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Type II blow up for the energy supercritical NLS

FRANK MERLE, PIERRE RAPHAEL, AND IGOR RODNIANSKI

We consider the energy super critical nonlinear Schrodinger equa-
tion

i0u + Au + ululP~t =0

in large dimensions d > 11 with spherically symmetric data. For
all p > p(d) large enough, in particular in the super critical re-
gime
_d 2
Ty o1
we construct a family of C* finite time blow up solutions which
become singular via concentration of a universal profile

o~ ()

with the so called type II quantized blow up rates:
At) ~ (T —t)a, LEN*, 20> a=a(dp)

The essential feature of these solutions is that all norms below
scaling remain bounded

limsup ||V*u(t)| L2 < oo for 0<s < s,.
“T

Our analysis fully revisits the construction of type II blow up so-
lutions for the corresponding heat equation in [15], [34], which was
done using maximum principle techniques following [26]. Instead
we develop a robust energy method, in continuation of the works
in the energy critical case [38], [31], [39], [40] and the L? critical
case [22]. This shades a new light on the essential role played by
the solitary wave and its tail in the type II blow up mechanism,
and the universality of the corresponding singularity formation in
both energy critical and super critical regimes.
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1. Introduction
1.1. The NLS problem

In this paper we study the focusing nonlinear Schrodinger equation:

O+ Au+ ufulP~t =0,

(t,z) € R* xRY, w(t,z) € C.
Ujt=0 = U0

(1.1) (NLS) {

This canonical dissipative model conserves the total energy and mass:
(12) B(®) =5 [ 1Val? = — [ 1l = Euo)
. 2 p+ 1 0/

(1.3) J1uoF = [

The scaling symmetry uy(t,x) = )\ﬁu()\Qt, Az) for A > 0 is an isometry of
the homogeneous Sobolev critical space

d
2
lux(t, M gree = WAt ) o for sc= 2 o1

We focus on the energy critical and super critical models:

d+2

These problems are locally well posed in H?®¢ and if the nonlinearity is ana-
lytic
p=2¢+1, qeN*,

then the flow propagates Sobolev regularity and there holds the blow up
criterion:

T < +oo implies £1Tr;1 |w(t)|| s = +o0 for s> s.

1.2. Type I and type II blow up for the heat equation

Singularity formation is better understood for the scalar nonlinear heat equa-
tion

O = Au + uP,

(t,z) € RT x R?
Ut=0 = UQ

(1.4) (NLH) {
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in dimension d > 3, in particular in the radial setting where maximum
principle techniques apply. In particular, one can construct time-dependent
Lyapunov functionals, based on counting the number of spatial intersections
between two solutions. Let us very briefly recall some of the main known facts
on singularity formation for (1.4) in the energy critical and super critical
range

p>2"—1, s.> 1

The basic object at the heart of the analysis is the self-similar profile. Let
us look for solutions to (1.4) of the explicit form

1 r
(15) ult @) = = @ <A(t)>

where A(t) is given by the exact self similar-scaling:
(1.6) At) =+/b(T—1t), b=1.

@y is then a solution elliptic stationary self-similar equation:
2
(L.7) AQy — bAQy + QF =, A:]?l‘i‘y'V, b=1

Spherically symmetric solutions of (1.7) are completely classified. There are
two fundamental objects: the regular at the origin constant self-similar so-
lution

2\t
(18) Ql = K,p, I‘ip = (ﬁ) y
and the singular at the origin homogeneous self-similar solution:
2 2 \1rt
L9 R0 =, = [— (d—z——ﬂ |

Po1 p—1 p—1

Type I blow up: The regular constant self-similar solution (1.8) generates a

stable blow up dynamics of so called type I with universal blow up rate given
by:

1
(1.10) [u(®)| L~ ~ m,
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consistent with (1.5), (1.6). The existence and stability of this object can be
proved using spectral techniques and energy methods, [10], [11], [12], [33],
[3]. In fact. this blow up regime exists for all p and is not specific to the
energy supercritical range. A related analysis has been recently successfully
propagated to the case of the wave equation, [7].

In the regime 2* — 1 < p < pjp there exists another class of regular
solutions, decaying at oo, to the self-similar equation (1.7) which give rise
to the type I unstable blow up', [19], [25]. Here, p;z, if the Joseph-Lundgren
exponent given by

(1.11) - { 400 for d <10,
. p~>piL = 4

Type II blow up: In the 1992 unpublished manuscript by Herrero and Ve-
lasquez, announced in [15], proposed a different type of blow up mechanism
for p > pyr, based on a threshold structure of the spectrum of the linearized
operator, close to (1.9),

pci !

(1.12) Hp=-A+A-=73

The spectrum of Hg turns out to be completely explicit in suitable weighted
spaces. The authors describe a singularity formation in which

1
(1.13) lu®)||pm ~ ————, £EN*, 220> 1
(T —t)r1

where « is the phenomenological number (1.25). The blow up bubble corre-
sponds, in self-similar renormalized variables,

@ 1

dt — A2(t)’

1 T
(1.14) wu(t,z) = )\(t)p%v(s,z), z= Ok At) =vVT —t,

to a profile generated by the singular self-similar solution R:
(1.15) v(s,2) = R(2) + e %;(2) + lot

where \; is the j-th, j = j({), strictly positive eigenvalue with eigenvector
1 of the linearized operator Hr. The decomposition (1.15) is singular at

this corresponds to a threshold regime between global solutions and the stable
type I blow up dynamics.
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the origin and, in particular, does not readily imply the L> control (1.13).
It is merely designed to capture the behavior of the solution tail, while
the leading order of the solution near the origin is given by a renormalized
smooth radial solitary wave Q(r) solving

AQ+QP =0, Q(0)=1.

The situation was clarified in the series of works by Matano and Merle
[25, 26] through the proof of two fundamental theorems in the radial set-
ting:

e For 2* — 1 < p < pyp, only type I (1.10) occurs, with both stable and
threshold regimes.

e For p > pyr, type Il occurs as a threshold dynamics between type I
and global existence. This requires in particular d > 11, and yields an
indirect proof of the existence of type II blow up solutions.

We emphasize that an essential tool in the analysis in [25, 26] was a construc-
tion of a Lyapunov functional based on the precise counting of intersections
of a solution with the singular self-similar solution R. This feature strongly
anchors the analysis to the radial setting and to the use of tools reliant on
the maximum principle.

Following that, using the maximum principle tools developed in [25, 26],
Mizoguchi, in [34, 35|, has been able to rigorously implement the formal
construction of [15] to prove both the existence of solutions with blow up
speed (1.13) and to give a complete classification of radial type II blow
up solutions®. The difficulty here is that the decomposition (1.15) is fun-
damentally singular both at infinity, where all terms have infinite energy,
and at the origin, where both R and ; are singular®. The whole analy-
sis consists in deriving (1.15), first in some weak local L? sense, and then
propagating this weak control to the L topology in a self-similar win-
dow

(1.16) ﬁ <2< AW, lim A(f) = +oo.

The maximum principle based tools developed in [25, 26] are once again
essential in this analysis and not at all amenable to an extension of these
results to a problem like NLS, or even the non-radial heat equation.

2in a suitable class.
3without an obvious cancellation.
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1.3. Critical blow up problems

The past ten years has seen remarkable progress on the question of singu-
larity formation for critical problems, where the scaling symmetry meets a
conservation law. For (1.4), this corresponds to the case p = 2* — 1. Interest-
ingly enough, even maximum principle techniques were not able to address
this case, and despite some formal predictions [9], the rigorous derivation of
type II blow up solutions has remained open until very recently.

A new intuition based on Liouville classification theorem and a new set of
energy type techniques have led to the pioneering blow up results on the
mass critical (gKdV) [20], [27], [21], to the new classification results of blow
up dynamics near the ground state for the mass critical NLS [28], [29], [30],
and more recently to a complete classification of the flow near the ground
state for the (gKdV) [22], [23], [24]. Energy critical models have also been
a source of important progress in connection with the two dimensional crit-
ical geometric equations: the wave maps, the Schrodinger maps and the
parabolic harmonic heat flow, [44], [18], [14], [38], [31], [39], [40]. New fun-
damental tools have been developed for the construction of energy critical
blow up solutions, in settings where even an existence of singular dynam-
ics had been mostly unknown, and for the analysis of their stability/finite
codimensional instability. A continuum of blow up rates were constructed in
[18] for the wave map problem, and in [22] for gKdV, while for the parabolic
heat flow, a discrete sequence of blow up regimes was rigorously obtained
in [40], in agreement with the formal predictions in [2]. In the setting of
the nonlinear heat equation (1.4), these techniques have led to the first con-
struction of type II blow up solutions in the energy critical case p = 3,d = 4,
[45].

In all these works, the blow up profile is not given by a stationary self-
similar solution to (1.7), but rather by a soliton, i.e. a smooth stationary
or time periodic solution to the original PDE, for example for the (NLS)
equation:

(1.17) u(t,z) = Q(z)e™, AQ + QP = 0.
The blow up solution then corresponds to a decomposition

1 ) x ds 1
iy (t) _ _
—u(s,y)e NV, y=—r, — = ;
NOE (5,9) A(t) dt A2(t)

u(t,x) =

with
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(1.18) v(s,y) =Q(y) +(s,9), le] <1

The blow up rate A(t) is never given by the self-similar speed (1.14), but
by its suitable deformations. The ground state which is a smooth stationary
solution, as opposed to the singular self-similar solution (1.9), turns out,
after renormalization, to be the universal attractor of the flow in a suitable
topology:

1.19 li Se(t)|l72 =0 A .
(1.19) i [V°E(0)|z: = 0 for s> s,

A robust general strategy for the construction of blow up solutions in the
critical regimes emerged from the works [38], [31], [39], [40], [41], [22] and
relies on a two step procedure:

e Construction of a suitable approximate blow up profile through iter-
ated resolutions of elliptic equations. The “tail computation” allows
one to derive formally the blow up speed from the behavior of the tail
of a profile at infinity. An essential algebraic fact for the analysis is
the asymptotic behavior

(1.20) Q) ~ —

The parameter c¢(d) drives the derivation of the blow up law (and the
possibility of a blow up with @ profile).

e Implementation of an energy method to control the full flow via the
derivation of “Lyapunov” functionals involving super critical Sobolev
norms adapted to the linearized flow near the ground state, which do
not rely on spectral estimates and may therefore be easily adapted to
various settings?.

1.4. Super critical numerology

Let us now come back to the super critical problem s, > 1 and discuss some
essential algebraic facts. The problem

AQ+QP =0

admits a one parameter family of smooth spherically symmetric solitary
waves solutions with the asymptotic behavior

4for example, nonlocal non self-adjoint operators as in [41], or quasilinear prob-
lems in [31].
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(1.21) Q(r) ~ R(r) = —~ as r — +o0,

re-1

with co given by (1.9). A well known characterization of the Joseph-Lund-
gren exponent (1.11) is given through the positivity of the linearized operator
closed to @, see for example [16]. Indeed, let

Li=-A-pQ"",

then:

e for 2* — 1 < p < pyr, L+ has a non positive eigenvalue with well
localized eigenvector;
e for p > pyr, L, is strictly lower bounded by the Hardy potential

(d—2)°

1.22 L —A —
( ) + > 472

> 0.

The proof of (1.22) relies on a Sturm-Liouville oscillation argument and is
related to the asymptotic expansion

(1.23) Qr)==4+% 4, <i> el 40,

ro1 rY rY
where

v = 3(d—2—vDiscr) > 0, Discr = (d — 2)? —4pdst >0
p > pyp iff Discr > 0.

(1.24) {

We introduce the phenomenological number

2
1.25 a=7———7
(1.25) 5

7 a>2 forp>pjp,

see Appendix A.
1.5. Statement of the result

Our main claim in this paper is that the asymptotics (1.23) for p > pyr,
replaces the expansion (1.20) in the critical case, are perfectly suitable for the
implementation of the strategy for a construction of a blow bubble solution
with profile Q). The resulting blow up mechanism is type Il energy super
critical:
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Theorem 1.1 (Type II blow up for the super critical NLS equation). Let
d > 11. Let a be given by (1.25) and assume:

p=2q+1, g€ N*,

(1.26) D> DPJL;
Discr > 4
and
(1.27) %¢N, %+%<g—’y>§éN, 5+%(§—}%)¢N
Fix an integer
(1.28) CeN* with (> 2,

2
and an arbitrary large Sobolev exponent
sTeN, s; >s(l) = +oco as £ — +oc.

Then there exists a radially symmetric initial data uo(r) € H3+ (R, C) such
that the corresponding solution to (1.1) blows up in finite time 0 < T' < 400
via concentration of the soliton profile:

(1.29) u(t,r) = )\(t;% (Q+e) <ﬁ> Rl
with:

(i) Blow up speed:

(1.30) At) = c(uo)(1 4 o (D))(T =)=, c(ug) > 0;
(ii) Stabilization of the phase:

(1.31) Y(t) = y(T) ER as t— T;

(iii) Asymptotic stability above scaling:

(1.32) ltlTr%l IVoe(t, )|z =0 forall s.<s<sy;
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(iv) Boundedness below scaling:

(1.33) limsup ||u(t)|| g < +oo for all 0<s < s¢;
Vs

(v) Behavior of the critical norm:

(1.34) [l g = [Coo\/ng OtTT(l)] [log(T" — ¢)].

Comments on Theorem 1.1

1. On the assumptions on p. The assumption (1.27) is generic but technical
and avoids the appearance of logarithmic losses in the sequence of weighted
Hardy inequalities which we use to close our energy estimates. Unlike the
situation in the critical case [38], [31], we claim that these logarithms are
irrelevant in our setting and, in this sense, the assumption (1.27) could be
removed. Regarding the assumption (1.26), Discr > 4 is automatic for d > 13
and p > 3, or for p large enough in dimensions d = 11, 12. This assumption is
relevant only for the asymptotic development of the solitary wave (2.2), and
allows for a simple decoupling of the remainder terms. We however claim
that it is not essential and we could treat the case Discr > 0 along similar
lines. Finally, the assumption p = 2¢g + 1 makes the nonlinearity analytic,
and in particular allows us to estimate the solution in any homogeneous
Sobolev norm H*. Given / as in the statement of Theorem 1.1, we need to
control H3(®) norm of the solution with

lim s(¢) = +oo.

l—= oo
Hence, a C* regularity of the nonlinearity is required for a statement which
holds true for all ¢ large enough. However, for a given £ a blow up solution
satisfying (1.30) can be constructed for any p > p(¢) large enough using the
techniques of this paper. Yet, as presented, our analysis does not cover non
smooth nonlinearities near the p;; exponent.

2. On the role of the topology. We stress that the structure of the blow up
solution (1.29), (1.32) is exactly the same as the one obtained in the energy
critical case (1.19), see in particular [38], [31], [39]. This is quite unexpected
and reveals the essential role payed by the topology in which the deformation
of the ground state is measured.
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For example, the structure of @ and a theorem from [4] ensures that
e~ He enjoys standard Strichartz estimates, and hence we expect that @ is
stable and in fact asymptotically stable as a solution to (1.1) with respect
to well localized perturbations.

This was proved using sup-sub solutions for the nonlinear heat equa-
tion in [13]. A related phenomenon is the global existence proof by Beje-
naru, Tataru [1] for the energy critical Schrédinger map in the vicinity of
the ground state harmonic map. However, since () has infinite energy from
(1.23), if the perturbation is well localized then this kind of flow corresponds
to infinite energy solutions. We should also mention here a very recent re-
sult of Krieger, Schlag [17] on a global existence of certain solutions to a
supercritical septic wave equation in dimension three, arising from the data
with an infinite scale invariant norm.

On the contrary, the full initial data of Theorem 1.1 can be taken to
be even compactly supported (and, of course, smooth). This means that the
initial perturbation € to ) must possess a far away tail to cancel the slow
decay of @) at infinity, and hence ceases to belong to standard spaces in
which decay is usually measured. These considerations necessitate the need
to work with homogeneous high Sobolev norms for which @) has a finite
contribution and for which the decomposition (1.29) makes complete sense.
Let us also note another unexpected feature: the subcritical conservation
laws play essentially no role in our analysis. In fact, the whole analysis takes
place in the super critical algebra H? N H5+ with

d
sc<o'<§<<sJr

and whether the full solution is or is not of finite energy or mass is irrelevant
in the blow up regime under consideration.

3. On the role of the decay of the ground state. The tail computation, initiated
in the critical case, allows one to compute explicitly the expected rates of
type II blow up directly from the asymptotic expansion of the ground state
at spatial infinity, see the strategy of the proof below. It is therefore essential
to recall that if

1 «
Q(T)NW> p=>2"—1,

then the mapping

p — ¢(d,p) is discontinuous at p =2 —1
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For the heat equation this explains why type II blow up holds in the critical
case p = 2* — 1, [39], [45], ceases to exist for 2* —1 < p < pyr, [25], and then
exists again for p > pyr.

4. On the manifold construction. The statement of Theorem 1.1 can be made
more precise. Let ¢ € N* satisfying (1.28), sy > 1, then our initial data is
of the form

(1.35) ug = Qp(0),a(0) + €0
where Q4 is a deformation of a ground state ) and
a=(ay,...,ar_), b=(br,...,br,), s ~2Ly ~2L_

correspond to possible unstable directions of the flow in the H*+ topology
in a suitable neighborhood of Q. Fix a low Sobolev exponent

<o<?

Se <0 <3,

we show that for all g € H? N H*+ small enough in this topology and for all

(61(0),br41(0),...,br,(0)) % (ag,+1(0),...,ar_(0) small enough, there exists
a choice of unstable directions

(b2(0),...,b0(0)) x (a1(0),...,ax,(0))

such that the solution arising from initial data (1.35) satisfies the conclu-
sions of Theorem 1.1. Here, ky is given by (1.41). This implies that our blow
up solutions are constructed for a codimension £ — 1 + k; > 0 manifold of
initial data. Let us insist that our class of initial data includes in particular
compactly supported C*° initial data. As is now standard in the field, this
manifold is constructed as a C° manifold using a soft Brouwer type fixed
point argument. This provides a precise count of the number of directions
of instability in this type II blow up regime. Constructing a local Lipschitz
manifold would require proving an appropriate local uniqueness statement.
The recent analysis [8] clearly suggests that once the existence is shown, by a
Brouwer type argument, and with a strong decay on the solution — as is the
case in the setting of Theorem 1.1 — then local uniqueness can be obtained by
rerunning the machinery on the difference of two solutions, see also [42], [22].

5. On quantization of blow up rates. The quantization of blow up rates (1.30)
is the same as the one obtained in the case of the heat equation through a



Type II blow up 451

complete classification theorem in [35], see also [40]. In dispersive settings,
a continuum of blow up rates can be constructed, [18], but they correspond
to solutions propagating from non-regular data and are therefore never H°.
See [24] for the study of related phenomena. We expect that the quantized
rates (1.30) are the building blocks to classify type II blow up of smooth
solutions near the ground state for (1.1).

6. Comparison with the heat equation. Observe that (1.29), (1.30), (1.32)
imply the rate of blow up

1 1
lu@llpe ~ ———= ~ s
At)e=1 (T —t)r

which, according to (1.13), is the same as for the nonlinear heat equation.
Let us however stress that the decomposition (1.29) centered on the solitary
wave looks very different from the decomposition (1.15) centered on the
singular self-similar solution. In fact, we claim that the sharp description
of the blow up behind (1.29) implies a quantized version of the decompo-
sition (1.15) in self-similar variables, see the Strategy of the proof below.
In other words, our analysis covers, with one set of estimates relying only
on energy methods, both the self-similar zone and the zone near the singu-
lar point. This is a substantial clarification of the analysis of type II blow up.

7. Other super critical blow up for NLS. In the setting of the energy super
critical NLS equation, the sole other example of a blow up phenomenon that
we are aware of is the construction of standing ring blow up solutions for
the focusing quintic model p = 5 in all dimensions d > 2, [36], [37]. These
solutions emerge from smooth well localized radial data and concentrate
on the sphere r = 1. The behavior of Sobolev norms is very different, in
particular for these ring solutions

li |l . = for all 0
tlTIjI}”u()HH +oo for all s >0,

which implies that these blow up solutions are very much connected to the
mass conservation law. Theorem 1.1 gives the first result of type II blow
up for the energy super critical NLS which, following [25], [26], should be
understood as a singular regime where according to (1.33), all norms below
scaling remain bounded.

Our approach can be extended to the heat and wave equations, and the
radial assumption can be removed. The case of the wave equation will be
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treated in [5].

Notations: We collect the main algebraic notations and facts which are
used throughout the paper.
Super critical numerolgy: Given d > 11, p > pyr, we let:

1
y=5(d-2- VDiscr) > 0, Discr = (d —2)? —4pclst >0

and

. k=B +}(§-7) 21,
5+3(5—7) =ki+0k, 0<d, <1
(1.37) k_:E[%+%<%_%)}>L
. %Jr%(%_l%):k_Jrak, 0<d, <1.

so that from (1.27):

0<dor <1
We let
(1.38) dp =max{dy,6_}, 0<6,<1,
and
(1.39) Ak=Fk_—ky>1

from (1.25). We will use the relations
d— 2y — dky = 45, — 2
4
5§ — Ak =0p_ — ..
We let

(1.41) €—%=kg+5(g, keeN, 0<d <1

Swhere we recall the definition of the integer part: E(r) <z < E(z)+1, E(x) €
Z.
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from (1.27).
Notations for the analysis: Given a large integer Ly > 1, we let:

(1.42) L_=L,—Ak
and define the Sobolev exponent:
(1.43) sy =2k, +2L, +1.

We define the generator A of a scaling symmetry

Au = u+y-Vu.
p—1
Given by > 0, we define:
1 1+
1.44 By=——, B =B;"
where
(1.45) nzﬁ, 0<m<<1.
L
We denote:

d
By(R) = {x = (x1,...,24) € RY, me < R?},
i=1

d
Sa(R) ={x = (z1,...,2q) €RY, Y 2} = R},
=1

We let the matrix

(1.46) J=<264>,ﬂ=mz<ég>.

and for complex valued functions:

o =»([ ).
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The nonlinearity
flu) = ululP~".

We define the sequence of iterated derivatives

Dby — A"y for k=2m
| 9y A™u for k=2m+ 1.
We let x be a smooth radially symmetric cut-off function

[ 1 for|z| <1
(1.47) x(z) = { 0 for |z| > 2.

Linearized operator. Given € € C, we identify

(1.48) e = ‘

Near Q the linearization of (1.1) generates a linear operator £, given in
complex variables by

1 -1
Le=—Ae— Z%Qp_ls - pTQp_IE

or, equivalently, in terms of (1.48):

(L, 0
= (5 1)

Ly=-A—pQrt, L =-A-Q,
We let the potentials

where

(1.49) Wy =pQPt, W =qQr,

and introduce the matrix operator

~ 0 L_
o) B (Y, b))

adapted to the linearized flow of (1.1) near @

10se = Le ie. Oge = Le.
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Observe that

(1.51) L = < OL 5L+ > =JLJ, (JL)*=JL.

1.6. Strategy of the proof

We now give a brief description of the proof of Theorem 1.1. We keep the
notations and the strategy close to the ones of the critical case, see in par-
ticular [40], with the intent to show the deep unity of the analysis. In what
follows, we pick

e N, (> @
2
associated with the blow up speed (1.30), and another integer
L+>>€, L7:L+*Ak§,

related to the regularity of the solution and the construction of suitable
Lyapunov functionals.

(i) Renormalized flow and iterated resonances. Let us look for a modulated
solution u(¢,r) of (1.4) in the modulated form:

which leads to the renormalized flow:

A
(1.53)  9sv —iAv + biAv +iajv —ivfp[P~t =0, b = _TS’ ap = s.
Assuming that the leading par of the solution is given by the ground state
profile®, the remaining linear part of the flow is governed by the matrix

Schrédinger operator
~ 0 L_
- ( ' ) |

The scaling and phase invariances of the problem induce an explicit reso-
7
nance’:

LAQ

Q

Sthis is a theorem for type II blow up in the radial case, [25].
"This is not an eigenvalue, since neither @ nor AQ decay sufficiently fast at
infinity. In particular, AQ & L2.

=0.
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Each component behaves differently at infinity:
c
Q~—
yrt
and there holds the fundamental cancellation of the tail at infinity:

2 2
(1.54) AQMi as y — oo with y=a+ > 2+ .
y" p—1 p—1

We already see here the appearance of the condition p > pjr: for 2*—1 < p <
pJL, the asymptotic (1.54) is false and would instead include oscillations®,
see for example [13]. N

We may now compute the kernel of the powers of £ through the iterative
scheme

0

? E(pk_l'_l’_ = ®k1_7 (po’_ - Q

> A
(1.55) LPpy14+ = Pry, Dot = ‘ 0

which display a non trivial tail at infinity:

0

2k—~y
(1.56)  J*®, N' g’”y REWLT TRERN
Ck,-Y

op—_2 for y>1.
p—1

Note in passing that the positivity of Ly is equivalent to
AQ >0
and implies with L_(Q = 0 the factorization
(1.57) Ly =ALAy, Ay =—0y+0y(loghQ), A_ =—-0,+ 0,(logQ)
which simplifies the resolution of Lu = f in the radial sector.

(ii) Tail dynamics. We now implement the approach developed in [38], [31],
[40] and claim that (®j +)>1 correspond to unstable directions which can
be excited in a universal way to produce the type II blow up solutions. To
see this, let us look for a slowly modulated solution to (1.53) of the form

v(8,y) = Qu(s),a(s)(y) With

(1.58) b= (b1,...,br,), a=(ai,...,ar_)

8

a simple way of seeing this is to remark that v given by (1.24) is complex valued.
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Lo+2

L, L_
(159)  Qra=QW) + D P i(y)+ > ax®r (y)+ > Srx(y,a,b)
k=1 k=1 k=2

where we expect the a priori bounds
k+<
(1.60) b~ b, Jag] < by 2,
and the improved decay estimates
—1)— k+S o(k—1)— 2
Sk (w)] S OIS ()l Sy T

so that Sy is in some sense homogeneous of degree k in b; but decays better
than ®;. The key point is that this improved decay is possible for a specific
regime of the universal dynamical system driving the modes (by)1<i<r, X
(ak)1<k<r_: this is the tail computation. In particular, the improved decay
(1.58) for the aj parameters is in agreement with the worst decay (1.56) of
@ _, and we bootstrap a regime where the influence of the a terms, i.e., of
the phase, is of lower order.

Let us now illustrate the tail dynamics. We inject the decomposition (1.59)
into (1.53) and choose the law, i.e. ODE, for ((a)s, (bx)s) which cancels the
leading order term at infinity:

O(b1). We cannot adjust the law of by for the first term and obtain from

(1.53) the equation

~ 0
bl <,C(I)17+ — ‘ E/)XQ ) = 0, @17+ ~l ey as y — +oo.

Y2

O(aq). We similarly cannot adjust the law of a; for the first term and obtain

from (1.53) the equation

aq <Z‘I’17_ — ‘ 22 > = 0, (I)L— ~

O(b?,b3). We consider the imaginary part and obtain

cy,_

2 __
y7 10 as Yy — +00.

(b1)s®1 4 4+ bIAD, | — by LDy | — LSy 4 = bINL1 (P11, Q) + lot

where NL;i(T1,Q) corresponds to nonlinear interaction terms, while the
lower order terms come from neglecting some additional contributions which
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arise after the use of the a priori bounds (1.60). When considering the far
away tail (1.56), we have for y large,

2 ~
APy~ (E — (- 2)> P14y =02-a)P1q, Lo =Py

and thus
(b1)s®1 4 + BFADy 4 — beLDsy 1 ~ ((b1)s + (2 — @) b — by) P 4,
and hence the leading order growth for y large is cancelled by the choice
(b1)s + (2—a)b? —by = 0.
We then solve for
LSy =bj(A®1 4 — (2— )1 1) = NL(®1 1,Q)
and check that the far away tail is improved:

|So. 1| < by*™7 for y > 1.

O(biay, az). We now consider the real part and obtain to leading order

(al)SCDL_ + a1b1A<I>17_ — GQEq)Q’_ — ZSQ’_ = a1t NL; ((I)l,-l—? Q) + lot.

When considering the far away tail (1.56), we have for y large,

2 2 ~
ADy _ ~ - —2)| B =281, LBy =, _
k) p_l p_l b K 9 k)

and thus
(@1)s®1,— + bra APy — — a2£~<1327_ ~ ((a1)s + 2bjay — az)®; —,
and hence the leading order growth for y large is cancelled by the choice
(a1)s + 2b1a; — az = 0.
We then solve for

LSy = aibi(A®y_ — 28 ) — NL(®;_,Q)
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and check that the far away tail is improved:

_2
|So,—| € arbyy =1 for y> 1.

OV bpy1). At the k-th iteration, we obtain an elliptic equation of the
form:

= blf—i_lNLk((I)l,-l—v o 7®k,+7 Q) + lot.

We have from (1.56) for tails:
A®p o ~ (2k — )Py 4
and therefore:
(br)s@py + b1bpA®y . — by 1 LBy 1 ~ ((b)s + (2k — @)bibg — by 1) Pr -
The cancellation of the leading order growth occurs for
(br)s + (2k — a)b1by, — b1 = 0.

We then solve for the remaining Sii; . term and check that Spy1y4 S

~

b’ny%_7 for y large.
O(brak, agy1). We obtain along similar lines:

(ak)sPp,— + bragAPy - — ak;+1£~‘1)k,— — ZSkH,_
= WayNL(®1_,..., P, Q) + lot.

We have from (1.56) for tails:
A®y, _ ~ 2kDy, _
and therefore:
(ak)sPr,— + bragAPy — — g1 LPxiq ~ ((ag)s + 2kbiay, — ap41)Pp, -
The cancellation of the leading order growth occurs for

(ak)s + 2kbiay — ag+1 = 0.
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We then solve for the remaining Sii; _ term and check that Spyq_— <
2

blerly%*pf1 for y large. Note that we neglected here further nonlinear terms

in a since a will turn out to be lower order in the regime® (1.60).

(iii) The universal system of ODE’s. The above approach leads to the uni-
versal system of ODE’s which we stop after the (L4 )-th iterate:

) +(2k—a)b1bk—bk+1—0 1§]€SL+, bLJr_A'_lEO,
(1‘61) ])1) _—i— kbiay —axt1 =0, 1<k<L_, ar 4+1 =0,

DY bla Ys = ay,

Unlike the critical case, there is no further logarithmic correction to take
into account. The system (1.61) can be solved in a closed form, and a set of
explicit solutions is given by

¢s)=9 1<5<
(1.62) {b(g 0 lsjsly

](S) 1§j§L—, s> sy >0,

where
_t
26—

—7 . * g
(%4:—%F£q,1§j§€—L L LEN, £> o
c;=0, j>0+1

Cl1 =

In the original time variable ¢, this produces A(¢) vanishing in finite (blow
up) time 7" with:

A(t) ~ (T = 1)
Moreover, the linearized flow of (1.61) near this solution is explicit and dis-
plays £—1 unstable directions in b and k, unstable directions in a, see Lemma

3.7 and Lemma 3.9. Note that £ > § > 1 and hence type II is always unsta-
ble!?.

(iv). Decomposition of the flow and modulation equations. Let then the ap-
proximate solution @)  be given by (1.59), which by construction generates

9or example |aiby| ~ b 2 but a? < b2

190n the contrary, the energy crltlcal case treated in [39], [40] formally corre-
sponds to a = 1, and hence ¢ = 1 is admissible and generates a stable type II
regime.
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an approximate solution to the renormalized flow (1.53):

. . - 2Ly +2
U = 0,Qb,0a—1AQya+b1AQp0+1a1Qp.0—QbalQoal’ ™" = Mod(t)+0(b7 )
where the modulation equation term is roughly of the form:

Ly
Mod(t) = [(be)s + (2k — a)biby, — bpy1] Tyt
k=1
+ Z [(ak)s + 2kbiay — ak+1] (I)k,f~
k=1

We localize (), in the zone y < By to avoid the irrelevant growing tails for
Y>> %. We then pick initial data of the form
uo(y) = Qua(y) +e0(y), lleo(y)| <1

in some suitable sense and with (b(0), a(0)) chosen to be close to the date for
the exact solution (1.62). By a standard modulation argument, we introduce
a dynamically modulated decomposition of the flow

u(t,r) = (Que)yaw) +6) <75, ﬁ) e

r i (t
(1.63) = [(Qb(t),a(t)) (ta %> + w(t,r)] e ®
where the Ly + L_ + 2 modulation parameters (b(t), \(t),a(t),~(t)) are
chosen in order to manufacture the orthogonality conditions:
(1.64) _
(e(t), L¥Pp1) =0, 0<k<Ly, (e(t),LF®y_)=0, 0<k<L_.

Here ®,/ +(y) are some fixed directions depending on a large constant M,

generating an approximation of the kernel of the powers of L, see section
4.1. This orthogonal decomposition, which for each fixed time t directly
follows from the implicit function theorem, now allows us to compute the
modulation equations governing the parameters (b(t), A(t),a(t),y(t)). The
Qp,. construction produces the expected modulation equations'!:

Ly
As .
5N + 01|+ |vs — a1] + ; |(bi)s + (20 — a)b1b; — by 1|

Hgee Lemma, 4.4.



462 Frank Merle et al.

L_

. Li+3
(1.65) + 3 [(ai)s + 2ibra; — agi1l S lellioe +by" "2
=1

where ||e||;oc measures a spatially localized norm of the radiation e.

(v). The mized energy/Morawetz estimate. According to (1.65), we need to
show now that local norms of € are under control and do not disturb the
dynamical system (1.61). This is achieved via a high order mixed energy/
Morawetz type estimates, which in particular provide control of the high
order Sobolev norms adapted to the linear flow and based on the powers of
the linear operator £. In turn, the orthogonality conditions (1.64) are sharp
enough to ensure the Hardy type coercivity of the iterated matrix operator:

lef?

— (JER+ Lt o PhetLy oy > sel? — 5
gs+_(<]££+ te, LR+ +5)N/|V+€ +/1+y23+

where sy is given by (1.43). Here the factorization (1.57) will help simplify
the argument. As stated above we can dynamically control this norm thanks
to an energy estimate seen on the linearized equation in original variables,
i.e., by working with w in (1.63) and not . This strategy was initiated in
[44], [38], [31], [40]. The outcome is an estimate of the form

(1.66)

E{ s 101 }51 , 0(d,p) >0

2\2(s+—s¢) A\2(s+—s¢)

where the right hand side is controlled by the size of the error in the con-
struction of the approximate blow up profile. Here M corresponds to an
additional Morawetz type term needed to control L? terms sharply localized
on the soliton core. A remarkable algebraic fact is that the corresponding
virial type quadratic form is coercive thanks to the fact that L_ > L, > 0
in H', see (2.4). Hence the estimate (1.66) belongs to the class of mixed
energy /Morawetz estimates introduced in [38], which have been particularly
efficient in blow up settings, see in particular [22], and which completely
avoid the use of spectral tools. We integrate (1.66) in time using the small-
ness

1
bilM] < 10

to estimate in the regime by ~ b§ given by (1.62):

2
(1.67) / Vorel? + / f’gs <&, SUPUER 1 s(d p) >0



Type II blow up 463

which is good enough to control local norms in € and close the modulation
equations (1.65).

(vi). Control of the nonlinear term and low Sobolev norms. The control of
high Sobolev norms alone is however not enough to control the nonlinear
term and we need a low Sobolev estimate. The bounds following from the
conservation laws would be too weak at this point, and we will need the
fundamental observation that

d 2 _d_
Se=-——— < - Ks
T2 p—1 2 0

while % almost embeds into L, and hence the space
e d
HeNH™, s.<o0< B < sS4

is an algebra. To close the nonlinear term, it therefore suffices to close an
estimate for the low Sobolev norm [|[V7¢||2, for some s. < o < g. Let us
insist that it is essential that this norm is above scaling, any norm of € below
scaling blows up. We then exhibit an energetic Lyapunov functional with
the dynamical estimate:

d |’v08‘|%2 bl 5((1 ) o—s +5(d )
— < P o_||12 c N
ds { A2(0—=sc) [ ™ N\2(0—s.) [bl [V7el|zz + by

which upon integration in time yields a bound
[Voellfe < 677, 6(d.p) > 0
which is enough to control of the nonlinear term.

(vii). Construction of the C° manifold. The above scheme designs a boot-
strap regime which traps blow up solutions with speed (1.30). According
to Lemma 3.7, Lemma 3.9, such a regime displays k; + £ — 1 > 0 unstable
modes and one therefore needs to build the associated stable manifold. We
do this in a classical way using a Brouwer fixed point type argument as in
[6], and the proof of Theorem 1.1 follows.

(viii). Relation with the decomposition (1.15). Let us conclude this introduc-
tion by making a link between the above construction and the decomposition
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of previously known type II blow up solutions for the heat equation (1.15).
For this, let us consider the two changes of variables:

(1.68) u(t,r) = 12 (s, y)e® = 12 V(r, 2)e®

Ap—1 et

with

y = Z_ (é_;— s =T —1

p(t)
where the second decomposition corresponds to the self-similar variables
(1.15) in the approach of Herrero-Velasquez:

{ V= 6= A= -0

=

(1.69) V(7,2) = R(2) + e MTh;(2) + lot

where A; is the j-th, j = j(¢), strictly positive eigenvalue with eigenvector
1; of the linearized operator Hpg:

pclo!

Hp=—-A—ifh -2

r

We now show how our construction and estimates for the renormalized v
imply the decomposition (1.69) in the far field in renormalized variables.
We compute

by~ =My~ (T —t)a !
and thus
A e_1
2=y =T =775z~ Vo,

We now estimate the leading order term in the decomposition (1.59) in the
zone

1
z>1 ie. y>By=—

v
by neglecting:
e the a terms which are lower order, see (4.31), (6.11);
e the S terms which decay better and hence are lower order for z > 1;

e the b, terms for k > £ + 1 which are the stable modes and also turn
out to be lower order, see (6.9).

Using
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e k
kakaS—k‘Nbl

this gives the far away development:

¢ ¢
Qb,a ~Q+ Z bkq)k,Jr(y) +lot =R+ Z ckblfikymC*’Y + lot
k=1 k=1

¢
= R(y) + b} Z eri® 227 4 lot,
k=0

and hence using (1.68) and the fact that R is homogeneous:
Vi) =(5)" (2)

2 ¢
= R(z) + blg (g) o [Z ik 22y
k=0

J4
R(y) + b7 Y cxi®2" + 1ot
k=0

+ lot.

We now compute

ol % T —¢t %[%_1]
by <H>p ~ ( )1 20 :ei)\ﬂv AZ:E_g7
A (T_t)ﬁ[;—l] 2

and obtain the leading order decomposition in the far away zone:
V(7,2) = R(2) + e 4y(z) + lot

with

V4
Ye(z) = chz’kz%_V, M=10— %.
k=0

Now a simple computation, see Appendix E, reveals that (A, ) is an eigen-
value-eigenvector pair for the linearized operator close to the singular self
similar solution R. The exact same computation can be done for the heat
equation, and the conclusion is the following: the singular decomposition

(1.15) in self similar variables is exactly the long range expansion y > \/117

of the regular decomposition (1.63) in the regime (1.30).

This paper is organized as follows. In section 2, we collect the main linear
properties on the linearized matrix operator £ and its iterates. In section 3,
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we construct the approximate self-similar solutions (), and obtain sharp
estimates on the error term W. We also exhibit an explicit solution to the
dynamical system (1.61) and show that it possesses (¢ + k¢ — 1) directions
of instability. In section 4, we set up the bootstrap argument, Proposition
4.3. In section 5, we construct the main Lyapunov functionals which rely on
a mixed energy /Morawetz computation. In section 6 we close the bootstrap
bounds and build the C° manifold of data satisfying the conclusions of The-
orem 1.1.

Acknowledgments. Part of this work was completed while P.R. was visit-
ing the MIT, Boston, and the Institut du Non Lineaire, Nice, and he would
like to thank both institutions for their kind hospitality. P.R and F.M were
supported by the senior ERC grant BLOWDISOL. I.R. was supported in
part by the NSF grant DMS-1001500.

2. The linearized Hamiltonian and its iterates

We collect in this section the main properties of the linearized Hamiltonian
close to (), which are at the heart of both the construction of the approximate
blow up profile and the derivation of coercivity properties required for the
high Sobolev energy estimates.

2.1. The matrix operator
By a standard argument, all smooth radially symmetric solutions to
(2.1) Ap+ P =0
are dilates of a given normalized ground state profile

AQ+QP=0
Q0) =1

Let us recall the following Lemma which follows directly from the results in
[13], [16]:

o) = 3700w, {

Lemma 2.1 (Structure of the ground state and positivity of Ly). Let p >
pJL, then:
(i) Development of the solitary wave profile for y > 1: there holds

Lk - k CL1 1
(22) Vk >0, 8yQ—8y |:R+y_7:|+O<W>7 a17§0, g>2
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where R is given by (1.9).
(ii) Degeneracy:

1
(2.3) AQ:y%—i_O(ywrg) as y — oo, c¢c#0
(iii) Positivity of Ly :
1 d—2)?
(2.4) Lo>Li>-A+—7 cp—( ) >0
[l 4
for some ¢, > 0.
(iv) Positivity of AQ:
(2.5) AQ > 0.

Proof of Lemma 2.1. The positivity (2.4) for p > pyr and the associated
pointwise lower bound follows from a non trivial Sturm-Liouville oscillation
argument, see [16]. Now from [13], Thm 2.5, there holds the asymptotic
expansion for p > pjyr and y > 1:

Coo ai 1 1
(26) Q(T):W—21+y_7+o(w+y7>

where
B d — 2 + +/Discr

72 5

We recall that o > 2 and from (1.26):
v¥2 — v = v Discr > 2

and thus

(2.7) Q=R+ Z—}Y +0 < > g = min{a, vV Discr} > 2.

y7+g

The fact that the development (2.7) propagates to higher derivatives is now
a simple consequence of the @) equation (2.1), this is left to the reader, and
(2.3) follows. We finally claim that a; # 0. Indeed, otherwise from (2.6):

1 1
10=0 (5 +5),
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and then the bounds

d—3—2y=—1—+vDiscr < —1
4
d—3—27—2a:—1+\/Discr—2a:—1+—1—(d—2)<—1
p_

imply
A 2
(28) /|VAQ|2+/| ycg| 5/(1+yd—1—2—2fy—2a+yd—1—2—272)dy < 400.

By scaling invariance,

Fix a sufficiently largeR and let xr(y) be a smooth cut-off function, equal
to one for 0 <y < R. We have

1y>g,

Li(xrAQ) S <|V—2Q| + %)

which, combined with (2.8), implies

1

/L+(XRAQ) -(xrAQ) S T

for some strictly positive . On the other hand, by strict positivity (2.4) of
Ly,

2
rA
[ 1etanr@)- (ea) = ¢ [ X228 > ¢
for some positive constant C independent of R, which follows since A(Q) does
not vanish identically on any open set. Contradiction. O

2.2. Factorization of L

The positivity (2.4) implies'? the factorization of L.

Lemma 2.2 (Factorization of Ly ). Let

(2.9) Vi = 0y(log(AQ)), V- = 9,(logQ)

and the first order operators

2gee [31] for a similar structure.
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1
Apu = —Oyu+ Vou, Aju= Fay(yd L) + Vaw,

then
Ly=A%A,.

Remark 2.3. The adjoint operators A’ are defined with respect to the
Lebesgue measure

/ (Au)vyd_ldy:/ u(A*v)y?tdy.
y>0 y>0

We collect the following estimate on Vi which follow from (2.2):

L 9,(AQ) O(1) as y—0

(2.10) Vi = AQ _{ —%—I—O(%) as y — +oo ’
L 9,Q O(1) as y—0

(2.11) V__?_{ = 1)y+0< > as y — +oo ’

as y—>0

ng

=) as y— 4o0.

We also estimate from

(2.12) {
(2.2

) with the notations (1.49): for y > 1,

, 1 .
(2.13) Wy =0 (m) , J=0.
2.3. Inverting L

We rewrite
* 1 —

and hence the kernels of A, A* are explicit:

(2.15)

Ayu=0 on iff u e Span(AQ),
A'u =0 on iff € Span <m> .

Hence

(2.16) Liu=0 on iff ue Span(AQ,T)
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with
v dz
=10 =42 [ g
which satisfies the Wronskian relation
1
(2.18) I (AQ) — T4 (AQ) = ST

We observe the behavior

(2.19) Iy~ as y— 0, c¢#0.

yd—Q

Moreover, from (2.3):

/+°° dx </+°° dx -y
L IAQ)? Y T ST

where we used from (1.24) d — 1 — 2y = 1 + v/Discr > 1. This implies:
c
I'i ~— as y — 4o0.
y'Y

The explicit knowledge of the Green’s functions allows us to introduce the
formal inverse

@) L =) [ 7AQe e AQw) [ st

The factorization of L, allows us to compute Ljrl in an elementary two step

pI'OCGSSl3Z

Lemma 2.4 (Inversion of Ly). Let f be a C* radially symmetric function

and u = Ljrlf be given by (2.20), then

A+U

1 y i - y
(2.21) Aju= r—lAQ/o fAQx*  dx, u= AQ/O AQ

Proof of Lemma 2.4. We compute from (2.18)

13this will avoid tracking cancellations in the formula (2.20) induced by the
Wronskian relation (2.18) when estimating the growth of L;l f
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AQ T yAQ

We therefore apply A; to (2.20) and compute using the cancellation
A4 (AQ) = 0:

A+P+ == —]._‘:'_ +

Yy
(2.22) Aju= m / FAQzda.
0

Hence from (2.14):

YA u
u:—AQ/ 2 dr + e, AQ.
o AQ

We now estimate at the origin using the formula (2.22), (2.20) and the
behavior (2.19):

[Avul Sy, Jul Sy AQ~c#0
and thus ¢, = 0. [
2.4. Inverting L_

We rewrite

u

(2.23) A-u=-Q0, <Q> , Alu= ydl‘lQay(yd_lQU)

and hence the kernels of A_, A* are explicit:

A_u=0 on iff ue Span(Q)
(2.24) . . 1
A*u=0 on iff u € Span (W—1Q> .
Hence
(2.25) L.u=0 on iff ué& Span(Q,I'-)
with
Y dx
2.26 I (y)=Q / —
(2:26) S A GIR)E
which satisfies the Wronskian relation
1

(2.27) IrQ-r_qQ = =g
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‘We observe the behavior

(2.28) I'_~

as y — 0.

Moreover, from (2.3):

+o0o dx < +o00 dr
O S

where we used from (1.24) d — 1 — p%l > d —1—2v > 1. This implies:

as y — +oo.

The explicit knowledge of the Green’s functions allows us to introduce the
formal inverse

()1 f = /f@ﬂlm

de

and

(2.29)  L7'f=
-Q f Y (A fdw otherwise.

Lemma 2.5 (Inversion of L_). Let f be a C* radially symmetric function
and uw = L= f be given by (2.29), then

(2.30) Lou=f Awu= 1 /y fQx¥tde = (A*) L.
’ yi1Q Jo B

Proof of Lemma 2.5. From (2.23), (2.29):

u 1 Y
- Q0 <_> — (A*)7f = —/ Q¥ ldx
Low=A"Au= =0, (y"'QAu) = f
y
and (2.21) is proved. O
The definitions (1.50), (2.20), (2.29) lead to the formal inverse of £:

(2.31) [ = < ?L_)l a(L”fl >
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2.5. Admissible functions

We define a class of admissible functions which display a suitable behavior
at infinity:

Definition 2.6 (Admissible functions). 1. Scalar functions: We say a radi-

ally symmetric f € C° (R, R) is admissible of degree (j, £) € R x {—, 4} if
f and its derivatives admit the bounds: for y > 1,

2j—y—k i
y for (j,+)
(2.32) VE > 0, )akf(y)\ < e ,

Y v for (j,-)
2. Vector valued functions: We say a radially symmetric C°(R? R?) complex
valued function is admissible of degree (p1,p2) € RxR if f and its derivatives
admit a bound: fory > 1,

(233) vk > 0, )a;g%f(y)’ S y2p1—'y—k’ )85%]0(3/)’ S_, y2p2*ﬁfk'

L naturally acts on the class of admissible functions in the following
way:

Lemma 2.7 (Action of £,£! on admissible functions). Let f be an ad-
missible function of degree (p1,p2) € N2, then:

(i) Af is admissible of degree (p1,p2).

(ii) JLf is admissible of degree (p1 — 1,p2 — 1).

(iii) LI f) is admissible of degree (p1 4+ 1,pa +1).

(iv) JL=1f is admissible of degree (p1 + 1,pa +1).

Proof of Lemma 2.7. Proof of (i). This is a direct consequence of (2.33).
Proof of (ii). Let f be admissible of degree (p1,p2). Then Lf is a smooth
radially symmetric function. For y > 2, using (1.50), the decay (2.13) and a
simple application of the Leibniz rule imply: for y > 1,

OER(LS)| = |08(L-Sf)| S v 71 27F,
ES(LS)| = |08 (LaRf)| Sy 7727k,

and (ii) follows.
Proof of (iii). We compute from (2.31):

e (U )



474 Frank Merle et al.

Let then (p1,p2) € N2, f be admissible of degree (p1,p2) and let us show
that u = £L71J f is admissible of degree (p; +1,p2 +1). Near the origin, u is
bounded from (2.20), (2.29), and hence from Lu = J f, u is a smooth radially
symmetric function by standard elliptic regularity estimates. Moreover:

Ru=—(Ly) 'Rf, Su=—(L_)"'Sf.
Inversion of Ly: For y > 1, we use the lower bound from (1.24)
d—2— 2y =VDiscr >0
to estimate from (2.21):

1 4 d—1 1 Y opi—2ytd-1
(2.34) = O(y"*'™),

_ —AQ/ A+§Rudm _ <y_»y /y x2p1+1—'y+’ydl,) — O(y2p1+2_7).
0

We conclude from (2.34), (2.10)

|0y Ru| < y?P T, |9 Ru| S v
and then the bound
05 Ru| S y*PFVTE k>0, y>1
easily follows by induction by taking radial derivatives of the relation

L+ (%U) = —%f

Inversion of L_: Using
4
d—2——1 >d—2-2v>0,

we estimate from (2.30):

A Su = (A*_)_lf:—yd_;lQ/oy(%f)de_ld:c

1 Y A g oz
O ( dilii / x2p2 p71+d 1d$) — O(y2p2+1 P 1)
y* T Jo

We now distinguish cases. If f0+°° ‘W‘ dx < 400, then from (2.29):

(2.35)
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and otherwise from ps > 0 and (2.35):
Y (A* —1cx
S| < ‘Q/ Ui‘”cdw
0 Q

This implies from (2.35), (2.11):

Y
5 y—ﬁ / l’2p2+1dl‘ S, y2(p2+1)—ﬁ.
0

10,Su| S v (02| S P

and then again a simple induction argument by differentiation of the relation
L_Su = —Sf ensures the bound:

0kSu| S 2P k>0, y > 1

Proof of (iv). We compute from (2.31):

TE ( O(L)_l ?—LJF)_l ) '

Let then (p1,p2) € N2, f admissible of degree (p1,p2) and let us show that
u = JL 1 f is admissible of degree (pz + 1,p; + 1). From (2.20), (2.29), u is
radially symmetric and bounded near the origin, and hence from Lu = Jf,
u is a smooth radially symmetric function by standard elliptic regularity
estimates. Moreover:

Ru=—(L_)"'Rf, Su=—(Ly) 'S

Inversion of Ly: For y > 1, we use the lower bound from (1.24)
2
(2.36) d—2——1—7>d—2—27>0
p —_—

to estimate from (2.21):

1 y
A Su = —7/ SHAQztdx
' 18Q Jy O
1 Y 2 g 2
= O(W/ AT A 1dx> = 0@y,
v Jo
and then using v > -2+ again:

p—1
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Sy — _AQ /y A+\su -0 <y_’y /y x2p2+1_ﬁ+7dx> _ O(y2p2+2—ﬁ)
0

and we easily conclude as above:

Inversion of L_: Using (2.36), we estimate from (2.30):

I S b -1
A_Ru = yd_lQ/() (Rf)Qx" “dx

1 y )
(2.37) = O(TTTTj/x%lwP“dhm>=0@%ﬁkﬂ
y 1 Jo

We now distinguish cases. If 2p; +1 — v + ]% < —1, then from (2.30):

—da:

+oo (A*)_I%f' A_u
M=) e =
/0 ‘ ! 0 Q

+00 5
< / (142?775 de < 400

and thus from (2.29):

+oo A* 71% 5 +o0
[Ru| = )Q / qudx‘ Sy [T
Yy Yy

2p1+2—y
S oyt

Otherwise, 2p; +1 —~v + p%l > —1, but then using § ¢ N from (1.27):

2
(2.38) 2p1+1_’7+1?1=2p1+1—a>—1.
Then either f0+00 ‘ﬂ‘ dr < 400 in which case:
—+00 * \—1 )
’%u| = ’Q/ @dem‘ S y 1 S yQ(p1+1)77
Y

where we used (2.38) in the last step, or otherwise from (2.30), (2.37):

V(AL)TIRS

mu\s‘Q/O .

_2 (Y a2
2l < y / x2p1+1 Vo5 dar g y2(p1+1)7'y
0

~
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We then easily conclude as above:
05 Ru| < 2PN >0, y > 1 O
2.6. Generators of the kernel of £°

We now give an explicit example of admissible functions, which will be
essential for the analysis.

Lemma 2.8 (Generators of the kernel of £). (i) Let

(2.39) o= 2| A2 s
Q
then J'®; is admissible of degree (i, 7).
(ii) Let the sequence
s 3 . 2t—a 0

then J'U; is admissible of degree (i — 1,7 — 1).
Remark 2.9. Equivalently, let the directions

~ A
(2.41) ®; L = Eiz(l)oﬁ_, (I)O,-i- = ‘ OQ , 12>0

~_i 0 .
(242) (I’L_ =L q’o’_, @O,— = Q , 2 >0
A simple computation ensures

D; for i=2k
—iy i .
JODT = 20 0 for i=2k+1 "
0 22—«
and thus
U, = \I/i’+ + \I/z',—

with:
(2.43) U = A0, — T 'DiJ'®; = AD; . — (20— a)®;
(2.44) U, =A®;_ — J'DJ®; = AD; _ —2iD; _.

and J'W; | is real valued of degree (i — 1,+), and J*¥; _ is imaginary of
degree (i — 1,—).
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Proof of Lemma 2.8. Proof of (i). ®o is admissible of degree (0,0) from
(2.2). We now proceed by induction, assume the claim for i and prove for
1+ 1. By definition, &, = L71®;. For i = 2k, we have by induction:

J®; = J*Dgy, = (—1)F Dy,
is admissible of degree (2k,2k) and hence from Lemma 2.7 (iv),

JH® = (—1D)FIL @,
is admissible of degree (i + 1,7+ 1). For i = 2k 4+ 1, we have by induction:

J®; = J* 1Py = (=1)F Doy
is admissible of degree (2k + 1,2k + 1) and hence from Lemma 2.7 (iii),
JH®, = (— 1)L gy = (DL (T T Do)

is admissible of degree (i + 1,7+ 1).
Proof of (ii). We claim a more precise control of J'®; for y > 1:

(2.45)
(0 20—
C1,:Y
2%——2- S
C25y Pt >|

Assume (2.45), then ¥, is radially symmetric and satisfies the bound from
(2.40): for y > 1,

2(i—1)—y—k
(i-1)—-2 -k

C1,iY

Vk >0, Vi>1, 9
C24iY

k )
o (mi_

JU;, = (A—Dy)J®; = (A-Dy)
20— 1)—
C ﬂy
= 0 ( ' 2(i—1) ) :

C2,4:Y
The control of higher derivatives follows similarly, and hence J'¥; is admis-
sible of degree (i — 1,7 — 1). We now prove (2.45) by induction on ¢ > 1.
i = 1: From (2.2), there holds for y > 1:

25—y
C1,iY
9i-2 +O
C2iYy Pt

By — ‘ AQ C;—vo +0 (ﬁ) , g =min{a, vDiscr} > 2
B - €2,0 1
Q —%1+O<y7>'

yp
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We then invert

—~ Cx
£o, :‘ L_ 39, :} AQ

—LiRPy Q
From (2.30):

1 Y
APy = ——— / AQz1Qdx
' y=1Q Jo “ “

1
= g O

[ 5ro(wm)] [z ro(&)] =]

C

e [1+o (yi)} [0(1)

Y 2
+ / e 1T [1 + O (iﬂ daf:].
1 xd

We now use the lower bounds:

+

2
d_l_f},__1_a:d—1—2fy:1+vDiscr>—1
p—

2
d—l—y——1—\/Discr2d—1—2fy—\/Discr=1>—1
p—
to conclude:

1 R L
I ey A A D)

- ool

This implies using o > 2:

T A_QP too d
/ @dm <1 +/ T <t
0 Q 1 1’7_ p—1

and hence from (2.29):

+o0 A3
3B, = Q/ i
y Q
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C oy [1 +Co (Aﬂ /;OO :L,’y—ll_ﬁ [1+O <%>} d
o250 ()

from our assumption g > 2. Similarily, using (2.21) and since the integral
term is the same:

_ -1 Yo det R 1
A+§Rq>1 = m/o Ql‘ AQdLU =y P |:1 + O <E>:|

and hence from (2.21):

A+%¢1

RO, = —AQ /

oo [ o)
= o’ [1 +0 (%)] = 7T 40 (y*i)

where we used

2
l1+4yv—-———-g9g=14+a—-—g>1>-1
p—1
and g > 2. The bound (2.45) for i = 1 now easily follows by differentiation.
1 — 1+ 1 We invert
5 . L_%(I)i-',-l . ?RCI)Z
£i1 = ‘ —LiR®; | SO

case i = 2k — 1, k > 2. By induction, J'®; = (—1)*J®; satisfies (2.45).
Hence:

‘ L_S®;44 . CQ,iniiﬁ +0 <y2i72iﬁ>
—LiRP; 4 cLiy? T + 0 (y2277)

From (2.30) and using d — p%l >d—2y>2

1 Yy
A_SD;; = —— / R,z Qdx
i yi-1Q 0
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dy = 400 and' thus:

Since 2i+ 1> 1, [;F ‘A—%q’l

Q

3P Q / ’ A‘%"‘“dy
i+l = = —
0 Q
1 Y i 1
= — : O(1) + cx 1+0 2 dz
Ao
= cy2i+2_ﬁ [1—1—0 <i2)] )
Yy

Similarily, from (2.21):

1 Y
ARD;, = ———— / RD; 2 ' AQdx
+ +1 yd_lAQ 0 Q

2i—
= 7yd}AQ {0(1) + /lycx:ﬂ7 [1 + O <%>] xdldm}

C

ROl

Y .
+ Cx27,+d—1—2’y 1 + O i dx
1 2

Mone easily checks by induction, starting from (2.2) with a; # 0, that the leading
order terms in (2.45) do not vanish, i.e., ¢1 4, ¢z, # 0.
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gl {11 o] e 140 ()

and thus:

RO, = —AQ/y%dy
— 01 [0(1)+/y 2t [1+0<1 )]dx]
o)) 1

The bound (2.45) for i + 1 now easily follows by differentiation in y.
case i = 2k, k > 1. By induction, J'®; = (—1)*®; satisfies (2.45). Hence:

Cl’ini—'y +0 (yQi—Q—'y)
Cz,iy%_ﬁ L0 <y2i—2—ﬁ>

L 3%
—LyRP;

From (2.30)and using d — v — % >d—2y>2:

ASin = T 1Q/ ROz Qda

21
= g 00 [ o ()] ]

C

ol

oo
< ey o)

. 1
- ol

f2i+1—~v+ 1% < —1, then f(;roo %dy < 400 and thus:
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+oo A . 5
S0y, — Q/ \s<b1+1 Q/ et [1—1—0 (%)] da
Y x

- ot o ()] o(d)

I£2+1—y+ 327> —1, then 2i +1 -y + ;% =2i+1—a > —1 from
(1.27). Hence f+oo Mdy*—i—oo and:

yA_(\‘I)Z' 4 41— 2
IB;y = _Q/ de__Q/ B = [1+0<i2)] dx
0 Q 0 L
4o~y 2 2 1 . 1
_ Cy22+2 S |:]_+O <E>] :y2z+2—V |:1+O (_2 :|
Similarily:
1 Yy
A+§R‘bi+1 == W/ %@il’d_lAQdCC
yrAQ o

o(1 vt 110(2 =1
()+ 1C 7 + p X X

1
yi-TAQ

and thus:

_ YARD
R = —AQ/O Tdy
- T o ()]«
= O(1) + 140 = )|d
yw[Ho(%)][ W+ [ 7)|
)

The bound (2.45) for i + 1 now easily follows by differentiation in y. O
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3. Construction of the approximate profile

This section is devoted to the construction of the approximate blow up profile
@b, and the study of the associated dynamical system for the parameters
b= (b1,...,br,) and a = (a1,....ar_).

3.1. Slowly modulated blow up profiles and growing tails

We introduce a simple notion of a homogeneous admissible function.

Definition 3.1 (Homogeneous functions). Given parameters b= (by,)1<k<r.
a = (an)i<n<r_, we say a function S(b,a,y) is homogeneous of degree
(p1,p2,7,£) € N x N XN if it is a finite linear combination of monomi-
als

L L_
[Hkilb?knézla?[} f+

with
Ly L_
Z kmk‘ = P1, Z knk = P2, (mkank’) S N2
m=1 k=1

with f+ homogeneous of degree (j,+) in the sense of Definition 2.6. We set
deg(S) = (p17p27j7 :l:)

We are now in position to construct a slowly modulated blow up profile
as a deformation of the solitary wave.

Proposition 3.2 (Construction of the approximate profile). Let L a large
integer

Q 1 2
1 L - -
(3.1) +>>2 2( > 1)7

and L_ be given by (1.42). Let M > 0 be a large enough universal constant,
then there exists a small enough universal constant b*(M, L) > 0 such that
the following holds true. Let two C* maps

b= (bj)1§j§L+ : [80,81] — (—b*,b*)L+,

a = (aj)i<j<r_ : [s0,s1] = (—b*,b")"~

with a priori bounds on [sg, $1]:

52) {0<b1<b*, b <bl, 1<j<L,

laj| < b{—m for 1<j<L_.



Type II blow up 485

Then there exist homogeneous profiles

{ Sj+=Sj+t(bay), 2<j<Ly+2

S1+=0
such that
(3.3) Qb(s),a(s)(Y) = Q) + Ci(s),a(s) (Y)
with

Li+2

L, L_
(3.4) GaW) =D bi®i () + > a;®_(y)+ > Sjz(ba,y),
j=1 j=1 Jj=2

with ®; + defined in (2.43), (2.44), generates an approximate solution to the
renormalized flow, see (1.53):

(3.5)  0sQpa — J(AQpa + f(Qba)) + b1AQp + Ja1Qpq = ¥ + Mod(t)

with the following properties:
(i) Modulation equations:

L,
(3.6)  Mod(t) =Y [(bj)s + (2§ — a)brbj — bj11]
j=1
Ly+2 L 42
OSm + OSpm.—
Bt 2L TGt 2
m=j+1 7 m=j+1 7/
L_ Ly+2 L_+2
_ OSom.+ DS —
+ Z [(a7)s +2jb1a; — ajn] | @ + Z “oa; T Z da;
j=1 m=j+1 m=j+1

where we used the convention

bj=0 for j=Ly+1 [ Si4=5,-=0
aj =0 for j=L_+1 Sj—=0 for j>L_+3 "

(ii) Estimate on the profile: S;4 is a finite!Slinear combination of terms
S 5% with
ENgE

5the total number of terms is bounded by C(p, L) < +oo.
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(3.7) degS = (k1, ko, j — 1,4), k14 k2 =],
' degS) = (ki ka,j+), kithke=j, k2> 1.
(38) degS (k kQ,'—l,—), k1+k2:j, kzZl
' degS (klak27]7 )7 k1+k2:j7 k222
and
as*)
(3.9) =0, 2<j<m<Li, 1<k<
* (k) b
Pt =0, 2<j<m<Ly, 1<k<2

(iii) Estimate on the error W: let By be given by (1.44), then V0 < j; < L,
there holds a global weighted bound:

~ ey |2
3.10 1+ y?)| L JLr+Hi+ g2 / | :
(3.10) /y<2Bl( + )| |“ + <op, 1 T AR+ t2)
< b§j++4+2(176k+)701/+n'

and the tmproved local control:
(3.11) VB > 1, / (1 +y2)|E*JEk++jﬂI,|2 < BCb?LJr—&-G'
y<2B

Proof of Proposition 3.2. To ease the notation, we denote ¢ = (4. We com-
pute from (3.3), (3.5):

(3.12) 0sQba — J(AQpa + f(Qba)) + 01AQpq + Ja1Qpq
= 95¢ — LC+H DA+ JarC — T [f(Q +¢) — F(Q) — F(Q)]
+01AQ + Ja:1Q.

step 1 Computation of the linear term. We compute the linear term from
(3.4) using L&; + = ®;j_1 4 for i > 1:

Al = 9 = LCHBACH JarC + biAQ + JaiQ
L,
= Z(bj)sq)j’+ + blbjA(I)jﬂ_ + Ja1b;®; 4 — bjﬁq)jd_
j=1
L_
+ Z(aj)sfbj,_ + blajACDj,_ + JalajCI)j,_ — aj[,<I>j7_
j=1
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Li+2

+ Z 055+ +01ASj+ + Ja1Sj+ — LS +
=2

+ biAQ + JarQ

= bi(AQ — Do) + a1(JQ — Do)

Ly L_
S U)s (25 — adbaby — byl + S () + 2ib1a; — aj1]0;,
j=1 j=1
L. L
+ Z [blbj\l/j7+ + albjjq>$+] + Z [blaj‘llm_ + alajJ‘I)j,_]
j=1 j=1
Li+2
+ Y 08 +biAS; s + Jar St — LS+
j=2

where we recall the convention by, 11 = ar_41 = 0. We now treat the time
dependence using the anticipated approximate modulation equation:

L, L_

0S;+ 0S;+

0552 = > (bm)s ot > (am)s o

m=1 m=1
Ly

— Z ((bm)s + (2m — a)biby, — byy1)

m=1

08, +
Dby

08,
B Z ((2m - a)blbm - bm-i—l) ab:j:

05+
Ooam

+ Z ((am)s + 2mbram — am+1)

m=1

— Z(2mb1am — Amt1)

m=1

0S5+

and thus:

L,
A = [(bj)s + (2 — @)b1bj — bjt1]
=1
[ Li42 L_+2

<

0Sm, 0Sp,.—
et D T 2 o,

m=j+1 J m=j+1
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L_

+ ) [(a)s + 2jbra; — ajp]

Jj=1
Li+2

X O, + Z —asm’Jr

m=j+1
Li+1

8aj +

L_+2

2.

m=j+1

DS,

L_+1

8aj

(3.13) + > [Ej+1,+ - ZSj+1,+} + > {Ej+1,f - ZSjJrl,f}

7=1 j=1
+ (b1A+ alJ)ASL++27+

L,
oS
_ Z [(2m — a)byby, — by ] 2t
— Oby,
L.
- Z [2mbiam — am1]
m=1

+ (blA + alJ)SL7+27_

L.
T
— Y l2m — a)biby, — bmﬂ]%

m=1

L
0SL_4o.—
- Z (2mbray, — am+1)ﬁ

m=1

OSL, +2,+
Oan,

with for 1 <j < L, +1:

(3.14) Ejij1,4 = bbbV, + blASjﬁ_ + Ja15j7+ + Ja1b;®; 4 +

7j—1
S;
- > {[(2m — a)biby, — bm1] azj,:

m=1
95+
oa,

+  (2mbiam — am+1)

and for 1 <j < L_+1:

(3.15) Ej-‘rl,— = blaj\I/j,_ +J [alaj@)j,_ + a15j7_] + blASj,_
j—1
0S; _
_ 2 _ m — m .]7
E {[( m Oé)blb b +1] 8bm

m=1

+ (2mbiam — am+1) 05~ }

oa,



Type II blow up 489

This immediately yields by induction on (3.7), (3.8) using Lemma 2.7 and

Lemma 2.8 that F; 1 + is a finite linear combination of terms E](+)1 1 Ej('i)l,i
with

(3.16) { degE%)H (k1 k2, —1,4), ki+ky=j+1,
degE; ), | = (k1 ko, J,+), kit+ka=j+1, ka>1

(3.17) { deg Eﬂgl = (k1 k2,5 —1,-), kit+tka=j+1 ka>1
degE[y = (k1. k2, j,—), kit+hke=j+1, ko >2.

step 2 Expansion of the nonlinear term. We claim a decomposition

Lo+2 L_+2

(319 SQ+0) = /@~ f(Q =3 Rt 3 (B2 +R?) + Ry

where R, is a linear combination of terms of degree
degRj+ = (k1,k2,j —2,+), ki+ka=13

Rgll is a linear combination of terms of degree

degR\) = (ki k. j—2.-), kit+hka=j, kp>1
and Rgzz is a linear combination of terms of degree

degR\Y) = (ki ka,j—1,-), ki+ka=j, ky>2.
Moreover, the remainder has a decomposition
(3.19) Ri=Ris + R + R
where R 1 is a linear combination of terms of degree

degR1 4+ = (k1, k2,5 —2,+), ki+ka>Li+3
Rgll is a linear combination of terms of degree
degR\") = (ki ko, j —2.-), ki +hke>L_+3, kp>1

and RgQ)_ is a linear combination of terms of degree
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degR\") = (ki koyj—1,-), ki+he> L +3, ky>2.

Proof of (3.18), (3.19): We expand the nonlinear term using that p = 2¢+1.
Let the set

J={0<j1<q+1, 0<52<gq, j1+j2>2},
then

QR+~ F(Q) ~F QK= @Q+)THQ+OT =D ¢j, 1, QU0 ¢h ",

jeT

Let (j1,72) € J and j = ji + jo, then each monomial in the above decom-
position is by construction of ¢ a linear combination of monomials

)2 (S(Q) )k

—jL N )
My = QUL (byys )12 (S 2l

L it l 427 a() vyse £ 0(2) \or
X T (a7 T (5, e (52 e,
We note
L++2 L++2
I = Z'Ylk+ Z (V2,6 + V3.k) +Z'Y4k+ Z (V5,6 + Y6,k)
L+ L++2 L L++2
[Tlo =D kg + D k(vak +736) + Y kvak+ Y, k(sk +76k),
k=1 k=2 k=1 k=2

and observe the constraint
[T =j>2.

Each monomial is a polynomial in (b, a) with
degMF - (k17k2757 i)? kl + k2 = |J|2 2 |J|1

for some degree S which we now compute in various regimes of parameters:
case Yar = Y5k = Y6,k = 0: in this case, using |Ji| = j, the rate S of the
asymptotic decay in y is given by

200 —J) | - L++2
k=1 k=1

1
< —242L7 = 4 91Ty — A
p—1
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= AT =D+ 2+ (G- D=g — G-y =1

2k -2 -1 -{G-1 |- 2| -2} <20 -2 -

from
2
j22 - —=>2
p—1

We estimate higher order derivatives similarly and hence:

(3.20) degMrp = (kl,kg, ’J’z -2, +), k1 + ko = |J‘2.
case (Ya ks V5. 76,k) 7 (0,...,0): in this case, we use y=7 < yiﬁd for
y > 1 to estimate:
S TT,C1
L, 5
2k — —— —2
+ > ( p— Lk
k=1
Ly+2 5 5
2k—1) — —— =2 2k — ———2
+ kZQ(( ) " )2k + ( p— )V3.k
L_+2 9 9
k— —— -1) - — k— ——
+ ;( 74k+z oo 1)75k+( p_l)’Yﬁ,k
1
< -2+ Qiﬁ +2[J]2 - ﬁ'Jﬂ —2) [k + 72k + 3k + 5]
k
<

k

2
21 1|J]g —1— E + + + - =
<| |2 [’71,k Y2,k T Y3,k 75,19]) p—1

If one of the v1 &, v2,k, 3k, V5, is non zero, then
S <2(|J]2 —2), degMrp = (k1,ko,|Jo| —2,—), ki +ks=|J|2, ko>1.
Otherwise, v1 1 = Y26 = V3,5 = V5,4 = 0 and hence
[Tt = Yar + Y66 > 2
implies

degMr = (k1, ko, |J|2 — 1, =), ki + ke =1[J]2, k2 >2.
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We now sort all the above polynomials in terms of |.J|2 > 2 and obtain (3.18).

step 3 Choice of S; 1. We compute from the definition (3.5) of ¥ and the
modulation equation (3.6), the linear computation (3.13) and the expansion
of the nonlinear term (3.18):

L++1
o= ) [Ej+1,+ + JRj1,4 — ﬁSj—&-l,-&-}

j=1
L +1

+ > B+ IR+ RS - £
j=1

+ (blA + aq J)ASL++2’+
L,

— > [(2m = a)bibm — bym1]
m=1
L_

- Z [2mbiam — am+1]
m=1

+ (blA + alJ)SL7+27_

Ly
oS -
= Dolm = a)bib — bpa] =g

m=1

L_
0Sp_ 4o,
— 2mbi Ay — Qi) ——e
m;(mla 1) g,

+ JRi.

OSL, 2.+
Oby,

OSL. y2,+
8aj

We therefore solve
LSji14 = Ejiit +JRj14, LSj- = j+1ff+-Jfé21F,+-JE§?L,

and conclude from (3.16), (3.17), the properties of the decomposition (3.18)
and the inversion Lemma 2.7, that Sj; + satisfies (3.7), (3.8), (3.9) at the
order j + 1.

step 4 Estimating the error. It remains to estimate the error:
(3.21) v = (b1A+a1J)ASL++27+ -+ (blA+a1J)SL7+27_
Ly
0SL,+2.+
— S I@m = a)biby, — by =
Ob,

m=1
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L_

oS
_ Z [2mby anm, — amﬂ]ﬁ
ooyt 8(1]'
+ JR;4.

Let

ki +j+=k-+j-, 0<jr <Ly
We start by estimating Sz, 42 terms and split the contribution according to
(3.7), (3.8).

5

AT terms. A term

m
S = A+ a)ASy),

Jr

Ly 85(1)

= Dl2m = a)biby — byg]
m=1 bm
L_ 1

oS

_ Z [2mby anm, — amﬂ]ﬁ

1 8aj

is of degree

(ki,ko, Ly +1,4), ki + ko= Ly +3.
We recall from (1.40) the relation d — 2y — 4k = 46, — 2 and use the
definition (1.44) of B; to estimate:

W
[ asapigagsyop
ySBl —+

2L, 46 21, 2(Ly+1)—y—2(ky++j++1)12, d—1
Sbl+ / y‘y(+)’7(+J+ )‘y dy
y<Bi
< b?LpLﬁ/ ML) =2k 1 g,
y<Bi
2L _j _
= b +"'6/ y4(L+ J++ok) 1dy
y<B;
< b(2L++6)—2(L+—j++5k+)—CL+77 _ b2j++4+2(1—5k+)—cL+77

where we recall
n=n(ls), 0<n<1L
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552L)+27+ terms. A term

&)
S o= A ta)ASY,,

+

L 85(2)

= Yolem = @i — b] 2
m=1 m
L_ (2)

oS

_ Z [2mbyay, — am+1]ﬁ

el 8aj

is of degree
(k1,ko, Ly +2,4), ki+ka=Ly+3, kpa>1.
We then estimate as above using the gain (3.2) from ko > 1:

(2)

/ (1+ y2)|EJEk++j+ Z |2 < b?L++6+o¢/ y4(L+fj++5k+)+3dy
y<bB; + y< B,

< b?j++2+a+2(1—5k+)—CL+77 Sbfj++4+2(1—5k+)—CL+Ti

from o > 2.
SS:)H _ terms. A term

(1
S = A +a)ASY,,

L 85(1)
— Y 1@m — )b — bt
m=1 8bm
L_ (1)
oS
_ Z [2mbyam, — am“]ﬁ
— Oa;

is of degree
(ki ko, L +1,—), ki+ka=L_+3, ka>1

We define
ky +j4=k-+j-, “Ak<j_<L_.
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We then use from (1.40) the relation d — ]% — 4k_ = 46 — 2 and the
definition (1.44) of B; to estimate:

(1)
1+ y2)|LJLk-+i- 2
/y L >

2L_+6+a 2| 2AL_+1)——=2—2(k_+j_+1)|12 d—1
S e I
y<B
2L _ 2Ak —j 4
B / R R =S LY
y§B1
_ b?L+6+a/ AL =i 46 )= 1 g,
y<bB
2L +6-2(L-—j-+6x_)+a—Cr, n 2j++4+2(1=0k_ )+a—2Ak=Cr 7
S by =0
_ b2j++4+2(176k+)7CL+77
= 9

where we used (1.40) in the last step.
Séi)+2,_ terms. A term

2 ,

S = A+ ad)ASY

Ly 85(2)
— Y 1@m — a)biby — b1 2
— Ob,,
L_ (2)
o8
_ Z [2mbiay, — am+1]ﬁ
m—1 (9aj

is of degree
(klak?vL* + 27*)7 kl + k? =L_ +37 k;2 2 25

and we therefore estimate as above:

2)
/ L+ yH)LILHH-3 P
y<B _

2L_+6+2 2L _+2)— 2 —2(k_+j_+1 —
S b Oé/<B yZ‘y( )=y 2o )|2yd 1dy
Y=b1

~
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2j++24+2(1-0k_ ) +ata—2Ak—Cr 1y
< bl

~

from a > 2.
The R, term is estimated exactly along the same lines, using the properties
of the decomposition (3.19). Moreover since the above estimate does not

N ] can be
<2B; 14y +i+72)

obtained along the exact same lines as above. This concludes the proof of

use any cancellation induced by E, the control of fy

(3.10).
The global bound (3.11) is a direct consequence of the homogeneity in (a, b)
of the terms in (3.21). This concludes the proof of Proposition 3.2. O

We now proceed to a brute force space localization of the profile @ .
This is done to avoid the growth of tails, which becomes irrelevant for
y = B1 > By. However we do not localize @, as this would produce un-
controllable error terms. These considerations force us to work with norms
above scaling, which are finite when evaluated on Q.

Proposition 3.3 (Localization). Let the assumptions of Proposition 3.2
hold true. Assume in addition the a priori bound

(3.22) |(b1)s| < bF

Define the localized profile

(323) Qb(s),a(s) (y) =Q+ C(y)a ¢ =x8BG,
1.e.,
L, L Lit2
(3.24) =00+ a;® + > S5
j=1 j=1 =2

with (i)j;l: = XB, @j,i, gjyi = XB, Sj,i'
Then

(3.25)  05Qpa — J[AQbq + f(Qba)] + b1AQpq + Ja1Qp e = ¥ + x,Mod

where ¥ satisfies the bounds:
(i) Large Sobolev bound: let j4 + ky = j_ + k_, then for0 < j_ < L_ —1:
(3.26)
512 .
o Fa 7 R e 512 | W] 251 +242(1—6x, )—CL. 1

and
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(3.27)

0|2
O Fr 7 Tk ALy 312 [P 2L +2+2(185, )+2n(1—6,)
/(1+y )|LFJLR | +/ T S +

with 6, given by (1.38).
(i) Very local bound: VB < 8t w0 < j, < L.,

(328) / (1 + y2)|Z*JZk++j+\IJ|2 5 BCb§L++6
y<2B
(iii) Refined local bound near By: V0 < j; < L,

||
<2B, 1+ AR +i1)+2

(3.29) / (1+y2)| L TLF+I+ 0|2 4 /
y<2B, v
< bfj++4+2(1—5k+)fCL+n.
(iii) Small Sobolev bound: let a universal constant
o> Se |o—sc <1,
then:

(3_30) HVJ@HQL2 < bl{'—89+2+l/1

for some universal constant v1(d,p) > 0.

Remark 3.4. Observe the loss in (3.27) with respect to (3.10). This is a an
unavoidable consequence of the localization of the profile, which generates
the worst case bound in (3.27).

Remark 3.5. We can take

in (3.30).

Proof of Proposition 3.3. step 1 Algebraic identity. We compute from lo-
calization:

83@17,(1 - J[AQb,a + f(@b,a)] + blAQb,a + JCLlQb,a
= XB, [05¢ — J(AC+ f(Qba) — f(Q)) + b1AC + Jar (] + biAQ + Ja1Q
+ C [83XB1 + blyXlBl - ‘]AXB1:| - 2JVC ’ VXBl
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= x5, [¥+Mod] + (1 — xp,)(nAQ + a1 JQ)
— T [F(Qva) = Q) = x5,(f( @) —~ F(Q))]
+ ([0sxB, +biyxs, — JAXB, | — 2J( X,

or equivalently according to (3.25):

\I} = XBl\II + \if
with
U = (1-x5)B1AQ +a1JQ)
— T [£(@r0) = F(Q) = x5 (F( Q) — F(@Q)
(3.31) + € [0sxB, +biyxp, — JAxB,] — 2J¢'Xp,-

step 2 Estimating integer derivatives. The bound (3.27) for xp, ¥ follows
verbatim the proof of (3.10), (3.11) which, in fact, yield a stronger estimate
for 0 < n < n(Ly) small enough. We therefore left to estimate the ¥ terms.
Note that all terms in (3.31) are localized in By < y < 2B; except the
first one'® for which Supp {(1 — x,)(b1AQ + a1JQ)} C {y > Bi}. Hence
(3.28), (3.29) follow directly from (3.11), (3.10). In order to treat the far
away localized remaining error, we split:

(3.32) U=V, +0_, U =a(l—yxp)lQ,
and we claim the bounds:

NS 7 TEE R [0y |2
(1 + )| LI LR+, |2 +

1 4 yAhetip)+2

3.33 bfj++2+2(176k+)7chn for 0<jy <Ly-—1
(3.33) b?L++2+2(1—5k+)+277(1_6P) for jo =L, ’
and

(1+y?)|LTL -0 + L
- 1+ y4(k++j+)+2
(3.34) N (L N P A
b?L++2+2(1—5k+)+277(1_5P) for j_—=1_. ’

Proof of (3.34). Let j4 > 0. We first observe from (3.22) the bound:

which is in fact the leading order term.
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_ (b))

1

lyxX',| < bilp,<y<2B, -

Let now j;+ > 0. We estimate

dr 1
Vk >0, 'W [(1— XBI)AQ]‘ S lezBl

from which, using (1.40) and the definition (1.44) of By:

(1 +97) [ 21854 (1~ xp)0Q)| <82 v dy
Y 1 XBi ~ Y1 o5, YT
b? < 22206 ) (1)
~ a6, ) ~ L '

B,
We now split:

Ly L_ Li+2
j=1 j=1 Jj=2

From Lemma 2.8: for all By <y < 2By,

o ©0) Ly .
(3.36) '—aykg S by
=1

from which, using (1.40): for all 0 < j; < Ly:

[ i|gsz

< (@om )¢~ 200,x8,0,60 — 1 Bp, + 01V, )|
L, ‘ )
< Zb%b?/ y2‘y2j—y—2(k++j++1)‘ @ ldy
j=1 B, <y<2B;
L, A L,
< b%bej Bf(j—h)—‘*(l—%ﬂ < bfj++2 Z(bl B2)20=i+)=2(1=5c,)
Jj=1 j=1
_ { bzi++2+2(1—6k+)—CL+n for 0<j, <IL,—1
~ b +4+2+2(1=0k, ) (14n) for ji = L. )
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Similarily, using (1.40) and the a priori bound (3.2):

X

AN

AN

AN

[ |z
2
(0x8)¢” = 270,x8,0,¢” = T Ax, + 01y, )|

L_
. . . 2
Zb%b?ﬁa/ yQ‘yQJ—ﬁ—Q(/L-H:H)‘ i ldy
j=1 B1<y<2B;

L_
Z b%j+2+o¢Bf(]’*j7>74(1*6k,)
j=1

b?+2j++2(176k+) Z(blB%)Q(j—j,)—Q(l—é;t)

j=1
2j4+2+42(1—6,, )—C1 ,
{bj+++( +)=Cum for 0<j.<Li-—-1

1
2L 4+242(1-90 2n(1-46,
b]_ e ( k+)+ 7]( ki) for j+ = L+.

We now derive from (3.7) the bound:

T A e

from which

X

AN

AN

AN

/(1 +4?) ‘ZJZk++j+

2
(0axB)¢t = 270,x8,0,¢ = T¢D Axp, +01¢y, )
Lo+2

> by /
=2 B

2

. 4 2
{y2 ‘y2(371)7772(k++j++1) ’ i1
1<y<2B,

. _ 2
by 2j—y—2(k 474 +1) ‘ yd—ldy}

L
Li+2 (i —1)—4(1—5 ' ) (1s
b% Z {b%]BI(J_H_ )—4(1=0k ) —I—b%ﬁﬂBl(j_h)_ (1- k+)}

=2
Li+2
BN (b BP0
=2
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Li+2

+ bij++2+a Z (blB%)z(]fﬂ)fQ(lfam)
J=2

< b?j++4—CL+n SbTL+Jr2+2(1—5k-+)(1+n)

for 0 < 7 < 1 small enough, thanks to the conditions o > 2 and 0 < d;, < 1.
We next estimate from (3.8):

’3551‘,—’ S bR yPUT DT Ry e 2k
and obtain the bound:

[ i|esz

2
% (0o = 200,08,0,¢0 = 3¢ Ax, + 1Py, )|
L_+2 . . . 2
< 3 b%—i—ab%]/ yQ{ ‘yQ(g—l)—ﬁ—Q(lL—f—]:H)’
j=2 B, <y<2B;
L . 2
o y2]7E72(k7+j7+1)‘ }ydldy
L2 CA(j—j_—1)—4(1—8 ; 4(j—j_)—4(1=8
< prto Z {b%]Bl(J—Jf— )—4(1=6x_) _}_b%]-i-aBl(J—J—)— (1- k,)}
=2
4 L_+2
< bfjf-i-a-&-ll Z (blB%)Q(j—j,—l)—z(l—zSL)
=2
‘ L_+2
+ b?]7+2a+2 Z (blB%)Q(]7j7)72(1*5k7)
j=2
< bij++4+a—2Ak—CL+n _ bfj++2(1—6k+)+25k7 ~Cr,n < bfj++2(1+n)(1—5k+)

for n < n(L4) small enough.

To estimate the nonlinear term, we first observe:

F(@Qa) = F(Q) = x5, (£(Qp) = £(Q))] S 1Bi<y<2n, [Q7 + [CPICI.

We then estimate for y ~ Bjy:
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. 1 1
Q'S <
Yy
and observe the rough bound:
L++2 ) L,+2 . N ) ) b_CL+77
DS e DL A e
j=1 j=1 Y

from which using v > 2, p—1> 1: for y ~ By,

’Y(P*l)_c
N

for n small enough. Similar estimates also hold for derivatives. The bound

[ |22 (1(@ua) - 1Q) = (@) - 7@ |

_ b?j++2+2(1_6k+)_CL+77 for 0<jy <Ly—1
~ _5k —6,, .

bfL++2+2(1 L)+2n(1-4,) for jy = L.
now easily follows. Note that this argument does not use any cancellation
induced by L. This concludes the proof of (3.33).
Proof of (3.34). We now assume the stronger condition j_ > 0 to estimate
the last non localized term. Using (1.40),

(14 ) [EIE 5 (@l - @) ++ [ L
y ! XBy 1 4 yAke+ie)+2

< e vy v [y
~ "1 > B, y4(k,+j,+1)+ﬁ72 ~ "1 > B, y1+4(j,+176k7)

2+a+2j_+2(1-6,_) { Bo 45 +4(1-0x_)
S b 20
By

~Y 1 9

and (3.34) is proved.

step 3 Control of fractional derivatives. Let now s, < 0 < %. Arguing as in
the proof of (3.33), we estimate:

/ ‘V2k++2j++1(><31\11 [

274 +24+2(1-6 -C .
P (L N P T
S 2L +242(1—8k, )+2n(

bl 1_61)) fOI‘ j+ = L+

)
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Now from (1.40) and o > 2:
(3.37) %y +1=5,—2 %—(1—5k+)]<sc<a.

We interpolate using the notation (1.43):

U—2k+—1

(3.38) c=2z2kt+1)+(1—2)s4, 1—2z=
2L,

so that:

We then compute using (3.37), (3.38):
(24201 = ) = Co o)z + (L4 +2(1— 64,) +20(1 - 5,))(1 — 2) =

1
2—|—2(1—6k+)—CL+n+a—(2k+—l—1)+O<L—>
+

1
:J—sc+a—C'L+7]+O<—>
Ly

and obtain the bound from « > 2 for Ly large enough and 1 < n(L4) small
enough:

T —SeTV d7
IV (x5, W + 04 )22 S by oot

~Y

For the ¥_ term, we use the expansion

k _ (& 1
ayQ_yzfl‘i’k“»O(W)’ kZO

and standard commutator estimates to bound

1
o 2
”V QHLZ(yZBl) 5 W
1

from which using (3.2):

b2+0¢
1 24-0—S.t«
2(o—s.) S’ bl ’
B ¢

Vo Z: <

This concludes the proof of (3.30) and of Proposition 3.3. O
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3.2. Study of the dynamical system for b = (by,...,br,) and
a=(ai,...,ar_)

The construction of the @y, , profile together with the yet described orthog-
onality relations will generate a finite dimensional dynamical system for
b= (b,...,br,) and a = (a1,...,ar_). At a formal level this system is
obtained by setting to zero the inhomogeneous Mod(t) term (3.6) of the
renormalized flow.

(330) 0+ (2T )biby = b =0, 1< < Loy bra =0,
' (aj)s +2jb1aj —aj 1 =0, 1<j<L_, ag +1=0.

In this section we show that (3.39) admits a family of explicit solutions
8]

indexed by ¢ € N*, £ > 5. This family has a special property that its

linearized flow is explicit as well and provides a direct description of its
stable and unstable manifolds.

Lemma 3.6 (Solution to the a,b system). Let

g<€<<L+, ¢ e N*

and the sequence
_ ¢
€1 = 3> .
(3.40) 1= 1<j<i—1,

then with the explicit choice

bi(s) =9 1<j<Ly
i 57
(3.41) { dy =0 . 50

is a solution to (3.39).

The proof of Lemma 3.6 is an explicit computation which is left to the
reader. We now claim that this solution has a codimension (¢+ ks — 1) stable
manifold with &, given by (1.41). We note that the stability and instability
of the (b,a) system is considered in the class of solutions

sup s’ |b;(s)| < Cj, j=1,..., Lt
S

sup s7 12 a;(s)| < Cj, j=1,...,L_
S

We start with the b instabilities:
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Lemma 3.7 (Linearization of the unstable b-subsystem). 1. Computation
of the linearized system: Let

Uk(s)

sk 7

(3.42) bi(s) = bS(s) + 1<k<d,

and note U = (Uy,...,Uy). Then: for 1 <k </0—1,

1

(3.43) (bk)s + (2]{2 — Oz) b1by, — bk+1 = Skﬁ [S(Uk)s — (.Ang)]C + O (‘U|2)]

and

(3.44) (by)s + (20 — @) byby = [s(Us)s — (MeU)e + O (JU?)]

SO+

where
ail = QZ(EE:O{) — (2 — Oé)Cl
a1 =1, 1<i<t—1
(345) Mg = (ai,j)lgi,j,gf with a1 = —(2Z - a)ci, 2 < 1 < 12
ai; = az(;__(i), 2<i </
a;; =0 otherwise

2. Diagonalization of the linearized matrix: My is diagonalizable:

P ¢
(3.46) M, = P;'D,P,, Dg:dmg{— @ 3 a }

1
U —a’2W—a T 2U—«

Remark 3.8. Positive eigenvalues of the matrix M, correspond to (¢ — 1)
unstable directions of both the truncated and the full system for b. On the
other hand, the negative eigenvalue direction together with the submanifold
of solutions of the form (0, ...,0,bp41,...,br, ) generate the stable manifold.
Solutions of the form (0,...,0,bg41,...,br, ) automatically obey the linear
System

(bJ)S + (2j - Oé)bib] - bj"rl = 07 .] ={+ 17 "'7L+7 bL++1 =0.

Its stability in the class of solutions with uniform bounds on s7[b;(s)| is
ensured by the positivity of

2] —« 0 j—4
22—« 22—«

(2] —a)er —j =

for j > ¢.
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Proof of Lemma 3.7. step 1 Linearization. A simple computation from
(3.41) gives for 1 <k < (¢ —1:

(bk)s + (2:16 - O[) blbk — bk+1
1

= Skﬁ [S(Uk)g — kU, + (Qk — a)clUk + (2]€ — a)ckUl —Ugy1 + O(UlUk)],

and the relation

a(l — k)
2k — —k=—-——
( a)er 20 — «
implies
2
2k —1+ — —
(br)s + < k + logs) b1br — b1
1 all —k)
= Sk+l |:S(Uk)5+(2k—a)CkU1— mUk—Uk_;_l-f-O(’U‘Q) .
For k =/,
(be)s + (20 — ) byby — bpyq
1
= Szﬁ [S(Ug)s — Uy + (2€ — Oz)ClUg + (2€ — Oé)CgUl + O(UlUg)]
1
= [s(Ue)s + (20 — ) ceUr + O(|U|?)]
thanks to

—0+ (20 — a)e; = 0.
These two relations are equivalent to (3.43), (3.44), (3.45).
step 2 Diagonalization. We compute the characteristic polynomial. The

cases £ = 2,3 are done by direct inspection. Let us assume ¢ > 4 and
compute

Py(X) = det(M, — X1d)
by expanding in the last row. This yields:

PUX) = (—1)*(—1) (20— a)er + <—X>{<—1)f<—1><2<e 1) - e

+ (2@01 o X> [(—1)“(—1)(2(5 —2) —a)ce
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<% - ) i

We use the ence relation (3.40) to compute explicitly:

(D) (=1)(20 — a)ey
+ (=X)] (CDADEE - 1) — a)er

)

= ey - (x- 55—
+ (200 -2) — a)eps (X %O‘_a) X}.

We now compute from (3.40) for 1 < k <[ —2:

0= 1) = aher-s (X - 57— )

(07

+ U -k —1)—=a))eipinX <X 2 — a)

= -k —=1) = a))e(or [X (X - 2601 oz)
20-k)—a a(k+1)

22— k-1)—a 20—« (X_2(€—k:)—a)>]
= (2(l—-k-1)— O‘))Cff(kJrl)

(3.47) X (X—O;(fj;)> <X_2(e—k:fl)—a)>'

We therefore obtain inductively:

Pi(X) = (—1)5{(% 11— a)ey <X - m>
+ (200 —2) — a)ers (X - %i a) X}
+ (=X) <2£Oia _X) <2€2iéa _X>

y [(_1)“(—1)(2(5 —8)— a)ers + <%3fa _ X) . ..]]
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+ 20 3) - a)ersX (X = a> }

+ (-X) <2goia _X> <2£2fa _X> <2f3f0‘ _X>
[

x  [(=D 3 (=120 —4) — a)ep_y . ..
(—1)* <X - %Qfo) (X - (;—_220‘>
X {(4—@)02 (X—4fa>+X<X—%O:a)

e (emwarx-2=0))

We use (3.47) with k =1 — 2 to compute the last polynomial:

(%

e (- 2)

+ X <X 2;:@) <(2a)c1 X - O‘;f_‘?)

_ {(4—00@ (X— ﬁ) +(2—a)aX (X - 250_604) }

+ X(X— %Oia) (X— a;ﬁ;))

(2 —a)e <X— a;f:?) (X_ Qiéa)

+ X(X— %QO) <X‘ az(f;))

- (-5 5 (e p2) e (v )

- <X_ az(f—_;) <X— anfa> (X +1).

por= ot (52 () (- )
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X (X— fa )(X+1)

20 — o

and (3.46) is proved. O
We now compute the a instabilities:

Lemma 3.9 (Linearization of the unstable a-subsystem). Assume k;, > 1.
Let

_ KktT —
Ak =S 2a, A= (Ak)lgkgkw

then for 1 <k <ky—1 (if kg > 2):

2kce 1
(ak)s + Tlak — k41 = PUER=SY [s(Ar)s — (M, A

and for k = ky:

2kc 1
(ar)s + — Sy = T 5(AR)s — (M, Ayl

with

(Mr)ii = =y [k = (ke +60)], 1<i <k
(Mp)igpr =1, 1<i<k —1
(My,)i,j =0 otherwise.

We can diagonalize the matrix My, :
(3.48)

Mu, = QeDr,Q;", Dy, = Diag (— [k — (ke + 5@)])

Q@
(20 — ) 1<k<ke
Remark 3.10. All &k eigenvalues of the matrix M}, are positive and thus
generate unstable directions of the truncated (and full) a-system. Similar to
the analysis of the b-system the solutions of the form (0, ...,0, ag,+1,....,ar_)

give rise to the stable directions of the a-system. We omit the computation.
Proof of Lemma 3.9. This is an elementary computation based on the value
of ¢; from (3.40). Here, the explicit diagonalization of My, is obvious. [

4. The trapped regime

In this section, we introduce the main dynamical tools at the heart of the
proof of Theorem 1.1. We start with the description of the bootstrap regime
in which the blow up solutions of Theorem 1.1 will be trapped, based on
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the splitting of the motion into the finite dimensional part driven by the
modulation parameters and the remaining infinite dimensional dispersive
dynamics. We then establish the control of the finite dimensional dynamics
by the infinite dimensional part. The infinite dimensional part will in turn
be controlled through the derivation of a mixed Energy /Morawetz Lyapunov
functional in section 5.

4.1. Localized generators of the kernel of the iterates of C

We start by constructing two directions Zps + with the property that their
iterates (L*Zps+)1<k<r. are a well localized approximation of the explicit
kernel of L£F+1+,

Construction of Zj/ 4. First observe from (A.2) that since

2
d—n— 2 >d—2y>0,
p—1
for any M > 1:
41 M < (o, Bo)| = / rhQQ < M5

‘We then consider the fixed vector:

Ly
(42) Zy, = Zc Tx®o) + 3 o (B (Txaro)

m=0

with the explicit choice:

and the inductive relation: for 1 < k < L,

L_ k-1 by k—1 ~.
+ szé }+ C(Ixnr®o, 4, L7k )+ 30 g e 1 (Ixar®o,—, LDy 1)

m,

C = )
kot (xmJ®o,+, Po,—)

and for 1 <k < L_,

b X G (D ®o,, LBk ) + 5 e (TXu @0, £ )
b (X2 J o 1, ®o, ) '
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We compute:

(Grs o) = |eg - (Ixm®or, Pot) + cf 4 (IxmrPo,—, Po+)
(4.3) = [(Jxm o, ®o )| 2 M,
and

(44)  (Em4,Po-) = g _(IxmPo,+, Po,-) + 5 (IxmPo,—, Po,-) = 0,

and for 1 <k < L,

L.
(Em 4, Pry) = Z e (Ixm®oq, L7 Pp 1)
m=0
Ly
+ 3 e (Txu®o -, L7y )
m=0
min{L_,k—1}
= ¢ (Do Qo)+ D eh (IxnuPor L 1)
m=0
k-1 N
+ e (o, L7y L)
m=0

=0

and for 1 <k < L_:

L_
Enr: Pr) = Y &b (Txu®op, L7y )
m=0
Ly
+ > e (Txu®o, LMDy )
m=0
k—1 _
= CZ;_(JXM@O,J” Qo) + Z c,fl’_(JXM<I>07+,£m<Dk,_)
m=0
k-1

+ > (Txu®o, LMDy )
m=0
= 0.
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In particular:

(45) (E:l:q)j7+7 EM,-i-) = (JXMq)U,—H q)07—>6i,j7 0< Z,j < L+
(ﬁl@j,_,EMﬁ_) =0, 0<5<L_, 0<:< Ly
We now claim by induction on k the bound

(46) 6] S M e | e

and indeed!”

k
1
+ 2m+a j rd—2v+2(k+1-m)
\ck+1’+‘ < p—— [E M M

m=0

+ A{%nﬂid—v—;%7+2@+l—nﬂ]

< M2(k+1),
1 F )
+ 2ty pd—y——2-+2(k+1—p
|ck+17_| < — [ZMP o ) pd=r— 5= T )
M p—1 p:()

+ MQpMd—ﬁ—i-Q(k-H—p)]

< M2(k:+1)+a.

Using the cancellation £*(J g, +) = 0 this yields the bound:

L_ L.
(4.7) /|EM’+]2 < ZM4k+204Md—27—4k + ZM4]<:Md—p4T1—4k < e
k=0 k=0
and similarly'®
48) JRR R

Construction of =7, . We now consider along the same lines the direction:

1Tusing d — 27y > 0 so that all integrals diverge.
1&gusingd—ﬁ—2:cl—2fy—i—20¢—2>0.
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L_ L,
(49)  Em- =D (L) (Ixm®oy) + D oy (L™ (TxarPo,-)
m=0 m=0

with the explicit choice:
Cot = 0, Co— = 1
and the induction relations: for 1 <k < L,

in{L_ k—1} _ = k—1 — =
e ZES&{) ) Con (TX0 0,1, L™ Dp 1)+ om g e  (Txar®o,—, LBy 1)
kot (xamJ®o,+,Po,—) '

and for 1 < k< L_,

Zﬁf:lo Con—(IX 2P0+, qu)k,—) + Zﬁf:lo Cm+(IXx2®Po,—, qu)k,—)
(xmJ®o 4, Po,—)

Ck77 =

so that

(4.10) (EM,_7 (13074_) = C(I_(JXMCI)07+7 @074_) + C(I.:,_(JXM(I)O,—a (13074_) =0

|(Em— Qo) = o (IxarPo+, Po,—) + ¢y (SxmrPo,—, Po,-)

(4.11) = |(Jxmu®o+, Bo_)| = M
and

(Eva,(I)kﬁ_) =0 for 1 < k < L_|_
(EM,_,(I)]“,) =0 for 1<k<L_

In particular:
(4.12)

(Li®; 4,2 ) =0, 0<4,j <Ly
(L'®;_,Ep—) = (JxmPo4, Po-)dij, 0<j<L_, 0<i<Ly.

The bounds
@) [EuPsyt [aeIEE st

now follow verbatim as in the proof of (4.7), (4.8).
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4.2. Setting up the bootstrap

We are now in position to describe the set of initial data leading to the blow
up scenario of Theorem 1.1.

We assume that the initial data ug € H*(RY). Since the nonlinearity is
smooth, there exist a unique solution u € C°([0,7°0, H®) for all s > 0 with
the blow up criterion

T < +oo implies hTI%l llu(t)|| s = 0o for s> s..
t

We now restrict our class of initial data. We pick
L+ > 1

and a Sobolev exponent o with

1 d
(414) L—<<0'—SC<<1, SC<0'<§.
+

and require that initially
(4.15) lug — Q|| . < 1 for s € [o,Ly].

Modulation. By continuity of the flow, the smallness (4.15) is propagated
on a small time interval [0,%;). On [0,¢;) we then define the unique decom-
position:

1 ~ r ;
2 Q a +e (tv —> el’Y(t)’
= (Qu(t),a(t) ) O

)\(t) >0, b:(bl,...,bL+), a:(al,...,aL_)

(4.16) u(t,r) =

where the modulation parameters (a,b,\,7) are determined from the re-
quirement that (t) satisfies the L + L_ + 2 orthogonality conditions:

(4.17) (e, (L)*Ep+) =0, 0<k<Lx.

The existence of the decomposition (4.16) is a standard consequence of the
implicit function theorem and the explicit relations from (3.4), (3.9):

Y, 0 =

0 .
— v vy Y
<a)\ (Qb,a)Ae ; 8[)1 (Qb,a))\e PR 8bL+ (Qb,a))\e )
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0 = 0 = . 0 = ~
a—,y(Qb,a),\em, a—al(Qb,a))\ewa e %(Qb,ah6”> |A=1,6=0,7=0,a=0

= ((I)O,-i-a(bl,-i-a" . 3®L+,+¢0,—)¢l,—)' "7(I)L,,f)

which, using (4.1), (4.5), (4.12), imply the non degeneracy of the Jacobian:

‘ (50pacy @l (€0

= (xmJ®o 4, Do)+ TL-T2 £ 0

1<5<L4,1<k<L_,0<i<Ly A=1,b=0,7v=0,a=0

for M > M* large enough. The decomposition (4.16), in fact, exists as long
ast < T and £(t,r) remains small in H* N H+.

Setting up the bootstrap. We now set up the bootstrap for the control of
the geometrical parameters (A, b,~,a) and the radiation e. We will measure
the regularity of the map through the following coercive norms of &:

e High Sobolev norms adapted to the linearized operator: let s be given
by (1.43), we consider the high order Sobolev norm adapted to L:
(4.18)

~ ~ s 82
gs+ _ (J££k++L+€7£k’++L+€) > C(M) [/ \% +5‘2 +/—1-||—?|J28+:| )

where the coercivity property follows from Lemma C.3 and the choice
of orthogonality conditions (4.17).

e Low Sobolev norm: let o be chosen in the range (4.14), we will also
control € in the norm:

(4.19) / |Voe|?.

We now choose our set of initial data in a more restricted way. More precisely,
pick a large enough time sg > 1 and rewrite the decomposition (4.16):

(4.20) u(t,r) = (Qp(s).as) + )7 (s,y)

where we introduced the renormalized variables:

(4.21) y:ﬁ, s(t):s(]—l—/o ,\j—(TT)'

The renormalized time variable s will be shown to range in the interval
[s0, +00) with s = 0o corresponding to the blow up time 7. We introduce a
decomposition, see (3.42):
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Uk
(4.22) bk:bz+s—k, 1<k</
and consider the variable
(4.23) V = PU

where Py refers to the diagonalization (3.46) of M,. Similarily, if k, > 1, we
let from (3.48):

(4.24) Ap ="y, A= (Ap)i<k<n, A= QuA

We recall that 0 < n < 1 is given by (1.45) and assume initially:

e Smallness of the initial perturbation for the b, unstable modes:

ﬂ(lfép)
4.95 (6" Vats0))__ €Be1).
(4.25) 50 k(s0)), ., €Bc(D)
e Smallness of the initial perturbation for the a; unstable modes: if
k@ Z 17
(4.26) ( 2070 1 (s )) € By, (1)
' A
e Smallness of the initial perturbation for the stable b modes:
(4.27)
1 kg B2E—ae
Vi(so)l < =53, W+ 1<k <Ly |or(so)] <bi(so)™ === .
§2\ 0P
e Smallness of the initial perturbation for the stable a modes:
(4.28) Vhke+ 1<k <L_, |an(so)| < bi(so)tstamn.
e Smallness of the data in high and low Sobolev norms:
o 10[ L+
(4.29) Ve 80)| + & (s0) < bi(sg)2- .
e Normalization: up to a fixed rescaling, we may always assume

(4.30) A(so) = 1.

The heart of our analysis is the following:
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Proposition 4.1. Let
K=K(d,p,M,Ly,0)>1

denote some large enough universal constant, then for any so large enough,
there exists initial data for the unstable modes

2(1-6, it 2(1=0
(VeCso)ss ") _ o (Aulso)si ") € Bra1 (1)

)2§k§£ 1<k<k,
such that the corresponding solution satisfies the bounds: Vs > sg,

e (Control of the unstable modes:

(4.31) (S%(l—%)vk(s))qu 8 (8%(1_6P)Ak(8)>1<k<m € Beri,—1 (1)
e Control of the stable by, modes:
10 10
(4.32) Vi(s)| < SI5,) bk (s)] < e (+1<k<Ly.
e (Control of the stable ap, modes:
1
S 2

Control of the radiation in high Sobolev norm:

(4.34) Ex, (5) < Kby (s)2Le H20-0 )4 2m(1=0,)

Control of the radiation in low Sobolev norm:
(4.35) V7|2, < Kby(s)7a @5,

Remark 4.2. Note in particular from (4.22) that the above bounds imply
that for n small enough

bl(S)N% B (s)] S (01(5))%,  lar(s)] < (ba(s))*+®

which are consistent with (3.2).

The proof of Proposition 4.1 proceeds via bootstrap combined with a
standard topological argument & la Brouwer. Given (£(0),V(0)) as above,
we introduce the exit time
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(4.36) s* s*((s0), V(s0), A(s0))
= sup{s > so such that (4.31),(4.32),(4.33), (4.34),
(4.35) hold on [so, 5]},

assume that for any choice of

1(1—0y
(437)  (Vitso)sg ") Beiri1 (1)

x ( ) €
2<k<e 1<k<k,

the exit time s* < +o00. and look for a contradiction for sy large enough. Our
main claim is that the a priori control of the unstable modes (4.31) is enough
to improve the bounds (4.32), (4.33), (4.34), (4.35). The contradiction claim,
i.e. existence of the data for £ 4+ ky, — 1 unstable modes resulting in the exit
time s, = o0, is then established through a Brouwer type argument.

We formalize the first part of this argument in the following proposition.

Proposition 4.3 (Bootstrap under the a priori control of the unstable
modes). Under the assumptions of Proposition 4.1 let the solution (¢(s), a(s),
b(s), A(s),v(s)) obey the bounds (4.31), (4.32), (4.33), (4.34), (4.35) on a fi-
nite interval [so,s*]. Then the bounds (4.32), (4.33), (4.34), (4.35) in fact
hold with an improved factor, e.g. 1/2, on the same interval [sg, s*].

The end of this section is devoted to the derivation of the modulation
equations. They follow from the construction of the directions =y, 4+ and the
choice of the orthogonality conditions (4.17). The key monotonicity Lemmas
for the control of ¢ in the H? x H+ topology are then proved in section
5. The proof of Proposition 4.3 is then completed in section 6.1. We will
make a systematic implicit use of the interpolation bounds of Lemma D.1
following from the coercivity of the &, energy established in Lemma C.3.

4.3. Equation for the radiation

Recall the decomposition of the flow:
(4.38)

u(t,r) = 1

L (Grwyaty + (5, 9)e = | —(@+ O)(s,w) + w(t,r) | 7.

2
p—1 p—1

We use the rescaling formulas

u(t,r) = 5 v(s,y)ei'y,

CU—W,
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1

As _ ;
s (0sv — —Av +iv5v) (s, y)e"”
N ()

15)
tU b\

and (3.25) to derive the equation for ¢ in renormalized variables:

(4.39) 655—%A5—/:'6:F—1\7I\&1—73J€=]:

with

(140)  Nod == (54 01) AQua+ (1~ @) G xmMod
and

(4.41) F=—U,+ L) — N(e)

where L(e) is the linear part arising from replacing vaa with @ in the
nonlinear term:

(4.42) L(e) = J(f'(Q) = '(@va))e, f(u) = ulu~!,
while the remainder higher order term:
(1.43) N() =T [£(@ra+2) = [(Qua) — <F'(@na)]

We also need to write the flow (4.39) in original variables. For this, let the
rescaled linearized operator

o= 5 (7). -4 )

and the renormalized matrix operator

G2 )

then the renormalized function

1
w(t,r) = —5¢(s,7)
Ap—1
satisfies
~ 1
(4.44) ow — Lyw = —Fy, Falt,r) = F(s,y)-

A2 AT
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Observe from (3.41), (4.32) that for s < s*,
el SBY, 0<bi <1, 1<k<L,

for some universal constant independent of the constant 7 in (4.31) in the
range 0 < n < 1, and similarly from (4.31), (4.33):

lag| <OV 1<k <L_

for n in (4.31) small enough. As a consequence the a priori bound (3.2) as
well as the conclusions of Proposition 3.3 hold with constants independent
of n, chosen to be sufficiently small.

4.4. Modulation equations

We now derive the modulation equations for (A,b,~,a) from the orthogo-
nality conditions (4.17).

Lemma 4.4 (Modulation equations). We have the following bounds on the
modulation parameters:

Ly—1
Z |(bk)s + (Qk’ - Oé)blbk — bk+1‘
k=1
L1
+ Z |(ak)s + 2kbrag — ag1]
k=1
As L 0, —0p
(4.45) N ’7 T I R )

the sharp bound for by, term:

V’53 L +14+(1-dy, 1-6,
(446> ’(bL+)s + (2L+ — a)blbL+‘ S M2—5+ + b1++ +( 2+n( )
by

and the lossy bound for ay_ term:

(447) ’(GL_)S+2L7b1aL_’ 5 MC /(C/-SJr +bf++1+(1—§k+)+77(1—5p).

for some universal constant ¢ = cqp 1, > 0.

Remark 4.5. Note that under the bootstrap assumptions the above bounds
imply:
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(4.48) [(b1)s] S b7

and in particular (3.22).

Proof of Lemma 4.4. This Lemma is a consequence of our choice of orthogo-
nality conditions and the construction of the compactly supported directions

S

step 1 Law for by, . Let

As
— +b

(4.49) D(t) = A

+ |’Ys —CL1|

+ Z [(bi)s + (2k — a)bybg — bry1]

+ Z ’ ak Qk — a)blak — ak+1’

We take the inner product of (4.39) with (E*)L+EM7+ and obtain using the
orthogonality (4.17):

(4.50) (Mod(t), (L) Zar.4)
= (U, (L) Ears) + (Le, (L) 4B y)

+ <L(€) — N(e)+ %Ae — s Je, (ﬁ*)L+:M +>

We now evaluate all terms in (4.50). The lhs is computed using (3.6), (4.40),
Supp(Em, +) C {y < 2M} and the scalar products (4.5):

(Mod(t), (£7)"*Znr,4)
= <— <% + bl) AQp o + (75 — a1)JQpa — x5, Mod, (Z*)L+EM,+>
= ((br,)s + 2L+ — @)bibr, ) (Ixm o+, Po—) + O(M by |D(1)]).
We now turn to the rhs of (4.50). The error term is estimated from (3.28):

’(\i/b, (Z*)L+E )‘ < MC’bL++3 < bL++1+(1 5k+)+77(1 5 )

To estimate the linear term, we apply (C.20) to LE++1e and estimate:
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Es, = (JEEk++L+5, Ek++L+5)
‘ZL++1€|2

_ FAky—1 7Ly 4+1 . phky—1 5L +1
= (JLLVS LM e, LT LI €)ZCO/W

for some universal constant ¢y > 0 independent of M, and hence using (4.7):

(Le, (£) )|
S LM ellageonn lEastlze S V€, M™+ Y| Ear s 2
< M2k+—1+§—ﬁ \/Z
We conclude using (4.1), (1.40):

2

) M2k+71+§*;\/§< Vs,

MO M

(Le, (L) 4 Enrs)

4.51
(4:51) (XmJPo,+,Po,—)

The remaining terms are estimated using the Hardy bounds of Appendix B
and the size of the support of Zj/

‘ <L(5) — N(e) + %As — v Je, (E*)L+EM,+> ‘ < My (V/Es, + D).

The collection of above bounds yields:

\/55 Li+14+(14n)(1—6k, )
(4.52) |(br, )s+ (2L —a)bibr, | < M25I bt DICEE

+MSbyD(t).

step 2 Law for a;_. We follow a similar chain of estimates to compute
the modulation equation for aj,_. We take the inner product of (4.39) with

(CN*)L* En,— and obtain using the orthogonality (4.17):

(4.53)
(Mod(t), (£*)E-Ep,-) = — (U, (L) Eprn) + (Ley (L) Ep-)

+ <L(5) — N(e)+ %As — vsJe, (E*)LEM,_> )

We now evaluate all the terms in (4.53). The lhs is computed using (3.6),
(4.40), Supp(Em,—) C {y < 2M} and the scalar products (4.5):

(Mod(t), (L)~ 2, )

)
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)\S ~ ~ P —_
= <— <T + b1> AQpq + (75 —a1)JQpq — xB,Mod, (L )L+5M,—>

= ((ar.)s +2L-brar )(Ixar®o+, ®o-) + O(M b D(t)).
The error term is estimated from (3.28) which implies:

(B, (252, )| 5 MO <y 0,

The remaining terms are estimated using the Hardy bounds of Appendix B
and the size of the support of =y _:

~ As ~
‘ (cs + L(g) = N(e) + 5 Ae = 75 e, (ﬁ*)LEM,> ‘ < MY\ /& +biMED(1).

The collection of above bounds yields

(4.54)
(ar )s +2L brag )] S MO /&, + b I g A€y,

step 3 Law for —/\7 and by, 1 <k < Ly — 1. We take the inner product of
(4.39) with (E")kEM,Jr and obtain using the orthogonality (4.17):

(Mod(t), (£)*Zar4) = (P, (£)Znr4)
+ (L(e) _ N+ %As e, (Z*)kEM,+>

where in particular the linear term dropped thanks to (4.17) and k < Ly —1.
We compute from (3.6), (4.40), Supp(Enp—) C {y < 2M} and the scalar
products (4.5):

(Mod(t), (£*)¥Zp 1)
= ((bp)s + (2k — a)byby, — bpy1) (I xar®o 1, Po,) + O(MCEbyD(2)).

The remaining terms are estimated using (3.28), the Hardy bounds of Ap-
pendix B and the compact support of =) 4 giving the bound:

(4.55)
—0k —0p
[(b)s + (2k — @)biby — by S 0y (D) + B

Taking the inner product of (4.39) with Zjs 4 yields similarly:

>\S — Ok —0p
(4.56) 5+ by < prr IR L vy (D@ + V8.
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step 4 Law for 75, ag, 1 <k < L_ —1. We take the inner product of (4.39)
with (£*)¥Z),_ and obtain using the orthogonality (4.17):

(Mod(1), (L)' Enr-) = —(p, (£7)*Ens-)
As ~
+ <L(£) — N(e)+ TAE —vsJe, (E*)kEM,_>
where again the linear term dropped thanks to (4.17) and & < L_ — 1.

We compute from (3.6), (4.40), Supp(En,—) C {y < 2M} and the scalar
products (4.5):

(Mod(#), (£7)*Zar,-)
= ((ak)s + 2kbiay, — ak+1)(JXM<I)07+, @07_) + O(Mcbl‘D(t)’)

The remaining terms are estimated using (3.28), the Hardy bounds of Ap-
pendix B and the compact support of =j; 4 resulting in the bound:

(4.57)
(ar)s + 2kbrag — apgr| < bt THITRITI0) L ey (D) + V8.

Taking the inner product of (4.39) with =j; _ yields similarly:

(458) ] SOOI L MG (D) + V).

step 5 Conclusion. Summing (4.52), (4.54), (4.55), (4.56) (4.57), (4.58) gives
the rough bound:

D) < MC\/(Z + bf*+1+(1*5k+)+n(lf6p)

which reinserted into (4.52), (4.54), (4.55), (4.56) (4.57), (4.58) yields (4.45),
(4.46), (4.47) for |by| < b7 (M) small enough. O

4.5. Improved modulation equation for by ,ar_

The modulation equations for by, ,ar,_ correspond to the unstable directions
linear in € due to our choice of orthogonality conditions (4.17), and the fact
that Zps + is merely an approzimation of the kernel of LF++L+ Indeed (4.46),
(4.34) would only yield the pointwise bound

Ly+(1—6x, )+n(1-5,
(b, )s + (L4 — a)bby, | < b T 0T
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which is not good enough to close the expected modulation equation
Li+1
|(bL,)s + 2Ly — a)bibr, | < by,

and similarly for the a;,_ modulation equation (4.47). We however claim that
the main linear term can be removed modulo a term with a time oscillation:

Lemma 4.6 (Improved modulation equation). Then there holds the im-
proved bounds:

d [ (Lre, xp,J®o_)
4. s 2Ly — Je - ’
(4.59) (br,)s + (2L+ a)blbL++d3{(CI)O’_HXB“J(I)O,—)
1 L+ (1-8k, )+n(1-5,)
S W{C(M)v58++b1+ : ]’
By
d [ (LY e xB, o)
4. s+2L_b — - 7
(4.60) (ar_)s + 1ar. + oo { (®0,—, xB, JPo,+)
1 Ly +(1=6x, )+n(1-6,)
S B2—6k[C(M)\/58++b1+ o ]
w

Proof of Lemma 4.6. step 1 Proof of (4.59). We commute (4.39) with LI+
and take the scalar product with xp,JJ®¢.—. This yields:

d ¢ ~ .

{5 e xm, TR0-) | = (L2, @004 (x2,))
- Ao~ -

(L tle, Txp, ®o—) + T(ELW\E, XBoJ®o,—) — V(L Te, Tx B, Po,-)

+ (LY (F = Mod), Jxp,®0,).

The linear term is estimated by Cauchy-Schwarz using Lemma C.3, (1.40)
and L*(JPp,—) = 0:

(L5 e, Txp, @0, )|

AN

. i )2
B | B (T, @0 ) 1 ( / Q)

1+ y2+4k+

AN

d 2
142ky o 512
C(M)By B " T\/&
d—y— 2 ~20%,

= C(M)B, VEs, .

+

Similarily:
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’ys(EL+ Je, JXB[)(I)O,_)‘

As %
’T(EMAE,XBOJ%,—)’ +

A2 +[e]2 \? T N
S b (/1+y4(L++k+)+2 (1 4 y B th+2y (£ ey g JBg |
k i 5.
< hC(M \/:Bop1+2++1<c( M)B! - 2+\/5T+
d— 5
S CM)B, T Vs,
and

(B2, 0, 0,(x5,) )l

1

(b1)s ‘£L+5|2 (/ Ak, 42 2>
< 1+ ++ p— 1
~ ' by 1_|_y4k++2 Bo§y§2Bo( Y Ny 77|
—25,,
< conu BT e < By T e

< cnBlTTET P E

We now estimate the F' terms. We anticipate the bound (5.23) to estimate:

[(E"+ N(e), Txi, 0. )|

< < |N(5)2)5 (/ (1+y 2k +Ly)+1- 2 — 2L+)2 -1, )
1+ g2+ y<2B0

]_—‘,—V(dp) —Y— —205, +2 d— ’y—— —203
< ut & B, < B N

N =

and similarly using (5.30):

‘(EL+L(5), JXB()(I)Q,)‘

< / ‘L(g)P : / (1+y 2(k++Ly)+1- 27——2L+)2 d— 1dy >
~ 1 +y25+74 y<2B,

d— —20
< By * /s, -

We estimate the ¥} term from (3.29):

(L5 0, x5, T®o,-)| = (T, (L) x5, TR0, )|
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1
= 3 2
< ([ </ y4<k++L+>+2|yf12“'2)2
1_|_y4(k++L+)+2 Bo<y<2B,
Ly42+(1=0x, ) =Cr o n p2ketl=25+5
S by By '
Bd*’Y*ﬁ*25k++2[)L++2+(1_5’“+)_CL+77
= 0 1
d—y—-25 =28k, Li+1+(1=6k,)—Cr,n
S By 7 b
d=y= 25 =20k Lot (1=60, ) +n(1—5,)
< By Ty '

We now compute the leading order term from (4.45), (4.40). We derive from
(3.7), (3.8) the rough bound: for y < 2By

2 1+35 2 2
bh@+y) b *A+y) 4y

4.61 +ly-Vv =
( ) ‘Cb,a’ |y Ca,b 1 + y"/ 1 + yﬁ 1 + y'Y

S
which together with the cancellation E*J(Po,, =0 and (4.45) gives:

As . I
‘7 + 61‘ (L AQp 0y X By TP0,— )| + |75 — a1 (L TQp 0y X B, T Po,- )|

A

L (=00 )n(1-6,) / h(1+y*)  y“'dy
1 ) Bo<y<2Bo 1 —+ y'Y 1 + y2L++ﬁ

< b1L++1+(1—5k+)+n(1—6p).

To estimate the lower order terms, we first observe the rough bound for
y<2Bp,1<j<Ly:

Li+2 L_+42

ISm OSpm, —
X ot X a

m=j+1 J m=j+1 J
Lo+2 . .

< Z b [yZ(m—l)—v b7y
m=j5+1

by gy

(4.62) < P

and hence for 1 < j < L;:
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Li+42 L_+2

— LyE+ JP
Z 8()] + Z abj ( ) (XBO 0,— )
m=j+1 m=j+1
by =7 d— d—ry— 25 26
< / 21Ly—2 y ldy SoiBy g b By o
Bo<y<2B, y i
We obtain, using
2—y—-% 2—y—-%
= TS (XBo®oq4, JPo,-) S By o
the cancellation £L+ ®; . =0for j <Li—1and (4.45):
Li—1
> [(bj)s + (27 — a)bibj = bj]
j=1
Li+2 L_+2
asm+ annqqf Ak L
X Q4+ z z 6—%,(5) *(xB,J Po,-)
m=j+1 m=j+1
< b1L++1+(1 5k+)+77(1—5p)BO 7*;*25@
and using (4.46) for the leading order term:
[(br,)s + (2Ly — a)biby, ]
Li+2 L_+2
oS, OSm— =~
o — T (L) (B, o,
N EEE D D SR DI el GO L
m= L++1 m=L++1 +

— [(bo)e + (2Ls — a)bibr] [<<1>o,+, o)

+ O(b1 gy T 26k+>]

= [br,)s + 2Ly — a)bibr, |(®o,+, xB,JPo,-)
Lo ( VEs, Ll ) 4n(1-6,) 51 5’”+B —y- 25k+> .

M 20k 1
We now observe the rough bound for y < 2By, 1 <j < L_:
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Li+2 L_+2
L 0S s 2 0Sm—
P D Dl
m=j+1 J m=j+1 J
Li42
5 Z bgn*j |:y2(m—1)—'y_|_y2m—'yi|
m=j+1
L_+2 ‘ N
3 [ ey
m=j+1
(4.63) T M
and hence:
Li+2 L_+2
0Sm + OSm,— %L
P —— (L") JPy _
(],+Z Tt Y e (B ()
m=j+1 m=j+1
< / v by Ldy
~ y§30<230 y2L++_
d—~y——2_4 L d——2-+2(j—L
5 BO’Y p—1 ( +)+blBo 1 (G—L+)
d—my——2__9Ak d——2-—2Ak
< By ++blB o
dem— 2 _9 d—y— -2 —25; +20%
S By 7 4By rn T
S

where we used (1.40). Hence using (4.45), (4.47):

L_
> l(aj)s + 2jbra; — ajia]
j=1
Li+2 L_+2
astr 851%,* /L
LY 3 T () (m 20
m=j+1 m=j+1

< {Mc\/: L++1+(1 Sk )+n(1-5, )] Bg (=

~y

The collection of above bounds together with the lower bound

d—’y—%1
(P04, xB, JP0,—) 2By, "
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yield the preliminary estimate:

\ [(bo)e + (2Ls — a))bibr. ]

1 d [ A
— dg _
- (®o,45 XB,J Po,—) ds {(E & X8 %o, )}‘

df'yfﬁf&%ur

B Li+(1=6k, )+n(1-5,)
S OBd—v—ﬁ [C<M)v Esp +0)° : ]
0
1 5, Y 4n(l—s,
(4.64) < 7W—F@@Mg:+ﬁﬁuaﬂmuaq'
Byt

We now observe the bound
~ ~ 5 1+2k 492
‘(£L+€,XBOJ‘I’O,—)| / |CE+e|? B, + p—
(®o,+5XxB,JPo,—-) 1+ y2+aks gl
0

ooy e

A

(4.65)

N

which implies:

~ d 1
L e xp, J®o )| ‘
( XBo 720, )|d3 (®o,+,xB,JPo,—)
[(LE+e, xB, Do)

b/ AQ|Q
(®o,+, XB,J Po,—)? ! Bo§y§230’ |

2(1-6x,) ,
< ooy PV gt  CUDVE,
~ 1 d—’}/— 2 0 ~ 25k+

B, " B,

Injecting this into (4.64) yields the expected bound (4.59).

step 2 Proof of (4.60). We commute (4.39) with £~ and take the scalar
product with xp,J®o 4. This yields:

d ( ~ ~
{5 e Ix, TR04) | — (L5, J0010,(x,)

- Ay~ -
= (LF-Te Ixp,®o 1) + T(EL*AE, XBo o+ ) — vs(LETe, TxB,Po.+)

+ (L (F = Mod), Jxp,®0,1)-
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We recall the notation Ly + k4 = L_ +k_. The linear term is estimated by
Cauchy-Schwarz using the estimate (C.20) and L*(®¢ ) = 0:

~ 14+2k_ | 7% ’EL?EP 2
|([,L_+1€,JXBO(I)U,*)| S BOJr Hﬁ (JXB(J(I)OHF)HLz </1+yw

d_ d—y——2--24,
< CM)BY-BETTR =By T gL

Similarily:

As , ~
‘T(ﬁLA&XBOJ%,Jr)

+ 'ys(EL* JE, JXBO(I)Q7+)’

AE 2 + le 2 % ~x 2
b </ 1 —i’-y4|(L_+’k_’)+2) (/(1 + TR (L )LXBOJ‘I)O,+|2>

S
d—y——2-—26;
< hCM \/ZBZ T ccnBy T VED
d—y—-25—265_

S CM)B, ’ VEs.

(22 e, J®0,0,(x5,))) |

(b1)s / ILh-e? \? (/ ak_+2y), — =L 2>;
SJ 14 - L

‘ by 1+ ytk-+2 Bo<y<2Bo( Y W |

2k +1+4 =25 —20k
< oM 2 e <CM ot

Ve,

We now estimate the F' terms. We anticipate the bound (5.22) to estimate:

|(E5 N (), x|

< ( \N(6)|2 )E (/ (1+ y2(k:_+L_)+1—'y—2L_)de—ldy> B
~ 1+ g2+ y<280

14 2p) —y——2-—25),_ +2 d—y=+27 =20,
S b £, By S By Es,

and similarly using (5.30):

‘(ZL L(e), Jy BO%#)’

L(e 2 % o B 2
Y=<b0
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Ay 225
S By T G,

L
We estimate the ¥; term from (3.29):

(ﬁL U, x5, J®o,4)| = (T, (L) xB, J o + )]

2 ’ A(k_+L_)+2|, —y—2L_ 2 :
(7R (Tt
1+?J4(’“ +L-)+2 Bo<y<2B,
by

A

24 (16, ) - cL+nsz_+1—v+§
0
de ’Y—E_?‘Sk—+2bL++2+(1_6’“+)_CL+77

" 1

3—7_192?_25" bL++(1 8 )+n(1— 5)

N

= B
< B

We now estimate using (4.61), the cancellation £*J®q = 0 and (4.45):

As s o
3t bi| [(L5 AQba, XBo T Po,+)| + |75 — a1 | (L5 TQb,a, X By I Po,+)]

< pLrHlHIE-6ey) {/ by yi=1dy }

~ 1 Bo<y<2B, 1+ yy 1+ y2L_+7

Next, from (4.62) for 1 < j < Ly

Li+2 L_+2
&S’m (95m— P
m=j+1 m:j+1 J
by 7 4 20k—o pd~ T 71
< dy < by B2k g
/Bo<y<230 Lty W 0
di __2 _ k —_— 6k
< BITETey B < gy
and hence:
Ly
Z [(bj)s + (2) — a)bibj — bj11]
=
Li+2 L_+2
asm+ OSm.— =
x |54+ Z > o, (L) (xB, TPo,1)
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< VEs, Li+14+(1=8,, )+n(1=3,) | d—7v—-25—20x_
S + 0y By :

From (4.63) and a > 2 for 1 < j < L_:

Li+2 L_+2

a8, OSm.— =
> a—m+ + Y (L) (B, TR0 )
& 0Oq ., 0Oq
m=j+1 m=j+1
25— 2j——=2 2 2
Y +by™ et 4 d—y——=7—« d——=—v
< dy < B Pt 4+ B, P
~ Yy Yy 1
/BOSyQBo y2-ty 0 0
d—y— =25 =26,_
5 B() 9
which together with (4.45) gives:
L_-1
> [(ag)s + 2jbia; — a;1]
j=1
Ly+2 L_+42
OSm. 1 OSm.— %L
D _ — — (L") JDq _
X s + Z aa] + Z 8@7 7( ) (XBO 0, )
m=j5+1 m=j5+1
< B(c)lfvf,,%;%k,bf++1+(1—6k+)+n(1—6p)
Finally, from (4.47):
[(ar_)s +2L_biay, ]
Li+2 L_+2
oS, + OSm.— .~
i) B +>5 ) E* L_ Jb
m=L,+1 * m=L,+1 +

d—y—-25—26;_
= llar_)s+2L-bas ] |:(q)07—ﬂXBoJ(I)O,+) +0(B, 7 )}
= [(az_)s + 2L biar_|(®o+, x5,/ Po,-)
L — O ~6,)] Hd—V— 2720k
+ O ([MC\/Z_‘_ b1++1+(1 +)-‘H?(l ):| BO = > ‘

The collection of above bounds yields the preliminary estimate:

1 d {51
[(ar_)s+2L_brar ]|+ (@0 x5, J%01) ds {(5 €7XBDJ‘I>0,+)}'
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d—’y—i—25k7
By Li+(1=8x, )+n(1-5,)
i [C(M)\/Es+ +o }
0
1 6 6,
(4.66) < i [C(M)w/é”; 4 pbrtima )} |
0

We now observe the bound

C ~ 3 d_
[(LE-¢, xB, JPo.+)] - / ZE-e2 \? Bé+2k_+2 o
(®o,—, xB, JPo+) 1 4 y2H+ak- Bdﬂ*%
0

o) e,

(4.67)

N

+
which implies:

d 1

L£h- J®y )| —
(L€ xn, T 20, )|d3(‘1)0,7,XBoJ<I>0,+)

ZLfe, JP
5 |( X By 0,+;‘ bl / ‘AQ‘Q
(®o,—, xBo S P0,+)*  JBy<y<2m,
2(1=6k_)
B, Es, d——-2 _ C(M)\/&s
S O ————"rp, 5%'
By T By~
Inserting this into (4.66) yields the expected bound (4.60). O

5. Monotonicity

We are now in position to derive the main monotonicity tools at the heart of
the control of the infinite dimensional part of the solution. We rely on two
classical sets of estimates: energy estimates, at both high and low level of
regularity, yet above scaling, and a Morawetz bound to control local errors
on the soliton core. Note that neither of these two estimates is sufficient
to provide decay on its own, only the combination of the two is successful.
Roughly speaking, the energy bound provides the outer control in the self-
similar region, while the Morawetz estimate controls radiation on the soliton
core.

5.1. Monotonicity for the high Sobolev norm

We now turn to the derivation of a suitable Lyapunov functional for the &
energy.
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Recall the decomposition of the flow (4.38). We define the derivatives of w, e
adapted to the corresponding linearized Hamiltonians Ly, £:

wWg = Z’;w, €L = st, k>0
and claim:
Proposition 5.1 (Lyapunov monotonicity for the high Sobolev norm). Let

_1_51)

(5.1) g T

then there holds:

d £S+ 77(1*5;;) b]_ ger
(52) a {m [1 + O(bl )] < A2(s+=sc)+2 | predey

1 2 |€k++L+|2
+ C(M)/m {|V5k++L+| +W

for some universal constant ¢ > 0 independent of M,n and of the bootstrap
constant K in (4.34), (4.35).

Proof of Proposition 5.1. step 1 Suitable derivatives and energy identity.
Using the notation (4.44) we compute from (4.44):

~ ~ ~ 1
(53) 8twk++L+ - E)\wk)++L+ = [8t7£1)€\++L+]w + £I>€\++L+ <ﬁf)\>

We now derive the energy identity for (5.3) using the self-adjointness (1.51):

d&s 1d ~
— 2+ = 5@ {(JL)\wk++L+7wk++L+)}

t

(T, Lx]wy, 41,y wk, +1,) + Qewn, 41, JLxwy, 41,)
([0, Lwnsrwi, ) + (100 L3 Jw, T oywn,11,)
(5.4) + (Z’f++L+ [%}}] N RTI L+>

Our next goal is to estimate all the terms in (5.4).

step 2 Well localized quadratic terms. By definition:
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~ _ _plop-1(r
J,C)\:<0A+1 p>\2Qp ()\) (iA—i—l—LQp_l(z))
A2 A

from which

(5.5) J[@t,EA]:%%<§VO(§) (\)/0( \ > Vo= (p — 1)OP2AQ.

,
2
We observe the improved decay

1 1
k —
(56) |v ‘/0| S_, y7+2;p:12)+k - y2+a+k; kj 2 0

which yields the bound:

< bi ek, +1,|?
~ \2(s4—sc)+2 1+ y2+a )

’ (J[at’ £A]wk++L+ b wk’++L+)
‘We now claim the estimate

~ 2
00, 25

Jar

bt
(5.7) S C(M)mgs+7

ShitLey |? 2042
R T B R e

which is proved below. This implies:

‘ ([ata Z§++L+]w7 JE)\wk++L+)

h S oo [ W >+ (GIINY
)\2(S+—Sc)+2 Mcék+ 1 + y2a Ek++L+ 1 + y2

Proof of (5.7). A simple induction argument gives the formula:

ki+Li—1
0, L = 37 LR LT
k=0

We renormalize and compute explicitly from (5.5):

(5.8) [0, L5 T w
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_ k Vo \ Atk +L0)—(kt1)
BEEVCOE AR Z £ ( 2V 0 >‘C o €

The regularity of V at the origin and a simple application of the Leibniz
rule with the improved decay (5.6) give the pointwise bound:

2(ky+Ly—1)

bl ’vZ(k++L+fl)—p€’

[0, L5+ wl <

~ \2(ks+L)+2+ -2 2+a+p
2\2(k++Ly) P = 1+y
2(ky+Ly—1
o )\2(1@++L+)+2+p%1 1 + y2(k++Ls)+a—m
m=0
2(ky+Ly—1)+1
by (kr+Ly—1)+ Ve |

\ [@,c’“*“m’ <

~ )\2(k++L+)+3+ﬁ 1 + y2(ke+Ly)+1+a—m’

m=0

We conclude from (C.24):

Jasy

b% Ve 2 1+y2a
A2(s4—sc)+2 ‘ ‘ 1+y (k++Li)+2+20—2m

2
[0y, L5 4w

1+ 92

~ 2
[@,E’i*“*]w\ + [y

2(k++L+—1

AN

< |Vm5‘2 <o ¢
~ \2(s1—s0)+2 Z 1+y (s4—m) ~ ( )/\2(s+—sc)+2 S+

and (5.7) is proved.

step 3 U terms. From (3.27) and by the coercivity of L, L_:
Feerie | 20| JE
N2 A S AWk L

<[5 (o)

1 2L F242(14+n) (=65, )\ 2
)2 ( + n + )

~ )\2(s+ Se

2L +2(1—6k, )+n(1—6,)
< 2(54—50)+2 Lwask+ )b1 + ]
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step 4 Mod terms. Recall (4.40):

Mod(t) = Ts + bl) AQb,a + ('Ys - al)‘]Qb,a

L,
+ > [(bj)s + (25 — a)babs — bja] X8,

j=1
Li+2 L_+2
as N dSy _
LD D eI Dl
m=j+1 J m=j+1 J
L_
+ > [(ay)s + 2jbia; — aj1] x,
j=1
Li+2 L_+2
asm+ OSm._
X | D+ + —
R Sk -
m=j+1 m=j+1

We need to remove the last modulation equations for (b, @ £_) in order to
take advantage of the improved bounds of Lemma 4.6 since the pointwise
bounds (4.46), (4.47) are not good enough to close. Let the directions

(5.9) T, =xB,®, +» To_ =xB,Pr_—
and the vectors:

(Lr+e,x B, JBo,)

" (ZL7 £, XBy Jq)0,+) T
(0,4, xB,JP0,—)

L_
(Po,—s XB,J Po,+)

(5.10) & = & =

We decompose
(5.11)  Mod = Mod — 9,&4 — 05¢—, Mod = Modyaq + Mod; + Mody
where

— L+ J Do L
Mod, — (ETexsdP, )8STL++( € X8,/ ®o.+)

(®o,+, xB,JPo,) (®o,—, XB,JPo.+)

1 Li+(1=8k, )+n(1-5)
0 (B () B, a7 D]
0] <—215 [C(M)w/gS+ + bf++(1—5k+)+n(1—6p)]>] ,
B k_

0

as TL _

+ Tp,

+ Tr_
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according to (4.59), (4.60) applied with p = 1,

. A - - _ _
Mod; = < \ + b1> AQb,a + (’75 - al)JQbﬂ + Mod + Mod_,
Li—1
Mody = > [(b))s+ (25 — a)bib; — bja] xa,

J
Ly+2 L_+2
asm 9.+ OSpm.—
X |: 7,4+ + Z Z ab] y
L

m=j+1 m=j+1
_—1
Mod_ = [(CLJ')S + 2jb1aj — CLj+1]
7=1
Li+2 L_+42
OSmm OSpm
(b - S L ?
% |: I + Z aaj + Z Gaj ’
m=j+1 m=j+1

and the remaining term:

Mody = [(bL+)s+(2L+a)b1bL+}|: Z o T Z 8bL7
.

m=L,+1 Pt m=L,+1
Lo+2

OSm + OSm,—
12 s+ 27 _— :
(512) + [(az)s+2jbar ]| D, Fot+ D) Fo
m=L_+1 m=L_+1
The bounds:
(5.13) / (14 g BT B+ Nodyey 2
< B2 [b(l §p)n5 +b2L++2(1 iy )+2n(1—6, )}
~ 1 S+ 9
(5.14) /(1 + y?)|L* T LF T Mod, |2
< 2 {b(l 5, )775 b2L++2(1 Ok, )+2n(1- 61))}
~ 1
(5.15)

/(1 +y2+4g)|E*JZk++L+1\ZO\dZ|2 < b% oM )55+ n b2L++2(1 Ok y )+2n(1-6,)
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with g given by (5.1) follow by direct inspection. We then estimate the
corresponding term in (5.4):

~ 1, — T r
‘(gkﬁh [E(Modl + MOdrad))\:| ,JﬁAwk++L+> ‘

1 . - o o 2
( / (14 )| L JLF+FE+ (Mod; + MOdrad)|2>

< -
~ )\2(S+—Sc)+2

ler,+0, 2 ?
1+ y?
2L++2(1_5k’+)+277(1_620):|

by (1=6,)1
S Soeom e b

X

and

~ 1, — ~
’ <£k++L+ [p(MOdQ))\:| ) Jﬁ)\wk++L+> ‘

1 24dgn| A% 7 kLN 12 : lenyrr|? g
S s (g speatae) ([ i

< by [C’(M) M+b2h+2(l—6k+)+2n(l—m &, ]

14y2H 1 M

Proof of (5.13): Using the cancellation L* JLL+Fhe ®r, + = 0 we first esti-

mate:
/(1 +97%)

9 4(1—8k,)
S B§5k+ blzfo 4(11,5 ) S b%B§6k+ <@> + ’
B gl B

o 2 oA 1
,C*JEL**'“*(XBICI)L+,+)’ SBlli A o 4(1—0x,)
B, +

This implies:

o ) /By 400k
s, [ st (%)

(5.16) /(1 +v°) B

and hence:

1

—Io,

2L++2(1—5k+)+2?7(1—5p)}
BO

[C(M)gs+ + b
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~ ~ 2
Lr gLk ey ‘

< Jasa)

1 2L, +2(1—8,, )+2n(1—6, 46, [ B 410k )
N VT {C(M)&u + by #H A Oe Jonl )] biB, <§0>
B, " 1

< 2 {b(lféu)ng +b2L++2(176k+)+2n(176p)}

~ 010 s+ T 0
Similarly,

[ PIE L oy )P
d——t —4—dk_+2 1
S B = B;L(l—ﬁk_)
) B\ 41-8:_)
(5.17) < By (B—°> .
1

This implies:

. " 2 X B 4(1-6x_ )
(5.18) /(1+y2) £*J£k++L+TL7‘ <BBy <—°> :

B
and hence:
1 {C’(M)E n b2L++2(176k+)+2n(175p)]
k s 1
By .
I 2
X /(1+y2) E*JL’“**MTL‘
—61,)
1 2Ly +2(1-8, )+20(1=6,)] 19 48, [ Bo\ 7%+
S W {C(M)SS+ +by " ] b1By B,
< P [b?—ékf)ng +bfLJr+2(1—5k+)+217(1—5,))}
~ S+ .
Similarily,
I 2
/(1 +y°) |[LHTLH TR L Osx,
2
9 p2—dky+d—2y—4 _ by
1
2

E* JEL’Jrk’ CI)L,,aSXBl

/(1+y2)
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92—k +d—Ai—4 b%

B,

Therefore, using (4.65):

/(1+y2)

4(1-5,.,) b?
cONBy e, [ﬁ]

1

~ 2
(LE+e, xp, JPo, )

(®o,+, xB, S Po,—)

Z* JZL7 +h- 8STL+

AN

1-5,
< wplt e

S4

and with (4.67):

/(1 +v%)

4(1-8, ) b?
S CM)B, Es, [W}

1

T 2
(L% e,xB, JPo,+)

(Po,—s XBy S Po,+)

E*JZL’_HL OSTL_

S e,
This concludes the proof of (5.13).

Proof of (5.14), (5.15):

Mod; terms. From (3.7) by a brute force estimate for 1 < j < L:

Lo42 2

/ (L +y*H9) | S Lracktheyg, _8g;n',+
m=j+1 J

Li+2

/ (1 + y2T49) Z b?(m—j) [1+|y2(m—1)—7—2(k++L++1)|2}
y=2B. m=j+1

N

Li+2
+ / (1+y2) Z b?(m—])ﬁta |:1+|y2m—7—2(k++L++1)|2]
L++1

2 2(m—j) dy
bl E : bl /y 1+4(L4—m)+4(1—0k, )—4g
m=j

AN

<2B, 14y
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Lo+2

2(m—j)+a dy
+ Z+1 by /y<2B 1+ y1+4(L+*m)+4(1’5k+)74g
m=j =

N

b% [1 I b?(L++1—j)B;15k++4g:|

a [12(Ly4+1—j) 40k, +4g 2(Ly42—j) pd+46k, +4g
b [vr B + b B

N+

for 0 < n < 1 small enough, thanks to o > 2 and (5.1). Similarily, from
(3.8), (1.40):

Eay 05m_|
m=j+1 J
L++2
</ (14 >+29) Z b?(m—j)w {1+’y2(m—1)—ﬁ—2(k,+L,+1)’2}
y<2B,; m=j+1
L++2 )
+/ (1+y2+4g) Z b?(m—j)+2a [1+‘y2m—pj—2(k7+[/7+1)’2}
y<2B; m=j+1
Li+1 d
< 32 2(m—j)+a Y
< by Z by y<2B, 14y HAC—m)+=5 )~
m=y3 ==
Li+2 J
2(m—j)+2a Y
+ 21b1 /y<2B1 1+y1+4(L77m)+4(175k7)74g
m=j <
T2 j 4 L 4(1-0 4
<B(14 3 gl
m=L_+1
ol 2L_—5)+2(1—8, )—2g—C
_ a+ _—7)+2(1—-6_)—29—Cp
SSUT |1+ Y (B 20 )=29=Cryn
m=L_+1
S b% |:1 + b?_QAk+2(1_6k7)_CL+ni| _ b% [1 + bf(l—(;kJr)—CLJrn
< bt
(5.21)

Hence, using (4.45):
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Li—1

/(1 + y2) Z [(bj)s + (25 — Oé)blbj — bj+1] Z*JEk++L+
j=1
Li+2 a8 L_+2 Py 2
1 LFF m,—
XB | o Z a; Z ab;
m=j+1 J m=j+1 J
< b%bfL*'%2+2(1_5k+)+2”(1—5d

and (5.14) follows for l\m_,_. Moreover from (4.46):

/k1+y“%9“wLJS+2L+mm4]ZhU?H¢+

Lo+2 L_+2 2

9Spm + 8S
B DL gt )L
T)’L:L++1 8bL+ m=L++l abL+

2L +2(1-6;, )+2n(1—6,
< o, + o

Mod_ terms: From (37 for1<j<L_:

Lo+42 2

< 0y,
Japrn| Yo gy, 2ot
m=j-+1 @

Li+2
/ (1+y2+4g) i b?(mfj) {1+ |y2(m71)7772(k++L++1)’2:|
y<2B; m=j-+1
Li+2
+ / (1+12) Z b?(mfj) [1+|y2m—7—2(k++L++1)|2i|
y<2B, m=j+1

AN

Lo+2

—j dy
b2+ b2(m J)/
1 m;ﬂ 1 <25, 1 +y1+4(L+—m)+4(1—6k+)—4g

N

L2 1 4 L 4(1-6, 4
< b% + Z b?(m—J)Bl(m_ +)—4(1=6r, ) +4g
m:L++1

since Ak > 1, and from (3.8):
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& 05|
1 2+4g E*JZk++L+ m,—
Jovwrn| 3 Bomton s
m=j+1
Li+2 .
S / (1+4% Z bi(m—a) {1+ ’yQ(m—l)—pTl—2(k,+L,+1)‘2]
y<2B; m=j+1
L+Jr2 )
+ / (1+y2+4g) Z b%(m—J)-‘rOc {1+’y2m—ﬁ—2(k,+L,+1)‘2}
y<2B; m=j+1
Li+1 d
< 72 2(m—j) Y
S by Z by <28, 14 gy P M5 ) g
m=j =
Li+2 J
2(m—j)+a Y
+ ZH bl /y<231 1+y1+4(L77m)+4(176k7)74g
m=j b
e N _A(m—L_)—4(1—6_)+4
5 b% + Z b?(m_j)Bl(m_ ~)—4(1—0,_)+4g
m=L_
fat? A(m—L_)—4(1—8,_)+4
2(m—j)+ m—L_ )= —0r_ )+4g
+ ) B
m=L_+1
—-CL —6r )—
< b%—i—b(f Ln+2(1-6,_) 29§b%.
since o > 2. Hence, using (4.45):
/ (14+97) | D [(ag)s +2jbia; — azin] L7TLH
j=1
2
Ly+2 L_+2
8Sm+ 8Sm_
(O ZZmT )
XB; Js + Z 8@' + Z 8@-
m=j+1 J m=j+1 J
2L, +242(1=8x, )+2n(1—6,)
< b :

~

and (5.14) is proved for Mod_. Moreover from (4.47):

/(1 + y2+4g) ’ [(GL,)s + 2L_b1aL7} E*JEk++L+
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2
Lo+2 L 42
i St i DS,
XB: Oay, Oay,_
m=L_+1 m=L_+1

< B[oane,, +o I ]

This concludes the proof of (5.15).
Lower order modulation parameters. We use ZAQ =0, ZJQ =0 and (1.40)
to estimate:

2

2
‘/(1 + y2)‘£*Jﬁk++L+AQb,a + ‘/(1 + y2)’£*Jﬁk++L+JQb,a

Ly
/ S B (14 g2y 2kt L)
Yy

<2B, 5

A

Lo+2

2j 1)y
+ / Z b1](1+y2|y2(] 1)—y 2(k++L++1)’2)
y<2B, j=2
+ b?j—i-a(l+y2‘y2j—7—2(k++L++1)’2)
L_

+ / Zb?jJra(l+y2‘y2j*ﬁ*2(k,+L7+l)|2)
y<2B; j=1
L_+2
27 2(j—1)——2-—2(k_+L_+1
+ / Z b1]+a(1+y2|y (4-1) o1 (k—+L_+ )|2)
y<2B; j=2

27+2 2j——2-—2(k_+L_+1
+ blj—i- a(1+y2|yj P (k—+ +)‘2)

Ly

Z B2 / dy
1 1+4(1-8k ) +4(L+—7)

A

Li+2

E 2 Y
j=2 bl /y<2B 1+ yl 4165 )+4(Ly+1-7)
J >451

Li+2 ay
2j+a
+ 2;51 lé<ﬁg1+ykﬂu—&Q+QMfﬁ
J= =47t

L_

/ d

2jta Yy

’ §;b1 (é<ﬂ31+yH4@4LyH@ﬁ)
J= 451
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L_+2

4 ay
jZZ ' y<2B, 1 +y1+4(1*5k,)+4(L,+17j)
L_+42 N

2j+2a

’ Z g /y<2B1 1 4 ylt40=0k ) +4(L——3)

<

and hence from (4.4):

/(1 +v7)

2L +24+2(1-6 +2n(1— 6
< b2b + ( k+) 77( )7

2

_ (AT + bl> LI AQy 0 + (s — a1) LT L T4 TQy

which concludes the proof of (5.14).

step 7 Nonlinear term N(e). We now turn to the control of the nonlinear
term. We expand using p = 2q + 1:

0<k <qg+1
=3 Nital€)s Nipso(e) = MeRQEtMQr R L 0<ha<yg
k1 + ko > 2.
We claim the bound:
(5.22)
1 2 dklvl"&
k4L W2+ | Nk s (€) 2+O(T) lell%;.

for some dy, , = d(k1, k2,d,p) > 0 which, together with (4.35) and Hardy,
yields

5 JLM AL Ny 1, ()] |Nie, i, ()2
v£k++L+N 2 / | 1,R2 1,R2
/1 ks ) + - Hhase
(o= sc)u(d.p)
(5.23) < b7 Es.
thanks to

(0 — so)v <dp>>>i

from (4.14). This gives the control of the corresponding term in (5.4):
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\(ﬁ’ﬂ*h Ve JﬁAwk++L+)\

1

o Lo=sc)v(d.p) sc>u(dp> 2 | €kt L |2 2
< =Ry rhg 1
~ )\2(5+ o < > </|V5k++L+| ey

< 7t
- )\2(s+ Se)+2 M

Proof of (5.22). We first derive from the Qb,a construction the bound:

(5.24)

Using (B.4) we estimate:

~ N, 2
/’v£k++L+Nkl’k2(€)’2+ ’ kl,k?Q(g)‘

1+y2$+
- S4 ‘D Nk-hkz < ] ‘Dl(€k1€k2)’2
~ E § :§ : _ 4(p— 7@1 ka)
= 1 4 y2(s+=9) ]0101+y(8+ i+ +2(5-1)

4(p—k1—ka) 25++4(P ki1—ka) *

Y L0y
I+y » 1+y Pt

Near the origin, H*+(y < 1) is an algebra and therefore:

| D3+ (ehr ek ) |2 gk ka2 (ks +h2) 2 3
/ 4(p—k1—ko) + 254 +4(p k1 ko) H HH : yél) S gs+ ~ b g
vl 14y 1yt 4y®tTT e

‘We now claim the bounds:
(5.25)

s k1 ko)|2 2, d
/ DR oy 240(7) paraa- 6k+>+2n<1—6p><”5” )
Yy

>1 1 +y4(1?*:711*k‘2) ~ bo‘—sc
/y>l 1 +y25++p4j(p—k1—k2)
di
2+0(L) 2L, +2(-0p )+2n(1—0,) [ €l
C L k n I3 o
(5.26) < K T * =

which yield (5.22).
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Proof of (5.25): We let
k=ki+ ks, 2<k<np.

We split the integral in two.
Term y > By: We estimate:

‘vs+ (€k15k2) 2 2p—k) i )
L D
/yZBOHyﬁ(p—kl—kz) SV

We claim the nonlinear estimate:

549

d _ d
(5.27) Ym €N, m > =, [[V™(e"ek)| 2 S (lellf=" +1IVEelfa M) IV el| 2

2

which is proved below. Using (D.1):

2
}V5+ (eFrek)
/yzBo 1 4yt (Pki=he)

2(p—k)

< bt

< C(M)Eg,b,"

2
L2

T—Sc
bl

5 bi+0(f)5s+ <||V 8|

>(’“)[1+O(L1ﬂ

Proof of (5.27): By Leibniz:

(V™ (ekreke)| ST, 4 gymm|Vie

Let p; = 22 € [2, +00], then from Hélder:
IV 2 S 1M = Vel L2 S T Ve[ 1o

Let
d d
—Li+—=—-—m;+ =
Di 2

2(k—1)
o o), sE-)vo( 5
IV7ell .2 ( +)b1 ( +)] IV+ellZ:

2
L2

2= (k1) (0 —s)+(k=1) (§~0)+O( ) <”vag|
by

-
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then from Sobolev:
Vil < |[V™e|l2 for p; < 400 ie. I; # 0.

Observe that
(5.28) mi=2 41, (1_1) >

and we can interpolate:
‘ 4 1, .
IV™ellze S 1V 2ell >V ™ell7

with

i

d .
m; = 5(1 —z) +mz; e z = m € [0,1].

This yields

k
) k—7 )
IV e e S s gemmlVoelin S S elE T 4 gm0l V™ 2
j=1
S el D v gm0 |V E el ™ (19
j=1

N

k
k—j 4 i—1
S DNl NV Eell: Ve e
j=1
k— d
S (lellf<t + 1Vzell 2 HIvV™el e

by Hoélder. This is (5.27).

Term y < Bp: We now control the inner integral. Note that for p = k, the
nonlinear estimate (5.27) treats the inner integral as well and we may there-
fore assume k£ < p — 1. We expand using the Leibniz rule:

Vor(hek)l s Y0 I, Ve
l1+...lk=S+

and distinguish three cases.
case l; = sy: In this case, using the L* bound (D.3) with § = (2(p—_k) we

o p—1)(k—1)’
ave:
/ ]5"3_1V5+5}2
y211 4 yr1 P h)
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2(k—1)
C(M)E

S+

3

2(p—k)
1+ Y (p=1)(k=1) L

2028 1 (1) (£ —0)+(k—1) (0—5.)+O( - (HV"@\ ) -
bO’ Se

AN

< O(M)E,, b, "

Es

1 +°

AN

po e

y o) (HV%!

) (k— 1)[1+0(i)}

case l; = sy — 1: In this case,

/ ‘Hvlis 2
y21 14y @h)

2(k—2
€ — 2(p — k)
< Vs%/w+ P, = 2R
[l et f19 PRSI
We interpolate:
IVoelle S Vel Vol 2
with
—1- 1 1 1
(5.29) a,=F" 7% 1 _1—+O< >
Sy —0O Sy —0O S+ LJr

We now invoke the L bound (D.3) with § = o < 1, (D.2) and the
bootstrap bound (4.34) to estimate:

2(k—2)

Hljy% Vel [ 197+
2(k—1)|1+0()|  (k—2)an+(k—2)(£—0)+(L+1—0)+O(
5 Hvo’ ||L2 [ + ]bl ( ) ( ) ( +)
2-240( %
v HVH{':HL? o+ < +>
o (k=D [1+0(55)| g@=h) 4 (_1)(d—_s a
< KC (Hzggﬁz) [ D) bi(pflu-(k 1)(4=s.)+140( )
y b(l—ﬁ—i—O(i))(2L++2(1—6k.+)+2n(1—6,,)+0<i))

1



552 Frank Merle et al.

1 p k—1)|1+0(-
< chi+0(:) <||Zai|c%2>( )[ +0( J] bfL++2(1—6k+)+277(1—6,,)'
1

case l[; < sy — 2: Up to reordering, we have

l1+...lj:S+, lj+1:~-:lk:0, l; >0 for 1 <1< 7.
By Holder:
IViie|2 i , , 2 Ap—k
/ |—4<-k> < ell3% 7 loght €|y <i<; Vie| |2, with 1-= = %.
v<Bo 14y »t g dp-1)

Using Holder again:

45+

IMh<i<;Viele S Mh<ics Vel Lo, @ = 7 € (2,+00].
1
From Sobolev and I; > O:
. . d d
HV%HL% 5 va'é“HLz, m; == — — +1;.
2 g
We interpolate:
d 1-L
= (1 — . ; St @5+
m; 2( zi) + zis+ e z; 5 1 ﬁ

Observe that z; > 0 for L, large enough, and from I; < s; — 2:

zi < s+ =2 ?
S4 b
2 1 d 1
= 1—-=—=—+0(—])||1- O —
[ 2Ly (L)H 2Ly <Li>]
1
1+—++0
<o ()
1 [d d 1
= 1 - | Z - Z O -
T P ]Jr (Li)
Now
d_d_df, 2] _dip—k) _2(p—k)
2 g 2 q] 2dip—-1)  p-—1
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and thus:

1 [2(p—k) 1 k-1 1
<z <1 =Py —1-——— 40— ) <1
V=ss +2L+{ p—1 ]+O<L2> <p—1)L++O<L‘i)<

for Ly large enough since k > 2. Moreover,

4 1- L 1 [d d 1 .y 1
=1t =1 8o ) =1+ qo(= ).
D2 1 _ 4 +2L+ [2 q]+ L% +(p—1)L++ L2

=1 254

We therefore obtain the bound:

Micic; Vil S Mhicics|V™e|lre S hcigyl| Vo el3: Ve 22

1+£+O(L> j—1+0( -+
O R C TN

and therefore using (D.1):

/ TIVie|?
A(p—k)
y<Bo 1 +y »—1

2(p—k) +O<L> . 2j—2+0
F Vel (= )HaHLx 7 logb |©

S Vel T
2(P k) 1 _ _

2(k—1)[1+0() | (k=1)|€—o|+O0()
o el ]bl kot
< Kgblo(z)biL++2(175k+)+2n(176p)+%+(k71)[gfsc]

<||v<fs| %2)’“—1[1“?%)]
>< _
by e
1 o (k=1)|1+0(:)
< KoberO(f )beQ(l Siy )+2n(1-6,) (HZU_EL%Z) { n ] |
1

which concludes the proof of (5.25).
Proof of (5.26). We estimate from (D.3) with 6 = oy, = %:

2(k—1) ’5’2
oo / 1 + y28+

|€’2 ky+ks) _ c
y>1 14 25t emhaske) YT 4y
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2(k— )1+O(LL) (k—Dax+(k—1)(4—0)+0(-)
S CM)E Vel | ]bl ’

240(;4) Vo2 (b=[1+0(z)]
by Eoi | 55—

L2
o—S.
bl

AN

) (k—1) [”O(ﬁ)}

< ch2+o( )b2L+2(1 Ok )+2n(1-5,) (M

L2
1 1 L ?
bl

this is (5.26).

step 8 Small linear term L(e). We claim the bound:

/y21(1 +y")

(5.30) < BIC(M)E

Sy-

‘ka++L+L(€)’2 + “Ck++L+L(E)’2 |L(5)|2
1+ 92 14 y?s+

Assume (5.30), we then estimate the corresponding term in (5.4):

[ PAEN R

1 2 2 Ver, 1z, ? lek, 41, |2 s
W(hC’(M)@;J < W—i— T

by s, ‘VEM- +L+ ’2 |€k++L+ ‘2
= A2(s+—sc)+2 predi, O [bl / 14yt * / 14y

N

Proof of (5.30): We compute explicitly from (3.23):

1 —1
Fwe = 212 e + B Lz, p=ag 1.

We estimate the first contribution
p+1 + 1 5 A
Li(e) = 2= [(QQ)* — (QaQsa)™] .
the second contribution is estimated similarily. We expand:

Li(e) = Z Oy ey O (P2 QTR | g

1<k, +k2<2q

We first observe from the ) construction: for y < 2By,
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Qs S o+ S
j=1 j=1

For the second term

Lo 9 b Lo b
by S e (b S ——

955

from o > 2 and for n < n(L4) small enough. For the first term, if « —25 > 0,

then
W27 = by bl 200 T T < by e
1Y 191 ¥ ) ~ 01y

and if a — 25 < O:

i 9, _2 1 1+ 25
Wiy < by 1 iff y < T = B, "~ >
by
which holds for n small enough. Therefore,
~ bl
(S ——=
14 y»—t
and similarily for higher derivatives:
. by
(5.31) 0)Cl S ——=—
1 + y;"r]
from which:
. o T b
k1 Fky )2q—k1—ko 1
(5.32) S NG To ST

1<k +k2<2q

The function f(Q) — f /(Qb,a) is radially symmetric. Therefore, a simple

application of the Leibniz rule and Sobolev gives near the origin:
/<1 |ka++L+L1(s)|2+/ |L1(e)> S bIC(M)Es, < biby
y<

For y > 1, we estimate from (5.32):

. Li(e)p
Iy ket Lo [ (2)|2 L1
/y>1< +y>[\vc @ + 1

2L+2(1-68,, )+27(1-6,)
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2 St D)

Vie

| Lyt =t / [Vl
=0

< N e B
S

SbQ( .

The second term, La(e) is estimated similarly and (5.30) follows.

step 9 Time oscillations. Injecting the collections of above bounds into (5.4)
and recalling the definition (5.11) yields the first estimate:

+C(M)bfL++2(1—§k+)+2n(1—5,,)

(5.33) d&. b {53+

ds 2 — )\2(5+—8c) ]\4’&5,€+

1 S T
630 + CON [ g Ve P+ Bt
1

A2(5+7Sc) (£k++L+ (85§+ + asé-f), JE&]{;++L+) .

+
We now extract the full time derivative from the last term above:

1 ~ ~
A2(3+_Sc) <£k++L+ (655-‘1‘ + asé._), J£6k++L+>

d (Ek”L* (& +&-), JZ€k++L+)
% 2\2(s4—sc)

b
2\2(s+—s¢.)

_l’_

Ao /= .
{2<8+ —s0) 55 (B €y +€), T Lo, 11, )
_ (Ek++L+(€++§_),J283€k++L+>:|.

We estimate from (4.65), (5.16),

4(1-6, )
2\| p* 7ok +Lo 2 < 4(1_5k+) 2 45;€+ @
Jaspncaste s cons e, (B ()
(5.35) <onp"™ e,
and from (4.67), (5.18):
/(1+y )|E*J£k++L+£ ‘2<C( ) 4(1-6 )587 b%Béé (BO)
1
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(5.36) <o e,

which gives the bound

1-6,
< conpte

S+

‘ (Ek++L+ €+ +€-), JZ€1€++L+)

and the control of the first error term:

1-6,
< (Mg

~ S4

A (= .
5N (£k++L+ €+ +&-), J£5k++L+)

We now rewrite (4.39) with (5.11):

As - _
Ose — XA& — Le=F —Mod — ysJe + 0s&4 + 0s&—

from which:
(5.37)

~ . s /\
Oseo(h, +1.,) = LE+ Tt o Lhethe [TAs —~¢Je + F —Mod — 8,&4 — asg_]

and hence:
(Zk++L+ (E++&-), J5355k++L+) = (LR Hle gy e, JLLRTEeHle)

+ <Zk++L+<£++§_)7JEZk++L+(%Ag_fyS,]g—|—F—M))

1d

+ 5o { (Bt gy + &), JEE g +6)) )

We estimate from (5.35), (5.36):
‘ <2k++L+ (€4 + &), JLLF+ D+ [%Aa - %JaD ‘ < M) e,
As in the proof of (5.35), (5.36):
Jas gz te s congm e,

T 7w 2n(1—0x_)
/ (1 + B TER g2 < onpipt™ e,
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from which

‘(Zk++L+(§+ +§_),JEZIC++L++1€>’ < blc(M)b?(l_ép)gS+

By the coercivity of Ly, L_ we have that for any v € H:

o+ [ s 0z z (faemiae) ([ 1)
+ Y

and hence
|vf? 2
(5.38) I+ < [+ 42)|Lv]
from which using the relation J£ = —£*.J from (1.51) and (3.27):
(5.39)
Fhi+Li |2
|E1Jr 0| /(1+y VB JEE AL < b?L++2+2(1 Ok, )+2n(1-6,)
y?

and hence using (5.35), (5.36):

(B2 6y + € ), JEEH 05|
~ / 1+y?
(/(1 + y2) [|E*JZI€++L+€+|2 + ]Z*JEk++L+§_|2]> 2

5 blbf++(1*5k+)+77(17613)b717(1*613) \/Z

X

We now estimate from (5.23) using again J£ = —£*.J and (5.35), (5.36):

(B (e + ), JEEH N (o))

1

< </ 1+y £k++L++1€ ’2_‘_ ’[’k++L++1£ | :|>2
e NP

8 1+ y?

5 ( +V(dap)g >5 <b?77(1_5p)55 >§ < by b"?(l 6 )(c/’
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Finally, using (5.30):
(2B (g + €0), JEL T L))

( £k++L++1§ ’2+’£k++L++1§ ’2>

1+y?

/ 1+ y?)|JLE e L(e))| )
S @rone,)? (50 e, )T s bt e,,
Injecting the collection of above bounds into (5.33) we obtain

1d
5@{%

—2LR A (G +60), TLepyqn,) + (LM (G + &), JELAH I+ (64 4 €) }

+ A\2(s+—s¢)

by Es 2L +2(14n)(1—5k, )
5 )\2(s+—sc)+2{M¢:§;€+ +Ob1 +

1

‘€k++L+|2
1+y

Feon [

4g {|vgk++L+ |2

| (Bt (g 60, JEE ey + 6| }
(5.40)

To control the corrections to the energy £, we argue as follows. First, the
linear in € term is estimated using (5.35), (5.18):

‘(Ek++L+ (§+ + é—)v JZ€]€++L+)

L C/ : ek, +0, 17\
N </(1+y2) [y£k++L++1g+y2+y,ck++L++15_,zD (/%y+2

1-6,
S

S+

We then estimate by brute force, using Zk++L++1<I>L+¢ =0:

‘ (Ek++L+ (XB] (I)L+,+>7 JEZk++L+ ) (XBl (I)L+’+) ‘
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< Bil274k+2gﬁ
1
(EF+E (g, @ ), JEL ) (3, @1 )|
< Bf’fI%ZNﬁ
1
’(Zk’%’ (xB,®L_,-), JEZk++L+)(Xqu)L+,+)’
B1(1_ )

which with the help of (4.65), (4.67) produces the bounds:

1 4(1=6k ) 2n(1=0k,)

(LR Ry JLLH 64| S —a55 O (M) By £, Sh £,
B (1—6r )
1
Py Py 1 —O0k —0k
(£k++L+£7,J££k++L+§7) < e )C(M)Bg(l k_) /5s+ < biﬁ(l 4 ,)gSJr
-B1 k_
e ~~ C(M)Bg(ljﬁjki) 21(1—6p)
(£k++L+£,, J££k++L+£+) < a1 5k++5k_) S bln P 65+.
B2

Inserting these final bounds into (5.40) concludes the proof of (5.2) and of
Proposition 5.1. O

5.2. Local Morawetz control

We now establish a Morawetz type identity. This identity will be used in
particular to control the remaining quadratic term on the rhs of (5.2) which
is better localized on the soliton core. This estimate is a replacement for
the dissipative bounds available in the parabolic setting!® and relies on the
coercivity of the virial quadratic form. This in turn is a direct consequence
of the fact that the linearized operator is pointwise strictly lower bounded
by the sharp Hardy potential?’. Moreover, we may afford to use a lossy
Morawetz multiplier at infinity since in the setting of the energy estimate
(5.2), the far away zone y > 1 is already under control with a stronger norm
than the one provided by the Morawetz bound. This feature reenforces the
analogy with the inner/outer control in a parabolic flow.

Ygee [40].
203 fundamental structural property of the super critical problem p > pyr..
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Lemma 5.2 (Local Morawetz control). Let 0 < § < 1 denote a small
enough universal constant and let

(5.41) Wa(y) = xaW)y' ™, xaly) =x (%) , A1,

then there holds the bound:

d M b 1 2 ‘62(k++L+)|2
%{m} S VT [6/1+y5 (WEM#L*)‘ +T

2L, +2(1—6;, )+2n(1—6,) C
(5.42) - b B E‘€5+]

with
M = S ( / Vipa - VeQ(mm)m) +0(Vhie,,)
0 (Vhie.. ).

Proof of Lemma 5.2. step 1 The Morawetz identity. Let v be a solution of

(5.43)

(5.44) dsv = Lv+ G

For a compactly supported smooth function 1 the Morawetz type identity
takes the form

%%{g(/V¢-Vu@>}:—%</8ﬂ) {%ww.w])

- —%(/ [EHG} [%Hw-w])
Ay

= /Lg% [%é}eww-vm} +/L_%v [7%v+w-mv]

- %(/G[%HWVUD

For any potential V' and real valued radially symmetric function wu:

/(—A—V)u{%u%—vw-Vu] = /W’]Vu\z—i/A%bu?%—%/VV-unQ.

Using (2.5) we observe that for V =V, = pQP~! we have the lower bound:
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s = P00 =t o2 204 40,0] - o
p(p - 1) p—2 p—1 p—1 [(d_f)z B Cp}
= g etz otz -

for some universal constant ¢, > 0, where the last inequality follows from
the positivity of the operator Ly, (2.4). The same argument also applies to
V = V_ = QP~!. This gives the lower bound on the virial quadratic form:

/LJJ% {%%v + V- V%v}

+ /L%v [%“v—{—Vgﬁ . V%v}

" d_22 9, ? 1
(5.45) > /1/} |Vo|? — {( 1 ) —cp]/ ZwHZ—L—Z/AzTZJMQ

Let now u be spherically symmetric, real valued. We have the following
weighted Hardy bound for 0 < § < 1:

/1 (3 ut éu)2yd_1dy = / & [(8 u)® + B +25u0 u] y*ldy
y6 Y y y5 Y y2 y Y

u2
- / X (o) + / 75 (8% = B(d = 5 = 2)x By

d—2-9
2

2 2 /
X o (=20 u x| 2
Xou?> (== —° oo [ X
/ya( yu)” > ( 5 Xy2+5 y2+5“
with C independent of y,d in the range 0 < § < 1. With the choices of
in (5.41) and x in (1.47):

For the optimal choice 5 =

—
<
=
<
=
[N}
|

- 1-6
/[xﬁqyl 5+7X‘4(y5 )] Vol?
2

2 2
u C 9 u
XA———/ [Vu n }
/ g2 A [Vl 1+ 42

v

X
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Moreover, by a direct computation:

5(d—6)(d—6—2) xa 1
_AzwA: 1 y2+6+0 Aé—yzlAgyggA

and hence using (5.45):

/ L Rv {A;”A

Rv + Vipu - V%v} + /LSU [AwA%v + V)yu - VSU]

2 (d—2)2 , (d—2—68\? u?
> 6 [ ekt |o- 1= () | [
1 2 2 C/ 2 [v]?
1 [ AP - 5 L
XA 2 ‘UT C/ [ 2 |v]? ]
>5[ [v e
LA R - Vol + 75

for 0 < 6 < §(p) small enough. We have therefore obtained the monotonicity
formula for solutions to (5.44):

1d 1 2
3s 3 ([ 7oa- v} 2 [ [mo+
x A C 2 u?

— J(/G[ 5 v+ Vi) - VUA})_ﬁ/y>A[VU|+ }

1+ 92
with C' > 0 independent of A, d. We now fix, once and for all, a small § with

0<dkyg

where g is given by (5.1), and apply this identity to (5.37) to obtain:

1d
§d_{ </ Vipa - Vey k++L+)52(l~c++L+))}
o lE20k, 40P C
> / IVear, +o)|” + # — &
— ( Lhetls [ Ae —~gJe + F — Mod}
A4
X

=

Eo(ky+L,) T Va- V€2(k++L+)D-
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The space localization of x4 gives the rough bound:

‘3 </V¢A-Vﬁz(k++L+)€2(k++L+)>‘ ACC(M)E,, .

Combining it with

As
TS b (0] S0,

we obtain:

A2(si=se) b _
(5.46) SR M BV O Viba - Veyu, +1,)82(k, +L,)

1 c c
> 6b1 / Tyd - l:ﬁ +A b1:| b183+
- Ui (/ Lh+tls [%As —vsJe+ F — 1\7I\o/d]

[A?/)A

lEa0ky+1.)|?

2
IVeath,+0.) 2

X

5 E2ki+Ly) T Vipu - Véz(@%gD '
We now estimate the last term on the rhs of (5.46).

step 2 Quadratic terms. Using the space localization of x4,

. s A
b </ Lt [TAg — %Js] [ ;pA E2(ks+Ly) T VYA veﬂkﬁh)])‘

< WIC(M)ACE,,

step 3 Nonlinear terms. We estimate from (5.39):

b3 (/ LEALy [AW
b C(M >A%L++”“ BN

5+
o 1D o s, |

Eo(ky+L,) T Va - V€2(k++L+)D ’

S
S

Similarily, from (5.23):

- A
b (/ LEFEe N () [%52(k++L+) + Viu - V52(k++L+)D ‘
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< bibi/E, C(M)AC /&, < bi/biEs. .

Next from (5.30):

. A
IR </ LFtleLie) [ §A52(k++L+) + Vhy - V52(k++L+)]>‘

< bibi/E, C(M)AC /&, < bi/biEs, .

step 4 Modulation equation terms. We recall the explicit expression (4.40):

— s . .
Mod(t) = - (Y + b1> AQba + (75 — 1) I Qpa
L,
+ ) [(bj)s + (25 — a)babj — bj1] X,
j=1
Li+2 L_+2
OSm + OSm.—
@. T )
LDV e D
m=j5+1 m=j+1
L_
+ > [(ay)s + 2jbra; — ajia] X,
j=1
Li+2 L_+2
0Sm + 0Sm,—
X | ®j -+ Z —aaj + Z da,
m=j+1 m=j+1
Observe that since ky > 1
Lhethe (xB,®r, +) = LEAQ =0, L¥FE(xp,®p )

= [FMH2EJQ =0 on Suppvy

and thus with the decomposition (5.11):
(5.47) LFetEeNod = LRtDe {I\Z()\dl + I\Z()\dgi| on Suppy.
We estimate from (5.14), (5.15), (5.38): for j = 1,2,

L —5% —5,
< o, b

/ |£~k++L+1\Z&ij]2
1+92

and therefore
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~ — [A
blc\‘f </ £k++L+MOdJ‘ [ﬂ&“g(kJrJrLJr) + va . V€2(k++L+):|> ‘

< b [VE, b T oA e
< b [b E,, + b TR R0 )].
This concludes the proof of (5.42), (5.43). O

3. Monotonicity for the low Sobolev norm

We claim a similar monotonicity formula for the low Sobolev energy.

Lemma 5.3 (Monotonicity for the low Sobolev energy). For 0 < by <
bi(L+,d,p, M) small enough:

d ”VU‘€H%2 bl LC o_|12 o—S.+1o
(5.48) = { S S e | I9El

with some universal constants c(d, p,?),vo(d,p) > 0 independent of o in the
range (4.14).

Proof of Lemma 5.3. step 1 Energy identity. Recall (4.41), (4.44), we com-
pute using (1.49):

(5.49) = / V7wl &e( / ath>
= ?R</ |:Z)\w+ﬁ}_/\:| W)
= et ([ (v, 0" )¢

— By + Mod+ L(z) — N(ﬂ%).

We now estimate all the terms on the rhs of (5.49).

step 2 Potential term. The potentials Wy satisfy (B.8) with u = 2. Using
Lemma B.2 withv =0 —-2sothat v+ pu=0 < %:

‘/( W SW_ >€V2"5
+
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[IVI=2(Wae)llz: + (V72 (Wee)| =] |V +2e] 2

1—
Vel [V 26 e S 1V7el 2 195+ ell ™

_ A+v)(tzg )
14v

S (02 [Vl ) R (b, T || ) R

(e )
S OTIVIelRs + MOl T [V
with
1
V:E7 o+2=zp,0+(1—21,)s4.
We now compute
1+ 2 2
S 2 =1—(s+ —0)
1—2zp, 1—zp,

and hence using (1.43), (4.34), (1.40):

(1+V)(1+ZL+>

1—2 2L +2(1-6, , )+2n(1—6,)—(1+v)(sL—o—1
bl L Hv8+<€”%2 + ( k+) 77( P) ( )( + )

<
SJ Kbtlr sct+a+142n(1—6,)—v(2L++0(1)) Sblbi’—sd—g

for by < bj(M) small enough. We have therefore obtained the expected
bound:

JG o)

step 3 U, term. We recall the Sobolev bound (3.30):

Jsc“

<b [bf IV7el||3. + b,

IVo|[Fe < 777 F vy = v(d,p) > 0
which implies
(0, V7o) S Vel VT 12 S bl V7]l (675F) 2
b [br IVl + b7 7]

N

step 4 Mod term. Let

Mod = Mod — (s —a1)JQ,

we claim the bound:
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(5.50) |92k Nod 2, < 5200,

Assume (5.50), we then observe
20— (2ky +1)=0+0—s.+a—2+20, >0

and interpolate:

|(1\fd v20’€)| < Hv2a—(2k++1)€HL2‘|V2k++1m”L2

1—6k
S IVelE Vel

~

with
20— (Zhs +1) =240 + (1 = 24)s4,
1—2z, = U—S(fkirg—kl) _ 0—sc+o;;+2(1—5k+) —i—O(%).
Therefore,
|(1\ﬁ, V2| ||VU€HL2b1 8 bwjto(i)

S
S

o—scta o— +
bt V%l S b [ 973 4+ b7 ]

for some vy(d,p) > 0, thanks to a > 2. The second term is estimated from
(4.45):

L 1+(1-96 1 6
py TR0 Go ) L V7 1

by [bﬂW”éH%z 4y 1} :

[((ys = a1)JQ, V¥e)| <
S

This gives the desired control of the Mod terms.
Proof of (5.50): By the @y, construction:

2

/’v2k++1AQb,a|2 + ‘/ ‘V2k++1(Qb,a o Q)

/ Zb2j + ’y2j y— (2k++1)‘ )
Y

<2B; _0
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L_
+ / Zb2j+a 1+ ‘yQ‘] (2k++1)| )
y<2B, j=1
Li+2
4 / Z b2 (1 4 20D ==kt 2)
y<2B,; j=2
+ b%j-f—oc(l_i_‘y2j777(2k++1)|2)
L_+2

4 / Z bR+ (] 4 20D~ PGkt 2y
y<2B; j=2

R O VAl
Ly+2

27
Z by / 1+4(1-6, ) dy

=0 y<2B; 1+ Yy

L_+42 :
+ / e LIV
y<2B, 1+ y1+4(176k,)

N

j=1
1.

N

We now estimate for 1 < j < L,

2
Li+2 L_2+2
058, 0Sm.—
I LR S e D~
y<2B: m=j+1 7 m=j+1 7
S / |y2] y— (2k++1)’ +b (m—3) |y2(m—1)—'y—(2k++1)|2
y<2B,
+ b%(m—j)+a‘y2m—ﬁ—(2k++l)‘2
4 5 g
5 31374(17 ky) Z b (m— ])B (m—1)—4(1-dx, )
m=j+1
L_242
i 2(m—j)+o Am—4(1-06;_ )+4Ak
+ 2 uB
m=j5+1
) L++2 2 2(m7 ) L_2+2
45—4(1—6 B J .
S BIJ ( +) 14+ z (1 1324 + z (blB%)Q(m_J)+a
m=j+1 1 m=j+1
S ij—4(1—(5k+)—CL+77'
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Similarily for 1 < j < L_:

2

Li+42 L_+2
Z oS Z O0Sm.—
y<2B, ’ = 0q; =, 04
= m:j+1 m:j—l-l
Lo+2
2 —q 2
< / PGk Z b?(m D25t =Gkt 2
y<2B; m=j+1
< ij74(175k7)+4m

The collection of above bounds together with (4.45), (4.46), (4.47) imply:

— 2L, +2(1—8,, )+2n(1—46
||v2k++1MOd||%2 SKle +F2( k+) n( »)

|:BiLL+—4(1—§k+)—CL+n n B;lL,—4(1—6k_ )+4Ak}

step 5 Nonlinear term N (g). We claim:

, 240() 1y (1972 &)
v s ey, (VA
1
which, upon expanding the nonlinearity
- _ 0<ki<qg+1
N(e) =Y Neua(€)y Niygo(e) = heRQ M QIR {0 <k <g
k14 ko > 2.

follows from: V2 < k = k1 + ko < p,

Hvae||%2>““‘”ﬁ+o<ﬁ>]

o 2+O(i) o _|12
(5.51) [V N,k (€)lL2 S by IVZelze { ==
1

This implies from the bootstrap bound (4.35) and (4.14):

k-1

, Bo() & (Vo2
v < o) S e, (—L)
k=2

o—S.
bl

by bS5

IN

VO—EH%;
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< b IV7elZe
for some universal constant ¢ > 0, where we used (4.14) in the last step.
Proof of (5.51): We observe from (5.24) the bound:
1
(5.52) ‘8] (ngl leq kQ)‘ S— w5 720
Lty o

We decompose
c=s5+0,, se€N' 0<d,<1

and develop with the help of the Leibniz rule:
IVoeb R Qe Qg e Z [V [V v @ QL e

We now consider separate cases, depending on the value of 4:
Case 2 <1 < s: In this case, from 2 < k < p,

2(p—k 2(p—k 2(p—2 d
0<50+M+5—i:a+b—i§J+M—2<0<—
p—1 p—1 p—1 2

and we therefore estimate using (5.52) and the fractional Hardy estimate
(B.2):

)

IV [ (e v i@t @f ) e S IV 5 i et s

2(p—

SV (M|

We now claim the nonlinear estimate: V2 < k =k + ko < p, Vo < f < s4,
(5.53)

92 lk) +B—0+ Ll \vid 22 (kil){lJrO(%)]
G T (i +
1

which is proved below. This yields the expected bound for ¢ > 2:

[V [VieRe) v @t QE )] e S 1975 (R

Ve %2 ) (k—l){H‘O(i)]

\%4 —
o7l (G

__2(p—k) 2(p—k)
b? p—1 tot+=, = p—1 U+O(L+)

~
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2
L2
~

o o (k=1)[140(£)]
< o' oy, (197l *
1

Proof of (5.53). If 5 € N, since 5 > o > % we estimate from (5.27):
IVP (2™l S (el + 19 3ell IV el s

and thus from (D.1), (D.4):

(k—l)—s—O(i)bik—l)(g—a)—&-O(i)

2

kl—kg g
IV (PE*) 122 S IV7ell e
240(:2) p-o+O(:E)

el
Ve 22 (kfl){lJrO(%)] (k=1)(L—s.)+B—0+0()
< Vel (@) T :
b7

s-tpgoro() (9% GO
. ( +)||v s|%2< i > .
1

If 5 ¢ N, we split
B=sg+63 sgeN, dze(0,1).
We recall the standard commutator estimate: let

O<V<17 1<p7p17p3<+007

. 1 1 1 1 1
1<po,ps <400 with —= — 4+ — = — + —,
P p1 P2 P3 P4

then
(5.54) V" (wo)l[ze SV ullLos |0l e + ([ V70| Loa [ Los-

We therefore expand:

Hvéavsa (Eklgkz)HLZ 5 Z Hvéa (ngigkvlig> ’
li4-+le=sp

I
E My<i<kl|V7e
li4-+le=sp

L2

AN

| v

where
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- 2
li=li+di=jop, 1<j <k, pi=22

M?T
X

~

Ky

1=

We then estimate by Sobolev for l; > 0, ie., 2 <p; < +o0:

i d
Hvlié‘HLm S IV™e| gz with  —m; + B =—l;+ —.

bi

We compute

%—ﬂ)(l E’>+ﬂ>a>0forﬁ %l
m; =
(1) +d=d20 for 524

and thus ¢ < m; < s;. We interpolate:

—my 1
m; = zio + (1 — z;)s+ with zi:uzl— +O(L >
+

S+ — 0O 2L+

and count the j € [1, k] terms le # 0. We compute:

i (o) o(w)
20, \2 2L, L%

and estimate using (D.1):

Z Hl<z<k”v 5||LP7 S Z HsHk ]H |V"5||2’72||V5+5|]

Lt =s 1<j<k
k—j
1+0(-1) L(4—0)+0( -2
< ¥ (”V”snp Py (”))
1<j<k

j+0 H(#—a)#’;wo(L)
X HV%HL (“)HV%HLQ Tt

o O(z7), 5 (5-0)+552+0
97l by (&

hl»—‘
\/

A

—1
J 1 [ d , 1
Zzi = J—f[(9—1)§+5—JU]+O<L—2>

573

)



574 Frank Merle et al.

and thus:
V8 (M) |2
< HV%H?’Z*O(W’“ D(3-o)ts-r+0(1,)
< Ve O E o)
S bi 2=k 45510 (H)HV” 2 <HZ:%S|C%2>UC1)[HO(;+)]
1

and (5.53) is proved.
Case i = 0, 1: For i = 0, we estimate from (B.10), (5.52), (D.3):

IV | (@pt Q)] I

o —=ko — 1 ]{?1 kz
S IV (R4 )V TR QL)) I
2
< ek V(ekrghz)
~ 0.+2(p*k) + o._1+2(p*k)
L+y " vt e L+y P2
2(k—1) 9 5
1+ yG-ne-1 1)<p 0| e 1+y” T+y7 |12
k—1
bt t(s-o)+o( 2+0()
S (HV"EHLzb{k o +E77) <L+>> IVoellp. ™

S N o Al e
= b I VoellZs <—bU_SCL .
1

The case i = 1 follows similarily and is left to the reader. This concludes the
proof of (5.51).

step 6 Small linear term L(e). We use (5.32), (B.9) to estimate:
(L), V¥e)l S IVT2L(e) 221V el e S bal|V7el| 22| VI e 2
and follow the chain of estimates of step 2.

step 7 Conclusion. The collection of above bounds yields (5.48). O
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6. Closing the bootstrap and proof of Theorem 1.1

We are now in position to close the bootstrap bounds of Proposition 4.3,
and then conclude the proof of Theorem 1.1.

6.1. Proof of Proposition 4.3

Our aim is to show first that for s < s*, the a priori bounds (4.32), (4.33),
(4.34), (4.35) can be improved under the sole a priori control (4.31), and
then control the unstable modes (Vi)i<k<e, (Ak))1<i<k,-

step 1 Integration of the law for the scaling parameter. First observe from
(4.22) and the a priori bound (4.31) on Uy on so < s < s* that

(6.1) bk (3)| < [br(s0)]-

We compute explicitly the scaling parameter for s < s*. From (3.42), (3.41),
(4.31), (4.45), we have the bound:

_E = L + 0 1
A (20—a)s slten

which we rewrite

1

< .
~ 31+C77

(6.2) ’di; {log (sﬁ)\(s»}

We integrate this using the initial value A(sg) = 1 and conclude using sg > 1
from (4.22):

(6.3) A(s) = (%0)_ [1 +0 (%)] .

Together with the law for b; given by (4.31), (3.42), (3.41), this implies:

e,

_t

(6.4) bl(So)%—(1

1(s0) 7=

step 2 Improved control of &, . We now improve the control (4.34) of the
high order energy &, by reintegrating the Lyapunov monotonicity (5.2)
coupled with the local Morawetz (5.42) formulas in the regime governed
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by (6.4), (3.42): for a large enough universal constant D = D(M) > 1,
A=A(M)> D, 0< b <bj(A),

d gs+ 7(1-9;)
i Lot [t 00 0] - D

by
2\2(s4+—s

1 ek, 0,1
C(M 2 + L+
+ ( )/71+y49 (’V€k++L+| +—1+y2

B by DS 1 |V€ ‘2_'_ ‘52(k++L+)|2
A\2(s4—sc) 1+ y° 2(k++Ly) e

2L +2(1-65, )+2n(1-6,) n CD58+]

Es 2L +2(1=8k_ )+2n(1—6,)

IN

+ Db T

IA

& s »
by [ N +C(M)b?L++2(1 5, )+2n(1=5 )]

A2(s4—8c)+2 MCJ;CJr
2L +2(1=0k )+2n(1-6,)

M
{Mc‘s’w + 0 )]

A2(s4—sc)

where we injected the bootstrap bound (4.34) in the last step, and where
we stress that C'(M) is independent of K(M). We integrate in time using
A(sp) = 1 and the bound (5.43):

(6.5)

Es, < ON(s)25+73)E, (s0)

14204 +2(1—0k )+2n(=5,)

+ C(M):| )\(8)2(8+—8c) /8: bl(T) )\(T>2(s+—sc) dr.

+c[ ‘
Mr+

We now estimate from (6.4):
/\(8)2(s+—sc) S by (7_)1+2L++2(1—5k+)+277(1—6p) "
So )‘(7-)2(8+7sc)

S 20(sy —sc)
1 /T e 2L 218k, )+20(1-5,)] 4
So

~ 20(s —sc) T.

S 22—«

The above integral is divergent since

20(s4 — S¢)

(6.6) 5% — o

—[1+2L4 +2(1 = 6k, ) + 2n(1 — 6p)]
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2a
= L O 1 -1
W —at T Li—a (1) >

and thus leads to the upper bound:

s 1420, +2(1=6y, )+2n(1—5,
A(s)2(5+7¢) b (7) e )dT
W AP

1 Mt L 42(1-8k, )+ 20(1-5,)] < 2L t2(1=0 ) +2n(1=0)
~ 2o, —s0) O - ~ % .
+
S 20—«

We now estimate the contribution of the initial data in (6.5) using (6.4), the
initial bounds (4.30), (4.29) and the comparison (6.6):

26(sy —sc)

for Ly large enough. We have therefore obtained

E(s) < [0+ G0 |t

K(M)

5 bl(8)2L++2(175k+)+27](176p)

(6.7) <
for K = K (M) large enough.

step 4 Improved control of ||[V7¢||2,. We now turn to the improved control
of the low Sobolev norms. We inject the bootstrap bound (4.35) into the
monotonicity formula (5.48) and obtain:

o2 2 42 (5—s,
d {HV 5||L2} < bl |:KbL+ Z-a ( )+b¢1775c+1/o

% )\2(0—56) — )\2(0—50) 1

by Tt aa (0=se)
= A\2(o0—sc) 1+

for ¢ — s, small enough and b; < bj(L4) small enough. We now integrate in
time s and obtain from (4.29):

20—

_ 10¢ _ ) (7')
o .12 2(0—8. oL 2(o—s. 1
IV7el|7e < A(s)* by (s0) == 4+ A(s) )/so NG ECE I

1+i+2—"‘(zf*sc)
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The time integral is estimated using (6.4):

s 1+(o—se)(1+v s
A(s)%—sc)/ ) ] / oo L
So So T

TOECESE =

2¢

S bi(s)re

and similarly for the boundary term from (6.4):

)\(8)2(U—Sc)b1(80)%1‘+ 5 bl(S) 22;27; < by (30) s7a (10L —2(0— Sc)) <b (5) 22;2:26)
and we have therefore obtained the improved bound:

20(0—sc K 20(0—se
(6.8) Vo2 < bi(s) e < 5b1(8)—f;[,a )

for K large enough as expected.

step 5 Control of the stable by modes. We now close the control of the stable
modes (bgt1,...,br, ) and claim the bound:

(6.9) (+1<k<Ly.

1
bk| < prITT g

case k = L : Let
(Ll e, xp,JPo,)
(®o,+,xB,JPo,—)

b, = b,

then from (4.65), (6.7):
(6.10)
lbr,, —br| < B 2(1-0x, ) & < (1 Sy )+ L+ (1=8i, )+n(1-6,) < i)

and hence from the improved modulation equation (4.59):

‘(i)[ur)s + (2L+ - O‘)bli)lur 5 b1|bL+ - I;L+|

1 Li+(1-6k )+n(1-5,)
+ B26k+ [ \/ S+ —|—b + + ]
0

< blL++1+n(1—a ) +bék+ [b1L++(1 5k+)+77(1_5p):| < bf++1+n(1—5p)‘

i{ br. } <
ds | \2L+-«

Equivalently:
bf++1+(1_5p)77

~ 2Ly~
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We integrate this identity in time from sg. The time integral is estimated
from (6.4):

Li+14+(1-46
oL, o S by (1)Lt +(1=6p)n
A(s) ST dr
So A(7-) +T@
S (eLy-a)
S (2L1 )e/ T 2o _L+_1_(1_§p)nd7—
~Y +f0(
S 20—« 50
1 s = 1
_ ally =0 4 S 28—«
2L 4 T 1+ e (1 5p)77d7— < 2L £ =
~oEE = TP (e AT

S bf++(1_5p)77‘

The boundary term is estimated using (4.27), (4.29), (6.10):

~ 2Ly —a 2(1—5s 2Ly —a
Br. (s0)] S bilso)® == + By ")\ e, (s0) S bulso)® =
and hence using (6.4):
5(2L 4 —a)e
A(s) \ 2o bi(sg) 2= 1 1
()\(8 )) |bL+(SO)| S 2L; —a (2L —a)t < gLt (1—0,)n"
0 51(80) 22— s~ 2t—a

The collection of above bounds yields the bound

~ 1
< -
bul S S

which together with (6.10) yields:

1

< -
bl 3 S

and (6.9) is proved for k = L.

case / + 1 < k < L; — 1: We now prove (6.9) by a descending induction: we
assume the claim for k + 1 and proved it for k, / +1 < k < Ly — 1. From
Lemma 4.4 and the induction claim:

’ A

(bk)s — (2k — a)fbk <SP | < B0

from which

d bk < bll”v'+1+77(175p)
T ~ \2k—a
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We integrate this identity in time from sg. The time integral is estimated
from (6.4) using { +1 <k <Ly —1:

N A 1 S ke 5
A(s)% / NCOEET dr < (%a)e/ T 20-a 1=n(1=0,) g

s 2t-a
a(k—=£0)—n(1-35p)
1 S (1§ )L el=0 5 2o 1
S (2h—a)l T =00+ %= dr < (2k—a)l =
= S 3k+n(1—5p)
s 2t-a So s 2t-a

5 b’f‘f‘n(l_‘;p) )

The boundary term in time is controlled using (6.4), (4.27):

_ 5(2k—a)
)\(S) 2k—a ‘b (S )| < bl(so)k+ 20—« 1 1 < bk+7](17(§p)
A(s0) = =

thanks to kK > ¢ + 1. The collection of above bounds yields the expected
bound (6.9).

step 6 Control of the stable ax modes. Recall (1.41). We claim a bound:

(6.11) ke+1<k<L._.

< -
|ak’| ~ Sk‘f‘%"ﬂ?(l—ép)’

case k = L_: let

(L&, xB, J®q 1)
(®o,—, xB,J Po,+)

arp_ =ar,_

then from (4.67), (6.7), (1.40):

lar_ —ar_| S TVEs, S " !
_ bL +Ak+65_ —6k++n( —dp)
L_+2+n(1-6
(6.12) = pr RO

From the improved modulation equation (4.60),

(ar )s +2L_biar, |

1 . 5.
S bilen. —arn |+ —— P [ /E,. + b, ++(1=0k ) (14n)

0
L-+l+54n(1=3,)

A

by
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Equivalently:
L_4+14+5+n(1-6,)

i e | <
dS )\ZL, ~ >\2L,

We integrate this identity in time from sg. The time integral is estimated
from (6.4) for L_ large enough:

s Lo+142+(1-38,)n
)\(S)QL’ / bi(7) dr

2L
0 A7)
1 S oeLoe . o o
N el R
S 20—« So
1 S 4 _a_(1-5,)
S mor | T e R vdr
S 28—« 5o
al _
< S2t—a 1 1
- s‘zf_*;z gat(d=0p)n L +5+(1-0p)n’

The boundary term is estimated using (4.28), (4.29), (6.12):

~ 52l 2(1—6x,) o e 2l
lar_(so)| S bi(so)2 2= + By~ /&, (50) S bi(s0)2 e

and hence:
As) \ 22 bi(so) S0 1 1
<
<)\(30)> ‘a[_ (30)| ~ 2L _ (2L_)¢ < SL,+%+77(1—6,,) ’

bl(S[))?"'*a S 2t—a
The collection of above bounds yields the bound

1
a < - 0
‘GL,’ ~ 8L7+(2_l+77(1_61’)

which together with (6.12) yields:

1
< -
[ARPS LT Tn(1=5,)

and (6.9) is proved for k = L_.
case ky+1 <k < L_ —1: We now prove (6.9) by a descending induction:

we assume the claim for £+ 1 and prove it for k, ky+1 < k < L_ —1. From
Lemma 4.4 and the induction claim:
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A

-5 -5 2 4n(1-4,
(a0~ 24220, L+ 14+(1=0,, ) +0(1-6,) k145 4n(1-6,)

Sh +lara] S 0

from which

LS (=6,
<
~ )\2k: '

()
ds L)%k
We integrate this identity in time from sg. The time integral is estimated
from (6.4) using k¢ +1 <k < L;y —1 and (1.41):

S by (T k+1+%+77(1*5p) 1 S (2r)e a
)\(S)Qk/ 1( ) 2k dr 5 (2k)¢ / T“*‘l_k_l_g_n(l_ép)dT
So )\(7-) 822—04 So

s 22— [k—(ke+d0)]—m(1—-6,
! / T_1+ﬁ[k_(kl'i_(s[)}_n(l_dp)dT S Ssza[ ( 1= )

N

(2k)¢
§2—a

1
s tn(1—3,)"

(2k—a)t
S 20—«

The boundary term in time is controlled using (6.4), (4.28):

a | 5(2k)e
A(S) 2k < bl(so)k+2+ 20—«
2 ’ak(80)| ~ e [enn
(s0) b1(s0)2—= §20-a
< 1 < 1

et o I (ke 80] ~ 5 +0(1-5,)

thanks to & > ky + 1. The collection of above bounds yields the expected
bound (6.11).

This concludes the proof of Proposition 4.3, modulo the bound for the stable
b-mode V7. We now turn to the remaining step in the proof of Proposition
4.1 and the proof of the improved bound (4.31) for V;.

step 6 Contradiction through a topological argument. Recall the decompo-
sitions (4.22), (4.24)

bk:bi+%, 1<k<¢ V=RU

Ap=s"5ay, A= (Ap)i<k<n, A= QA

where Py, @)y diagonalize the matrices My, My, with spectra (3.46), (3.48)
respectively. We argue by contradiction and assume (4.37):

3(17617) 1 %(1*5;:)
v (Vk(so)so )2<k<z x (Ak(so)so >1<k<k,g € Brak—1 (1)
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the exit time (4.36) s* < co. We claim that if sg is large enough this con-
tradicts the Brouwer fixed point theorem.
Indeed, we first estimate from (3.43), (4.45): for 1 <k </¢—1,

|s(Uk)s — (MpU)g| S 8" |(br)s + (2k — @) biby, — by | + U

1
+|UP%,

<
S gLk

and for k = ¢ using (3.44), (4.45) and the improved bound (6.9):
[5U)s — (MeU)el S 8™ [[(be)s + (20 — @) bibg — bea| + [besa[] + (U

1
+ U2

G
~ 37)(1*517)

This yields using the diagonalization (3.46):

1
(6.13) sVs =DV + 0 <m> -

This first implies the control of the stable mode V; from (3.46):

1
377(1*613)

[(sV1)s] S

and thus from (4.25):

1- (17617) — —
O < ()T ST 0) 1S 0
and thus

(6.14) |s2(1=9%) 1 (s)] < 1

for so > si(n) large enough.
From (6.7), (6.8), (6.9), (6.11), (6.14), (4.36) and a standard continuity
argument we conclude that (4.37) implies:
ke

L
(6.15) > | (s7)2 V(s Z

k=2 k=1

n 2
2% 4, (s%)| = 1.

We then compute from (6.13), (3.46) at the exit time:

;j {Z [CORRRATY 2}
k=2
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L

= (8*)77(1—5p)—1 Z [g(l _ 6p)vk2 + SVk(Vk)s} (s*)

¢ 1 )
= ;2(%_ (1—5p)> Vﬁ+0<m>] (s%)
4
> (d.p, -8y ([ + 0 n;_ ]
[ M R D)

for some universal constant c(d,p,¢) > 0. We now estimate from (4.45),
(6.11):

1
|(ak)s+2kb1ak—ﬂk+1|§m, 1§k‘§k¢g—l,
1
[(ak)s + 2kbrag| < lagsa] + I Tn(1=3,)
1
~ m fOI' k = k(
Using
-2
1= 7|~ 7 )
81+—(1—5p)

Lemma 3.9 and (4.31) this implies:

1
|s(Ak)s — (MpeA)k| S S10=0,)

or, equivalently, in the diagonal basis:

«

20 — o

e — (k + 0)] Ap| < ——

S(Ak)s t ~ 577(1_6p) ’

We compute for k < ky that at the exit time
(5) 270 Ay (s7)

Ld [N 2o 7 o]
2ds |4 y
=1

o ( *)7](1—51,)—1

™~

[g< — 8 A7+ sA(Ag)| ()

77(1 0p)

I
l—l??‘
MN

l\’)

<k‘g—{—5g—k‘)0( n
2

_ A2
o T 5p)>Ak
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(s%)

1
+ 0 ((8*)317(15;7))
‘ 1
k:2 (s7)200

for some universal constant ¢(d,p,¢) > 0. We therefore obtain the funda-
mental outgoing behavior at exit time:

2ds{Z’ JETVGs
dp, [i‘ FCEAIAR )2

ke

SECLT Y.

for s9 > s§ large enough. This strict outgoing behavior at exit time implies
the continuity of the map @ : Byix,—1(1) = Sptx,—1(1):

(5" Witeo)) >

(CORERATS)

v

n(1-6.) ~
SS( p)Ak(So)> —
1<k<k,

x (20700 An(s)

2<k<ks 1<k<ke

Since ® is the identity map on the boundary sphere Syi,—1(1), this is a
contradiction of the standard fact that a boundary sphere can not be a
continuous retract of the ball. This concludes the proof of Proposition 4.1.

6.2. Proof of Theorem 1.1

We are now in position to conclude the proof of Theorem 1.1.

step 1 Finite time blow up. We pick initial data satisfying the conclusions
of Proposition 4.1. In particular, integrating (6.2) from s to +oo implies the
existence of ¢(ug) > 0 such that

A(s) = 2(“) [1 +0< 177)]
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Then from (4.45), (3.42):

)\5 1 C1 1
- - —— == - = — 1 —
My==3 b1+0<sL> : [ +O<sn>]
20—a 1

and hence the ODE:

20—

AT = e(u) (1 + o(1)).

We easily conclude that A vanishes at some finite time 7' = T'(ug) < 400,
with near blow up time behavior:

£
o

(6.16) A() = c(uo)(1 + o(1))(T — t)=.

The phase parameter is estimated from (4.45)
1 +oo
[7s| S 5= and hence / |ys|ds < +o0
s T2 so

which implies (1.31).
Remark 6.1. Note that this closes the construction of a type II blow up

solution in H? N H*+ and no additional regularity is needed on the data. In
particular, whether the data has finite energy or mass is irrelevant.

step 2 Control of Sobolev norms. First observe by interpolation between
(4.34) and (4.35) that

Vo <s< li Se(t 2 = 0.
o <s<sy, tlg;lHV e(t)ln

We now further assume that uy € L? and aim at controlling low Sobolev
norms. By mass conservation:

(6.17) [u(®)llz2 = lluollz>-
We split

Q—i-e:X%Q—i-é ie. €= (1—X§)Q+a,
then from (6.17):

C(uo)'

(6.18) I€llze SNA = x2)@lze + Q@ +ellze S =3
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Moreover from (4.35), (6.4):
IVoellzz S Cug) A7
and hence by direct computation:
(6.19) V&2 S IIVI(1 = x1)Ql L2 + [[V7el[L2 S A7
We interpolate (6.18) and (6.19) and conclude:
VO <s <o, [V%|r S C(ug)A’ .

Therefore for 2 < s < s.:

[u(®)]

i SNV = x0)Qllss + V2] 2] S Cuo)

and for the critical norm, using (1.21), (6.16):

la@le. = 9% = x2)Q + V212 = V(1 = x2)Qllz2 + O(1)

— (cgo|log/\(t)|)% +0(1) = [coo\/g +0o(1) llog(T — t)|

as t — T. This concludes the proof of Theorem 1.1.
Appendix A. Super critical numerology

We collect in this Appendix some algebraic facts induced by the condition
p > pyr- Recall that the exponent py is defined in (1.11), the critical

Sobolev exponent s, = % - z% and the parameter + is in (1.24).

Lemma A.1 (Range of parameters). Let d > 11. The condition

pirL < p < +00

1 equivalent to

(A.1) 2+\/d—1<sc<g.

Moreover, there holds the bound:

2 d
A2 2 =y < -1
(A.2) <a=v p—1<2
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(A.3) k+:EE+%<§—’y>}21.

Proof of Lemma A.1. Recall the definitions (1.9), (1.24). We compute the
discriminant in terms of s.:

d— 2) (d+2(2—5.))(d —2(2 — s.)
—d*+4(2 -5 =4 [(sc —2)* —

l\?\_/

Discr = (d—2)> —4pcst=(d—2)? —4(p—1+ 1)t
4 d d
SRR
= (d=2)?— (44 d—2s)(d—4+2s,)
(
(d—

&
&3

(d—1)].

In particular

se(pyr) =2+ Vd—-1

and hence?!

d
pyL < p < oo iff 2+\/d—1<sc<§.

Define f(s) = s — /(s —2)2 — (d — 1). From (1.24):

1ot s 1= S s 1= e 2P @ D) = fs0) — .
We compute
s =1- ——22____ <0
V(se—2)2 = (d—1)
and thus
d
f(sc)>f(§)
We now compute:
d d d
f(§) = 5—\/(5—2)2—(61—1)
Y _ 6d — 10
_ Q[d Vd 12d+20} FERY FET P
> 3

20bserve that 2++v/d — 1 < ¢ iff d> —120d+20 = (d—10)(d—2) > 0 ie d > 11.
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by a direct check, and (A.2) is proved.
Finally, from (1.24):

1 1 1 1 Di
1.1 c_zli7 _1.1 1+\/ iscr >
2 2\2 2 2 2
and (A.3) follows. O

Appendix B. Hardy inequalities

In this section we recall the standard Hardy type inequalities in dimension
d > 3. We define the space of radially symmetric test functions

Diag = {u € C°(R?Y) with radial symmetry}.

Note that the notation [ f stands for the integral over R? with respect to
the standard volume form:

/f = /OOO F)y*tdy

We also recall the notation

Dk _ Am’ k= 2m,
OyA™, k=2m+1

Lemma B.1 (Hardy with the best constant). (i) Hardy near the origin: let
U € Diaq, then:

_ d — 2)2 u?
By [ Joulyay= U2 [ Ly i)
y<1 y<1 Y

(i1) Hardy away from the origin, non-critical exponent: let ¢ > 0, q # %
and u € Diaq, then:

2
u

q+1-2

2

Ol 41 1A= (2q+2)
B2) [ PmEytiay > 12
v21 y Lo (y>1)

Oyul* 4, (d— (2q+2)>2/ w4, ,
e e dy — C, qu”(1
/y>1 ya = 2 o1 p2ragd W Cad (1)




590 Frank Merle et al.

( }zlu ) Hardy away from the origin, critical exponent: let ¢ = % and u € Diaq,
then:

Oyul® 4 1 u? d—1 2
B9 Sz g G

(iv) General weighted Hardy: let u € Dyaq then for any § > 0, k € N* with
k>2and1<j<k-—1,

7012 k, |2 2
(B.4) % <. | D"l 4 u_
1+y§+2(kf_7) ~J, 1+y§ 1_|_y5+2k

Proof. Proof of (i): We integrate by parts:

1“2d1 1 ! 2 d—2
—y“ T dy = —— —)d
/EyQy Y 75 uay(y )dy

_ 1 2 d-2]" / Oyuu 4 4
T 42 [“ y L d—2 y v
s/ gl :
< Cqu¥( (/ Y 1dy) </ \Gyu]2yd_1dy)
u? 1 -
o —2 yldy + = |0y u)?y*dy
o &€

< Cdu(

and hence letting € — 0:

1--2 / U—de_ldy < Cdu2(1) + ;/ |0yl 241y
d—2 y§1y2 - O'(d—2) y<

and the optimal choice o = % yields (B.1).
Proof of (ii): For 0 < g < % le. 2g+2 < d,

B.5) L <yd_1> _d—(2p+2)

—17Y
yd 1 y2q+1 y2q+2

and hence integrating by parts:

R u2 i1 1 R ) ydfl
Ly = — 9 d
/1 a2y W d—(2q+2)/1 B y(y2q+1> Y

1 d—(2¢+2), 2 R 2 /R udyu gy
_ _ d
d—(2q +2) [y “L d—(2q+2) ), yrart? W
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Rd—(2q+2)
< ——u
~ d—(2¢+2)

2 R u2 d1 % R |a u|2 %
- - —14 My=i d—ld
Toas (2¢+2) </1 yatzY y) </1 y2a Y y)

We let R — +o00 and hence

+00 u2 i1
/1 R

([ ) ([ )
d—(2q+2) \Ji y?r2 1 y*

which implies:

|Oyul* U| d—(20+2)\? w g
(B.6) /y>1 y2q Ly > 5 - y2+2‘1y dy.

We now estimate from 2g + 2 < d and (B.6):

+ d—1—2q d—3—2qu)

2 (y = o)y =
u(R) = —2/ 0) uudyg/ dy
B R Y y>R yd—2-2

1 1
1 0yul® 41, \? lul* 41,0\
RI-2-% </y>1 Wy a /y>1 ?JQqHy Ay

< 1 2 / |0y
S RTTEA— (204 2) Jys v Y

and (B.2) is proved.
For ¢ > %, we compute similarly from (B.5):

R u2 i1 1 R ) ydfl
B T o, (L \a
/1 y2q+2y Y 2q+2 d/ U~ 0Oy (y2q+1> Yy

_ _—1[yd (24+2),, } / udyu J1d
2¢+2—d 2q+2—d 2‘1“

1 u?(R)
2q + 2 — d R%a+2—d

2 /R U2 ydfldy 2 /R |8yu‘2ydfldy 2
2¢ +2—d| \J; y*1*2 1 yH

< Cq7du2(1) —
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1 u?(R)
2
< Cgau(1) — 2 + 2 — d R2at2—d
1 R u2 d—1 1 R |0 u|2
- —1d = ~y= d—ld
T gr2-d [0/1 yrar2? y+0/1 ya
and hence:
1— o /R u? a1, 4 1 u?(R)
2¢+2—d|| ), yer2? YT oo g Rt
1 R \0,ul?
< Cuau’(l Lyt
— Q,du()+a(2q+2_d)/1 ygq Yy Yy
Passing to the limit R — +oo and picking the optimal ¢ = W yields

(B.2).
Proof of (ii): In the critical case p = %, we compute:

R w2 i
—d
/1 2 (1 logy2? Y
R 2 R
U 1
= 7dy:—/ u?d (—)
/1 y(1 +logy)? 1\ 1+logy
2 R R o
_ _[ui} +2/ _udyu
1 +logy |, 1 1+ logy
, R w2 3 R , 3
u1+2</ 7dy> (/ oyu ydy>
) 1 y(1+logy)? ! Oyl
1 R u2 R |8 u’2
< 2 1 - d*ld 2/ 1My=l d*ld
B u()+2/1 Y272 (1 + logy)?” v Lo

and letting R — 400 yields (B.3).

Proof of (iv). We argue by induction on k with the induction claim: (B.4)
holds for all § > 0. For k = 2, we integrate by parts and use Cauchy Schwarz
to estimate:

Vul> v Vu
T+g2 ) Y T2
uAu 1
o Aerahd B ()

< C IAUI2+/ Jul? +1/ Vul®
- 1+y° Ly*o| 02 ) 14y

IN
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and (B.4) is proved. Assume the claim for k& and prove it for k + 1. For
1 < j <k —1 we have from the induction claim at the level k applied to
0=0+2:

| DI ul|? B | D7 u)? < | DFu)? u?
1+ g0 2G41=) — | T4 gor202G—) ~ | T 4219 Tix o2t 2k
For j =k,
| DFul? DF1uD D*u
14210 1+ g2+
— /Dk—luDk’uD 1 / |Dk 1’LL|2 / ’Dk+1u’2
1+ 32 14 y4+e L+y°
‘Dk+1u‘2 |Dk lu’2 ’Dku‘Q
1 +y T .0 4+5 9 1+ y2+6

and (B.4) is proved. O

We now state a refined fractional global Hardy bound:
Lemma B.2 (Fractional Hardy). Let u € Dyqq and

d
O<v<l and p>0 with ,u+1/<§,

and a smooth radially symmetric function f with

1
B. k < =0,1
( 8) ‘ayf(y)‘ ~ 1+ |y’ﬂ+k7 Oa )
then
(B.9) IVY (uf)ll 2 S NIVAF7ul| 2.

Proof. We recall the standard fractional Hardy inequality:

2
(B.10) V0 < s <3 / [ul < ||Voul|2e.

"25N

From 0 <v <1,

U 2
IV (wf)| = /If — f(y)u(y)| drdy.

y’d+21/
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We split the integral in various zones. First:

[ e WP,
lz—y|<

] |x _ y|d+2u

|f (@) Pu(z) — u(y)?
/|:c—y|<|z| |z — y|d+2 ey

() = f(y)Pluly)]?
+ /|x_y|§% dxdy.

’x _ y’d+2y

The first term is the most delicate one:

J AL B Py g T BT T
|lz—y|< L2l |z—y|

o =yl T i<t TePele =yl
- 2

lu(z + 2) — u(z)]?
S Rr e

Let v, () = u(x + z) — u(z), then from (B.10), Fubini and Plancherel:
lu(x + 2) / v, (z)|?
d dz d
/ |:L.|2,u|z|d+21/ |2|dt2y |2 X
s [ ,m/\v vl
|1 —zf z|2
[ i [P = [P pae [t

< / &[22 a(8) [PdE = ||V u)|2e

N

where we used from 0 < v < 1 and a simple homogeneity argument:

|1 _ e—zf z|2
/ BGEZ a4 = g

For the second term, we estimate using |z — y| < \wl

1
@) - fw) < /0 & — ylIf (& + t(z — y)\dt

1
~ o Jo Tzt -yt Y et

and hence using |z| ~ |y|:
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[ MO SPR ,, o f u(y) P
|z—y\§% |x_y|d+2u ~ o—y|< % |x|2u+2’$_ ’d+21/ 2

‘u(y)de/ dx < ‘ ( )‘ y < HvzﬂruuHQz
~ |y[2“+2 e—yl<ly] E _y|d+21/—2 ~ |y’2u+2u ~ L

ly]

from (B.10). By symmetry, we estimate similarly |z —y| < 5. For |z —y| 2

max{|z|, |y|}, we estimate:

[ faule) - Fu@)E,
lz—ylZ |zl |yl

|ZL‘ _ y|d+2u

Ju()|? / Ju(y)]?
dxdy + dxdy
/|ac o2 allyl 1P ]T — ?J|d+2” o—y|>[al |yl Y22 — y|dT2
< / |u(z |2dx/ / lu(y ]2dy/ dx
~ [z Jioey>al IiB— |d+2” R e e e Rt
< |u(x)|2d:v |’LL( )|2dy < ||vl/+,uu||2
[ad |ZL‘|2'LL+2V ‘y|2,u+21/ i L?
and (B.9) is proved. O

Appendix C. Linear weighted coercitivity bounds

Given M > 1, we let Zj7,4 be given by (4.2). We claim suitable weighted
coercivity bounds for the linearized operator £

= (0  L_
: _<L+ 0 >

Li=—-A—pQ", Lo =—A-Q.

with

We will use in an essential way the factorization of Ly = A% A4,

1 _
Fay(yd ) + Viw,

Asu=—0yu+ Viu, Alu=
with
Vi =0y(log(AQ)), V- = 0y(logQ),

and deal first with A4 and A% separately.
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C.1. Coercivity of A%

We start with the weighted coercivity of A%

Lemma C.1 (Weighted coercitivity for A%). Let k € R, then there exists
¢, > 0 such that for all u € Dyag:

| AL ul” / s |Oyul?
C1 > . :
(C.1) 11y =% | ] 201+ ™) T 1+

Proof. step 1 Subcoercive bound for A% . Let u € D,aq, we claim the fol-
lowing lower bound:

A2 @[ 1opP
C —_—

1+y4k‘ — y2(1+y4k) 1+y4k‘

11, u?

- [u (1)+/1+y4k+4]

for some universal constant ¢ = ¢, 4% > 0. Indeed, recall the definition of
A%
+

(C.2)

-~ d-1
AL =0+ Ve V==t Vs

where V, satisfies (2.10). Near the origin,

‘A*-s-u|2 / S9
pe Oyu +Viu

= /<1 [|(9yu|2 + ‘N/_EUQ + 217+u8yu}

Y=

- 1 s

o L V- 0,

- 9 2
:/ |8yu|2+/ “—2[(d—1)2-<d—1)(d—2)]+0(/ “—)

y<1 y<1Y y<1 Y

2
(C.3) z/ |ayu\2+/ “—2+0</ u2>.
y<1 y<1Y y<1

Away from the origin, we estimate from (2.10):

(Byu + Viu)? 1 d—1—7 u\]?
y>1 Yy y>1Y Yy Y
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1 d—1—+~ 1? u>
—= |Oyu + 711] +0 <
/yzl yi [ Y Y y>1 yiktd
Y Ny R ¢
o1 yHEH2(d=1-7) 1 yiRFa )

Let then v = 541"y, p = 2k + (d — 1 — ), then from (A.2):

vV

—(d-2) =4k +2d—1—7)— (d—2) =4k +d— 2y >0,

and we may therefore apply Lemma B.1 in the non-degenerate case to con-
clude:

L el = [ Loz -t
y>1 yHt2d=1-7) v\ I SSRTE IR o1 Y2 cv
2
U 2
/y>1W‘C“ .

vV

This gives the lower bound:

/]A % ul? - / u? 1 / u? (1)
c| w—————-|[| —m 5 tu :
1_|_y4k - y2(1+y4k) c 1+y4k+4

On the other hand, there holds the trivial bound from (2.10):

L
1+y4k y2(1+y4k) ~ 1+y4k

and (C.2) follows.

step 2 Subcoercive bound for A*. We claim the following lower bound:

/ | A* u? . / u? +/ |0y ul?
1+ y4k — y2(1 + y4k’) 14+ y4k
1] 5 u?

for some universal constant ¢ = ¢, 4% > 0. Indeed, recall the definition of
A* .

~ =~ d-1
AT =0, +V_, V+=T+V,

where V_ satisfies (2.11). Near the origin, we estimate verbatim as in the
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proof of (C.3):

AT ul? u?
/ 'ﬂ,ﬁz/ \ayu|2+/ —2+o</ u2>.
y<it 1+y y<1 y<1 Y y<1

Away from the origin, we estimate from (2.11):

/ (Byu + V_u)? _/ 1
y>1 ytk y>1 Y

/ 1
y>1 Y

1 ’ d—1—-—2— 2 (/ u? >
= ———— Oy(y Py ’ +0 — |-
/y>1 y4k+2(d—1—ﬁ) y( ) 1 ikt

Let v = ydil*ﬁu, q=2k+(d—-1- I%), then from (A.2):

vV

Oyu + — Py

2

2¢—(d—2)=4k+2(d—1———)—(d—2) >4k +d—2y >0,

p—1

and we may therefore apply Lemma B.1 in the non-degenerate case to con-

clude:

1 2 1 9 v?
e [ = [ ez |
/yZl y4k+2(d—1—’y) Y y>1 y2p Y y>1 y2p+2

This yields the lower bound:

/‘A*u’2 > / v ! [/ v 2(1)]
—2C | g — — — tu .
1+y4k - y2(1+y4k) c 1_|_y4k+4

On the other hand, there holds the trivial bound from (2.11):

ok [ i A% of?
1+y4k y2(1+y4k) ~ 1+y4k

and (C.4) follows.

— c?(1)

step 3 Coercivity. We argue by contradiction. Let M = M (j) > 0 fixed and
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consider a normalized sequence u,, € D;,q with

2 2 * 2
(05) / |Un| |8yun| -1 ‘Aiun| < 1

y2(1 + y*) 1+ ytk ’ 1+y* —n

This implies from the subcoercivity estimates (C.2), (C.4):

2
2 u

From (C.5), the sequence u,, is bounded in H!(¢ < y < R) for all R,e >
0. Hence from a standard diagonal extraction argument, there exists u €
Nre>0H' (¢ <y < R) such that up to a subsequence,

(C.7) Ve,R>0, u, ~u in H(cs <y <R)

and from the local compactness of one dimensional Sobolev embeddings:

u, —u in L*(e <y < R), up(l) — u(l).

This implies from (C.6), (C.5) and the lower semi continuity of norms:

(C.8) 2(1)+/u72>1 /L<1

' u 11y h i~ 5 | 2 g k) ™

and thus in particular u # 0. On the other hand, from (C.5), (C.7):
fu=0 in R}

and thus from (2.15), (2.24):

w— m for Ai
N —<5 for A*
y41Q

The constant ¢ is non zero from u # 0, but then since @, AQ are smooth at

the origin:
2 d—1
u Yy dy
— 2 W= / 1 = 1t
/ygl y? /y§1 y2(d=2)+2 y<1 yd-1

which contradicts the a priori regularity (C.8) of u. O
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C.2. Weighted coercivity of c

We now turn to the coercivity of £ which we consider in the generic case
Ok, # 0, with k4 and 0y, defined in (1.36), (1.37). We let Zjs + be given by
(4.2), (4.9).

Lemma C.2 (Weighted coercitivity for £, case Ok, #0). Assume 6, # 0.
Let k € N. Then:

(i) Case k small: assume ki > 2 and let 1 < k < ky — 1, then there exists
¢, > 0 such that for all u € Dyaq, there holds:

~o2 2 2 2
©9) / £ >Ck[ / Aul® [ ol

1+y4k72 — 1+y4k72 1+y4k y2(1+y4k) ’

(ii) Case k intermediate: let ky < k < k_ — 1, let M > M(k) large enough,
then there exists cprp, > 0 such that for all u € Dyaq satisfying the orthogo-
nality

('LL, EM,-F) = 07
there holds:

| Lul? |Aul? |0yul® Jul?
cio) [ =4 > _2u .
(€10 / T yt2 = k| | Tz [ Ty T 20y

(ii) Case k large: let k > k_, let M > M (k) large enough, then there exists
cark > 0 such that for all u € Dyaq satisfying the orthogonality

(quMHr) = (u, EM,*) =0,
there holds:
|Lul? |Aul? |0yul? |ul?
C.11 _ > SR L S .
(C.11) / T yth2 = Mk | [ e Lk T

Proof of Lemma C.2. step 1 Subcoercive bound for Ay. Let £ > 0 and
U € Drag. We claim the following lower bound:

|Aiu\2 |(9yu|2 u?
& 2 € T 2 1k
1+y 1+y Y2 (1 4 y*k)

(C.12) - %[u2(1)+/#24k+4]
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for some universal constant ¢ = ¢, 4, > 0. Recall the definition of A4 :
Al = —8y + Vi

with Vi satisfying (2.10), (2.11). We estimate near the origin from (B.1):

Agul? 1
/ | iuJLk 2/ [c\({“)yu|2 _ —'U,2:|
y<11+y y<1 ¢
2
U 1
2 c/ [\8yu|2 + —2] - = [/ u? +u2(1)] :
y<1 Yy ¢ Ly<a
Away from the origin, we estimate from (2.10):
Aoz [ oo ()]
2 —7 |Oyu+ —u+0 | —
/yg 14y y>1 Y Y Yy y?
2 [ o] o ([, i)
pe — |Oyu + —u —
o1 YIE Y y o1 Y

We let v = y"u, 2q = 4k + 2y. We observe that

2 — (d—2) =4k +2y—(d—2) =4(k+1—ky —6,) #0

from 0, # 0 and k € N, and we may therefore apply Lemma B.1 in the
non-generate case to conclude:

O (vu)|2 O, v|? 2 1
/ | yz(1?1j+g)| = / | y;’ Z C/ 2U+2 ——v*(1)
y>1 YT y>1 Y y>1 Y~ c
2
U 1
> c/ — — —u?(1).
o1 2L+ g2y ¢ (1)
The collection of the above bounds yields the lower bound:

| A ul? / u? 1], / u?

>e | —— — ~ 21 S

T+y® =) 2% ¢ W)+ 1+ ytkta

which together with the trivial estimate

10, / WAy
1+y4k y2(1+y4k) ~ 1+y4k

implies (C.12) for Ay.
Similarily, we estimate away from the origin from (2.11):
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\A_u]2>/ 1 [ 2 wu (u)F
2 — |Oyu + —+0|—
/yzl 1 4 yt* y1 Y (p—1vy y?
1 2 ul? u?
< [ e 2T o(f )
éyy4[y p—1ly o1 Y

We let v = yﬁu, 2q =4k + Z%. We observe that

2q—(d—2)—4/<:+p%1—(d—2)—4(k:+1—k_—5k)7é0

from 0 # 0 and k£ € N, and we therefore apply Lemma B.1 in the non
generate case to conclude:

PSP 2 2
[ BOTWE a2 Ly
y=1 oyt y1 Y yz1 YT c
u? 1
> c/ — — —u*(1).
o1 YR+ ) e (1)
The collection of above bounds yields the lower bound:
|A_ul|? / u? 1], / u?
> —_— — — 1 —_
11 y% =) P2Aro¥ ¢ u”(1) + 1+ yik+a

which together with the trivial estimate

O, ul? u? A_ul?
’ Y _ <
1+y4k; y2(1+y4k) ~ 1+y4k:

implies (C.12) for A_.

step 2 Coercivity. We argue by contradiction and let a normalized sequence
Uy, € Dyaq be such that

[Oyun|* / Jun|? / | Lul? 1
1 =1 <=
1) Ty ) gm0 T2 S
and
(C.14) ‘ (Un,Zp4+) =0 for max{ky,1} <k <k_—1

(Un, Erm4) = (Un, Ep—) =0 for k>k_.
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From Lemma (C.1)

Lua> [ AL A-Su,? + AL AL Ry,
1+ y%h—2 1+ y4h—2
S |A_Sup|? + | AL Ruy, |2
~ 14y

and hence the subcoercivity estimate (C.12) and (C.13) imply:

|Un|2
(C.15) lun|*(1) +/W >1.

From (C.13), the sequence u, is bounded in H'(e < y < R) for all R,e >
0. Hence from a standard diagonal extraction argument, there exists u €
Nre>0H'(e <y < R) such that up to a subsequence,

(C.16) VR >0, u, ~u in H'(¢s<y<R)
and from the local compactness of Sobolev embeddings
u, —u in L*(e <y < R), up(l) — u(l).

This implies from (C.15), (C.13):

(C.17) lu|?(1) +/¢ >1, /L <1
1+ y4k‘+4 ~ y2(1 + y4k)

The compact support and regularity of Zj;4+ allows us to pass to the limit
in (C.14) and conclude:

= = < k< k_-—
(C.18) ‘ (u,2p,4) =0 for max{ky,1} <k<k_ -1

(u,2m4) = (u,2p,—) =0 for k>Fk_.
On the other hand, from (C.13), (C.16):
Lu=0 on RY

and hence from (2.16), (2.19) and (2.25), (2.28) and the a priori regularity
at the origin (C.17):

(C.19) u=ct

=c; P4 +c_Pp_.
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We now distinguish cases.
case 1 < k < ks — 1. In this case:

AQP / y!
— T~ 2 —————~—-dy = 00
/y>1 Y2(L4+yt) ™~ Jys1 2 (1 +ytF)y>
from
1+2y+4k+2—-d=1+4(k+1) —4(ky +0p,) <1 —46, <1

Similarily:

2 d—1 d—1
21 VLY ™ s 21 4 ythyyi T Sy (L YRy

We conclude from (C.19) and the established regularity (C.17) that u = 0
which contradicts the non degeneracy (C.17).
case max{ky,1} <k <k_ — 1. In this case:

/ ﬂ > / ydil dy = 400
y21 V(L Hy) ™ Jys1 g2(1 4 gtk )y
from

4
1+—1+4k+2—d:1+4(k+1)—4(k_+6k7)31—45,67 <1
P

Hence from (C.19), (C.17), c— = 0. But then the orthogonality condition
(C.18) and the non degeneracy (4.3) imply cy = 0, hence v = 0 which
contradicts the non degeneracy (C.17).

case k > k_. In this case, (C.19), the orthogonality condition (C.18) and the

relations (4.3), (4.4), (4.10), (4.11) imply ¢y = ¢ = 0. Hence v = 0 which
contradicts the non degeneracy (C.17). O

C.3. Coercivity of ck

We are now position to prove the coercivity of L* under suitable orthogo-
nality conditions. We recall from (A.3) that ki > 1.

Lemma C.3 (Coercivity of £¥, non degenerate case). Assume 0, L #0.
(i) Case k small: let 0 < k < ky — 1, then there exists d;, > 0 such that for
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all u € Dyag, there holds:

2k+1

Ak Rk _ D"
(C.20) (JEL u, L) > ¢ Z / =T

(ii) Case k intermediate: let k = ky +jy <k_ —1, j+ € N, let M = M (j)
large enough, there exists ci ar > 0 such that for all w € Dyaq satisfying the
orthogonality conditions:

(021) (u7 (E*)HEMHr) =0, 0<n<j;,

there holds:
2k+1

- 4 ‘Dnu‘Q
(C.22) (JCL‘, u, L) > cp Z /w;m

(iii) Case k large: let k =k +jr =k_+j_, (jr,j—) € N2, let M = M(j4)
large enough, there exists ciar > 0 such that for all u € Dyaq satisfying the
orthogonality conditions:

(C.23) (u, (£)"Eary) =0, 0<n<j;
Em-)=0, 0<n<j
there holds:
2k+1

~ |Dnu‘2
(C.24) (JLLEu, £Fu) > cpar Z/1+y4k+2 2n°

Proof of Lemma C.3. step 1 Hardy bound. We first claim: V§ > 0,
2k+1 |DnZU|2 |U|2
Z 1 + ytk+2—2n+9 + 1 + y4k+6+9
2k+3 )
| D" ul
(C.25) Rk Z / 1 + yAD+2-2n+4s

We argue by induction on k. B
k = 0: We infer from the definition of £ and the decay

[D’W4| < 12 J=0
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| Aul? |Cul? Juf?
<< - 4 S St
1+ y2+5 ~ 1+ y2+5 14+ y6+5'

Hence from (B.4):

Vo AP (L Juf?
1+y4+6 ~ 1+y2+5 1+y6+5 ~ 1+y2+5 1+y6+5'

This implies:

the bound:

VA [ [V(=Au— Waw)? /\EM / Jul”
1_|_y5 ~ 1+y5 1+y2+5 1+y6+5

_ / |DLu|? / |Cul? / [uf?
< + +
L+y° 1+ y2+9 1+ yb+0
and (C.25) is proved for k = 0.
(0 +4,k) = (6,k + 1): From the induction claim for (k,d + 4):

e D" Luf? Jul?

Z 1+ gA+D+2-2n+3 - 1 + gAGFD+6+0
2k+3 |D”u\2

Rk Z/1+y A(k+2)t2—2n+0 "

We now estimate from Leibniz:

’D2k+4u‘2 ’D2k+2£ ’2 2§+:2 ‘Dnu‘Q
1 + y2+5 N 1 + y2+5 =~ 1 + y4(k+2)+2—2n+5
’D2k+5u‘2 _ ’D2k+3£~u’2 2k+3 ‘Dnu‘Z

1+ y(5 ~ 1+ y(5 . 1+ y4(k+2)+2—2n+5

and the conclusion follows.

step 2 Conclusion. We now prove the claim by induction on k.
Initialization k = 0, 1. For k = 0, we recall from (2.4):

L_.>L;>0 on H'

and hence from the standard Hardy inequality:
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(C.26) (JEu,u) = (LyRu, Ru) + (L— /|a ul?® + / [ul®

Assume that k4 > 2 and let us prove (C.20) for k£ = 1. We estimate from
(C.26) and Lemma C.2:

| Lul?
1+ 92

[+ [ 120, 1ol |
1+y 2+ 14 y* 145

and hence using the expression for L:

(JLLu, Lu) > / 10, ul® +

Vv

2P [ D
1+y2 1_|_y4 1+y6

(JLLu, Lu) Z/|D3u|2 +

Induction k — k+1 < ky — 1. We assume the claim for £ > 0 and prove it
fork+1<ky—1. Letv= Zu, then by induction:

2k+1

Ak, Pkl rrk, rk [D"l?
(JLL  u, L5 ) = (JLL v, LY Z / 1t ytkt2—2n"

Now from Lemma C.2, case k + 1 < k; — 1, there holds:

R
1+y4k+2 - 1+y4k+2 ~ 1+y4k+6'

and hence the expected lower bound follows from (C.25) with § = 0:

2k+3 2
FrktL, PR, | DPul
(JLL T u, L Z/1+y 4(k+1)+2—2p "

Initialization k = ky. Recall that k4 < k_. Let u satisfy (u,Ep4) = 0,

v = Zu, then from the previous step:
2k—1

S5h Ak Frk—1y Fh-1, | D" o]
(JLL w, L) = (JLLY v, L Z/1+y4k 2-2n"

Now from Lemma C.2, case ky < k < k_ —
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Y A T A
1 _|_y4k‘—2 - 1 +y4k‘—2 ~ 1 +y4k+2
and the conclusion follows from (C.25) again written for k — 1.
Initialization k > k+1<k_—1. Let k+1=Fks + j+ + 1 and u satisfy

(u, (L*VEn+) =0, 0<p<js+1,
then v = Lu satisfies
(v, (L )PEn+) =0, 0<p<jo,
and hence by induction:

2k+1

e ~ o~ D"™yl?
(JLLF u, £EF ) = (JLLRw, LF) Z / 1 +| y4k+|2 o

Now from Lemma C.2, case ky < k+1 < k_ —1, and using (u,Zp,4) =0,

there holds:
R
1 +y4k+2 - 1 +y4k+2 ~ 1 +y4k+6
and the conclusion follows from (C.25) again.
Initialization k = k_. Let k = k_ = ky + j1, let u satisfy

(u, (L)"Epm+) =0, 0<n<jy, and (u,ZEp,—)=0.
Then v = Lu satisfies
(0, (L)"Eprt) =0, 0<p<jy—1
and hence from the previous step:

2k—1 n,, |2
Frku PFu) = (JELF 1y, P14 [ D"
(JLL u, L) = (JLLY *v, L Z/1+y4k 2-2n"

From Lemma C.2, case k > k_, and using (u, Zps,+) = 0, we have:

I
1_|_y4k—2 - 1+y4k—2 ~ 1+y4k+2



Type II blow up 609

and the conclusion follows from (C.25) again written for k — 1.
Inductionk - k+1. Let k+1=ky +j+ +1=k_ +j_ + 1 and u satisfy

(u, (L) "Epra) =0, 0<n<ji+]1,
then v = Lu satisfies
(0, (L)"Ens) =0, 0<n < jy,
and hence by induction:

2k+1

~ ~ ~— ~ D"yl?
(JEL u, £ ) = (JEL*v, L) Z/ il

1+ ytht2-2n"

Now from Lemma C.2, case k < k_, and using (u,Zps,+) = 0, there holds:

-
14+ y4k+2 - 1+ y4k+2 ~ 14 y4k‘+6

and the conclusion follows from (C.25) again. O
Appendix D. Interpolation bounds

In this appendix we derive some weighted L* bounds which are used to
control the lower order terms (N(g), L(¢)) in section 5. They will follow
from simple interpolation arguments.

Lemma D.1 (L bounds). (i) L* bound:

0(3£) 34 vo(2)

(D.1) lelle + [ V3elze S 11V EHLz 1 )

o 1F0() H(g+1ma)wo(
(D.2) Vellm 5 197l (=)

)

(ii) Weighted L*> bound: let 0 < § < L, then:

. HL S ||V”5||1Ljo(3)b15+5(5—0)+o(z)‘

140

(iii) Sobolev interpolation: Let o < § < L, then

o 2HO(E) f—o+O(h)
(D.4) V7%l SIV7ell. b :



610 Frank Merle et al.

Remark D.2. Interpolation constants in (D.1), (D.2), (D.3) depend on the
bootstrap constant K (M).

Proof. Proof of (i): From Sobolev,

3 —
lellz + 1V2ellze < Vel 27V 7ell7:

d

S+—§ 1 d 1
= —1-—[Z_ o —
A oL, <2 ">+ <L1

and thus using (4.34):

with

4+0( ¢ 1 d_o5 +0O( L+
el + IV 2elz2 S Vel (L+)b1z(2 ) (L+).

Similarily:
IVellz= S IV**ell 27V 7elis

d
sy —2-1 1 (d 1
S S . S (Y O —
i Sy — 0O 2L+<2+ o)+ L?i‘

and thus
140( &) (4+1-0)+O( &
IVellL= S [IVel L2 ( +)bl ( +)‘

Proof of (ii): For y < 1, we have from Sobolev

with

L
lelle <) S llellme+ <1y S b1

We estimate from (B.3) with p = sy — 1 and (4.34):

2
£

2L
P SO
14 y+ 72

Lo (y>1)

We therefore interpolate for 0 < § < Ly using (D.1):

3

H5HLoo(y2A)
d
1+ 5%+ 2

)
S AT +

Loo

1
1+y L= (y<A)

5 - 5
S ) I el
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s el

~

Proof of (iii). We interpolate
1—
IV%ll1e S IVoell 2l Vel 2

with

and hence using (4.34):

240(7-) B0 +O0(£)
IVPelZe S IVl by o O

Appendix E. Eigenvalues of the linearized operator in self
similar variables

We briefly revisit in this section the standard computation of the eigenvalues
and eigenvectors of the linearized operator close to the self similar solution:

1 1
H@:H@—{ <1>+§r<1>’}, H0:<0 H—)

p—]_ —H+ 0
with
At At
Hy=-A-> g - A-2
T T

step 1 First set of eigenvalues.

case ¢/ = 0. We let

and compute:

1 1 —
—[m+§T8T]T v +

— —)\0¢07+
_H+T_’7

H¢07+ - '

where we used the v equation:

_7? = (d = 2)y + peoor—

i = 0.

Hi(r7) =
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case £ > 1. We let

4
@5’4_ = Z Ck;Jk
k=0

and compute:

2k—~ 1 v
Nyp=— 2
) 0+ = 2

l =1
1 +£ <

0

H®yq + A1 Py

¢ 2k—y ¢ 1 1 2k—y
_ k| T k| T
= kgo cpHoJ 0 + kEO {)\g7+ — []?1 + §T8T:| } cpJ 0
¢ 2%k—y 1 1 1 2%k—v
_ Z k| T k| T
= 2 CkHOJ 0 + = {)\@74,_ — [E + 57"87«:| } CkJ 0
-1 2k+2— 1 1 2k—r
T T
== kg_o Ck-+1H0Jk+1 0 + Ck {)\g’_;'_ - [ﬁ + 57‘@] } Jk 0

thanks to the v equation for £ = 0 and the choice of A, | for k = . We now
compute for k = 2p:

r2kt+2—y 1 1 r2k—
ol e o1 T 710
_ | (CD)Pep Ho(r25 277 4 gy {>\€,+ - Lﬁ + %r&«} } r2k=y
0
Cry1dr — creg,
0
and for k = 2p + 1:
2k+2—~ 1 1 2k
H kE+1| T o 1o, &
eretHo T I i e A
0
T | (CDPep Hy (PR ) - (<1t {Az,+ - [z% + %rar} } e
0

Ck+1dg — Ckeg

and hence the recurrence relation (dy # 0)

€k
Ck+1 = d_ck’ c1=0
k
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yields an eigenvector.
step 2 Second set of eigenvalues.

case ¢/ = 0. We let

and compute:

H_ () 2 +=0

Hdy_ = __2
| ‘ ~ [ Ao

where we used the definition (1.9) of ¢t

s 1 2 2 2d—1)
H_(r»1) = 1 —— =
=) rw“{ —1<p—1+)+ p—1 C‘”}
1 2 2
S S AP 1 S O
prat? p—1 p—1
case /> 1. We let
: 0
O =Y | gz Ao =4 =1
k=0
and compute:
H(I)g’_ + )\g’_q)z,_
¢ 0 ¢
= ZCkHQJk Qk_p_il + Z {)\g,_ — |: :| }CkJ 2k3— 1
k=0 " k=0 P
¢ -1
el 0
= ZCkHOJ ok—-2 T {)\e, - [ ] } cpJ¥ 2k— 2
k=1 " k=0 P
-1
0 1 1
= cpyrHoJ"H! ‘ 2ht2—2 + Gk {Az,— - [ﬁ + 57"37"] } J* .

thanks to the ¢, equation for £ = 0 and the choice of Ay _ for & = £. This as
above yields a suitable induction relation on the ¢ to create an eigenvector.
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