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In this paper, we study the problem of the nonlinear interaction of
impulsive gravitational waves for the Einstein vacuum equations.
The problem is studied in the context of a characteristic initial
value problem with data given on two null hypersurfaces and con-
taining curvature delta singularities. We establish an existence and
uniqueness result for the spacetime arising from such data and
show that the resulting spacetime represents the interaction of two
impulsive gravitational waves germinating from the initial singular-
ities. In the spacetime, the curvature delta singularities propagate
along 3-dimensional null hypersurfaces intersecting to the future
of the data. To the past of the intersection, the spacetime can be
thought of as containing two independent, non-interacting impul-
sive gravitational waves and the intersection represents the first
instance of their nonlinear interaction. Our analysis extends to the
region past their first interaction and shows that the spacetime still
remains smooth away from the continuing propagating individual
waves. The construction of these spacetimes are motivated in part
by the celebrated explicit solutions of Khan-Penrose and Szekeres.
The approach of this paper can be applied to an even larger class
of characteristic data and in particular implies an extension of the
theorem on formation of trapped surfaces by Christodoulou and
Klainerman-Rodnianski, allowing non-trivial data on the initial in-
coming hypersurface.
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1. Introduction
1.1. Impulsive gravitational waves

In this paper, we study spacetime solutions (M, g) to the vacuum Einstein
equations

(1) R, =0

representing a nonlinear interaction of two impulsive gravitational waves. In-
formally, an impulsive gravitational spacetime is a vacuum spacetime which
contains a null hypersurface supporting a curvature delta singularity. Ex-
plicit solutions with such properties have been constructed by Penrose [30],
and its origin can be traced back to the cylindrical waves of Einstein-Rosen
[9] and the plane waves of Brinkmann [6].
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Impulsive gravitational waves have been first studied within the class of
pp-waves that was discovered by Brinkmann [6], for which the metric takes
the form

g = —2dudr + H(u, X,Y)du? + dX* 4+ dY?,
and (1) implies that

O*’H O*°H
(2) o Ty = 0.

These include the special case of sandwich waves, where H is compactly
supported in u. Originally, impulsive gravitational waves have been thought
of as a limiting case of the pp-wave with the function H admitting a delta
singularity in the variable u. Precisely, explicit impulsive gravitational space-
times were discovered and studied by Penrose [30] who gave the metric in
the following double null coordinate form:

(3) g = —2dudu + (1 — uO(u))dz” + (1 4 uO(u))dy?,

where O is the Heaviside step function. In the Brinkmann coordinate system,
the metric has the pp-wave form and an obvious delta singularity:

(4) g = —2dudr — §(u)(X?* — Y?)du® + dX? + dY?,

where 0(u) is the Dirac delta. Despite the presence of the delta singular-
ity for the metric in the Brinkmann coordinate system, the corresponding
spacetime is Lipschitz and it is only the Riemann curvature tensor (specif-
ically, the only non-trivial o component® of it) that has a delta function
supported on the plane null hypersurface {u = 0}. This spacetime turns
out to possess remarkable global geometric properties [29]. In particular,
it exhibits strong focusing properties and is an example of a non-globally
hyperbolic spacetime.

In a previous paper, we initiated a comprehensive study of impulsive
gravitational spacetimes in the context of the characteristic initial value
problem. We were able to construct a large class of spacetimes which can
be thought of as representing impulsive gravitational waves parametrized by
the data given on an outgoing and an incoming hypersurface such that the
curvature on the outgoing hypersurface has a delta singularity supported
on a 2-dimensional slice. Our construction in particular provides the first
instance of an impulsive gravitational wave of compact extent and does not
require any symmetry assumptions.

1See (6) for the definition of . In this specific example, these are the

9 o 9 o 9 o 9 9 lé] o o 9
R(@, x> 8_g’ W)’ R(a_g’ x> 8_g’ W) and R(a_g’ EYa 6_E’ ﬁ) components.
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1.2. Collision of impulsive gravitational waves

Returning to the explicit examples, one of the interesting features of plane
gravitational waves is that they enjoy a principle of linear superposition
provided that the direction and polarization of the waves are fixed. This is
not the case when one tries to combine two plane gravitational waves prop-
agating in different directions. Nonetheless, explicit solutions to the vacuum
Einstein equations modelling the interaction of two plane sandwich waves
have been constructed by Szekeres [38]. Khan-Penrose [16] later discovered
an explicit solution representing the collision of two plane impulsive grav-
itational waves. Further analysis of the Khan-Penrose solution was carried
out by Szekeres [39].

Figure 1: The Khan-Penrose Solution.

The Khan-Penrose solution can be represented by Figure 1. The null
hypersurfaces {u = 0} and {u = 0} have delta singularities in the Riemann
curvature tensor. In region I, where v < 0 and u < 0, the metric is flat and
takes the form

g = —2dudu + dz? + dy*.

In region II, where u < 0 and u > 0, the metric is also flat and takes the
form

g = —2dudu + (1 — w)da® + (1 + u)dy>.

Across the null hypersurface {u = 0} between regions I and II, the curvature
has a delta singularity. In fact, when u < 0, the Khan-Penrose solution
coincides with the Penrose solution (3) of one impulsive gravitational wave.
The region ITI, where v > 0 and u < 0, is symmetric to region II, and the
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metric takes the form
g = —2dudu + (1 — u)dz? + (1 + u)dy>.

The intersection of the null hypersurfaces © = 0 and u = 0 represents the
interaction of the impulsive gravitational waves. Thus region IV, where u > 0
and u > 0, is interpreted as the region after the interaction. Here, the metric
takes the form

3

2(1 —u? — u?)z
g=— ( U’ — ) dudu
V(1 —u?)(1—u?) uu—l—\/l—u2)(1—u2))2
9 o 1—uy/1—u?—uvl—

+(1—u” —u”) x
1+uy/1—u2+uvl—u? l—u2
+1+u\/1—u2+u\/1—udyg .
17U\/1*QQ*Q\/1*U2

JJ

Even the spacetime is flat and plane symmetric in regions I, IT and III,
the curvature is nonzero and the plane symmetry is destroyed in region IV,
signaling that the two plane impulsive gravitational waves have undergone
a nonlinear interaction. Nevertheless, the metric is smooth when u > 0,
u > 0 and u? + u? < 1. Towards u? 4+ u? = 1, the spacetime has a spacelike
singularity.

As seen from (4), the Penrose solution of one impulsive gravitational
wave in particular belongs to the class of linearly polarized pp-waves, which
takes the general form

g = —2dudr — H(u)(cos (X% — Y?) + 2sin aXY)du? + dX? + dY™.

The constant « is defined to be the polarization of the wave. Thus the
Khan-Penrose solution represents the interaction of two linearly polarized
impulsive gravitational waves with aligned polarization. The Khan-Penrose
construction was later generalized by Nutku-Halil [28] who wrote down ex-
plicit solutions modelling the interaction of two plane impulsive gravitational
waves with non-aligned polarization. These spacetimes have the same sin-
gularity structure as that of Khan-Penrose.

Further examples of interacting plane impulsive gravitational waves were
constructed via solving the characteristic initial value problem with data
prescribed on the boundary of region IV. This was undertaken by Szekeres
[39] and Yurtsever [41] for the case of aligned polarization via the Riemann
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method. The general case of non-aligned polarization has been studied in a
series of papers of Hauser-Ernst [13], [14], [15] by reducing it to the matrix
homogeneous Hilbert problem. The construction of even more general plane
distributional solutions for the vacuum KEinstein equations that include col-
liding impulsive gravitational waves was carried out in [21], [22].

We refer the readers to [11], [12], [3], [5] and the references therein for
further description and more examples of spacetimes with colliding impulsive
gravitational waves.

The solutions of Khan-Penrose, Szekeres and Nutku-Halil as well as the
Hauser-Ernst solutions are all constructed within the class of plane symme-
try. This imposes the assumptions that the wavefronts are flat and that the
waves are of infinite extent. It has been speculated that the singular struc-
ture of the Khan-Penrose solution is an artifact of plane symmetry [40].
Concerning the assumption of plane wavefronts, Szekeres [39] wrote

The eventual singular behavior is just another aspect of Penrose’s result that
plane gravitational waves act as a perfect astigmatic lens. It is certainly
false for waves with curved fronts, but such waves may still act as imperfect
lenses providing a certain degree of focusing and amplification for each other...
Clearly a better understanding of the interaction of gravitational waves with
more realistic wavefronts is a problem of considerable importance.

A partial remedy has been suggested by Yurtsever [42], who did a heuristic
study of “almost plane waves” and their interactions, allowing waves of large
but finite extent. Our present paper considers the interaction of impulsive
gravitational waves with finite extent and with wavefronts having arbitrary
curvature. Locally, this in particular includes the case that the wavefronts
are flat. Nevertheless, even in this special case, we do not require either of
the waves to be linearly polarized.

1.3. Interaction of coherent structures

The nonlinear interaction of gravitational waves in general relativity can
be viewed in the wider context of nonlinear interaction of coherent struc-
tures such as solitons, vortices, etc. in evolutionary gauge theories, nonlinear
wave and dispersive equations. The completely integrable models KdV [10],
1-dimensional cubic Schrédinger equation [43] and Sine-Gordon equation [1]
not only admit individual solitary waves, but also exact solutions repre-
senting their superposition. In the past, these solutions have an asymptotic
form of individual propagating solitary waves. For the period after nonlin-
ear interaction, which can be described explicitly and typically results in
a phase shift, a new superposition of new individual propagating solitary



442 Jonathan Luk and Igor Rodnianski

waves emerges in the distant future. These solutions are analyzed by means
of the inverse scattering method. For the non-integrable models, our knowl-
edge is much more limited and only partial results are available. In those
cases, most of the results concerned perturbative interaction of coherent
structures in the regimes which are either close to integrable or correspond-
ing to interactions with high relative velocity or in which one of the objects
is significantly larger than the other one. In this context, we should mention
the work of Stuart on the dynamics of abelian Higgs vortices [32] and the
Yang-Mills-Higgs equation [33] and the recent breakthrough work of Martel-
Merle on the nonlinear solitary interaction for the generalized KdV equation
[25], [26].

Returning to the present work, one of the main challenges in treating
the interaction of impulsive gravitational waves is their singular nature, i.e.,
not only do we want to describe precisely how gravitational waves affect
each other during the interaction, but we also need to contend with the fact
that each impulsive gravitational wave separately is a singular object. We
should note that partially because of this challenge, no results of this kind
are available even for semilinear, let alone quasilinear, model problems. On
the other hand, model problems may not be even suitable for studying the
phenomena discovered in this work since it is precisely the special structure
of the Einstein equations that plays a crucial role in our analysis and its
conclusions.

1.4. Previous work on impulsive gravitational spacetimes

In a previous paper [24], we studied the (characteristic) initial value prob-
lem for spacetimes representing a single propagating impulsive gravitational
wave. Corresponding to such spacetimes, we considered data that have a
curvature delta singularity supported on an embedded 2-sphere Sp,_on an
outgoing null hypersurface, and is smooth on an incoming null hypersur-
face. We showed that such data give rise to a unique impulsive gravitational
spacetime satisfying the vacuum Einstein equations. Moreover, the curvature
has a delta singularity supported on a null hypersurface emanating from the
initial singularity on Sp,_ and the spacetime metric remains smooth away
from this null hypersurface (see Figure 2).

1.5. Description of results in this paper

In this paper, we begin the study of the (characteristic) initial value problem
for spacetimes which represent the nonlinear interaction of two impulsive
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Figure 2: Propagation of One Impulsive Gravitational Wave.

gravitational waves. For such a problem, the initial data have delta function
singularities supported on embedded 2-spheres Sg , and Sy, o on the initial
null hypersurfaces Hy and H, respectively see Figure 3). According to the
results that were obtained in [24], before the interaction of the two impulsive
gravitational waves, i.e., for u < us; or u < u,, a unique solution to the
vacuum Finstein equations exists, and the singularity is supported on the
null hypersurfaces emanating from the initial singularities.

Figure 3: Nonlinear Interaction of Impulsive Gravitational Waves.

Our focus here will be to understand the spacetime “beyond” the first
interaction (region IV in Figure 3). We will show that the resulting space-
time will be a solution to the vacuum Einstein equations with delta function
singularities in the curvature on the corresponding null hypersurfaces ger-
minating from the initial singularities. Surprisingly, the spacetime remains
smooth locally in region IV after the interaction of the impulsive gravita-
tional waves. Our main result for the collision of impulsive gravitational
waves is described by the following theorem:

Theorem 1. Suppose the following hold for the initial data set:

e The data on Hy are smooth except across a two sphere Sp, , where
the traceless part of the second fundamental form of Hg has a jump
discontinuity.
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e The data on H, are smooth except across a two sphere Sy, o, where
the traceless part of the second fundamental form of Hy has a jump
discontinuity.

Then

(a) For such initial data and € sufficiently small, there exists a unique space-
time (M, g) endowed with a double null foliation u, u that solves the
characteristic initial value problem for the vacuum Finstein equations
in the region 0 < u < uy, 0 < u < u,, whenever u, < € oru, <e.

(b) Let H, (resp. H,_ ) be the incoming (resp. outgoing) null hypersur-
face en_zznating from So, (resp. Su,p0). Then the curvature components
asp = R(ea,eq,ep,eq) and a,p = R(ea,es,ep,e3) are measures with
singular atoms supported on Eus and H,,_ respectively.

(c) All other components of the curvature tensor can be defined in L?. More-
over, the solution is smooth away from H, U H,,.

Remark 1. The norms that we use allow us to choose us < € and u, < € so
that the solution indeed represents the collision of two impulsive gravitational
waves. See the statement of Theorem 2.

Our approach relies on an extension of the renormalized energy estimates
introduced in [24]. As in [24], our concern is not just the existence of weak
solutions admitting two colliding impulsive gravitational waves, but also
their uniqueness. The uniqueness property follows from the a priori estimates
developed in this paper and leads to strong solutions of the vacuum Einstein
equations.

Parts (b) and (c) of Theorem 1 can be interpreted as results on the prop-
agation of singularity that is conormal with respect to a pair of transversally
intersecting characteristic hypersurfaces. Similar problems have been stud-
ied for general hyperbolic equations with a much weaker singularity such
that classical well-posedness theorems can be applied [4], [2]. In the case of
second order equations, it is known that no new singularities appear after the
interaction of the weak conormal singularities. In general, however, a third
order semilinear hyperbolic equation can be constructed so that new singu-
larities form after the interaction of two weak conormal singularities [31]. In
this paper, we address stronger conormal singularities such that in general,
even for semilinear hyperbolic systems, only the local propagation of one
conormal singularity has been proved [27]. For conormal singularities of this
strength, no general theorem is known to address the interaction of propa-
gating singularities even for semilinear, let alone quasilinear, equations. By
contrast, in this work, the special structure of the Einstein equations in the



Nonlinear interaction of impulsive gravitational waves 445

double null foliation gauge has been heavily exploited to show that even for
the stronger conormal singularities that we consider, the spacetime remains
smooth after their interaction.

In this paper, as in [24], we prove a more general theorem on the exis-
tence and uniqueness of solutions to the vacuum Einstein equations that in
particular implies Theorem 1(a). In addition to allowing non-regular charac-
teristic initial data on both Hy and H, our main existence theorem extends
the results in [24] in two other ways. First, we consider the characteris-
tic initial value problem with initial data such that the traceless parts of
the null second fundamental forms and their angular derivatives are only
in L? in the null directions as opposed to being in L* in the previous
work. Second, in [24], the constructed spacetime lies in the range of the
double null coordinates corresponding to {0 < u < e} N {0 < u < €}.
In this paper, using some ideas in [23], we extend the domain of exis-
tence and uniqueness to a region that is not symmetric in v and wu, i.e.,
n({0<u<enN{0<u<h}HU{0<u<en{0<u<I}), where I
and I, are finite but otherwise arbitrarily large (see Figure 4). We refer the
readers to Sections 1.7 and 3 for precise formulations of the existence and
uniqueness theorem.

Iz

€ €

Figure 4: Region of Existence.

One of the unexpected consequences of our approach in this paper is that
we can also apply it to the problem on the formation of trapped surfaces.
The work of Christodoulou [7] was a major breakthrough in solving the
problem of the evolutionary formation of a trapped surface and this was
later extended and simplified in [19], [18]. In all of those works, characteristic
initial data were prescribed on Hp N {0 < u < €} and H, with sufficient
conditions for data on Hyp N {0 < u < €} formulated in such a way as
to guarantee the appearance of a trapped surface in the causal future of
Hon{0<u<¢e}and Hy (see Figure 5).

The sufficient condition on Hy N {0 < u < €} required that certain
geometric quantities are large with respect to ¢ and thus lead to the prob-
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Trapped surface={u =€, u = u+}

Hy

Figure 5: Formation of a Trapped Surface.

lem of constructing a semi-global large data solution to the Einstein equa-
tions. In all those works, to control the dynamics of the Einstein equa-
tions, the largeness of geometric quantities associated to Hy N {0 < u < €}
was offset by requiring the data on H, to be the trivial Minkowski da-
ta.

Our new approach allows us to eliminate the requirement that the data
on H, have to be trivial. It can be replaced by a condition that the data
on H, are merely “not too large” and still guarantee the formation of a
trapped surface in the causal future of Hy N {0 < u < ¢} and H,,. We refer
the readers to Section 8 for a more precise formulation of the theorem on
the formation of trapped surfaces.

1.6. A toy model

One of the most challenging aspects of the vacuum Einstein equations is
its quasilinear and tensorial nature. Nonetheless, it may be instructive to
examine a related phenomenon in a toy model of a scalar semilinear wave
equation satisfying the null condition in R3*1

(5) 06 = —(0:6)* + D _(0:.0),

1<3

(or more generally a system O0® = Q(®,®), where ® : R3*! — R” and
Q(®, ®) is a null form) with the characteristic initial data

fu,0) =0ud(u,u =0,0),
g(uv 9) :8u¢(ﬂ = Oa u, (9)7
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prescribed on the light cones Hy = {u :== t +r = 0} and H, = {u :=
t —r + 2 = 0} respectively and

prescribed on the initial 2-sphere defined by {u = 0,u = 0}.

For this toy model, the analogue of the problem addressed in Theorem
1 is the local existence and uniqueness result for (5) in the region {0 < u <
e} U{0 < wu < 1} for the data

f=h+1Lu—<>01f

and

g=0ag + ]l{u_%zo}g%
where f1, f2, g1, g2, h are smooth functions and 1 is the indicator function.
For these data, 0,f and 0,g have delta singularities supported on the 2-
spheres {u = 0} N {u = £} and {u =0} N {u = 3} respectively. It turns out
that the corresponding solution is smooth away from the set {u = §}U{u =
1, but yet 0y (resp. 0,¢) remains discontinuous across {u = §} (resp.

{u= 3>

Theorem 1 is embedded in a more general local existence and uniqueness
result (stated precisely in Theorem 2 below). Its analogue for the above toy
model is the local existence for (5) with the data f, g and h only satisfying

Z N f 1|22 (#1o0,6)) < C,s

i<4

Z 1 gl 222, 0,1)) < C,
i<d

and

Z IR L2(5,.0) < C,

i<4
where Q € {210;, — 20;,, ©20,, — ©30;,, ©30;, — v10x3}. The corresponding
solution exists in the region {0 < u < €} U {0 < u < 1} and obeys the
following estimates:

su 0, 0|| 12 <,
0@21; 19 0ul| 21,y <

2 Assuming, of course, that the initial data fo (resp. go) is non-zero for u = £

! 2
(resp. u = 3).
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sup ZHQ Outll o) < C,

0<u<e

sup Z 19| L2 (21,.) + S Z 190 L2,y < €

0<u<1

Even though this model hardly reflects the difficulties of the nonlinear
structure of the vacuum FEinstein equations, such local existence, unique-
ness and propagation of singularity results to our knowledge are not known
for this type of equations but follow from the methods® used in this pa-
per.

1.7. First version of the theorem

Our general approach is based on energy estimates and transport equations
in the double null foliation gauge. This gauge was used in our previous work
[24]. The general approach in the double null gauge has been carried out in
[17], [7] and [19].

The spacetime in question will be foliated by families of outgoing and
incoming null hypersurfaces H, and H,, respectively. Their intersection is
assumed to be a 2-sphere denoted by Su,;. Define a null frame {eq, ez, €3,€4},
where e3 and ey4 are null, as indicated in Figure 6, and ey, eo are vector fields
tangent to the two spheres S, . e4 is tangent to H, and e3 is tangent to
H,.

Sbﬁ

Figure 6: The Null Frame.

Decompose the Riemann curvature tensor with respect to the null frame

3In particular, we show that in order to guarantee the existence of the solution,
it suffices to commute the equation (5) only with angular derivatives (.
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{e1,e2,€3,e4}:

asp = R(ea,es,ep,e4), aysp = R(ea, es ep,es),

1 1
(6) fa= §R(6A,e4,e3,e4), B,= §R(6A,es,es,e4),
1

*R(€47 €3, €4, 63)7

B~ =

P = ZR(e4ae3ae47e3)a g =

where *R denotes the Hodge dual of R. In the context of the interaction
of impulsive gravitational waves, the o and o components of curvature can
only be understood as measures. In the main theorem below, we do not
require « and « to even be defined.

Define also the following Ricci coefficients with respect to the null frame:

xaB = g(Daes,ep),  X,p=9(Daes, ep),

1 1
na = —§Q(D3GA>€4)7 Ny = _§g(D4eA’e3)’

1 1

w= —Zg(D4€3,€4), W= _ZQ(D364763)’
1

(= §g(DA€4763)-

Let x (resp. x) be the traceless part of x (resp. x). For the problem of the
interaction of i impulsive gravitational waves, we p_rescribe initial data on Hy
(resp. Hy) such that y (resp. X) has a jump discontinuity across So,_ (resp.
S..0) but smooth otherwise.

As mentioned before, we prove a theorem concerning existence and
uniqueness of spacetimes for a larger class of initial data than that for the
interacting impulsive gravitational waves. The following is the main theo-
rem in this paper on existence and uniqueness of solutions to the vacuum
Einstein equations.

Theorem 2. Let 04 be transported coordinates on the 2-spheres* Sy, and
be the spacetime metric restricted to Sy.,. Prescribe data such that’ Q = 1.
Suppose, in every coordinate patch on Hy and H,,

dety > ¢,

4See definition in Section 2.2.
°For 2072 = —g(L', L"), where L’ and L’ are defined to be null geodesic vector
fields (see Section 2.1).
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> ’(%)i'YAB +) \(%)lgy <cC.

i<4 i<3

O’/LH(],
1
L9 ) o
N\t 0\ <
S [ RanPdus Sl nd < €,
1<3 1<3

and on H,,

I
O ST o .
O\ 0\ < .

i<3 i<3

Then for e sufficiently small depending only on c, C, Iy and Is, there exists a
unique spacetime solution (M, g) that solves the characteristic initial value
problem for the vacuum Einstein equations in the region® ({0 < u < €}N{0 <
u<LHPUHO0 <u<etn{0 <u < I}). Associated to the spacetime a double
null coordinate system (u,u,0',0?) exists, relative to which the spacetime is
in particular Lipschitz and retains higher reqularity in the angular directions.

Due to the symmetry in u and wu, it suffices to prove the Theorem in
0<u<1I,0<u<e. In the sequel, we will focus on the proof in this region.
The other case can be treated similarly. A more precise formulation of the
theorem can be found in Section 3.

In this paper, local existence and uniqueness is proved under the as-
sumption that the spacetime is merely W12, In terms of differentiability,
this is even one derivative weaker than the recently resolved L? curvature
conjecture ([20], [34], [35], [36], [37]). Of course the W12 assumption refers
to the worst possible behavior observed in our data and our result heavily
relies on the structure of the Einstein equations which allows us to efficiently
exploit the better behavior of the other components.

Theorem 2 in particular shows the existence and uniqueness of solutions
for the initial data of nonlinearly interacting impulsive gravitational waves.
An additional argument, based on the estimates in the proof of Theorem
2, will be carried out to show the regularity of the spacetime with colliding
impulsive gravitational waves, i.e., parts (b) and (c) in Theorem 1.

6The variables v and u will be defined to be null, i.e., the region {0 < u <
e}N{0 < wu < I} is given geometrically as the spacetime region to the future of the
initial data and bounded by the hypersurfaces emanating from the initial spheres
Se,O and 50711.
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Theorem 2 also forms the basis for the theorem on the formation of
trapped surfaces (Theorem 5).7 In particular, Theorem 2 extends the ex-
istence theorem of Christodoulou [7] to data that is not necessarily small
on H, while allowing the data to be large on Hy. Moreover, the estimates
obtained in Theorem 2 show that for a large class of data on H, that is not
necessarily close to Minkowski space, there exists an open set of initial data
on Hy such that a trapped surface is formed in evolution.

1.8. Strategy of the proof

Without symmetry assumptions, all known proofs of existence and unique-
ness of spacetimes satisfying the Einstein equations are based on L2-type
estimates for the curvature tensor and its derivatives or the metric com-
ponents and their derivatives. One of our main challenges in [24] and this
paper is that for an impulsive gravitational wave the curvature tensor can
only be defined as a measure and is not in L2

Let ¥ denote the curvature components and I denote the Ricci coeffi-
cients. In [24] where we studied the propagation of one impulsive gravita-
tional wave, the curvature component « is non-L?-integrable. Nevertheless,
we showed that the L2-type energy estimates for the components of the
Riemann curvature tensor

(7) /\112—1—/ \112§/ xp?+/ \1/2+/_// DU Wdu du.
H, o, Ho H, o Jo JS

w! !

coupled together with the null transport equations for the Ricci coefficients
Vsl =V + 1T, VuI'=v+4+1IT

can be renormalized and closed avoiding the singular curvature component
.

In this paper, we consider spacetimes with two interacting impulsive
gravitational waves and therefore both curvature components « and « are
not L%-integrable. We thus need to extend the renormalization in [24] and
to close the energy estimates circumventing both a and «.

In the remainder of this subsection, we will explain the main ideas for
proving a priori estimates. Note that since we are working at a very low
level of regularity, a priori estimates alone do not imply the existence and

"In fact, one of the motivations for formulating Theorem 2 for a finite but arbi-
trarily long w region is for proving Theorem 5.
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uniqueness of solutions. An additional argument to go from a priori estimates
to existence and uniqueness was carried out in [24] in which we studied
the convergence of a sequence of smooth solutions of the vacuum Einstein
equations to the non-regular solution. A direct but tedious modification of
that argument can be carried out in the context of this paper, giving the
desired existence and uniqueness result. We, however, will be content to
prove a priori estimates in this paper and refer the readers to [24] for more
details.

After we explain the ideas for proving the a priori estimates, we will then
return to sketch the ideas in the proofs of the regularity for colliding impul-
sive gravitational waves (Theorem 1(b),(c)) and the formation of trapped
surfaces.

1.8.1. Renormalized energy estimates. In [24], we introduced the
renormalized energy estimates for the vacuum Einstein equations. This al-
lowed us to avoid any information of « while deriving the a priori estimates.
In this paper, since in addition to an incoming impulsive gravitational wave
there is an outgoing impulsive gravitational wave, both o and a are non-
L?-integrable. We thus need to renormalize the curvature components in a
way that avoids both « and a.

To this end, we view the vacuum Einstein equations as a coupled system
for the Ricci coefficients I' and the curvature components ¥, which is tra-
ditionally treated by a combination of estimates for the transport equations
for I' coupled with the energy estimates for curvature. The renormalization
used in this paper replaces the full set of curvature components ¥ with the
new quantities

U=U+IT for ¥=248p,o0,p0,
U =0 otherwise.

We also replace the full set of transport equations for I' with a subset which
does not involve the prohibited curvature components «, « (or rather, in-
volves only the renormalized components \i') Similarly, we consider a subset
of Bianchi equations. We then show that the reduced system can still be
closed by a combination of transport-energy type estimates.

To illustrate the renormalization, we first prove the energy estimates for
g on H, and for (p,0) on H, by considering the following set of Bianchi
equations: B

1
V4p=div,6’—§X-oz+F\I',
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1
Vo = —div " + §XAO¢—|—F\I/,

V3B =Vp+ Vo + T,

where ¥ denotes the regular curvature components. However, the curvature
component « still appears in the nonlinear terms in these equations. In order
to deal with this problem, we consider the equations for the renormalized
curvature components p = p — %f( ‘Xand & =0+ %X/\ x instead. Using the
equation

Vax = —a+TIT,

we notice that the equations can be rewritten as

Vup=div +T¥ +TVI +TITT,

V4o = —div *+TU¥ + I'VI +I'IT,
V38 =Vp+ V6 +T¥+TVD+TIT.

We now have a set of renormalized Bianchi equations that does not contain
«. Using these equations, we derive the renormalized energy estimate

/\i/?+/ \ifQS/ ®2+/ 2
H“ ﬂ& HO Eo

u  ru .. . .
+ / / / (DWW + VLW + ITTVY) du'dy/
0 Jo JSu w

in which « does not appear in the error term.

It turns out that the same renormalization p and & that was used to
avoid « also can also be applied to circumvent «. For example, o enters as
source terms in the following Bianchi equations,

Vip=—divf—-x-a+TV,

—_

V3o = —div "3 — 5)2 Na+T0U.
Using the equation
VgX =—a+IT,

we see that a does not appear in the equations for Vsp and V3a.
As a consequence, we obtain a set of L? curvature estimates which do not
explicitly couple to the singular curvature components o and «. However,
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we say explicitly that a priori it is not obvious for the Ricci coefficients I"
appearing in the nonlinear error for the energy estimates to be bounded
independent of o and a.

1.8.2. Mixed norm estimates for the Ricci coefficients. In order to
close the estimates, it is necessary to obtain control of the Ricci coefficients
via the transport equations

(8) Vil =¥ +IT, V40 =V +IT.

In [24], we showed that I' can be estimated in L by considering a sub-
set of the transport equations that do not involve the singular curvature
component « (and involve only the renormalized curvature components \if)

In the setting of this paper, in addition to proving bounds on I' without
any information on both singular curvature components o and «, an extra
challenge is that unlike in [24], not all Ricci coefficients are bounded in the
initial data. In fact, for the class of initial data considered in this paper, x
(resp. X) is only assumed to be in L2H3(S) (resp. L2H?(S)), where H3(S)
refers to the L? norm of the third angular derivatives on the 2-spheres. There-
fore, (8) at best implies that ¥ (resp. ) can be estimated in L2L°L>(S)
(resp. L2LL>(S)), where the L> norms on the sphere and along the u
(resp. u) direction are taken first, before the L? norm in u (resp. u) is taken.

Because of the weaker assumption on the Ricci coefficients in the initial
data, we only prove estimates for the Ricci coefficients in mixed norms. In
fact, we prove different mixed norm bounds for different Ricci coefficients.
Using a schematic notation ¢ € {trx,trx,n,n}, v € {x,w} and Yy €
{X,w}, we only control ¢ in LLFL®(S), ¢y in L2LL>®(S) and ¢y in
L2L°L>(8S).

It is a remarkable fact that the Einstein equations possess a structure
such that these mixed norm bounds are sufficient to close all the estimates
for the Ricci coefficients using the transport equations, as well as the energy
estimates for the curvature components.

As an example, in order to estimate v in L{°L{°L*(S), we use the
transport equation a

V=B +p+V+ @+ ¢u) @+ vm)

Notice that the term ¢y does not appear as the source of this equation.
Therefore, with the control of the Ricci coefficients in the mixed norms, all
terms on the right hand side can be bounded after integrating in the ez (i.e.
u) direction to obtain the desired bound for .
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On the other hand, the transport equation for 15y contains both ¢y and
Y g in the inhomogeneous term:

V3yy =Yg + ...

Integrating this equation, we get

9) [¥wllL=(s..) < @rollze(s,.0) + [VHllL2 Lo ()| [ Lo Lo () + ----

The initial data term ||(v#)ol|~(s,,) and the factor [[1p||per(s) in the
second term are not bounded uniformly in u. Nevertheless, since we are only
aiming to prove estimates for ¢ in L2L°L>°(S), we can take the L2 norm
in (9) and every term on the right hand side is controlled by the mixed
norms. This allows us to prove the mixed norm estimates for all the Ricci
coeflicients.

Even more remarkable is that the bounds we obtain for the Ricci coeffi-
cients in mixed norms are also sufficient to close the energy estimates for the
renormalized curvature components. Schematically, the renormalized energy

estimates read as follows:

108, 6:)|| L r212(5) + (B, 0, B)l|Lee L2 12(5)
< Initial Data + HF\iJQHL}LLllLl(S) =+ HFSHL}‘LLLI(S) =+ ...

The error terms on the right hand side have to be controlled by the L?
curvature bounds on the left hand side together with the estimates for the
Ricci coefficients in the mixed norms. As an example, an error term g pp
can be controlled after applying Cauchy-Schwarz as follows:

uppl sy < ||p||%Z°L3L2(S)||¢H||LiL3°L°°(S)-

Here, it is important to note that using the mixed norms for vy, we can
estimate in L™ first, before taking the L? norm. On the other hand, an error
term of the type vz 33 cannot be controlled in L. L. L'(S) since each of the
three factors can only be bounded after taking the L2 norm. Miraculously,
such terms never arise as error terms in the energy estimates!

A similar structure also arises in the error terms of the form

lind

Ly Ly LY (S):

For this term, ¢g (or v g) appears at most twice, allowing us to estimate
each of them in L2 (or L2).
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In order to close all the estimates, we need to prove mixed norm estimates
for higher derivatives of the Ricci coefficients and energy estimates for higher
derivatives of the curvature components. This is achieved using only angular
covariant derivatives V as commutators. For such estimates, the singular
curvature components « and « never arise in the nonlinear error terms (see
Proposition 11 in Section 4.4). Moreover, there is a structure similar to that
described above for the higher order estimates that allows us to close merely
with the mixed norm bounds.

1.8.3. Estimates in an arbitrarily long w interval. In our main the-
orem, we prove existence, uniqueness and a priori estimates in a region such
that only the u interval is assumed to be short, while the u interval can be
arbitrarily long (but finite). This poses an extra challenge since when we
control the nonlinear error terms integrated over the u interval, we do not
gain a smallness constant.

This difficulty already arises in the problem of existence in such a region
with smooth initial data. This was studied in [23]%. It was noticed that both
in carrying out the Ricci coefficient estimates and the energy estimates for
the curvature components, the structure of the Einstein equations allows us
to prove that whenever a smallness constant is absent, the estimate is in
fact linear.

To achieve the bounds of the Ricci coefficients, the following structure
of the null structure equations was used. Let

I'i e {trX7>Z>trX7X7nvw}a Iy =n, '3 =w.
They satisfy the following transport equations:

V4l =V + (Fl +I's + Fg)(rl +I's + Fg),
(10) Vsl'y =0 + (Fl + FQ)Fl,
Vsl's =V + (Fl +I's + Fg)(rl + Fg).

We prove the bounds for I'y, I's, I'3 in the setting of a bootstrap argu-
ment in which the control for the curvature components ¥ is assumed. The
estimates for I'y can easily be obtained since integrating in the ey (i.e., u)
direction gives a smallness constant. For I'y, the integration is in the e3 (i.e.,
u) direction and does not have a smallness constant. Nevertheless, using the

8In [23], the a priori estimates were proved in the case where the u interval is
assumed to be short and the u interval is allowed to be arbitrarily long. We outline
the main ideas of [23] assuming instead the setting in this paper.
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bounds for I'; that have already been obtained, the error term is linear in
I's! This can thus be dealt with using Gronwall’s inequality. Finally, the
equation for I's is also linear in I's. Therefore, using the estimates already
derived for I'; and I's together with Gronwall’s inequality, the equation for
I's can be applied to get the desired control for I's.

In the energy estimates for the curvature components, there is likewise
a term without a smallness constant. Nevertheless, it was noted in [23] that
the only term not accompanied by a smallness constant is also linear. Thus,
as in the case in controlling the Ricci coefficient, the energy estimates can
be closed using Gronwall’s inequality.

Returning to the setting of this paper, this challenge of having an arbi-
trarily long w interval is coupled to the difficulty that the curvature com-
ponents a and « are singular and that the Ricci coefficients x, X, w, w can
only be estimated in appropriate mixed norms. As a result, unlike in [23],
we cannot use the V4 equations for x and try to gain a smallness constant.
The V4x equation is unavailable because a appears as the source of this
equation, and in this paper, due to the singularity of «, one of our goals is
to prove all estimates without any information on a. The V4try equation,
while can be used, has |¢|? as a source term. Since X can only be estimated
in L2 using the mixed norm bounds, the integration in the u direction does
not give a smallness constant.

Nevertheless, a different structure can be exploited to overcome this
challenge. We group the Ricci coefficients into I'y, I's, I's and I'y according
to the equations and estimates that they satisfy. Let

I'ie {tI‘X, Xan’w}v Iy = mn, I's e {)A(aw}v Iy = try.
They satisfy the following transport equations:

Vi1 =0+ ([ + T+ T3+ Ty)([ + Do + Iy + Ty),
V3ly =¥ + (T'y 4+ Ty)Ty,

V3l3 =W + (I + Ty + Ty + Ty) (01 + 1),

V4l = (Fg + P4)(F3 + P4).

Notice that I's corresponds to the Ricci coefficients ¢y and can only be
estimated in L2 LS°L%°(S).

As before, the control of ¥ is assumed in a bootstrap setting. The equa-
tions for I'; and I'y have similar structures as (10). Thus, we first estimate
'y, using the smallness constant provided by the integration in the ey (i.e.,
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u) direction. We then control I's noting that with the bounds already ob-
tained for I'7, the error term is linear in I's. The equation for I's is similar
to (10), except for an extra term containing I'y, which has not been esti-
mated. Nevertheless, I'3 are the terms y and w which are only estimated in
L2L3°L>(S). Thus the error term containing I'y only has to be controlled
after taking the L2 norm. This provides an extra smallness constant. Finally,
while Ty satisfies an equation in the ey (i.e., u) direction, I'sI' appears as a
source. Recall that since I'3 can only be controlled in L2 L° L>°(S), this error

term is only bounded in L} L°L°°(S). In other words, integrating this equa-
tion does not give a smallness constant. Nevertheless, we can use the control
for I's derived in the previous step! Thus we obtain the desired bounds for
all the Ricci coefficients.

In a similar fashion, the energy estimates also have to be carried out in
two steps. Recall from (7) that in establishing the energy estimates, we need

to control the error terms
ITOP| L1 11 11(s)

where U are the renormalized curvature components. The most difficult error
terms are those containing . This is because 8 can only be controlled in
L?(H). In order to control the error terms, the L?(H) norm of 3 has to be
integrated over the long u-interval and the estimates do not have a smallness
constant. To deal with this problem, we first control 8 in L?(H) and (p, &)
in L2(H). While deriving these bounds, all the error terms are accompanied
by a smallness constant 2. We estimate [ after we obtain these bounds.
The error terms that contain /3 are’

IIXBBI|zrLyri(s)

and
IXBBl Ly Ly r(s)-

Since the 3 has been controlled first, the first error term is sublinear. For
the second term, it can be shown that the estimates for x are independent
of the bounds on the curvature and this term is therefore a linear term. It
can thus be dealt with using Gronwall’s inequality.

To be more precise, the term that actually appears is || x3Vx| |L1 L1 L1 (s) instead

of |[xBB|L1L1r1(s)- We note that using elliptic estimates, the control for Vy can
be retrieved from the bound for 3. We omit the technical details here and refer the
readers to the content of the paper for details.
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1.8.4. Signature. In the proof of the a priori estimates, the structure of
the Einstein equations plays a crucial role. It is thus useful to understand
the structure of the equations in a more systematic fashion. Here, inspired
by the work of Klainerman-Rodnianski [19] on the formation of trapped
surfaces, we introduce a notion of signature that allows us to explain and
tract that certain undesirable terms do not appear in a particular equation.
Such a notion of signature is intimately tied to the scaling properties of the
Einstein equations.

1.8.5. Nonlinear interaction of impulsive gravitational waves. As
mentioned above, Theorem 2 implies the existence and uniqueness of solu-
tions to the vacuum Einstein equations with characteristic initial data as
in Theorem 1. In the setting of the nonlinear interaction of impulsive grav-
itational waves in Theorem 1, however, the initial data are more regular
than the general initial data allowed in the assumptions of Theorem 2. In
particular, on each of the initial null hypersurfaces, the initial data are only
singular on an embedded 2-sphere. This allows us to prove that the space-
time is smooth away from the null hypersurfaces emanating from the initial
singularities. Moreover, o and « can be defined as measures with singular
atoms supported on these null hypersurfaces.

We first note that standard local well-posedness theory and the results
of [24] imply that the spacetime is smooth in {0 < u < us} U{0 <wu < u,}.
Thus in order to show that the spacetime is smooth away from the null
hypersurfaces {u = us} and {u = u,}, we only need to demonstrate the
regularity of the spacetime in {u > us} N {u > u,}.

It turns out that using the a priori estimates derived in the proof of
Theorem 2, this can be shown by directly integrating the null structure
equations. For example, while V4 has a delta singularity across u = u,, we
can prove that it is bounded for u > u,. To this end, we consider

I P o Loy + 0@
Vax + §trxx =Ven + 2wx — QtrXX + nen.

Commute the equation with the V4 derivative and substituting appropriate
null structure equations, we get

1 . .
V3Vux + 5trxV4x —2wVyx = ...

where ... denotes terms that have already been estimated in the proof the
Theorem 2. Thus by integrating this equation, we conclude that Vy inherits
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the regularity of the initial data and is bounded as long as u # u,. This
procedure can be carried out for all higher derivatives to show that the
spacetime is smooth in the region {u > ugs} N {u > u,}.

A surprising feature of this proof of smoothness of the resulting space-
time is that it does not require o and « to have delta singularities supported
on the corresponding 2-spheres. In fact, if the initial data satisfy the assump-
tions of Theorem 2 and are more regular for u > @ on Hy and u > u on H,
then the spacetime can be proved to be more regular in {u > @} N {u > a}!

Returning to the interacting impulsive gravitational waves, we show that
a and «a can be defined as measures with delta singularities supported on
H u, and H,,_ respectively. To see this, consider the equations

a = —Vyx — trxx — 2wy,

and
a=—VzXx —trx X — 2wx.

We can prove that y (resp. x) is smooth except across u = u, (resp. u = us)
where it has a jump discontinuity. This implies that o and « are well-defined
as measures and they have delta singularities supported on H, and H,,
respectively. B

1.8.6. Formation of trapped surfaces. Using the existence and unique-
ness result in Theorem 2, we construct a large class of spacetimes such that
the initial data do not contain a trapped surface, and a trapped surface is
formed in evolution. In particular, unlike in [7], [19] and [18], our construc-
tion does not require the initial data on H to be close to that of Minkowski
space.

The challenge in this problem lies in the fact that in order to have a
trapped surface, certain geometric quantities are necessarily large. Recall
that in the setting of Christodoulou [7] (see Figure 7), characteristic initial
data were prescribed on H, and a short region of Hy, where 0 < u <e.

In view of the equation

1 .
(11) Vatry = —§(trx)2 — %2

in order that for some wu, try becomes negative after integrating in a w
length of & X has to be of size ~ e 2 and consequently a has to be of
size ~ €~ 2. In the work of Christodoulou [7], and the later extensions of
Klainerman-Rodnianski [19], [18], this largeness of the geometric quantities

is compensated by requiring smallness of initial data on H,.
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Trapped surface={u =€, u = ux}

Hy

Figure 7: Formation of a Trapped Surface.

To go beyond the requirement of Minkowski data on H, we notice that
while the L°L>°(S) norm of ¥ is large in terms of e, its L2L>(S) is merely
of size ~ 1 with respect to e. Therefore, Theorem 2 implies the existence and
uniqueness of a spacetime solution for this type of initial data, even without
any smallness assumptions on H. Note in particular that the assumptions
of Theorem 2 do not require any control of « for the initial data. It thus
remains to show that one can find initial data which do not contain a trapped
surface and such that a trapped surface is formed in evolution.

With the initial data that he imposed, Christodoulou identified a mech-
anism for the formation of a trapped surface [7]. Recalling (11), for e suffi-
ciently small, if at u = 0,

(12) tri(u=0,0=0.0)> [P (u=0.0)du

and at u = uy,

(13) trx(u = ug,u=0,9) < /06])2|2(u:u*,19)dg,

then the initial data are free of trapped surfaces and the 2-sphere given
by {u = €, u = u,} is a trapped surface, i.e., a trapped surface forms in

evolution.
To achieve (12) and (13), consider the equations

N PPN o Lt nd
Vax + St = Ve + 2wx — St +nen,

and

1
Vatry + §trxtrx = 2wtry +2p — x - X +2div n + 2|n|2.
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Assuming the right hand side of these equations to be error terms, we get

(14) Valx|* + trx|x]* ~ 0
and

1
(15) Vstry + §trxtrx ~ 0,

which imply

1% (s, 9) = [P (= 0, 1, 9) exp(— / e (o, 9)dud)
0

1 u
trx(u,u=0,9) ~ try(u = 0,u = 0,9) exp(—§ / try(u',u = 0,9)du’).
0

Christodoulou showed that in the setting of [7],
(17) trx (u, u, ) = trx(u,u = 0,9),

which implies that
(18)  [XP(u,u, ) = [X[*(u = 0,u,9) exp(~ / trx(u',u = 0,9)du).
0

Comparing (16) and (18), since try < 0, |¢|? has a larger amplification factor
than try. Therefore, there is an open set of initial data such that a trapped
surface is formed in evolution.

In our setting where we remove the smallness assumptions on the data
on Hy, the estimates derived in Theorem 4 imply that (14) and (17) hold.
Nevertheless, the approximation (15) is not necessarily valid. Instead, we
impose a condition (62) on H in Theorem 5 in order to guarantee that a
trapped surface is formed in evolution. This condition guarantees that there
is a choice of initial data on Hy such that (12) and (13) hold in the resulting
spacetime.

2. Setting, equations and notations

Our setting is the characteristic initial value problem with data given on the
two characteristic hypersurfaces Hy and H, intersecting at the sphere Sp .
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€3 €4

N

So,0

Figure 8: The Basic Setup.

The spacetime will be a solution to the Einstein equations constructed in a
neighborhood of Hy and H, containing Sy g.

While we consider spacetimes with Riemann curvature tensors that are
merely measures, it suffices to obtain a priori estimates for smooth approxi-
mations of them. Once the a priori estimates are obtained, we can follow the
limiting argument as in the case of one propagating impulsive gravitational
wave [24] to obtain existence, uniqueness and regularity of the solutions. We
refer the readers to [24] for details. In this paper, we will therefore focus on
the proof of a priori estimates (see Theorem 4). To that end, we assume that
we are given a smooth solution to the Einstein equations in a neighborhood
of Hy and H. In particular, the double null foliation and the coordinate
system introduced below are well-defined.

2.1. Double null foliation

For a spacetime in a neighborhood of Sy, we define a double null foliation
as follows: Let v and w be solutions to the eikonal equation

(97" Ouudyu=0, (g~ udyu =0,
satisfying the initial conditions u = 0 on Hp and v = 0 on H,. Let
L't = —2(971)‘“’&,% L' = —2(971)’“’8,,@
These are null and geodesic vector fields. Let
2077 = —g(L',L).

Define
€3 = QL/, €4 = QL,
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to be the normalized null pair such that

9(637 64) = -2

and
L: QQL/7 I = QQL/
to be the so-called equivariant vector fields.

In the sequel, we will consider spacetime solutions to the vacuum Ein-
stein equations in the gauge such that

Q=1, on Hpand H,.

We denote the level sets of u as H,, and the level sets of v and H,,. By
virtue of the eikonal equations, H,, and H, are null hypersurfaces. The sets
defined by the intersections of the hypersurfaces H, and H, are topologically
2-spheres, which we denote by S, ,. Notice that the integral flows of L and
L respect the foliation Sy, 4.

2.2. The coordinate system

On a spacetime in a neighborhood of Sy, we define a coordinate system
(u,u, 0%, 6?) as follows: On the sphere Sy ¢, define a coordinate system (61, 62)
such that on each coordinate patch the metric v is smooth, bounded and
positive definite. Then we define the coordinates on the initial hypersurfaces
Hy and H, by requiring 64 to be constant along the integral curves of L
and L respectively. We now define the coordinate system in the spacetime
in a neighborhood of Sp by letting u and u to be solutions to the eikonal
equations:

(g_l)’“’ﬁﬂu&,u =0, (g_l)’wﬁyg&,g =0,
and define 6%, 6% by
£.6% =0,

where £ denotes the restriction of the Lie derivative to 1'S,, (See [7],
Chapter 1). Relative to the coordinate system (u,u, 6%, 6?%), the null pair e3
and e4 can be expressed as

0 0 0
_ o1 Y A Y — -1
e3 = <8u+b a9A>,64 Q 8Q7

for some b such that b* = 0 on H,,, while the metric g takes the form

g =—20%(du ® du + du @ du) + vap(do* — bAdu) @ (d6P — bPdu).
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2.3. Equations

As indicated in the introduction, we will recast the Einstein equations as a
system for Ricci coefficients and curvature components associated to a null
frame ez, e4 defined above and an orthonormal frame eq, es tangent to the
2-spheres S, . Using the indices A, B to denote 1,2, we recall the definition
of the Ricci coefficients relative to the null fame:

xap = g(Daes,ep), X, =9(Daes,ep),

1 1
na = _§g(D3€A764)) QA = _§g(D46A)63)5

(19) 1 1
w = _Zg(D463764)7 W= _Zg(D364763)’

1
Ca = ig(DA% es)

where Dy = D We also recall the definition of the null curvature com-

ponents,

€(a)y-

aAB = R(eA;€47€Bae4)a aABp = R(€A763763763))

1 1
(20) fa = 53(6A764,63,€4), B,= 53(6A763,63,64)7
p= ZR(€4’ €s3,€4,€3), O = 1 *R(ey, €3, €4, €3).

Here * R denotes the Hodge dual of R. We denote by V the induced covariant
derivative operator on Sy, and by V3, V4 the projections to Sy, of the
covariant derivatives D3, Dy (see precise definitions in [17]).

Observe that,

1 1
(21) w = —§V4(1Og Q), w= —§V3(10g Q),
na = Ca+ Va(log ), QAZ—CA—FVA(lOgQ).

Define the following contractions of the tensor product ¢(!) and ¢ with
respect to the metric :

o . ¢ = (V_I)AC('y_l)Bngquﬁg}) for symmetric 2-tensors gbfﬂg, ¢(A2])5,
¢(1) -¢(2) = (7_1)AB¢E41)¢(‘5) for 1-forms ¢E41), ¢E42),

(gb(l) . ¢(2))A = (W_I)Bcgbgj)ggbg) for a symmetric 2-tensor gbgj)g

and a 1-form ¢g),
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(6V86@) ap = 6V D +6W oD 7450V -¢?)  for one forms ¢y, ¢,

oM A @) = ¢ AB (5 _1)CD¢(1) ng for symmetric two tensors gb(All)g, qbfj)g,

where ¢ is the volume form associated to the metric . Define * of 1-forms
and symmetric 2-tensors respectively as follows (note that on 1-forms this
is the Hodge dual on S, ,):

“¢a =vact o, “ap:=v8pf " dac.
Define the operator V& on a 1-form ¢4 by

(V®¢)AB :=Va0B + VBoa — yapdiv ¢.

For totally symmetric tensors, the div and curl operators are defined by
the formulas

(div @) a,..a, == (v )P Vedpa,. a,
(cwrl @)a,..a, == ¢PVpoca,. .a

Define also the trace of totally symmetric tensors to be

(tr@) Ay, , = (v )P poa,..a, .

We separate the trace and traceless part of x and x. Let x and X be the
traceless parts of x and x respectively. Then x and y satisfy the following
null structure equations:

1 .
Vatry + 5 (tr)* = =¥ - 2wtry,
Vax + trxxy = —2wyx — «a,
1 .
Vstry + 5(‘51@)2 = —2wtry — |X|2’
VaXx +trx X = —2wk — q,

1
(22) Vatrx + §trxtrx = 2wtry +2p — X - x + 2div n + 2|ﬁ|2,

FUER S ~ .1 ~
Vax + itrxx = Van + 2w — 5‘51"&)( + nen,
1
Vatry + §tthrX = 2wtry +2p — x - X + 2div n + 2|n|2,

N TP LR
Vsx + ?HXX =V&n+ 2wx — §trXK +n&n.
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The other Ricci coefficients satisfy the following null structure equations:

Van=—x-(m—n)+5,
1 1
(23) Viw = 2ww —1n -1+ 5’77’2 T 3h
1 1
Vw = 2ww —1n -1+ §’Q12+§P

The Ricci coefficients also satisfy the following constraint equations

1 1 1
div x = 5 Vitrx — 5(n—n) - (X = 5trx) = 5,
A 1 1 o1
div x = zVtrx + z(n —n) - (x — strx) + 5,
(24) 2 2 2

1
curln:—curlﬂza+§XA)Z,

1 1
K=—-p+ 5)2 "X~ Ztrxtrz.

with K the Gauss curvature of the spheres S, ,. The null curvature compo-
nents satisfy the following null Bianchi equations:

) R .
Vsa + Strya = VBB +dwa — 3(kp +° X0) + (¢ + 4n) 85,
Vi +2trxf = div e — 208 + (20 +1) - o,
V3B +tryB = Vp +2wB +* Vo + 2% - B+ 3(np +* no),
1
V4J+gtrxo':—div *6+§X/\OJ—C/\,8_2Q/\/8a
3 1
V3U+§trxa:—div *g_§5</\@+§/\ﬁ_277/\@’
(25)
3 1
Vap+ trxp =div f— o% a+ (- f+20 5,
3 . 1.
Vsp + Qtrxp: —d1v§f§X'Q+<'ﬁ*277'ﬁ7
VB +trxf = —Vp+* Vo +2wh + 25 - B — 3(np —" no),
V3B + 2try8 = —div a — 2w — (—2¢ + 1) - a,

1 - ~
Via + Strxa = V@B +dwa — 3(kp =" o) + (( — 4n)&p.

We now define the renormalized curvature components and rewrite the
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Bianchi equations in terms of them. Let

p=p—sX % G=0+sXAR

[2>
N | —

N —

The Bianchi equations expressed in terms of p and & instead of p and o are
as follows:

(26)
V3B +trxB =Vp+* V& + 2wB + 2X - B+ 3(np +* no)
/- B
+5 (VO 2+ VXA X)) + 5 - X +7 01X A X,
3 1 .
V46+§trx5:—div*B—C/\ﬁ—Qﬂ/\ﬂ—§fc/\(v®ﬂ)_

N | =

2
S 1. _~ .
V4p+§trxp:d1VB+C-ﬁ+2ﬂ-ﬁ—§x-V®Q— X - (n®n) + —trx|x
1
2

~

o3, . 1. _~ 1.
V3p+—trxp:—dlvﬁ—l-c'ﬁ—%?-é—§X'V®77——X'(77®77)

2 2
1 .12
+ZtrX’X’7

VB +trxf=—Vp+" Vo 42w +2x -8 —3(np =" no)
1o 3. .
—§(V(x-x)— V(x/\x))—§(77x-x— XA X)-

Notice that we have obtained a system for the renormalized curvature com-
ponents in which the singular curvature components a and a do not appear.

In the sequel, we will use capital Latin letters A € {1,2} for indices on
the spheres S, , and Greek letters p € {1,2,3,4} for indices in the whole
spacetime.

2.4. Signature

In this subsection, we introduce the concept of signature. This will allow us
to easily show that some undesirable terms are absent in various equations.

To every null curvature component «, 8, p, o, 5, o, null Ricci coefficients
x,(,n,n,w,w, and the metric components ’y,Q,_we assign a signature ac-
cording to the following rule:

sgn(¢) = 1- Na(¢) + (=1) - N3(¢9),
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where N4(¢), N3(¢) denote the number of times ey, respectively e, which
appears in the definition of ¢. Thus,

Sgn(ﬁ) =1, sgn(p, U) =0, Sgn(ﬁ) =-L

Also,

sgn(x) = sgn(w) =1, sgn(¢,n,n) = sgn(y,Q) =0,

sgn(x) = sgn(w) = —1.

We use the notation U®) and T'®) to denote the renormalized curva-
ture component and Ricci coefficient respectively with signature s. Then all
the equations conserve signature in the following sense: The null structure
equations are all in the form

vV, = gt o Z L) . pls2)
S1+82=s+1

Vil = gl 4 Z 1) . ls2),

S1+82=s5—1

and the null Bianchi equations are of the form

Vi) = gue) ¢ §T (e g 4 pln) i),
S1+82=s5+1

Vil = vuleD 4 Y (0 gl e gt

S1+82=5—1

2.5. Schematic notation

We introduce a schematic notation as follow: Let ¢ denote an arbitrary
tensorfield. For the Ricci coefficients, we use the notation

(27) Y€ {trx, trx, 0}, YE € {X,w}, vm € {x w}

Notice that i has signature 1 and ¥g has signature —1. Unless otherwise
stated, we will not use the schematic notation for the renormalized curvature
components but will write them explicitly.
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We will simply write ¥t (or ¥y, 13, etc.) to denote arbitrary contrac-
tions with respect to the metric v. V will be used to denote an arbitrary
angular covariant derivative. The use of the schematic notation is reserved
for the cases when the precise nature of the contraction is not important to
the argument. Moreover, when using this schematic notation, we will neglect
all constant factors.

We will use brackets to denote terms with any one of the components in
the brackets. For example, ¥ (p, &) is used to denote either 1p or ¥g.

The expression Vi)? will be used to denote angular derivatives of prod-
ucts of Ricci coefficients. More precisely, V47 denotes the sum of all terms
which are products of j factors, with each factor being V%1 and that the
sum of all 7;’s being 1, i.e.,

Vigh= > VigpvRy. Vi,

1 tiat iy j fa:tors

Using these notations, we write all the equations from Section 2.3 in the
schematic form. The structure of the equations can be read off directly from
Section 2.3. On the other hand, we notice that the structure for most of the
equations also follows from signature considerations as indicated in Section
1.8.4. We will later point out places where we need to use an additional
structure of the equations that goes beyond signature considerations.

We first write down the null structure equations (22) and (23) in schemat-
ic form. Here, we do not write down the two equations that involve the
singular curvature components « or a.

Vatrx = XX + ¢ (¥ + ¥m),
Vstry = XX + ¥ (¥ + ¥m),
Vatrx = p+ Vn+ ¢ + ¢m),
Vistrx = p+ Vn + (¢ + ¢m),
Van =B+ +¥n),
Van =B+ (n+n)(trx + ),
Vax =p+Vn+ 9@ +vu) + Yutrx +vun),
Vex =p+Vn+ 9 +vy) + dultrx +vu).

Except for the equation Vtry and Vstry, the structure of the nonlinear
terms in the other equations follow from signature considerations.'® We now

I0Notice that we have written a more precise version of schematic equation for
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write the constraint equations (24) in schematic form:

1
div ¥ = §Vtrx +Y(trx + x) — B,

N | .
(29) div x = 5 Virx + ¢ (trx + X) + 5,
curl n = —curl n =7,
K =—p+.

We now write down the Bianchi equations (26) in schematic form, substi-
tuting the Codazzi equations in (29) for some 5 and . In these equations,
the left hand side is written with exact constants while the right hand side
is written only schematically.

V3B —Vp—* V& =(p, ) + " V" (b + trx) V™ (g + try),
Vig+div B =ys+ Y PIVEYVEYL + 9RK,
i1 +ig+i3<1
Vap+div B=¢p+ Y @UVEEVEy + xR,
i1+12+13<1
Vg +div B =ys+ Y YPVEYVEYL + PR,
i1 +12+i3<1
Vsp+div B=yp+ > I VEYVEYy + Pk,
i1+ig+i3<1
ViB+Vp—* V& =p(p,5) + "V (Y + trx) V™ (g + try).

It is important in the sequel that in the equations for Vy(p,d) (resp.
V3(p,5)), ¥u (resp. ¥p) does not appear. This does not follow from sig-
nature considerations alone since in principle the conservation of signature
would allow a term Yy (vesp. Yuvuu). The fact that these terms
do not appear can be observed directly in the equation (26).

2.6. Integration

Let U be a coordinate patch on Spo and define U, to be a coordinate
patch on S, o given by the one-parameter diffeomorphism generated by L.

V3n compared to V4n. This will be useful in the proof since when integrating in
the w direction using the V3 equation, we will not have a smallness in the length
scale and we need to use the extra structure of the equation.
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Define U, to be the image of U, o under the one-parameter diffeomorphism
generated by L. Define also Dy = Uy<, <1 0<u<e Unu- Let {pr} be a partition
of unity such that py; is supported in Dyr. Given a function ¢, the integration
on S, is given by the formula:

/ ¢::Z/OO /Oo dpu+/det vdo' db>.
Suu g J—ooJ—0

Let Dy by the region 0 < u < v/, 0 < u < «/. The integration on D,,,, is
given by the formula

/ ¢ ::Z/ /_/ / dpur~/— det gd* do*dudu
D’U«H U 0 0 — 00 — 00
:22/ /_/ / dpy 2 \/det vdo' do* dudu.
o Jo Jo Joo oo

Since there are no canonical volume forms on H, and H,, we define inte-
gration by

/ ¢:=> / / / #2py 1/ det vdO' do? du,
H, U 0 —00 J —00

and
/ ¢i=> / / / #2pyQy/det ydb' do>du.
H, y Y0 J—ooJ—o0

With these notions of integration, we can define the norms that we will
use. Let ¢ be an arbitrary tensorfield. For 1 < p < oo, define

105, = [ (6.0

u,u

618 = | 0.0

610,y = [ (0.0

—u

Define also the L°° norm by

19llz=(s...) = sup {9, )/(6).

w,u
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We will also use mixed norms defined by

101l 2 Lo Lo (s) = (/0 ( sup H¢HLP(su,H))2dﬂ> ,

w€E[0,u.]

@]l r2 Lo Lr(s)y = (/ ( sup |\Vi¢||LP(Su,U))2dU) :
B 0 u€l0]

Note that L®LP is taken before taking L?. In the sequel, we will frequently
use

Il gz rrs) < |- lL2pere(s)-

With the above definition, ||¢||z212(s, ,) and [|@|| 2z ) differ by a factor
of Q. Nevertheless, in view of Proposition 1, these norms are equivalent up
to a factor of 2.

2.7. Norms

We now define the norms that we will work with. Let

R=> | > swlVWlpm)+ Y swllVUem, |,
i<2 \we{gps} ve{po,f) “

R(S) = Z(SUP IV (5,6, K| 12s, ) + HviéHLiLzom(S)))

i<1p Wt

Oip =sup ||V (trx, 0,79, trx)l| Los, ) + 11V (R )| 2 Lo Lo(s)

u,u
+ IV (X WLz e nr(s):
O30 =|IV2(trx, tr) | L L r2(s) + V2 (00| Lo L2 12(s)
+ IV (0, ) Lo L2 22(5) + |’V3(>Z,w7wT)HLs;oL;L2(S)
+IV (% w, ET)HL;L;‘;L?(S),

where w’ and w' are defined to be the solutions to

o

N —

5-7 V4QT =

| =

ngT =
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with zero data'! and p, i, K, k are defined by

pi=—divny —p, p:=—divy—p,

1 1
k= Vw+* Vwl — 58 m=-Vu +* V! — LA

Moreover, we will use the notation O; ,[trx] (and R(S)[3], etc) to denote
the part of the O norm that depends on try;, i.e., sup,, HV"trxHLp(SM).

Recall from (27) that we use the schematic notation ¢ € {trx,n,n, trx},
Vi € {X,w} and ¢y € {},w}. The choice of this notation is due to the fact
that they obey different estimates.

For the norms of the third derivatives of the Ricci coefficients, i.e., the
@372 norms, notice that V3try and V3try obey the same type of estimates
as for lower order derivatives. V3(n,n) “can no longer be controlled on a
2-sphere, but it obeys estimates on either null hypersurface. V31y (resp.
V3wﬁ) satisfies similar estimates as before, but at this level of derivatives,
we have to take L2 (resp. L2) before L (resp. LS°).

We write - N

O = Op,00 + Z Oiq+ Z O; 2.

i<1 i<2
3. Statement of main theorem

With the notations introduced in the previous section, we formulate a more
precise version of Theorem 2, which we call Theorem 3. As noted before,
since the proof for the existence and uniqueness of solutions in {0 < u <
e} N{0 <wu < I} is the same as that in {0 <u <e}N{0 <u < I}, we will
focus on the latter case.

Theorem 3. Suppose the initial data set for the characteristic initial value
problem s given on Hy for 0 < u <wu, and on Hy for 0 <u < wu, <1 such
that

c < |dety [s,, |,|dety [s,, | <C,

g . 9
5 (1) Tsua 1+ 10 15, 1) <.

i<3

Ule., w' =0 on Hy and w' = 0 on H,.
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Oo =Y (IVY|1z12(5.0) + [V

1<3

LfLZ(So,H)

+ Va2, + IV a2 ,)) < C,

Ro = (IV'Bllza(m) + 1V'Bll (a1,
i<2

S UV a0 + IVl ags,) < C
ve{p.o}

Then there exists € > 0 sufficiently small depending only on C, ¢ and I such
that if u, < €, there exists a spacetime (M, g) that solves the characteristic
initial value problem to the vacuum Einstein equations in the region 0 < u <
U, 0 < u < u,. Geometrically, this is the region to the future of the initial
hypersurfaces Hy and H, which is bounded in the future by the incoming
null hypersurface emanating from So, and the outgoing null hypersurface
emanating from S, 0. Associated to the spacetime (M,g), there exists a
system of null coordinates (u,u,0%,6%) in which the metric is continuous
and takes the form

g = —20%(du ® du+ du @ du) +vyap(dd* — b du) @ (405 — bPdu).

In addition, given a sequence of smooth initial data sets such that the met-
rics Yn approaches v in LYW (S, 0) N LW°(Sy.), the Ricci coeffi-

cients (¥, ¥, Vu)n approaches (Y, v, vy) in the norm*? given by Oy and
the renormalized curvature components (53, p, &, 5)n approaches (B, p,a, ) in
the norm Ry, this sequence of initial data gives rise to a sequence of smooth
spacetimes which approaches (M, g) in C°. (M, g) is also the unique space-
time solving the characteristic initial value problem among all such C° limits

of smooth solutions. Moreover'3,

0
=59 € CLCALA(S),

82 0072
W.g € CuCgL (S)a
0? 0?
——bd € 2L LY(S).

960u”” 9u? wl L(S)

2Here, we take the norms and the connection coefficients on the spheres S,
and Sy, o to be defined with respect to .

13Here, we use ¢ to denote any components of the metric in double null coordi-
nates, i.e., the components, b, y4p and €.




476 Jonathan Luk and Igor Rodnianski

0 2100700

%QELULHL (5)7

2 -1 ABE 1lyoogoo

()P () a8) € LLLEL(S),
0? 0?
060u”" du?

bt e L2LLY(S).
d
— g€ L2L>®L>®

~-(7)aB) € Ly, L L™(8),
2

oudu

In the (u,u,0',0%) coordinates, the vacuum Einstein equations are satisfied
m L}lLiLl(S). Furthermore, the higher angular'® differentiability in the data
results in higher angular differentiability of (M, g).

g€ L2LLLY(S).

In the remainder of this paper, we will prove the a priori estimates
needed to establish Theorem 3 (see Theorem 4). The existence, uniqueness
and regularity statements in Theorem 3 follow from the a priori estimates
and an approximation argument as in [24]. Moreover, as in [24], it suffices
to prove a priori estimates for smooth solutions. We refer the readers to [24]
for details. In the subsequent sections, we will prove the following theorem
on the a priori estimates:

Theorem 4. Suppose a smooth initial data set for the characteristic initial
value problem is given on Hy for 0 < u < u, and on Hy for 0 < u < u,
such that

o .
c<[dety ls,, | <C D (55" 5o [SC,

1<3
00 =3IVl 250 + IVl 12050
<3
IVl + 11Vl r,) < C
Ro = 3 _(I1V*Bllz2(ap) + 1V Bl 2,
1<2

+ Y IVl ras,0) + IVl r2(s,,)) < C.
ve{po}

T.e., in the 59- directions.
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Then, there exists € depending only on C, ¢ and I such that if u, < I and
u, < €, a smooth solution to the vacuum FEinstein equations in the region
0 <u<uy, 0 <u<u, has the following norms bounded above by a constant
C' depending only on C, ¢ and I:

0,039, R < C'.
3.1. Structure of the proof

We briefly outline the proof of Theorem 4:

STEP 0: Assuming that Op  and O 4 are controlled, we prove the bounds
on the metric components, from which we derive preliminary estimates such
as the Sobolev embedding theorem and the estimates for transport equa-
tions. (Section 4).

STEP 1: Assuming R < oo, R(S) < oo and O35 < oo, we prove that
O < C(Op,R(S)). (Sections 5.1, 5.2)

STEP 2: Assuming R < oo and O35 < 0o, we show that R(S) < C(Ry).
(Section 5.3) Together with Step 1 this implies O < C(Og, Ryo).

STEP 3: Assuming R < oo, we establish that O35 < C(Op)(1 + R), i.e.,
O3 2 grows at most linearly with R, with a constant depending only on the
initial data. (Section 5.4)

STEP 4: Using the previous steps, we obtain the estimate R < C(Og, Ry),
thus finishing the proof of Theorem 4. (Section 6)

4. The preliminary estimates

All estimates in this section will be proved under the following bootstrap
assumption:

(A1) 00,00 + Z Oia <Ay

i<1

where Ay is a positive constant to be chosen later.
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4.1. Estimates for metric components

We first show that we can control {2 under the bootstrap assumption (Al):

Proposition 1. There exists g = €9(Ag) such that for every e < €,

<O <2

N =

Proof. Consider the equation

1 1 10
=——VilogQ=_-QvV,Q 1= - —
(30) YT T aesi T e 2 du

oL

Notice that both w and € are scalars and therefore the L° norm is inde-
pendent of the metric. We can integrate equation (30) using the fact that
Q! =1 on H, to obtain

197 = 1l es,) < C /0 el s, ) < O ol g 121(5) < CAoe?.

This implies both the upper and lower bounds for  for sufficiently small
€. Il

We then show that we can control v under the bootstrap assumption
(Al):

Proposition 2. Consider a coordinate patch U on Spo. Recall that Uy,
is defined to be a coordinate patch on Sy o given by the one-parameter dif-
feomorphism generated by L and Uy, s defined to be to be the image of
Uu,o under the one-parameter diffeomorphism generated by L. Recall also
that Dy = Uy<y<r1.0<u<e Uuu- For € small enough depending on initial data
and Ay, there ezists C and c depending only on initial data such that the
following pointwise bounds for ~ hold in Dy :

c<dety<C.

Moreover, in Dy,
sl (" HAP < C.

Proof. The first variation formula states that

Ly =20x.
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In coordinates, this means

0
50 /AB = 2Q0xAB-
u

From this we derive that

% log(dety) = Qtry.

Define 7o (u, u, 0, 0%) = v(u, 0,6, 62). Then
(31) dety — det(30)] < C [ firxlda’ < Coe.
0

This implies that the det 7 is bounded above and below. Let A be the larger
eigenvalue of v. Clearly,

(32) A<C sup 7vag,
A,B=1,2

and

Z IxaB| < CAl|x|p~(s,..)-
A,B=1,2

Then
|vaB — (70)aB| < C'/_\XAB|du/ < CAAges.
0

Using the upper bound (32), we thus obtain the upper bound for |y4p|. The
upper bound for |(y~1)4B| follows from the upper bound for |y45| and the
lower bound for det ~. OJ

A consequence of the previous proposition is an estimate on the surface
area of the two sphere S, 4.

Proposition 3.

sup |Area(Syu) — Area(Su0)| < CAge.

u7g

Proof. This follows from (31). O

With the estimate on the volume form, we can now show that the L
norms defined with respect to the metric and the LP norms defined with
respect to the coordinate system are equivalent.
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Proposition 4. Given a covariant tensor ¢a,..a, on Sy, we have

/ < 9,0 >§/2N Xr: Z // |pa,...a [Pr/det vdh'dh>.
Su,u

i=1 A;=1,2
We can also bound b under the bootstrap assumption, thus controlling
the full spacetime metric:

u,

Proposition 5. In the coordinate system (u,u,0',6?),
64| < CAge.

Proof. b satisfies the equation

ol
33 —— = —40%¢A
(33) oy ¢
This can be derived from
oL G
L, L| = ——.
Now, integrating (33) and using Proposition 4 gives the result. O

4.2. Estimates for transport equations

The estimates for the Ricci coefficients and the null curvature components
are derived from the null structure equations and the null Bianchi equations
respectively. In order to use the equations, we need a way to obtain esti-
mates from the covariant null transport equations. Such estimates require
the boundedness of try and try, which is consistent with our bootstrap as-
sumption (A1l). Below, we state two Propositions which provide L? estimates
for general quantities satisfying transport equations either in the es or ey4
direction.

Proposition 6. There erists €9 = €9(Ag) such that for all € < €y and for
every 2 < p < 0o, we have

(5.1 < CUBzr(5.1 + [ IVabl1n(5, 1)

'l u

6lle(6.0 < CIBlIs5) + [ 10l

u
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Proof. The following identity holds for any scalar f:

S, (o)

- / Q (ea(f) + trnf)
Suu

Similarly, we have

£[ o= [ otensan

Hence, taking f = |¢[4, we have

(34)
181125,y =N6lns,

|
s [T plor2a (< 0,900 >, 4ol )
0l IoEs, )

/ / plelP 0 << ¢, V3 >y +— trx|¢\2> du”.

uu

By the L bounds for € and try (try) which are provided by Proposition
1 and the bootstrap assumption (A1) respectively, we can control the last
term in each of these equations using Gronwall’s inequality to get

H¢HLP(S

c (rwup,,(sw,) <[ W-va@") ,

P
elZo s, )

SC(chllpp(Su,,uﬁ/ /S !¢|p_1|V3¢|du”>.

U

(35)

Notice that (35) allows us to in fact control sup, <, <, ||¢)]|§p(su,u”) and

SUPy <ur<y |07, (Sur ) respectively. Therefore, using Holder’s inequality on
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the 2-spheres, we get

sup 1612,

u' <u'’<u u)
<C_sw N0l ) (Wl + [ IV30ls, ).

p
U/SSB/I/)Su ‘ ’(N | p(SHN&)

u
<C sup H¢||Lp S ) (Hé”LP(Su/)E) +/ / ||V3¢\Lv(su,,&)dU”> .
u' <u''<u - u S8,

. —1 -1 :
Dividing by sup, <<, ||¢] ]ip(su Ly and supy <<y ||6) ‘IEP(SHN&) respectively

gives the desired conclusion. O

The above estimates also hold for p = oc:

Proposition 7. There exists ey = €9(Ag) such that for all € < ey, we have

f6ll~6. < € (I6llmcs, 0+ [ 19000105, )

6l < € (Iollmisin + [ IVa0llm(s,0 )

Proof. This follows simply from integrating along the integral curves of L
and L, and the estimate on €2 in Proposition 1. O

4.3. Sobolev embedding

Using the estimates for the metric v in Proposition 2, Sobolev embedding
theorems in our setting follows from the standard Sobolev embedding theo-
rems (see [24]):

Proposition 8. There exists g = €9(Ag) such that as long as € < €y, we
have

1
19l1L3(5,.) < C DIV llLa(s, -

=0

Similarly, we can also prove the Sobolev embedding theorem for the L>°
norm:
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Proposition 9. There exists g = eg(Ag) such that as long as € < €y, we
have

ol L (5u) < C (18llL2(s.0) + IVllLa(s..)) -

As a consequence, since the area of Sy, s uniformly bounded, we have

ol L (s0) < C (18l L2(s.) + IVl La(s. )

and

2
10l (5..) < C DIV SllLa(s..)-
i=0
Besides the Sobolev embedding theorem on the 2-spheres, we also have a

co-dimensional 1 trace estimate that controls the L3(S) norm by the L?(H)
norm with a small constant.

Proposition 10.

llollras, ) <C (H¢||L3(swl) + €1]|VPl[r212(5) + €5 Hv4¢”LiL2(S)> :

Proof. 1t follows from the standard Sobolev embedding theorem and the
lower and upper bounds of the volume form that

(36) 1611z4¢s) < CUISl 1o (5 IVl 125 + 10]]22(5)-
Using (34) and (36), we have

1611 72(5...)
u 1
Nolits, o+ [ [ 3000 (< 09a0 > +3erxdol?)

<[16l72¢s, ) + CSITs (o) Vadl L2y + /{)_0A0|l¢llis<5u,u/)d@/
§‘|¢H%3(Su,g) n C(|y¢\|§ﬂa(s)llv¢l@u(5) + H¢|!i;m(S))HVmHm(H)
+/O_CA0H¢||?£3(SU,U/)@/

<N6las, ) + CUIBIE 1) I911E, (s, + € 16113 2 g5 Vsl 2aan

+/O_CA0|!<Z>||?£3(SU,UI)@I'
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Using Holder’s inequality and absorbing the term ||¢H390 13(s) O the left
hand side, we have -
161125 (5...0)
<C (||¢||is<sw,) + ‘|V¢HL1£L2(S)HV4¢‘|%iL2(S) + e HV4¢H%;L2(5)

+/OCA0H¢H%3(Su,uf)dEI)

<C (||¢H?i?»(su,y) + EZHV(ZSHiiL?(S) + €g||v4¢||iiL2(S) + 65||v4¢||iiL2(S)
+ /0 CAquﬁH%S(sw,)du') :

where we have gained a smallness constant by changing Li to Li for Vo
in the last line. By Gronwall’s inequality, and using the fact that u < €, we
have

U,

161355,y <C (118155, ) + ENIVEIL, Las) + € IVa0IE, 12y ) - O

4.4. Commutation formulae

We have the following formulae from [17]:

Proposition 11. The commutator [V4,V] acting on a (0,7) S-tensor is
given by

[V4,VBloa,. 4,
=[Dy4, DBléa,.. A, + (VBlogQ)Vida, . — (v HPxspVeda,. A,

T '
~1\CD ~1\CD
=Y (Y XBDﬂAin)Al_,,AiC,HAT+Z(’7 DPXABN A, dcn,
-1 i—1

Similarly, the commutator [Vs, V] acting on a (0,7) S-tensor is given by

V3, VB|oa,. 4,
=[Ds, Dpléa,..a + (Vilog@)Vada,.a — (v ) x,, Veda,.a,
B Z(’Y—l)CDKBDnAiqul...AiC...AT + Z(V_I)CDXAiBnDd)Al"'Aic"‘Ar'
=1 =1

By induction, we get the following schematic formula for repeated com-
mutations (see [24]):
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Proposition 12. Suppose V¢ = Fy where ¢ and Fy are (0,7) S-tensors.
Let V4V'i¢p = F; where F; is a (0,7 +1) S-tensor. Then F; is given schemat-
ically by
Fo~ ) VRm+n)RVER+ Y Vin+ )RV Ve
i1+la+iz=1 i1+la+is+i4=1
+ > Vi +n)VEaVe.
i1+la+is+ig=1—1
where by Vi (n + ﬁ)i2 we mean the sum of all terms which is a product of
iy factors, each factor being VI (n + n) for some j and that the sum of all
jsis iy, e, Vi(n+n)? = Z V7 (n+n)...V72 (n +n). Similarly,
Jit i, =t A
suppose V3¢ = Go where ¢ and Ggy are (0,7) S-tensors. Let V3V'¢ = G;
where G; is a (0,7;) S-tensor. Then G is given schematically by
Gi~ > Vim+n)RVeGo+ Y Vi(n+n)RVexVie
i1+la+iz=1 i1 +ia+isg+ia=1
) VimEn)tVRpYie
i1+ia+iz+ig=1—1
The following further simplified version is useful for our estimates in the
next section:

Proposition 13. Suppose V¢ = Fy where ¢ and Fy are (0,7) S-tensors.
Let V4V'i¢ = F; where F; is a (0,7 +1) S-tensor. Then F; is given schemat-
ically by
Fim > VUWRVBR 4+ Y ViRV Ve,
11+i2+1i3=1 i1 +la+is+ia=1
Similarly, suppose V3¢ = Go where ¢ and Gy are (0,r) S-tensors. Let
V3Vip = G; where G; is a (0,7;) S-tensor. Then G; is given schematically
by
Gi~ Y VIRVSGo+ Y VR VEVEe,
11+ia+1i3=1 11+t +is3+ia=1
Proof. We replace 3 and 8 using the Codazzi equations, which schematically
looks like

B =Vx+x,

B=Vx+vx. O



486 Jonathan Luk and Igor Rodnianski

4.5. General elliptic estimates for Hodge systems

We recall the definition of the divergence and curl of a symmetric covariant
tensor of an arbitrary rank:

(div ¢)a,..a, = VEbpa,. A,

(curl )4, .4, = ¢PVioca,. a.,

where ¢ is the volume form associated to the metric . Recall also that the
trace is defined to be

(tré)a,..a,, = (v H)P%pca,.a, ..

The following elliptic estimate is standard (See for example [8] or [7]):
Proposition 14. Let ¢ be a totally symmetric r + 1 covariant tensorfield

on a 2-sphere (S%,7) satisfying

divp=f, curlp=g, trp=nh.

Suppose also that
Z HVZKHLQ(S) < 00.
i<1
Then for i < 3,
IVl 12(5) <CO_NIVFE|l12(s))
k<1

i—1

X (Z(ijfHU(S) + IV gllL2(s) + [V Rl L2(s) + 19]]2(s))-
=0

For the special case that ¢ a symmetric traceless 2-tensor, we only need
to know its divergence:

Proposition 15. Suppose ¢ is a symmetric traceless 2-tensor satisfying
div ¢ = f.

Suppose moreover that

Z |‘ViK|’L2(S) < Q.

i<1
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Then, fori < 3,

i—1
IVillz25) < CONVFE125) O UV Fllrags) + 18] 12(s)))-
k<1 §=0

Proof. In view of Proposition 14, this Proposition follows from

curl ¢ = f.

This is a direct computation using the fact that ¢ is both symmetric and
traceless. 0

5. Estimates for the Ricci coefficients

We continue to work under the bootstrap assumptions (A1). In this section,
we show that assuming the curvature norm R is bounded, then so are the
Ricci coefficient norms O, @372 and the curvature norm R(S) on the spheres.
In particular, our bootstrap assumption (A1) and all the estimates in the
last section are verified as long as R is controlled.

5.1. L*(S) estimates for first derivatives of Ricci coefficients

Proposition 16. Assume
R < o0, @372 < 00, 0272 < 00.

Then there exists €9 = €o(R, (7)3,2, 02,2, Ag) such that whenever € < €,

> Oialtrx, ) < C(Oy).

<1

In particular, C(Qy) is independent of Ag.

Proof. Using the null structure equations, we have a schematic equation of
the type

Va(trx,n) = B+ p+ Vn+ v +Ype.

It is important to note that 3, )y do not appear in the source terms. In
other words, only the terms that can be controlled on the outgoing hyper-
surface H, enter the equation. By Proposition 13, we have the following null
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structure equations commuted with angular derivatives:
VaViltrx,m) = > VURVE(B+ p+ V)
11+l +i3=1
+ ) VRRVEYVHE (4 vp).
11 +i2+is+ia=1
By Proposition 6, in order to estimate ||Vi(trx, M| Lo Lo L4(s) it suffices to
estimate the initial data and the || - || ;11 4(5) norm of the right hand side.

We now estimate each of the terms in the equations. For the curvature terms,
we have

| Z T/)ilvig(ﬁ,ﬁ)||LgoLllL4(S)

i1+i2<1

<CO MWl e 1o 5)) QO IV (B, Dl ()

7«1§1 22§1
<C(1+ Ao)er Y [IVH(B, )l L2 12(s)
<2
<C(1+ Ag)ezR.

The term with V7 instead of (3, p) can be bounded analogously, except for
using the O and @3,2 norms together instead of the R norm:

> "V e s

i1+12<1

<O MM g e 5) (1920l 21 2005)

1 <1 1252

<C+20)e Y NVnllpzreris + Y. IVnllzrer2(s)

1<1 2<i<3

<C(1+ Ao)e% (Z Oja+ 022+ O39)
i<l

<C(1+ Ag)ez (Ag + Og0 + Os9).

We now move on to the lower order terms:

| Z leiwvig‘whg%u(a

i1 +12+i3<1
< O M g IV 0l 11 1)
1, <2 B 12<1

< CAG(1+ Ag)2e.
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Finally, we bound the lower order terms that contain v y:

> VIVEPV Yy || Loy La(s)

i1+12+i3<1
<CO M o 1o (5) O NVt e 11 a(s)

11<2 12<1

+ OO NI e poes) O IVl 2 22(9) (1ot e 2 1)

i1<1 i2<1
<C(+ 202 O NIV allpsrznos) + OVl 1z peros)
<1 i<1

SCAo(l + A0)2€_

Hence, by Proposition 6, we have

> Oaltrx.n] <O+ C(1+ Ag)%ez (R + Oap + D32 + Ag).

i<1

The proposition follows from choosing € to be sufficiently small, depending
on R, 032,022, Ag. 0

We now estimate the terms that we denote by g, i.e., X and w. Both of
them obey a V4 equation. However, a new difficulty compgred Proposition
16 arises since the initial data for ¥ and w are not in L7°. Thus they can
only be estimated after taking the L2 norm.

Proposition 17. Assume
R < o0, @3,2 < 00, 0272 < 00.

Then there exists €9 = €y(R, (7)3,2, 02,2, Ag) such that whenever € < €,

D 0ialk,w] < C(Op).

<1

In particular, this estimate is independent of Ag.

Proof. Using the null structure equations, for each 1y € {X,w}, we have an
equation of the type

Vatbg = p+Vn+ (U + ) + u).
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We also use the null structure equations commuted with angular derivatives:

VaVipg = Y VRVE(5+ Vi)
i1t+i2t+iz=1

+ ) VRRVR W+ E) V(Y + vp).

i1 +ia+iz+ia=1

From the proof of Proposition 16, we have

> VRV || e pags) SC(1L+ Ag)esR,

i1 +i2+i3<1
and
I Z ¢ilvi2+1ﬂ||Lg°LllL4(S) <C(1+ Ag)ez (Ag + Oz + O3),
i +in<1
and
> VRV sy SCA(L + Ao)’e,
i1+i2+i3<1
and

| Z PV || e pagsy SCAo(1+ Ag)es.
i1+12413<1

The two new terms that did not appear in the proof of Proposition 16 are

> VR VEYs Vi, and S VIERVEY V.

t1+ta+i3+14<1 11 +i2+i3+14<1

Both of these terms cannot be controlled in the L;° Ly L*(S) norm. Instead,
for each fixed u, we bound the first term in the Ly L*(S) norm:

Y VEVEYE VY|l s
i1+ig+iz+i4<1

<C(1+ ‘WHL;’LO@(S))(Hwﬂ"L;’L‘”(S))(Z IVl Lacs))

1<1

+ C(L+ |9l £ () QO NIV bl | pe £as)) ([0 | L2 L= ()

i<1
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<C(1+ AO)Qeé(HwHHLiLW(S) + ) IV a2 ne(s) O IVl rs))

i<1 i<1
<C(1+ AO)QEE(Z HVWEHL;M(S) + Z |’Vi¢£”LfL4(S))‘
i<1 i<1
by Sobolev embedding in Proposition 8
<O(L+A0)%ex (Do + D [IViWs | 11(s).

i<1

According to the definition of the O; 4 norm, 1) obeys stronger estimates than
Y. Therefore, we can control the remaining term in the same manner:

H Z vilwhvinguwﬂHLl&L‘l(S)
i1+i2+i3+14 <1

<C(1+ Ag)%ex (Do + Y IV ¢ullpe1a(s))-
i<l

Therefore, by Proposition 6, for all u € [0, u],

D IVallas..)

1 <1
<CO Va0
i<l

+ (14 80)2€3 (R + 022+ O3+ Ao + Y IVl 12 1(s))-
i<1

Clearly the right hand side is independent of u. Thus we can take supremum
in u on the left hand side. Then, we take the L2 norm to obtain

> IVl e rns)

i<1
<CO NIV rllzaras, ) + (1+ D0)%e: (R + 055+ Ao
i<1
+ Z IV*r L2 1(5)))
i<l
<C(Op+ (1 + A0)2e% (R+ Oz + (7)3,2 + Ay))

since by (A1) >, V|12 Lo pa(s) is controlled by Ag. The left hand
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side is precisely what we need to control for the Z O; 4[X, w] norm. Thus
i<l

Z O;alX, w] < C(Op + (1 + AO)QE% (R4 Qa9 + O35+ Ag)).
i<l

We conclude the proof by choosing € to be sufficiently small. O

We now turn to the Ricci coefficients n, x, w. To estimate these Ricci
coefficients, we use the V3 equations. Unlike in the proofs of Propositions 16
and 17 where a smallness constant can be gained from the shortness of the u
interval, when integrating the V3 equation, the u interval is arbitrarily long.
Instead, we show that the inhomogeneous terms are at worst linear in the
unknown and the desired bounds can be obtained via Gronwall’s inequality.
Notice that x satisfies a V4 equation with a as a source term. We avoid
this equation because « is singular. We begin with the estimates for 7. As
we will see below, we cannot directly estimate the L*(S) norms of 1 and its
derivatives, but have to first estimate the L>°(S) norm of n: B

Proposition 18. Assume
R < o0, @3’2 < 00, 02’2 < Q0.
Then there exists ey = €y(R, (’3372, 02,2, Ag) such that whenever e < €,

Oo,00n] < C(Oo, R(S)[B))-

In particular, this estimate is independent of Ay.

Proof. n satisfies a V3 equation. As remarked above, integrating in the
direction does not give a small constant as in integrating in the u direc-
tion. We therefore need to exploit the structure of the equation. We have,
schematically

Van = (Yu + trx)(n +n) + B.

We notice that the quadratic term 1? does not appear. Moreover, try, ¥ and
w do not enter the equation. In other words, all Ricci coefficients except n
in this equation have been estimated in the previous propositions by C' ((’)0)_.
We now bound each of the terms. Firstly, the term with curvature can be
controlled using Holder’s inequality and the Sobolev embedding theorem in
Proposition 9 by R(S):

Bl Lo ry () < CZ ’|Viﬁ|’L;L;L3(S) < CI%R(S)@-

i<1
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Here, and below, we will simplify the notation by absorbing powers of I into
the constant C. We therefore simply write

Bl Lo ry =(s5) < CﬁR(S)[ﬁ]'

Then, we estimate the terms quadratic in the Ricci coefficients, which do
not involve n:
(Wr + )0 L L1 L= (5)
<Cll¥u + trx||re 2 1 ()| M| Lo Lo L (5)

<C(0y),

by Propositions 16 and 17 and the Sobolev embedding theorem in Proposi-
tion 9. Finally, we estimate the term (g + trx)n. Fix u. Then

[(br + trx)nllLs Lo (s)

u
<c /0 951 + x| s oy lll s, oy

Therefore, by Proposition 6, we have, for every w,

[InllLee Lo=(5) SC(Oo)JrCR(S)[éHC/O lm x| e (s, 0 11l s, A0

By Gronwall’s inequality, we have, for every wu,

)du').

u',u

I
]2 1(s) < C(O0, R(S)[B]) exp(C /0 bz + el =5,

Using the Cauchy-Schwarz inequality, the Sobolev embedding theorem in
Proposition 9, as well as the estimates for the Ricci coefficients try and ¢y
derived in Propositions 16 and 17, we have

10l| Lo oo sy < C(Oo, R(S)[B]),

as desired. O
Using the L°° estimate of 1, we now control V7 in L?:

Proposition 19. Assume

R < o0, @3,2 < 00, 0272 < 0.
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Then there exists €9 = €y(R, (7)372, 02,2, Ag) such that whenever € < €,
O1.2[n] < C(Oo, R(S)[B])-

In particular, this estimate is independent of Ag.

Proof. Recall that we have, schematically,

Van = (Yu + trx)(n +n) + B.

Commuting with angular derivatives, we get
(37)

VsVn= Y (+n)"V28+ > (+n)"V2(n+n)V=(y + trx).
11+1i2=1 i1 +ia+i3=1

We notice that in (37), when two n’s appear in a term, neither of them has
a derivative. Fix u. We now estimate each of the terms. Firstly, the term
with curvature:

I Z (n+n)" VBl 12(s)

11+12<1
C(L+[(n, )OIV
1<1
<C(00, R(S)(B) DIV Bl 2 r2(s)

<1

<C (0o, R(S5)[B]),

since V3 can be controlled in L?(H,) by R(S)[3]. We then estimate the
nonlinear term in the Ricci coefficients:

> ()" VR + )V (u + tr) s

i1+i2+13<1

<C(L+ 1m0l g L= ()*OQ_ NIV (W, tr)|| 11 2s))
<1

u
e /0 IV 2250 ol 011 1302 5,0y

<C(O0, R(S)[)) + C /0 90l 2250 1011 b1 5,0y

where the first term is bounded using Propositions 16, 17 and 18. Therefore,
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by Proposition 6, we have, for every u,

Z ||Viﬂ| | Lo L2(5,.)

i<1

<C(O0, R(S)[]) + C /0 IVl s, oy 165, ) om0y
By Gronwall’s inequality, we have

D IVl s, )
i<1
<C(00, R(S)[8]) exp( /0 (W, trx) || (s, )W)

The right hand side satisfies the desired bound by Propositions 16 and 17.
O

Recall that by Proposition 18 we now have a bound on Op (7] indepen-

dent of Ag. This allows us to prove the O 4[n] estimates. However, unlike
the L>(S) estimates for  and L?(S) estimates for Vn, the L*(S) control
that we prove at this point for Vi grows linearly in R. This bound will be
improved in the next subsection.

Proposition 20. Assume
R < o0, @3,2 <00, 032 < 0.
Then there exists €9 = €o(R, @3,2, 02,2, Ag) such that whenever e < €,
O14[n] < C(Op, R(S))(1+R).

This estimate is linear in the R norm and is independent of Ag.

Proof. Recall that we have,

V3V = Z (n+n)"V=8+ Z (n+n)"V=2(n+n)V"™ (g + try).
i1+ia=1 i1+12+iz=1

As in the proof of Proposition 19, we notice that in this equation, when
two 1n’s appear in a term, neither of them has a derivative. Fix u. Now, we
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estimate each of the terms. Firstly, the term with curvature:

I Z (n+1)"V>B|11 11(s)

i14+12<1
<CA+ M pr=(5) O _ NV BllLs pacs)
<1
<C(00,R(9) Y _IVBll 2 L)

1<2
‘We then control the nonlinear term in the Ricci coefficients:
1Y+ V20 + )V (@a + 1)1 pags)
i1+12+13<1
<C(1+ ||(77aﬂ)”L3°L°0(S))2(Z IV (Ym, trx)| 21 pags))

1<1

L C /0 IV )l zas,

| (m, trx) | o s, ) du’
<COLRS) +C [ 1915, |01 005,
Therefore, by Proposition 6, we have, for every u,

IV Lo a(s)
<C(0p, R(5))(1+R) + C/D IVallLis,, )l )| L= s, ) du’
By Gronwall’s inequality, we have

IVl Lo a(s)

<C(O RSN+ R)expl [ (06, r9)l~s, )

U

The right hand side satisfies the desired bound by Propositions 16 and 17.
O

We now estimate the Z O; 4 norm of .
i<1

Proposition 21. Assume

R < o0, @3’2 < 00, 02’2 < OQ.
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Then there exists €9 = €y(R, (7)3,2, 02,2, Ag) such that whenever € < €,

Z 0@4[)2,0.}] < 0(00772(5)[@])

i<1
In particular, this estimate is independent of Ag.

Proof. Consider the following equations for ¢y € {x,w}:
Vatby = Vn+p+u(trx +vu) + (@ + Yn).
As before, we commute the equations with angular derivatives:

VsV
= > (+n)"V2(p+Vn)
i1+7:2:1
+ Y () (VEeRVE(rx + du) + VEPVE (4 Pn)).
i1 +i2+iz3+ia=1

We bound each of the terms in LLL*(S). First, we look at the curvature
term:

1Y i+ n)" V2|l pas)
i1+12<1

<O+ 1m0l e L) O_ NIV Al L1 1s(s))
i<1

<C(80) > NIV BllLazas)
<2
SC(AO) R)

The term containing V27 can be estimated analogously:

| Z (n+m)" V=l pas)
i1+12<1

<CA+ ([l Lz r=(5) QO IV 0l Ly £cs)
i<1

<C(A0) Y IVl L2 Las)
i<2
<C(Ao, Os2[1], O22[1).
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Then, we control the terms containing :

I Z (n+ )" V2YuV® (Y + trx)|l 1 1a(s)

i1+12+i3<1
<O\ 1)l e £ (5) / 9n s sy S IV @, b5, oy
<1
el )l S)/ S IV all s, ol a1 25,0 oyl
<1
C(O0, R / SV pallzas, ) 3 IV (@, tr0)legs, di
’L<1 Z2<1

In the above, we noticed that n and 7 obey estimates from Propositions 16
and 19 that depend only on O and R(S)[3]. For the terms not containing
Y, we can bound directly using the bootstrap assumption (A1),

Y+ VYR (W + vu)l L pas)

11 +i2+i3<1
SC(Z H(’%ﬁ)”%iopo(s)) Z V29| L La() Z IV (@ + )| 1a(s)
i<l ir<1 is<l
<C(Ao).

Therefore, by Proposition 6,

S IV,

i<1
<CY VullLs(s,.) + C(R, O32[n], O22[n], Ao)
i<1
+C(O0, R / S Vel ) > NV @, trx)lzas,, ,)du'.

i <1 in<1
By Gronwall’s inequality, we have
Z IV rll s, )
<1
SC(E V% ml ra(s,.) + C(R,Os2n], 022[n], Ao))

i<1

< exp /0 " (00, RS)(E) IV (a1 s, )

i<1
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By Propositions 16 and 17, we have

exp(/ou C(O0, R(S)B]) DIV (Wm, trx)| s, ) du’ < C(Oo, R(S)[B)).

i<1

Therefore, we have, for any u, u,

> IVallnas, )

i<1

<C(O0o, R(S) [ﬁ])(z V% mlra(s,..) + C(R,Os2[n], O22[n], Ao)).

<1

Clearly the right hand side is independent of u. We first take supremum in
u and then take the Li norm to obtain

> IVallrz e ras)
i<1 B
1 . ~
<C(Oo, R(S)[ﬁ])(z IV'%rllr21as, ) + €2 C(R, O32[n], O22[n], Ao)).

=0

By choosing e sufficiently small depending on R, @372, 03,2, Ag, we have

> V'l e pas) < C(Oo, R(S)(B))- m

i<1

We then estimate the Z O;,4 norm of try. Although try satisfies a V4
i<1
equation, the term xx appears on the right hand side and each of the y
factor has to be estimated in Li. Therefore, the bound for this term does
not have a smallness constant.

Proposition 22. Assume
R < o0, (7)3,2 < 00, (’)2,2 < Q.

Then there exists ey = €o(R, @3,2, O2.2,Ag) such that whenever e < €,

Z O atrx] < C(Oo, R(S)[])-

i<1

In particular, this estimate is independent of Ag.
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Proof. Using the null structure equations, we have an equation of the type

Vatrx = ¥y + Y + XX-

We also have the null structure equations commuted with angular deriva-
tives:

V4Vitrx _ Z vilwhviswvl@ (w + ¢H)
i1 +i2+i3+ia=1
D VRt VERYI
i1 +i2+i3+ia=1
By Proposition 6, in order to estimate ||V4|| LeLL4(s), it suffices to esti-
mate the initial data and the || - [|f~z114(5) norm of the right hand side.

Notice that all terms except the one with xx have appeared in the Propo-
sition 16. We estimate those terms in the same manner. Hence,

> VRV sy SCA(L + Ao)’e,

i1+i2+13<1

and

) VRV

i1+12+13<1

LicngLll(S) SCAO(l + AO)QE%.

For the term with xx, using the estimates obtained in Propositions 19 and
21, we have

| E (1, m)" VXV X L L2 13(5)

i1+12+13<1
<O N o e 59 (R 2 222 (9) O 1V R [ £229(5)
11<2 B 12<1

<C (0o, R(9)(8])-

Hence,

> Oialtrx] <C(Op, R(S)(B]) + CAo(1+ Ag)?ez.
i<1

The proposition follows by choosing € to be sufficiently small depending on
Ag. O
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Clearly Propositions 16, 17, 20, 21, 22 imply the following estimate for
the L* norms of the Ricci coefficients:

Proposition 23.
R < oo, R(S) < 00, @372 < 00, 02’2 < 00.

There ewists €9 = EO(OO,R,R(S),@3,2,OQ72) such that for all € < €y, we
have

Z Oi,4[tr>_<7 m, Xa Q] < C(OO)a

Z Oi,4[tTX7 >A<7 w] < C(OOa R(S) [é])v
i<l
and
> Oialn] < C(O0, R(S), R).
i<1
Together with Sobolev embedding in Proposition 9, the bootstrap assumptions
(A1) can be improved under the assumptions on R, R(S), 032 and Oz3.

Proof. Let Ag > max{C(Op),C(Oo, R(S5)[8]), C(Oo,R(S),R)}, where the
right hand side is the maximum of the constants in Propositions 16, 17, 20,
21, 22. Then, take ¢y sufficiently small so that the conclusions of Proposi-
tions 16, 17, 20, 21, 22 hold. Then by the Sobolev embedding theorem from
Proposition 9, we have improved (A1). Since the choice of Ay depends only

on Oy, R, R(S), the choice of ¢y depends only on Oy, R, R(S), (’}372, O20. O
5.2. L?(S) estimates for second derivatives of Ricci coefficients

We now estimate the Oz 2 norm. We make the bootstrap assumption:
(A2) 022 < Ay,

where A is a positive constant to be chosen later.
The proof of the estimates for the O3 2 norm is very similar to that for
the Z O; 4 norms, except that we now need to use the L* control that was
i<1
obtained in the previous subsection. From now on, we will assume € < ¢ as
in Proposition 23, where ¢y depends on Op, R, (53,2, R(S) and also on Aj.
We first prove the estimates for Vztrz and V2n:
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Proposition 24. Assume
R < oo, Oz3<00, R(S)<oo.
Then there exists €9 = €o(Op, R, (’}372, R(S), A1) such that whenever € < €,
Oz,2[trx,n] < C(Op).

In particular, this estimate is independent of A.

Proof. Using the null structure equations, we have

Va(trx,n) = B+ p+ Vn+ o + .

We use the null structure equations commuted with angular derivatives:

VaViltron) = > VARVE(B+ j+ V)
11 +12+i3=1
+ ) VRURVROVE (Y + vn).

i1+t iz +ia=1

By Proposition 6, in order to estimate ||V’ (trx, n)||p= £ r2(s), it suffices to
bound the initial data and the ||-||fe 1725y of the right hand side. We now
estimate each of the terms in the equation. We first control the curvature
term. As mentioned in the beginning of this subsection, the bounds are
derived similarly as that for the L* norms, except we now need to use the
L*(S) estimates proved above for V.

| Z VilwiQViS(ﬁ,ﬁ)HLchlHLz(S)
i1+12+13<2

<O I o e () O IV (B )l 1 12s)

1 <3 1252

+ O Ml e e o) O IVl 1 2()

11<2 <2

X (Z ||Vi3(ﬁapv)”Lf;°LiL4(S))

i3<1
<Cex (D VP e pa0) O V=B, p) | pe 2 12(s))
oLy L2(S) W
11<312<2 13<2

<C(0y, R(S), A1, R)ex.
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The term with V7 instead of curvature can be estimated analogously, except
for using the 022 and @372 norms instead of the R norm. Moreover, recall

that the z O;,4[n] bounds that we have derived depend on R. Hence the
i<1
estimate below also depends on R.

I Z VARV || e L 12(5)

i1+i2+13<3
<CO M e ) O IV 0l 1 12 12(s)
i1<3 B 12<2
+ C(Z HT/’H%?LioLoo(s))(Z |‘Vi21/”|Lz°L§°L2(S))(Z "Vi3+177‘|LzéLiL4(S))
11<2 B 12<2 i3<1
<CO Y IV e ros) Qo IVl 22 2(5)
1131252 h 1<3

SC(O(), R(S), Aq, (7)372,7?,)6%.

We now move on to the lower order terms. We first control the lower order
terms that contain ¥ p:

> VREVERY Sy e as)

i1 +io+i3+14<2
<O (S I e o ) IVl 15 13 25(5)
i1 <3 o i2<2
+ CEE(Z ||Vi1¢||Lch;oL4(S))(Z ||vi2¢H||Lg°LiL4(S))
11 <1 12<1
+ 065(2 ||¢HingoLaoLoo(s))(Z |’viszLfLﬁLQ(S))(‘|¢HHL3°L§L°°(S))
11<1 B 12<2

<C(Oo, R(S), R)e O IV ullerrara(s) + DNVl Lerer2s)

1<2 1<2
<C(Oy, R(S),R, A1)ex.

The remaining lower order terms can be estimated in the same way since
the norms for ¢ are stronger than those for ¢y

Y VRERVERRVE || e pa(s) SC(O0, R(S), R, Ay )es.
i1+i2+i3+14<2

The conclusion thus follows from the above estimates and Proposition 6,
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after choosing € to be sufficiently small depending on Op, R(S), A4, (7)372, R.
L]

We then estimate VQQ/JE. We again recall the notation that vy € {X,w}.
Proposition 25. Assume
R < oo, Oz3<00, R(S)<oo.
Then there exists €9 = €o(Op, R, (’3372, R(S), A1) such that whenever € < €,
O22[, w] < C(Oy).

In particular, this estimate is independent of A1.

Proof. Using the null structure equations, for each 1y € {X,w}, we have an
equation of the type

Vabg = p+Vn+ W+ Yu) (¥ + u).

We also use the null structure equations commuted with angular derivatives:

VaVipp = Y VRVE(5+ Vi)

i1+ia+is=1

+ Y VRRVR @+ gr) V(Y + Yn).

i1 +la+is+14=1

From the proof of Proposition 24, we have

> VilwiZ)Viva)HL;fLiL?(S)SC(OOaR(S)aAbR)E%,

i1Histis <2

and

Y VREVE Y o) < C (0o, R(S), A1, 032, R)ez,

11+ +13<2
and
I Z V“WV%V%H!ILgoLllew) < C(0p, R(S), R, Ay)ez,

11+t +iz+14<2

and

| Z V“W?Viwvuw!LquiLZ(S) <C(0p, R(S), R, Ay)ez.
i1+ia+i3+14<2



Nonlinear interaction of impulsive gravitational waves 505

It remains to estimate

Z vil wiz vistvi4wﬂa Z vh wiz viswﬂvuw.

i1 +i2+i3+14<2 11412 +i3+14<2

For the first term, as in the proof of Proposition 17, we first fix v and bound
the Ly L*(S) norm for each fixed u.

I > VYRRV bl )
11 Fi2413+14<2

<Ce:(1+ 19| pe(9) (1| £ (5) O NIV || 12 12(3)
i<2

+Ce: ||Vl e a(s)| [ Veom|
+ O ||V | e 2y [Vl 1 Lo ) 10 22 2 5)

L2 L4(9)

+ e (1410l 3 =) O NIVl r25) (¢a] L2 1 (3))
1<2
<C (00, R(9))ex O NIV ¥mll e 12(5) (L + V20|12 12(5)
<2
<C(00, R(9))e* (Y _ IV nl|z 1)) (1 + Aa).
1<2

Finally, we have the term Z vilzp’éviwﬂv%. As before, we
11412413 +14 <2
have, for each fixed u,

| Z ViV g V| L1 12(s)
11+la+i3+14 <2

<C(00)ex (3 IIVin | = r2(s) (L + V2] 2 12(s)

i<2

<C(00)ex (Y IVim | e z2(s)) (1 + €2 Ar).

i<2
Putting all these together, and using Proposition 6, we have, for each u

V2 (5 )l £ 22(5) <C(Op) + C(Op, R(S), Ar, Os.2, R)e
+C(00, R(S), A)ex (O IV ¥al| L 12(s))-

i<2
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Taking the L2 norm in u and using Z IV m| |12 Lo 12(5) < C(Oo, R(S), A1)
i<2
from the bootstrap assumption (A2), we get

V2 (5 )l 22 L2 12(5) < C(Op) + C(O0, R(S), Ar, Os.9, R)ex.

The conclusion follows from choosing ¢ sufficiently small depending on Oy,
R(S), A1, 0372, R. |

We now prove the estimates for V2iz. We recall our notation that
¢H € {X?w}'
Proposition 26. Assume
R < oo, Oz3<00, R(S)<oo.
Then there exists €9 = €o(Op, R, (5372, R(S), A1) such that whenever € < €,
O2.2[X,w] < C(Op, R(S)).

In particular, this estimate is independent of A.

Proof. Consider the following equations for ¥y € {x,w}:

Vg = p+ Vn+ P+ g + hu(trx + n).

As before, we commute the equations with angular derivatives:

VsVZiu
= ) VUWRVR(p+Vn)

t1t+i2+iz=2

+ > VIR(VEYe VE (try + ) + VEOVE (Y + ¢n)).
21+12+13+7‘4:2

We first consider the term involving the curvature component p:

I Z VAV || 11 pacs)

11 +i+i3 <2
SC(l + Z Z Hv“wH%goL“(S))(Z Hvis[)HL}LLz(S))
i1<10<2 i5<2
<C(0p, R(S),R) > _IVipll1z12(s)

i<2



Nonlinear interaction of impulsive gravitational waves 507

The term containing V37 can be estimated in a similar fashion:

> VRV Yyl s

11412 +13<2
SO+ Y > IVl ) QO IV 0l o))
i1<195<2 i5<2
<C(00, R(5),R) DIV llz1a(s)

1<3
SC(OOa R(S)7 Ra @3,2[77]7 Al)

We now move to lower order terms. First, we control the terms in which
both ¢y and ¢y appear:

I Z VS gV || pas)

i1 +io+i3+14<2
<C Z Hl/JHLooLoo () V|| Lo poe ))(Z IV24m|| 1 12(s))
i1 <2 12<2
+C(> [ ))(Z IV e ras) O V=%l L1Ls(s))
11<2 12<1 13<1

ydu'

pca

e /0 V2 0nll 5.0 o 08| e 5,

+ Cl|VY|| Lo 2y [V | Lo Lo () [V | 11 oo ()
<C(00, RO V' ¥rllr=ris))

<1

e /0 1920|150 |60l (s,

by Propositions 23 and 25. The term with 15 and try can be bounded in a
similar fashion:

|| z Vil T,Z)i2 Via ¢Hvi4tI'X| ‘L}LLQ(S)
11 +ia+i3+14<2
<C(00, R(S)) (Y IVl 2(s)

1<1

u

u
+C ; V0l Las,, )lltexl s, ) du,
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by Propositions 23 and 24. Then, we estimate the term with ¢ and ¥y.

I Z VA E YN || 1 pas)

11 +ia+iz+is <2
<c(> 1911 e o) (0] e £oe ()€ YO IV=Yrllrras))
71<2 1,<2
OO I ) (S 1950l 105 (O IVl 1 )
11 <2 12<1 13<1

+ CIIV2P|| poe 2 (s) |10l 12 1 (5)
SC(OO7 R(S), Rv Al)a

by Propositions 23, 24, 25 and the bootstrap assumption (A2). The term
with only %) can also be controlled similarly:

| Z VIRV || 11 ()

11 +i2+i3+14<2
<COY NI o () U1l [ L () D IVl Le 2(s))
11<2 19<2
+ O Nt e ) (O NVl 215 (3 IVl 15)
13 <2 13<1 i3<1

<C(O0p,R(S), R, A1),

by Propositions 23, 24 and the bootstrap assumption (A2). Therefore, by
Proposition 6, for fixed u, u,

IV 0r| 225, 0)
<C|IV*ullr2(s,,) + C(O0, R(S), R, O32[n], A1)
+ C(OO>R(S))(Z IVl peracs))

i<1

u
+ C/O HV2¢HHL2(SM&)||(tr&, wﬂ)”L&(sﬂ,&)dul.
By Gronwall’s inequality,

V246l s...)
<(ClIV%0nllia(s, ) + C(O0, R(S), R, Oy ali], Ar)
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+ C(00, R NV el racs))

1<1

x exp(|[(trx, )l Ly L= (s))-

By Propositions 24 and 25, the norm inside the exponential function is
bounded by C(Op, R(S)). Thus, we have, for each fixed u

V2P| Lo 12(s)
<C(00, R(S)) (IIV20nll2(5,..) + C(O0, R(S), R, Os.2[n], Ar)

+C(00, R NIV el racs))-

i<1
We can now take the L? norm in u to get

IV2$r || e 22(5)
<C(00, R(S) (V%6 Iz 125,..) + C(O0, R(S), R, Oy aln], A e
+ (00, RSNV Iz 14(5) )
i<1
<C(00, R(S))(1 4+ C(Og, R(S), R, 3.2, A1)e?),
using Proposition 23. Choosing e sufficiently small, we have
IV*0m | L2 L 12(5) < C(O0, R(S))- O
We now estimate VZ2try:
Proposition 27. Assume
R < o0, O33<00, R(S)< oo
Then there exists €9 = €p(Op, R, (’53,2,7?,(5), A1) such that whenever e < €,
Oz2[trx] < C(Op, R(S)).

In particular, this estimate is independent of A1.

Proof. Using the null structure equations, we have

Vatrx = Y + g + XX-
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We also have the null structure equations commuted with angular deriva-
tives:

ViVitex = ) VIRRVERVR (Y + i)
11+t +iz+ia=1
Y VRRVERVEL
i1 +ia+ig+ia=1

By Proposition 6, in order to estimate ||Vitrx|\LicLzoLz(S), it suffices to es-
timate the initial data and the || - ||f~1172(5) of the right hand side. From
the proof of Proposition 24, we have

I Z VARV YV Yu || L 1 12(5) < C(On, R(S), R, Ay)e:.
i1 +i2+i3+14<2

Y VRERVERRVEY| e pa(s) < C(Op, R(S), R, Ay e,
11+t +iz+is <2

The only new term compared which did not appear in the proof of Propo-
sition 24 is the term involving xx:

> VRRVERY e naas)
11 +i2+i3+14<2

SC(Z ’WHQ?LSW(S))(Z IV %l e 22 2205) (X Lo 22 L ()

13 <2 1252

+ C(Z ||¢|‘%§L;LW(S))(Z ||Vi2>2||LfLiL4(S))(||V>Z||L;oLiL4(S))

11<2 12<1
+ C(Z ‘|vilw|’LffLZéLQ(S))(‘|>A<H%§L;°L°°(S))
i<l

<C (0o, R(95)),

using Propositions 18, 19, 23 and 26. The conclusion thus follows from the
above bounds and Proposition 6 by choosing ¢ appropriately small. O

We now prove the L?(S) control for V27, thus obtaining all the O 2
estimates. As in Proposition 20 where the L*(S) estimates for V7 were
derived, we need to integrate in the V3 direction and will not be able to gain
a smallness constant. In order to get a bound independent of R, instead of
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controlling V27 directly, we first estimate Vp, where u = —div n — p. We
then obtain the desired bounds for V2n by glliptic estimates. This allows
us to take only one derivative of the curvature components which can be
controlled using the R(S) norm instead of the R norm.

Proposition 28. Assume
R < o0, 0O33<00, R(S)< oo
Then there exists €9 = €o(Op, R, @3,2,73(5), A1) such that whenever e < €g,

O2,2[n] < C(Op, R(S)).

In particular, this estimate is independent of A1.
Proof. Recall that
p=—divn—p.

We have the following equation:

Vap =1(p,0,8) + ¥V (¥ +¥u) + bu Ve + pip(trx + vu) + Xy,
The mass aspect function p is constructed so that there is no first derivative
of curvature components in the equation. Moreover, the equation does not
contain . This cannot be derived from signature considerations alone, but
requires the exact form of the V3p equation as shown in Section 2.5.

After commuting with angular derivatives and substituting the Codazzi

equation
B= Y W"VE(tx +vm),
’i1+’i2:1
we get
VsV
= > UNVERVR(Re) + Y VRRVRRYE(try + d)
11 +i2+i3=1 i1 +io+iz+ia=2

+ > VIgRVERVERL
i1 +i2+iz+ia=2
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Fix u. We now estimate each of the terms. Firstly, the term with curvature:

> Y VROVE(5,6) s

11 4+124+13<1
<00+ 3 SV o) (S 95 (5,8 s £125(5)
11<12<2 i3<1

<C(Oo, R(S5))

by Propositions 19, 23 and the definition of R(S). We then estimate the
nonlinear Ricci coefficient terms with at most one ¢ :

I Z Vi VE YV (trx + ¥l 2 (s)

11 +i2+i3+14 <2
OO+ Y IVEZ p20s) QU NV (G, 00 | 21 16(5)
11<142<2 1<1

+ ClIl| Lo oo () IV (W, tr) | 11 L2 ()
+ C||IV2(n, trx, trx) | poe 22 () || (W, t0X) | 11 Lo )

e / 19200 215 ool (011 0230 [ 5,0y

<C(0n,R(S)) + C /0 192 225,01, 00) | e 5,y

by Propositions 18, 19, 23, 24 and 25. We control the nonlinear term with

two X:
) VERVERVE L s
11+12+i3+14<1
<O+ 3 S IVl 1) IV &2 228 1R 12 2 s))
11<142<2 i3<1

<C (0o, R(5))

by Propositions 18, 19 and 27. Therefore, by Proposition 6, we have, for
every u,

IVl Lo r2(s)
(38) v,
<C(0o, R(5)) +C ; IIVnllzzcs,.

@t s, ,)du'.
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We now use the div-curl system

divyg=—p—p,

curl p =—¢
together with the elliptic estimates in Proposition 14 to get the bound

HV2QHL;°L§;°L2(S)
<CO NIV K|z 12(s))

i<l
X (Z ||Vi2ﬁ‘|L§°LfL2(S)
in<1
+ Z V% (p, N rerzr2(s) + |l e L r2(s))-
is<1

Since the R(S) norm controls V'K and V(p,&) in Ly Ly L*(S) for i < 1,
we have

Hv2ﬂ’ L2 L L2(S)
B39 <c(00, R+ S IV alle 1o n2(s) + Inllis i 12())-

12<1

This, together with (38) and Propositions 19, 23, implies that

IVl Lo r2(s)
<C(0o,R(S5))

OO0, R(S)) /0 U+ Vil 25,0 ) 1@, )l 5,0 oy

By Gronwall’s inequality and Proposition 23, we have
IVl Lo 2(s)

<C(00, R(S)) expl / o ) =,

u’,u

)du').
By Proposition 23,

exp( /0 (b, 00 s, ') < C(O0, RIS)).
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Thus
IVullper2(s) < C(Oo, R(S9))-

By (39) and Proposition 23, this implies
V20| e L 2(5) < C(O0, R(S)),

as claimed. O

Using the Sobolev embedding theorem given by Theorem 8, we improve
the estimates in Proposition 20:

Proposition 29.
ZOZ‘AM < C(0g, R(S)).

i<1
Putting all the estimates in this subsection together, we obtain

Proposition 30. Assume
R <00, Oz3<00, R(S)<oo.
Then there exists €9 = €o(Op, R, (5372, R(S)) such that whenever € < €,
0322 < C(Oo, R(9)).

Proof. Let

Ay > C(OOa R(S))a
where C(Op, R(S)) is taken to be the maximum of the bounds in Proposi-
tions 24, 25, 26, 27 and 28. Then Propositions 24, 25, 26, 27 and 28 together
show that the bootstrap assumption (A2) can be improved under appropri-

ate choice of €. Since the choice of A; depends only on Oy and R(S5), we
conclude that € can be chosen to depend only on Oy, R, 032, R(S). O

5.3. LP(S) estimates for curvature components

In this subsection, we estimate the R(S) norm. For this purpose, we make
the bootstrap assumption

(A3) R(S) < Ag,

where Ay is a positive constant to be chosen later.
We first prove the bounds on j.
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Proposition 31. Assume
R < oo, (7)3,2 < 0.

Then there exists €9 = €o(Op, R, (’3372, Ay) such that whenever € < €,

Z IV Bl L2 L 13(5) < C(Ro)-

i<l

Proof. Recall the V4 Bianchi equation for g

Vig= Y WUVEpe)+ Y VR ) VR ).

11412=1 i1+i2+i3=1

From this we get the estimates for 8 in L%LLZOL?’(S ). To see this, by Propo-
sition 6, we need to estimate

1Y v VE(pe)+ Y VR +r) VR + )l e L1 Lo (s)-

i1+io=1 11412 +i3=1

We have, by Propositions 10 and 30,

I Z V= (p,6)|| 12 Ly 13(s)

'i1+i2:1

<es (14 Y| perzr=(5) O_ IV (5, )12 12 L2(5)
i<2

<C(Oy, AQ)G%R

and by Propositions 18, 23 and 29,

| Z YUV (1 + )V (1 + Yi)llLzLyre(s)

i1+i2+iz=1
<Cex(1+ 19l 1z Ler~(3))
X O IV @+ emllza e ras) O NIV (@ + vm)l L2 o La(s))

1, <1 12<1

<C(Oy, Ap)ez.

Therefore,
18|22 L L3(s) < C(Ro) + C(Op, Az, R)e?,
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which implies
18l|r2 Lo sy < C(Ro)

for e sufficiently small depending on Oy, Az and R. We now estimate V3.
Commuting the V43 equation with angular derivatives, we have

ViVB= > VRVR(5,5)
11412 +1i3=2

Y VREVE@ ) V(Y ).
11+l +iz+is=2

After taking the L2 norm, Proposition 10 implies that

VB L2 Lo 13 (s)
(40) P .
<C (HVﬁHLng(Su,O) + €|Vl L2 r212(5) + €5 ||V4Vﬁ||LgL;L2(S)) :
The initial data is bounded by the initial data norm
VB2 L3(5..0) < CRo-
Then, we note that by the definition of the norm R,

||v2§||L§LiL2(S) < CR.

We estimate each term in the right of side of the equation for V4V in
LZL2L*(S). First, we control the curvature term:

I Z VAN (5,6)| |22 L2(s)

11+ +i3<2
SC(Z H¢| ‘iLlicLzoLoo(s))(z Hvlz (p7 &)HLiLE_LLQ(S))
11 <2 B 12<2

+ ClIVY|rere o) l1(p, )Lz L2 Le(s)
<C(0p, A2)R,

using Propositions 23 and 29. Then we bound the term with ¥y and vg.
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Using Propositions 23, 29 and 30,

|| Z vilwizviawﬂvuw[ﬂ|LiLiL2(S)

11 +1a+13<2

<CO W e 1o 5) O IVt 2 2()

11<2 12<2

x (V™ ullLe e rs(s))

13<1

+ O 1 ) (O IV 0l 25 23(5)

11 <2 i2<1

X (Z ||vi3¢HHLg°LiL2(S))

is<2
+ OVl e Lo 29| [VH 12 Lo Lo (9) [V 12 L2 L ()
§C(Oo, AQ,R).

Since 1) satisfies stronger estimates than either ¢ g or ¢¥g, we have

D VREVE@W + ) V(Y + Yr)l| L2 L2 ras)
t1+i2+13<2
<C(Op, A2, R).
Putting the bounds together, we have
IVaVB||Lzr2r2(s) < C(Oo, A2, R).
Thus, (40) implies that

VB2 e rs(s) <C <730 +eiR + €:C(0y, AQ,R)) .

The proposition follows from choosing e sufficiently small depending on
005R7 03,27A2- O

Since we have proved the estimate of R(S)[3] independent of the R
norm, we get the following improved bounds on the Ricci coefficients:

Proposition 32. Assume

R < o0, @372 < 00.
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Then there exists eg = €9(Op, Ro, R, (7)3,2, Ay) such that whenever € < €,

00 oo{ ] < C(OOaRO)
O1,2[n] < C(Oo, Ro),

> 0ial%,w, trx] < C(Oo, Ro).
i<1

Proof. This follows from substituting the bound for R(S)[g] from Proposi-
tion 31 into the estimates from Propositions 18, 19, 21 and 22. Il

Using this improvement, we prove the R(S) estimates for p and &.

Proposition 33. Assume
R < o0, @3’2 < 00.

Then there exists €9 = €9(Op, Ro, R, (’5372, Ay) such that whenever € < €,

ZHVZ , 0L Lo r2(s) < C(Oo, Ro).

<1

Proof. Consider the V4 equations for p and &:
Va(p,6) =VB+Y(B,p,0) + YV (¢ + r) + (¢ + ¥m) + Yxx.
After commuting with angular derivatives, we get

VaV(po)= Y, VUEVEB )+ D 4 VReRVE(p.9)
i1 +i2=2 i1+ia+iz=1
D VROV (Y + )
i1 +i2+i3+i4=2
+ Y Y VRERVERVIEY.

i1 +i2+is+ia=1

By Proposition 6, in order to estimate V*(,5) in Li°Ly°L*(S), we need
to estimate V4V'(g,5) in L°L,L*(S). The first term with curvature can
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be estimated by

Z vilwizvig(ﬁaﬁ76)‘|LiL2(S)

11+12<2
<Cex () 11 (s)) QO IV (8,20 12 2(5)
11<2 12<2

+Ce2 ||Vl e pa(s)ll(8, 5, )| 22233
<C(00, R(S), R)ex R

by Proposition 23. The second term with curvature can be estimated by

| Z wilviszvis(ﬁa&)HLLU(S)

i1+i2+i3=1
<Cer (Y 19117 12 )OIVl r2(9) (D 1IVE(5,0)|| e 2(s))
21<l ’LQS2 7,3§1

<C(0p, R(S), R)e:

by Proposition 30. The nonlinear Ricci coefficient term with at most one ¢ g
can be controlled by

H Z Vil¢i2vi3wvi4(w+¢H)HL1£L2(S)

i1 +i2+13<2
SeéH Z v11¢22vz3wv14(¢_|_wH)”L2lL2(S)
t1+i2+1i3<2
<CE (Y I ) S IV (0 1105
1<3 12<2

+ Cex || V2| L2(s) 1 (%, V)l 22 22(s)
+ O3 ||V e Lags) IV (8, ¥r) 12 29(3)
<C(0p, R(S), R)e

by Propositions 23 and 30. The remaining term containing xx can be esti-
mated using Proposition 32:

Y P VEYVERVERI L Las)
i1+i2+13<1

<C( Z [1p[]% oo Lo (S) )Xz Lo~ (s)) Z ’|V12¢H||L2L2(S )

i1<2 12<1
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+ Ol e () VY
SC(O(),'R()).

L2 ([[0n L2 L=(s))?

Therefore, by Proposition 6

> V5, )5,y <C(Oo,Ro) + €2 C(Op, Ro, R(S), R).

1<1

By the bootstrap assumption (A3) on R(S), we can choose e small depending
on Op, Ro, R, 032 and Ay to conclude the proposition. O

Finally, we prove the bounds for the Gauss curvature. This will be used
in the next subsection to carry out elliptic estimates.

Proposition 34. Assume
R < o0, @3’2 < 00.

Then there exists €9 = €9(Op, Ro, R, @372, Ay) such that whenever € < €,

> IV K| 2 12(5) < C(O0, Ro).-

i<1
Proof. Consider the Gauss equation:
K =—p+yi.
We estimate each term on the right hand side. By Proposition 33,
1Al Loe e 12(5) < C(Oo, Ro).

By Propositions 23 and 32,
waHLfL"L;"L?(S) < ku%f[@olﬂ(S) < C(Oo,Ro). J

We can thus close the bootstrap assumption (A3) to prove the following
estimates for R(S), under the assumption that R and O3 2 are bounded.

Proposition 35. Assume
R < o0, @3’2 < 00.
Then there exists €9 = €9(Op, Ro, R, (’3372) such that whenever € < ¢,

R(S) < C(Oo, Ro).
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Proof. Let

Ag > C(OQ,RO),
where C'(Op, Ro) is taken to be the maximum of the bounds in Propositions
31, 33 and 34. Hence, the choice of As depends only on Oy and Rg. Thus, by

Propositions 31, 33 and 34, the bootstrap assumption (A3) can be improved
by choosing e sufficiently small depending on Op, Ro, R and O3 5. O

Using Proposition 35, we improve our estimates on the Ricci coefficients
in Propositions 23 and 30 to get the following:

Proposition 36. Assume
R < o0, @3,2 < 00.

Then there exists €9 = €o(Op, Ro, R, @372) such that whenever € < €,

Z 02 < C(Op, Ro).

i<2

5.4. Elliptic estimates for third derivatives of the Ricci
coeflicients

We now estimate the third angular derivatives of the Ricci coefficients. In-
troduce the bootstrap assumption:

(A4) O3 < As.

The bounds for the third derivative of the Ricci coefficients cannot be
achieved by the transport equations alone since there will be a loss of deriva-
tives. We can however combine the transport equation bounds with the esti-
mates derived from the Hodge systems as in [17], [7], [19]. We first derive the
control for some chosen combination of V3(1, ¥, vu) + V2(8, p,5) by the
transport equations. Then we show that the estimates for the third deriva-
tives of all the Ricci coefficients can be proved via elliptic estimates. We
begin with the bounds for V3try and V3y:

Proposition 37. Assume
R < oo.

Then there exists €9 = €0(Op, Ro, R, A3) such that whenever € < €,

Os2[trx, ] < C(Oo)(1 + R[B]).
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Proof. Consider the following equation:

Vatryx = XX + trx (¥ + ¥m),

After commuting with angular derivatives, we have
VaVitry = > VRStV (¢ + vp)
11+t +i3+14=3
+ Z vi1¢i2vi3§<vi4>’€‘
11 +i2+i3+14=3
We estimate term by term. First, we bound the term with try and ¥pg.

Integrating in the u direction, applying the Sobolev embedding Theorem in
Propositions 8 and 9 and using Proposition 36, we get

D VREVR XV Y| L es)

irHintisHia<3
<O (Y Y IVl o) (O IV Xl 1o(s)
11<2145<3 i3<1
x (Y IV*rllra Las))
14<3
+ Cex( Z Z ||Vhw||L°°L2 ))(Z ||vi3trXHLz°L2(S))
11<21i,<3 i3<3
x O IV ullzazss)
14<1

< C(Op, Ro)e (1 + Ag).

Since 1 satisfies stronger estimates than ¥y, we have the same bounds for
the term with try and :

D VEREVERXYE Y| e s)
i1 +i2+iz+i4 <3
<C(Og, Ro)ez (1 + Ag).

Finally, we consider the term with yx:

1) > VRRVERVAR L)
11 +i2+i3+14 <3

<O S IVHlIEe s / (_ IV Iz, )

11<242<3 i3<2
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X (Y IV RIz2(s, )’

14<3

< OO0, Ro)(1 + /0 IV s, ) IV s, o))

i<2

We now use the Codazzi equation

div § — %wx — B+ (v + i)

and apply elliptic estimates in Proposition 15 to get

V2% L2(9)
<C(00, Ro)D_ NIVt lragsy + DIV Bllre(s)
(42) i<3 i<2
+ Y IVEOVE A+ vm)llras) + %] 22s))-

i1 +12<2

Notice that we can apply elliptic estimates using Proposition 15 since we
have bounds for the Gauss curvature by Proposition 34. Therefore,

/ (S IV x5, s (V3R 225, )l

<2

<0(O0, Ro)(1 /0 (S NIV R s, o) (192Xl gs, o)t + RIG).

<2

Gathering all the estimates, we get

V3 trx| r2(s, )
<C(0p, Ro)(1 + €2 Ag

/ (3 IV x5, o) (V300K (s, )i + RI)).

12<2

Gronwall’s inequality implies that

IV trx] | 22(s..0)

< C(00, Ro)(1 + €2 A3 + R[B]) eXp/ O IVl Las, ) du)

1<2
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< C(00, Ro)(1+ €2 A3 + R[B]) exp(er Y |V XLz r2 ()
i<2

< O(O0, Ro)(1+ €2 A + R[B)).
By choosing e sufficiently small depending on Oy, Rg and Ag,

IV3trx|| 25,0y < C(Oo, Ro)(1 + R[A]).
This, together with (42), implies that
V2R 22 22(5) < C(O0)(1 + RIA)). U

We now prove estimates for V3n. To do so, we first prove bounds for
second derivatives of 1 = —div 1 — p and recover the control for V37 via
elliptic estimates.

Proposition 38. Assume
R < o0.

Then there exists €9 = €9(Op, Ro, R, As) such that whenever € < €,
O3.2[u,n] < C(Op)(1 + 656’33,2 +R).

Proof. Recall that
p=—divn—p

and p satisfies the following equations:

Vap = (B, 5,6) + ¥V (¢ +¥u) + ba Vi + (i + ¥r) + -

It is important to note that 3, 1y are absent in this equation. This can-
not be derived from signaturg considerations alone, but requires an exact
cancellation in the equation for V4p as indicated in Section 2.5.
After commuting with angular derivatives, and substituting the Codazzi
equation
B= Y V2 +n),

7:1+'i2:1
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925
we get
VaViu
_ Z vhwizviswvz}; ()6; 6’) 4 Z vhwizvig,wvizx (w 4 wH)
11 +i+ig+is=2

i1+ta+i3+14=3
+ Y Vv
11 +i2+i3+14=3

The term with curvature can be estimated using Proposition 36 by

H Z vilwizvisdjvl}; (ﬁ; 6-)HLZ°L11_LL2(S)

i1 +ia+iz+ig <2
<O STV e 1) (O IV (5.6 L2 12 22(s)
11<2i,<3 B i3<2
<C(Oo, Ro)ez Y _[IVi(p, )| LeL2L%(S)
i<2

<C(0y, Ro)ezR.

We next consider the term with two y’s. By (41) in the proof of Proposition
37, we have

I Vi VBV R 2 11 22(5) <C(O0, Ro)(1 + Os2[X))-
i1 +ta+i3+14<3

Applying Proposition 37, we get

> VERVERV Rl e es) < C(Oo, Ro)(1+R).
11 +i2+i3+14<3

We then move to the remaining terms with at most one 1. First, we look
at the terms that do not contain ¢y V31. These are the terms

> VRRVRTies,
il +Z2 +'L3 +l4 :3,13 SZ
and

Z vilwig vinguw‘

i1 +i2+i3+14=3
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The first term can be estimated using Proposition 36 by

(43)
| > VARV Yu || L £ 12(5)
1:1 +22+Z‘5+Z473 i3 <2

<Cer () ”v“¢||L°°L°°L4 (S) )OO IVE Yl Lo La(s)

’Ll<1 7,2<3 Z3<1

X (Z IV (0, Yu )| e 12 2(5))

i1<3
+ 02 (Y 1 e o o) O IV e L L2 (W, 1) | Lo 13 1 (5)
11 <3 B 1252

<C(0p, Ro)ez (1 + As).

The second term can be controlled using Proposition 36 by

D) VRRVERVEY | e e
i1+io+is+is=3 -

<CeH () Y IVl o) (O IV

11<14,<3 13<1
X (Z ‘|Vi4¢|’L3°LiL2(S))
<3
<C(0p,Ro)e: (1+ Ay).

(9))

We now bound the terms ¢5 V3. If ¢ € {try,trx}, we can estimate in a
similar fashion as (43), since we have L;°Lo® L?(S) estimates for V3 (try, try):

18 V2 (trx, trx) || Lo 22 £2(5) SC(Oo, Ro)es Ag.

The remaining terms are of the form ¢y V3(n, 7). The difficulty in estimating

these terms is the fact that using the (7)372 norm, V37, and Vgg can only be
estimated in L?(H) but not L*(S). Thus we need to estimate both V?(, n)

and ¥y in Li and will not have an extra smallness constant €. Therefore,

instead of bounding V3 (7, n) with the @3’2 norm, we apply elliptic estimates
and control V2 in LY L L*(S).
By the div-curl systems

divn=—pu—p, curln=ga,
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divng=—p—p, curln=-g,
and the elliptic estimates given by Propositions 14 and 34, we have

(44) ||V?n|L2s) < C(Z IV il |22 s) + z IV (8,0)|L2(s) + |nll2(s))

i<2 i<2

V30l 2(s) < C(Z IV ullz2(s) + Z IV (5,6 r2s) + |Inllz2(s))-

i<2 i<2
This implies
198V (0, 0| Ls 22 (s)

<Cl|YnllrzL~(s)] IV3(n,m)| L2 L2(5)
<0(00, Ro)(1

+ WHHL;Lw(S)(Z 6%’|vi(ﬂaﬁ)|’LmL2(5) + Z IV (5,6)I 22 L2(s)))

1<2 <2
<C(Op,Ro)(1 + E%Ag +R).

Hence, gathering all the above estimates, by Proposition 6, we have
IVl | e o225y < C(Oo, Ro)(1 + e2A3+R).
By choosing € sufficiently small depending on Ags, we have
V2l L Lo £2(s) < C(O0, Ro)(1+ R).
Therefore, by (44), we have
V20l e 1225y < C(Op, Ro) (1 + R),

and
HV377||L;°L3L2(S) < C(00,Ro)(1+R). O
We now estimate V3w:

Proposition 39. Assume
R < oo.

Then there exists €9 = €0(Op, Ro, R, Az) such that whenever € < €,

032k, w,w'] < C(Op, Ro)(1 + R[B]).
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Proof. Recall that w' is defined to be the solution to

o

Viw' =

N | =

with zero initial data, i.e., w! = 0 on H, and k is defined by
k:=—Vw+"Vw' — 5@

By the definition of w, it is easy to see that using Propositions 6 and 36,

Y Vw12 15 12(5) < C(Oo, Ro):

1<2

In other words, w' satisfies the same bounds as 1. In the remainder of the
proof of this Proposition, we therefore also use ¥y to denote wh.
Consider the following equation for &:

Vie =9¢(p+6)+ Y VR + ) VP + ¢n).

11 +i241i3=1

After commuting with angular derivatives, we get

ViVie= ) VRVEGVA(5+6)
11 +ia+is+14=2
+ Y VRRVR (4 ) VE () + vn).
11 +ia+is3+14=3
We estimate £ in L2 L;° L*(S). By Proposition 6, for each u, to bound V£ in
L L?(S), we need to estimate the right hand side in L; L?(S). After taking
the L? norm in u, we thus need to control the right hand side in L2 L} L*(5).

The term involving curvature has already been estimated in Proposition 38
and can be controlled by

Y VRRVERVE (5 +6)l] 1 12(s) < C(Op, Ro)e:R.
i1 +ta+ig+14=2

> VERVEV (54 6)l[ 21 as) < C(O0, Ro)e:R.
11 +i2+ig+i4=2
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For the other terms, it suffices to consider
Z vi1¢i2vi3¢Hvi4¢ﬂ
i1 +i2+i3+i4=3

since 1 satisfies stronger estimates that either ¢ g or ¢ g. To this end, we
have

I Z ViV g Vg | L2 L1 12(5)

i1 +ta+i3+14<3
<Ce:l| Y VUEVEYEV |21
i1 +i2+i3+14<3
<Cex (DY NVIYNEa pro05) QO IVEVm | L 1222(5))
1<2i,<3 - i5<3
X (Z Hvi“i/}ﬁHLgqu(s))
14<1
+Ce2 (DY VPP e 1o5) O VPPl L Lo (s)
i1<2i,<3 N is<1
X (Z IV*m| L L2 L2(s))
i1<3

<C(0y, Ro)ex (1 + Ag)
by Propositions 36. Therefore, by Proposition 6,
V26| 2 L 12(5) <C(Op, Ro)(1 + €2 (R + Ag)).
By choosing € sufficiently small depending on R and Ajs, we have
V26| 2 Lee £2(5) < C(Oos Ro).

Consider the div-curl system
. . 1.
div Vw = —div kK — §d1V B,
curl Vw = 0,
. + 1
div Vw'! = —curl & — §curl B,

curl VQT =0.
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By elliptic estimates given by Propositions 14 and 34, we have
V3 (@, w)l| Lo L2 22(5) < C(Oo, Ro)(1 + RIB)). O

In the remainder of this subsection, we consider the third derivatives of
the Ricci coefficients that are estimated by integrating in the u direction.
We need to use the fact that the estimates derived in Propositions 37, 38,
39 are independent of A3. We now estimate V?’trx and V?’X:

Proposition 40. Assume

R < 0.

Then there exists €y = €9(Oo, Ro, R, As) such that whenever € < €,
03 2[”?(, ] < C(OO,Ro)(l + R[ﬁ])
Proof. Consider the following equation:

Vstrx = XX + trx(trx + v¥u).

After commuting with angular derivatives, we have
VsVitry = ) VARVt VH (trx + dn)
t1t+i2+i3+ia=3
+ Y VIRRVRRVER
t1t+i2+i3+ia=3

Fix u. We estimate term by term. First, by Proposition 36,
Y VR VR XVt s
i1 +i2+i3+14<3
<O D IVl e pas)

11<21i,<3

<[ IV el ) 9 e,

13<1 14<3

<C(O0, Ro) (1 + /0 (S IVtrxlnecs, )IIVPorxllzags, ).

i<1

Then we bound the terms with one 157. We separate the cases where g = w
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and ¢y = x. First, for Yy = w:

D0 VYRVl e

11412413+ <3
<O STV, o o) (0 IVt )
11<215<3 i3<1
X (Z IV || Lo 12 12(5))
14<3 -
CO DIV IR o p(s)
11<215,<3
/ (3 IV wllpas, ) (S IV trxllags., )’
is<1 1a<3
<C (0, Ro)(1 +73[é]+/0 O IViwllzags, DIV trxllras,, ) du),

i<1

where we have used Propositions 36 and 39. Then, we consider the term
with one ¢p, where ¥y = x:

Y VYR VR s

t1+ta+i3+14<3
<CQ D IV )
11<2142<3
< [T Rllaa(5 ) IV trxlegs, e
0 <1 14<3
V|2 g 5))
(45) leq;j) L L2 L
/ (19t s, ) (Y IV (s, )
i3<1 14<3
SC(007R0)(1+/0 (ZHViX\|L4(SH/YE))(|’Vgtrxﬂm(su,&))dul)

+C((907R0)/0 O IVt paes,, ) UVl z2(s,, L)),

1<1

using Proposition 36. In order to control this, we need to use the Codazzi
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equation
1
div = §Vtrx+ﬁ+ V(Y +u)

and apply elliptic estimates using Propositions 15 and 34 to get

V2%l r2(s)
<C(00, R) DIV trxllrzcsy + DIV Bll2(s)
(46) i<3 i<2
+ Z IV V2 (4 + Ym)l 125y + 11X L2(s))-
11+12<2

Using (46), we can bound the second term in (45):

u .
/0 (Vo trxllecs, )V 225,y

1<1

<c / (S IVtrxligs, ) ([9%txl s, o))ded

<1
+C Z ||Vi1trx\|L;°L4(S))(Z IV B 12 £2(s))
41 <1 12<2
C(Z IV trx | = racs))
i1<1
X Z IV29V (4 + )2 rogs) + X L2 r2(s))
io+i3<2
<C(O0,Ro)(1+ RIB] + /0 (3 IV trxdloas,, ) (IV3 e sgs,, ))du):

11<1

This, together with (45), implies that

I Z VARVt V|11 2 (s)
11 +i2+i3+14<3

<C(0p, Ro)(1+RI / (Vs ) g5 ) (IT2tx s, )e):

<1

Finally, we estimate the term with two ¢ y’s. We note that the only such
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term is of the form Xx. We control this term using (46):

Y VEREVERVE R s

11412413 +14<3
<O D IVl e pas)
11<215<3
u
< [N st )X N9 Wlis., )i
0 <1 i4<3

<C(O0,Ro) + C / IV e, ) (192Xl gs,, )l

<1
c) IV

L214(S)) (Z V2Bl 12 12(5))

41 <1 12<2
C(Z IV %112 pags))
i1<1
(D IVEVE (@ + u)l L2 )
iotis <2
<C (0o, Ro)(1 + RIp] + /O O IViRllLacs, DUV trxll2gs, ,))du).
<1

Therefore, by Proposition 6, we have

IV3trx || peer2(s)
<C(Op, Ro)(1+ R[] / IV, )l (5,0 ) (V300 (s, ).

<1
By Gronwall’s inequality, we have

V3 x| Lo 22(8)
<C(O0, Ro)(1 + R[B]) exp /0 IV (W) s(s,, )

<1
<C(Op, Ro)(1 + R[B]) exp(C(Oo, Ro))

2
<C(Oo, Ro)(1 + R[A))-
By (46), this implies

IV %l Lo L2 22(5) < C(O0, Ro)(1 + R[B]). u
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‘We now control Vgﬁ.

Proposition 41. Assume
R < oo.

Then there exists €9 = €9(Op, Ro, R, As) such that whenever € < €,
@32[&, Q} S C(OO)(l + R)

Proof. Recall that
p=—divn—p.
We have the following equation:

Vap =4(p,6,8) + YV (¥ + Ym) + baVi + (¥ + Yu) + XX

After commuting with angular derivatives, we get

VsViu
= > VRRVRRVR(a)+ D VRURVROVH (Yt gn)
i1+la+i3+1ia=2 i1 +ia+i3+14=3

+ Z v’h ¢i2 VZJXVMX
i1+la+i3+1i4=3

We estimate every term in the above expression. First, we bound the term
with curvature:

| Z ViV Vi (p, N Lz rir2(s)

i1 +io+iz+ia=2

SC(Z 1] iLl;oLchoo(s))(Z 1V (5, )L r2(s))

<2 i2<2
+C(> H%Z)HiﬁﬁoLzoLoc(s))(Z V2P| L Lo L3 (5))
i1<2 - i<l
< NIV (5,0 rrr(s)
i3<1
<C(00,R0) Y IV (5, 0)| 112 22(5)
<2
<C(O0p, Ro)R.

We now move on to the terms with the Ricci coefficients. Notice that by
Propositions 37, 38 40, all the terms of the form V31 except V3Q have been
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estimated. Thus, by Propositions 36, 37, 38 and 40,

| Z VARV (Y + )V (Y + Yu)|| 2 o)

i1 +i2+i3+14=3

<0} ZHV“WL@OLW )OO NVE @ )| r212(s)

1 <2i3<3 i5<2
X (Z |V (trx, try, 7, Vi)llLerzra(s))
i4<3
+0/ ZHVZ Y, u)|| s S/u)||v3ﬂ||L2(Su/&)dul
<1

<C(O0, Ro)(1+R) + C / IV @ 0 llas, 9% 2205, oyl

1 <1

We control the last term using the div-curl system
divnp=—-pu—p, curln=-5.

Applying elliptic estimates using Propositions 14 and 34, we get
(47)

V2] 225y < C(O0, Ro) O IV pllz2gs) + D IVHB, 0)lzzcs) + lnllzzs))-
i<2 i<2

Thus, we have
/0 (SIVA @ )l (5,0 1950 2G5,
i<1

<C(O0, Ro) 1+ R + /0 (SIVA @ )l s, Il (s, i)

i<l
Hence, by Proposition 6, we have
2
IVopll L r2(s)

<C(Op Ro)(1+ R + / IV, )l s, 2025,

i<l B

du').
By Gronwall’s inequality, we have

192l 125 < C(Oo, Ro)(1+ R) exp / SOV )l gs,, et

<1
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By Proposition 36, Z‘|Vi(¢ﬂ/)ﬂ)|‘L4(Su&) is controlled by C(Op,Ryp).
i<1
Therefore,

V2|2 22(5) < C(Oo, Ro)(1+R).

The desired estimates for V?’Q thus follow from (47) and taking the L? norm
in either the u or the u direction. O

We finally prove estimates for V3w.

Proposition 42. Assume
R < o0.

Then there exists €y = €9(QOo, Ro, R, As) such that whenever € < e,
O3 2]k, w,w'] < C(Op)(1 + R[B]).

Proof. Recall that w' is defined to be the solution to
1.
Viw! = 50,
with zero initial data, i.e., w =0 on Hy and & is defined to be
Kk:=Vw+" Vw —56

By the definition of w', it is easy to see that using Propositions 6 and 36,

Z ”vinHLiLfL?(S) < C(0o, Ro)-

1<2

In other words, w' satisfies the same estimates as 1 z. In the remainder of the
proof of this Proposition, we therefore also use ¥y to denote w’. Consider
the following equations:

Vs =¢(p+06)+ > IV +u) V(W + ).
11412413 =1
Commuting with angular derivatives, we get
VsVik= Y VRVEVE(5+0)
11 +i24i3+i4=2

+ > VRRVE W+ gE) VR (Y + Pm).

11412 +1i3+14=3



Nonlinear interaction of impulsive gravitational waves 537

Fix u. The term involving curvature has already been bounded in Proposi-
tion 41 and can be controlled by

) VRRVERYE (54 6)lIrarags) < C(Oo, Ro)R.
11412 +1i3+14<2

For the terms with only Ricci coefficients, notice that the third derivatives
of all the Ricci coefficients except w and w’ have been estimated. Thus using
Propositions 36, 37, 38, 39, 40 and 41, we have

> VEREVER W, o) VR () | ras)

11+t +i3+14<3
<C Z Z Hvlﬂ,bHLocLz ))(Z Hvli"(wvaN’LiLz(S))
11<215<3 13<2
< (O IVE W, )z 2s)
i3
C(”vgf(HLﬁL?(S))(Z||vi(¢awﬂ)”LﬁL2(5))
<2
+c/ IV @, s (O IV (W) s, ) )
i<1
il 3 >
<C(O0, Ro)1+ Y IV a2 r2(s) + IV Rl 22 £2(s)
11<2
+ [ M (2 IV 061305, )

ip<1
Therefore, by Proposition 6,

(48)
NS
<C(O0, Ro)(1+ R+ D> IV xllraracs) + 1V X2 12(s)
<2

/ 193 (w25 oy (S 9% (00,0 s,y

12<1

By the following div-curl system:

1
div Vw =div k + Ediv B,
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curl Vw =0,
1
div Vo' = curl & + §curl B,

curl Vw! = 0,

we have, using Propositions 14 and 34,
(49) [[V3(w,wNllz2(s) < CUIVallLags) + 1V2BllL2(s) + [V (w0, w1 L2(s))-

Applying this to the estimates for V3« in (48) and using Proposition 36, we
get
IV26 ] e 2(5)
<C(0o,Ro)(1 +R + Z IV Yrllrar2gs) + IV X L2 12(s)

i1<2

+/o 192225, (D 197200 ) s(s, ).

i5<1
By Gronwall’s inequality, and using Proposition 36,

IVl Lo L2(5)

<C(O0, Ro)1+ R+ Y _IV'¥nllr2raes) + 1V X2 12(5))
<2

X eXp(/0 ull (s, »du)

<C(O0, Ro)1+ R+ Y IV ¥nllr2r2es) + [IVX |12 12(5))-
<2

Now, taking the L? norm in u, we get

V26|22 Lo L2(s)

<C(0)A+ R+ >V %rllre 2 ragsy + 1V %2 12 12(s))
<2

<C(Op, Ro)(1 + 2R + R[A]),

where in the last line we have used Propositions 36 and 37. By choosing €
sufficiently small, we have

V26| 2 Lo L2(5) <C(Op, Ro) (1 + R[B)).
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Therefore, by (49), we have
[IV3 (@, W)L L2 22(5) < C (O, Ro) (1 + RIB)). O

Putting these all together gives

Proposition 43. Assume
R < oo.

Then there exists €9 = €o(Op, Ro, R) such that whenever e < €,
@3,2[t7X7 )Z, R, W, WT] < 0(007 RO)(]' + R[B])a

Os2[trx, X, &, w,w'] < C(Oo, Ro)(1 + R[A]),
and
Os.2[tt, 1, m, 1) < C(Oo, Ro)(1+ R).
Proof. Let
As > C(Op,Ro)(1 +R),

where C'(Op,Ro)(1 + R) is taken to be the maximum of the bounds in
Propositions 37, 38, 39, 40, 41, 42. Hence, the choice of A3z depends only on
0o, Ro and R. Thus, by Propositions 37, 38, 39, 40, 41, 42, the bootstrap
assumption (A4) can be improved by choosing e sufficiently small depending
on Oy, Rp and R. O

6. Estimates for curvature

In this section, we derive and prove the energy estimates for the curvature
components and their first two derivatives and conclude that R is controlled
by a constant depending only on the size of the initial data. By the propo-
sitions in the previous sections, this shows that all the O norms can be
bounded by a constant depending only on the size of the initial data, thus
proving Theorem 4. In order to derive the energy estimates, we need the
following integration by parts formula, which can be proved by a direct
computation:

Proposition 44. Suppose ¢1 and ¢o are r tensorfields, then

/Dw $1Vago + /D P2V a1

wu

- /ﬂu(o,u) e /go(o,u) b1g2 + /D (2w — trx) 162,

u,u
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and

/ $1V3p2 + / $2V3p1
Dun D

— B o |
/Hu(o,u) P12 /HO(O,u) ¢1¢2+/D (2w — trx) G102

w,u

Proposition 45. Suppose we have an r tensorfield W and an r —1 ten-
sorfield @ g.

/ WpAidzdog ) @y 4 +/ VAW aa, DA
Du Duu

= / (n+m)Meo.
Do

Using these we derive energy estimates for p,s in L?(H,) and for B in
L*(H,).

——u

Proposition 46. The following L? estimates for the curvature components
hold:

Z(Hvi(ﬁ’ 6)”%3%;1:2(5) + HviﬁH%fLﬁLz(S))
<2

<Z IV (5, 5) HL?Lz So) T IV BIT2 25, 0))

1<2

HIQ_ VoD DY VE@ ) VE(5,0)) L ri(s)

i<2 i intis<2
+11( sz £, 7)) Z ViR VRV (P + Ya))llrriris)
<2 21+7L2+i3+i4<3
+IO_ Vo > WVEOVEVE DL s)
1<2 Zl+iz+i3+i4<2
+IOQ_ VB D whVEYYE(5,6)) L rys)
1<2 i1 +ia+i3<2

+HIO-VB D> NN (5, 6)) | o s)

1<2 i1+i2+13<1

+HIQ_ VB D VERRVE (i $a) VI (rx + dm) s (s)-

1<2 i1 +i2+i3+14<3
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Proof. Consider the following schematic Bianchi equations:

Vo +div B =5+ > VRV + YRk,

i1 +12+i3<1
Vap+div B=vp+ Y VROV + PR,
i1 +i2+i3<1
ViB+Vp— Vo =(5,5)+ S whVE(b + )V (i + try),
i1+ig+i3<1

Commuting these equations with angular derivatives for i < 2, we get the
equation for V3V'a,

VsV's +div *V'8 = Fy,
where I} denotes the terms
Fri= > 4"VR(+¢n)Ve(5,6)
11 +i2+i3<2
+ > VIRVEYVE () + vp)
11 +i2+i3+1i4 <3
+ > Y VRRVERVER.
11 +ia+i3+14 <2
Notice that in the derivation of the V3V’ equation, there are terms arising
from the commutator [V*, div |. These can be expressed in terms of the
Gauss curvature, which can be substituted by —p — %trxtrx and rewritten

as the terms in the above expression. The equation for V3V?j has a similar
structure:

V3V'p+div V'8 = Fy.
We have the following equation for V4VZ§ :
ViV'B+VV'p—* VV'G = P,
where F5 denotes the terms of the form

Fy:= ) "VEOVE(Re)+ Y hVRIVE(p0)
i1+1o+13<2 t1+i2+i3<1
+ Z ViV (g + try) V™ (Y + try).
11 +i2+i3+14<3
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Applying Proposition 45 yields the following identity on the derivatives of
the curvature.

[ vivis),
_ /(vig, —UVip+* Vi), + (Vi Fy)y
:/(div VB, V'p)y + (div *V'B, V'), + (V' B, i)
:/<v3vip, Vip)y — V3V, V'a)y + (VB Fo)y + (V'(p,5), Fi ).
Using Proposition 44, we have

/<vlé) v4vlé>'\/

1

. . 1 .
([ 198 = [ 198+ w - 5w0I9 8Pl sz
H, H, h

Substituting the Codazzi equation

B= D VR + )

7:1+’L'2:1

for one of the 3’s, we note that the last term

1 .
[(w — §tfx)\vlﬁ|2\|L;L;Ll(S)

is of the form of one of the terms stated in the Proposition. We call such
terms acceptable. Also by using Proposition 44, we have

[196.0).9:7 (3,00,
5[ W GoR = [ 9GP +llw - 5m0 0. Pl s

The last term
1 Lo
I[(w — Etrzﬂvz(p,J)FHLLL;D(S)

is also acceptable. We thus have



Nonlinear interaction of impulsive gravitational waves 543

v152+/ Vi(p,5)?
/ﬂu| gE+ [ 9ok

u

< /H v+ / (V.00 + (7, Fab] + (7(5.9), F),

1, u

+ acceptable terms.

We conclude the proposition by noting that the structure for F; and Fb
implies that

(V8. F)4]
and
‘(vl(ﬁ7 [7)7 F1>“/‘
are also acceptable. O
To close the energy estimates, we also need to control 8 in L?(H) and
(p,5) in L?(H). It is not difficult to see that due to the structure of the
Einstein equations, Proposition 46 also holds when all the barred and un-

barred quantities are exchanged. The proof is exactly analogous to that of
Proposition 46 and will be omitted.

Proposition 47. The following L? estimates for the curvature components
hold:

Z(Hvi(p, 5)”%;@31:2(5) + HviﬁHigéLiLz(S))
i<2

< Z(Hvi(ﬁ, 6)“%3&(5”,0) + Hviﬁu%im(so,g))

i<2
HIOQ_ VBN D VR +em)VE(p, ) Linis)
1<2 11+ +13<2
+IOQ Vi Y VEERVERVE 4+ )l s)
<2 11412413414 <3
+HIOQ- Vi aNC > VERVERVE) L L s
1<2 11412 +1i3+14 <2
+ H(Z V' B)( Z EAVAA v (PN i i Li(s)
<2 i1 +1a+13<2
+IQ_VBC DY whVEAVE(R, )L s)
<2 i1+i2413<1

HIOQ-VBC > VERERVE () VP (x4 )l s (s):

1<2 i1+ia+i3+14<3
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We now control all the error terms in the energy estimates. Introduce
the bootstrap assumption:

(A5) R < Ay,

where Ay is a positive constant to be chosen later. First we estimate p and
& in L*(H,) and 3 in L*(H,).
Proposition 48. There ezist €9 = €9(Oo, Ro, A4) such that whenever ¢ <
€0,

S UV ) s 12 22s) + 198l 112 1205)) < C(O0, Ro)-

i<2
Proof. We control the six terms in Proposition 46. We first estimate the
term B¢y, i.e., the last term in the expression in Proposition 46. As we

will see, this is the most difficult term because all three factors can only be
controlled after taking the L? norm along one of the null variables.

H(Z V'B)( Z VAN gV m)| Ly (s)

1<2 i1 +i2+i3+14<3
1 . L y .
<Y WV BILereras)( Y. VARV Vi Pu|| a2 12s)-
<2 i1 +io+i3+14<3

Since we have a small constant e%, we only need to bound the remaining
contribution by a constant depending on Oy, Rg and Ay4. The first factor is
bounded by A4 by the definition of the norm R and the bootstrap assump-
tion (A5). We now look at the second factor.

> VEEVE RV a1 1a(s)

i1 412413+ <3
<SCO Nl e e o) QO NV Catl| L1 12 (9) 1Yl | 22 L 1 ()
<3 N i2<3
+ C(Z ||¢||ilioLuoeLm(5))||¢H|\L;L30Lw(5)(z ||Vi2¢£||L;LgL2(S))
<3 - i2<3
+ C(ZHw”ileoLﬁoLoo(s))(Z|‘vi2¢H‘|L§j?LiL4(S))(Z IV u |2 Lo L3(s))
i1<3 o 12<2 i3<2

+ C(Z ‘WHilegL?_LoLoo(s))‘WJHHLZCL?ELOC(S)H¢ﬂ”LﬁLgL°°(S)

11 <1

X (Z ||vi2¢||Lu°°L§°L2(S))

12<2
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+ C(Z ||Vi17/JH||L;oLiL4(S))|WEHLgL;oLw(S)(Z ’|Vi2w||L3°L;°L4(S))

11<1 12<1
+ CHl/JHHLgéL;Lw(S)(Z ’|Vi4¢£|’LgL§L4(S))(Z V2] | Lo L2014 (5))-
2131 ZQS].

By Propositions 36 and 43, we have

| Z VAV gV || 2 2 12(s) < C(Oo, Ro, Ag).
i1 intis+is<3

Thus

IOV > VRV V)| ps) < C(Op, R, Ag)ez.

1<2 t1+iz+i3+14<3

We next consider the following four terms from Proposition 46:

NQ_ VBN > "V +vm)V (5, 5)|LiLsLis)s

1<2 11 +i2+i3<2

IO VigoN( >, VRSV +4u))lL Ly s),

<2 11 +1a+i3+14<3

H(Z V'B)( Z YIVRYVE(p,6)) lLir1Li(s),

1<2 114124132

||(Z V'B)( Z YV VB (p, SN rrriri(s)-
i<2 i1t tis<1
Since v satisfies stronger estimates than either ¢y or ¥g; and p, o satisfy
strong estimates than either Viy or Vi), we can bound these terms exactly
the way as above by C(Qg, Ry, A4)e%.
We are thus left with the term

H(Z V' (5,0))( Z leizwvi?’Xvi“X)HL;L;Ll(S)-

1<2 11 4124i3+14<2

Since X can only be controlled after taking the L? norm in u, we must bound
the curvature term V*(p, &) in L?(H). Nevertheless, we get a smallness con-
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stant in this estimate:

sz B 5‘ Z wzlvwwvla VM )||L1L1L1(S)

1<2 11+i2+i3+i4§2

Z IV (5, 6) | e 12 £2(9)( Z 0" V=YV E IV K|z 12(s))

1<2 11 4124i3+14<2

SCEER(Z Z “Vllw"%?LfL2(S))(Z HVZBXH%;“LLEOLQ(Sﬂ

11<242<3 13<2
1
SC(O(), R0)65A4.

Therefore,
Z(Hvi(ﬁ, 5)”%3%;/:2(5) + |Wiﬁ|’%§LgL2(S)) < RE + €2C(Op, Ro, Ag).
i<2

Thus the conclusion follows by choosing € to be sufficiently small depending
on Oo,Ro and A4. |

We now estimate the remaining components of curvature:

Proposition 49. There exist ¢g = €9(Op, Ro, Ay) such that whenever e <

€0,
> (

i<2

~r202(s) + IV (5,0l 12 12(5)) < C(Oo, Ro)-

Proof. In order to prove this estimate, we heavily rely on the bounds that we
have already derived in Proposition 48 for V*(p,&) and V. In particular,
we need to use the fact that those estimates are independent of A4. In
order to effectively distinguish the norms for the different components of
curvature, we introduce the following notation:

R,[f] :=Z sup ||V'BlI12L2(5,0,);

0<u <u

Ry[p, ] ZZZ sup [|V'(5,6)l L2 2(s, )

’
i<2 0<w'<u

R, [p,5] := Z sup |[V*(5,0)|l2 25, )

i<2 0<u'<u

Ry[f] :Z sup [|V'B|l12L2(s, )

0<u <u
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We now proceed to proving the proposition by controlling the six error terms
in Proposition 47. We start with the first, second, fourth and fifth terms:

IO VimoNC D> V2 +9)V(5,6)Ls L rys)

1<2 11 +ia+13<2
and
I V' @aNC 3 VRV +ym)l|nsses)
1<2 11 +ia+i3+14<3
and
QB Do V=V (5,0))lly s
1<2 i1 +1a+13<2
and

H(ZV%’)( Z NN (5, 6)) | s):

1<2 i1 +i2+i3<1
In these terms (§ or ¥y appears at most once. Therefore, after applying
Cauchy-Schwarz in u and putting 8 or ¢y in Li, there is still an extra

smallness constant ez. These terms can be estimated in a similar fashion
1

as in Proposition 48 by C(Qg, Rg, As)ez. We then look at the last term in

Proposition 47:

(50

IOQ-VBIC D VRV (trx + )V (trx +vm) |z (s):
1<2 11+t +i3+14<3

Among these terms, there are two possibilities: the case where (try, ¥ fr) has
at least 2 derivatives and the case where (try, 1 y) has at most 1 derivative.
For the term where (try, ¥ y) has at least 2 derivatives, we have

1O_VB)( > ViRV (trx, )V (tex, )|z s)

1<2 11213 +14<3,2<i3<3
< [ I Bl 205, ) 1l 15
<2 11 <1
X ( Z IV (trx, ¥l L2 L2(s,0 ) )(Z IV (brx, ) Lo La(s, ) ) A
2<ip<3 i5<1

< [ 0O R+ Ry B (X 19t bl s,

i<1
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by Propositions 36 and 43. Notice that in the first inequality above, we have
also used the Sobolev embedding theorems in Propositions 8 and 9. For the
term where (try,¥m) has at most one derivative, notice that the estimate
for V2(try, v y) in L? in Proposition 36 depends only on initial data and the
bound for V3 (trx, v m) in Proposition 43 depends only on initial data and
Rulf). Thus,

10 ViB)( > VAV (trx, i)V (brx, Ym) | sz o s)

1<2 11412 +1i3+14<3,13<1

Z v’ BHL?L?L?(S Z Z ||v13¢”LooLooL2(5 )

1,<2 12<21i3<3

x (Y NV (trx, ) 22 Lo £2(s) (O IV (brx, )| Lo 12 £2(5))

0422 is<3
<C(O0o, Ro)(1 + Ru[B])(1 + Ru[B]).

Therefore, (50) can be estimated by

(51)
IV D VRV (g + )V (rx + Vn)l s oos)
<2 11412413 +14<3
g/ C(0o,Ro)(1 + Ry ZHV’ 6, Vi) e pags, )
i .

+C (00, Ro) (1 + Ru[A]) (1 + Ry[é])-

We note explicitly that it is important that we do not allow all terms of the
type Ygmt but only allow ¢giymtry since by Proposition 43, O stry]
can be controlled by a constant depending on initial data and R[], but
the bound for (7)3,2[77, n] depends on R. As we will see below, it is important
that one of the factors in the last term in the estimate (50) depends only on
R [0] rather than R, since R, [f] has already been previously controlled in
Proposition 48 by a constant d&)ending only on the initial data.

Returning to estimating the error terms in Proposition 47, we are thus
only left with the term

1OV (5, 0))( > VRPN YNV p N Pr)| L ()

11 <2 to+13+ia+15+16 <2

i.e., the third of the six error terms in Proposition 47. Since 1y does not
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enter with three derivatives, it can be estimated using Proposition 36 by

H(Z Vi(p,5))( Z VRPN hr V)| Ly L1 (s)
1, <2 ta4i3+is+1i5+16 <2

Z IV (5 )Lz r2r2(8))

11<2

(> || V24 Wity Ve )

to+i3+ia+i5+16 <2

<O NV B 0)lrraras) O] > HVZ%HL@OL&LQ )

13 <2 15<2143<3
X (E ||vi4¢H||iiL$ﬁL2(S))
i4<2 h
<C(Oo, Ro)Rulp, 5].

Therefore, we have

RulB]* + Rulp, 6]

<C(0, Ro)(1+ € C(O0, Ro, Ad) + /0 (R (BN IVl 15 105, )l

i<1
+ C(Op, Ro)(Rulp, 5] + (1 + Ru[B]) (1 + Ru[B]))-

Applying Cauchy-Schwarz on the last two terms and absorbing %(Ru (8] +
Ru[p,7]%) to the left hand side, we have

RulB + Rulp, )%
<C(0p,Ro)(1 + €2C(Op, R, Ay)
+ /0 (Ru )2 IVt 235, )0 + RulBP).

i<1
Gronwall’s inequality implies

RU[B]Q + RE[ﬁ? &]2
<C(0p, Ro)(1 + €2C(Op, Ro, Ay)

+ RulB)?) exp /0 (S IVl s, o))

<1
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By Proposition 36,

expl [ (S I9 0l s, ') < (05, Ro)

0 <1

By Proposition 48,
Ru[B)” < C(O, Ry).

Therefore,
RulBP + Rulp, 61" < C(O0, Ro)(1 + €2 C(Op, Ro, Aa)).
Taking e sufficiently small depending on Oy, Rp and A4, we conclude that
RulB)* + Rulp, 51> < C (O, Ro). m

Propositions 48 and 49 together imply

Proposition 50. There exists g = (Op, Ro) such that whenever € < €,
R < C(Oo, Ro).

Proof. Let
Ay > C(Oo,Ro),

where C'(Op, Ry) is taken to be the maximum of the bounds in Propositions
48, and 49. Hence, the choice of A4 depends only on Oy and Rgy. Thus, by
Propositions 48, and 49, the bootstrap assumption (A5) can be improved
by choosing e sufficiently small depending on Oy and Ry. O

This concludes the proof of Theorem 4.
7. Nonlinear interaction of impulsive gravitational waves

In this section, we return to the special case of the nonlinear interaction
of impulsive gravitational waves, thus proving Theorem 1. Recall in that
setting we prescribe characteristic initial data such that on Hy(0,w,) (resp.
Hy(0,us)), X (resp. X) is smooth except on a 2-sphere Sp, (resp. Sy, o)
where it has a jump discontinuity. Thus the curvature in the data has delta
singularities supported on Sp,_ and Sy, o.

Such an initial data set can be constructed by solving a system of ODEs
in a way similar to the construction of the initial data with one gravita-
tional impulsive wave in [24]. Moreover, one can find a sequence of smooth
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characteristic data that converges to the data for the colliding impulsive
gravitational waves. We refer the readers to [24] for more details.

With the given initial data, Theorem 3 implies that a unique spacetime
solution (M, g) to the Einstein equations exists in 0 < u < u, and 0 <
u < u,. Moreover, using the a priori estimates established in Theorem 4, we
can show that the sequence of smooth data described above gives rise to a
sequence of smooth spacetimes that converges to (M, g).

In this section, we prove that in addition to the a priori estimates proved
in Theorem 4, the colliding impulsive gravitational spacetime (M, g) pos-
sesses extra regularity properties as described in parts (b), (c¢) of Theorem
1. We give an outline of the remainder of the section:

Section 7.1: We show the first part of Theorem 1(c), i.e., that 3, p, 0,
can be defined in L2 L2 L?(S). This follows directly from the estimates in the
proof of Theorem 3.

Section 7.2: We prove the second part of Theorem 1(c), showing that
the solution is smooth away from H, U H,_.

Section 7.3: We establish Theorem 1(b). We define o and « in the
colliding impulsive gravitational spacetime and show that they are measures
with singular atoms supported on H,, and H,,_ respectively. This shows that
the singularities indeed propagate alailg the null hypersurfaces H,,, and H u,-

7.1. Control of the regular curvature components

Proposition 51. All the curvature components except o« and « are in
L2L2L2(9).

Proof. 1t follows directly from the proof of Theorem 3 that 3,p,5,5 €
L2L2L2(S). It remains to show that p,o are in L2L2L?*(S). Recalling the
definition of § and &, it suffices to show that x% is in L2L2L?(S). This
follows from B -

A A

XX 2222 2(5) < IIX]

[ uu uu

rerzras) X/ L2 e pa(s)- O
7.2. Smoothness of spacetime away from the two singular

hypersurfaces

In this subsection, we prove that in the case of two colliding impulsive grav-
itational waves, the spacetime is smooth away from the null hypersurfaces
H,, and H, . For u < us or u < ug, this follows from the result of [24]. We
will therefore only prove the statement for {u > us} N {u > u,}.



552 Jonathan Luk and Igor Rodnianski

Proposition 52. The unique solution to the vacuum FEinstein equations
for the initial data of colliding impulsive gravitational is smooth in {u >
ush N {u > u,}

Proof. We establish estimates for all derivatives of all the Ricci coefficients.
We prove by induction on j, k£ that V"V%Vﬁf(w, Y, Y) and ViV§V§p are
in L°LL2(S) for all i, j, k. This then implies that all the Ricci coefficients
and curvature components'® are in C*°.
1. Base case: j=k=0
1(a). Estimates for ¢ and p

For i < 2, Vi is in L L L?(S) by Theorem 4. Using exactly the same
arguments but allowing more angular derivatives in the initial data, it is
easy to show that Vi is in L°LPL2(S) for all 4.

Similarly, an adaptation of the arguments in Theorem 4 imply that V’p
are in L°L°L2(S) for all i.
1(b). Estimates for 1y, 1y and p

The a priori estimates given by Theorem 4 only imply that for i < 2,

(52) Vi € LLLPL*(S) and V' € L LY L*(S).

Applying a simple modification to the proof of Theorem 4 with more angular
derivatives in the initial data, it is easy to show that (52) holds for all ¢ > 0.
In order to improve this to a bound in LOOLOOLQ(S) we need to use the fact
that we are away from the hypersurfaces H, and H,,

We first prove estimates for x. Consider the equatlon

(53) Vsx + %trx)z = V&n + 2wx — %trxi + n@n.

Since we know that the initial data on Hy N {u > wu,} are smooth, Vix

is in L3°L?(So,). Using the control that has already been obtained and

Gronwall’s inequality, we integrate (53) to show that Vix is in L L L?(S)

for u > u, for all i. B
Similarly, using

.1 ~ o1 R ~
Vax + itrxx = Van + 2wy — §trxx + n&mn,

we show that V% is in Le° LS L*(S) for u > u, for all 4.

15Notice that all curvature components except for p can be expressed as a com-
bination of the Ricci coefficients and their first derivatives by virtue of the null
structure equations and elliptic equations (22), (23) and (24).
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The estimates for p together with the bounds for x and X imply that
Vipis in L Ly L?(S). Now using

1 1
Viw =2ww —n-n+ §!Q12+§p,

and
1, 1
V4g:2wg—n-g+§|n! +§P,

we show that Viw and Viw are in L L L?(S) for all 4.
2. Induction Step -

We now proceed to the induction step. Assume Vivg,;Vﬂf(@b, Y, YH) and
ViviVhp are in LLL2(S) for all 4, for all j < J and for all k < K in the
region {u > us}N{u > u,}. We will show below that VIV 'V (4, o, ¢pr)
and ViVy V) are in LLL?(S) for all i and for all k < K in {u >
us} N {u > u,}. A similar argument then shows that V'ViVEFL (4 4y )
and ViV?);Vf'Hp are in LLCL2(S) for all i and for all j < J in {u >
us }N{u > u,}. This completes the induction step and proves the proposition.

We first estimate Vivg+1ij p. Notice that by signature considerations
(see Section 2.4), we have the following schematic expression for the com-
mutator [V3, Vy]:

(54)

Using the Bianchi equation for V3p, commuting k& < K times with V4 and
differentiating J times with V3 and i times with V, we obtain

ViV Vi = .
where ... on the right hand side denotes terms that have at most J V3 deriva-
tives on g or (¢, ¥m,¢u). They are therefore bounded'® in Ly Ly°L?(S) by
the induction hypothesis. Hence we obtain

(55) IV Vbl Lo Lo ras) < Cik

for every i and every k < K in the region {u > us} N {u > u,}.

6Note that the terms on the right hand side may have more than i angular
derivatives. Nevertheless, the induction hypothesis allows us to control an arbitrary
number of angular derivatives.
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To proceed, we will consider separately the cases where 1) satisfies a V31
equation and where 1) satisfies a V41 equation. We introduce a notation such
that we denote the v¢’s in the first case by 13 and those in the second case
by 4. More precisely, we use the notation

Y3 € {n,trx, trx}, Y4 € {n, trx, trx}.

For i and 13, we commute the equations £ < K times with V4 and
then differentiate the equation J times by V3 and ¢ times with V. As a
consequence, we obtain

VIV IV (s gm) = -

where ... on the right hand side represents terms that have at most J V3’s.
As in the estimates for VngJer{j p, these terms can therefore be controlled
in LPLL%(S) by the induction hypothesis. Thus we can estimate these
terms directly to show that

(56) IV V3V (s, 0m) | L Lo 22(s) < Cik

for all 7 and all £ < K in the region {u > us} N {u > u/}.

For ¢y and 14, we commute the equations ¢ times with V, J 4 1 times
with V3 and k£ < K times with V4. Here, we use both the schematic com-
mutation formula for [V4, V] in Proposition 13 and also the schematic ex-
pression for [V3, V4]|. Then we have

Va(V'VET V(s vn)
= Z VAVE (4, g, ) 2RIV EVITIVES (4 1))

i1+ia+is=0
ki+ko+ks=k

+ > VAV, g, ) TR VEVITIV s L

i1+la+i3=1

k1+ko+ks=k
where ... are again terms that can be bounded in L°L°L?(S) using the
induction hypothesis. Notice that the second term on the right hand side
can be estimated by (55). Moreover, by assumption, the initial data on
H, for V'V T'Vk (¢4, g) are bounded in LPL?(S) for u > us Thus, by
Gronwall’s inequality, we obtain

(57) IV Vs IV (W, Ym) | L e 12(s) < Cig



Nonlinear interaction of impulsive gravitational waves 555

for all s and all £ < K in {u > us} N {u > wu,}. Finally, combining (55), (56)
and (57), and using the formula p = p — % X * X, we obtain

(58) Hvivé]+1v§p||Lg°L;°L2(S) < Cik

for every i and every k < K in {u > us} N{u > u,}. (56), (57) and (58) to-
gether imply that in the region {u > us} N{u > u,}, VIVITIVE (), o, ¥m)
and VIV TVEp are in LPLPL(S) for all i and for all k < K, as de-
sired. - O

7.3. Propagation of singularities

We first show that o and « can be defined as measures. We take the null
structure equations

(59) a = —Vyx — trxx — 2wX,

a=—V3Xx — trxX — 2wx

as the definitions of a and «a. In view of the fact x and x are not differentiable,
o and a cannot be defined as functions. Nevertheless, we will show that they
can be defined as measures. By (59), if « is smooth, for each component of
« with respect to the coordinate vector fields, we have

u u o

[ atwuoa = ["@7 Lt o+ 200w )
0 0 ou

Integrating by parts and using

0
—Q =2
ou w

we derive

u

| atuit oy
0

@ 0, 0) — (@) = 0,0)+ [ (eroi) o 0)

Returning to the setting of colliding impulsive gravitational wave, for every
u # ug, the right hand side is well-defined. For each u, ¥ € S?, we define «
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as a measure such that

u

a([0,1)) = (') (w, u,9) — (27R) (u,u = 0,9) +/0 (trxX) (u, o', 9)dut’,

for u # u,. By continuity, we have

O‘([Ovﬂs)) = lim (Q_li)(%ﬂvﬁ) - (Q_lﬁ)(%u = 0’79)

u—us

T / (o) (s )
0

This defines « as a measure. Similarly, for each u, ¥ € S?, we define a to be
a measure by

a([0,u)) =(Q7 ) (u, u,9) — (Q'%) (u=0,u,9)

+/ (leA&%X—Ftrﬁ)(u’,y,ﬁ)du’,
0

for u # us. By continuity,

a([0,us)) = lim (Q7%)(u,u,9) — (7' %) (u = 0,u,9)

U—Us

Us
+ /0 (leA%X + trxk) (v, u, 9)du.
Remark 2. If we take a sequence of smooth initial data converging to
the data for nonlinearly interacting impulsive gravitational waves, it can be
shown that in the spacetimes (M, gn) arising from these data are smooth
and o, — o, a,, — o weakly, where a and « are as defined above. We refer
the readers to [24] for details in the case of one impulsive gravitational wave.

Proposition 53. y is discontinuous across u = u,. Similarly, x s discon-
tinuous across u = u.

Proof. We focus on the proof for x. The proof for X is similar. Consider the
equation.

.1 . ~ 1 ~
(60) Vsx + §trxx —2wx =V®n — ?WXX + nemn.
For the initial data, x (g, u, #) is smooth for u # u, and has a jump disconti-
nuity for u = u,. On the other hand, the right hand side is continuous by the
bounds that we have obtained. Moreover, the vector field e3, the connection
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V3, as well as the connection coefficients trx and w are also continuous. The
conclusion thus follows from integrating (60). O

Finally, we show that « (resp. a) has a delta singularity on the incoming
null hypersurface H, (resp. outgoing hypersurface H,,).

Proposition 54. a can be decomposed into
a = 5(@5)6% + ar,

where 6(uy) is the scalar delta function supported on the null hypersurface
H, . as = as(u,d) # 0 belongs to L2L2(S) and oy belongs to L L L2(S).
“Similarly, o can be decomposed into

a = d(us)a, + a,

where 0(ug) is the scalar delta function supported on the null hypersurface
Hy,, a, = a,(u,9) # 0 belongs to L2L*(S) and a,. belongs to L Ly L*(S).

Proof. We prove the proposition for «. The statement for o can be proved
in a similar fashion. Define

as(u,9) = lim Q7' (u,u,9) — lim Q'Y (u,u,0),

u—ruf u—u;

and
ay = a — §(u,)as.

We now show that ag and «, have the desired property. By Theorem 4, ay
belongs to L2L?(S). That ay # 0 follows from the fact that X has a jump
discontinuity across u = u,, which is proved in Proposition 53.

It remains to show that «, belongs to LL®L?(S). To show this, we

consider the measure of the half open interval [0,u) with respect to the
measure o, (u,9):

(ar (1, 9))([0, )
(@D 9) — lim (@710 (wE,9) + lim (270w, 2.9)

u—u s
u

(@ =0.0)+ [ (i) .2, 0)d
0
im0 9w, 9 + tim [ 2@ ) &, 0
au- J 8@ y Uy 159 it J; 8@ s Uy w

+ / *(tr) (u, @, 9) i
0
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By Proposition 52, 2 (Q71%)(u,u,9) is in Ly Ly L(S) away from the hy-
persurface H,, . Thus (a,(u,9))([0,u)) can be expressed as an integral over
[0,u) whose integrand belongs to L3 L L*(S), as desired. O

8. Formation of trapped surfaces

We also apply the existence and uniqueness result in Theorem 3 to the
problem the formation of trapped surfaces. In [7], Christodoulou proved
that trapped surfaces can form in evolution. This was later simplified and
generalized by Klainerman and Rodnianski [19], [18]. These are also the
first large data results for the long time dynamics of the Einstein equations
without symmetry assumptions.

In all the previous works, the setting is a characteristic initial value
problem such that the data on the incoming null hypersurface are that of
Minkowski spacetime. The data on the outgoing null hypersurface, termed
a “short pulse” by Christodoulou, are large, but are only prescribed on a
region with a short characteristic length. The large data on the outgoing
hypersurface and the small data on the incoming hypersurface together give
rise to a hierarchy of large and small quantities, which was shown to be
propagated by the evolution equations.

In particular, in order to guarantee the formation of a trapped surface,
the initial norm of y is large on Hy, and is of size

~ 1
XL o= (s) ~ €2,

where € is the short characteristic length in the u direction. Moreover, « has
initial norm of size
_3
HOZHL;Loo(S) ~€ 2.
It was precisely to offset the largeness of x and « (and their derivatives)
that the data on H, were required to be small.
However, when viewed in the weaker topology L2 L>(S), the initial size
for x in [7] is bounded by a constant independent of e:

X[z e (s) ~ 1.

Our main existence result applies for initial data such that x and its angular
derivatives are only in L2L°(S) without any requiring any smallness for
the data on H,. In particular, no assumptions on « and its derivatives
are imposed. Using this theorem, we obtain the following extension to the
theorem in [7], [19]:
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Theorem 5. Suppose the characteristic initial data are smooth on H for
0 < u < wuy and satisfy the following two inequalities:

(61) trx(us,9) <0

and

tT’X(’LL =0,u= 0719)

U 1 u’
+/ exp(—/ trx(u”,u = 0,9)du’)
0 2Jo ~

x (—2K + 2div ¢ + 2|¢)*) (v, u = 0,9)du’

1 [
<exp(—§/ trx(v',u = 0,9)du)trx(u = 0,u = 0,9)
0

for every 9 € S?. Then there exists an open set of smooth initial data on H
such that the initial data do not contain a trapped surface while a trapped
surface is formed in evolution.

More precisely, for every constant C, there exists € > 0 sufficiently small
such that if the characteristic initial data on Hy N {0 < u < €} are smooth
and satisfy

(63) Z ||Vi>Z|!L§L2(S) <C

1<5

and the following two inequalities'” are verified for every ¥ € S?,

[%[*(u = 0,u,9)du
0
1 u
> exp(§ / trx (v, u = 0,9)du’)
, X
(64) x (trc(u = 0,u = 0,9)
u 1 u’
+ exp(—/ trx(u”,u = 0,9)du”)
0 2/ ~
X (—2K + 2div ¢ + 2|¢)*) (v, u = 0,9)du’),
and
(65) /Wﬂ%u—Q%0Mu<Wﬂu—Qu—Qﬁ%
0

170f course, the condition (62) is necessary precisely so that (64) and (65) can
be verified simultaneously.
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then there exists a unique spacetime (M, g) that solves the characteristic
initial value problem for the vacuum FEinstein equations in the region 0 <
u < uy, 0 <u <e Moreover, HyN{0 < u < €} does not contain a trapped
surface and Sy, ¢ is a trapped surface.

Remark 3. (61) and (62) hold in particular on a regular null cone with
smooth Ricci coefficients such that

2 2
It == trx + 2,6 VE Kz 1 (5,.0) < G

where 1 is a positive smooth function, C~1 < ]j—;| <Candr —0asu— up.
We will call r = 0 the vertex of the cone. It is easy to see that (61) and (62)
hold sufficiently close to the vertez, i.e., when uy is chosen to be sufficiently

close to ug. Notice in particular that we have

trx (s, V) — —o0

and

as Usx —> UQ-
In particular, this implies the celebrated theorem of Christodoulou'®:

Corollary 55 (Christodoulou). If the characteristic initial data on H is
that of the truncated backward light cone'®

{u=t+r=0, 0<u<1}

in Minkowski space, then for € sufficiently small, if the data on Hy satisfy
(63), (64) and (65), then there exists a unique spacetime (M, g) endowed
with a double null foliation u, u and solves the characteristic initial value
problem for the vacuum FEinstein equations in the region 0 < u < 1,0 < u <
€. Moreover, HyN {0 < u < €} does not contain a trapped surface and S e
is a trapped surface.

18The original theorem of Christodoulou in [7] constructs a spacetime from past
null infinity. Here, we retrieve only the theorem in a finite region. Nevertheless, the
infinite problem can be treated as in [7] once the finite problem is understood.

9Here, we adapt the notation that w =t —r —2, u = t+r. Therefore, 0 < u < 1
corresponds to the t-range —2 <t < —1.
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We now begin the proof of Theorem 5. We need the following series of
propositions. First, it is easy to see using the null structure equations and
Bianchi equations on Hy that the assumptions for Theorem 3 are satisfied.

Proposition 56. Given the assumptions for Theorem 5, the initial data
satisfy the assumptions of Theorem 3. Therefore, using the conclusion of
Theorem 3, there exists a unique spacetime (M, g)that solves the character-
istic initial value problem for the vacuum FEinstein equations in the region
0 <u<uy, 0<u<e. Moreover, all the estimates in Theorem / hold.

Proof. Since the initial data on H is smooth, there exists ¢ and C such that

0 ..
c<[dety T, [<C D l(55) " Isuy [SC,
1<3

Z (||Vi¢|\Lch2(su,o) + ||Vi¢ﬂ||L2(go)) <C,

i<3

oIV Bl + Do IV llzpas,,) | < C.

1<2 ve{p,5}

By (63), x satisfies the bounds in the assumptions of Theorem 3. By the
null structure equations and the Bianchi equations, for e sufficiently, all
the norms for the initial data on Hy in the assumptions of Theorem 3 are
controlled by a constant independent of e. OJ

We now use the a priori estimates derived in Theorem 4 together with
(64) and (65) to show that the initial data do not contain a trapped surface
and that a trapped surface is formed dynamically. We first show that there
are no trapped surfaces on Hy:

Proposition 57. There exists € sufficiently small such that for all 9,
trx(u = 0,u,9) >0 for all u € [0, €.
Proof. On H, since ) = 1, try satisfies the equation

9 1 2 1¢)2
Ztry = —=(try)? — |%[%
941X 2( rx)” — |X]

Integrating the equation for try, we have
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Therefore, for e sufficiently small,
trx(u = 0,u,9) > 0,
for all u € [0, €] O

We now prove that Sy,  is a trapped surface. First, we show that try <0
everywhere on Sy,_ .

Proposition 58. For € sufficiently small, we have

trx(u = us,u=€,9) <0

for every 9.

Proof. Consider the equation
1
Vatry = —?crxtrx + 2wtry + 2p + 2div  + 2|ﬂ|2.

Writing V4 = Q_la% and integrating, it is easy to see that by the estimates
in Theorem 4, we have

(66)  |trx(u,u,9)du’ — trx(u,u = 0,9)] < Ce: for all u for all ¥ € S2.

The conclusion of the proposition thus follows from (61). O

We then prove in the following sequence of propositions that we moreover
have try < 0 everywhere on S, .. As a first step, we solve for try on S,
on the initial hypersurface H.

Proposition 59. On the initial hypersurface H, trx(u,u = 0,9) is given
by

trx(u,u = 0,9) = exp(—% / trydu’) (trx(u = 0,u = 0,9)
0

U 1 u’
+/ exp(§/ trxdu’)(—2K + 2div ¢ + 2|¢[*)du’).
0 0 B
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Proof. On H, since 2 = 1, we have

1
—trytry = 25+ 2div ¢ + 2|¢]%.

2tr—i—
XT3

ou

Substituting the Gauss equation

1
K=—-p— 1 trytry,
we have
0 1 ) 9
—trx + —trytry = —2K + 2div ¢ + 2|¢|*.
ou 2 =
The conclusion follows easily. O

We compare [;* try(v/,u,9)dv’ and [j" trx(v/,u = 0,9)du’ in the fol-
lowing proposition:

Proposition 60. For every u € [0, €], we have

]/ rx (v, u, 9)du’ —/ *t@(u’,gzo,ﬁ)du'lﬁCeé.
0

Proof. The proposition follows directly from integrating in u the equation
(66) in the proof of Proposition 58. O

Using Proposition 60, we compute foe |>2|%dg for every u and every ¥ € S?:

Proposition 61. For every ¥ in Sy, the integral of |>2|% along the integral
curve of L through (u,9) satisfies

€
1R 0y
0
u € N
> exp(—/ try(u',u = O,ﬂ)du’)/ |)Ad3(u = 0,u,9)du — Cez.
o 0
Proof. Fix 9. Consider the null structure equation
I - L1 .
Vsx + gtrxx = Van + 2wx — Qtrxx + n@m.
Contracting this two tensor with x using the metric, we have

1, 1 P T
5 ValX[ + StrxIX[ — 2wlX[] = X(Vén — Strxk + nén).
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In coordinates, we have

1 8 A 8 N 2 1 ~ 2 ~ 2 _ A~ ~ 1 ~ ~
30 (5 TV gga)IX5 + StexIR] — 2iR] = (V& — StoxX +9on).
Using

1
w = —§V3(log Q),

we get
2 “ ! 0 “ NO—21 ~12
Q exp(—/ Qtrydu')— <exp(/ Qtrxdu')$2 ])dy>
(67) 0 - ou 0 -
O X2 — Lo (V& _ 90ty { + 20m@n)
a9A X1 004 X K g XX -
Let

F =077 exp(/ Qtrydu’)
o X

) j4.00

. 1 -
X (=bA oz kI — 0 =0 + 205 (V&N — 205 trxk + 20&mn)).

By (67), we have

u
exp / Q(U',u)trz(%u)dU’)Q_Z(u,u)IXI%(u,u)
0
> (u = — Cl|[F(W)l|zsL=(s)-
Using the equation
obA
T 402cA
ou ¢,

the estimates for Q and ¢ and the fact that b4 = 0 on H, we have a uniform
upper bound for b:

1Bl Lo 2o L= (5) < Cle.

Thus, together with the estimates derived in Theorem 4, we have
(68) || L2p2 = (s) < Cez.
On the other hand, the proof of Proposition 1 implies that

192 = UL Lo (s) < Ce.
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This, together with Proposition 60, gives
Q2 (u, u) exp( [} Q' w)trx (o, u)du)

— 1| < Cez.
exp(fou Q(v',u = 0)trx (v, u = 0)du’) | < Ce

Therefore,

exp /0 e (o', = 0)de!) %2 (1, )
>[R12(u=0,u) — Ce2 %2 (u,u) — C||F ()11 £~ (s)-

Taking the Li norm, we get
u €
exp / tex (e, u = 0)d) / R (s )
0 0
€ €
> / R (u = 0,u)du — Ceb / R ()t — C||F ()] 12 1 1 (s)
0 0 -

2/ %12 (u = 0, u)du — Cez,
0

where in the last step we have used (68) and the bound for || X||p~r2(s)
derived in the proof of Theorem 4. B

This allows us to conclude the formation of trapped surfaces:

Proposition 62. Given the assumptions of Theorem 5, for € sufficiently
small, try < 0 pointwise on Sy, .. Together with Proposition 58, this implies
that Sy, ¢ is a trapped surface.

Proof. By Proposition 59, we have

(69)
trx (us, uw = 0,9)

= exp(—% / ) trydu’) (trx(u = 0,u = 0,9)
, X
Uy 1 u’
+/O exp(§/0 trydu”)(—2K + 2div ¢ + 2|¢|*)d).

By Proposition 61,

/O X2 (s 1, 9)due
(70)

> exp(—/ * try (v, u = 0,9)du’) / |>2|,2Y(u =0,u,9)du — Ce:.
0 0
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Using the equation
1 2 o2
Vatrx = =5 (trx)” = [X]” - 2wtry,
which can be written in coordinates as
0 1
O —try = — 5 (trx)* — [X]* — 2wtry,
Ju 2
we have
trx (s, u = €,9) < trx(ue,u=0,9) — / %12 (s, w, ) + Ce:.
0
Therefore, using (69) and (70), we have
trx (e, u = €,9)
1 e / /
exp(—3 [ trx(uu=0,0)du)
0

(trx =0,u=0,v)
exp / trxdu”)(—2K + 2div ¢ + 2|C|2)du'>

—exp(—

\\

trx 9)du') /|X| (u=0,u,9)du+ Ce:.

Since by (64), for all ¥,
v
Uy 1 u’
+ / exp( / texdu”)(—2K + 2div ¢ + 2¢[?)du
0
tr(uu = 0,0)du') [ |30 = 0,1 9)ds
- 0
e can be chosen sufficiently small so that
trx (us, u = €,9) < 0 for every 9. O
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