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The sharp quantitative Euclidean concentration
inequality

ALESSIO FIGALLI*, FRANCESCO MaccI', AND CONNOR MOONEY?

The Euclidean concentration inequality states that, among sets
with fixed volume, balls have r-neighborhoods of minimal volume
for every 7 > 0. On an arbitrary set, the deviation of this volume
growth from that of a ball is shown to control the square of the
volume of the symmetric difference between the set and a ball.
This estimate is sharp and includes, as a special case, the sharp
quantitative isoperimetric inequality proved in [FMPO0S].

1. Introduction

A sharp stability theory for the Euclidean isoperimetric inequality has been
established in recent years in several papers [Fug89, Hal92, FMP08, Mag08,
FMP10, CL12, FJ14], and has found applications to classical capillarity the-
ory [FM11, MM16], Gamow’s model for atomic nuclei [KM13, KM14], Ohta-
Kawasaki model for diblock copolymers [CS13, GMS13, GMS14], cavitation
in nonlinear elasticity [HS13], and slow motion for the Allen-Cahn equation
[MR16]. Depending on the application, a sharp stability theory not only con-
veys better estimates, but it may actually be crucial to conclude anything
at all.

The goal of this paper is obtaining a sharp stability result for the Eu-
clidean concentration inequality (i.e., among all sets, balls minimize the
volume-growth of their r-neighborhoods). As in the case of the Euclidean
isoperimetric inequality, obtaining a sharp stability theory for Euclidean
concentration is very interesting from the geometric viewpoint. In addition
to this, a strong motivation comes from physical applications. Indeed, the
Fuclidean concentration inequality is crucial in characterizing equality cases
for the physically ubiquitous Riesz rearrangement inequality (see e.g. [LLO1,
Theorem 3.9]) on radially symmetric strictly decreasing kernels.
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The need for a quantitative version of the Euclidean concentration in-
equality in the study of the Gates-Penrose-Lebowitz free energy functional
arising in Statistical Mechanics [LP66, GP69] was pointed out in [CCE*09].
Recent progress has been achieved in [CM17], where a non-sharp quanti-
tative version of Euclidean concentration is obtained (see below for more
details), and where its application to a quantitative understanding of equal-
ity cases in Riesz rearrangement inequality is also discussed. The argument
used in [CM17], however, is not precise enough to provide a sharp stability
result, which is the objective of our paper. As a second example of phys-
ical applications, a quantitative understanding of the Riesz rearrangement
inequality for the Coulomb energy arises in the study of dynamical stability
of gaseous stars, and was recently addressed, again in non-sharp form, in
[BC15].

On the geometric side, we note that the Euclidean concentration inequal-
ity corresponds to the particular case of the Brunn-Minkowski inequality
where one of the two sets is a ball. Obtaining a sharp stability theory for
the Brunn-Minkowski inequality on generic sets is a largely open problem.
Despite several contributions by many authors [FMP10, FMP09, Chrl2,
FJ15, FJ17, CM17] the only case that is completely settled is when both
sets are convex. The particular case of the Euclidean concentration inequal-
ity, beside being soundly motivated by physical applications, is still already
very challenging from the mathematical viewpoint. Indeed, as explained in
more detail below, the various methods developed for obtaining the sharp
Euclidean isoperimetric inequality (symmetrization techniques, mass trans-
portation, selection principles via regularity theory) cannot be employed for
Euclidean concentration. Hence, we shall need to introduce several new ge-
ometric ideas specific to this nonlocal setting, and to combine them with
various auxiliary results, such as Federer’s Steiner-type formula for sets of
positive reach and the strong version of the sharp quantitative isoperimetric
inequality [FJ14].

We now introduce in detail our problem. Given two sets E, F' C R”, the
Brunn-Minkowski inequality states that

(1) B+ FIV > | BV R

with equality if and only if both sets are convex, and one is a dilated trans-
lation of the other. Here |E| is the (outer) Lebesgue measure of E C R",
while E+ F={x+y:2 € E, y € F} is the Minkowski sum of E and F.
When F = B, = {z € R" : |z| < r} for some r > 0, then

E+ B, =I.(E) := {z € R" : dist(z, E) < r}
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is the r-neighborhood of E and (1) reduces to the Fuclidean concentration
inequality

(2) |I7”(E>‘ Z ‘IT(BTE)|7 VT’>0,
where

B i
rp = <®> = radius of a ball of volume |E|.
It is well-known that inequality (2) is a non-local generalization of the clas-
sical Fuclidean isoperimetric inequality: the latter states that, for any set
E, its distributional perimeter P(E) is larger than the one of the ball B,,,
namely

(3) P(E) = P(By,).-

The isoperimetric inequality (3) can be deduced from (2) as follows: if E is
a smooth bounded set then, using (2),

P(E) — tin BBl (B~ 1B

r—0+ T T r—0+t

= P(BTE>

Then, once (3) has been obtained on smooth set, the general case follows by
approximation.

We also mention (although we shall not investigate this here) that the
Gaussian counterpart of (2) plays a very important role in Probability the-
ory, see [Led96].

It is natural to ask whether the optimal geometric configurations are
stable under small perturbations of equality in (1). This is the stability
problem for the Brunn-Minkowski inequality, which can be more precisely
formulated by introducing the following quantities. Given two sets E, F' C
R™ we define the Brunn-Minkowski deficit 6(E, F) of E and F by

Bl [FN\Y" ([ |E+FY"
§(E,F) := Lt — 1]
(&, F) m“{m’\m B[+ [F[

This deficit provides a natural measure of the deviation from equality in
(1) which is invariant by scaling both E and F' by a same factor. Simple
examples in dimension n = 1 show that the best control on the geometry
of E and F provided by 0(E, F') consists in a bound on the volume of the
symmetric difference between E and (a suitable translated and scaled copy
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of) the convex envelope co (F') of F' (see for instance [FJ15]). We are thus
led to introduce the relative asymmetry of E with respect to F' by setting

a(E,F) = inf{|EA(x+)\CO(F))‘ L ER”}

E|

where X\ = (|E|/|co (F)|)'/™. Observe that a(E, F) is invariant under (possi-
bly different) dilations of E and F'. In the case of the Euclidean concentration
inequality we set F' = B, for some r > 0, and use

4) 6.(E) = 6(E,Br)zmax{é,TTE} [(%)1/n1], r>0,

EAB,
w:xéﬂ%n}, Bs(z) ==z + Bs.

(5) «a(E):=a(FE,B,) = inf{ B,

We recall that a(F) is usually called the Fraenkel asymmetry of E. We now
state our main theorem.

Theorem 1.1. For every n > 2 there exists a constant C(n) such that
(6) a(E)? < C(n)d,(E), Vr>0,

whenever E is a measurable set with 0 < |E| < oco; more explicitly, there
always exists x € R™ such that

18 2 1B {1+ o) min {22 (W)}

for some positive constant c¢(n).

Remark 1.2. The decay rate of a(E) in terms of §,(F) is optimal. Take
for example an ellipse which is a small deformation of B; given by

E. ::diag<1+e, ,1,...,1)31.

1
1+¢€

Then «(E,) is order €, and one computes that

_ 2 r
|Ee +Br| - |B1+T’| (1 +O(€ ) (1 —|—7’)2> s

giving 6,(E,) = O(€?).

Remark 1.3. When n = 1 (6) holds with a(F) in place of a(FE)?, see
[CM17, Theorem 1.1] or [FJ17, Theorem 1.1].
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Theorem 1.1 is closely related to the sharp quantitative isoperimetric
inequality from [FMPOS|

(7) diso(G) > c(n) a(@)?  if 0 < |G| < o0,

where

0iso(G) := P(G) — —
This result is used in the proof of (6), which in turns implies (7) in the limit
r — 0%. However, the proof of Theorem 1.1 requires entirely new ideas with
respect to the ones developed so far in the study of (7). Indeed, the original
proof of (7) in [FMPO8] uses symmetrization techniques and an induction on
dimension argument, based on slicing, that it is unlikely to yield the sharp
exponent and the independence from 7 in the final estimate (compare also
with [FJ15, FJ17]). The mass transportation approach adopted in [FMP10]
requires a regularization step which replaces a generic set with small dig,
by a nicer set on which the trace-Poincaré inequality holds. While, in our
case, it is possible to regularize a set with small 6, above a scale r (and
indeed this idea is used in the proof of Theorem 1.1), it is unclear to us how
to perform a full regularization below the scale r. Finally, the penalization
technique introduced in [CL12] is based on the regularity theory for local
almost-minimizers of the perimeter functional, and there is no analogous
theory in this context.

In addition to extending the sharp quantitative isoperimetric inequality,
Theorem 1.1 marks a definite progress in the important open problem of
proving a sharp quantitative stability result for the Brunn-Minkowski in-
equality (1) on arbitrary sets. We recall that, in the case that both E and
F in (1) are convex, the optimal stability result

1.

(8) a(E,F)? < C(n)d(E, F)

was established, by two different mass transportation arguments, in [FMP09,
FMP10]. Then, in [CM17, Theorem 1.1], exploiting (7), the authors prove
that if £ is arbitrary and F' is convex then

ﬂ } (4n+2)/n

1, S(E,F).

9) a(E,F)* < C(n) rna,x{

In the general case when F and F' are arbitrary sets, the best results to
date are contained in [FJ15] and [FJ17], where a(FE, F)? is replaced by
a(E, F)"™ for n(n) explicit. We note that this result is nontrivial even in



64 Alessio Figalli et al.

dimension 1, where the proof uses additive combinatorics. Using a delicate
combination of measure theory and affine geometry, the authors are then
able to conclude by induction on dimension. There are currently no examples
that suggest the exponent should depend on dimension, and we conjecture
that, even on arbitrary sets, the optimal exponent for a(E, F') should be 2.

Theorem 1.1 gives a positive answer to this challenging conjecture when
F = B, and F is arbitrary. Notice also that Theorem 1.1 improves the case
F = B, of (9) in two directions, in the sense that a(F)* is replaced by the
sharp a(E)2, and C(n) max {1, |F|/|E|}“4"*?/" is replaced by C(n).

We now describe the proof of Theorem 1.1. The starting point, as in
[CM17], is the idea of using the coarea formula to show that

(10) 6,(E) is equal to a certain average of vg(s) := P(E+ Bs) — P(Bi4s)
over the interval 0 < s < r. Observe that
vE(s) > e(n) |E + Bs| "D/ 6o (E + By)

thanks to (2). When diso (E+ Bs) is comparable to diso(E) for a substantial set
of radii s € (0,7), then (7) would allow us to conclude d,(E) > c(n) a(E)>.
The difficulty, however, is that diso(F + Bs) may decrease very rapidly for s
close to 0, for example if E has lots of small “holes”, so that diso(E + Bs)
becomes negligible with respect to diso(E). This problem is addressed in
[CM17] by an argument which is not precise enough to obtain a quadratic
decay rate in the final estimate.

The first key idea that we exploit to overcome this difficulty is introduc-
ing a suitable regularization procedure which is compatible with a reduction
argument on 4, (E) and «(FE). More precisely, we introduce the r-envelope
co,(FE) of a bounded set E

cor(E) == {B.(2) : Bua) < B°},

where, given a set A, we use the notation A°:= R"™\ A. From the geometric
point of view, it is convenient to think of co,(F) as the set obtained by
sliding balls of radius r from the exterior of E until they touch E, and filling
in the holes of size r or smaller that remain. This construction regularizes
the boundary of E at scale r, while not changing the parallel surface at
distance r from E (see Figure 1).

This intuition can be made quantitative, in the sense that co,(F) al-
ways satisfies an exterior ball condition of radius r (Lemma 2.2) and has a
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Figure 1: Taking the r-envelope co,(FE) regularizes the boundary at scale r,
without changing the sumset £ + B,.

universal perimeter upper bound in each ball of radius s comparable to r
(see Lemma 2.4). Moreover, since E + B, = co,(F)+ By, then we easily see
that, up to excluding some trivial situations, one always has

a(E) < C(n)a(cor(E)),  br(cor(E)) < C(n)or(E),

see Proposition 2.3. Hence, in the proof of Theorem 1.1, one can assume
that E = co,(E). We call such sets r-convez.

The reduction to r-convex sets is particularly effective when r is large
with respect to rg. A first remark is that if r/rg is large enough and 6, (F) <
1, then E has bounded diameter (in terms of n), after dilating so that rp = 1.
This is in sharp contrast with the situation met in the quantitative study of
the isoperimetric inequality, where long spikes of small volume and perimeter
are of course compatible with the smallness of the isoperimetric deficit dig,.
The r-convexity can then be used jointly with John’s lemma to show that
if £ C Bp(n), then B,(,) C E for some positive dimensional constant 7(n).
Starting from these properties we can actually check that OF is a radial
Lipschitz graph with respect to the origin, and that it has positive reach 1.
This last property means that every point at distance at most 1 from E has
a unique projection on F. By a classical result of Federer, see Theorem 4.2
below, it follows that P(E + Bs) is a polynomial of degree at most (n — 1)
for s € [0,1]. In particular, yg(s) is a non-negative polynomial of degree at
most (n — 1) for s € [0,1], so that

1
[L(E)| = [1(By))] :/0 ve(s) ds > ¢(n) ve(0)
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by a compactness argument (see Lemma 4.3). Combining this bound with
the fact that y(0) controls diso(E), (7), and the Brunn-Minkowski inequal-
ity, we are able to complete the proof in the regime when r/rg is large.

We complement the above argument with a different reasoning, which
is effective when r/rg is bounded from above, but actually degenerates as
r/rE becomes larger. The key tool here is the strong quantitative version
of the isoperimetric inequality from [F.J14], whose statement is now briefly
recalled. Let us set

() S6P = int{ o [ ot

1 n—1 n
+7‘G’(n—1)/n /*G‘Vg(y) —x\’ dH,” 1z €R }

where vg and 9*G denote, respectively, the (measure theoretic) outer unit
normal and the reduced boundary of G (if G' is an open sets with C'-
boundary, vg is standard notion of outer unit normal to G, and 0*G agrees
with the topological boundary of G). The quantity 3(G) measures the L2-
oscillation of v with respect to that of a ball, and in [FJ14] it is proved that

’ ! xeR”}

(13) C(n) diso(G) > B*(G)?, 0<|G| < 0.

Clearly a(G) < B*(G), so (13) implies (7). Moreover, as shown in [FJ14,
Proposition 1.2], the quantities 3(G) and *(G) are actually equivalent:

(14) B(G) < B (G) < C(n) B(G) .

Our argument (based on (13)) is then the following. By combining a precise
form of (10) with (13) we deduce that, for some s < r, we have

C(n,r/rg)6,(E) > B(E + B,)? (|E + B,|/|E|)»~ /7

where C(n,r/rg) is a constant that degenerates for r/rgp large. We now
exploit the r-convexity property to apply the area formula between the sur-
faces OF and O(F + B,) and compare 3(E + B,)%(|E + Bs|/|E|)™~ /" with
B%(E), and thus with «(E)?, which concludes the proof of Theorem 1.1.

The paper is organized as follows. In section 2 we introduce the notion of
r-envelope, show some key properties of r-convex sets, and reduce the proof
of Theorem 1.1 to this last class of sets. In section 3 we present the argument
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based on the strong form of the quantitative isoperimetric inequality, while
in section 4 we address the regime when r/rg is large.

2. Reduction to r-convex sets

In this section we introduce a geometric regularization procedure for subsets
of R™ which can be effectively used to reduce the class of sets considered in
Theorem 1.1. We recall the notation B,(z) = {y € R" : |y — x| < r} for the
ball of center z € R™ and radius r > 0 (with B, := B,(0)) and E° =R"\ E
for the complement of £ C R™.

We begin with the following definitions.

Definition 2.1. Let £ C R" and r > 0.

(1) E satisfies the exterior ball condition of radius r if, for all y € OF, there
exists some ball B,(xz) C E such that y € 0B, (x).

(ii) the r-envelope of E is the set co,(F) defined by

cor(E) = (U {B.(z) : Bu(z) C EC})C -N {Br(x)c L EC Br(x)c} .

We say that E is r-convex if E = co,(E).

Notice that E is convex if and only if it satisfies the exterior ball con-
dition of radius r for every r > 0. Similarly E is convex if and only if
E = co,(F) for every r > 0.

In Lemma 2.2 we collect some useful properties of co,(E), which are
then exploited in Proposition 2.3 to reduce the proof of Theorem 1.1 to
the case of r-convex sets. Then, in Lemma 2.4 we prove a uniform upper
perimeter estimate for r-envelopes which will play an important role in the
proof of Theorem 1.1.

Lemma 2.2. If E C R" is bounded and r > 0, then:

(i) E C co,(E);
(ii) co,(E) is compact;
(i1i) By(x) C E° if and only if B,(z) C co,(E);
(iv) E+ B, = co,(E) + By;
(v) co,.(E) satisfies the exterior ball condition of radius r.

Proof. The first three conclusions are immediate.

If v € co,(E) + By, then there exists y € co,(F) such that y € B,(x);
in particular B, (z) Nco,(E) # 0, hence B.(z) N E # 0 by (iii), and thus
x € E + By, which proves (iv).

Finally, given z € 9(co,(E)),let x; — x with z; € co,(E)¢, so that there
exists y; with £ C B,(y;)¢ and z; € B,(y;)¢. Since |z; —y;| < r and z; — x,
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up to a subsequence we can find y € R" such that y; — y with [z—y| < 7. On
the other hand, since £ C B, (y;)¢, it follows by (iii) that B, (y;) C co,(E)°,
thus B,(y) C co,(F)° As z € co,(FE), this implies that |x —y| > r. In
conclusion |z —y| = r and B,(y) C co,(E), so (v) is proved. O

We now address the reduction to r-convex sets. Let us recall the following
elementary property of the Fraenkel asymmetry:

(15) ||E| (E) — |F|a(F)| < |EAF], 0<|E||F| < o0,

see e.g. [CM17, Lemma 2.2].

Proposition 2.3. Let E be a bounded measurable set and r > 0. There
exists a dimensional constant C(n) such that either:

(a) C(n)d,(E) > a(E)?, or
(b) we have

(16) a(E) < C(n)a(co,(E)), dr(cor(E)) < C(n)d (F).

Proof. Without loss of generality we can assume that |E| = |Bi|, so that
rg = 1. For a suitable constant b(n) > 0, we split the argument depending
on whether |co,(E) \ E| > b(n) a(E) or not.

If |co.(E)\ E| > b(n)a(E) then, since o(F) < 2 and |E| = |By/|, we
have

1/n

o (E)[Y™ > (|Bi] + b(n) a(E)™ > |Bi|Y™ + ¢(n)b(n)a(E) .

Thus, applying Lemma 2.2-(iv) and the Brunn-Minkowski inequality we get

1/n
5, (F) = max {r, L} (LEXBL"
r (1 +7)| B/
1/n 1/n 1/n
:max{ 1} < |co,(E) + By |co,(E)|[/™ + r|Bi| _1>

" S \eo B +r[Bi V" (L+1)|Bi|/"

> ¢(n) max {7‘, %} %i(f?) > ¢(n)a(E) > ¢(n) a(E)?,

where in the last inequality we have used again «(F) < 2. This proves the
validity of (a).

We are thus left to show that if |co . (F)\ E| < b(n) a(E), then (16) holds.
By exploiting (15) with F' = co,(FE) and assuming b(n) small enough, then
|co,(E) \ E| < b(n)a(E) gives a(co,(E)) > c(n)a(E). At the same time,
using again that |co,(E)\ E| < b(n) a(F) < 2b(n) we find that the volumes
of |[E| and |co,(F)| are comparable, therefore
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[cor(E)| _ |B/] } { E| !Br!}
ax , < C(n) max , .
{ [By| " |cor(E)] |Br|" |E]
In addition, it follows by Lemma 2.2-(iv) and the trivial inequality |E| <
|co,(E)| that

]coT(E)—FBr\l/” < \E+Br|1/”
o (E)[V/™ + B, |V/n = |E[V/n B[t/

This shows that d,(co,(E)) < C(n)d,(E), and (16) is proved. O

Intuitively, r-convex sets are nice up to scale r. In this direction, the
following lemma provides a uniform perimeter bound. Here and in the sequel
we use the notation P(F; Bs(x)) to denote the perimeter of a set F inside
the ball By(z). In particular, if F is a smooth set, P(F; Bs(z)) = H" 1(0FN
By ().

Lemma 2.4. If E is a bounded set and r > 0, then co,(E) has finite
perimeter and

: T 70(70 st s<r,r €CO
(17) P(co,(F); Bs(z)) < T (/) , Vs<r,re€cop(F).

Proof. The open set co,(E)¢ is the union of the open balls B, (x) such that
B, (z) C E°. Thus there exist an at most countable set I such that

cor(E) =) Br(wi)  Bilw:) CE®  wjFa ifi#].
iel

Let Iny be an increasing sequence of finite subsets of I with #Iy = N. We
fix N and for ¢ € Iy we define the spherical region

Si=0Bp(xz)N (] Bz
JEIN, j#1

and the intersection of B,(z;) with the cone of vertex x; over ¥;,
K; = Br(:z:i)ﬂ{xi—i-t(az—xi) xe);,0<t< 1}

(see Figure 2).
Since x; # x; for each i # j, we see that

(18) H U ENE) = |KiNK;|=0 Vi#j.
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N

Figure 2: The area of ¥; in Bs(z) is controlled by the area of 0B,(z) in K;
and the volume of Bs(z) in K;.

Let € co,(E) and s < 7, so that |y — x;| > |v — x;| —s > r — s for each
i and y € Bg(z). By applying the divergence theorem to the vector field
vi(y) = (y — x)/|ly — xi| over K; N By(x), we find

/ i dy = H"1(Zi N By(z))
KinB.(z) 1Y — il
_/ Yy — T 'y_xd’H”_l(y%
KinoB.(z) [V — il |y — ]
and thus
K; N By
Hn_l(zi N Bs(l')) < Hn_l(Ki N aBs($)) + (n — 1) % .

Hence, it follows by (18) that

n

H"_I(Bs(:p) nJ zl-) < H"Y OBy (x)) + (n — 1) | By
(19) i€ln

C(n)
=T=(s/r)

s
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To conclude the proof, fix R > 1 such that co,(E) + B, C Bp, and set
(20) Fy:=Bgn (] Be(z:)°.

i€ln
Notice that Fy is a decreasing family of compact sets of finite perimeter,

with

cor(E)= () Fn Jim |co(E)AFN|=0  BrNd"Fy=BgrN U =i,
NeN i€ln

(the last identity modulo H" !-negligible sets). Since By(x) CC Bpr we
conclude from (19) that

. T C(n) Snfl
P(F: BA(x) € Ty 877

and then deduce (17) by lower semicontinuity of the distributional perimeter.
O

Remark 2.5. Let E be such that F = co,(F) for some r > 0, and let Fyy
be the compact sets defined in the previous proof. Noticing that

E+B.= () (FN+Bs), Vs>0,
NeN

and since |E+ Bs| = |E+ Bs| we conclude that, for every s > 0, |Fy + Bs| —
|E + Bs| as N — oo. In particular, taking s = r and recalling (15) and
|FNAE| — 0 we conclude that

(21) a(E) = lim a(Fy)  6,(B)= lim 6.(Fy).

N—oo

3. A stability estimate which degenerates for r large

In this section we present an argument based on the strong quantitative
isoperimetric inequality (13) which leads to a stability estimate which de-
generates for r large. We recall that

’I“E = <ﬂ> 1/n .
| B1
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Theorem 3.1. If E is a bounded r-convex set, then

C(n) max {1, <i>n_1} 5,(E) > a(E)?.

TE
The following lemma is a preliminary step to the proof of Theorem 3.1.
Recall that
Ye(s) = P(E + Bs) — P(Byp+s) s
is non-negative for every s > 0 thanks to the Brunn-Minkowski and isoperi-

metric inequalities.

Lemma 3.2. If E is compact and 6,(F) < 1, then E+ By has finite perime-
ter for a.e. s >0 and

2 0(8) 2 o) T [Ty as,

with Ye(s) > ¢(n) |E 4+ By|" =D/ 8o (E + By) for every s > 0.

Proof. By [CM17, Lemma 2.1] we have |E + By| = | E] —I—fot P(E+ By) ds for
every t > 0, hence E 4+ B, has finite perimeter for a.e. s > 0 and

T
B+ B = Byl = [ m(s)ds.
0

Dividing by |B;,+,| and manipulating the expression we have

5.(E) = max{é, TTE} ((1 + IBr;rl /OT’YE(S) ds)l/n - 1) .

Since 0,(F) < 1 we deduce that

1 s
W/; "}/E(S)dSSQn—l,
TETT

hence the result follows from the concavity inequality

A+ >1+427"t, VOo<t<2"—1. O

Proof of Theorem 3.1. If E is r-convex, then A E is Ar-convex for every
A > 0. Since 6,(F) = 0,/,,(E/rg) where |E/rg| = |B1, up to replacing £
by E/rg it is enough to show that if » > 0 and F is an r-convex set with
|E| = |Bl|a then

(23) C(n) max{1,r""1}6,(E) > a(E)%.
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Since a(F) < 2, without loss of generality we can assume that

o (E) < $<1

max{1,r"~1} =
for a constant (n) to be suitably chosen in the proof. Since E is bounded
and r-convex we have E = co,(E) and thus we can consider the sets Fy

introduced in the proof of Lemma 2.4 and in Remark 2.5 (see (20)). We have
|Fv| > |B1] and, for N large enough,

e(n)
< 1].
(24) o) < iy = L
Defining
YN (s) = P(Gs) — P(Br, +s) Gs:=Fn + By, s € (0,r),

it follows by Lemma 3.2 applied to Fiy that

1 T
Cln) max(r ey "8, (Fw) = 3 [ () ds,
" Jo
N (8) > ¢(n) Gigo(Gs) |G| "D/ Vs e (0,r).
Since rp, — rg = 1, there exists s < ¢(n) min{1,r} such that

C(n) max{l, Tn_l} 57"(FN) > 7N(5) > C(TL) 5iso(Gs)|Gs‘(n_1)/n

25
. > e(n) §(GG]

where in the last inequality we have used (13). Up to a translation we assume
that

|GAB, y>2 1 / g2 oo
*(Gy)? = Ge — = aHt.
F(Ge) < G ) TG eom a*GS’”GS(y) \yr‘ y

Let us notice that

O*Fy = U (BRﬂEi) @] ( ﬂ Br(xi)cﬁaBR>

i€ln i€ln

with

viy () = —ﬁ , H" Lae on O FyNY;,
- T
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viy (T) = Tl H" la.e. on 9*FyNOBR.
x
Recalling that R > 1, we see that map T : *Fy — 0*Gs defined as
T(x) :=x+ svp,(x) Vo e Fy,
is injective and satisfies
v (T(@)) = vy (@),

|T(:c)—T(y)|> 1-Cs/r Vz,y € BRNI*Fy
|z — | “|1-Cs/R Va,y € 0BRNI*Fy.

Since s < g(n) min{l,r} we thus find that the tangential Jacobian JT :
O*Fy — R of T along 0*Fy satisfies JT > 1/2, and thus by the area
formula

foo -l on = [ lewen-gegf m@os
1 T(x) |12 , e
2 - 2 /8*FN ‘VFN (z) - Tgm§|‘ dH; "

Now it is easily seen that if |e| =1 and |z| > 2s > 0, then

%—i—e‘}.

Hence, by taking z = z + svp, (x) = T(x) and e = —vp, (x), we find that

i

)i_ﬂ < C(n) min{‘i—e
2] [z +se ||

T(z)
()|

(27) ‘1 T(:c)‘

o~ T <00

—UFN(.CL')’ Voed Fy,|x] >3s.

We now split the argument in two cases.

Case one: We assume that |z| > 3s for H" !-a.e. z € 9* Fy and for infinitely
many values of N. In this case, combining (27) with (25) and (26) we obtain
-1 z |2 -1
C(n) max{1, "1} 6,(Fy) > / vy () — |
0 Fyn ’1“
> [y |0/ B(Fx)?

that is, by (14),

C(n) max{1,7" '} 6,(Fy) > |Fn|™ /" a(Fy)?.
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Since |F| — |E| = |Bi1| as N — oo, we conclude by (21) that
C(n) max{1,r" '} 5,(E) > |B|" V" a(E)? > ¢(n) a(E)?.

This completes the discussion of case one.

Case two: We assume that, for every IV large enough,

(28) H" Y (O0*Fy N Bsg) > 0.

Combining (25), (26), and (27), one finds

2
[ o) - S amt <
8*Fn |$

(29)
2H" 1 (0* Fy N Bs,) + C(n) max{1,r" 1} 6,(Fy).

Also, it follows by (28) that there exists x € Fy N Bss. Thus, since Fy =
co,(Fy), it follows by (17) that, provided £(n) is small enough,

(30)  H"YO*Fn N Bss) < H"H0*Fy N Bgs(x)) < C(n)s" L.

We now claim that (28) implies
2
(31) /8 ) v, (@) - %‘ dHP > e(n) s

Notice that, if we can prove (31), then combining that estimate with (25),
(30), and (29), we get

2
/ ‘I/FN (x) — i‘ dH;L_l < C(n) max{l,r"_l}ér(FN),
O*Fyn ’1’|

which allows us to conclude as in case one. Hence, to conclude the proof is
enough to prove (31).

To this aim we first notice that, setting for the sake of brevity o := rq,
(so that o > rp, > rg = 1), then (24) and (25) imply that

(32) |Bo \ Gs| < |GsABs| < \/e(n)|Bs|.
Next we notice that there exists a ball Bs(zg) such that
(33) Bs(z0) C (G5)°N Bgs -

Indeed, (28) implies the existence of g € 0*Fn C 0Fy with |zg| < 3s. Since
Fy is r-convex there exists By(yo) C (Fn)¢ such that |zg — yo| = r. Since
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B,_s(yo) C (Gs)¢, |yo — xo| = 7, and |zo| < 3s, we can easily find zp such
that (33) holds.

Now let 7 € (0,1) be a parameter to be fixed later on and let e = zp/| 20|
if z9 # 0, or e = e7 if zg = 0. Let us consider the spherical cap

Y, = {x € 0Bs(z0) : * = 29 + sv with v - e = cos a for some || < 7'}.

Given z € X, let

T — 20

#(z) ::inf{t>0:z0+t ea*Gs},
so that t(x) € (s,00], and let

Xr= {:):EET:t(:B) <J—68}.
In this way the map 1 : XX — R" defined as

W(x) =20+ @(:v — 20) LA

satisfies ¥(2%) C B, N 0*G; with

(349 ve,((a) - =2 <0,  Veex,
and a Taylor’s expansion gives
(35) ‘|ZE§§|_$;ZOISCT Ve,
Hence, if y € ¥¥, then by (34) and (35)
1 ’ y |2 Y(z) 1
Slvaw -] =1-ve @) =10 > <
2 [yl ()| 2
(see Figure 3), therefore
2
(36) | e = Lot = e,
G, [yl

On the other hand we have

Tr — 20

Z::{zo+t :xGET\Ej,tG(0,5—63)}CBU\G5,
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Figure 3: On the part of 0G, that is accessible to rays from zg through 3,
the normal v, is far from z/|z|.

so it follows by (32) that

Ctw) Vo 2 12 = | T et (B g,

_ (0' — 65)717_[7171(27 \ E:.)

n Sn—l

that is H" 1(3, \ ¥) < C(n) /e(n)s" L. Since H*1(2,) > e(n,7)s" !
choosing e small enough we conclude that H"~1(X*) > ¢(n) s" !, that com-
bined with (36) concludes the proof of (31). O

)

4. A stability estimate for r/rg large

We now address the case when r/rg is large.
Theorem 4.1. There exists C(n) such that if E is a measurable set with

0<|E| <o0 andr > C(n)rg, then

C(n)6,(E) > a(E)?.
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The argument exploits the notion of sets of positive reach and the cor-
responding Steiner’s formula. Let us recall that if r > 0 and E is a closed
subset of R™, then E has positive reach r if for every x with dist(z, E) < r
there exists a unique closest point to z in E. This property allows one to ex-
ploit the area formula to deduce that P(E+ Bs) is a polynomial for s € [0, r].

Theorem 4.2 (Federer [Fed59]). If E has positive reach r, then s — P(E+
Bs) is a polynomial of degree at most n — 1 on the interval [0, r].

A second tool used in our argument is the following elementary lemma.

Lemma 4.3. If p is a non-negative polynomial on [0,1], then

1
/0 p(z)dx > ¢ P(0)

where ¢ is a positive constant depending only on the degree of p.

Proof. Let us assume without loss of generality that p(0) = 1. Let a > 0 be
the largest slope such that a z < p(z) for every = € [0, 1]. Since p(x)—a z and
p(z) are both non-negative polynomials on [0, 1] with same value at x = 0,
we can replace p(z) with p(z) — az. In doing so we gain the information
that our polynomial has either a zero at x = 1, or a zero of order at least
two at © = a for some a € (0,1). In particular, either p(z) = ¢q(z) (1 — z)
or p(z) = q(z) (x — a)?, where ¢ is a non-negative polynomial in [0, 1] with
q(0) > 1 and degree strictly less than the degree of p. By iterating the
procedure we reduce ourselves to the case where, for some 0 < k& < deg(p)/2,

k
p(z) =c(l—2)" [z - ),
i=1
where {a;}¥_, € (0,1) and ¢ > 1 (since p(0) > 1). In particular,

1
/ p(z)de > min f(b1, ...y bn),
0

(bl,...7bn)6[071}"

where
1 n
F(b1, ... by) :—/ [Tz - bil de.
0 =1

Clearly f is continuous and strictly positive on [0, 1]”. By compactness,

i b ""’bn > ,
(bla---gylhl)rel[o,l]nf( 1 ) > c(n)

and the proof is complete. O
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We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. We can directly assume that F is r-convex with
|E| = |Bi1], 0(F) <1, r>C(n)>1.

We claim that

(37) E has positive reach 1.

This claim allows one to quickly conclude the proof. Indeed, it follows by
Theorem 4.2 that, for s < 1, the perimeter deficit yg(s) is a nonnegative
polynomial of degree at most n — 1, so we can apply Lemma 4.3 to conclude
that

1
B+ Bl = |Bal = [ () ds = c(m) 75(0).

0

In particular, applying (7) we obtain
|E + Bi| > |Ba| + c(n) a(E)* > |Bayc(nya(p)2 |

since a(E) < 2. Since r > 1 by assumption, it follows from the Brunn-
Minkowski inequality that

|E + BT’ 2 |B1+7"+c(n)oz(E)2‘

hence

or(E) = c(n) a(E)? > ¢(n) a(E)?,

147
which is the desired inequality. Hence, we are left to prove (37). Before doing
so, we first make some comments about the argument we just showed.

Remark 4.4. The proof above works for any set E with reach min{1,r},
for any r > 0. In particular, it proves the main theorem in the case that F
is convex. In the case when r is small one has that

Cn)6.(E) > /0 " (s) ds.

,
Since the integrand is a positive polynomial for s < r, the result follows
immediately from Lemma 4.3 and inequality (7).

Note however that, given a bounded set F, for small  we cannot affirm
that co,(FE) has reach r. Take for example By minus two small balls of radius

2r whose centers are at distance 4r — ¢ with & < r. Then this set coincides
with its r-envelope, but has reach that goes to 0 as § — 0.
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Remark 4.5. Our technique also gives an alternative proof of sharp stability
for Brunn-Minkowski in the case that £ and F' are both convex. In this
case one uses the existence of a Steiner polynomial for a certain weighted
perimeter of E + sF (see [BZ80]), and the sharp quantitative anisotropic
isoperimetric inequality [FMP10].

We now prove (37). We achieve this in five steps.

Step one: We prove that diam(E) < R(n) for some R(n). Indeed given two
points z,y € E, we find

|E + B,| > |B,(z) UB,(y)| > ]BT]min{l + co(n) |z = y,z} .

r

Since r > 1 and thus /(1 +7) > 1/2, we get
1/n
r ) \(1+7)|By|Y/n
>1 min r(l—i—co(n)u)l/n 2V/mpt —1—r ).
— 2 r ’

If the minimum in the right hand side was achieved by 2!/ then we would
find 26,(E) > (2™ —1)r —1 > 2 provided r > C(n) for C(n) large enough,
which is impossible since 6, (F) < 1. Thus we must have that

(38)

— 1/n _
<1 + co(n) u) <2Y" " thatis co(n) lz =yl <1.
r r

Since (1 + s)Y/™ > 1+ ¢(n) s for every s € (0,1), we deduce that

[z — |
T

1/n
r<1+co(n) ) —1—r>cn)|z—yl—1,

hence it follows by (38) that ¢(n) |z —y| <1+ 26,(F) < 3, as desired.

Step two: By step one it follows that, up to a translation, £ C Bpg(,). We
now prove that (after possibly another translation)

Br(n) CFE

for some r(n) > 0.
Let co (FE) denote the convex hull of E. By John’s lemma there exists
an affine transformation L : R" — R" such that

B; C L(co(E)) C By,
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Figure 4: If r is large and an exterior ball B, (y) intersects B,()/2, then B,
is not in the convex hull of E.

Since co(E) C Bpgn and |E| = |Bi| < |co(FE)| we deduce that Lip L,
Lip L=! < C(n). In particular, up to a translation, we deduce that

Br(n) C co (E)

for some r(n) > 0. We now claim that if » > C(n) for C'(n) large enough,
then Br(n)/2 C F too.

Indeed, if not, there exists x € E° N B,(,)/2. Since E is r-convex, this
means that x € B,(y) for some B,.(y) C E€, which implies that (after
possibly replacing R(n) by 2R(n))

r(n
(39) E C Brm) \ Br(y), where |y| <r+ % )
Since r > C'(n) and |y| < r + r(n)/2, we can pick C(n) large enough with
respect to r(n) and R(n) to ensure that

Brmy \ Br(y) C {zER":z-i < 2r(n)}'

Recalling (39), this implies that

CO(E)C{zER":z-%Szrén)}v

against B,(,) C co (E) (see Figure 4).
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Step three: We claim that there exists d(n) € (0,1) with the following
property: for every two-dimensional plane II through the origin and each
x € IINJE, there exists a disk of radius §(n) r contained in II N £ whose
boundary contains x.

Indeed, let B, (z) be an exterior tangent ball to E that touches z. Choose
coordinates so that II is the e;, eo plane. By rotations in II and then in its
orthogonal complement, we may assume that z = z1e1 + z,e,, with z; > 0.
Since B;(2) N By, = 0 (by Step two) we have

2 422> (r4r(n))>
On the other hand, since x € Bp(,) we know 0B,(z) intersects the z; axis

at some point ae; with 7(n) < a < R(n). We thus have

(z1 —a)? 4 22 =2

Combining these we obtain

2rr(n) +r(n)? +ao? _ r(n)
21 > %0 > R(n) T

Note that B,(z) N1l is a disc of radius z; — « centered on the x; axis, and
by the above we have

a-a2r (705 -1) > gy

provided r > 2R(n)?/r(n), which proves our claim (see Figure 5).

Step four: We show that 0 ENIl is a radial graph for any two-plane I through
the origin. Indeed, recall that B,y C E. Follow a ray from the origin in
II until the first time it hits OF at some point x € Bpr(y). By the previous
step we know that there is an exterior tangent disc in II of radius &(n)r
whose boundary contains x. Using that this disc does not intersect B,.(,,) N1I
and similar arguments to those in the previous step, one concludes that the
radial line segment from z to OBg(,) is in E€ if r is sufficiently large, and
since £ C Bp(y) the claim is established.

Step five: We finally prove (37). In view of the previous steps we may take r
large so that, after a translation, B,.,) C E' C Bpg(,), and OF restricted to
any two-plane is a radial graph with external tangent circles of radius 2.
Assume by way of contradiction that E does not have reach 1. Then
there is some exterior tangent ball of radius less than 1 touching OF at two
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Figure 5: When we restrict to a plane, F has exterior tangent circles of
radius comparable to r.

points y; and yo. Let II be the two-plane containing y; and the origin, and
choose coordinates so that II is the ey, eo plane. Then there is an exterior
tangent disc of radius less than 1 touching 0F N1l at y; and ys. Denote by
Dy(z) the disk in II of radius ¢ centered at z. Up to a rotation in II, we can
assume that both y; and ya touch an exterior tangent disc Dy, (S8e1), with
to <1 and B >ty +r(n) (since B, C E).

Now, let S be the sector in II bounded by the rays from the origin
through y;, and let Cs be the radial graph given by the left part of 9Dy, ((to+
s)er) NS, for 0 < s < B — tg. Note that Cs C ENII for all s small (since
B,.(ny C E). Furthermore, the endpoints of Cs on 95 are in E for all 0 < s <
B — to since OF N1I is a radial graph. Since Dy, (fBe;) is exterior to E NI,
we can increase s until Cy first touches OE NII for some 0 < s9 < 5 —1p. (In
particular, Cs C ENII for all 0 < s < s¢.) Hence, this proves the existence
of a point y3 # y1, y2 which belongs to Cs, N OFE.

Since y3 € OF, we know that there is an exterior tangent disc of radius 2
whose boundary contains y3. On the other hand, since ¢ty < 1, any such disc
will contain points in C for some s < sg, a contradiction that concludes the
proof (see Figure 6). O
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Figure 6: If on some two-plane the radial graph 0F does not have reach 1,
we get a contradiction for r large.
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