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A restriction isomorphism for cycles of relative
dimension zero

Moritz Kerz
∗
, Hélène Esnault

†
, and Olivier Wittenberg

We study the restriction map to the closed fiber of a regular projec-
tive scheme over an excellent henselian discrete valuation ring, for
a cohomological version of the Chow group of relative zero-cycles.
Our main result extends the work of Saito–Sato [SS10] to general
perfect residue fields.

1. Introduction

Let A be an excellent henselian discrete valuation ring with perfect residue
field k of exponential characteristic p. Let X/A be a regular connected scheme
which is projective and flat over A, such that the reduced special fiber Y ⊂ X
is a simple normal crossings divisor. Let d be the dimension of Y .

Let Λ be a commutative ring. We denote by H i,j(Y ) := H i(Ycdh,Λ(j))
the motivic cohomology group defined by Suslin–Voevodsky as the cdh-
cohomology of the motivic complex Λ(j) [SV02]. In particular, for Y/k
smooth, there is an isomorphism H2j,j(Y ) ∼= CHj(Y )Λ onto the Chow group
of codimension j cycles with Λ-coefficients. Therefore one can view H2d,d(Y )
as a cohomological version of the Chow group of zero-cycles up to rational
equivalence, while for singular Y , the usual Chow groups form a Borel–Moore
homology theory. Note that for d = 1 we have H2,1(Y ) = Pic(Y )⊗ Λ.

We say that an integral one-cycle Z ⊂ X is in general position if Z
is flat over A and Z does not meet the singular locus of Y . Let Zg

1(X) be
the free Z-module generated by these integral one-cycles in general position.
An integral one-cycle in general position Z ⊂ X can be restricted to a
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zero-cycle [Y ∩ Z] ∈ Z0(Y
sm) on the smooth locus Y sm of Y . This yields a

homomorphism of abelian groups

ρ̃ : Zg
1(X) → Z0(Y

sm).

For a closed point y ∈ Y sm, there is a purity isomorphism Λ ∼= H2d,d
y (Y )

for motivic cohomology with support in y. These isomorphisms induce a
homomorphism of Λ-modules Z0(Y

sm)Λ → H2d,d(Y ). On the other hand,
denoting by CH1(X) the Chow group of one-cycles on X, one has canonical
homomorphisms Zg

1(X) ↪→ Z1(X) → CH1(X). We can now formulate the
main theorem of this note.

Theorem 1.1. Let Λ = Z/mZ with m prime to p.

1) If k is finite or algebraically closed, or (d−1)! is prime to m, or A has
equal characteristic, or X/A is smooth, then there is a unique Λ-module
homomorphism ρ making the diagram

Zg
1(X)Λ

ρ̃
Z0(Y

sm)Λ

CH1(X)Λ ρ H2d,d(Y )

commutative.
2) If ρ : CH1(X)Λ → H2d,d(Y ) is a homomorphism of Λ-modules making

the above diagram commutative, then it is an isomorphism.

Up to an explicit presentation of H2d,d(Y ), established in Theorem 7.1
below, part 1) is discussed in Sections 3 and 8 and part 2) is Corollary 5.2.

In the case when k is finite or algebraically closed, Theorem 1.1 is equiv-
alent to and reproves results of Saito–Sato [SS10] in view of the étale re-
alization isomorphism, Proposition 9.1 below. In fact, in some sense, our
arguments extend to general residue fields k the simplified approach to the
results of Saito and Sato which is developed in [EW13, App.].

By the moving lemma of Gabber–Liu–Lorenzini [GLL13], CH1(X) is
generated by Zg

1(X), so uniqueness in Theorem 1.1 is clear. Surprisingly, one
of the main difficulties is the construction of ρ, which, as of today, can be
performed only under the extra assumptions of 1). It is expected that the
homomorphism ρ with the properties of part 1) exists in general for any ring
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of coefficients Λ. So far, we do not have the necessary motivic techniques at
our disposal to show this.

The proof of part 1), in Section 8, rests, in equal characteristic, on the
Gersten conjecture for Milnor K-theory due to the first author [Ker09]; when
the residue field is finite, on the étale realization using the Kato conjecture
established in [KS12]; when (d − 1)! is prime to m, on algebraic K-theory
and the Grothendieck–Riemann–Roch theorem [BS98].

As for 2), the proof in Sections 4 and 5 relies on an explicit geometric
presentation of H2d,d(Y ), which is discussed in Sections 2 and 7, together
with an idea of Bloch [EW13, App.] which enables one to construct an inverse
to ρ in Section 5. Note that for 2), it is essential that Λ = Z/mZ and that
m be prime to p.

When X/A is smooth, the restriction map ρ factors as

CH1(X) � CH0(XK)
sp−→ CH0(Y )

where sp denotes the specialization homomorphism [Ful84, 20.3.1]. Here we
use the identification H2d,d(Y ) = CH0(Y )Λ for Y/k smooth and Λ arbitrary
[MVW, Thm. 19.1]. So one deduces from Theorem 1.1

Corollary 1.2. Let Λ = Z/mZ with m prime to p. If X/A is smooth, the
specialization homomorphism sp : CH0(XK)Λ → CH0(Y )Λ is an isomor-
phism.

As an application of Theorem 1.1, we show, in Proposition 9.4, that for
a formal Laurent power series field K = k((π)) with [k : Qp] < ∞, the Chow
group CH0(XK)Λ is finite for Λ = Z/mZ assuming p is prime to m.

In the final section we state a conjecture describing CH1(X)Λ for the
case Λ = Z/mZ with m not necessarily prime to p. We also explain in which
motivic bidegrees we expect the analogue of Theorem 1.1 to be true.

2. The cycle group C(Y ) of a simple normal crossings
variety over a perfect field

2.1. Simple normal crossings varieties

In this section we make precise the notion of simple normal crossings varieties
we shall use throughout the article.

Let k be a perfect field of exponential characteristic p with algebraic
closure k̄. A d-dimensional k-scheme Y is a normal crossings variety (nc
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variety) if it is reduced, quasi-projective (which implies of finite type) and if
for any closed point y ∈ Yk̄, the henselized local ring Oh

Yk̄,y
is k̄-isomorphic

to k̄[y1, . . . , yd+1]
h/(

∏r
i=1 yi) (1 ≤ r ≤ d + 1). The variety Y is a simple

normal crossings variety (snc variety) if it is a nc variety and additionally
every irreducible component of Y is smooth over k. Here the henselization
R[y1, . . . , yr]

h of a polynomial ring over a ring R means henselization in the
ideal (y1, . . . , yr).

By a simple normal crossings divisor (snc divisor) we denote what is
called a strict normal crossings divisor in [dJ96, 2.4]. We use the notation of
normal crossings divisor (nc divisor) as in loc. cit. We recall that if Y is a nc
divisor on a scheme X, then by definition X is regular at the points of Y .

Let A be a henselian discrete valuation ring with residue field k. Let Ā
be the integral unramified extension of A with residue field k̄. For a scheme
X/A we write XĀ for the scheme X ×A Ā. We denote by π a fixed prime
element of A (thus of Ā).

Lemma 2.1. Let X be a scheme which is flat and of finite type over A. If
the reduced special fiber Y is a nc divisor, the henselized local ring Oh

XĀ,y at
a closed point y of Yk̄ is Ā-isomorphic to

(2.1) Ā[y1, . . . , yd+1]
h/(

r∏
i=1

ymi

i − πu),

where u is a unit of Ā[y1, . . . , yd+1]
h and the mi are positive integers (r ≥ 1).

Proof. Choose generators y1, . . . , yd+1 of the maximal ideal of Oh
XĀ,y such

that the product of the first r defines the snc divisor Yk̄ on XĀ around y. The
divisor of π on the regular scheme SpecOh

XĀ,y is of the form div(ym1

1 · · · ymr
r )

for certain mi. So the canonical surjection

Ā[y1, . . . , yd+1]
h → Oh

XĀ,y

factors through a ring of the form (2.1) with a unit u, since Ā[y1, . . . , yd+1]
h

is regular. By dimension reasons this map is an isomorphism as the ring (2.1)
is integral.

Lemma 2.2. Let X be a scheme which is flat and of finite type over A. The
following conditions are equivalent:

(i) the reduced special fiber Y/k of X is a nc variety and X is regular at
the points of Y ,
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(ii) Y ⊂ X is a nc divisor (thus X is regular at the points of Y).

This assertion remains true if one replaces nc with snc.

Proof. The only nontrivial part is to show that if Y is a nc divisor on X it
is a nc variety over k. But this follows from Lemma 2.1.

A 1-dimensional closed subscheme C of a snc variety Y is a simple normal
crossings subcurve (snc subcurve) if its (scheme-theoretic) intersections with
the irreducible components Yi of Y are smooth and purely 1-dimensional, if
its intersection with Yi ∩Yj is reduced and purely 0-dimensional for all i �= j
and if its intersection with Yi∩Yj∩Y� is empty for all i �= j �= � �= i. We stress
that according to this definition, if a smooth irreducible curve contained in Yi
is a snc subcurve of Y , then it must be disjoint from Yi ∩ Yj for every j �= i.

Lemma 2.3. A snc subcurve C of a snc variety Y is regularly immersed
and is itself a one-dimensional snc variety.

Proof. Consider a closed point y of Yk̄ lying on C. For y ∈ Y sm the curve C
is regular at y. For y ∈ Y1 ∩ Y2 we choose an isomorphism

ÔYk̄,y
∼= k̄[[y1, . . . , yd+1]]/(y1y2) =: Ô.

Let Î be the ideal defining C in Ô. As C ∩ Y1 and Y1 are regular the ideal
Î · Ô/(y2) is generated by a regular sequence z′3, . . . , z

′
d+1. Lift this sequence

to z3, . . . , zd+1 ∈ Î. Then

Ô ∼= k̄[[y1, y2, z3, . . . , zd+1]]/(y1y2)

and C is defined by the regular sequence z3, . . . , zd+1.

2.2. Cycle group of a simple normal crossings variety

Throughout the article, we let Λ be a commutative ring with unity. All mo-
tivic cohomology groups have Λ-coefficients, while Chow groups have integral
coefficients, unless otherwise specified.

Let us assume from now on that Y/k is a snc variety of dimension d. The
abelian group C(Y ) we define in this section can be thought of as a coho-
mological variant of the Chow group of zero-cycles of Y with Λ-coefficients.
Recall that, in contrast, the usual Chow groups form a Borel–Moore homol-
ogy theory. In fact, we will see in Section 7 that for p invertible in Λ and Y
proper, the group C(Y ) is isomorphic to motivic cohomology H2d(Ycdh,Λ(d))
in the sense of Suslin–Voevodsky [SV02].
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Let Y sm be the smooth locus of Y over k and Y sing its complement
with the reduced subscheme structure. Let Z0(Y

sm) be the free Z-module
generated by the integral zero-dimensional subschemes of Y sm. The group
C(Y ) is defined by an exact sequence

0 → R → Z0(Y
sm)Λ → C(Y ) → 0

where R is the sub-Λ-module of Z0(Y
sm)Λ generated by divisors div(g) as-

sociated with rational functions g on curves C of the following two types.

Type 1 data: A type 1 datum is a pair (C1, g1). Here C1 is an integral one-
dimensional closed subscheme C1 ⊂ Y which is not contained in Y sing. Let η
be the generic point of C1 and let C∞

1 be C̃1×Y Y sing with the reduced sub-
scheme structure, where C̃1 is the normalization of C1. The rational function
g1 is an element of ker(O×

C1,C∞
1 ∪{η} → O×

C∞
1
), that is, it is a rational function

on C1, which is defined and equal to 1 over C∞
1 .

Type 2 data: A type 2 datum is a pair (C2, g2). Here C2 ⊂ Y is a snc subcurve
on Y . Let C∞

2 be the finite union of C2∩Y sing and the set of maximal points
of C2. The function g2 is an element of O×

C2,C∞
2

.

The group C(Y ) is a variant of the cycle group studied in [LW85]. Note
that if Y/k is smooth, then C(Y ) = CH0(Y )Λ.

3. The restriction homomorphism

Let A be an excellent henselian discrete valuation ring with perfect residue
field k of exponential characteristic p. Let X be a regular connected scheme
which is projective and flat over A, such that the reduced special fiber Y
of X is a snc divisor. So Y/k is a snc variety by Lemma 2.2. Let Λ be a
commutative ring with unity.

By Z1(X) we denote the free Z-module generated by the integral closed
subschemes Z ⊂ X of dimension one. We write [Z] ⊂ Z1(X) for the asso-
ciated generator. The subgroup Zg

1(X) ⊂ Z1(X) of ‘generic’ elements is by
definition generated by those integral cycles [Z] such that Z is flat over A
and Z ∩ Y sing = ∅.

To a zero-dimensional closed subscheme S ⊂ Y sm, one associates as usual
the element

[S] =
∑
z∈S

length(OS,z)[z] ∈ C(Y ).
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Here length is the length of a ring as a module over itself.

One obtains the pre-restriction homomorphism

(3.1) ρ̃ : Zg
1(X) → Z0(Y

sm), [Z] �→ [Z ∩ Y ].

In Section 8 we prove the following theorem.

Theorem 3.1 (Restriction). Assume that Λ = Z/mZ with m prime to p

and that additionally one of the following conditions holds:

(i) k is algebraically closed,
(ii) k is finite,
(iii) (d− 1)! is prime to m,
(iv) A is equicharacteristic,
(v) X/A is smooth.

Then there is a unique restriction homomorphism ρ : CH1(X)Λ → C(Y ) such
that the diagram

CH1(X)Λ
ρ C(Y )

Zg
1(X)Λ ρ̃

Z0(Y
sm)Λ

is commutative.

Remark 3.2. Rather than proving Theorem 3.1 under the assumption (iii),
we will see, more generally, that the restriction homomorphism exists for any
ring Λ in which p(d− 1)! is invertible.

By [GLL13, Thm. 2.3], the left vertical map in the diagram is surjective
for any ring Λ, so uniqueness of ρ is clear. A direct approach to the con-
struction of ρ would be to prove a moving lemma. Unfortunately, such Chow
type moving lemmas are not available in mixed characteristic. We explain in
Section 8 how to use the extra hypotheses to yield an indirect proof.

A general theory of derived mixed motives over base schemes, which
satisfies standard properties, would show that the restriction map exists for
any Λ in complete generality. Unfortunately, such a theory is not available
at the moment.
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4. Canonical lifting of zero-cycles

We use the notation of Section 3, in particular recall we considered the solid
arrows in the diagram

(4.1)

CH1(X)Λ

Zg
1(X)

ρ̃
Z0(Y

sm).

γ̃

It is well known that the map ρ̃ is surjective, i.e. one can lift zero-cycles on
Y sm to flat one-cycles on X/A. As the idea for this construction is central for
the arguments in this section and the next one, we recall it. Given a closed
point y ∈ Y sm, let (a1, . . . , ad) ∈ OY sm,y be a regular sequence generating
the maximal ideal. Lift these parameters to elements â1, . . . , âd ∈ OX,y. Let
Z loc ⊂ SpecOX,y be the associated closed subscheme of the ideal

â1OX,y + · · ·+ âdOX,y ⊂ OX,y

and let Z be the unique irreducible component of the closure of Z loc in X
which contains y. Then Z is finite, flat over A and Z ∩ Y is the integral
scheme associated with the point y ∈ Y , so Z defines a lifting of y to Zg

1(X).

Of course this lifting is not unique if d = dim(Y ) > 0. However under
certain conditions the lift is unique in the Chow group, i.e. there exists a
unique dashed map γ̃ making the diagram (4.1) commutative. The goal of
this section is to explain this fact. We use the notation of Theorem 3.1.

Proposition 4.1. Let X be a regular scheme, flat and projective over A,
whose reduced special fiber Y is a snc divisor on X. Let Λ = Z/mZ with
m prime to p. The group ker

(
ρ̃ : Zg

1(X)Λ → Z0(Y
sm)Λ

)
is contained in

ker
(
Zg
1(X)Λ → CH1(X)Λ

)
. In particular, there exists a unique homomor-

phism γ̃ : Z0(Y
sm) → CH1(X)Λ making the diagram (4.1) commutative.

Proof. We first assume d = 1. There is a commutative diagram involving
étale cycle maps

Zg
1(X)Λ

ρ̃

CH1(X)Λ
cX

H2(Xét,Λ(1))

�

Z0(Y
sm)Λ H2(Yét,Λ(1)).
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The right vertical isomorphism is due to proper base change for étale coho-
mology [SGA4.5, IV, Thm. 1.2]. The cycle map cX is injective as it is equal
to the composite map

CH1(X)Λ ∼= Pic(X)Λ ↪→ H2(Xét,Λ(1))

which is injective by Kummer theory. So the proposition follows in this case.

For d general fix a projective embedding X ⊂ PN
A . If k is finite, the

assertion to be proved is invariant under extension of k to its maximal pro-�-
extension, for some prime � prime to m. For this, one applies the flat pull-back
and proper push-forward [Ful84, p. 394]. So we may assume k to be infinite.

Consider an element
s∑

i=1

ri[Zi] ∈ ker(ρ̃)

with Zi an integral scheme, flat over A, disjoint from Y sing. Then (Zi∩Y )red
consists of a closed point zi of Y sm. Choose a lift Z ′

i of zi, i.e. an integral
one-cycle Z ′

i ⊂ X which is finite, flat over A, and such that Z ′
i ∩ Y = zi

in the sense of schemes. When choosing the lifts Z ′
i we can make sure that

Z ′
i = Z ′

j whenever zi = zj . This condition implies that
∑s

i=1 rini[Z
′
i] = 0

in Zg
1(X)Λ, where ni is the intersection multiplicity of Zi and Y . Hence, in

order to prove the proposition, it is enough to show that

σ([Zi]− ni[Z
′
i]) = 0

for all 1 ≤ i ≤ s. Here σ : Zg
1(X)Λ → CH1(X)Λ is the canonical map. So we

need only consider an element of the form [Z]−n[Z ′] ∈ ker(ρ̃), i.e. Z ′, Z are
one-dimensional integral, finite, flat schemes over A, with Z ′∩Y reduced (in
particular Z ′ is regular) and n is the intersection multiplicity of Z and Y .

We first assume that Z is regular. We prove this special case by induction
on d > 1, using a Bertini type argument. Later we explain how to reduce to
this special case. As by assumption, H0(Z,OZ) is a discrete valuation ring,
the embedding dimension of Z ∩ Y is at most one. So by Bertini’s theorem
[AK79] there is an ample hypersurface section HY of Y such that Z ∩ Y is
contained in HY and such that HY is a simple normal crossings subvariety
of Y . If HY is chosen ample enough we can lift it to a hypersurface section
H of X flat over A and containing Z, see [JS12, Thm. 1] and [SS10, Sec. 4].
Then H is regular and its reduced special fiber is a snc divisor.

Next we use Bertini’s theorem (loc. cit.) to find a snc subvariety H ′
Y of

Y which satisfies
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• H ′
Y is of dimension one,

• Y ∩ Z ′ is contained in H ′
Y ,

• H ′
Y is the intersection of d− 1 ample hypersurface sections,

• H ′
Y ∩HY consists of reduced points in Y sm.

If the hypersurface sections are chosen ample enough, we can lift H ′
Y to

a closed subscheme H ′ ⊂ X, regular, flat over A, such that (H ′ ⊗ k)red is a
snc divisor on H ′ and such that H ′ contains Z ′. The scheme H ∩H ′ is finite,
flat over A and its intersection with Y is reduced. In particular H ∩ H ′ is
regular. Let Z ′′ be its component containing Z ′ ∩ Y .

By the induction assumption, [Z] − n[Z ′′] vanishes in CH1(H)Λ, thus
it also vanishes in CH1(X)Λ, so σ([Z] − n[Z ′′]) = 0. By the d = 1 case of
the proposition, [Z ′] − [Z ′′] vanishes in CH1(H

′)Λ, thus it also vanishes in
CH1(X)Λ, so σ([Z ′]− [Z ′′]) = 0. Finally, we obtain

σ([Z]− n[Z ′]) = σ([Z]− n[Z ′′]) + nσ([Z ′′]− [Z ′]) = 0.

To finish the proof we apply Bloch’s idea in [EW13, App.] to treat the
general case. Let Z̄ be the normalization of Z. As A is excellent, Z̄ is finite
over Z, we can find a projective embedding Z̄ → PM

X . Let X̄ be PM
X and Ȳ

be PM
Y . Choose a lift of the closed point (Z̄ ∩ Ȳ )red to a closed subscheme

Z̄ ′ ⊂ X̄ which is étale over Z ′. Let n̄ be the intersection multiplicity of Z̄
and Ȳ . Then the push-forward of [Z̄] − n̄[Z̄ ′] along X̄ → X is equal to our
old cycle [Z]− n[Z ′].

The cycle [Z̄]− n̄[Z̄ ′] is in the kernel of the restriction map

¯̃ρ : Zg
1(X̄)Λ → Z0(Ȳ

sm)Λ,

so it vanishes in CH1(X̄)Λ by what is shown above in the case of regular
cycles. Finally, this implies that σ([Z]− n[Z ′]) vanishes too.

5. The inverse restriction map γ

Recall that in Section 4 we constructed a canonical homomorphism

γ̃ : Z0(Y
sm)Λ → CH1(X)Λ.
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Theorem 5.1. Under the assumptions of Proposition 4.1, there is a unique
homomorphism γ : C(Y ) → CH1(X)Λ making the diagram

C(Y )
γ

CH1(X)Λ

Z0(Y
sm)Λ

γ̃

Zg
1(X)Λρ̃

σ

commutative. In other words, the map γ̃ factors through C(Y ).

Proof. Uniqueness in the theorem is clear, as by construction, the left vertical
arrow is surjective. In order to prove that the factorization γ of γ̃ exists, we
have to show that for a type i datum (Ci, gi) (i ∈ {1, 2}) on Y we have

0 = γ̃(div(gi)) ∈ CH1(X)Λ.

Type 2 datum:
Let (C2, g2) be a type 2 datum. The idea is first to lift the curve C2 to a
‘nice’ flat curve Ĉ2 ⊂ X over A. In a second step we lift g2 to ĝ2 ∈ k(Ĉ2)

×

such that div(ĝ2) ∈ Zg
1(X) has restriction div(g2) ∈ Z0(Y

sm). Then the class
of div(ĝ2) in CH1(X)Λ is γ̃(div(g2)) and we are done.

We start with the construction of the lifted curve Ĉ2. The argument is
similar to [GLL13, Lem. 2.5]. Let I be the ideal sheaf defining C2 in Y . By
Lemma 2.3, the OY,C∞

2
/IC∞

2
-module IC∞

2
/I2

C∞
2

has a basis a1, . . . , ad−1. Lift
a1 to an element â1 ∈ OX,C∞

2
which is a unit at the maximal points of Y sing.

Let L(â1) ⊂ X be the Zariski closure of the closed subscheme of SpecOX,C∞
2

given by â1 = 0. Let P (â1) be the set of maximal points of L(â1) ∩ Y sing.
Clearly, the points P (â1) have height one in Y sing. Lift a2 to an element
â2 ∈ OX,C∞

2
which is a unit at the points P (â1). Let L(â1, â2) be the Zariski

closure of the closed subscheme of SpecOX,C∞
2

given by â1 = â2 = 0. Let
P (â1, â2) be the maximal points of L(â1, â2) ∩ Y sing. Clearly, the points
P (â1, â2) have height two in Y sing. We proceed like this.

In the end we get elements â1, . . . , âd−1 ∈ OX,C∞
2

. Let Ĉ loc
2 be the closed

subscheme of SpecOX,C∞
2

defined by the ideal

â1OX,C∞
2
+ · · ·+ âd−1OX,C∞

2
⊂ OX,C∞

2

and let Ĉ2 be the closure of Ĉ loc
2 in X. By Nakayama’s lemma the closed

subschemes Ĉ2 ∩ Y and C2 of Y coincide in a neighborhood of C∞
2 . The

scheme Ĉ2 is regular around the points C∞
2 , because at each y ∈ C∞

2 the
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intersection of Ĉ2 with an irreducible component Y1 of Y is regular and
proper. This implies that Ĉ2 is flat over A. Furthermore, Ĉ2 ∩Y sing is finite,
because it has dimension zero or is empty.

Let Ĉ∞
2 be the finite set of points of Ĉ2 consisting of the maximal points

of Ĉ2 ∩ Y and the closed points Ĉ2 ∩ Y sing. In a neighborhood of Ĉ∞
2 , the

scheme Ĉ2 ∩Y is the disjoint union of C2 and a residual part. Thus, there is
a direct product decomposition of rings

OĈ2∩Y,Ĉ∞
2

= OC2,C∞
2
×R

where R is a semi-local ring of dimension one. It gives rise to an element
(g2, 1) ∈ O×

Ĉ2∩Y,Ĉ∞
2

which we lift to an element ĝ2 ∈ O×
Ĉ2,Ĉ∞

2

.

As Ĉ∞
2 contains the points of Ĉ2 ∩Y sing, div(ĝ2) is in Zg

1(X). As restric-
tion of rational functions commutes with taking associated divisors, we have
ρ̃(div(ĝ2)) = div(g2). So one has the commutative diagram

CH1(X)Λ 0

Z0(Y
sm)

γ̃

Zg
1(X)

ρ̃
div(g2)

γ̃

div(ĝ2).ρ̃

This finishes the proof in this case.

Type 1 datum:
Let (C1, g1) be a type 1 datum. We consider a morphism π : X̌ → X which
is a repeated blow-up of closed points of X, all closed points lying over Y sing.
We write Y̌ for the reduced special fiber of X̌, etc. Note that Y̌ ⊂ X̌ is a
snc divisor. By a careful choice of the closed points, i.e. the centers of the
blow-ups, we can assume that the strict transform Č1 of C1 in X̌ satisfies
the following properties (see Jannsen’s appendix to [SS10]):

(i) Č1 is smooth around π−1(Y sing),
(ii) Č1 ∩ Y̌ sing consists of reduced points,
(iii) all points y ∈ Č1 lie on at most two components of Y̌ .

Let ˜̌ρ : Zg
1(X̌) → Z0(Y̌

sm) and ˜̌γ : Z0(Y̌
sm) → CH1(X̌)Λ respectively

denote the restriction map and the map given by Proposition 4.1 applied
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to X̌. There is a commutative diagram

Z0(Y̌
sm)

˜̌γ

Zg
1(X̌)

˜̌ρ
CH1(X̌)Λ

π∗

Z0(Y
sm)

γ̃

π∗
Y

Zg
1(X)

ρ̃
CH1(X)Λ

whose upward vertical arrows are the naive pull-back homomorphisms and
whose downward vertical arrow is the canonical push-forward homomor-
phism π∗ : CH1(X̌) → CH1(X) (see [Ful84, Sec. 20.1]).

We are going to show that ˜̌γ(π∗
Y (div(g1))) vanishes, which by the above

commutative diagram will imply that γ̃(div(g1)) vanishes.
Let Y̌1 be the irreducible component of Y̌ containing Č1 and let η be the

generic point of Č1. From here we proceed similarly to type 2 data. Choose
a basis a1, . . . , ad−1 of the OY̌1,Č∞

1 ∪{η}/IČ∞
1 ∪{η}-module IČ∞

1 ∪{η}/I2
Č∞

1 ∪{η},

where I is the ideal sheaf defining Č1 in Y̌1.
Exactly as for type 2 data above we lift the ai to elements

â1, . . . , âd−1 ∈ OX̌,Č∞
1 ∪{η}

and obtain the closed subscheme Ĉ1 ⊂ X̌ as the Zariski closure of the closed
subscheme of SpecOX̌,Č∞

1 ∪{η} defined by â1 = · · · = âd−1 = 0. Note that Ĉ1

is regular around Č∞
1 ∪ {η} and flat over A. Choosing the local parameters

as for type 2 data, we can assume that Ĉ1 ∩ Y̌ sing consists of only finitely
many points.

Let Ĉ∞
1 be the finite set of points consisting of the maximal points of

Ĉ1 ∩ Y̌ and the points Ĉ1 ∩ Y̌ sing. Let ǧ1 be the rational function on Č1

induced by g1. There is a unique element g1 ∈ O×
Ĉ1∩Y,Ĉ∞

1

which restricts to

ǧ1 on Č1 and to 1 on the other irreducible components of Ĉ1 ∩ Y . We lift g1
to an element ĝ1 ∈ OĈ1,Ĉ∞

1
.

We observe that div(ĝ1) is in Zg
1(X̌) and that this element restricts,

via ˜̌ρ, to div(ǧ1) ∈ Z0(Y̌
sm). So div(ĝ1) = ˜̌γ(div(ǧ1)) = ˜̌γ(π∗

Y (div(g1))) ∈
CH1(X̌)Λ. Hence ˜̌γ(π∗

Y (div(g1))) vanishes in CH1(X̌)Λ, as required.
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Corollary 5.2. Under the conditions of Theorem 3.1, the restriction homo-
morphism ρ : CH1(X)Λ → C(Y ) is an isomorphism.

Indeed, γ is inverse to ρ.

6. Around the motivic Gysin homomorphism

The definition of the cycle group C(Y ) of a snc variety Y over the perfect
field k we gave in Section 2 is purely geometric. However we will see in the
next section that under certain assumptions it has a canonical description
as a motivic cohomology group. In order to construct such an isomorphism
we have to use certain explicit descriptions of the motivic Gysin map for
which we did not find a reference in the literature. In this section, we can
only sketch the arguments, based on [Voe00], [Kel13] and [De12].

In the following, we work in Voevodsky’s triangulated category of geo-
metric motives DMgm(k) := DMgm(k; Λ) with coefficients in Λ. Recall that
Λ is our fixed commutative ring of coefficients. We say that condition (†) is
satisfied if one of the following properties holds:

(†1) Λ = Z[1/p] or
(†2) Λ = Z and resolution of singularities holds over k in the sense of [FV00,

Def. 3.4].

Under the condition (†), which in this section we will always assume to
be satisfied, it is shown in [Voe00] and [Kel13] that the category DMgm(k)
is a rigid tensor triangulated category. Furthermore, to any variety Z/k, one
can associate a motive Mgm(Z) ∈ DMgm(k) and a motive with compact
support M c

gm(Z) ∈ DMgm(k) satisfying certain functorialities. For a smooth
equidimensional variety Z/k of dimension d there is a canonical duality iso-
morphism

Mgm(Z)∗ = M c
gm(Z)(−d)[−2d].

For a closed immersion of varieties Z1 → Z2 there is a canonical exact triangle

(6.1) M c
gm(Z1) → M c

gm(Z2) → M c
gm(Z2 \ Z1)

∂−→ M c
gm(Z1)[1].

For a closed immersion of codimension c of smooth equidimensional varieties
Z1 → Z2 there is a dual Gysin exact triangle

(6.2) Mgm(Z2 \ Z1) → Mgm(Z2)
Gy−−→ Mgm(Z1)(c)[2c]

∂−→ Mgm(Z2 \ Z1)[1].

The following proposition is [De12, Prop. 1.19(iii)].
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Proposition 6.1. Consider a commutative square of varieties

Z ′
1 Z ′

2

f

Z1 Z2

where the horizontal maps are closed immersions of codimension one between
smooth varieties. We assume that in the sense of divisors f∗(Z1) = mZ ′

1.
Then the square of Gysin maps

Mgm(Z ′
2)

m·Gy

f∗

Mgm(Z ′
1)(1)[2]

Mgm(Z2)
Gy

Mgm(Z1)(1)[2]

commutes. Here the upper horizontal arrow is m times the Gysin map.

Recall [Voe00, p. 197] that Suslin homology hSj (Y ) of a variety Y/k can
be described in terms of motivic homology as

hSj (Y ) = HomDMgm(k)(Λ[j],Mgm(Y )).

Lemma 6.2. There is an exact sequence

0 → R → Z0(Y )Λ → hS0 (Y ) → 0,

where R is the Λ-module of zero-cycles generated by the divisors of rational
functions g, on integral closed curves C ⊂ Y , which satisfy the following
property: Let C be the compactification of C which is normal outside C and
let C∞ ⊂ C be the points not lying over C. We endow C∞ with the reduced
subscheme structure. Then we allow those g satisfying

g ∈ ker
(
O×

C,C∞ → O×
C∞

)
.

The lemma is deduced from the definition of Suslin homology, see [Sc07,
Theorem 5.1]. Note that the rational functions in Lemma 6.2 are similar to
the rational functions in type 1 data in Section 2.



178 Moritz Kerz et al.

For simplicity of notation, we write

H i,j(Y ) = HomDMgm(k)(Mgm(Y ),Λ(j)[i]),

H i,j
c (Y ) = HomDMgm(k)(M

c
gm(Y ),Λ(j)[i]),

Hi,j(Y ) = HomDMgm(k)(Λ(j)[i],Mgm(Y )),

Hc
i,j(Y ) = HomDMgm(k)(Λ(j)[i],M

c
gm(Y )).

Motivic cohomology has an explicit description in terms of a cdh-cohomology
group

(6.3) H i,j(Y ) = H i(Ycdh,Λ(j)),

where Λ(j) = C∗Λtr(G
∧j
m )[−j] is the bounded above complex of sheaves

of Λ-modules defined in [SV02]. If Y/k is smooth we can replace the cdh-
topology by the Nisnevich topology in equation (6.3).

Let now Y/k be a smooth integral curve with smooth compactification Y .
We write Y ∞ for the reduced closed subscheme Y \ Y . The Gysin exact
triangle (6.2) gives us a morphism ∂ : Mgm(Y ∞)(1)[1] → Mgm(Y ). Note
that there are canonical isomorphisms

O(Y ∞)× ⊗Z Λ = HomDMgm(k)(Mgm(Y ∞),Λ(1)[1])(6.4)

= HomDMgm(k)(Λ,Mgm(Y ∞)(1)[1]),

For the first equality use [MVW, Lec. 4]. Consider the diagram

(6.5)

O×
Y ,Y ∞

α

div

O(Y ∞)×
β

HomDMgm(k)(Λ,Mgm(Y ∞)(1)[1])

∂

Z0(Y ) HomDMgm(k)(Λ,Mgm(Y )) = hS0 (Y )

where the map α is the restriction map to the product of the residue fields
of the semi-local ring OY ,Y ∞ and β is the map induced by (6.4).

Proposition 6.3. The diagram (6.5) commutes.

Proof. Let V ⊂ Y be an open neighborhood of Y ∞. We have the duality
hS0 (Y ) = HomDMgm(k)(M

c
gm(Y ),Λ(1)[2]) and the isomorphism

O×
V (V )⊗ Λ = HomDMgm

(Mgm(V ),Λ(1)[1]).
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Via these isomorphisms the two morphisms

HomDMgm
(Mgm(V ),Λ(1)[1]) ⇒ HomDMgm(k)(M

c
gm(Y ),Λ(1)[2])

from diagram (6.5) are by definition both induced by the boundary map of
the homotopy cartesian square

Mgm(V ) Mgm(Y )

Mgm(V/Y ∞) M c
gm(Y ).

Here, for a morphism Z1 → Z2, the relative motive Mgm(Z2/Z1) is defined
as the mapping cone of the morphism of complexes of Nisnevich sheaves with
transfers Mgm(Z1) → Mgm(Z2); we view it as an object of DMgm(k). The
motive with compact support M c

gm(Y ) can be identified with Mgm(Y /Y ∞),
which explains the lower horizontal map in the square. The square is homo-
topy cartesian as the cones of the upper and of the lower horizontal maps
are isomorphic to Mgm(Y /V ).

One way to get the boundary map of the cartesian square is, via the
above identification, as the composition of

Mgm(Y /Y ∞) −→ Mgm(Y /V ) → Mgm(V )[1],

which corresponds to the left/lower path in the diagram (6.5). Indeed, by
the Gysin isomorphism we get

HomDMgm
(Mgm(Y /V ),Λ(1)[2]) =

⊕
y∈Y \V

Λ.

Another way is as the composition of

M c
gm(Y ) → Mgm(Y ∞)[1] → Mgm(V )[1],

which corresponds to the upper/right path in the diagram (6.5). This is clear
in view of the isomorphism (6.4).

Let Y be equidimensional of dimension d and let y ∈ Y sm be a closed
point. The Gysin morphism and the description of motivic cohomology in
terms of Milnor K-theory [MVW, Lec. 5] induces a morphism

KM
j−d(k(y))

ιy−→ Hj+d,j(Y ).
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Here Milnor K-theory is taken with Λ-coefficients.

Proposition 6.4. Let Y/k be a snc variety of dimension d and let U ⊂ Y sm

be a dense open subscheme.

(i) For i− j > d, the group H i,j(Y ) vanishes.
(ii) For j ≥ d, the map

(6.6) ⊕y ιy :
⊕

y∈U(0)

KM
j−d(k(y)) → Hj+d,j(Y )

is surjective.

Proof. (i) This is clear from the calculation of H i,j(Y ) in terms of cdh-
cohomology as the complex Λ(j) lies in D≤j(Y ; Λ) and the cdh-cohomological
dimension of Y is d [SV02, App.].

(ii) We use a double induction on d and on the number r of irreducible
components of Y . For Y = Y1 smooth we can use the coniveau spectral
sequence, see (9.1), to get an isomorphism

Hj+d,j(Y1) ∼= A0(Y1, j − d)

where the right-hand side is Rost’s Chow group with coefficients in Milnor
K-theory [R96]. An elementary moving technique shows that the canonical
map

(6.7)
⊕

y∈U(0)

KM
j−d(k(y)) → A0(Y1, j − d)

is surjective. In fact, for ξ ∈ KM
j−d(k(x)) with x closed in Y1 \ U , choose

x′ ∈ U(1) such that x lies in the regular locus of W = {x′}. Choose ξ′ ∈
KM

j−d+1(k(x
′)) such that the residue symbol of ξ′ at x is ξ and such that

the residue symbols of ξ′ at the other points of W ∩ (Y1 \ U) vanish. Now
[ξ] ∈ A0(Y1, j − d) is equal to −

∑
y∈(W∩U)0

[∂y(ξ
′)], which belongs to the

image of (6.7).
For general Y with irreducible components Y1, . . . , Yr, we consider the

decomposition Y = Y1 ∪ Y ′ with Y ′ = Y2 ∪ . . . ∪ Yr. Part of the exact
Mayer–Vietoris sequence for the cdh-covering Y1

∐
Y ′ → Y reads

Hj+d−1,j(Y1 ∩ Y ′)
α−→ Hj+d,j(Y ) → Hj+d,j(Y1)⊕Hj+d,j(Y ′).
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By the induction assumption, we already know that the image of ⊕y∈U(0)
ιy

maps surjectively onto the direct sum on the right-hand side. So we only
have to show that the image of α also lies in the image of ⊕y∈U(0)

ιy.
By the induction assumption, we know that the homomorphism

(6.8) ιy :
⊕

y∈(Y1∩Y ′)sm(0)

KM
j−d+1(k(y)) → Hj+d−1,j(Y1 ∩ Y ′)

induced by the Gysin map is surjective. We have to give an explicit calcula-
tion of its composition with α.

Claim 6.5. The image of the composition of (6.8) and α is contained in the
image of the map (6.6).

Let y be a closed point in (Y1 ∩ Y ′)sm. By the Bertini theorem, we can
choose a snc subcurve C on Y containing y such that C∩U is dense in C (in
the case of a finite base field k, use [P08]). Let C1 = C ∩Y1 and C ′ = C ∩Y ′.
In the triangulated category DMgm(k), we have the commutative diagram
of Gysin maps

Mgm(Y1 ∩ Y ′)

Gy

Mgm(Y1)⊕Mgm(Y ′)

Gy

Mgm(Y )
∂

Gy

Mgm(C1 ∩ C′)(c)[2c] (Mgm(C1)⊕Mgm(C′)) (c)[2c] Mgm(C)(c)[2c]

(6.9)

where c = d − 1. These Gysin maps are constructed via the Gysin maps
for smooth schemes by using the Cech simplicial scheme associated to the
covering by irreducible components. This shows that we can assume d = 1
in the proof of the claim. For d = 1, one gets a commutative diagram

KM
j (OY1,Y1\(U∩Y1)) KM

j (Y1 ∩ Y ′)

�

Hj,j(OY1,Y1\(U∩Y1))

∂

Hj,j(Y1 ∩ Y ′)

α

⊕
y∈(U∩Y1)(0)

Hj−1,j−1(y) ⊕Gyy

Hj+1,j(Y ).

Here, the Milnor K-group of a ring is simply the quotient of the tensor
algebra over the units by the Steinberg relations and the maps from Milnor
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K-theory to motivic cohomology are as defined in [MVW, Lec. 5]. The lower
square is commutative because for an open neighborhood V of Y1∩Y ′ in Y1,
the composition of ∂ from (6.9) with Mgm(Y1 ∩ Y ′) → Mgm(V ) is equal to
the composition of the maps

Mgm(Y ) → Mgm(Y/(V ∪ Y ′))
∼←− Mgm(Y1/V )

∂(Y1,V )−−−−→ Mgm(V )[1].

We now explain the isomorphism in the middle: by Mayer–Vietoris applied to
the covers Y = Y1∪Y ′ and V ∪Y ′ ([Voe00, Prop. 4.1.3], [Kel13, Prop. 5.5.4]),
one has a commutative diagram in which the rows are exact triangles

Mgm(V ) Mgm(V ∪ Y ′) Mgm(Y ′/Y ′ ∩ Y1)

Mgm(Y1) Mgm(Y1 ∪ Y ′) Mgm(Y ′/Y ′ ∩ Y1)

Mgm(Y1/V )
∼

Mgm(Y/V ∪ Y ′).

In addition, by definition of Mgm(Y1/V ) and Mgm(Y/V ∪ Y ′), the columns
are exact. This implies the isomorphism. This finishes the proof of the claim
and also of Proposition 6.4.

Let now X/k be a connected smooth variety and Y ⊂ X a snc divisor.
For a closed point y ∈ Y sm, let

(6.10) λy : k(y)× → hS0 (X \ Y )

be the composite homomorphism

k(y)×
∼−→ H1,1(y) = H1,1(y) → H1,1(Y

sm)
∂−→ hS0 (X \ Y ).

Proposition 6.6. The maps λy (y ∈ Y sm) are uniquely characterized by the
following property. Let C ⊂ X be an integral closed curve disjoint from Y sing

and not contained in Y . Let C∞ = (C ∩ Y )red and let η be the generic point
of C. For y ∈ C∞, let my be the intersection multiplicity of C and Y at y.
Consider an element g ∈ O×

C,{η}∪C∞ . Then we have

(6.11) div(g) +
∑

y∈C∞

myλy(g|y) = 0 in hS0 (X \ Y ).
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Proof. Uniqueness is clear: take a curve C intersecting Y transversally and a
rational function g equal to 1 at all but one point y of C∞, this determines the
map λy. To prove (6.11), we first reduce to the case dim(X) = 1 by applying
Proposition 6.1 with Z1 = Y sm, Z2 = X \ Y sing and Z ′

2 the normalization
of C. The case dim(X) = 1 is a consequence of Proposition 6.3.

7. Motivic interpretation of C(Y )

For the category DMgm(k) we use the same notation as in Section 6. In this
section k is a perfect field, Y/k is a projective snc variety of dimension d and
τ : Y → N is the function locally counting irreducible components. Let p be
the exponential characteristic of k.

The localization exact triangle

Mgm(Y sing) → Mgm(Y ) → M c
gm(Y sm) → Mgm(Y sing)[1]

from [Voe00, Prop. 4.1.5], [Kel13, Prop. 5.5.5] induces an exact sequence

H2d−1,d(Y sing) → hS0 (Y
sm) → H2d,d(Y ) → 0.(7.1)

In fact hS0 (Y
sm) = H2d,d

c (Y sm) by duality. We remark that Proposition 6.4
implies that H2d,d(Y sing) = 0 and that H2d−1,d(Y sing) is spanned by the
images of the groups k(y)× ⊗Z Λ with τ(y) = 2 via the Gysin maps. Let
Y1, . . . , Yr be the irreducible components of Y and assume that y is contained
in the two components Y1 and Y2. The composition λy of the maps

k(y)× → H2d−1,d(Y sing) → hS0 (Y
sm) = ⊕r

i=1h
S
0 (Yi \ (Yi ∩ Y sing))

is equal to the sum of the two maps defined in (6.10) for the two components
Y1 and Y2. This is clear by using functoriality along the map Y1

∐
Y2 → Y .

Thus, the exact sequence (7.1) induces an exact sequence

⊕
τ(y)=2

k(y)× ⊗Z Λ
⊕yλy−−−→ hS0 (Y

sm) → H2d,d(Y ) → 0.

By Lemma 6.2, we can identify the quotient of Z0(Y
sm)Λ by the sub-Λ-

module generated by type 1 relations with hS0 (Y
sm) (see Section 2). There-

fore, the cycle group C(Y ) has the analogous presentation

⊕
(C2,g2)

Λ
div−−→ hS0 (Y

sm) → C(Y ) → 0.
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The direct sum on the left runs over all type 2 data.

The canonical surjective map

θ :
⊕

(C2,g2)

Λ →
⊕

τ(y)=2

k(y)× ⊗Z Λ

which sends 1 ∈ Λ(C2,g2) to g2|C2∩Y sing gives rise to the left square in the
diagram

⊕
(C2,g2)

Λ
div

θ

hS0 (Y
sm) C(Y )

�Γ

0

⊕
τ(y)=2 k(y)

× ⊗Z Λ
⊕yλy

hS0 (Y
sm) H2d,d(Y ) 0.

In fact, the left square commutes by Proposition 6.6, so there is a unique iso-
morphism Γ making the diagram commutative. In summary, we have shown

Theorem 7.1. Assume that the ring of coefficients Λ satisfies condition (†)
from Section 6. For Y/k a projective snc variety, there is a unique isomor-
phism Γ making the diagram

Z0(Y
sm)

C(Y )
Γ

H2d,d(Y )

commutative. The diagonal map is induced by the Gysin maps of closed points
y ∈ Y sm as in Proposition 6.4(ii) for j = d.

Remark 7.2. Theorem 7.1 remains true for Λ = Z/mZ with m prime to p.
To see this, simply tensor the diagram taken with Λ = Z[1/p] coefficients
with Z/mZ and use cohomological dimension to show that

H2d,d(Y,Z[1/p])⊗Z[1/p] Z/mZ
∼−→ H2d,d(Y,Z/mZ)

is an isomorphism.

Remark 7.3. The natural homomorphism Z0(U) → C(Y ) is surjective for
any dense Zariski open subset U ⊂ Y sm, as can be seen by moving zero-cycles
on Y sm by type 1 relations.

We expect that the condition of projectivity in Theorem 7.1 can be weak-
ened to quasi-projectivity.
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8. Proof of Theorem 3.1

This section is devoted to the proof of Theorem 3.1, which we subdivide
according to the extra assumptions. All constructions are based on the iso-
morphism C(Y ) ∼= H2d,d(Y ) of Theorem 7.1.

8.1. Proof of Theorem 3.1 (i) and (ii)

The assumption is that the (perfect) residue field k is separably closed (thus
algebraically closed), in (i), or finite, in (ii).

By Corollary 9.2, the étale cycle map C(Y )
∼−→ H2d(Yét,Λ(d)) is an iso-

morphism. Define ρ such that the diagram

CH1(X)Λ

ρ

H2d(Xét,Λ(d))

�

C(Y )
∼

H2d(Yét,Λ(d))

is commutative. Here the upper horizontal map is the étale cycle map on X.

8.2. Proof of Theorem 3.1 (iv)

Let Λ = Z/mZ with m prime to p. Recall that the Milnor K-sheaf with
Λ-coefficients is defined as the Nisnevich sheafification of the presheaf on
affine schemes Spec (R) given as follows: take the quotient of the tensor
algebra

R �→ Λ⊗Z

⊕
i∈N

R× ⊗Z · · · ⊗Z R×︸ ︷︷ ︸
i times

by the two-sided ideal generated by the elements a⊗(1−a) with a, 1−a ∈ R×.
Rigidity for Milnor K-theory is the statement that the stalk of the Milnor

K-sheaf in the Nisnevich topology at a point y ∈ Y satisfies

(KM
Y,j)y

∼−→ KM
j (k(y)).

The same rigidity property holds for motivic cohomology. More precisely,
consider the morphism of sites ε : Ycdh → YNis and the motivic complex in
the Nisnevich topology defined as Λ(j)Y,Nis = Rε∗Λ(j)Y . Then, for y ∈ Y ,
the map Hi(Λ(j)Y,Nis)y → H i,j(y) is an isomorphism. For smooth Y , this
follows from [HY07, Cor. 0.4]. For a general snc variety Y with irreducible
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components Y1, . . . , Yr, one reduces the statement to the smooth case by
means of the descent spectral sequence of the cdh-covering

r∐
i=1

Yi → Y.

Thus, using the isomorphism between Milnor K-theory and motivic coho-
mology for fields [MVW, Lec. 5], we obtain

Proposition 8.1. For Λ = Z/mZ with m prime to p, there is a canonical
isomorphism of Nisnevich sheaves

S : KM
Y,j

∼−→ Hj(Λ(j)Y,Nis).

For i > j, the sheaf Hi(Λ(j)Y,Nis) vanishes.

Combining this proposition with Theorem 7.1 and cohomological dimen-
sion, we see that there is an isomorphism

(8.1) C(Y )
∼−→ Hd(YNis,KM

Y,d).

As A is equicharacteristic, the Gersten conjecture for Milnor K-theory
[Ker09] implies that there is a canonical isomorphism

CH1(X)Λ
∼−→ Hd(XNis,KM

X,d).

Define ρ such that the diagram

CH1(X)Λ
∼

ρ

Hd(XNis,KM
X,d)

C(Y )
∼

Hd(YNis,KM
Y,d)

is commutative. The right vertical arrow is the restriction homomorphism.

8.3. Proof of Theorem 3.1 (iii)

In view of Remark 3.2, we can assume that Λ = Z[1/(p(d − 1)!)]. As X is
regular, its K-theory of vector bundles K0(X) is the same as its K-theory of
coherent sheaves K ′

0(X) [Gi05, Sec. 2.3.2]. Let F0 ⊂ K ′
0(X) be the subgroup

spanned by classes of coherent sheaves supported in dimension 0.
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Claim 8.2. We have F0 = 0 ⊂ K ′
0(X).

Proof. By linearity, it is enough to see that the class of the skyscraper sheaf
ix,∗k(x) in K ′

0(X) is zero, where x is a closed point of Y and ix : x → X
is the immersion. For simplicity of notation, we write k(x) for this coherent
sheaf of OX -modules. Choose a regular connected closed subscheme Z ⊂ X
of dimension 1 with x ∈ Z and Z/A flat, Z = SpecR. Let πZ ∈ R be a prime
element. The short exact sequence of coherent sheaves of OX -modules

0 → OZ
πZ−−→ OZ → k(x) → 0

implies [k(x)] = 0 ∈ K ′
0(X).

Let α be the composite homomorphism

CH1(X) → K ′
0(X)/F0 = K ′

0(X)
∼←− K0(X)

where the first map assigns to the cycle class of an integral curve the class
of its structure sheaf [Gi05, Thm. 34]. As K-theory is contravariant, one has
a restriction homomorphism K0(X) → K0(Y ).

From the Grothendieck construction based on the projective bundle for-
mula, one obtains a Chern class map cd : K0(Y ) → H2d,d(Y ), see [W13, Sec.
V.11]. Let ρ′ be the map

(8.2) CH1(X)
α−→ K0(X) → K0(Y )

cd−→ H2d,d(Y )
∼−→ C(Y ).

The following claim finishes the proof of Theorem 3.1(iii).

Claim 8.3. The map

(8.3) Zg
1(X) → CH1(X)

ρ′

−→ C(Y )

is additive and is (−1)d−1(d − 1)! times the map induced by the restriction
homomorphism ρ̃ : Zg

1(X) → Z0(Y
sm).

Claim 8.3 implies that the map ρ defined as ρ′ tensored by Λ and divided
by (−1)d−1(d− 1)! satisfies the properties required by Theorem 3.1.

Proof of Claim 8.3. We extend the argument of [BS98, proof of Prop. 2].
First, we show additivity of the composite map (8.3). Then we prove the
claim for an integral cycle in Zg

1(X).

Let F sm
0 ⊂ K0(Y ) be the subgroup generated by the classes [k(x)] with

x ∈ Y sm of dimension 0. Note that the coherent sheaf k(x) of OY -modules has
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finite projective dimension, so the element [k(x)] is well-defined in K0(X).
We prove that ci(w) vanishes in H2i,i(Y ) for w ∈ F sm

0 and i < d. Indeed,
there is an open subscheme U ⊂ Y such that Y \U consists of finitely many
closed points in Y sm and such that w|U = 0. Now the Gysin exact sequence

0 = H2i−2d,i−d(Y \ U) → H2i,i(Y ) → H2i,i(U)

and the vanishing of ci(w)|U imply the vanishing of ci(w). It follows, by the
Whitney sum formula, that cd|F sm

0
is additive. As the image of Zg

1(X) in
K0(Y ) is contained in F sm

0 , the composite map (8.3) is additive as well.

Now we prove the claim for Z an integral cycle in Zg
1(X). Let y be the

point (Z∩Y )red and let n be the intersection multiplicity of Z and Y . Let Y1
be the irreducible component of Y containing y.

The commutative diagram with exact columns (Gysin sequence; note
that H2d,d

y (Y ) = H2d,d
y (Y1) = Λ as y is a non-singular point)

Λ

Gyy

Λ

Gyy

K0(X) K0(Y )
cd

H2d,d(Y ) H2d,d(Y1)

K0(X \ Z) K0(Y \ {y}) cd
H2d,d(Y \ {y}) H2d,d(Y1 \ {y})

shows that the image γ of Z ∈ Zg
1(X) in H2d,d(Y ) satisfies γ|Y \{y} = 0.

Thus γ = Gyy(n
′) for a unique n′ ∈ Λ. Note that the Gysin maps in the

above diagram are injective. In fact, the composition of the Gysin map on
the right with the degree map H2d,d(Y1) ∼= CH0(Y1)

deg−−→ Λ is multiplication
by [k(y) : k], which is injective (recall that Λ = Z[1/(p(d− 1)!)]).

In the final step, we give a different description of γ|Y1
. The image of Z

in K0(Y1) is n[k(y)] by [Gi05, p. 255]. We have a commutative diagram

K0(Y )
cd

H2d,d(Y )

K0(Y1)
cd

H2d,d(Y1) ∼= CH0(Y1).

By the non-singular Grothendieck–Riemann–Roch theorem [Ful84, Sec. 15.3]
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the bottom Chern class satisfies

cd([k(y)]) = Gyy((−1)d−1(d− 1)!)

in H2d,d(Y1). As ncd([k(y)]) = γ|Y1
we get n′ = n(−1)d−1(d− 1)!.

9. Special fields

Let Y/k be a proper snc variety of dimension d and let Λ = Z/mZ with m

prime to p. In this section, we calculate the group C(Y ) in terms of étale
cohomology when k is finite or algebraically closed. This calculation shows
that for these special fields, our main result, Theorem 1.1, is equivalent to
results of Saito–Sato and Bloch [SS10], [EW13, App.].

We write H i,j
ét (Y ) for the étale cohomology group H i(Yét,Λ(j)). Recall

that there is a functorial étale realization homomorphism

Ri,j
ét : H i,j(Y ) → H i,j

ét (Y ).

For smooth varieties, it is discussed in [MVW, Thm. 10.3]. For snc varieties,
one can define it via the smooth Cech simplicial scheme corresponding to
the covering of Y by its irreducible components.

Proposition 9.1. Let k be a finite field or an algebraically closed field and
let Λ = Z/mZ with m prime to p. For a snc variety Y/k and s ≥ d, i ∈ Z,
the realization map Ri,s

ét is an isomorphism, except possibly when k is finite,
i = 2d+ 1 and s = d.

Proof. We give the proof for Y/k smooth first and then deduce the general
case by a Mayer–Vietoris sequence.

Case Y/k smooth: Consider the coniveau spectral sequences, respectively
in the Nisnevich and in the étale topology:

Ei,j
1 (s) =

⊕
y∈Y (i)

Hj−i,s−i(y) ⇒ H i+j,s(Y ),(9.1)

Ei,j
1,ét(s) =

⊕
y∈Y (i)

Hj−i,s−i
ét (y) ⇒ H i+j,s

ét (Y ).(9.2)

Recall the following facts.
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(i) (Beilinson–Lichtenbaum conjecture) For any field F of characteristic
prime to m and any i ≤ j, the realization map

Ri,j
ét : H i,j(F ) → H i,j

ét (F )

is an isomorphism [Voe11].
(ii) Ei,j

1 (s) = 0 for j > s, by the definition of the motivic complex [MVW,
Lec. 3].

(iii) (Cohomological dimension) Ei,j
1,ét(s) = 0 for j > d+ 1 if k is finite, for

j > d if k is algebraically closed.
(iv) (Kato conjecture) For k finite and i �= d, we have Ei,d+1

2,ét (d) = 0 [KS12].

Comparing the spectral sequences and using (i)-(iv), we get that the étale
realization map induces an isomorphism

Ei,j
∞ (s)

∼−→ Ei,j
∞,ét(s)

if s ≥ d except possibly if s = i = d and j = d+1. This proves Proposition 9.1
for Y smooth.

Case Y/k snc variety: Let Y = Y1 ∪ · · · ∪ Yr be the decomposition into
irreducible components and set Y ′ = Y2 ∪ · · · ∪ Yr. We proceed by induction
on r. The case r = 1 is shown above, so assume r > 1. Consider the étale
realization morphism of exact Mayer–Vietoris sequences

H i−1,s(Y1)⊕H i−1,s(Y ′) H i−1,s(Y1 ∩ Y ′) H i,s(Y )

H i−1,s
ét (Y1)⊕H i−1,s

ét (Y ′) H i−1,s
ét (Y1 ∩ Y ′) H i,s

ét (Y )

H i,s(Y1)⊕H i,s(Y ′) H i,s(Y1 ∩ Y ′)

H i,s
ét (Y1)⊕H i,s

ét (Y
′) H i,s

ét (Y1 ∩ Y ′).

By the five lemma, the middle vertical map is an isomorphism, since, by the
induction assumption, the other vertical maps are isomorphisms.

For k algebraically closed, consider the composite map

(9.3) deg : C(Y ) →
⊕
1≤i≤r

CH0(Yi)Λ → Λr
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in which the first map is induced by the canonical maps Z0(Y
sm) → Z0(Yi)

and the second map is the direct sum of the usual degree maps of zero-cycles
of the irreducible components of Y .

Combining Proposition 9.1 with Theorem 7.1, we get

Corollary 9.2. For k finite or algebraically closed and Y/k a projective snc
variety, the étale cycle map C(Y ) → H2d,d

ét (Y ) is an isomorphism.
For k algebraically closed and Y/k a projective snc variety, the degree

map (9.3) is an isomorphism.

As a further application, we discuss zero-cycles over certain 1-dimensional
and 2-dimensional local fields. Over 1-dimensional local fields, this reproves
a result of [SS10].

Proposition 9.3 (Saito–Sato). Let K be a local field with finite residue
field k of characteristic p. Let Λ = Z/mZ with m prime to p. For any variety
XK/K, the group CH0(XK)Λ is finite.

Proof. By a simple resolution technique and the Gabber–de Jong alteration
theorem [ILO, Thm. 0.3], we can assume, without loss of generality, that
there is a regular scheme X which is projective and flat over A such that the
reduced special fiber Y of X is a simple normal crossings divisor and such
that the generic fiber of X is XK . Here A is the ring of integers in K. The
left-hand side map in

CH0(XK)Λ � CH1(X)Λ
∼−→ C(Y )

is surjective and the right-hand side map is an isomorphism by Theorem 1.1.
We conclude by the isomorphism C(Y )

∼−→ H2d(Yét,Λ(d)) from Corollary 9.2
and the finiteness of étale cohomology.

Proposition 9.4. Let K be the field of formal Laurent power series k((π))

with [k : Qp] < ∞, A = k[[π]]. For any variety XK/K and for Λ = Z/mZ

with m prime to p, the group CH0(XK)Λ is finite.

Proof. We can assume, without loss of generality, that Λ = Z/�Z for a
prime �. As the map CH0(XK)Λ → CH0(XXK(μ�)

)Λ is injective, we can also
assume that A contains a primitive �-th root of unity, which we fix from here
on. By a simple resolution technique and the Gabber–de Jong alteration
theorem [ILO, Thm. 0.3], we can assume that there exists a regular scheme
X, projective and flat over A, whose reduced special fiber Y/k is a simple
normal crossings divisor and whose generic fiber is XK .
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The left-hand side map in

CH0(XK)Λ � CH1(X)Λ
∼−→ C(Y )

is surjective and the right-hand side map is an isomorphism by Theorem 1.1.
Let d = dim(Y ). Note that C(Y ) ∼= H2d,d(Y ) by Theorem 7.1. By a

Mayer–Vietoris sequence argument for a closed covering similar to the proof
of Proposition 9.1, we reduce to showing that HdW+d,d(W ) is finite for any
smooth projective variety W/k of dimension dW ≤ d.

The coniveau spectral sequence for W , see (9.1), degenerates to an iso-
morphism

HdW+d,d(W ) ∼= coker [⊕w∈W(1)
KM

d−dW+1(k(w)) → ⊕w∈W(0)
KM

d−dW
(k(w))],

from which we deduce:

(i) For dW < d− 2, we have HdW+d,d(W ) = 0.
(ii) For dW = d− 2, there is an isomorphism

HdW+d,d(W ) ∼= H0(KC(0)(W ))

onto Kato homology with Λ-coefficients, see e.g. [KS12].
(iii) For dW = d − 1, there is an isomorphism HdW+d,d(W ) ∼= SK1(W )Λ,

see [Fo15].
(iv) For dW = d, there is an isomorphism HdW+d,d(W ) ∼= CH0(W )Λ.

Indeed, for a finite extension F/Qp the Milnor K-group with finite coeffi-
cients KM

i (F ) vanishes for i > 2 [W13, Prop. VI.7.1], hence (i). For (ii), we
note that by the Bloch–Kato conjecture [Voe11] and the fixed �-th root of
unity, there is an isomorphism KM

i (F ) ∼= H i(Fét,Λ(i−1)) for any field F/k.
It is known, see the introduction to [KS12] and [Fo15, Rmk. 5.2], that

the groups SK1(W )Λ and H0(KC(0)(W )) are finite. Indeed, for the latter,
we can assume, without loss of generality (use [ILO], Theorem X.2.4), that
there is a regular model W of W over Ok whose reduced closed fibre is a snc
divisor. Then, by [KS12, Thm. 0.4], the group H0(KC(0)(W )) is isomorphic
to a finitely generated combinatorial homology group which depends on the
closed fibre of W . The finiteness of CH0(W )Λ is shown in Proposition 9.3.

10. Open problems

Let us keep the notation of Section 3 and consider the ring of coefficients
Λ = Z/mZ with m arbitrary, i.e. we allow p|m in positive characteristic. Set
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Yn = X ⊗A A/(πn), where π is a prime element of the discrete valuation
ring A. Recall that K denotes the quotient field of A. The isomorphism (8.1)
motivates us to define an ad hoc version of ‘motivic cohomology’ of Yn in
bidegree (2d, d) as

C(Yn) = Hd(YNis,KM
Yn,d),

where KM
Yn,d

is the Milnor K-sheaf with Λ-coefficients as defined in Section 8.
Assuming the Gersten conjecture for Milnor K-theory of X, we get a

compatible system of homomorphism

(10.1) CH1(X)Λ ∼= Hd(XNis,KM
X,d) → C(Yn) (n ≥ 1).

It is not difficult to show that the pro system (C(Yn))n is pro constant if
ch(K) = 0. As a potential generalization of our main result, Theorem 1.1,
we conjecture:

Conjecture 10.1. For ch(K) = 0, the map (10.1) is an isomorphism of pro
abelian groups. Here we think of the group CH1(X) as a constant pro group.

Conjecture 10.1 is related to a conjecture of Colliot-Thélène [CT95]. In
fact, we expect that for Λ = Z and [K : Qp] < ∞, there should be an
isomorphism

CH0(XK) ∼= Z⊕ Zw
p ⊕ (finite group)⊕ (divisible group).

Here, the integer w should be the Zp-dimension of the Lie group of K-points
of the Albanese variety of XK . The decomposition is not canonical, but the
individual summands are unique up to isomorphism.

In another direction, we expect that an analogue of Theorem 1.1 for
“higher zero-cycles” holds. For a noetherian scheme S of finite Krull dimen-
sion, let H i,j(S) denote motivic cohomology with Λ-coefficients, defined for
example using the Eilenberg–MacLane spectrum constructed in [Sp12]. We
consider the restriction homomorphism of motivic cohomology groups

(10.2) H i,j(X) → H i,j(Y ).

From here on, we assume that Λ = Z/mZ with m prime to p. Even with
these coefficients, we cannot expect that the map (10.2) is an isomorphism
for general i and j, as the following example shows.

Example 10.2 (Rosenschon–Srinivas). In [RS07], an elliptic curve E over a
p-adic local field K with finite residue field, such that CH2(E3)Λ is infinite for
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certain m (Λ = Z/mZ), is constructed. By general conjectures, we expect
that there exists a model X/A as above with XK

∼= E3, that there is a
surjection H4,2(X) � CH2(XK)Λ and that H4,2(Y ) is finite. Granting this,
the restriction map (10.2) cannot be injective in this case.

Conjecture 10.3. Under the condition j = d (higher zero-cycles) or under
the condition i − j = d (zero-cycles with coefficients in Milnor K-theory),
the map (10.2) is an isomorphism.
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