2|DA¢(1)!2);</D !Dﬂb(l)\?);
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< §T1—4+2§(1)—5eo

by using the r-weighted energy estimates. Therefore, for sufficiently large
R,, since r; > R,, we have

5(1) : < 2 —6+2¢(1)—5eg +T
(511) (¢ Tl) ~ €T1 1
<

5(1)(gb;p =2r) <& —4+2¢(1)

€Ty —o%0 + Ts.
At this stage, we need to first control Ts in the second equation. In view of
the definition of £ (¢;p = 2;7) and the fact that |p| < 2, the second
inequality gives

. _ D yW]]pM

[ Do g o, [ 260
Hry D,, r

When we apply Lemma 3.1 in this case, we change ¢ to %80. This leads to

The gain of %% can be used to improve the estimates in Lemma 5.2. This
gives

(5.12) / ’1/’(1)‘2 :/ |¢(1)\2 <§T1—5+2§(1)—4.5ao_
D D

rd 2 ~

71
Hence,
1

1 1)2 1 B e
T, < (/D ‘DLw(l)’2)2</D |9 4| ) 5§T14+2€(I) 4520

r

1

This improved estimate (5.12) also allows us to bound T as follows:

2 1))2 2 1)12\ |¢(1)’2 3
TS ([ D [ Ry [

- - D, T

57"177+25(1)7450by (B) Sr;5+2g(1)74.550
o —6+426(1)—4.25¢
Sérg .

Thus, the estimate (5.11) implies

EM (i) < ery PPEOTIR £ W (gip = 2iy) ey HHITR
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For sufficiently large R., we then have closed the bootstrap argument for
first order energy quantities on scalar field in (B):

(5.13) €M <o OO M grp = 250y < 22nHTHEIT

5.2.2. Energy estimates on second derivatives of the scalar field.
We now fix a k so that |k| = 2 and the first objective is to bound the R; and
Ry term in (5.7). For this purpose, we first recall that, for (2) representing
Dz Dgz,, we have

04¢® = Q(Dz,0. F; Zo) + Q(Dz,¢, F; Z1) + Q(¢, F; [ Z1, Z5))
+Q(9, L2, F; Z2) — 2F7,,F7," .

For R, according to the above expression, we split it into three parts:

RS / (IQ(Dz, ¢, F; 22)| + |Q(D 2,6, F; 21)| + |Q(6, Fi (21, Z2])] ) (1DL6P)| + [DLo )
D

1

R
+ / 1Q(6, £, F; Z2)|(1D16)| + | Do)
" R
4 /D |FuF 0| (1D + |DLo®))
1 R“;

All the three Q-terms in Rj; can be schematically written as either Q(qb(l),
F;Z) or Q(¢'9, F;Z) due to the observation that the linear span of Z is
closed under commutations. These terms resemble the terms in R4 in Section
5.2.1. Thanks to (5.10), they can be bounded exactly in the same manner:

R1 S (/1; T2’Q(ﬁZ1¢7F; ZQ)F +T2’Q(ﬁz2¢,F; Zl)’2

1

1

+121Q(o, Fs (21, 2a)) )

— 2
([ 00+ 1002
1
S é97"1_6+2§(2)_360.
Here we remark that compared with the estimate of R4 in the last subsection
we lose a decay power of ¢ is due to the weaker decay of second order energy

estimates in the bootstrap assumption.
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For Ry2, we use (1) to denote the vector field Z;, according to (2.8) and
the pointwise bounds on the scalar field, we have

u|~¢42)|Q(¢, L7, F; Zo)]

r

S (m\p(ﬁle)l +la(Lz, F)]) Dy

Dlaen P + Wla(es F) + o(2s P) v

o
+ (0L P+ io(, F))) Dl + (10(E2 F)| + oL F)) o
(e P+ e E+ e el

|ul

+

Since F = F+F|qo] and F|qo] solves the linear Maxwell equations, accroding
to (2.4), we have
JEz P =, J(LgF)y =10, J(LgF) =S,

Therefore, according to the pointwise decay for the scalar field, we have

u|~$Z2|Q(¢, L7, F; Zo))|

r

S (o 12¥] + [DLl) oLz, F))

Jul
r U
+ (T 1Dewl + DL+ 6Dl + (D9 + oDl (Cz, F)
U u 1 1 .1
+ (|DL1/}‘ + |T—||lp¢’)|g(£le)’ + (%|Jé1)| + m‘Jél)‘ + ;‘J( )‘)|¢’
~ W'aleF” + 7«|u‘—2+50|p([’21F)| + 7n|u|—2+50|ff(£zll”)|
Ay A,
VE
+ m\g(ﬁzf)l
A,
+ ﬁuél)’ + #\J(l)’ + #Uél)‘ .
7|u)z 250 r2|u|3+2e0 P[uf3 20 L

A3 A4
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On the other hand, according to Lemma A.8, we have
|a(Lz, Flao))| < |Lz, (a(Flqo)))| + 7“5(21)|04(F[QO])‘ S ),
Hence,
(L7, F)| < |a(Lz, F)| + Lz, Flgo))| < |aM] 473620,
Similarly, since we have
|a(Lz, Flao))| < 77, [p(Lz, Flao)| £ 7=+, (L2, Flgo]) =0,

We notice that the estimate on p(Lz, F[qo]) is as good as the other compo-
nents. This is due to the fact that Ez(r%dt A dr) =0 for all 7 € Z. We
conclude that

(L2, F) S |aW]+ 073 a(Ly, F) S |alP| 477345,

<
5.14 ~
>4 |p(L2, F) S |pM |+ 773188 o(L7,F) S o).

We notice that for Z; = K we lose decay in r. For the a component, we can
improve the decay in r:

Lemma 5.3.
(5.15) \a(EKF[qo])‘ < r_3]u].
Proof. We recall the definition for F[gp]:
Flgoloi = iV (x), Flqolij = 0,fori,j =1,2,3,

where the potential V' (z) is given by

1 1oy 18R’ - W)\, -
V(x) T Arx R3( r + 3 + 2 r3 )\S(Qb() ¢1)dy7 ’.1‘| > 0.
Vi Va Vs

The contribution from V3 is of order r—2 so that we can ignore it. The

contribution from V; gives the charge part T%dt Adr and it will vanish when
one takes Lx derivative. Thus, we consider

POl =01 (3 [ 20 ((60- b)) dy). POl =0
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Thus, we have

1

o(FOl])a = 7 [ =53 (60" 00)(w)dy.

By virtue of the formula for Lx in Lemma A.8, we obtain

1 (r—tlea-y.

a(LxgFP[q))a = S((¢o - ¢1)(y))dy.

T A Jgs r3

This completes the proof of the lemma. O
As a corollary, we have

(5.16) (L7, F)| < la®] 4 r73u)s &),

Lemma 5.4. We have the following spacetime estimates:

(5.17) IrQ(6, L2, F3 Z2) |12, S VErE D77,

Proof. With the help of (5.14) and (5.15), we can bound the terms
fDT r2|u|%(22)| A;|? one by one. This will prove the lemma:

/ r2[uf*(7)| Ao

1

D

1

55/00 |u|2§(Z2)—6—250</ (r2|a(1)|2+r—4‘u|25(zl)))dr2.

T1 Hr2

For A, we have

/ r2[uP ) Ay 2

1

< é/ |u\25(Z2)’4’250(|p(1)|2 + |0(1)|2 +Tf6+2§(Z1))
D

1

S é/oo |u’2§(22)4250</ (|P(1)|2 + ’0.(1)|2 + 7,,*6+2§(Zl))>d7'2.

T1 Hory
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For Ay, we have

/ P2 [l Ay 2

1

55/ 22202 (g (D] 4 =6+26(20)

1

58o/ ng(z2)—4—2e%_2(/ (|g(1)|2+T—6+2§(Zl)))dr2‘
Hss,

1
2

For As, based on the ansatz (C), we can proceed in the same manner
to obtain

/ P2 [l | Ay

1

26(Z2)—T—4go| 7(1))2 26(Z)—5—4 |J(1)|2
Se [ T gD g st

D,,

> 26(Zy)—7—4 (1)2 2¢(Z5)—5—4 ’J(I)P
=& [T (e [ op s [ Dy,
™ Ho H r

T2

All the terms on the righthand sides of the above four inequalities now can

be integrated. They are all bounded by é’r%g(z)_G_zao.

For Ay, let the vector field Z represent the index (1), we have
IO = £5(2]) = £2(3(F - D).
Since

Ly (- le)u
=Dyt - Dytp + (Dylog(r)) - Dyip + 19 - Dy, (ﬁzcb) +iFz, 0],

we have

(5.18)
T2 < v 62 |Du(Dzo) 1> + (IDuv? + 1612) Dz + r* | Fzul|o]*.

In particular, we have

[ e AP g [P 6P Dy (Do) P

1 1
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(IDLy* + 19]?) | Dz, v

rd

= + 1Pz Plol).

In view of the pointwise bounds, we can then use the following crude bound
for DZ1¢ and FZ1L:

Dz, S Jult 720 |y ] S r8P 71

Therefore, we obtain

/ P22 | A P

1

Dr(Dz,¢)> +|Drof
55/ |u|2§(Zz)—5—4€o(’ L( Zﬁig DLl +74_4|u‘—1€o2)

1

02 26(2)—6—2e0
SEr] ,

where we bound DL(IA)ZIgZ)) and Dr¢ on H, as before.
We complete the proof by putting the estimates of the A;’s all together.
O

The term Ry can be easily bounded by the lemma:

1

| R <@L Fi )l ([ (D00 R + 1020 )

1

. 26(2)—6.5—2
< 57‘1&( ) co,

To bound R;3, we need the following lemma:

Lemma 5.5. We have the following estimates:
(5.19) I FaF 2" e, S VEr{® 07,
Proof. According to the different choices of Z; and Zs, we have

Case 1 (Z1,2Z2) = (22,€Q). We have

Bl < 03 2\ < 7\@
rlFouFotol S ol (lallal + [of?) S RIS

Case 2 Zy = Q and Zy = o822 [, 4 o1 +€(Z2) [, Thus,

rlFouFz, 0 S r210l(|o] + [o]) (016 o] + u! T4 a))
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VE

™ p3=€(Z) |y |3 20

Case 3 Z; = 01T [ 4820 [ and Zy = v H€(Z2) [ 41 48(Z2) [, We have

|FZWFZQ“| < v2+E(Z1)+£(Zz)‘a|2 + |u,2+£(Zl)+£(Zz),g,2

+ (|u’1+§(Z1)Ul+§(Z2) + ’u‘1+€(z2)v1+E(Z1)) (‘O‘HQ’ + |p|2)'
Thus, we have

r|Fz,uFz,t 0 S VE|u 7320 [pm4H8@) gy 4He2) =2

i |u’1+£(zl)7073+§(22) + |u|1+£(Zz)7.*3+€(Zl)],

Then we can simply integrate the above pointwise bounds to conclude. [J
This lemma leads to the estimate of Rq3:

1

| RS IrBab e ([ (D0 P + Do)
D,, D

71

< §T§§(2)7671.5€o'
Finally, from the estimates of R11, R12 and R;3, we conclude that

o —6+4+2£(2)—1.
/ Rl 5 éry 6+2£(2) 550.
D,

Based on (5.17) and (5.19), one can also proceed exactly in the same manner
to prove that

/ Ry < ér;4+2g(1)71.550.
D,,
Therefore, for sufficiently large Ry, since r1 > R, we have

EP (g ry) < ery STH@TLE / 10l(1D26®| + [ DLo@]) 6P,

1

T,

E@) (gyp = 25ry) S e A0 / 1ol DLy @ |||

71

T
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For Ty and Ty we can the proceed exactly in the same manner as in the
previous subsection. We thus have obtained energy estimates for the scalar
field and hence proved estimates (5.1), (5.2).

5.2.3. The estimates on the current terms. We now recover the es-
timates for the current terms in (C).

» Zeroth order estimates

For k = (0), J© = 2] = &(4 - D), according to the pointwise bound
on ¢, we have

IO e 2ulma 73, PO S ulTE 0, D) S gfulm R R,
We then can directly integrate these bounds and we obtain

(0))2 (0))2 R 1792
r? ]J(O)lz + il + sup i + sup r? %
1 L 2 2 1 7
r
H H ro2ry JH r T 2T H 72

r1 1
Ty Ty i, iy

22, —1042¢(k)—6zo
S érg .

Thus (5.3) holds for |k| = 0.

Remark 5.6. We use pointwise estimates only to bound the zeroth order
quantities. In the sequel for higher order terms, we use energy flux to avoid
loss of derivatives.

» First order estimates

For k = (1), we use a vector field Z to represent this index. Notice that
we have

JO = g(D—Zw -Dyp 4+ - Dyu(rDzo) + inuWIQ)

_ %(@ D+ - Dlﬂ/)(l)) T L
¢ For Jél), we have

T2 S [WMNDL| + WDy D] + [Pzl
< \/gr_1|u|_1_80’¢)(1)|—I—\/g‘u|_%_280|DLw(1)|+50’u|_5_480‘FZL"

-

I, I Irs
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For k < 2, by Lemma A.5, we have

1
5o 1900 sy S 169 sy + - /H DLy

o —b+2&(k)—2
Se,r.l +2¢(k) €0

For 171, we have

T2
ol e el A T
H 1 Sr

1 1

22, —10+2€(1)—4eo
N .

For 175, we have

rp? / Tpo? < érp2lul 54 / DLy DP?

- Hoy

02 —11+4+2£(1)—6
<€2T‘1 +2¢(1) €0

~

For Ir3, we have two cases:

Eful~50r(a] S éful-5-1e0r=2, if Z = O
L < { 2ful 520 ] HEW| | S ful 0002,

if Z =W 4D

In both cases, we can simply directly integrate the pointwise bounds on H,,.

Therefore, the contribution from I3 is also bounded by &%r; () =80

Hence, we conclude that

—9 (1)2 02 —1042£(1)—4e
Ty / |Jp 71" S €7y .

T1

¢ For J(l), we have

) < 1O By + [ DD + | Fzall]?
< VEu| 7220 gD VEr|u| 520 P | + Eful 50 Fya|
1, 1, 1,
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For I, according to (5.20), we have

/ |I1|2+/ 111]2 <§/T‘2 r2|u‘42€0(/ |¢5(1)\2)dr
H, T 72 r2 ) Sr

1 It 1
< €2r1—10+2£(1)—250'

~

For I,, we have

|12‘2 ‘12‘2 < 2|,,|—5—4¢0 (1)2 (1)2
—t 5 Selul DotV + [Pt
He, T Hz T Hey H2

< 22, —1142£(1)—8¢o
S .
For I, we have two cases:

1

£

Elul~5=40r|5| < &3 |u| 001, if Z = Q;
X3] < < &|u| 540 (7«*2+€(1) + \/&T_orfl\u]*“f(l)*ﬁo)?
if Z =M 41 HE@)

In both cases, the contribution of /5 can be estimated directly by integrating

the above bounds and it is bounded by €°2r1_13+2£(1)_850. Hence, we conclude

that

(1)2 (1)2
FAd P 29 —1042¢(1)—2¢0
/H 35— + sup 7 —<52r1 +26(1) .

2 ~
r ro>ry r

"2
™1 —=ry

¢ For JE), we have

[IO1 < ONDLe] + 19| [Dy®)| + |z lvl?
< VErfu| 73720 | | 4+ VE|u| 73720 DM | 4 Eful 7540 By ]

I, Ip» Ios

For Ir,, according to (5.20), we have

3 112 3 [T2
rf/ Ll 557“12/ r_%rl_5_4€°(/ ’¢(1)|2)dr
H2 r2 r S

H, |
02 —10+2£(1)—6
< 827’1 +2£(1) 80.

<

~
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For I, we first notice that |Dpy ™| < r[Dpé™M |+ |¢(M)|. The contribution
| can be ignored since it has been already treated in Ir;. Thus,

from _|¢>(1)
modulo this term, we have

3 I 2 3 )
i [ BEL gt [t pyep
Hﬁ"z H’VZ

72
H,2

02 —1142€(1)—6eo

S e .

Ay

For I3, we have two cases:
Elu| = 4=0r|a| < §|u|—5—4aor—2 +E3fu| 80, if Z = O
Eful =520 o W) p| S JufPdeop—1HED),

T3] <
if Z =M 4 1+

In both cases, we Can simply directly integrate the pointwise bounds on 2
22 _11+2§(1)_28°. Hence, we conclude that

to obtain bound 7“1 fHTQ by &

sup 1y
o271

(1))2
3/ I < - 10+26(1) 220
2 "

7"2

Putting all the estimates together, we obtain that

1)2 (1))2 s \J 1)‘2
M | + / M | + sup ry / Lz
1 _;é T2

-2
1 / ‘JL ‘ / —5 T sup
He, T ra2r1 JHL T22T1

1

2 —10+2£(k)—2
<€27ﬂ1 +2¢(k) €0

Thus (5.3) holds for k| = 1.

» Second order estimates

For k = (2), we assume that the vector fields Z; and Z, represent this
index. We also use (1) to denote Z; and (1’) to denote Z,. We first derive

the a formula for J®) = L L, (3(¢) - D1)). Indeed, we have

‘CZ1£ZQ (E : D¢)u
=1t -DyDz Dz, + Dz, Dz,3p - Dyip + Dz,3p - DyDg, v

+Dz,¢ - DDz, + 2iR(Dz 0 - ) Fz, +i(L2, F) [
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+iFz, 20V + iF 2, 20 ([Y)).

Hence,

J@ = g@ D@ + 9@ - D+ @) - DD 4 @) Dﬂ,(r))

+2R($() - ) Fr,p + 2R (6D - 4) P+ (L2, F) 5 01
+ F[Z27Z1]N|1/)|2'

In view of the symmetry of the indices (1) and (1’), we may drop the terms

with similar structures and bound J,Sz) as follows:

T2 < D@ + [ @ Dyp] + [ || D@ + ][ 1) Fz, ]

+((£2.F) 5, | + | Fiz, 23 ) 0.

In order to bound |J g)] in an efficient way, we first bound ™) in L>. We
have

)] < I+ | Dy + |u1+5(1')’(‘7"DL¢‘ +19]),
if 7 = D 41+

By virtue of the pointwise bounds on D¢, we have
()| < VE[u| 3200,
We can now bound ¢ and ") in J,Sz) to derive

(5.21)
@) < (\/§|u|_§_250|Duw(2)| + x/éyul‘%%(l/)‘%"IDW(”I) + [P D,y

+ (Bl O B+ 2l 0 (L4, F) g, + 1Pz zal) )-

¢ For J(2), we can use the pointwise bound for Dy in (5.21) (where
= L) and we obtain

E1 S (VEul 320D )| 4 V34020 D))

155
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VB )
I[Ll

(Bl | | By, )

s

+élu 0| (L2, F) -

]IL4
For I, in view of (5.20), we have

T2
i [P s el [ e P
HT T S

1 Il
< §2T710+2£(2)74€o
~ 1 .
For 5, by the rP-weighted energy estimates, we have
7"12/ |]IL2|2 S 607’12/ |’LL|_5_460|DL1/J(2)|2 + |U|_3+2£(1,)_4EO|DL’¢(1)‘2

Hrl Hrl

S §2T1_9+2£(2)_660.

For 13, we will need the following two inequalities:
|F21L| S 7”_2‘u|1+5(1), |F[Z1,Z2]L‘ 5 T_2|’LL‘1+€(2).

The first one can be checked by a direction computation. For the second,
we notice that the only non-vanishing [Z;, Zs|’s for Z1,Z; € Z are [T, S] =
T, [T,K] = 25 and [S,K] = K. For those vector fields, it is clear that
&([Z1, Za]) = £&(Z1) + £(Z2). Therefore, the second inequality follows from
the first one. In particular, we have

‘I[L3’ 5 607,72‘“|73+£(2)7450.
We can integrate this pointwise bound on H,, to bound rf2 fH IMz3|? by
S 23’127,1—94'25(2)_850'
For I 4, we have two cases
rlaW| 42wt if Zy = Q;
(£2F)gp] < § FH0) (o] 4 =2 uf€0),
if Zo = oM 4 g1+ L,
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For the first case, we have

7“1_2/ ‘]IL4’2 5 T‘1_2§2’u‘10450/ 7"2’&(1)‘2 + r74‘u’25(1)

Mo, Moy

< §2T713+2§(1)74so‘

~ 1
For the second case, we have

rl_g/ 4|2 57“1_252@\8”5(1/)48“/ lpM 2 4 776w 26@)

T1 1

—13+42£(2)—4eo

22
SéTry

Hence, ri? [;, [Mz4/? is bounded by 527"1_13”5(2)_4&0 Together with previ-
1

ous estimates, we obtain

Tl_Q/ |J£2)|2 S 527"1_9+2£(2)_660.

1

¢ For J(z), we bound 1) in (5.21) in L (where p = e4) and we obtain

P S (VErlul =372 Do)+ Var(ul 5007220 pg0)])
",

o+ VEJul 2]
I,
(Bl 4|+ EJul T By, 7,04)

N~

I,

+Elul S (L2, F) -

I,
For |, according to (5.20), we have

2 T2
/ ’ﬂlz‘ 5 &e/ 1"_2|u|_4_2€° (/ ‘¢(2)|2)d7“
Hey T ™ S

" .
02 —10+2€(2)—2¢0
Sér; .
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For H,, we have

2
/ ’K22| §§|u|—5—450/ |JD¢(2)|2+&2|U‘_5_4EO /HT |$¢(2)|2

r

™1 =

sl e [ pg®p et [ pp
Hry H

T2
T1

< 22, 79+2%(2)—8e0
~Y 1 *
For M3, since

|Fyoa| < Ver—tu| 2 e 4 =246

|F[Z1722}A| S \/gr_1’u|_2+f(2)—60 + T—2+§(2)’

we can integrate these pointwise bounds to derive

;2 < =2, ~11426(2)—8<
M~ E°ry :

T
For W, we have two cases
rlo®], if Zo =

(L2, F) | < { QD) o)) 110 | o) 4 p—2+E0)

ul¢,

We claim that in both cases we all have

2

/ |]L;\ §§2T1—16+2§(2)—850.
r

M.,

The proof for the first case is straightforward. For the second case, we need
the following bound on a(V):

s —3 1)—¢eo
(5.22) la® | 2 sray S VEr THED =,
In fact,

”Q(I)H%’Z(s:f) - HQ(I)H%z(s:ll)

_ _/ L(jra™[?)dddv
S2

r2
2
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5/2 |Y7L(rg(1))\|rg(1)\d29dv
2 Jse

1 1

21 B
IV ey ( [ 75 la®R)ar)”.

r2

To bound ||WL(7“Q(1))||L2(H:?), according to (2.15) and the facts that
F\Yo(Lz F)| ~ |p(LaLlz, F)| and r|Vo(Lz F)| ~ |o(LoLz, F)|, we have

D)2
IV £ ra™) 1232 < /H p(Lalz, F)? + |o(Lalzs, ) + M—‘

< §r1—6+26(1)—450.

Similar to the proof of Lemma A.7, we use Gronwall’s inequality to obtain
(5.22). Thus,

/H |]Z7[é|2

T1

2 10—8 2¢(1 1)2 24+2¢(1 |04(1)’2
55/ ul~ —50<r E1) |2 4 [y2r2e) 11

— T—6+2£(1/)‘u‘2£(1)>
-

H,,

The first term can be bounded by the rP-weighted energy estimates. The
last term can be bounded directly. For the second term, we use (5.22) to get
its L? bound on S, then integrate over r. This proves the estimate for H,.
Together with other estimates, we obtain

2
PP _ a orsea)-se
5 5 S €1y .

r

¢ For 7 we can use the pointwise bound for D in (5.21) (where
p = L) and we obtain

1S (Velul 737220 Dy ®)] + Ve[| 730220 Dy M)

Héz

+ Velu| Py

~~

I[Ll
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u|TAHEA) S |y | gy O ’F[Z27ZI]£|)

+ (2
]I£3
+Elul TP (L2, F) -
1.

For 11,1, according to (5.20), we have

3 mMrl? 3 T2
r2 / Mol ¢, / ey O / 3% dr
HT2 1 "

re

ATy

g 502r1*11+2§(2)7650.
For M5, we first notice that Dy ™| < 7| Dpe™|+|¢®)|. The contribution

from \¢(1)| and |q§(2)\ can be ignored since they have been already treated

in Iy, and Ilz;. Thus, modulo those terms, we have

2 / L2
i 7
Hz T2

§ ’
S 607’12 / 7,—% (’u‘—5—4ag’DL¢(2)’2 + ’u‘—3+2§(1 )_4EO’DL¢(1)|2)

Hy2
02 —9+42¢£(1)—6¢

S érg o,

For 13, we notice that

b < dVETET e 2 =0
Fz,Ll S (L) it 7, = oL 4 ) L

Since 2 can not be a commutator [Z1, Zs|, we have

\Fiz,,zL] S rHu) @)

We remark that the £(2) in the above formula is at most 1. Thus, we can
directly integrate those pointwise bounds and we obtain

2
2/ L0%] < g2, 0r2W 2
Hra

/rl 7 ~
r2

For 114, we have two cases
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o If Zo =, by (5.14), we have

|(£Z1F)QL| < rla®] 4 72T,

Thus,

3 I 3
7,12/ ‘ L4’ NETf/ ” 2|u’ 10— 850’a 1)‘ +r L2¢( 1)‘u| 10—8en
ﬂT2 7"2 _:‘?

o If Zo = oL 4 €M) L by (5.14),

|(»CZ1F)Z2L| §T1+§ |p

we have

| + 7“72+£(2).

Thus,
3 o, .02 3
Tf/ ’ Lz4| §€°2rf/ T2§(1/)_%|u|_10—8sor2|p( |
wp o T e
+ r—12—5+2§(2)’u‘—10—880'

In both cases, we have
3 Mpal® _ 5 —1242¢(1)—4ey
] = Sérg .
2

7 ~
re

Hence, we conclude that

3 ‘J ‘

5 L ) —10—0—25 —2¢
sup 7"2/ YL < (1)— o
T2 271 HT2 T2

Putting all the estimates together, we obtain that
(2))2 J(Z) 2
|J ‘ 3 / | L | S 502T1_9+2£(k)_260.
HT1

-2 (2),2
] / |J;7| —|—/ + sup rf -
H Hry r22T1 HipooT2

1

Thus estimates (5.4), (5.3) hold for |k| = 2.

6. The analysis in the interior region

6.1. The conformal theory of Maxwell-Klein-Gordon equations

We review the conformal theory of the Maxwell-Klein-Gordon equations
We refer the readers to Chapter 4 of the the booklet [3] of Christodoulou for
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more details. Let L be a line bundle over a four dimensional Lorentzian man-
ifold (M, g) with a given hermitian metric h. Let D4 be a U(1)-connection
compatible with h where A is the corresponding connection 1-form and let
¢ be a section of L. The action for Maxwell-Klein-Gordon equations is

1 1
LA Gig.0) = [ S0 H(Da)o, 6, (Da)o.d) + 1P By dvol,
~—
LS(A,qﬁ;g,h) L,,L(A,qﬁ;g,h)

Let A, A be two positive smooth functions on M. We conformally change the
metrics g and h by the following rules:

=A%, h=\h.

The BZ(;S = D¢+ (dlog~y)e is a connection compatible with h (A is viewed
as a given 1-form which gives a connection compatible with h via this for-
mula). We remark that this is not a gauge transformation. Then action in the
new conformal settings is related to the old one by the following formulae:

A? N T
Lo(A,639.h) = 35 (Lo(A,6:3.1) + 510127 Ogy

1_.
— 5Divg (|62 - grad; (l0g)) ).
Lin(A, ¢;9,h) = A* Ly, (A, ;9. h).

We also notice that dvol, = A_4dv01§. By setting A = A~!, we obtain

L(A,p;g,h)

~ 1 _ 1_.
— LA 65 ) + [ lofa Oy — 5Divy (of2 - grad (log ) ).
M

We now impose a condition on v: Uzy = 0. In applications, we will take
g to be the Minkowski metric and (¢, z) = ((t + C)* — ]:):\2)_1 where C
is a constant so that this condition is always satisfied. Thus, we conclude
that the difference between the two actions L(A, ¢;g,h) and L(A, ¢;g,h) is
simply a divergence term. In particular, this implies that the two actions
give the same Euler-Lagrange equations. Therefore (A, ¢) being a solution
of (0.1) with (g, h) is equivalent to being a solution of (0.1) with (g, k). We
point out that the two sets of (identical) solutions need to be measured in
different metrics.
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We study a special case. Let ® : (U, m) — (U, ) be a conformal map-
ping between two domains of Minkowski space. We assume that

* o~ -2
S my, = A "my,.

where A(t,x) = (t + Ry + 1)? — |z|? is a smooth function on U. By setting
g = m and g = &*m, we apply the previous constructions. This yields the
following lemma:

Lemma 6.1. Let L be a complex line bundle on Uand ® : U — U be a
conformal diffeomorphism described above. If (5, ﬁ) is a solution of (0.1) for
L, then (¢, A) := (CIJ*q;, CD*;I) is solution of (0.1) for L = ®*L with respect
to (m, A"2®*R). In particular, one takes h = ®*h on L (this is always
the case since we usually identify scalar fields with a C—valued functions
by firing a unit section in L or i) We can reformulate the statement as
follows: If (5, g) (¢ is a complex function) a solution of (0.1) on U, then
(A~1®*¢, ®* A) is also a solution of (0.1) on U.

We can also reverse the direction:

Corollary 6.2. If (¢, A) is a solution of (0.1) on U, then ((CIJ_l)*(A-
), ((Ifl)*A) is also a solution of (0.1) on U.

6.2. The conformal picture

From now on until the end of the paper, the radius R, is fixed. And in the
sequel we allow the implicit constant depends also on R, and the size of the
data Cy. More precisely, B < P means that there is a constant C' depending
only on Cjy such that B < CP. Here we point out that the radius R, as
well as the charge go only depends on the size of the data Cy. We define a
hyperboloid ¥ in the Minkowski space by the following equation:

Y= {(t,:b)’ —(t+R.+1- %)ﬂ x> = —(%)2}.

Geometrically, ¥ (drawn as the bold black curve in the left figure) is the
unique hyperboloid passing through Sg‘* and asymptotic to Hp 1 (the

* * V2R +2
dash-dot-dot line in the left figure). We denote its causal future by J7(X)
and it is the grey region in the left figure.
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2 e
a7 3 . R
Hy H . 2R +1 - B
Re "'Ritomirs 2Rx+1 2R.+1

We now define a map ® : JH(X) — R3*!. To distinguish the domain
and the target of the map, we will use t and Z;’s as coordinate system on the
target Minkowski space (R3™!, m,3) where mqp is the Minkowski metric on
the target. The map ® is given by the following formula:

D (t,x)

- @) = (-

t+R.+1 +R*—|—1 T )
(t+Ri+1)2—|z]2 2R, +1" (t+ R, +1)%2 — |z|?

Geometrically, it is the composition of a time translation with the standard
inversion map centered at (—R, —1,0,0,0). It is straightforward to see that
the image of ¥ is given by ¢t = 0 and || < L&*L. It is a 3-dimensional

2R.F1°
open ball denoted by B r.+1 (see the bold straight line segment in the right

2R4«+1

figure). We also define ¥y = ¥ N {£t > 0} and their images under ® are
denoted by B.. We remark that the ¥ are entirely inside the exterior region
where we have already obtained good control on the solutions. The image of
JH(%) is indeed the future domain of dependence of B r.1 and denoted by

2Rx+1

DT (g r.+1 ). It is depicted as the grey region in the right figure. As a result,

2R4+1
we obtain a diffeomorphism:

®: JHE) = DT (Baos).

2R« +1
With the naturally induced flat metrics, ® is indeed a conformal map:

1
A(t,z)?

O my,, = mu with A(t,x) = (t+ R. +1)% — |2|%

We define functions on the domain of definition on the target of ®:

Rl Rt ~_1(~ R, +1
e =1 g TV 2 YTV TR T

),
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~ 1~ R* + 1 T~ ~ R* + 1 2 ~12
= —(t— At = (t — — .
It is straightforward to check that
A = 4w, A=4uv " (u) = — 1 o*(v) = — 1 (@‘1)*7\:1\—1
* Usky 9 4’[1/*7 41}*7 .

We can also define two principal null vector fields on the target:
L:8t~+8;, Lz@;—@;.
We can compute the tangent map ®, as follows:
O, =43°L, ®.L=4T"L, ®.(x;0,, — ;0y,) = 7,05, — 7;05,.

Now define €1 and ey via the following formula:

D.eq = A(t,2)eq.

Thus, (e1, e, E,Z) consists of a null frame for the target space DT (g Ret1 ).
2R+« +1

The following set of formulae gives the image of Z under ®,:

o~ o - ~ 1

@J:%%+m@,@@@fﬁﬁm:@%—%%”¢m:§@
The next objective is to define the fields on the target of ® corresponding

to (G = dA, f) (on the domain of definition). The correspondence is given

by the following formulae:

JE.2) = (@) (- 0)(E7) = Alt2)f (1),

AE7) = ((@7)"4) (@7) (hence O(F,7) = ((271)"Q) (1.7)).

In view of the conformal theory presented at the beginning of the section, if
we take (G, f) = (F, ¢) the solution of (0.1), the pair (¢, F) is a solution of
(0.1) on D+(B Ry +1 )
2Rx+1
In the rest of this subsection (Section 6.2), we will use the following
shorthand notations for the null components of G and G:

Oé:Oé(G), pZ,O(G), o=0(G), a=a(G),

'In the sequel of the section, when we write (¢, z) and (t, ), it is always under-
stood as @ : (t,z) — (t, ).
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a=a(G), p=p(G), 7=0(G), a=a(G).

Since @, and ®* behave well in the functorial way, the following formulae
are immediate consequences of the previous computations:

aa(t, z) = 16u.viaa(t,z), p(t,T) = 16uivip(t, z),

G(t,7) = 16uivio(t,x), aa(t,T) = 16udv.ay(t,z),
6.1 . I
(6:1) D;(t, %) = 402D (A¢)(t,x), Dz, ¢ = du.v.De,(Ag)(t, ),

Dy (£, %) = 4D (AP)(t, 7).

The correspondence also behaves well with respect to taking derivatives for
Ze Z?

L,G = Lo, ,G, VZ € Z,

l/jgijf = lf\j@*Qij,]??
(6.2) =~ -~ + - R.+1. ~
Drf=D -
Tf o.7f + (t 2R*+1)f’

R? ~
(R. + 1)(2R. + 1))f'

ﬁKf = Etb*Kf‘F (R« + 1)2({—

We will study the energy flux through the space-like hypersurface 3. For
this purpose, we need to study the geometry of 3. It is more convenient to
use a new coordinate system to characterize . We define

— 1 2_ 2 — 1 2,2
U—\/(t+R*+2R*+2) r2, V—\/(t+R*+2R*+2) + 72

The new coordinates system is (U, V,9) where 9 € S? is the standard spher-
ical coordinates. According to the definition, 3 is defined by U = 22(%1%).
Thus, (V, ) should be regarded as local coordinate system on ¥. To simplify

notations, we also define

2R, +2

2We also use D to denote the covariant derivatives corresponding to A on the
target. This should not be confused with the D on the domain of definition of ®.
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In the new coordinate system, the volume form of the Minkowski metric m
can be written as

uv

*

(6.3) dvoly, = r2dtdrdd = =AU dV dv.

The hypersurface 3 can also be viewed as the graph of the function g over
R3, where g is defined as

af? + 2R +1) 2RI + 2R, + 1
2(R.+1) 2(R.+1)

Therefore the surface measure on ¥ is given by (using r and ¥ as coordinate
function):

duy, = \/1+ |Vg|?dx

22 4 (2L
= |5 (z(lfjl 1))2 r2drdd.
r+ (atrm)

In view of the defining equation of ¥, one can express it in terms of (V, )
on X:

7“V2

(6.4) dps, =

The following lemma gives a formula to compute the contraction of a vector
field with the spacetime volume form on Y. It will play a key role in the
computations of the local energy density on X.

Lemma 6.3. Let J be a smooth vector field on R3*! and v : ¥ — R3*1 be
the canonical embedding. We use i ydvoly, to denote the contraction of J and
the spacetime volume form. Then we have

0 (gvol) = =" (12~ )T+ (1)) AV A

Proof. Since we have already derived the formulae for volume/surface mea-
sures in terms of (U, V, ), it just remains to relate L and L to 9y and Oy .
This is recorded in the following formulae:

toe — T te + 17 te +17 te — T
6.5 L= 0, 0 L= 0
(6.5) U+ v v L U U + v

Oy.
U v O
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We turn to the study of energy quantities. Given fields (f, é) on B,

2R4«+1

the standard energy is defined as

Rs+1
~ o~ o~ 2R +1 . — ~ ~ = 7
Elf,G)(Brs ) = /0 /32 (\a|2 +1p1? + |72 + |a)* + |Dz¢‘2

2R« +1
2 ~ ~ ~ ~ ~
+ 3 1De, 6 + 1Dy o2 )Pdidd.
A=1

In view of our analysis in the exterior region, the more relevant part of the
energy is as follows:

Rx+1
~ o~ o~ 2Ry +1 — —~ ~ ~ = 7
ereIE) = [ [ (1 + 3+ 1+ 1Dy
2Ry +1
2 ~ ~ ~ ~ ~
+ 3 1De, 0 + | Dy ol )i drdd.
A=1

The main objective is to rewrite this energy in terms of (f,G) on X;:

Proposition 6.4. Given the conformal correspondence (f,G) — (f,G), we

have
(6.6)
E[f.G)(By)
N N _ a 2 D 2
< /2 22+ (o2 + 5+ 25 4 (Dywp 1 Do+ g2+ 1P
+
Vi
+ 2

where we use the hypersurface measure duy, for the integration and ¥ =rf.

Proof. We start to express the volume form 72d7dd in terms of dVdy. We
notice that (@‘1)*(U) = ggié on X . In terms of V' and U, we have

Va2_(U2

~ 2
T =
2R, +1\2 | 2R.+1 /[V24U?
U2+ (5p43) " + 20 V +
B ‘/VZ_UQ
2:U2 4+ 2UVVZ + U2
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Thus,

2:U2\/V2 1 4U3V p
(2202 + 20VVZE+ U2)VVZE - U2V VZ + U2

dF =

Since U &~ 1 and V =~ r on X (provided R, > 1 which always holds). Thus,
7 ~ 1 and we have

(6.7) P2drdd ~ r2dV dd.

In view of (6.4) and the facts that ¢, ~ r ~ v, on ¥, we conclude that
(6.8) Pdrdd ~ v dps, .

Thus, combing with (6.1), the above equation yields

(6.9)
E[f,G(By) = / wFollal? +ug (1 +161%) + ulv2(af® + [ DL(AS)?
Xy

+uZo 2 D(AS)? + ugo; [ DL(AS)2.

The above integration is understood over the measure dus, . On the other
hand, since Luy = Lv, = 1, Lv, = Lu, = 0 and A = 4u,v,, we can easily
obtain that
IDL(Af)? = [4u. D (vi f)? = [4u.Dp,((ue + 1) f))[?
Sug|DpfP +uZ| DLV,
[D(AS)]? =~ uZvZ| DI,
IDL(AS)? S viuZ|DLf? + |vl?[ £

Since % - m <uyx < %, thus u, =~ 1. The above estimate together with
(6.9) completes the proof of the proposition. O

We can further more eliminate the term ‘{ I in (6.6):

Corollary 6.5. Given the conformal correspondence (f,G) — (.]?, é), we
have
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(6.10) Elf,G)(By)
< p-1 2 21~12 4 1312 4 =2 &

< R; IF2+ [ r?lal? + 1o + 5P + 5,

Shr 24 r

2 2 2 |DLf‘2
+ DY + [Dof|” + | fI* + 2

Proof. According to (6.4), by Newton-Leibniz formula, we have

2 o0
/ @z / |fI2dV dv
v, T R, Js?

o R R U
She Vﬁo@( O Jsiov=v

R

2 [ VRO T D)
Xy
<R / P / VDo, fIIf] < RS / P
Spx o, Spr

1 2
+/ \Davf\2)+§/ —|fl :
b 2, T

|fI? < p-1 2 2
2~ R, |f’ + ‘Davf‘ :
2 T Sh* Sy

According to (6.5), on ¥, we have

Thus,

v

Dy fI? =
|Da, f| |4m

((t +7)L = (t. =)L) fI?

|DLf|?
5 |DLf’2 + ;2 :

Therefore,

2 DLf2
/ @SR:I/ |f|2+/ Dyt 4 PEIE
», T Spr b r

In view of (6.6), this completes the proof. O
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To bound the righthand side of (6.6), we need standard energy estimate
and rP-weighted energy estimates on ¥ . We take the integration domain
D to be the spacetime slab bounded by ¥, and Bpg_, see the grey region in
the following picture:

\ -
‘N% v,

Lemma 6.6. For all G and f, 1 < p <2, we have

(6.11)
/ (te4+7)(IDLFI?+al?) + 2t (1D I+ |pl* +o?) + (te—r) (IDLfI* +af?)
5, 8V

= E[Gaf](BR*) - /D%(D—Af Datf) + VMG,UJ/ . GOV +F0#J[f]uv

and
(6.12)
/ (DL + 1DYP) £ 17 (@@ + G + oG
/ r?(|DL¥ + r2|af?) (b + 1) +7«P2(\m|2+r2(|p\2+ o[2)) (ts —7)
5. 42V

+ [ (pDevE 4 2la(e))
+ (2= p)(IBYP + oG + 2o (@)P))

+ / P IYR(OAf - DLY) + 1PVFG - GL° + rPFp, J[f]".
D

Here UV =rf.

Proof. We first derive rP-weighted energy identity. The following computa-
tions are similar to those in the proof of Lemma 2.7. We take X = rPL,
x =" and Y = ErP72|f|?L in (2.17) and then integrate on D. The ex-
pressions of Dy and D2 (in (2.17)) are given in (2.21). According to Stokes
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formula, we have

/ j[G,f}“nu—f—/ v szvol /D1+D2
Bk, DI

On Bg_, the normal n* is 0;, we have

X TG, f]#n,,

1
— P 2(r2a(@)? + 12p(G)? +r20(G)? + | DL U + | PO P?)

2
((p+ 1?22 2+ P10 (L f ).

1
2

Therefore, we have

/ (X)j[G, f1Fn,

1
- 5/ r2a(G)? 4+ r?p(G)? + %0 (G)* + DLV + |DU|?
B2

1 [™
—5 | et Dl £ 0 1Py avds

=0, (rr+1|f]?)
1 1
—— - p—1 2‘
511 + 5 /S:11 P f|

On the other hand, in view of Lemma 6.3, we need to compute (X)j[G, flr
and X J[G, flr- In fact, we have

2 KVJG, o = P (IDLY? + r|af?) — %L(ﬂﬂ“;fy?)

P2 1@, fly = P (DUP + (o + o)) + 5L 7).

Therefore, by Lemma 6.3 and replacing L and L in the above formulae by
(6.5), we obtain that

v (ijdvolm)
P (|DLO)? + r?|al?) (te + 1) + 1P (| DY +r2(|p* 4 |o*)) (t — 1)

4r2v ds

1
+ §8V(rp+1\f|2)dVd19
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Therefore, we have

(6.13)
/ L* (ideolm)
Iy

_ _/ P (DL + 2 |af?) (e + ) + P (DY + 72 (pl? + |o]?)) (e — 1)
Xy

4r2V
1
5 [t
2 Jsp

The rP-weighted energy identity follows immediately.

For the basic energy identity, we simply take X =0y, y =0and Y =0
in (2.17). The identity easily follows if we observe that

(b + ) DLf | + 26| DS + (8 — )| DLf? |
- 2D

. (ijdvolm) = SV

6.3. The energy estimates on the conformal compactification

We first apply the theory of the previous section to the static solution
(f,G) = (0, Fqo]). By the definition of the charge field Flqy], according
to (6.9), we can bound that

(6.14) EFll] (B s [l P+t P S,

P

This is due to the fact that |p(F[qo])| decays like 7=2 while all the other
components decay at least 3. We also note that on X, u, =~ 1.

Remark 6.7. Despite the simplicity, the computation in (6.14) is of great
conceptual importance. Indeed, if one considers conformal energy on a con-
stant time slice, the factor u? would be replace by r? (near spatial infinity)
so that the contribution of the charge part of the field would be divergent.
However, (6.14) shows that the charge part behaves very well near null infin-
ity. This is the reason we choose the inversion to compactify the spacetime

over the usual Penrose compactification.

The main purpose of the current section is to obtain (the L? bounds up
to two derivatives) of (¢, F') on B. In view of (6.10), it is reasonable to
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define the following quantity:
(6.15)
~12
EAL.GI= [ PGP 41 + 5P + -+ DLW+ |Dus + 0P
Xy

DL f|?

+=%

In what follows, we take the (f,G) to be (qb(k),ﬁ(zk)ls’) for |k| < 2. In this
specific set-up, we first simplify the estimates in Lemma 6.6.

We start with identity (6.11). Because t. ~ V ~ r and [t, — r| = 1, its
lefthand side is approximately

k)|2 k)|2
[ 100 1o 4 o+ D0 1 e 4 O IDLOTE,
b r

The first term of the righthand side is coming from the data hence bounded
by éR;672%0. The second one is precisely the error terms that we have con-
trolled in the exterior region (indeed, D C Dg, ), hence also bounded by
ER_672% Therefore, via (6.6), we arrive at the following estimates

(6.16)

(
/ @012 4 012 4 6092 4 Do 2 1 PP 4 1

Pt
§ éR;6—2eo )

k)|2 + |DL¢(k)|2

We use the p = 2 case of (6.12). The first term of the left hand side is
coming from the data hence bounded by éR;*2%. The second and third
terms of the righthand side are precisely the error terms that we have con-
trolled in the exterior region hence also bounded by R, 4~2?%0. Finally, we
use t, = V ~ r and [t, — r| ~ 1 for the first term on the righthand side.
Therefore, we arrive at the following estimate:

(6.17) / IDL®P + 1%al® + (1D + o + |o]%) Sr. eR>.

+

As a conclusion, we obtain that

(6.18) £ 0o™, LY P S 1.
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Here we recall that the implicit constant here depends only on the size of
the initial data Cj defined before the main theorem.

Remark 6.8. From this point until the end of the paper, we will ignore the
dependence on R, for the universal constants since R, is already fixed.

We now have all the preparations to bound the H? norms of (5, ﬁ) on
B..

We take (f,G) = (¢, F) in (6.10). The first term on the righthand of
(6.10) is bounded by the initial datum. Therefore, by taking (k) = (0) in
(6.18), the estimate (6.10) gives

£(6, F)(By) S 1.

On the other hand, we know that F=F+ f:*'; and we have already shown
that £(F[qo]) < Eiitial- Hence, we have

(6.19) £(¢, F)(By) S 1.

We now assume |k| = 1 and we take (f,G) = (Dz¢, LzF) where Z
corresponds to the index (k). If Z = €;;, the commutator formula (6.2) has
no error term for 2;;’s. We then can repeat the above procedure. Therefore,
we have

E(Dg 6, Lg F)(By) S 1,

where Qz‘j = @8@ - @8@

If Z =T, according to (6.2), we have Do.1¢ = Dré — (?— 2%;11)5.

— o~

Similar to the previous case, E(Dro, Lo.7F = L7F)(By) are bounded by
(6.10) and (6.18). Since ¢ and its derivatives on By is bounded, in view of
the L™ estimates on ¢ (which implies the ¢ is bounded in L?) and (6.19),

the energy contributed by (t~— 2%;11)5 is also bounded. Thus, we conclude
that
(6.20) E(Dgzi_szLQba EazzH]zLF)(BJF) <1.

If Z = K, according to (6.2), we have 5<1>*K(]~5 = ﬁKgZ) — (R« + 1)2(5—
(R*Jrlﬁi*é&m)qﬁ. Similarly, since ¢ and its derivatives on B, are bounded,
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we can argue exactly in the same manner that
(6.21) E(Do, 6, Lo, F)(By) S 1.

On the other hand, on B, both 7 and its inverse are bounded (as well as
their derivatives). We also have

~2~ ~2~_1 ~D R*+1 R*+1~~
vL—i—uL—Q(r +(2R*+1)>8; 72R*+1T8T'

Therefore, (6.20) and (6.21) together with all the previous estimates imply
that

(6.22) E(6, F)(B+) + E(D$, VF)(B1) 5 1.

We now assume |k| = 2 and we take (f,G) = (¢(2),£(Zz)F). Since (6.2)
has no error term for €2;;’s, it is immediate to see that

g(ﬁﬁ;ﬁq& Eﬁ;ﬁ@jﬁ)(3+) <1.

We now consider the case (f,G) = (DrDré, LrLrF). Ont = 0 (or By),
we have

2R*+2"’ e R*“‘l 2 2\ 7
D (2 ) .
SR, 1Tt (2R*+1) +rr)e

Do.1Do.7d = DrDré +
We can bound all the terms on the righthand side and we obtain
(6.23) g(D§2E+ﬁ2LD%2Z+TL2L¢’ E'ﬁ?fﬁrﬁZL‘CﬁZfﬁrﬁQLF)(B"') S 1.

We now consider the case (f,G) = (lA)KﬁngS, Lk LiF). On B, we have

1 RA(R. +1)

~ ~ ~ I = (R*_|_1)2R11 ~
D+D+¢ = DrD 7)
T T¢ rDr¢ + OR, + 1

~ = 1 9
DT¢>+(2(R*+1) S T

W

This implies
(6.24) E(Do, Do, ¢, Lo, Lo, F)(By) S 1.

Similar to (6.22), by combining (6.23), (6.24) and all the previous estimates,
we finally obtain that

(625)  E£(¢,F)(By) +E(Dd, VF)(By) + (D%, V2F)(By) S 1.
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Finally, to obtain the H? bound of (5, f) on the entire ball B r.+1, it
2R« +1
remains to bound the contribution from Br.«1 — By = ®(X_). On the

2Rs+
other hand, according to the theory of Klainerman-Machedon [11], since ¥_
is bounded, the solution is also bounded up to two derivatives in L? norms.
This implies immediately that the H? energy of (¢, F) on Br.s1 — By is
2R, +1
bounded. Finally, we obtain that

(6.26)
E(d, F)(Brosr) + ED, VF)(Brosr) + E(D*¢, VF)(Brosr ) < 1.

2R« +1 2R« +1 2Ry +1

Once again, by the Main Theorem proved in Klainerman-Machedon [11],

we have uniform H? control of 5 and F. According to Sobolev inequality

on B r.+1, we conclude that there exists a constant C, so that we have the
2R« +1

pointwise bound
|91+ [Do] + |F| S 1.

Finally, we use the formulae in (6.1) and this provides the peeling estimates
for the null components of D¢ and F' in the interior region. Together with
the pointwise estimates derived in the exterior region, this finishes the proof
of the main theorem.

Appendix A. Tool kit

We collect some frequently used inequalities and calculations in this ap-
pendix.

A.1. Gronwall type inequalities

Lemma A.1 (A variant of Gronwall’s inequality). Let f(t) € C°([0,7])
and Cy and Cy are two positive constants. If we have

T
f)<Cr+ Cg/ s f(s)ds,
t
for all t < T, then we have

C 2
<+ g ()% -1).

/tT s71f(s)ds < %((%)CQ - 1).

N
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Lemma A.2. Let f(t) € C'([1,+00)) be a positive function. If for all
r1 = 1, there are positive constants C and p so that

/ f(s)ds < Cry?.

Then, for all ¢ < p, we have

& Cp ,_
sif(s)ds < ri P,
| strs <

The proofs are straightforward and we omit the details.
A.2. Sobolev inequalities

We first recall the standard Sobolev inequalities on spheres.

Lemma A.3 (Sobolev inequalities on spheres). Let E be a (po, qo)-tensor
field (po + qo < 3 in the current work) on S, (the standard sphere of radius
r). Then, for p > 2, we have

_2 ., —
1El s,y Sp 7 » (IElLrs,) + rIVElLos,))»
_ 1 -
IZlpss,) S 2 (H:Hm(sr) + THW:HB(ST))a
where Y is the covariant derivative on S,.

Remark A.4. We use L= to denote all possible Lie derivatives with re-
spect to the rotation vector fields €212, 203 and €231. It is straightforward to
check that

ILaZ? ~ |22 + r2|VE2
Thus, the above Sobolev inequalities can also be stated as
_2, _
1l =) Spr 7 (IElLes,) + 1£aElLes,))
= —1ie =
1Elzas,) S 72 (IEllL2s,) + 1£aE] L2s,)) -

Lemma A.5 (A Sobolev inequality on parameterized hypersurfaces). Let
= be a tensor field on a parameterized hypersurface with parameters (s,19) €
[a,b] x S? (equipped with the product measure). Then, we have

SL[lpb} ”‘E(Svﬂ)HL‘*(Sg) S ||E<Sa'l9)HL2(So) + Ha E(Saﬁ)HLQ(Sﬂ)
s€|a,

+ HaﬁE(Sa 19) HLQ(Sﬂ)
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Proof. 1t suffices to prove the inequality for any fixed sg € [a, b]. According
to Sobolev inequality on S?, we have

12050, 9) l23(s2) < IE (50, D)y n g

Regarding s = sq as a codimension 1 hypersurface in [a, b] x S?, the standard
trace theorem yields

”5(307 ﬁ)Hwé2(Sz) 5 HE(S7 0)||W1=2([a,b]><52)-

This gives the proof of the inequality. O

The following corollary of the above inequality will be extremely useful
when one derives pointwise decay:

Corollary A.6. For a smooth tensor field = on the incoming null hyper-
surface Hyt, H;? or By, , we have

sy S [ ER+ [ 1o [ casp,
-

1 1
—Tr2 —_r2

(A.2) 7«21;5;;%4(3;12)5/ yzy?+/ |cL5\2+/ ILaEP?,
Hors Hors Hid

2 2

nIER s S [ BR[| 1£asP 4 [ 1Laz

1 1 1

For the a scalar field f (as a section of a line bundle L) and a given con-
nection A, we have

sy < [ WP+ [ 10us+ [ paf,
83 nlflisn < [P [ Do [ IDaf?
( : ) 2 L4(ST12) ~ Hv‘l Hv‘l L HTl Q ’

nlf sy s [ 162+ [

Proof. We will apply the previous lemma by taking a = =2, b = —%5 and
using s = v and ¥ to parameterize H,!. Since we have

/ |£L5|2:/ |0u(rE)|2dud19—/ =2 dud,
M1 b b

Do, f|* + / |Daf|?.

1 1
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and

J,

1
Iirs

15952:/ 109 (r2) 2dudd),
b

we obtain that (notice that r > 1)

Il i) < / =2+ / L5+ / LoZ]?.
i H 1

1 1
—T2 —Tr2

According to the previous lemma, we obtain that

sup (/ r[=2(s, 9)[1d0)* 5/ |E|2+/ \ELEPJr/ Lo
uefat] /82 H H My

By setting w = b, this completes the proof the corollary.

For the second inequality, we take 2. = \/|f|? + €2 and apply the first
VIfI2+e
in €. Similarly, |Q(Z.)| < |Dqf|. The first inequality then gives

, we have |L(Z.)| < |Dpf| uniformly

inequality. Since |L(Z.)| = |

(A.4)
VI + sy S [ (P42 + [ DusP [ Dasf
ML ML M
By passing to the limit € — 0, we obtain the second inequality. OJ

The following lemma is also useful to deal with lower order terms.

Lemma A.7. For a scalar field f on an outgoing null hypersurface H.,, for
all o = 71 or on an incoming null hypersurface H;!, we have

1
s 1 acsry + o [

1
22 T2 S 22 T2 +_/ Dy (r 2.
1717 (82) = If17 S e [DL(rf)]

|D(r ),
(A.5) "

Proof. Indeed, we have

£ 282y = 1112 sy

:/2 / L(|r f|?)dddv
2 Jse
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<2 / : / \DL(r )| fldvdu
z Js

3 71
< 2/ / ]DL(rf)\2r2d19dv+2/ 72/ |7 f|>dddu.
3 s 3 s>

The Gronwall’s inequality then completes the proof. O
A.3. Geometric Calculations

We frequently compare Lie derivative £, and covariant derivative Y. Indeed,
we have

2 2
(A.6) WLXA —LrXa= ;XAv ViXa—LrXa= —;XA
and for vector fields from Z, we have

,CTL = 0, £TL = 0, ,CTGA = 0, EQI.].L = 0, EQ”L = 0,
La,.ea Lea, Lo,ea LL, Lo,ea L,
Lyl =-2vL, LxL=-2ul, Lxey = —tea,

t
ESL = _La ESL = _La £K€A = ——€A.
r
For a tensor field =, we frequently take Lie derivatives along Z or decompose
it in null frames. The next lemma record the commutators of these two

operations. The proof is a straightforward computation.
For a 2-form G, it is straightforward to check that

Lza(G
Lza(G
1 1

Lz0(G) =0(LzG) 4+ G(Lze1,e2) + G(er, Lzez).

Ja =«
)

A=

Based on these formulas, we have

Lemma A.8. For Z € Z, if Z ¢ {S,K}, we have

Lza(G)a = a(LzG)a, Lza(G)a = a(LzG)a,
Ezp(G) = p(ﬁzG), ﬁzo'(G) = U(ﬁzG)
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Otherwise, we have
Lsa(G)a = a(LsG)a—a(G)a, Lsa(G)a=a(LsG)a—a(G)a,
Lsp(@) = plLsG) ~ 2(G), L50(G) = o(L5G) ~20(G).
and

Lra(G)a=a(LgG)a—2va(G)a, Lra(G)a=a(LrxkG)a—2ua(G)a,
Lip(G) = p(LxG) = 2tp(G), Lro(G) = o(LkG) = 2to(G).

Finally, we collect some calculation on integrated quantities on hyper-
surfaces. For v # 3, we define

1
/ _ 2 \ 2 - _ 2
an o E- . RAVINS - / Sire B = L P

We have

1 r1T+ 72 1— 1 4
A8 B - - (Lt V/ 21 v/ 2
E/,
Sl M )
3= Jup
Similarly, we have
(a9 By= gt [ e o (P i
73—y Sr2 3=y 2 sp2
E),
bt [ RO )
3= Jur - ’
and
_ 1 1
A.10 E; = 7“7/ fI? = ——r 7/ fI?
(A-10) e el L e T
E',
2
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As an application, we prove the following Hardy type inequality:
Lemma A.9. For vy > 3, we have

(A.11)
—7| £]2 1 2 « 7+l 2 —+2 D, fl?
r |f| =+ 1 [ |f‘ ~v T |f| +1r ‘ Lf‘ .
H)2 Ty 872 Sit Ho2

Proof. In view of (A.8), by discarding the first term on the righthand side,
we have

1 1
= T
/HWH 2 M

Sl IR B Al
St H2

1 1

- _ 2 1 1
<ot [ Peos [ mougfeg [ i

Thus,

— 1 — 1 — 2
R B Vi-Truiall BRVISY e
H2 Ty 872 Sit o2

1 "1

This completes the proof. O
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