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PSL(2; C) connections on 3-manifolds with L?
bounds on curvature

CLIFFORD HENRY TAUBES*

Karen Uhlenbeck’s compactness theorem for sequences of connec-
tions with L2 bounds on curvature applies only to connections on
principal bundles with compact structure group. This article states
and proves an extension of Uhlenbeck’s theorem that describes se-
quences of connections on principal PSL(2;C) bundles over com-
pact three dimensional manifolds.

Suppose that M is a compact Riemannian manifold and P is a principal
bundle over M with fiber a Lie group to be denoted by G. Fix an integer no
less than % of the dimension of M, this denoted by p. In the case when G is
compact, Karen Uhlenbeck’s foundational paper Connections with LP bounds
on curvature [U] explained the sense in which the space of connections on
the given principal bundle with an a priori LP bound on the norm of the
curvature is compact. This paper is the first of a planned series of papers
that provide a generalization of Uhlenbeck’s theorem in the case when G is
not compact. This paper considers only the case when M has dimension 2
or 3, the group G is PSL(2;C) and p = 2. The generalization of Uhlenbeck’s
theorem for the case of dimension 3 is the upcoming Theorem 1.1. The
dimension 2 case is subsumed by Theorem 1.1 by taking the manifold in
Theorem 1.1 to be the product of the given surface with the circle. The
dimension 2 case is also stated separately as Theorem 1.2.

The space of automorphism equivalence classes of irreducible, flat
PSL(2;C) connections need not be compact. Morgan and Shalen [MS1]-
[MS3] construct a compactification of the latter space using certain equiv-
ariant maps from the universal cover of M to certain sorts of R-trees, an
R-tree being a metric space where by any two points are connected by a
unique path. Daskoloupoulus, Dostoglu and Wentworth [DDW1]-[DDW3]
subsequently proved that the Morgan-Shalen maps can be taken to be har-
monic. Some brief remarks are made near the end of Section 1 about what is
said in Theorem 1.1 and what is said in [MS1]-[MS4] and [DDW1]-[DDW3].
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A generalization of Uhlenbeck’s theorem to the case when G is PSL(2; C)
and M has dimension 3 is of specific, topical interest for reasons that are
described at the end of Section 1 of this paper. Moreover, close kin to the
techniques that are introduced to prove Theorem 1.1 will likely play crucial
roles in proofs of Theorem 1.1’s analog when G has rank greater than 2,
when M has dimension greater than 3, and/or when p is not equal to 2. It
is also likely that close kin of these same techniques can help characterize
the moduli spaces of solutions to various generalizations of the 3 and 4
dimensional Seiberg-Witten equations that involve more than one spinor
and more than one U(1) connection. The reason is that these Seiberg-Witten
equations have the same formal structure as those that assert the flatness
of a connection on a PSL(2; C) principal bundle. Compactness theorems for
solutions to these other equations are subjects for possible sequels to this
article.

Acknowledgements

A debt of gratitude is owed to Qing Han for explaining his work and those of
his colleagues, Robert Hardt, and Fanghua Lin. The influence of their work
and the earlier work of Almgren and others on the singular points of nodal
curves can be seen in much of this article. A large debt of gratitude is also
owed to John Morgan for his saintly patience with the author’s questions
about R-trees and about his papers with Shalen that define their compacti-
fication of the space of automorphism classes of flat PSL(2; C) connections.
A final thank-you goes to Ben Mares for his close reading of parts of an
earlier version of this manuscript.

1. The PSL(2;C) extension of Uhlenbeck’s theorem

This section has six subsections. The first, Section 1.a, presents Uhlen-
beck’s theorem and then states its PSL(2; C) generalization, this being The-
orem 1.1. Section 1.b states and proves the dimension 2 analog of Theo-
rem 1.1. Section 1.c first explains the relationship between what is said in
Theorem 1.1 and what is said in [MS1]-[MS4] and [DDW1] about the flat
connections. It then gives a very brief account how the data supplied by The-
orem 1.1 leads to some central notions in 3-manifold topology. Section 1.d
provides a short outline of the proof of Theorem 1.1. Section 1.e describes
some questions in 3 and 4 dimensional differential topology and geometry
that may well require some sort of PSL(2; C) extension of Uhlenbeck’s theo-
rem. This section also has a paragraph that says something about extensions
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of Uhlenbeck’s theorem to PSL(n;C) for n > 2. Section 1.f supplies a table
of contents for this article and it states certain notational conventions that
are subsequently invoked with no further comments.

l.a. Theorem 1.1

Theorem 1.1 is stated below after some necessary stage setting to define the
notation and supply some needed background. The stage setting has nine
parts.

Part 1: The group SL(2;C) is viewed here as the group of 2 x 2 complex
matrices with determinant 1. Viewed in this light, its Lie algebra is the
vector space of trace zero, 2 x 2 complex matrices. The latter space can
be written as the direct sum su(2) @ isu(2) with su(2) denoting the vector
space of skew hermitian complex matrices and with i denoting the square
root of —1. Keep in mind that the Lie algebra of SU(2) is the vector space
s5u(2). The linear form on the vector space of 2 x 2 complex matrices given
by —1 times the trace is denoted in what follows by (, ). The square of the
Hermitian norm on su(2) can be written using this notation as the function
u — (uu).

Part 2: Assume henceforth that M is a compact 3-dimensional manifold
with a given principal PSL(2; C) bundle. As PSL(2;C) bundles have reduc-
tions to principal SO(3) bundles, choose once and for all such a reduction
so as to write the given principal PSL(2;C) bundle as P xgq 3y PSL(2;C)
with P — M a principal SO(3) bundle.

Any given connection on P xgg3) PSL(2;C) can be written as A + ia
with A being a connection on P and with a denoting a 1-form with values in
the associated vector bundle P XSO(3)5u(2). The curvature of the connection
A = A +iais denoted by Fy and that of A by Fa. The former is a section of
(P Xg0(3) 51(2)) ® (A*T*M) and it can be written in terms of A’s curvature
as Fy = Fao —aAa+idaa with dy denoting here the exterior covariant
derivative that is defined by A.

Part 3: Fix once and for all a Riemannian metric on M. Unless instructed
to the contrary, assume that all inner products on TM, T*M and their tensor
products are defined by this metric. The metric Hodge star is denoted by .
Likewise, assume that all covariant derivatives on these tensor bundles are
those induced by the associated Levi-Civita connection. These covariant
derivatives are denoted by V. The metric’s Ricci curvature tensor defines a
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symmetric, bilinear form on T*M that is denoted by Ric. Integration on M
is defined using the metric’s volume element.

Norms of tensor bundle valued sections of P Xgo(3) su(2) are defined
using the Riemannian metric and the norm on su(2). Let A denote a given
connection on P. The covariant derivative defined by A and the Levi-Civita
connection on P xg03) s1(2) valued sections of tensor bundles is denoted by

V. The Hermitian adjoint of this operator is denoted by VR.

Part 4: Sobolev spaces of connections are front and center in Uhlenbeck’s
theorem, and so they are front and center in Theorem 1.1. This part of the
subsection defines these spaces.

Fix a ‘fiducial’ connection on P to be denoted by Agy. The connection
Ay is used to define a given k € {0,1,2,...} version of the Sobolev LIQ{ norm
on tensors with values in P xgg(3) 51(2), this being the norm whose square
assigns to a given tensor t the integral over M of Y ... o [(Va,)®™t/%. An
L12( tensor with values in P Xgo(3) su(2) is an almost everywhere defined
section of the relevant vector bundle with finite Sobolev Li norm.

Let Conn(P) denote the space of smooth connections on P. Let k denote
for the moment a given non-negative integer. The LIQ{ topology on Conn(P)
is defined as follows: Write a given connection on P as Ay + & with a being
a section of (P xgg(3) su(2)) ® T*M. Doing so identifies Conn(P) with the
vector space of sections of (P xgo(s) su(2)) ® T*M. The L topology on
Conn(P) is the topology that is induced by this identification from the L2
metric metric topology on the space of sections of (P xgg3) su(2)) @ T*M.
This topology does not depend on the chosen fiducial connection.

A connection on P is said to be an L connection if it has the form
Ao +a with & denoting an L section of (P xg0(3)su(2)) ® T*M. This notion
is likewise independent of the choice of Ag. A sequence {A;}n=12,. of con-
nections on P is said to converge weakly in the L2 topology on P when it can
be written as {A, = Ay + &y }n=1,2,.. with the sequence {a,}n—12 .. having
bounded Lﬁ norm and converging weakly with respect to the Lﬁ norm to an
L{ section of (P Xgo(3) su(2)) ® T*M.

Part 5: Karen Uhlenbeck’s [U] theorem applies to connections on P and in
particular makes the following assertion:

Uhlenbeck’s Theorem. Suppose that {A,}n=12.. is a sequence of con-
nections on P with the corresponding sequence

VS
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being bounded. There is a subsequence of {An}n=12,.., hence renumbered
consecutively from 1, and a corresponding sequence of automorphisms of P,
this denoted by {gn}n=12,., such that {gn*An}tn=12, . converges weakly in
the L2 topology to an L2 connection on P.

By way of a reminder, the space of automorphisms of P acts on Conn(P)
by pull-back. This space of automorphism can be identified in a canonical
fashion with the space of sections of P xgg(3) SO(3). Let g denote such an
automorphism and let A denote a given connection. The pull-back g*A can
be written as A 4+ g~ 'dag where g is a (locally defined) section of the as-
sociated bundle to P with fiber the group of 2 x 2 unitary matrices with
determinant 1, this being SU(2). The group SO(3) acts on SU(2) via conju-
gation. The automorphism g need not lift over the whole of M to a section
of the fiber bundle P x sq(s0(3)) SU(2), but a lift does exists over any con-
tractible subset of M. Even so, the section §~1dag of (P xgo(3)su(2)) @ T*M
is defined everywhere on M because any two lifts of g differ by the action of
multiplication by 1 or —1.

Part 6: Uhlenbeck’s theorem is a godsend because its assumptions are in-
variant under the action on Conn(P) of P’s automorphism group; the rea-
son being that the norm given by u — —(uu) on su(2) is ad-invariant. This
implies that the norm of the curvature of a connection on P is pointwise
identical to the norm of its pull-back via any automorphism of P. This be-
ing the case, the L? norm of the curvature of any given connection is is the
same as that of its pull-back via an automorphism.

The Lie algebra of SL(2; C) does not have a norm that is invariant under
the adjoint action of SL(2; C). Even so, there is a useful generalization of the
L2 norm of the curvature of an SL(2;C) connection that is invariant under
the action of the group of PSL(2; C) automorphisms of P xgq3) PSL(2; C).
The definition is given momentarily in (1.1). This generalization plays the
role in Theorem 1.1 that is played by the curvature L? norm in Uhlenbeck’s
theorem.

The upcoming definition uses Conn(P xgo3y PSL(2;C)) to denote
the space of connections on P xgo3y PSL(2;C) The group of automor-
phisms of P xgo(3) PSL(2;C) is denoted by Ge; and the Gc-orbit in
Conn(P xgo(3) PSL(2;C)) of a given connection A is denoted by Gc(A).

The generalization to Conn(P xgo3) PSL(2; C)) of the square of the L
norm of the curvature is the function on Conn(P xgo(3) PSL(2;C)) assigns
to any given connection A the infimum over connections A + ia € G¢(A) of
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a function that is denoted by § and defined by the rule
(1.1) A%g(&) :/ (|FA—a/\a!2+\dAa|2+!dA*a]2).
M

Part 7: Fixk € {0,1,2,...}. The L} topology on Conn(P xgo3)PSL(2; C))
is defined by first identifying the latter space with Conn(P) x C*(M;
(P xg0(3) 5u(2)) ® T*M) with it understood that a given pair (A,a) in
the latter space corresponds to the connection A + ia. Having done so, the
topology is defined to be the product of the Lﬁ topologies on Conn(P) and
C>°(M; (P xg0(3)5u(2)) ®T*M). An L connection on the principal PSL(2; C)
bundle P xgo(3) PSL(2; C) is defined by a pair (A, a) of L? connection on P
and L section of (P xgo(3) su(2)) ® T*M.

A part of Theorem 1.1 describes a connection on an open set in M as
being an Ll2<;loc connection. Let U denote the given open set. A connection
on Ply xgo(3) PSL(2; C) is said to be an Ll%;loc connection if it can be written
as Ag +a—+ia with 4 and a being almost everywhere defined sections over U
of (P xg0(3)5u(2)) ® T*M with the following property: If V. C U is any given
open set with compact closure, then the L norm on V of (4, a) is finite, the
latter being the square root of the integral on V of .. <1 |(Va,)®™4|? and
S ocmer | (Va,)®™al2. This notion of an LY. connection does not depend
on the fiducial connection Ag. 7

A sequence of connections on P xgg3) PSL(2;C) is said to converge
weakly in the L topology to an L2 connection when the Conn(P) part of
the corresponding sequence in Conn(P) x C*°(M; (P xgo3) 5u(2)) ® T*M)
converges weakly in the L12< topology to an Li connection on the principal
SO(3) bundle P and the C*°(M; (P xgo3) su(2)) @ T*M) part has bounded
L{ norm and converges weakly to an L section of (P xgo3) su(2)) © T*M. If
U C M is a given open set, a sequence of connections on P xgo(3) PSL(2;C)
is said to converge weakly to an L% . connection on U if both the Conn(P)
part and the C*(M; (P xgo(3) 5u(2)7) ®T*M) part of the connection converge
weakly with respect to the LIQ{ topology on all open subsets in U with compact
closure. This is to say that the Conn(P) part differ from Ag on U by a
sequence of sections over U of the vector bundle (P xgo(3) 5u(2)) ® T*M
with bounded LIQ{ norm on open sets in U with compact closure; and that
it converges weakly on such open sets to an L12<'loc section of this vector
bundle. Meanwhile, the C*(M; (P xgo(3)5u(2)) ®T*M) part of the sequence
has bounded Lﬁ norm on open sets in U with compact closure and it also
converges weakly on such open sets to an Lﬁ;loc section of (P |y xso(g)su(2))®
T*M.
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Part 8: The term real line bundle is used here to describe the associated line
bundle to a principal Z/2Z bundle. With this term understood, let U C M
denote a given open set and suppose that I — U is a real line bundle. An
I valued tensor field on U is a section of the tensor product bundle with I.
The Riemannian metric defines the pointwise norm of an I valued p-form
or any I valued tensor field. Meanwhile, the Levi-Civita covariant derivative
defines a covariant derivative of such a tensor field.

Fix p € {0,1,2,3} and let g denote for the moment an I valued p-form.
The definition of the exterior derivative of g is canonical and is denoted by
dg. This I valued p-form is said to be closed if dg = 0 and it is said to be
coclosed if d¥g = 0. An I valued p-form that is closed and coclosed is said
to be harmonic.

If A is a connection on P, then A defines a covariant derivative on
Hom(I; P xgo(3) su(2)). A given section is said to be A-covariantly constant
if it is annihilated by A’s covariant derivative.

Keep in mind that if ¢ is an I-valued p-form and o is a section of the
vector bundle (1®P) xz/97x50(3)54(2), then go is a p-form on U with values
in P xg0(3) 5u(2).

Part 9: Theorem 1.1 describes a certain subset of an open set in M as
an embedded Lipshitz curve. For the present purposes, an embedded Lipshitz
curve in a given open set U is closed in U and characterized as follows:
Let v denote such a curve and let p denote a given point in ~. Let x =
(x1,%2,%3) denote Euclidean coordinates for R3. There is a coordinate chart
for M centered at p that depicts v near p as the small |x| part of the graph
t— (x1 =t,x2 = @a(t),x3 = p3(t)) with ¢ = (¢1, p2) being a Lipshitz map
from R to R2. By way of a reminder, a continuous map from an interval
I C R into a Riemannian manifold is said to be Lipshitz under the following
circumstances: Let v denote the map in question. Then -y is Lipshitz when
supy peq dist(y(t), 7(t')) < cylt —t'| with ¢, being a constant.

A subset of an open set of M is said to be a Lipshitz curve if it is
the image of a Lipshitz map from either the circle or an open set in R. A
Lipshitz curve is almost everywhere differentiable, and it has finite length if
its domain has compact closure. An embedded Lipshitz curve is a priori a
Lipshitz curve.

Granted all of this notation, here is the promised PSL(2; C) generaliza-
tion of Uhlenbeck’s theorem:

Theorem 1.1. Suppose that {A, = Ay +ia, fn=12... is a sequence of connec-
tions on P xgo(3) PSL(2; C) with the corresponding sequence {§(Ay)pn=12,...
being bounded. For each n € {1,2,...}, use n, to denote the L2 norm of a,.
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o If the sequence {rm }i=12, .. has a bounded subsequence, then there exists
a subsequence of {Ap}n=1,2,.., hence renumbered consecutively from 1,
and a corresponding sequence of automorphisms of P, this denoted
by {gntn=12. ., such that {gn*Ay}n=12. . converges weakly in the L3
topology to an L? connection on P xs0(3) PSL(2; C).

o If the sequence {m}n=12,.. has no bounded subsequence, then there
exists a subsequence of {An}n:m,_., hence renumbered consecutively
from 1, a corresponding sequence of automorphisms of P, this denoted
by {gn}n=1,2,.., plus the following additional data: A closed set Zg C M,
a real line bundle I — M—Zg, and a harmonic I valued 1-form on
M—Zg. The latter is denoted by v. These are such that

1)

2)

3)

The norm |v| of v extends to the whole of M as a continuous,
L2 function. The set Zs is contained in the zero locus of |v|, the
latter being a closed set in M that is contained in a countable
union of I-dimensional Lipshitz curves. Moreover, given € > 0,
there exists a finite set of balls whose total volume is less than
e and with pairwise disjoint closures such that |v|’s zero locus in
the complement of their union is a properly embedded finite length
Lipshitz curve with a finite set of components.

2
1;loc

ogy on M—Zg to an L%.IOC connection on Ply_zg, this denoted by
A.

The sequence {rn_lgn*an}n:l’g,m converges weakly in the L%;loc topol-
ogy on M—Zg to vo with o being a unit length, A-covariantly con-
stant homorphism over M—Zg from I into P Xgo3) 5u(2). Mean-
while, {ry an|nz12,.. converges to |v| in the weak L2 topology
and the C° topology on the whole of M.

The sequence {gn*An}n=12,.. converges weakly in the L topol-

Let Z denote the zero locus of |v|. It is not out of the question that
there is a ‘generic metric’ theorem to the effect that Z and perhaps Zg are
necessarily the union of a finite set of points with a compact, embedded
Lipshitz or even smooth curve if the metric on M is chosen from a suitable
dense set. It is also possible that Z and perhaps Zg are as just described
if the sequence {Ay}n=12 . is chosen to have some additional properties; a
case to consider is that where the sequence sits on an integral curve of §’s
gradient vector field and the corresponding sequence of § values converges
to the infimum of §.

There

is a certain topological significance in Z, I and v that are il-

lustrated by two comparisons. The first comparison is that between what
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Theorem 1.1 says and what is said by the analog of Theorem 1.1 for mani-
folds of dimension 2. The dimension 2 analog of Theorem 1.1 is in the next
subsection. This second comparison is that between what is said by Theo-
rem 1.1 with no added assumptions and what can be said when the sequence
{An}n=1,2,.. is a sequence of flat PSL(2; C) connections. Section 1.c contains
some very brief remarks about the latter case of Theorem 1.1 and then about
the topological significance in Z, I and v in the general case.

1.b. The case of dimension 2

Let ¥ denote a compact, Riemann surface and let P — ¥ denote a given
principal SO(3) bundle. The function § in (1.1) has its analog for connections
on the principal PSL(2;C) bundle P xgo3) PSL(2;C), the formula being
identical but for the fact that the integration domain is ¥ and the Hodge
dual is defined using the metric on .

The upcoming Theorem 1.2 is the analog of Theorem 1.1 for oriented
surfaces. The dimension 2 case of Theorem 1.1 for an non-orientable sur-
face can be deduced from the theorem below by considering pull-backs to
the double cover. The statement of the non-orientable version is left to the
reader.

By way of background for Theorem 1.2, keep in mind first of all that
the chosen orientation and metric for ¥ define a complex structure for T
and thus a corresponding splitting of T*Y ®r C as the direct sum of two
complex line bundles, T @ T%L. If 7 is a given P X 50(3)5%(2) valued 1-form,
then ¢ has a corresponding decomposition as ¢5? + ¢%! with ¢4 being the
part of ¢ in (P xgo(3) 5u(2)) ®r TH0 and with ¢%! denoting the part of ¢ in
(P Xso(g) 511(2)) Xr TO,l.

Theorem 1.2 refers to what is known as a quadratic differential. The
latter is a section of the complex line bundle T?? = T10 @c THO0. This
bundle has a canonical holomorphic structure and this is used to define the
notion of a holomorphic quadratic differential. The Riemann-Roch theorem
asserts that the space of holomorphic quadratic differentials is a complex
vector space of dimension zero if X is a sphere, dimension 1 over C if X
is a torus, and dimension 3G — 3 over C with G denoting the genus of X
when this genus is greater than 1. Let u denote a non-trivial, holomorphic
quadratic differential. The zero locus of u consists of 4G — 4 points counted
with multiplicity.

It may or may not be the case that u is the square of a holomorphic
section of T10. This is the case if each of u’s zeros has even multiplicity. In
any event, the square root of u can be defined on the complement of its zero
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locus as a section of a real line bundle on this complement. The zero locus
of y1 is denoted in Theorem 1.2 by Z,,, and the square root of u on ¥—7,, is
denoted by /2. The corresponding real line bundle is denoted by L.

Theorem 1.2. Let 3 denote a compact, oriented Riemann surface and let
P — ¥ denote a principal SO(3) bundle. Suppose that {A, = A, +iay fn=12...
is a sequence of connections on P xgo3y PSL(2; C) with the corresponding
sequence {F(An)tn=12,.. being bounded. For each n € {1,2,...}, use r, to
denote the L2 norm of a,.

o If the sequence {m }n=1,2,.. has a bounded subsequence, then there exists
a subsequence of {Ay}n=1,2, ., hence renumbered consecutively from 1,
and a corresponding sequence of automorphisms of P, this denoted
by {gn}n=12,., such that {g.*An}tn=12, . converges weakly in the L2
topology to an L} connection on P xs0(3) PSL(2; C).

o If the sequence {m}n=12,.. has no bounded subsequence, then there
exists a subsequence of {An}tn=12.., hence renumbered consecutively
from 1, a corresponding sequence of automorphisms of P, this denoted
by {gn}n=1,2,., and a non-trivial, holomorphic quadratic differential,
this denoted by p. These are such that

1) The sequence {gn*An}tn=12,.. converges weakly in the L%;loc topol-

2
1;loc

ogy on =72, to an L connection on P|\_z, this denoted by A.

2) The sequence {r{l/an*an}nzl,Z,,_ converges weakly in the L%loc

topology on M—Z7,, to a section of (P xgo(3) 51(2)) ® T*X whose
TYO part is pt/20 with o being an isometric, A-covariantly con-
stant homomorphism over M—Z7,, from I to P xgo(3) su(2).

By way of a parenthetical remark, a connection on a principal bundle
over a Riemann surface defines a holomorphic structure on any associated
bundle with complex fibers. This understood, the conclusions of Theorem 1.2
are foreshadowed by Simon Donaldson’s paper [D1] about stable holomor-
phic bundles on surfaces.

Proof of Theorem 1.2. As explained momentarily, this theorem constitutes
a special case to Theorem 1.1. Even so, it can be proved independently
of Theorem 1.1 and with much less effort. To obtain Theorem 1.2 from
Theorem 1.1, take M in Theorem 1.1 to be the product S' x ¥ with the
metric being the product metric. The pull-back of the principal SO(3) bundle
P on ¥ to M via the projection map to 3 defines a principal SO(3) bundle
over M, the latter is denoted also by P. The bundle P is the SO(3) bundle
to use for Theorem 1.1. The corresponding pull-back of {A;}i=1 2, . defines
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a sequence of connections on the incarnation of P xgo3) PSL(2;C) as a
bundle on M. This pull-back sequence is also denoted by {A,}n=1,2, .. Keep
in mind that the value of ¥’s version of § on a connection is the same up to
a multipicative factor as that of (1.1) on the pulled back connection. By the
same token, the ¥ version of the sequence of L? norms {m}n=1,2,. differs
by an index independent multiplicative factor from the corresponding M
version of {m =12 ..

Granted what was said in the preceding paragraph, the first bullet of
Theorem 1.2 follows directly from the first bullet of Theorem 1.1 provided
an argument can be made to the effect that the sequence of automorphisms
{gn}n=1,2,.. that Theorem 1.1 provides can be assumed to be pull-backs of a
corresponding sequence that is defined on X. The fact that this is so follows
from the fact that an L7 section of (P xgo(3) su(2)) ® T*(S! x X) restricts
to almost every constant t € S! slice as an L? section along the slice, and it
restricts to half of these slices with L2 norm no greater than twice that of
its L? norm on the whole of S! x X.

An analogous argument can be used to prove that Theorem 1.1’s set Z is
the product of S! and a closed set Zs; C ¥ and that Theorem 1.1’s real line
bundle I is isomorphic to the pull-back via the projection map of a real line
bundle defined on the complement in ¥ of Zy,, this denoted for now by I.
Moreover, such an isomorphism identifies Theorem 1.1’s version of v with
the pull-back of a harmonic, I, valued 1-form on ¥—Zyx with Zx, being the
locus where its norm is zero. Let vs; denote the latter. Use the splitting of
T*YL@rC as THODTO! to write vs; as e+ with e denoting the T ®p I, part
of vs;. The section e is holomorphic, this being a consequence of the fact that
vs, is harmonic. Since e is holomorphic, its square e? is a holomorphic section
of T?? over ¥—Zs, that vanishes on 3. This last observation implies that e?
extends over Zy so as to define a holomorphic quadratic differential on X.
The latter is Theorem 1.2’s quadratic differential p. Since the zero locus of
e is Zy,, this is likewise the zero locus of u. Thus Zy is Theorem 1.2’s set Z,,
and Theorem 1.2’s principal Z/27Z bundle 1, is Ir.

1.c. The topological significance of Z, I and v

There are two parts to what follows. The first part talks about Theorem 1.1
when the connections in the sequence {A; },=1 2. are irreducible, flat con-
nections. The second part gives a very brief account of how the data Z, I and
v in the general case lead to structures that are mainstays of 3-dimensional
topology.
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Part 1: Morgan and Shalen in [MS1]-[MS4] use R-trees to define a com-
pactification of the equivalence classes of irreducible representations of
m1(M) in PSL(2;C) with the equivalence relation defined by conjugation
by PSL(2;C). The latter space is a disjoint union of subspaces with each
equivalent to the space of automorphism classes of irreducible, flat PSL(2; C)
connections on some principal PSL(2; C) bundle over M. As noted in the in-
troduction, the Morgan-Shalen compactification involves 71 (M)-equivariant
maps from M’s universal cover to R-trees and Daskoloupoulus, Dostoglu
and Wentworth [DDW1] proved that the Morgan-Shalen maps can be taken
to be harmonic. The next paragraph gives a rough summary of [DDW1]’s
construction of this map.

Suppose that {An}nzlvg,_n is a sequence of flat connections on P X350(3)
PSL(2; C) that is described by the second bullet in Theorem 1.1. Donaldson
[D2] and Corlette [Co] prove that there is a connection on the Aut(P xgqs)
PSL(2;C)) orbit of each member of this sequence with § = 0. This un-
derstood, Daskoloupoulus, Dostoglu and Wentworth start with a sequence
{An}n:1727__. with just this property. Daskoloupoulus, Dostoglu and Went-
worth use what is known as the ‘developing map’ to obtain a m;-equivariant
harmonic map from M’s universal cover to the hyperbolic 3-ball from each
connection in the sequence. They then define a sequence of index n depen-
dent rescalings of the hyperbolic metric on the hyperbolic 3-ball and then
view the hyperbolic ball with this sequence of rescaled metrics as a sequence
of pointed metric spaces. Having taken this view, a theorem of Korevaar
and Schoen [KS] is invoked to conclude that the sequence of metric spaces
converges in a suitable sense to an R tree with an action of 7;(M) and
that the sequence of harmonic maps to the hyperbolic ball has a subse-
quence that converges to a 71 (M) equivariant harmonic map to this R-tree.
Daskoloupoulus, Dostoglu and Wentworth subsequently show that this limit
R-tree is of the sort that appears in the work of Morgan and Shalen.

To see the Daskoloupoulus, Dostoglu and Wentworth construction in
context of Theorem 1.1, note first that the hyperbolic 3-space can be viewed
as the space of Hermitian, 2 x 2 complex matrices with determinant equal
to 1, this denoted in what follows by H. The hyperbolic metric is that de-
fined by the norm on TH given by the trace of the square of a matrix. Let
{Ap}n=12.. denote the sequence considered by Daskoloupoulus, Dostoglu
and Wentworth. Fix an index n € {1,2,...}. Let u, denote the map from
M’s universal cover H that is constructed by Daskoloupoulus, Dostoglu and
Wentworth using the developing map with input being A,. This map ap-
pears in the context of Theorem 1.1 as follows: Write A, as A, + iay. The
push-forward to M of the differential of u, is the 1-form iay,.
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The Daskoloupoulus, Dostoglu and Wentworth renormalization of the
hyperbolic metric on H multiplies the latter by the inverse of Theorem 1.1’s
constant r,, this being the L? norm of the differential of u,. Multiplying
the metric on H by the factor 7! is accounted for in Theorem 1.1 by the
appearance of r—'a, in Item 3) of Theorem 1.1°s second bullet.

Theorem 1.1°s limit 1-form v and its singular set Zg have the following
interpretation in the context of [ DDW1]: Use T to denote the [DDW1] limit R
tree and u their limit harmonic map from M’s universal cover to T. Gromov
and Schoen [GS] (see also [S]) proved that u can be viewed as an honest
harmonic function on small balls in the complement of a set with Hausdorff
dimension at most 1. The latter set appears in the context of Theorem 1.1
as the inverse image in M’s universal cover of the set Zg. Meanwhile, the
differential of u where it is an honest harmonic function is the pull-back of
v to M’s universal cover.

Daskoloupoulus, Dostoglu and Wentworth [DDW2], [DDW3] tell a fas-
cinating story about sequences of equivalence classes of flat PSL(2;C) con-
nections in the context of Theorem 1.2, these being sequences of connections
on a principal PSL(2; C) bundle over a Riemann surface.

Part 2: A tetrad of closely related notions in 3-manifold topology are singu-
lar measured foliations, measured laminations, weighted branched surfaces
and maps to R-trees. To paraphrase Hatcher and Oertel [HO], measured
laminations are extremely useful generalizations of two central notions in
3-manifold topology, incompressible surfaces and foliations without Reeb
components. Weighted branched surfaces and certain sorts of measured lam-
inations are in some sense, two sides of the same coin. These notions were de-
veloped extensively by a number of people in concert and separately, among
others Oertel [O], Hatcher [Hat], Morgan and Shalen [MS2], [MS3], and
Gabai with Ortel [GO]. As explained by [HO], certain sorts of measured
singular foliations give rise to measured laminations and weighted branched
surfaces, and vice versa. Measured laminations are also closely related to
maps from the universal cover to R-trees, this being the central theme in
[MS2]. Meanwhile, Bowditch [B] explains how to use measured, singular foli-
ations to define maps to R-trees. The reader should consult these references
and the myriad of more recent articles to learn more about this tetrad of
notions and their use in 3-manifold topology. As this author is a neophyte
on this subject, no more will (or can) be said here except to point out
that the notions from the tetrad serve as the dimension 3 generalization of
notions that play central roles in research on the structure of Teichmuller
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space and the mapping class group for surfaces. An elegant account of the
2-dimensional story can found in the beautiful book by Calegari [Ca].

The singular foliation member of the tetrad appears in the context of
Theorem 1.1. To say more about how this comes about, suppose for the
moment that I' — M is a compact, embedded Lipshitz curve, that I is a
real line bundle on M—I" and that v is a smooth, closed Ip-valued 1-form
on M—TI" with zero locus being the union of I' with a finite set of points in
M-T'. Data of this sort can be found if M has a suitable branched cover
with branch locus being I'. Let Zr denote the zero locus of vp. The kernel
of vr defines a 2-plane subbundle in M’s tangent bundle over M—Zr. This
subbundle is integrable because vr is closed, and so it is everywhere tangent
to the leaves of a foliation of M—Zp. Moreover, the folation defined by vr is
transversely measured with the measure given by integration along curves
that are transversal to the leaves. This foliation can be viewed as a singular,
transversely measured foliation on M. More to the point, if the structure
of vr near Zr is reasonable in a certain precise sense, then this singular
foliation will have the local structure that is needed so as to invoke what is
said in [HO].

Let Z, I and v be as described in the second bullet of Theorem 1.1. Being
closed, the I-valued 1-form v defines a transversely measured foliation on
M—Z and so a singular, transversely measured foliation on M. It is a conse-
quence of what is said in the upcoming Propositions 8.1 and in Sections 8.h
and 10.d that v near most of its zero locus has the local form that is required
by [HO]. This is the part of Z that is described as a finite length Lipshitz
curve with finitely many components by Item 1) from the second bullet of
Theorem 1.1. As the complementary part of Z is contained in a finite set
of small, disjoint balls, it has little by way of topological significance. In
particular, the I-valued 1-form v can likely be approximated by one that
behaves in the desired manner near its zero set.

1.d. An overview of the proof of Theorem 1.1

The first bullet of Theorem 1.1 is proved in Section 2.a. A fundamental
Bochner-Weitzenboch formula makes the first bullet little more than a corol-
lary to Uhlenbeck’s theorem for connections on principal SO(3) bundles.
The proof of the second bullet of Theorem 1.1 has three components. The
first component obtains an L? limit of a subsequence of the rescaled sequence
{rn_1|an\}n:1727m, this being the content of Lemma 2.1. The subsequence is
hence renumbered from 1. As it turns out, the limit function is bounded,
but the convergence is not L convergence. For this and for other reasons, it
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proves necessary to modify the sequence {r 10n}n=1,2,... so as to obtain a new
sequence, this denoted by {ay}n=12,., with {|a,|}n=12, . being uniformly
bounded, converging in L} to the same limit function, but with the following
additional property: The limit L% function, now denoted by |ae|, is defined
at each point in M by the rule |a¢| = limsup,_, . |a|. The properties of
{an}n=1,2,.. are described in Proposition 2.2.

This notion of pointwise convergence brings up a subtle but central issue,
which is that pointwise convergence to an L™ limit does not imply that the
limit is C°. The second component of the proof of Theorem 1.1 consists
of a proof that |a¢| is a continuous function. The assertion that |a¢| is C°
is made by Proposition 6.1. The intervening Sections 3, 4 and 5 develop
the tools that are needed to prove Proposition 6.1. This proof that |as]
is continuous brings to bear, among other things, Uhlenbeck’s theorem for
SO(3) connections, the properties of a certain canonical, constant coefficient,
first order elliptic operator on R? that is defined by the non-linear structure
of the curvature, and a gauge theoretic notion of the frequency function
that was introduced by Almgren [Al] and used to great success by [HHL]
and others to study the singularities of nodal sets of eigenfunctions of the
Laplacian.

Uhlenbeck’s theorem is brought to bear in Section 3 to study the behav-
ior of the sequence {(Ay, @) }n=1,2,.. on sequences of small radius balls about
each point of M; the radii of the balls in any given such sequence depend on
the chosen point and the index n. With a given point in M fixed, Section 4
uses the analysis in Section 3 to draw conclusions about the sequence whose
n’th term is the curvature of the connection A, on the corresponding index
n dependent radius ball about the point. This analysis brings to bear the
aforementioned, constant coefficient first order operator. Section 5 defines
the gauge theory analog of Almgren’s frequency function and proves that
it obeys an approximate monotonicity formula, the latter being the gauge
theory analog of the monotonicity formula that is exploited by Almgren and
others to study the nodal sets of eigenfunctions of the Laplacian. Section 6
uses the conclusions of Sections 3, 4 and 5 to prove that |a¢| is continuous.
It follows from what is said in Lemma 7.2 that {|a,|}n=12,. converges to
|ao| in the exponent ; Holder topology near any point where |44 is positive.

Let Z denote the zero locus of |ag|. The third component of the proof of
Theorem 1.1 begins in Section 7 with the construction of Theorem 1.1’s real
line bundle I, this defined over M—Z, and Theorem 1.1’s I valued 1-form v.
Note in this regard that the fact that |a¢| is continuous implies that Z is a
closed subset of M and thus that M—Z is an open set. The fact that Z is
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closed rules out all sorts of terrible pathologies, among them the possibility
that M—7 has empty interior.

Proposition 7.1 asserts in part that |v| = |a¢| and that v is a harmonic
I valued 1-form on the complement of its zero locus, Z. Proposition 7.1 also
defines a version of Almgren’s frequency function for v, the latter playing the
central role in the proof of Theorem 1.1°s assertions about Lipshitz curves.
Lemma 7.2 proves what is asserted by Items 2) and 3) of Theorem 1.1.
Theorem 1.1’s assertion about Lipshitz curves is restated as Proposition 10.1
and proved in Section 10. The intervening Sections 8 and 9 supply the tools
that are needed for the proof of Proposition 10.1. More is said about this in
next paragraph.

If I is a product bundle, then it extends across Z and the extension
writes v as an R-valued 1-form on the whole of M. In the latter case, what
Theorem 1.1 says about Lipschitz graphs is little more than a corollary to
what is said in [HHL]. The story when I is not a product bundle is far more
complicated for two reasons, the first being that the derivative of v on Z is
not a priori defined. This is because the derivative of an I valued section
of a vector bundle makes no sense where I is not defined. This issue can
be circumvented when Z is a reasonable set, for example a smooth curve,
by looking at v on a suitable two-fold branched cover over Z. Even so, a
strategy of this sort will run afoul of the second complication, which is that
7 is determined by v and to know if Z is nice requires knowing that v is
nice. Since v determines Z and Z determines v, there is a chicken versus egg
problem to wrestle with. What is done in Sections 810 solves this problem
by augmenting and reworking strategies from [HHL] so as to avoid their use
of comparison functions and linear vector space structures.

1l.e. Extensions of Theorem 1.1

This subsection briefly describes various contexts where the techniques and
strategies that are used prove Theorem 1.1 could prove useful.

GROUPS WITH RANK GREATER THAN ONE: As noted in the introduction,
there is likely some sort of analog of Theorem 1.1 for Lie groups such as
PSL(n;C) for n > 2 The statement of a hypothetical n > 2 version of
Theorem 1.1 will almost surely be more involved by virtue of the fact that
the Lie algebra of such a group has non-Abelian subalgebras. In particular,
the role that is played in Item 3 of Theorem 1.1’s second bullet by vo will
likely involve a 1-form with values in a twisted vector bundle whose fiber is
in a non-Abelian subalgebra of the group’s Lie algebra. The singular locus
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Zs may well extend beyond the zero locus of this vo analog to account for
possible ranks of its stabilizer in the group.

MANIFOLDS OF DIMENSION GREATER THAN THREE: There is likely an
LP version of Theorem 1.1 for any p greater than half the dimension of
the ambient manifold. A case of special concern is the p = 2 case for a
manifold of dimension 4. The reason being that this case is relevant to
any attempt to define PSL(2;C) analogs of Floer homology and PSL(2;C)
analogs of Donaldson’s invariants. A bit more is said below about these
analogs. The analog of Theorem 1.1 in the case where p is half the dimension
of the manifold will be more complicated because this is so for the analogous
version of Uhlenbeck’s theorem. There may well be additional complications.
In any event, the singular set in the case where the dimension is greater than
3 will likely involve some sort of union of rectifiable, codimension 2, Lipshitz
submanifolds.

PSL(2; C) FLOER HOMOLOGY: Of interest here are two sorts of equations
for maps from R to the space of connections on P xg¢(3) PSL(2;C), these
being

(1.2) o $A=—x(Fa—aAa) and La==xdaa.

. %A = —xdaa and %a =—x(Fa—aAa).

The former is the gradient flow for the real part of the Chern-Simons func-
tional

(1.3) A%CS(A):%/ tr(AA (Fs— LAAA)).
M

The second equation in (1.2) is the gradient flow for the imaginary part of Cs,
this being the Hamiltonian flow for the real part as defined using a certain
canonical symplectic form on the space of P xgo(3) PSL(2;C) connections.
The function Cs is decreasing with respect to the gradient flow and constant
along the Hamiltonian flow. The imaginary part of CS is constant under
the gradient flow and is monotonic under the Hamiltonian flow. Witten
[W1], [W2] conjectured that a certain CP! parameterized family of linear
combinations of the four equations in the first and second bullets of (1.2)
can be used to give a gauge theoretic construction of Khovanov homology.
See also [GW]. A similar suite of equations were introduced in [Hay]. Such
linear combinations also enter in the work of Kapustin and Witten [KW] on
the geometric Langlands program. Witten proposed in [W3], [W4] that the
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equations in (1.2) could be used to compute certain formal path integrals of
the Chern Simons functional.

Solutions to the a = 0 version of the equation in the top bullet of (1.2)
are used to define the differential for the SO(3) Floer homology on M; and
the L? version of Uhlenbeck’s theorem for the manifold R x M plays a central
role in the proof that this differential has square zero. See [F1] and also [D3].
This being the case, it is almost sure bet that some sort of PSL(2;C) ex-
tension of Uhlenbeck’s theorem will be needed to define analogous algebraic
structures using solutions to the equations in (1.2) and to the sorts of linear
combinations that are introduced by Witten.

What follows is a likely relevant observation with regards to any such
extension: The functional A — [, |d a*a|? is constant along all of these flows.

PSL(2;C) SELF DUALITY: Let X denote a smooth, compact and oriented 4
dimensional Riemannian manifold. As noted by Witten [W1], the equations
in (1.2) have analogs on X, these being equations for a pair consisting of a
connection on a principal SO(3) bundle over X and a 1-form with values in
the associated vector bundle with fiber su(2) given by the adjoint represen-
tation. Let (A, a) denote such a pair. Use the metric to define the respective
bundles of self-dual and anti-self dual 2-forms. The orthogonal projection to
these respective bundles are denoted by II™ and II~. The analog of the top
equation in (1.2) reads

(1.4) Ot (Fa—aAa)=0 and I daa=0 and daxa=0.

There are corresponding analogs to the lower equation in (1.2) and to suit-
able linear combinations of the four equations in (1.2). See [DK] to read
about the applications of the a = 0 version of (1.4)

Witten and Vafa [VW] proposed an alternate generalization of the equa-
tions in (1.2), this being a system of equations for a connection on a princi-
pal SO(3) bundle and a self-dual 2-form with values in the same associated
bundle with fiber su(2). Let (A, ) denote such a pair. The Witten-Vafa
equations are written schematically as

(1.5) T (Fa — [o;]) =0 and daw =0,

where [+, -] here denotes a certain canonical, bilinear, symmetric fiber pre-
serving map that is defined by the metric’s Hodge dual and the commutator
on su(2).
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1.f. Table of contents and conventions

What follows is a table of contents for this article.
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The paper employs two conventions throughout. The first convention
has cg denoting a number that is greater than 100 whose value does not
depend on any of the salient issues under consideration in a given assertion.
The value of ¢g in any given appearance can depend on the particulars of M
and its Riemannian metric; and also on the upper bound for Theorem 1.1’s
sequence {S(An)}n:1’27..,. However, under no circumstances does it depend
on the index n. The value of ¢y in successive appearances can be assumed
to increase.

The second convention concerns what is denoted by x. This is a fixed,
smooth and nonincreasing function on R that equals 1 on (—o0, %] and equals

3

0 on [7,00). A favorite version is chosen now and used throughout the paper.

2. L? and pointwise limits

The four subsections that follow comprise what Section 1.c described as
the Part 1 of the proof of Theorem 1.1. The first Section 2.a begins with
a Bochner-Weitzenboch formula that plays a central role in the remaining
subsections. It then uses this formula to prove the first bullet of Theorem 1.1.
The Section 2.b begins the proof of Theorem 1.1’s second bullet with the
construction an L2 limit from the sequence {ri_l |ai|}i=1,2,.... The third subsec-
tion modifies the sequence {a;}i=1,2,.. to obtain a new sequence that allows
greater control over the limit in Section 1.b. The salient features of this new
sequence are summarized by Proposition 2.2. The final subsection proves a
central lemma that is used to prove Proposition 2.2.
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2.a. The Bochner-Weitzenboch formula

Let A denote a given connection on P and a denote a section of Pxgo(3)51(2).
It is important to keep in mind that there is a Bochner-Weitzenbock formula
that writes

(2.1)  xdaxdaa — daxdaxa = VLVAa + *(xFa Aa+a A *Fa) + Ric(a),

with Ric(+) denoting here the Ricci curvature in its guise as a homomorphism
of T*M.

It proves useful to write (2.1) as an equality between integrals over M.
To this end, let f denote a chosen C? function on M and let r € [1, 00) denote
a chosen positive number. Take the inner product of both sides of (2.1) with
the section f a of P xgg(3) 5u(2) and integrate over M. An integration by
parts to obtain an expression with only first derivatives of a leads to the
resulting integral identity to the following one:

(2.2) / F(daal® + |daxa® + |r'Fa — ra A af?)
M
= %/ d*df!al2+/ F(IVaal® + lanal? + r2|Fal? + Ric((a ® a)))
M M
- / (df A *(a(xdaxa)) +df A (a Axdaa)).
M

The notation here has (a ® a) denoting the symmetric section of T*M ®
T*M that is defined as follows: Fix an orthonormal frame for T*M at any
given point and use {aa}a€{17273} to denote the coefficients of a when writ-
ten using the chosen frame. The corresponding coefficients of (a ® a) are
{{aa0s) }a,sef1,2,3)- Meanwhile, the Ricci tensor in (2.2) is viewed using the
metric as a linear functional on T*M ® T*M.

Proof of the first bullet of Theorem 1.1. Take f = 1 and r = 1 in (2.2) to
see that

2.3)  F(Atia) = / (1Vaal? + |a A af2 + [Fal? + Ric((a ® a))).
M
It follows as a consequence that

(2.4) /(|vAa|2+|aAay2+yFA\2)gg(A+ia)+c0/ 2.
M M
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To exploit (2.4), suppose that {A,, = A,+iay}n=12, . is a sequence with both
{3(An)}n=12,.. and {fy;|an|*}n=1,2,.. being bounded. Then the sequence
{ fM |Fa, 2}n:1,2,... is bounded and so Uhlenbeck’s theorem finds a subse-
quence of {Ay},=1,2, .. (hence renumbered consecutively from 1) and corre-
sponding sequence of automorphisms of P, this denoted by {g, }n=12,.. such
that {gn*Ap }n=12,.. converges weakly in the L2 topology to an L? connection
on P. Denote the latter by A. Meanwhile, the sequence {fM IV, an|2}n:1727“_
is also bounded, and this implies that {g,*an }n=1,2,... has a subsequence that
converges weakly in the L? topology on the space of sections of P x s0(3)51(2)
to an L? section, this denoted by a. The pair (A, a) define the desired limit
L} connection on the bundle P xgq3) PSL(2; C).

2.b. Renormalization and L% convergence

This subsection begins the proof of the second bullet of Theorem 1.1. The in-
put is a sequence {A, = Ap+iay bn=1 2 . with {§(An)}n=1,2, . being bounded,
but not so the sequence whose n’th term is the L? norm of a,. The latter
sequence is assumed to be unbounded with no finite limits. Fix n and set
an =1, La, with r, denoting the L? norm of the section a,. Fix a C? func-
tion, f, on M. Multiply the (A, a) = (A,, a,) and r = 1 version of (2.2) by
=2 to see that

. ~ 12
(25)  lim 3 /M d'dfan|
- li_)m/f(\VAnén\2+r§\énAén|2+rn_2|FAn|2+Ric(<én®én))):O.
n—oo M

This is so because the terms with 7, 'da, a, and 7, 'da *ay, and 7 2|Fa, —
an A ay| have limit zero as n — oc.

Lemma 2.1. There exists k > 1 with the following significance: Let {A, =
A, +ianbn=1,2,.. denote a sequence of connections on P X30(3) SL(2; C) with
{8(An) }n=1,2,... being bounded, but with the sequence whose n’th term is the
L2 norm of a, being unbounded with no finite limits. For eachn € {1,2,...},
set ry to be the L2 norm of an and set a, = rn_lan. There is a subsequence in
{1,2,...}, hence renumbered consecutively from 1 with the properties that
are listed below.

o The sequence {|an|}n=12.. converges weakly in the L} topology and
strongly in each p < 6 version of the LP topology to an L2 function
on M, this denoted by |a|. The L? norm of |a| is 1 and its L3 norm
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is bounded by k. Moreover, |a| defines an L™ function with |a] < k
almost everywhere.

o The sequence {(an ® &n) }n=1,2,.. converges strongly in each q < 3 ver-
sion of the LY topology on the space of sections of T*M ® T*M and
weakly in the L3 topology. The limit section of T*M ® T*M is denoted
by (A®4); it is in L™ and its trace is the function |a|?.

o Let f denote any given C? function on M. The three sequences
{fM f|vAI,én|2}n:1,27...; {fM rr%f|é'n A él4n|2}n:1,2,... and
{ [y 2 fIF A, [P nm1,2,... each converge. These limits are denoted by

Qv.r» Qnr and Qp f.

a) Each of Qv,f, Qa5 and Q¢ is bounded by k times the sum of the
supremum norm and the L2 norm of f. Moreover, Qnrr = Qrfs
and if f >0, then Qv,; > [y, f|dJa][*.

b) § [y dtdfIal? + Qup +2Qn f = — [y fRic((A® a)).

Proof of Lemma 2.1. The assertion in the first bullet to the effect that
{lan|}n=12,... has a subsequence which converges weakly in the L? topol-
ogy follows if the sequence has uniformly bounded L? norm. That this is the

case follows from the f = 1 version because
(2.6) |d[b]| < [Vab]

with A being any connection on P and b being any tensor valued section of
P xg0(3)5%(2). The L assertions are proved momentarily. The proof of the
remaining bullets do not require the L° assertion in the first bullet.

With regards to the second bullet, the inequality in (2.6) with (2.4)
implies that the sequence {|an| '(4y ® &n)}n=12,. is bounded in the L?
topology. It follows as a consequence that a subsequence converges weakly
in the L? topology and strongly in the LP topology for p < 6. Since this
is also the case for {|an|}n=12, ., the product sequence {(an ® &n)}ne12,...
converges strongly in the L9 topology for q < 3.

The existence of a subsequence that makes the third bullet true follows
from (2.5) because the space of C? functions on M has a dense, countable
subset. The equality QA s = Qp,s follows because lim, oo 7, 2 fM |Fa, —
24y A ay|? = 0; and the f > 0 upper bound on Qv, s follows from (2.6).

The four steps that follow momentarily prove that |a| defines an L
function with the asserted norm bound. By way of a reminder, a nonnegative
measurable function defines an L°° function if it has an upper bound on the
complement of a measure zero set.
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Step 1. Fix p € M and let G, denote the Green’s function with pole at
p for the operator dfd + 1, this being a smooth function on M—p which
extends to the whole of M as an L9 function for any q < 3. More to the
point, Gp() < codist(p, <) 71, a fact that is exploited more than once in this
section. Keep in mind as well that [dGp| < codist(p, -) 2.

What follows directly describes a (0, 1] parametrized sequence of C?
approximations to G, that converge to G, as the parameter limits to 0 in
the L9 topology on C2(M) for q < 3 and in the C? topology on compact
subsets of M—p. The € € (0, 1] member of this sequence is denoted by f, ..
To define f}, ¢, let v, . denote the volume of the ball of radius e centered at
p and define o, to be the function given by be v ! on this radius ¢ ball
and zero on its complement. The function f,. is the solution on M to the
equation dfdf + f = Ope-

A depiction of f,, . near p is given momentarily. This depiction introduces
a constant, z,, with norm bounded by cp. This constant is defined by the
depiction of G, in Gaussian coordinates near p, this having the form x —
Gp(x) = #M — zp + ... where the unwritten terms have norm bounded by

co|x|. Note in this regard that the R3 analog of Gp with pole at the origin
is the function x — ﬁe*"q and so the analog on R? of z, is —ﬁ.

With z, understood, then the function f, . can be written using Gaussian
coordinates near p as f, . = g + ¢, where the function x — g.(x) is defined

by the rule

1

- 4|x|

3 [x[*
= 2 (1-2) - <e
gE(X) 87T€ < 3€2> ZP for ‘X‘ — 67

(2.7) g:(x) —z, for|x|>¢e and

and where ¢, is a continuous function that is smooth on the complement of
the origin and such that |e,| < co|x| and |dep| < co.

Step 2. The f = f;, . version of the equality given by Item b) of the third
bullet of Lemma 2.1 reads

(2.8) %/Map,s\aﬁ + Qv +2Qny,. = /M foe (314)* — Ric((a ® 4))).

The right hand side of (2.8) converges as € — 0 because ||? is an L? function.
It follows from the lemma’s first two bullets that the limit is the integral of
Gp(31af% — Rie((a @ &)).
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Step 3. The functions in the family {ge}.c(0,1) are such that g. > g for
e < £'. This has the following consequence for the left hand side of (2.8):
Let o denote either V or A. Then Q.7fw can be written as Qe + Pe(p.e)
where the sequence {P.v(p,a)}ge(ovl] converges as € limits to zero and where
the sequence {Qe g, }ce(0,1] i bounded and monotonically increasing as ¢
decreases to zero. It follows that this sequence also has a unique limit as
e limits to zero. Thus, the sequence {Qs 1, .}-c(0,1] has a unique limit as e
limits to zero. The limit is denoted by Qe -

Step 4. Consider now the integral of 5p,6]é|2 that appears on the left hand
side of (2.8). This integral is positive, and it follows from (2.8) that the
various € € (0,1] versions are uniformly bounded as ¢ — 0 with ap € M
independent upper bound. This implies in particular that |a| is bounded by
co on the complement of a measure zero set. Meanwhile, the ¢ — 0 limit
of the integral of §, :|a|? converges to |a|* on the complement of such a set
([Fo], Theorem 3.18). This being the case, it follows from what was said in
Steps 2 and 3 that |a| can be modified on a measure zero set so that

(2.9) 51a%(p) + Qu.a, +2Qnc, = — /M Gy (3/a* — (Ric(a, &)))
for each p € M. This formula implies the asserted norm bound.
2.c. Second derivative bounds

Let A denote for the moment a connection on P and let a denote a section of
(P xg0(3) 54(2)) ® T*M. Define ga (@) to be the section of (P xgo3) 5u(2)) ®
T*M given by

(2.10) ga(a) = VTAVACL + *(xFa Aa+aA*Fa) + Ric((+) @ a).

Note in particular that ga(a) is the expression on the right hand side of
(2.1).

Let {(An,8n)}ne1,2,... denote the sequence from Theorem 1.1. By way
of a look ahead, the subsequent analysis of Lemma 2.1’s limit function 4|
requires a uniform bound for the sequence whose n’th term is the L? norm of
the A = A, and a = &, version of ga(a). The sad fact is that Theorem 1.1’s
assumptions are not strong enough to guarantee such a bound. The next
proposition circumvents this problem. This proposition uses || - [|2 to denote
the L2 norm of an indicated tensor field valued section of P Xs0(3) 54(2)-
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Proposition 2.2. Suppose that {A, = A, +iaytn=12, . is a sequence of con-
nections on P xgo(3) SL(2; C) with {§(An)}n=1,2,.. being bounded. For each
ne{1,2,...}, let n, denote the L? norm of a, and assume that {m}n=12,..
is divergent with no finite limits. There exists a number k > 1 that depends
only on the upper bound for the sequence {F(An)}n=12,., and there exists
a sequence {ay}n=12.. of sections of P xgo(3) s1(2)) @ T*M such that each
n € {1,2,...} version of Items a)-€) below holds.

a) [Va, (& — i tan)ll2 + 62 llan — i tanlla < mr t

b) Ju(IVa,anl® + il A dul? + 572 Fa,|? + Ric((an @ ) < k2
¢) [lda,anll3 + l|da,*anll5 + 5 2([Fa, — ria A3 < rr 2

d) ga,(a)ll2 < k.

e) supy |a| < k.

Moreover, there is a subsequence A C {1,2,...} with the properties listed
below.

o The sequence {|an|}nea is bounded in L3, it converges weakly in the L3
topology and strongly in LY topology for q < 6. No member vanishes
on an open set in M.

e The L? limit of {|an|}nea is in L°°. The limit is denoted in what fol-
lows by |ag|. This function is defined pointwise by the rule |aq|(p) =
lim sup,ca |a|(p)-

o The sequence {(a, ® ay) }nea converges strongly in any q < 6 version of
the LY topology on the space of sections of (P Xs0(3)54(2)) @ T*M, and
it converges weakly in the LY topology. The limit section is (i @ ).

o Let [ denote a given C2? function. The three sequences
{ S FIVaalhoen, {fymflan A al*tnen and { [y n 2 fIFA, [P nen
converge with respective limits that are denoted in what follows by

Qv.r, Qa,r and Qg . These are such that Qa y = Qp,y and any f >0
version of Qv s is no less than [y, f|d|ag||*. Moreover,

%/Md*df|a<>|2+Qv,f+2QA,f+/MfRic(<é<>®é<>>)=0-

o The sequence {qa, (&) }nea has a weak limit in the L? topology. More-
over, if f is any L? function, then lim,cy Jar flan A xga, (a,)) = 0.

o Fixzp e M. The two sequences indexed by A with respective n’th terms
given by the integral of Gp|Va, an|? and the integral of Gpr2|anAay|? are
less than k. Introduce by way of notation Q¢ p, to denote the lim-inf of
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the sequence with n’th term the integral of Gp(|V A, | + 27280 A 8 |?).
The function |ae|? obeys the equation

Laol2(p) + Qop = — /M Gy (Lao|? — Ric((8g ® o).

The proof of Proposition 2.2 requires a preliminary lemma that directly
asserts a part of the proposition.

Lemma 2.3. Let {(Apn,an)}me12,..} denote the sequence in Lemma 2.1.
There exists k > 1 that depends only on the upper bound for the sequence
{§(An)n=1,2,.. and, given z > Kk, a sequence {an}n=12.. of sections of
P xg0(3) 54(2)) @ T*M such that for each n € {1,2,...},

o ||ay — Apll2 < 27 V272
o [|da, a3+ l[da, x|} < 2.
o |lga, (an)]l2 < k2.

This lemma is proved in the next subsection. Accept as gospel truth for
the moment.

Proof of Proposition 2.2. The proof has three parts. Fix z > ¢g so as to
invokes Lemma 2.3. As is evident in the proof, a large choice for z, but in
any event less than cy suffices to prove the assertions of the proposition.
This said, view z for now as a chosen parameter. By way of notation, the

proof introduces || - || to denote a given q € [1, 00] version of the L4 norm
on tensor valued sections of P xgy(2) 514(2). The proof also denotes any given
n € {1,2,...} version of r, ta, by a,.

Part 1: This first part proves Item e) of Proposition 2.2 and the assertion
in the proposition’s sixth bullet that the integrals of each n € A version of
Gp|Va, &|? and GprZ|a, A ,|? has a p € M and index n independent upper
bound. There are four steps.

Step 1. Integrate by parts to rewrite the second bullet of Lemma 2.3 as
(2.11) / (VAL il + 2 (RF AL A A ) + Ric((i ® ) < r 2,
M

To exploit (2.11), use the first bullets of Lemmas 2.1 and 2.3 to see that
lanlla = 1+ ¢ with |¢] < coz~ /27 2. Next, use the f = 1 version of
Lemma 2.1’s third bullet to bound the integral of |(xFa, A &y A ay)| by co.
Then write a, as a, + (a, — 4,) and use the first bullet of Lemma 2.3 to go
from the preceding bound to a bound on the integral of |(*Fa_ A ay A ay)]
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by <o+ col[Fa, 12l — &l (1l + [lan]ls)>/>. Here and below, || - [ de-
notes the L® norm. Note that ||Fa_ 2|/ — émn||f15/2 < ¢g by Lemmas 2.1 and
2.3; and ||ay]l¢ < co due to Lemma 2.1. The L® norm of a, is bounded by
co(|IVa,anll2 + ||anll2) using (2.6) and the Sobolev inequality that bounds
a function’s LS norm by cg times its L? norm. These bounds give a co(1 +
||VAnaan/2) bound for the integral of |(*Fa, A, Aa,)| and thus (2.11) gives
a co bound for |Va, a||2. Note for use below that this leads back to a ¢
bound ||ay||s.

Use the ¢ bounds for the LY norm of &, and the L? norm of Fa,— 24, Ay
in (2.11) to see that

(2.12) / (VA a|> + 272 (%(An A Ay) Ay A @) < co.
M
Write &, = &, — a, + a, and use this decomposition in (2.12) to see that

(2.13)

(IVa,al? + 27 3 A d]?) < co(1+ 72lla — anll2(lanlls + llale) || al17)-
M

Lemma 2.3’s first bullet, the ¢y bounds for the L® norms of &, and a, and
(2.13) imply that

(2.14) /M (Vs dal? + 2720 A 2?) < co0

This last inequality implies that ||V o, &,||3 and 72||a, A&,||3 are both bounded
by Co-

Step 2. Let (A, a) denote for the moment a given pair of connection on P
and section of (P xgo(s) 5u(2)) ® T*M. Let f denote a given C? function.
Integrate by parts in the right most integral on its right hand side of (2.2)
and then use (2.1) with the definition of ga(a) to obtain the equality

(2.15) %/Mdef|a]2—i—/Mf(]VAa2+2<*FA/\a/\a>+Ric(<a®a>))

—/ flaAxga(a)) =0.
M

Since A and a are smooth, this equality also holds when f is such that dfdf
is a distribution. In particular, it holds with f being the Green’s function
of dfd + 1 with pole at any given point. This understood, fix p € M and
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let G, again denote the Green’s function for dfd + 1 with pole at p. The
corresponding version of (2.11) reads

(2.16) %\aﬁ(p)+/MGp(yvAa\2+2<*FAAaAa>)
:/MGP(%M\Q—RiC((a@a))—i—<a/\*qA(a)>).

A bound for the right hand side of this inequality can be had by using the
fact that Gp(-) is bounded by codist(p,-)~!. This being the case, the left
most two terms on the right hand side of (2.16) contribute at most co|a||?
to the absolute value of the right hand side. What with (2.6), a dimension
3 Sobolev inequality bounds this by co(||[Vaal3 + [all3).

Meanwhile, the term with ga(a) in (2.16) contributes at most

(2.17) co (sup llist(p,-)all2 ) lga (@2
pEM

to the absolute value of the right hand side of (2.16). As explained in the next
paragraph, sup,cy [|dist(p,-)"all2 is no greater than co([[Vaal2 + [lall2).
Granted such a bound, then the absolute value of the right hand side of
(2.16) is no greater than

(2.18) co(Vaall3 + llall3 + lga(@)]3).

The assertion in the preceding paragraph about the supremum in (2.17)
invokes Hardy’s inequality: Let f denote any given L? function on M. Then

1 2 2 2
(219 wp [t < olafE 1)

The latter and (2.6) imply the asserted bound for sup,cy; [|dist(p, ) 'all2.

Step 3. Fixn € {1,2,...}. Use the first and third bullets of Lemma 2.3 and
the bound for |V a,||2 from Step 1 to bound the (A = A, a = a,) version
of (2.18) by coz? when z > cg. Given this bound, it then follows that the
absolute value of the right hand side of the (A = A,, a = &,) version of
(2.16) is also bounded by cpz.

The integral of G,|Va,a|? that appears on the left hand side of the
(A = Ay, a=ua,) version of (2.16) is nonnegative, and this is all that need
be said about this integral for the time being. The other integral on the left
hand side of this same version of (2.16) is that of 2G, (*Fa, A @, A @,). This
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integral is not manifestly nonnegative and so more needs to be said about
it. To start the story on this integral, write F_ as the sum of two terms,
these being Fa — rr?én A a, and rgén A ay. Use this decomposition to write

(2.20) / Gy (KFa, A A ) = rg/ G, k(A A ) A (G A ) + .
M M

with ¢ being the contribution from Fa_ — r2a, A 4,. The bound by co on
the latter’s L? norm leads to the bound |e| < col|dist(p, -) Lan||2]|@n[|co- This
last bound with (2.19), (2.16) and Step 1’s bound for ||V s, a,||2 implies that
el < colnlloc

To see about the integral on the right hand side of (2.20), write an A &,
as a sum of two terms, these being a, A a, and a, A 4, — a, N a,. Use this
splitting to write (2.20) as

(2.21) /Gp(*FAn/\ﬁn/\&n>:r§/ Gplan A > + ¢+,
M M

with ¢’ being the contribution from a, A 4, — ay A @,. Of particular note is
that

(222) €] < corfllan — anl2(|ldist(p, )~ anl2 + [ldist(p, ) " anl2) | @,

and thus |¢/| is no greater that coz~1/2||a,||%,. This bound follows from the

first bullet of Lemma 2.3 using what was said already about the integrals
that involve dist(p, )~
Step 4. Use the bounds on [¢| and |¢/| in (2.21) with the bound in Step 2

for the right hand side of (2.16) to see that the latter equation implies the
bound

(2.23) (1 —coz/?)||a|% + suﬁ/ Cp(|Va, a|* + r|an A &|*) < coz.
pe M

Any z > ¢( version of (2.23) supplies an index n independent bound for the
||tn|lcc and an index n and p € M independent bound for the integral of
Gp|Va, &|? and Gpr2|a, A a2,

Part 2: This part of the subsection proves Items a), b) and ¢) of Proposi-
tion 2.2. This is done in three steps.

Step 1. This step explains why Item b) follows from Item c¢) and the first
bullet of Lemma 2.3. To start, fix n € {1,2,...} for the moment and de-
fine Ay to be the connection A, = A, + ima,, this being a connection on
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(P xg0(3) PSL(2; C). The assertion in Item c) is equivalent to the assertion
that §(An) < co. Meanwhile, the first bullet of Lemma 2.3 implies that
|an]l2 = 1+ ¢ with |e| < cory 2.

The just stated bounds imply that the sequence { Ay }n=1,2,... can be used
in lieu of {A, }n=12,.. as input for Lemma 2.1. Item b) of Proposition 2.2 fol-
low directly from the second bullet of the {A; }n=12, . version of Lemma 2.1.

Step 2. This step and Step 3 prove Items a) and c) in tandem. Note
in this regard that it suffices to prove that both ||Va, (&, — &,)||3 and
i 2||Fa, 728, A @|3 are at most cor, 2. This is a consequence of the first
and second bullets of Lemma 2.3.

To start the proof, use the second bullet of Lemma 2.3 to see that

(2.24) 1, (= an) 3 + [lda, (a2 — 80) 13 < cory *.

Integration by parts leads from (2.24) to the inequality

(2.25) [V, (i — )3+ 2 /M (+Fa, A (i — ) A (30 — 0)

+ /MRic(<(Zzn — 4n) ® (B — 8n))) < cor 2.

The absolute value of the integral with Ricci curvature tensor is bounded
by cor 4, this being a consequence of the first bullet of Lemma 2.3. To
see about the middle integral on the left hand side of (2.24), write Fa,
as (Fa, — r2ay A @) + r2ay A ay. The contribution to the middle integral
on the left hand side of (2.24) from (Fa, — r2a, A @,) is no greater than
2||Fa, — 2@y A @y l|2]|an — 4,2, This, in turn, is no greater than

~ N N ~ 1/2 ~ ~ 113/2
(2.26) collFa, — 2 A dullalla — aally (13 — aally’>.

To say more about the expression in (2.26), use the first bullet of Lemma 2.3
to bound it by cg times the product z=/2(r=|Fa, — r2a, A dy||2) || *énﬂgp.
Meanwhile,

N ~ 3/2 ~ N _
(2.27) 1o — 8ally® < co(|Va, (30 — &n)l2 + 1 1)
To derive this, note that [|a, — an |5/ < [|an — anll6(||anlls + [|an]l6)"/2. This

understood, then (2.27) follows from (2.6) and a standard Sobolev inequality
given that the L? norms of a, and &, and their respective A,-covariant
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derivatives are bounded by cg. Such a bound for the A,-covariant derivative
of a, is supplied by Step 1 of Part 1; and that of a,, is supplied by Lemma 2.1.

Use what is said in the preceding two paragaphs with (2.25) to see that
(2.28)

IV A, (8, —45)|13 < coz 2

V2 Fa, — i A2 (| V a, (B —an) |2+ 7 b) +comy 2

This last inequality is invoked in at the very end of Step 3.

Step 3. The L2 norm of r, }(Fa, — r2a, A @) is no greater than the sum
of the L2 norms of 7, 1(Fa, — r2an A 4y) and r(an A &y — ay A @,). The L2
norm of the former is bounded by cor;"!. Meanwhile, that of the latter is no
greater than the sum of the L? norms of (&, — 4y) A (& — 4y) and twice
that of n(&n — ) A .

The preceding observations imply directly that

(2.29) 12[Fa, — 20 A dnll3 < (2l — anlld 12 |2l — 13+ 772)
Part 1 bounds ||ay||cc by co and Lemma 2.3 bounds ||&, — a2 by cory 2.
This leads to a bound on the right hand side of (2.28) by cor?||ay — anl|] +
cory 2. The latter is no greater than co(r2||ay — &nl2/|an — &nl|§ + 7, 2). This
understood, use the first bullet of Lemma 2.3 and the bound on ||a, — an|[6
given by (2.27) to see that

(2.30) i 2|[Fa, — 2 A d||? < coz M| Va, (0 — an) |13 + cony 2.
Taken together, the inequalities in (2.28) and (2.30) imply that

(2.31) (1 —coz ) (| Va, (a0 — &n)[3 + 7 *[[Fa, — e A a3 < cor %,
This inequality supplies the desired bounds if z > cg.

Part 8: The nine steps that follow in this part of the subsection prove the
bulleted assertions of Proposition 2.2.

Step 1. Reintroduce the sequence {A, = Ay, + imanfn=12.. from Step 1
of Part 2, this being a sequence of connections on P xgo(3) PSL(2;C). As
noted therein, the corresponding sequence {S(An)}n:1727,__ is bounded and
so it can be used in lieu of {A,}n—12 .. as input for Lemma 2.1.

Except for the assertion about vanishing on an open set, what is said by
the first bullet of Proposition 2.2 constitutes a part of the first bullet the
{An}n=12.. version of Lemma 2.1. Note that the limit L? function has L2
norm equal to 1. The reason is that the top bullet of Lemma 2.3 implies
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that L2 norm of each n € {1,2,...} version of &, differs from 1 by at most
2712 r 2. The nonvanishing condition can readily be satisfied by making a
very small perturbation of a sequence that has all of the other properties
that are required by the proposition. This understood, no more will be said
about the nonvanising on an open set requirement.

The first bullet of the {Ay, }n=12 .. version of Lemma 2.1 asserts what is
said in the second bullet of Proposition 2.2 to the effect that the limit L2
function of the sequence {|ay|}n=12,. is an L*> function. In fact, it follows
from Item a) of Proposition 2.2 that the limit functions of {|a,|}n=12,..
and {|an|}n=12,... have the same weak L2 limits with it understood that the
subsequences that are chosen for the respective { A, }n=12,.. and {A,}n=12,..
versions of Lemma 2.1 are identical.

Step 2. The definition of the function |as| by the second bullet of Propo-
sition 2.2 raises a subtle point, this being the distinction between elements
in L? N L and functions that are defined pointwise. An element in the Ba-
nach space of L? N L is an equivalence class of functions that are defined
almost everywhere with two functions being equivalent if they agree on the
complement of a set of measure zero. The distinction between a pointwise
defined function and an equivalence class of functions that differ on sets with
measure zero is at issue with regards to the definition in the second bullet of
Proposition 2.2 of |ay|. In particular, this bullet of Proposition 2.2 defines
an honest function, |a¢|; and in so doing, this bullet makes the following
implicit assertion:

(2.32) The function defined by the rule p — limsup,_,. |a|(p) is in the
equivalence class of the L2 limit of the sequence {lan|}n=12...-

The proof of the second bullet of Proposition 2.2 requires a proof of (2.32).

The distinction between a pointwise defined function and an equivalence
class of functions that agree on the complement of a measure zero set is also
at issue with regards to the proof of the sixth bullet of Proposition 2.2. The
assertion in (2.32) and the fifth bullet of Proposition 2.2 are proved simul-
taneously in Steps 4-8. In the meantime, let |a,| denote a chosen function
from the L? equivalence class of the weak limit of {lan|tn=12,...-

Step 3. The assertions made by the third bullet of Proposition 2.2 follow
because the sequence {(@, ® ) }nef1,2...} is bounded in the L? topology; a
priori bounds on the L? norms of its elements come via Items b) and e) of
Proposition 2.2.

The proof of the assertions made by the fourth bullet of Proposition 2.2
are almost verbatim identical to those made by the third bullet of Lemma 2.1.
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To prove the assertion made by the fifth bullet, let f denote for the
moment a smooth function. Fix n € {1, 2,...}. The right hand side (2.1) is
ga(a). This being the case, an integration by parts writes

(2.33) /M Pl A xqa, (3))
- /M F((1da anl? + [da, #30l2) + df A (x(an(xcda, 580) + a0 A *da, d0))).

Granted (2.33), then the second bullet of Lemma 2.3 and Item e) of Propo-
sition 2.2 finds

(2.34) \ /| f<anA*qAn<an>>] < ol Flleric? + [dfllar).

Let g denote a given L? function. Fix ¢ > 0 and let f denote a smooth
function such that ||f — g|l2 < e. Then

(2.35) | /| g<anA*qAn<an>>'che|an||oo||qAn<an>uQ+‘ [ o nsan, )|

Now use (2.34) with (2.35) and Item e) of Proposition 2.2 to conclude that

(2.36) /M g A ga, (i) < cole + 72 Flloe + 7 |AF]2):

Taking n sufficiently large bounds the right hand side of (2.36) by € and so
(2.36) implies that

(2.37) lim g(éo A *‘]An(an» = 0.
neA M

Step 4. This step with Steps 5-9 prove the assertion in (2.32) and the asser-
tion made by the sixth bullet of Proposition 2.2. To start, fix n € {1,2,...}
and a point p € M so as to consider the (A = Ay, a = a,) version of (2.16).
Of particular concern in this step is the integral of Gp(a, A *ga,(@,)) that
appears on the right hand side of the (A, a,) version. As explained directly,
the various p € M versions are such that

(2.38) sup
peM

/ Gp{m A *qa, (a))| < cory /%
M
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To see that (2.38) holds, fix for the moment p € M and p € (0,1). Having
done so, let xp, , denote the function on M given by x(2— p~!dist(p, -)). This
function equals 1 where the distance to p is greater than 2p and it equals
0 where the distance is less than p. Write Gy, as (1 — xp,,)Gp + Xp,,Gp 50
as to split a given n € {1,2,...} version of the integral in (2.38) into two
integrals.

The absolute value of the integral of (1 — xp ,)Gp(an A *qa, (an)) is no
greater than cop'/2||a ||| ga, (@) |2, this because G, < codist(p, -) . Mean-
while, the absolute value of the integral of xp, ,Gp (@ A*qa, (an)) is no greater
than cop~2r, !, this being a consequence of (2.34). Granted these bounds,
2/5

and invoke Items d) and e) of Proposition 2.2 to conclude

1/5

take p = m

that the absolute value in (2.38) is no greater than cor, /" as claimed.

Step 5. Fix n € {1,2,...} and p € M again so as to return to the
(A =A,, a=a,) version of (2.16). Of particular concern here is the integral
of Gp(*Fa, A @y A a,) that appears on the left hand side of this version. As
explained directly,

(2.39) /Gp(*FAn/\&n/\Zzn>:/ Gyr2lin Al + e,
M M

n with ¢ having absolute value no greater than con, 213 To see why this is,
decompose F A as the sum r2a, Ady+(Fa, — 72, Ady) 50 as to decompose the
integral on the left hand side of (2.39) as a sum of two integrals. The term
designated as ¢ in (2.39) is the second of these two integrals. To bound [e|, fix
for the moment p > 0 and again write G, as the sum (1 — xp,,)Gp + Xp,pGp-
The absolute value of the contribution of (1 — xp,,)Gp to e is no greater
than cop™!|Fa, — r2an A an|2]|@n A ]| because Gp < codist(p, -)~!. This
understood, Items b) and ¢) of Proposition 2.2 bound this contribution by
cop”'ry 2. Meanwhile, the absolute value of the contribution of X, ,Gp to e
is no greater than cop/?||Fa, — r2an A an|2||an||%,. Items c¢) and e) of Propo-
sition 2.2 imply that this is no greater than cop'/2. Granted these bounds,

4/ 2/3

take p = 3 to see that le| < com

Step 6. Fix once againn € {1,2,...} and p € M. Use the (A = A,, a = a,)
version of (2.16) with what is said in Steps 4 and 5 to see that

(240) blan2(p) + /M oIV, + 2210 A )

_ _/Mep(gany? — Ric({an ® @))) + en,
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with e, having absolute value no greater than com, Y5 Let I,(p) denote the
integral that appears on the right hand side of (2.40). Introduce by way of
notation

(2.41) Io(p) = — /M Gy (blag 2 — Ric((Ao ® dg)).

As explained directly, limy, e suppen [Io(p) — In(p)| = 0. That this is so
follows from the first and third bullets of Proposition 2.2 with the fact that
Gy, is square integrable.

Step 7. Introduce for the time being v to denote the function on M that is
defined by the rule p — v(p) = limsup,_, |a|(p). Let Q¢ denote the func-
tion on M that is defined by the sixth bullet of Proposition 2.2. As explained
momentarily, the identity in (2.40) and the fact that limy, o sup,en [Io (p) —
I,(p)| = 0 imply that

(2.42) 3V(p)? + Qo (p) = Lo ().

The final assertion of sixth bullet of Proposition 2.2 follows immediately
from (2.42) if it is the case that v = |a| on the complement of a measure
zero set.

To see about (2.42), fix A € {1,2,...} such that limyea |a|(p) = V(p).
Suppose that there exists § > 0 and a subsequence A’ C A such that

(2.43) / o[V a2 + 2621 A anl?) > Qo(p) + 26
M

when n € A’. If this is the case, then the left hand side of (2.40) for n € A’
will be greater than $v(p)? + Qo (p) + 28 when n is large, and this implies
that Lo (p) is no less than 2v(p)2+Qq (p)+26. Now fix a second subsequence,
© C {1,2,...} such that n € © versions of the integral on the left hand side
of (2.44) converges to Q¢(p). The n € © versions of |ay|(p) must in any
event be less than v(p) + 0 when n is large, and this implies that I,(p) is no
greater than 1v(p)? + Qo (p) + 6. This last conclusion is incompatible with
the lower bound just stated for L.

Step 8. This step proves that |as| > Vv on a set of full measure. To start the
proof, fix ¢ > 0 and reintroduce the functions §.) . and f.) . that are defined
in Step 1 of the proof of Lemma 2.1. The function on M given by the rule

(2.44) p—>/M§p,£|a<>|2
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is smooth. As noted in Step 3 of Lemma 2.1’s proof, the function depicted
in (2.44) converges as ¢ — 0 to an L* function that equals |a|? on the
complement of a measure zero set. Of particular note is that the function
defined by (2.44) obeys (2.8).

Write fp - as g +¢p with g defined using Gaussian coordinates centered
at p by the formulas in (2.7). The functions g. and Gy, are such that

(2.45) ge < Gp +1p,

with ¢, such that |t,| < cg|x|. The inequality in (2.45) and the fact that
{fpﬁ}ge(OJ] converges to Gy, as € — 0 in the C? topology on compact subsets
of M—p has the following consequence: Fix p € (0,cy 1] and there exists
¢, > 1 that is independent of the point p and such that there is a continuous
function on M, to be denoted by v, ,, with norm less than p and such that

(2.46) Ipe < Gp+tpe, whene < cp_l.

Fix p € (0,¢5'] and ¢ < ¢, '. Given n € {1,2,...} and p € M, multiply
both sides of (2.40) by d, ., and integrate the result over M and use (2.46)
to see that

@41} [ ol [ Go(Ta il + 202 A ) 2 o) = e
M M
where e, ¢, is such that lim, oo SUppen |enep| < cop. Meanwhile, what is

said in the third bullet of Proposition 2.2 has the following implication:
Given € < cp_l and ¢’ € (0, 1], there exists n. . > 1 such that

(2.48) sup
peM

/ Op.claol” —/ 5p,s|an|2‘ <& whenn>n. ..
M M

This follows from the fact that {|a,|},eq1,2,..1 converges strongly in the L?
topology to |ag|.

Fix p € X, take ¢’ = p and then n > n..—, with two additional con-
straints, both giving lower bounds: The first is that n’s version of the G,
integral on the right hand side of (2.47) differs from Q¢ (p) by at most p.
The second is that sup,en |ene p| < cop. With n so chosen, invoke the &' = p
version of (2.48) to see that

(2.49) ! /M Bolio]? + Qo(p) = Lo(p) — cop.
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Since p and then € can be chosen as small as desired, and since this inequality
holds for each p € X a comparison between (2.49) and (2.42) leads to the
conclusion that |a¢| > V on the complement of a measure zero set.

Step 9. To see that |ag| < Vv on a set of full measure, fix ¢ > 0, p € M and
a positive integer n. Having done so, multiply n’s version of (2.40) by 0y, .
and integrate the result over M. Do this for choices of n > n. ..—. that obey
two additional lower bound constraints. The first constraint asks that n’s
version of the G, integral on the right hand side of (2.47) is greater than
Qo(p) — &; and the second asks that sup,ep |1o(p) — In(p)| < e. With n so
chosen, invoke the &/ = ¢ version of (2.48) to see that

(2.50) ! /M 5o claol’ + Qolp) < I () + coc.

Since € can be as small as desired, a comparison between (2.50) and (2.42)
leads to the conclusion that |as| < v on the complement of a measure zero
set.

2.d. Proof of Lemma 2.3

The proof has four parts. By way of a look ahead, any given &, for n €
{1,2,...} is a particular t € [0,00) value of the solution to a certain heat
equation whose initial value is aj.

Part 1: Fix a pair (A,a) with A being a connection on P and a being
a section of (P xgo(3) su(2)) ® T*M. Standard existence and uniqueness
theorems for parabolic differential equations prove that there is a unique
section of (P xgo(3) 5u(2)) ® T*M over [0,00) x M, this denoted by a, that
obeys the linear heat equation

(2.51) %a = —(VaA'Vaa+#(xFa Aa+ aA+Fp) + Ric(a)  with ali—o = a.

This equation can be written equivalently in two ways,

(2.52) %a = —qa(a) and %a = —(xdaxdaa — da*xdaxa).
Use || - |2 as before to denote the L? norm on M. It follows from the

right most identity in (2.52) that the function [0, 00) given by ||a||2 is non-
increasing, and in particular, that

(2.53) dillall3 = —2(lldaall3 + [[daxali3).
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Let & denote the function on [0,00) given by $(||daall3 + ||daxal|3). It
follows from the left most identity in (2.52) that

(2.54) €= —llaaa)]3-

The equations in (2.53) and (2.54) play central roles in Parts 2 and 3 of the
proof.

Part 2: Define the function n on [0, 00) by the rule

255) ton =0 [ @3

Having done so, integrate (2.55) to see that

(2.56) E(t) = &(0) — tn(t).

As &(t) > 0 in any event, the preceding identity requires that
(2.57) n(t) < €0yt

Given the definition of n, this implies in particular that there exists s € (0, t]
such that

(2.58) lIga(als)|l3 < €(0)t.

Meanwhile, for any s € [0,00), use of the left most identity in (2.52) gives
the bound

(2.59) llals — al|3 < s?n(s).
Indeed, (2.59) follows by noting that ||a|s — alls < [5 [[Zal2 = [5 [lga(a)]l2.

Part 3:  Let E denote an upper bound for the sequence {S(An+ian)}n:1,27n_.
Now fix n € {1,2,...} and take (A,a) in Parts 1 and 2 to be (Ay,ay). If
E = 0, take a, = a,.

Assume now that E is positive. The relevant version in this case of the
function € has €(0) < Er, 2. Granted that such is the case, take t in (2.58) to
be z7'Er 2. The resulting version of (2.58) asserts that there exists s € (0, t]
such that [|ga(als)|l2 < z; and for such s, the resulting version of (2.59)
asserts that ||als — al|3 < z7'r % Meanwhile, (2.56) implies that ||daals||3 +
2 for this same choice of s.

Idaxals|3 < B
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What is said in the preceding paragraph implies directly that all require-
ments of Lemma 2.3 are met by taking a, to equal as.

3. Scaling limits

Theorem 1.3 and Lemma 2.5 from [U] play a central role in what is done

in this section. The required parts are stated momentarily in (3.1). The

notation uses B C R? to denote the radius 1 ball centered on the origin
and 6y to denote the product connection on the product principal bundle

B xSO(3). The assertion that follows restates the relevant parts Theorem 1.3

and Lemma 2.5 in [U].

(3.1) There exists ky > 1 with the following significance: Suppose that A
is a connection on the product SO(3) bundle over B whose curvature
has L% norm at most ﬁﬁl. There is an automorphism of this bundle
that pulls A back as 0y + ap with a5 an su(2) valued 1-form on B
with the properties listed below.

o The 1-form aa is coclosed, thus dxas = 0.

o The 2-form xaa pulls back as zero to the boundary of the closure
of B.

e The Sobolev L2 norm of aa is bounded by ky times the L? norm
of Fa.

Conversely, if A =0y + aa is a connection on B x SO(3) such that
aa obeys the first two bullets and has L? norm bounded by %Ral,

then the third bullet is also obeyed.

By way of a guide for those unfamiliar with [U], the proof of (3.1) uses
an open/closed argument that exploits four facts, the first being that the
L2 norm dominates the L* norm. The second fact is that the curvature of
O + & differs from dé by a term that is quadratic in 4. The third fact is as
follows: If & is an su(2) valued 1-form on B with *a pulling back as zero to
the boundary of B, then the sum of the L2 norms da and dxa is greater than
cg ! times the L? norm of &. The fourth fact asserts that the differential of
an su(2) valued function can be added to any given su(2) valued 1-form so
that the result obeys the first and second bullets in (3.1).

This section uses Uhlenbeck’s theorem to analyze the behavior
of suitably constrained connections on P and sections of the bundle
(P xg0(3) 514(2)) ® T*M on balls with radius chosen to guarantee an apriori
L2 bound for the curvature of the connection.
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3.a. The constraints

Fix r > 1 and E > 1, and let (A, a) € Conn(P) x C(M; (P xgo(3) s1(2)) ®
T*M) denote a pair that obeys the following constraints:

(3.2) a) [yla®>=1.
b) [y(ldaal? + [daxa?) < Br2
) JylFa—r?anal® <k
d) [ylaa(a)]?* <E.

The subsections that follow and Sections 4 and 5 use pairs that obey Items
a)-d) in (3.2). The rest of this subsection derives some direct implications,
these summarized by

(3.3) o [u(IVaal* +raAal* + r2Fal?) < coE,
® SUPpem fdist(p,.)gr Gp(IVaal> +2r%[a A af?) < coE?,
e sup,cy |a|(p) < coE.

Items a)—c) with the f =1 and (A, a) version of (2.2) lead to the bounds in
the first bullet. The bounds in the second bullet follow with the addition of
Item d) using arguments that are very much like those in Steps 24 of the
proof of Proposition 2.2. The next paragraph gives the details.

Since (A, a) are smooth, the function f in the (A, a) version of (2.15) can
be replaced by the Green’s function G, so as to obtain the corresponding
version of (2.16). Given the top bullet of (3.3), then what is said in Step 2 of
the proof of Proposition 2.2 bounds the right hand side of the (A, a) version
of (2.6) by coE. The term on the integral on the left hand side with the
integrand Gp(xFa A @ A a) is written as a sum of two integrals, the first
with integrand Gy (x(Fa — r?a A a) A a A &), and the second with integrand
Gprz\& A al%. The latter is non-negative and it contributes in any event to
the left hand side of the second bullet in (3.3). The absolute value of the
former is at most

(3.4) col|Fa — r2a A al|2]|alloo||dist (-, p) L al|2.

Use the first bullet of (3.3) with (2.19) to bound ||dist(-, p) ' al|2 by cor/2.
This bound and Item ¢) in (3.2) bound (3.4) by coE||a||ec. Given what was
said about the right hand side of the (A, a) version of (2.16), the latter bound
leads directly to a bound by coE? for ||a||2, and for the integral of any p € M
version of Gpr?|a A a)?.
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3.b. The parameter r

Fix a point p € M. With r € (0, ¢, ') specified, introduce by way of notation
B, to denote the ball of radius r centered at p. Denote by r¢ the largest
value of r such that

(3.5) /B Fal® < f5rpr !

Note that re > cy'r~!, this being a consequence of Item c¢) in (3.2) and
the third bullet of (3.3). The upcoming Propositions 3.1 and 3.2 give an
indication of the significance of rg.

To set the stage for Proposition 3.1 and for the discussion in the subse-
quent subsections, fix p € M and Gaussian coordinates centered on p. Use
these coordinates to identify a radius ¢y ! ball centered at p with the radius
o ! ball centered at the origin in R3. Let ¢ denote the map from the radius
Cco lrgl ball about the origin in R? to the radius Co ! pall about p that is
obtained by composing first the map x — rox from R? to itself, and then
the map that is defined by the Gaussian coordinates.

Pull the pair (A,rgl?z) back to the radius cglrgl ball about the ori-
gin in R3 using ¢ to define a pair consising of a connection on ¢*P and a
¢* (P xgo(3) 5u(2)) valued 1-form. Denote this pair by (Ag,aq). The defi-
nition of a, as rglqﬁ*& implies that |ay| < ||a]|sc and that |ay|(0) = |a|(p)
with it understood that the norm of a; is defined by using the metric that is
given by rgz times ¢’s pull-back of M’s metric. The latter metric is denoted
by mg. Note in any event that the metric my and the Euclidean metric dif-
fer by a term whose norm and first two derivatives are bounded by cor%,
and whose derivatives to each order k > 2 are bounded by a k-dependent
constant time rlé.

The number r¢ is defined so that the curvature of Ay obeys

(3.6) / Fa,|® < 1hgkg”  with equality if ro < cg',
[x|<1

with it again understood that mg is used to define the norm and volume
form.

The proposition also introduces 6y to denote the product connection on
principal SO(3) bundle R? x SO(3). Proposition 3.1’s Hodge star operator
is the Euclidean metric’s Hodge star, not my’s Hodge star. Meanwhile, the
norm and volume form used in Proposition 3.1 can be either those defined
by my of those defined by the Euclidean metric.
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Proposition 3.1. There exists k > 1 with the following significance: Sup-
pose that E > 1, r > 1 and (A, a) is a pair of connection on P and section of
(P x50(3)5u(2)) @ T*M that obey (3.2). Fizp € M. There is an isomorphism,
to be denoted by g, from the product SO(3) bundle over the |x| < m_lrgl ball
in R to ¢*P such that

e The connection g*A¢ can be written as 0y + ap, where ax, is an
su(2)-valued 1-form on the x| < 1 ball in R3 with L2 norm bounded
by ﬁlelﬁl |FA<>’2- Moreover, ax, obeys da,*aa, = 0 and xas, pulls
back as zero to the |x| =1 sphere.

o The L2 norm of g*ay on the |x| < 1 ball is bounded by kE*. Moreover,
gen r € [§,1), there exists ke, > K which is independent of (A, a)
and is such that the L2 norm of g*ay on the |x| < r ball in R? is
bounded by kg .

Granted (3.6) and some standard Sobolev inequalities, Proposition 3.1
amounts to little more than a corollary to Uhlenbecks theorem in (3.1). In
any event, its proof is in the next subsection.

Proposition 3.1 can be said to see only the SO(3) subgroup in PSL(2; C),
this being the maximal compact subgroup. The upcoming Proposition 3.2
can be said to see the whole of PSL(2;C). Proposition 3.2 is the key to
Theorem 1.1’s extension of Uhlenbeck’s theorem to PSL(2;C).

Proposition 3.2. Given £ > 1, p € (0,1] and ¢ € (0,1], there ewists

Keue > 1 with the following significance: Suppose that r > 1 and (A, a) is

a pair of connection on P and section of (P xgo(s) 51(2)) ® T*M that obey

(3.2). Fixp € M. If both ro < ki), and [ |Vad]® < ryerg? [p 4l
ro ro

then the r = (1 — p)ro version of [ |Fal? is less than exr™?!.

The proof of Proposition 3.2 will invoke Proposition 3.1. This being the
case, it proves convenient to restate the proposition in terms of Ay and ag.
To this end, introduce z to denote the L? norm of &, on the |x| < 1 ball;
then define a, to equal z~'a. Proposition 3.2’s assertion is equivalent to the
following:

(3.7)  Given E > 1,e € (0,1] and p € (0,3] and there exists Ky e > 1
with the following significance: Suppose that (A,a) € Conn(P) x
C>(M; P xg03) 5u(2)) ® T*M obeys (3.2). Fiz p € M. If 1o < Kp .0
and f‘x|§1 |Vagl? < Ky, then fIX\Sl—u [Fa,|? <e.

The equivalence between the assertion in (3.7) and Proposition 3.2 follows
directly from the scaling identities given in the next subsection. Note that



PSL(2; C) connections on 3-manifolds with L? bounds 281

the norms and volume form used in (3.7) can be either those defined by my
or those defined by the Euclidean metric. The proof of (3.7) will use those
defined by the Euclidean metric.

The proof of Proposition 3.2 is in Section 4. Section 3.c states some
rescaling identities and, as noted previously, it proves Proposition 3.1. Sec-
tions 3.d and 3.e state and prove a pair of lemmas that are used in Section 4
for the proof of Proposition 3.2.

3.c. Scaling identities

Proposition 3.1 is proved at the end of this subsection. The observations
that follow directly in (3.8) are used in the proof and in the subsequent sub-
sections. The upcoming (3.8) lists some rescaling identities. What is denoted
by eq in the fourth bullet has norm bounded by cory. All bullets refer to a
chosen R € (0, ¢y 11@1). The norms, inner products, volume form and Hodge
dual in (3.8) are all defined using mg.

(3.8) o Jiger(ldagdol? + |da,xao[?) < Bry'r 2.
o fiqer|Fa, =150 A dol? < Ero.
* LX\SRWM%P =1, me<> |Vaal?.
° f|x\§R [Faol? =10 fBRrO [Fal?.
o Jierlao (@)l =ro f5, laa(@)].

Note that |ag| < coE, this being a consequence of the third bullet in (3.3).
Moreover,

(39) * f|X\§R ’vAoaOP < CQE2R7
o 372 [ o lio A o [? < cop?R,
* flx\gR ’9A<>(21<>)|2 < coETg.

The first and second bullets are consequences of the second bullet in (3.3);
and the third bullet is a consequence of Item d) of (3.2). These inequalities
hold with the norms, volume form and covariant derivative defined by either
my, or the Euclidean metric.

A standard, dimension 3 Sobolev inequality is used in the proofs of both
Proposition 3.1 and Proposition 3.2; and a two other inequalities are used
only in the proof of Proposition 3.2. The first inequality is a version of the
assertion that the L% norm dominates the L* norm, the second inequality is
a local version of Hardy’s inequality in (2.19) and the third is a version of



282 Clifford Henry Taubes

the assertion that L} norm dominates the Holder exponent I norm. These
inequalities are given directly for future reference. To set the stage, fix p € M
and r € (0, cal). Let f denote a Lipshitz function on B;. Then

(3.10) o fu [F1* < col S, IOV (S, (Idf2 + 72| f]2))%/2.
o Jo. ol < co g (IAF1 + 172 f2).

o If q1 and qa are any two points in By, then |f(q2) — f(q1)] <
codist(qa, <11)1/4(f]3r |df[4)Y4.

These same inequalities hold when f is a function on a ball about the origin
in R3 with the only change being the use of the Euclidean metric to define
the norms, volume form, and distance function.

It proves convenient at this point to use henceforth the following nota-
tional conventions. Unless stated explicitly to the contrary, the Euclidean
metric is used to define the norms, Hodge star, covariant derivatives and
volume form on the x| < ¢y 11@1 part of R3. Covariant derivatives on su(2)
valued tensors on R3 that are defined using the connection y are denoted
by V. What is denoted subsequently as cp is a number that is greater than
16 and depends only on E. It can be assumed to increase between successive
appearances. If ;1 € (0,1) has also been specified, cg, is used to denote a
number that is greater than 16 and depends only on E and u. It can also be
assumed to increase between successive appearances.

Proof of Proposition 3.1. Granted (3.3), then Uhlenbeck’s theorem in the
guise of (3.1) can be invoked. This theorem supplies an isomorphism from
the product SO(3) bundle over the |x| < 1 ball to ¢*P that pulls A back
as 0y + aa, with a5, as described by Proposition 3.1. Use g to denote this
isomorphism.

The L? norm of V Ay do on any radius R < c0r<_>1 ball in R? centered at
the origin is a priori bounded by cgyR this being a consequence of the first
bullet in (3.9). This L? norm bound on Va, a, with what was said about
g*A, implies that the L? norm of g*a, on the |x| < 1 ball is bounded by cg.

Fix p € (0, %] and introduce by way of notation x, to denote the function
on R3 given by the rule x — x(%(|x] — 1+ u)). This function equals 1 where
x| <1— 2p and it equals 0 where [x| > 1 — 1. Integrate by parts and use
the L° bound on |ay| to see that

(3.11) /|<1 Vo (VAo )| S/

Ix|<

xuldo | + co (ﬂnwoaon%

+/ |FAQ\X3!VAOT1<>\2+1F?>> +c0E2/ ’FA<>|2X;%-
Ix|<1 [x|<1
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To exploit this inequality, let x denote for the moment x, VA, ay. Then (3.6),
the first and third bullets of (3.9) and (3.11) lead to the bound

(3.12) IVasxll3 < cu(l+pu~2+ ]2,

Given the Sobolev inequality asserted by the top bullet of (3.10), the inequal-

ity in (3.12) implies that x,,|Va, ao| is an L} function on the |x| < 1— yu ball

and a second appeal to (3.10) and (3.11) bounds ||V a,x|l2 by cg -
Granted the latter L? norm bound, write g*Ay = 6 + aa, to see that

(3.13) IV(g* )2 < collan, [lalx/la-

Use this last bound, the a priori L? bound for aa, and the f = |a, | version
of the top bullet of (3.10) to see that the L2 norm of g*x is also bounded by
Cp,pu- Write g*(Va, ap) as Vgea, (g%a) to see that

(3.14)

V(¥ (g"0))| < o[V (g (Vag ao))| + ([T |+ [ [2) o] + [aa, |V a0 dol)-

Given this last inequality, then the apriori L? bounds for g*x and aa » with
the apriori L* bound for |a| lead directly to the desired cg , bound for the
L3 norm of g*a.

3.d. When r, = zryr is small

Let z again denote the L? norm of a, over the |x| < 1 ball in R3. Introduce
by way of notation r, to denote the combination zrqr. This combination
appears when writing the integral in the second bullet of (3.8) in terms
of a,. Do so and it asserts the following:

(3.15) / [Fa, — r2a A a]? < Erg.
X|<R

The lemma that follows makes a formal statement to the effect that (3.7)
is true if there is an a priori bound on r,.

Lemma 3.3. GivenE > 1,K > 1, € (0, %] ande € (0,1], there exists k > 1
with the following significance: Fix r > 1 and a pair (A, a) of connection on
P and section of (P xgo(3) 5u(2)) @ T*M obeying (3.2). Suppose that p € M
is a point where r, < K. If both 1o < k=1 and fIX|<1 |Vaa|? < k7L, then

2
<1 Faol® <e.
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Proof of Lemma 3.5. Define x, to be the function on R3 given by x —
X(i(|x] — 1+ p1)). This function equals 1 where [x| <1 — 34 and it equals 0

where [x| > 1— % p. Fix constant orthonormal vectors e; and e on R? and in-
tegrate x7(a.(e1)[Fa, (e, e1), a(e2)]) over the radius 1 ball about the origin.
The resulting integral is the same as the integral of x7(Fa, (e, e1)[a(e2),
a.(e1)]). Tt follows from (3.15) that co times the latter integral plus cpr, 2rg
bounds 7.7 xFa, (e1, e2)][3-

Meanwhile, [Fa, (e2, e1), a.(e2)] can be written as the commutator of A,
covariant derivatives of a.(e2). Do so and use this depiction with an integra-
tion by parts to see that

(316) 2 xuFas (e, )13 < colllVa, a3 + 17 Vag all2 + 72 *rocs),

Suppose that r, < K. Then (3.15) asserts the desired bound ||x,Fa, |3 < ¢
when 1 < c'e and when [|[Va, & || < cg 'K 2pe.

The remaining subsections assume unless stated to the contrary that
r, > 1.

3.e. First order equations

The 4 parts of this subsection explain how a certain almost tautological
system of inhomogeneous, semi-linear first order differential equations can
be used to prove Proposition 3.2. The linear terms in the homogeneous
version of these equations define the first order, constant coefficient system
of elliptic equations on R? that is described in Part 1 of the subsection.
The fully non-linear, inhomogeneous equation is described in Part 2. Part
3 explains how a suitable a priori estimate for a solution to these equations
can be used to prove Proposition 3.2. The final part of the subsection states
and then proves a lemma that is subsequently used to invoke the arguments
in Part 3.

Part 1: To set the stage for what is to come, let 7 denote a given, unit
length element in su(2). With 7 chosen, introduce by way of notation V C
(T*R3 ® R) ® su(2) to denote the subbundle that is annihilated by the
homomorphism to (T*R? @ R) that is defined by the rule f — (7f). Let e
denote a chosen, constant 1-form on R? with norm 1.

Fix m > 1. Define £,, : C®(R3; V@ V) — C®(R3V @ V) as follows:
Write an element in V as (a, ag) with a being an su(2) valued 1-form and ag
an element in su(2). The operator £,, sends a given element ((a, ag), (b, bg))
to one whose components in the left and right most factor of V@V are the
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respective pairs of su(2) valued 1-form and valued function given by
(3.17) o «(da — me A [1,b]) — dag + me[T, bg] and x(dxa — me A [T, xb]),
o x(db — me A [T, a]) — dbg + me[T, ag] and x(dxb — me A [T, xa]),

with * denoting the Euclidean metric’s Hodge star operator. The opera-
tor £, is symmetric with respect to the L? inner product defined by the
Euclidean metric and such that £2 = (VIV + m?)[ with I denoting the
identity endomorphism of V, with V denoting the covariant derivative on
C®(R3; V@ V) as defined by the Euclidean metric with V1 being its formal,
L2 adjoint.

This depiction of £2 has the following useful corollary: Let || - |2 denote
the L? inner product on the space of L map from R? to V& V. If £ is any
such map, then

(3.18) 1£2]13 = [IVElI3 + m?|]3.

The positivity of the square of £,, implies that the equation £,f = h has a
unique, L? solution in C*°(R3; V@& V) when h € C*®(R3; V@ V) is square in-
tegrable. This solution h can be written explicitly using the Green’s function

for —dfd + m?. The version of the latter with pole at a given point y € R?
is denoted in what follows by Gy; it is the function on R®*—{y} given by

1 1

319 G ) = — eiml(')f)I“
(319) =m0y

As can be seen from (3.19), the function Gy obeys
(3.20) Gy| + [dGy| + [V(dGy)| < coe™™/2

at points with distance greater than § from y. The Green’s function for L,
with pole at y is the End(V @ V)-valued function on R3®—y that is defined by
x = (L.G())ly(x). Note in particular that the bounds given above for Gy
and its derivatives lead directly to the following observation: The Green’s
function for £, with pole at y and those of its first derivatives are also
bounded by cod~2e~"/2 at points with distance greater than § from y.

Part 2: Let (Aa, an) denote a pair consisting of a connection on the prod-
uct SO(3) bundle over the |x| < 1 ball in R? and an su(2) valued 1-form on
this ball. The connection Aa is written as 6y + aa,. Fix m > 1 and, with
7 € su(2) as in (3.17), define

(3.21) a=m1(dr, — 7(Tép,) and b= \/g(aA — 7(Tapa)).

With b understood, define the 1-form ea by writing aa as apn = 4/ %(T@A-l—b).
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Let su; C su(2) denote the kernel of the homorphism § — (7). Use s to
denote the su| part of the su(2) valued 1-form m=1x(Fa, — 2= m%an A an).

By the same token, use t to denote the su; parts of \/%ﬂdAA an. Let x4
denote the Hodge dual that is defined by the metric my and introduce tg to

denote the su; part of \/%*(dAA*(baA). Granted this notation, define an
su, valued 1-form S by writing s as *(da—meA[7, b]) —s. Introduce a second
su; valued 1-form R by writing v as *(db — me A [, a]) — R, and introduce an
su) valued function Rg by writing tg as *(dxb — me A [T, *a]) — Rg. Use Sg to
denote the su; valued function *(dxa — me A 7, %b]). By way of a summary
the troika (S,R,Rg) are as follows:

(3.22) o xS =m(en —e) A [1,b] — (TAa, ) A [T, 0] + s,
o xR =m(en —e) A [T, a] + (Taa,) A [T, b] + 1,
o xRg = *(d(myb) — me A [T, mga]) + m(ea — e) N [T, *p0] + (TAAL) A
[7’, *¢b] + 1o,
where the notation has 7y denoting *, — *.
Granted all of these definitions, view f = ((a,0), (b,0)) as mapping the
|x| < 1 ball to V@ V. The map § obeys the tautological equation £,f = b
with h = ((S,So), (R, Ro)). The respective left and write V summands of this
equation are
(3.23) o x(da — me A [7,b]) =S and *(dxa — me A [T, *b]) = So.
o «(db — me A [1,a]) =R and x(dxb — me A [T, xa]) = Rg.
The equation £,f = b is introduced so that the properties of the Green’s

function for £,, can be used to obtain a priori bounds on f§. This is done in
Part 4 of the subsection.

Part 3:  'With the proof of Proposition 3.2 in mind, what follows constitutes
a digression that explains how bounds on the L? norm of b and L* norm
of an lead to a bound for the L? norm of F4 . This comes about by writing

ap as \/ 2 (Tea + b) so as to write Fa, as

4
(3.24) Fa, :erA/\[T,b]—l—mzb/\b—i- <FAA —?ﬂ-m2aA/\aA>.

Fix pu € (0, 3]. It follows directly from this depiction of Fa, that its L? norm
on the |x| < 1 — yu ball in R? obeys
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(3.25) / FaLl|?
[x|<l—p

<2 sw laaP)(nt [ )+
[x|<1-p [x|<1—p Ix|<1—p

This inequality has the following consequence: Fix ¢ € (0,1]. The L? norm
of Fa, on the [x| <1 -y ball will be less than ¢ if supj<;_, [aa| < D, and
if the L? norm of |b| on the [x| < 1 — y ball is less than tm 2D~ le, and if
that of (Fa, — Tm?an A ap) is less than Je.

2

7
Fa, — ?mzaA N aa

Part 4: The tautological equation L£,f = b leads to a priori bound for f
when b is small in a suitable sense. A precise statement as to what is meant
by ‘small’ requires the introduction of parameters M > 1, p € (0,272%) and
p € (0,1]. Having chosen their values, make the following assumptions:

(3.26) ® supjy <1, (6] + lea —¢f) < p.
e The L2 norm of a on the |x| <1 — u ball is less than p.
o The L* norm of (14, ) on the |x| <1 — p ball is less than M.
e The L2 norms of s,t,vo and Sy on the |x| < 1 — u ball are less
than m™1p.
o The endomorphism my = x4 — * and its covariant derivative
obey |Vmy| + |mg| < p.
The equation L£,f = b is used to prove the next lemma.

Lemma 3.4. There exists k > 1 and given u € (0,272°] and e € (0,1),
there exists ks > 1, these with the following significance: Fix M and suppose
that m > kM + k.1 and p < k1. Define (a,b) as in Part 2 and suppose that
the bounds in (3.26) are satisfied. Then

/ (Va2 + |VB[2 + m2[af?2 + m2b]2) < em=2.
|x|<1—2048y

Proof of Lemma 3.4. The proof has seven steps.

Step 1. Define f, : R? — V&V to be the function x4,f. The latter obeys an
equation that has the schematic form £,f§, = b, with b, = &(dxau)f+ xaub
where & denotes the principal symbol of the operator £,,. In this case, & is
constant and so an element in Hom(R?; End(V &V)). The introduction of f,,
facilitates the use of the Green’s function for £,, that is described in Part 1.
The parameter 4u is used with x () because each point where x4, > 0 has
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distance at least 1p from the [x| > 1 — p part of R? and in particular from
the support of 1 — x,.

Step 2. Let g denote the square integrable map from R? to V @ V that
solves the equation £,,g = &(dx,)f. To bound the size of |g|, first use Part
1’s Green’s function for £,, to see that

(3.27) e |g|l(y) <co fRG_('(.)in + m|(.)17y|)e_”‘|(')_Y||dX4M||f| at any given
y € R3.
* IVal(y) < o fas (ot + miyyp + o o)™
if dxa, =0 aty.

Let D, : R3 — [0,00) denote the distance to the support of dx4u. Since
If| < |a| + |b], the bounds in (3.26) and (3.27) imply that
(3:28) e [gl(y) < coDpuly) 2 ™M 2T p if dxyy, =0 at y.
o [Vgl(y) < copu(y) e P02 p if dxay =0 at y.
Save these bounds for the moment.

Step 3. Introduce from (3.22) and (3.23) the terms that are denoted by
5,1,t9 and Sg. Let t denote the solution in L#(R3;V & V) to the equation

(329) [:mt = X4/.L((57 SO): (t, tU))'

Take the L2 norm of both sides of (3.29) and (3.28) with (3.26)’s fourth
bullet find

(3.30) IVHJ3 + m?[[¢]]3 < com™2p%.

This bound should also be saved.

Step 4. Let q = f, — g — t. The latter obeys an inhomogeneous differential
equation that can be written schematically as

(3.31) Lnq = x4uP(q) =0,

where P is defined momentarily and @ = x4,P(g + t). The homomorphism P
of V& V sends a given element s = ((s1,501), (52,502)) to P(s) = ((P1(s),0),
(P2(8), Po2(s)) where
(3.32) o xPi(s) = m(en — ) A [T,82] — (Téa,) A [T, 51].

o «Po(s) = m(en — e) A [1,81] + (T, ) A [T, 52].

o xP2(s) = *#(d(mgs2) — me A [T, mp81]) + m(ea — e) A [T, %p81] +
<T€LAA> A [7‘, *¢52].
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As explained momentarily, the operator £,, — x4,P is invertible if p < ¢, !
and m > coM?. This implies in particular that (3.31) has a unique solution.

The asserted invertibility of £,, —x4,P is proved using the bounds stated
below in (3.33). The notation in (3.33) has v denoting a given L? section of
T*R3 @ su(2).

(3.33) o mllxaulen — efoll2 < copmlloll2.
o |Ixaul(rans)loll2 < coM(m™[[Vollz + m|v]l2).
o [[xand(mg0)ll2 < cop([[Vollo+loll2) and m{xaumovlla < mplloflo.

These bounds are derived in the next paragraph. The assertion that
L —XauP is invertible follows directly from the following assertion: If p < c; !
and m > coM?, then

(3.34) (L0 = xauP)Ell5 > F([VE]5 + m?[[2]13)

when € is any given L? map from R3 to V @ V. This last assertion follows
from (3.33) because the (3.33) implies the following: If € is an L2 map from
R3 to V&V, then

(3.35) IxauP ()13 < co(m™ M+ p*)([VE]I3 + m?[[E]13).

If p < ¢y Vand m > coM, then the right hand side is no greater than
—511£4k13. The latter bound with (3.28) lead directly to the bound in (3.34).

The assertions of the first and third bullets in (3.33) follow directly from
the bounds in the respective first and fifth bullets of (3.26). To see about the
middle bullet, keep in mind that the L? norm of x4,|(74a,)||0| is bounded
by the product of their L* norms. Use the f = |v| version of the top bullet
in (3.10) to bound the L* norm of v. Having done so, then the inequality
in the middle bullet of (3.33) follows directly from the bound in the third
bullet of (3.26).

Step 5. Assume henceforth that p < c; ' and that m > coM so as to use (3.28)
to bound the right hand side of (3.35) by FIOHK,,I{?H%. This being the case,
then (3.34) holds. Use the ¢ = q version of (3.34) with (3.31) to conclude
that

(3.36) IVal3 + m*[lallz = 5lx4.P(s + O]3.

To exploit this last bound, first apply the bound for [[P(-)|l2 < 15/ Lx(-)]l2
to conclude that

(3.37) IVallz + mllallz < F5I1Lnsll2 + [ Latll2)-
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Use (3.43) to bound ||L,t|2 by com™!p. Use the identity £,g = &(dya,)f
to bound ||£,gll2 by cou™ | x.fll2. Substituting these bounds on the right
hand side of (3.37) finds

(3.38) IVallz + mlallz < co(m™ p+ n~ " Ixufll2)

when p < Cal and m > coM?.

Step 6. Write f on the |x| < 1 — 4p part of R3 as §f = g+ t + q to conclude
that

(3:39)  lIx161 Vill2 + ml[x164ll2
< Ix166V8ll2 + mlx16u0ll2 + V|2 + m([t]2 + [[Vall2 + mlqll2.

Use (3.30) to bound the terms in (3.39) with t and thus by m~!p. Use
(3.38) to bound those with q by co(m ™! p-+ 1| x,fl2). The pointwise norms
in (3.28) lead to a bound on the terms with g by cou *e="#/%p. These
substitutions imply the bound

(3.40) 16, Villa+mlxaoufllz < con™ (™ ™™ Amt-m™") ptcop™ [[xufll2-

Note in particular that p=%e="#/*m < m~! when m > cou~2. Granted that
such is the case, then (3.40) implies that

(3.41) Ix16.Vill2 + mlx16ufll2 < con™ (m ™ p + [|xufll2)-

The first and second bullets of (3.26) bound ||x,f|2 by cop and so the right

hand side of (3.41) is no larger than cou™!p.

Step 7. Assume henceforth that m > cou™2

that

so as to conclude from (3.41)

(3.42) Ix16fll2 < cop ' m ™t p.

With (3.42) in hand, repeat Steps 1-6 but with p replaced by ' = 128u. The
salient difference is the replacement of the factor ||x,f[2 in (3.38), (3.40) and
(3.41) by |Ix16ufll2. Where as the former can be bounded only by cop, the
latter is bounded courtesy of (3.42) by com™!p, this being an improvement

by a factor of m~!. Granted this replacement, then the y/ = 128y version of
(3.41) reads

(3.43) I x2048 Vill2 + m||x20a8,f 12 < cop™ L p.

The assertion made by Lemma 3.4 follows directly from (3.43).
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4. Unexpectedly small curvature

Lemma 3.3 and a version of Lemma 3.4 are brought to bear in Section 4.d to
prove Proposition 3.2. The intervening subsections supply data that can be
used by Lemma 3.4. The latter requires as input a parameter m, a connection
on the product bundle over the |x| < 1 ball, and an su(2) valued 1-form
over this ball, these being Ax and aa. The parameter m is taken to be

m= \/%rz and the connection Aa is chosen to have the form h*A, with h

being a suitable isomorphism from the product bundle on the |x| < 1 ball
to the bundle ¢*P over this ball. The su(2) valued 1-form aa will be the
pull back via h of a suitable perturbation of a,. Section 4.a constructs this
perturbation and Section 4.c constructs h. The intervening subsection says
more about the perturbation.

4.a. The heat equation on the |x| < 1 ball

The three parts of this subsection modify a, over the |x| < 1 ball in R? so
as to obtain a ¢*(P xgo(3) 51(2)) valued 1-form whose pointwise norm and
L2 norm on concentric balls with radius less than 1 obey a priori bounds
that can not be assumed to hold for a.. The modified version is denoted
by a.. The following proposition summarizes the salient features of a,. The
proposition uses the metric my to define the norms, volume form, Hodge
star and covariant derivatives on tensors.

Proposition 4.1. Given £ > 1, there exists kg > Kk, and given also p €
(0, %], there exists kg, > 1; these having the following significance: Suppose
that r > 1 and (A, a) is a pair of connection on P and section of (P xgos)
su(2)) ® T*M that obey (3.2). Fix p € M such that r, = zror > 1. There
exists a ¢*(P Xgo(3) su(2)) valued 1-form on the |x| < 1 ball in R® to be
denoted by a, with the properties in the list below.

. f|x|§1(|dA<>3*!2 + [dag*a:|?) < Kuror; 2.
° f|X|§1 ’ﬁ* - ZI*P < REI‘QTZ_4.

o Ji<1 [Vao (@ — @) < rpror®.

o If pe(0,3], then f|x\§17,u Va,(Va,a)|? < K.

o If e (0,1], then SUP|y|<1—p 8| < K-

o Ifpe(0,3], then fIX\SI—u [Fa, — r2a A 3] < Kk pulo.

Proof of Proposition 4.1. The desired a, is constructed from a, by mimicking
what is done in Sections 2.c and 2.d. The construction has six steps. As in
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the statement of the proposition, these steps implicitly use the metric mg
to define the norms, the volume form, the Hodge star and the covariant
derivatives on tensors. This metric is also used to define the formal, L2
adjoint of the covariant derivative.

Step 1. The section a, is obtained from the solution to an analog of the heat
equation in (2.51). The heat equation in this case specifies a ¢*(P xg0(3)
su(2)) valued 1-form over the product of [0, 00) with the x| < 1 ball in R3.
The 1-form in question is denoted by a and obeys the following:

(4.1) . %a = —(Va, ' Va,a++(xFa, Aa+aAxFa,) + Ricw, ((-) ® a)
where [x| < 1.

e ali—g=a, forall x| <1.

® a|j=1 = a|jx=; for all t > 0.
What is denoted by Ricy, in the top bullet of (4.1) is the Ricci curvature
tensor of my. Note in particular that its pointwise norm is bounded by cor%.
The third bullet in (4.1) specifies both tangential and normal components of
a on the boundary |x| = 1 sphere. Standard results about parabolic equations
prove that there is a unique solution to (4.1).

The desired a, is given by als for an appropriate stopping time s € [0, 00).

Step 2. The analog of the function that is denoted by € in Part 1 of Sec-
tion 2.d is the function on [0, c0) given by

(4.2) ¢ = / (Jda, al? + |da, *al?).
Ix|<1
Since a is constant on the |[x| = 1 sphere, integration by parts writes

(4.3) €= 2l ()3,

where || - |2 denotes the L? norm on the |x| < 1 sphere and where ga, (a) is
defined by writing the top bullet of (4.1) schematically as %a = —qa,(a).
Note that the integration by parts has no boundary contribution because
a = a, for all t where |x| = 1.

Step 3. The first bullet in (3.8) implies that &(a.) < cpror; 2, and so (4.3)
finds

(4.4) E(t) < coror, 2 — tn(t),
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where n(t) is defined by analogy with (2.53) as

(4.5) n(t) = ! /0 laas ()12

The inequality in (4.5) implies the assertion in the first bullet of Proposi-
tion 4.1 if a, is defined to be any s > 0 version of a|s. In any event, (4.4)
requires that n(t) < cprer, 2t~! if t is positive. Meanwhile, the formula in
the first bullet of (4.1) for %a implies that

(4.6) & — als]|3 < t?n(t) for any t € [0, 00).

Step 4. The definition in (4.5) with the bound n(t) < cprer 2t~ have the
following consequence: There exists s € [%t, t] such that als obeys

(4.7) lga, (als)lI3 < coror 67"

This understood, take t = r;2 and fix s € [3t,t] so that (4.7) holds. Set &

to equal als. It follows from (4.7) that ||ga, (@)|l2 < cEré/2 and (4.6) finds

|ax — a2 < cEré/Qr;? The latter bound is the assertion in the second

bullet of the proposition.
To see about the third bullet of the proposition, use the fact that both
¢(a) both &(a) are bounded by cprr; 2 to see that

(48) / (dag (3 — )2 + |dag (@ — &)[2) < cpror 2

also. This understood, an integration by parts with the fact that a, = a,
where |x| =1 leads from (4.8) to the bound

@9) [ (Voo 8P+ 2eFay A o = ) A Glon — 30))
[x]<1
< cprd|an — |3 + curor; 2

In turn, this last inequality, the bound on the L? norm of Fa, and the
Sobolev inequality given in the top bullet in (3.10) lead to the bound

(4.10) / Vi (i — &) < coror
Ix<1

This is the bound that is asserted by the third bullet of the proposition.
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Step 5. To see about the fourth and fifth bullets, fix 1 € (0, 3]. Set x, to
denote again denote the function on R3 that is given by x — X(% (|x|—14w)).

The bound on the L? norm of ga, (), the bound on |Ricy,| by cory and
the fact that (4.10) implies that ||V, a2 < ¢ implies via an integration
by parts that

(4.11) VAo (Vao (Xu@)3 < cnp+ collFas 13l xua 5

Note that (4.11) also uses the fact that Ay = 6 + aa, with the bound given
by Uhlenbeck’s theorem for the L? norm of aa,. Since ||[Fa,ll2 < 1, the
bound in (4.11) implies that

(4.12) 1AV A, Ocua)lll2 < e =+ collxpuaelloo,

and so [Va, (xud«)| is an L? function with L? norm bounded by (cg,, +
Col[Xputx [l oo)-

Invoke the top bullet in (3.10) yet again to see that the L* norm of
Vs (Xu)| is also bounded by (cg,, + col|xua]|0), and so this is also the
case for the L* norm of d|y,a.|. With the preceding understood, invoke the
the third bullet in (3.10) using |x,a| for f and then invoke the first bullet
of (3.10) using |V a, (xua+)| conclude the following: Fix § € (0,1). Then

(4.13) IXpulloo < 07 (o + 1 Vag aill2) + 0l Vas (Va, (xud) 2.

A § = ¢y version of (4.13), the fact that |[Fa,|l2 < 1 with (3.26) and
(3.25) lead directly to the assertion in the fourth bullet of Proposition 4.1.
The assertion in the fifth bullet follows from the § = 1 version of (4.13) and
the assertion in the fourth bullet.

Step 6. This step proves the assertion in the sixth bullet of the proposition.
Given what is said by (3.15), it is only necessary to prove that

(4.14) X (@ A ) = (3 A 2))II3 < o
The left hand side of (4.14) is no greater than
(4.15) corilla — a3 + cortlla. — I3 xualZ.-

Use the first bullet in (3.10) with the first two bullets of the proposition to
see that the left most term in (4.15) is no greater than CEI‘5<>/ 2 o ! Invoke the
first bullet of the proposition to bound the right most term by cxre || X, || %;
then use the proposition’s fifth bullet to bound core||x,a|% by cepulo-
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4.b. The pair (4a,, ) and the bounds in (3.26)

Lemma 3.4 refers to parameters m, p and M. As noted at the outset, m will
be taken to be \/7rz The parameters p and M are such that (3.26) holds.
An appeal to a given € > 0 version of Lemma 3.4 requires an upper bound
for p. The upcoming Lemma 4.2 is the first of two lemmas that are used to
obtain the required upper bound. This lemma reintroduces the isomorphism
g given by Proposition 3.1. The lemma also writes g*A¢ as 6y +aa, as done
in Proposition 3.1.

Lemma 4.2. There exists Mg > 1, and given E > 1, u € (0, —] and p € (0,1],
there exists k, > 1 with the following significance: Suppose that r > 1 and
(A, a) is a pair of connection on P and section of (P xgo(3) su(2)) ® T*M
that obey (3.2). Fizp € M where r, > K,. Suppose in addition that ro < K,
and that ||V, a.l|2 < k,". There exists a constant, unit length 1-form e on
R3 and a constant, umt length element T € su(2) with the properties that
are listed below.

o Write g*a, as \/%(Te* + by) with (Tby) = 0. Then supjyj<i_,(|b.] +
e —e]) < p.

o Write aa, as T(Taa,) + ma, with (ra,) = 0. The L? norm of a. on
the |x| < 1 — u ball is less than p and the L* norm of (Taa,) on the
|x| <1 —p ball is less than M.

Proof of Lemma 4.2. The assertions in the lower bullet follow directly from
(3.26) and Proposition 3.1. The proof of the top bullet has four steps. These
steps use 6 to denote |V, |2

Step 1. Proposition 3.1 asserts in part that the L2 norm of g*a, on the
x| <1 — p ball is bounded by cj . Use this bound with those given in the
top bullet of (3.10) to conclude the following: Let x and y denote two points
R3 with norm at most 1 — . Then

(4.16) (2*3)x — (8°3)]y| < cpud"/™.

As explained directly, this inequality implies that || |(0)— /2| < cg (6 1744

)
ror, ).
To see about the latter claim, suppose for the moment that ¢ > 1 is

such that the |2,](0) < (/5 — ¢~%. If so, then (4.16) implies that |a|* <
(W& —ct+ cp0'/*)? on the whole of the |x| < 1 — y ball. This being
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the case, then its integral over this ball is no greater than (1 — ,/%“c_l +
¢ u0'/4)2(1 — 1)3. Moreover, the integral of |a|? on the |x| = 1 — u sphere is
no greater than 3(1— /41 + c,u0/*)2(1— )%, Granted this last bound,

it then follows using the fundamental theorem of calculus that the integral
of |&|? over the spherical annulus where 1 — p < |x| < 1 is no greater than

3(1—4/4Fc! + g0 )2+ codpt/?. Add these various bounds to conclude

that [|& |2 < (1 —coc™! +cp 0" /4)2 4 coopt/2. This is nonsense if ¢! is less
than cg,, (614 +1o72) because Proposition 4.1’s second bullet implies that
the L2 norm of 4, is no less than 1 —corer, 2. Very much the same argument

derives nonsense if |a[(0) > % + CE,M(51/4 +ro7,2).

Step 2. Let 7 denote a unit length element in su(2) that maximizes the
function on the unit sphere in su(2) that assigns to any given element o the
norm of the corresponding covector (o(g*a.)|p). Define the 1-form e, to be
(tg*a,) and define the su(2) valued 1-form b, by writing g*a, as Te, + b..

Write e.|o as a positive multiple of a unit length 1-form and denote the
latter by e. As explained directly the inner product between e and b, |y must
be zero. To see why this is, note first that (g*a.)|op can be written as

(4.17) (g*ﬁ*)lo =TYe+ 7'1(04161 + Ve) + Tg(ageg + ,881),

with v > ¢, 1 with {71, 72} being an orthonormal basis orthogonal com-
plement of 7 and with {e, e2} being an orthonormal basis in T*R? for the
orthogonal complement to e. Let 7/ denote (y7 + v71) /(72 4 v?)'/2. Look at
(4.17) to see that (7/(g*a)|o) is the 1-form (v2+12)Y2e+a (2 +1v2) "1/ 2.
The norm of the latter would be larger than v were v # 0.

Write b, for the moment as b, = oe+ b with o being a map from the
|x| < 1—p ball in R? to 7’s version of sut and with b such that eAxb; = 0.
It follows from (4.16) and from what was said in the preceding paragraph
that |o| < cp 02,
Step 3. Use the Ap = g*Ay and an = g*a, version of (3.24) with (3.15) and
what is said in Part 1 to conclude that

(4.18) /|<1 |FA<>‘2 > %rf<| ‘S<ulp - CE7M51/2> — Cpul'o.
x|<1l—p X|sl=p

Note that this follows because b, A b, is proportional to 7 and thus point-
wise orthogonal to [7, b,]. This lower bound with (3.6) have the following
consequence: Fix for the moment ¢ > 1. If 1y < cg’}chl and 6 < cg et and
2 > cgc?, then [by| < ¢! on the [x| < 1 — pu ball.
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Step 4. Fix ¢ > 1 and suppose that r < c};bc_l, 0 < CE’HC_4 and r2 > c]wc2

so as to conclude from Steps 2 and 3 that |b.| < ¢~! on the [x| < 1 — p ball.
This understood, it then follows from what is in Step 1 that |e, — ¢ <
co (644 + ¢+ 1) on the x| < 1 — p ball.

Granted the bound in the preceding paragraph, the assertion made by
the top bullet follows if r, > ¢g,p 2 and § < c;bp‘l and ro < c;bp.

4.c. The construction of h

Fix p > 0. Lemma 4.2 asserts that the conditions in the first, second and
third bullets of (3.26) are obeyed for a suitable M if ry < c];bp_l, 0 < C];Lp4
and r, > cE7Mp_2. The conditions in the fifth bullet are also met if r¢, < ¢ 1y
since the metric m, differs from the Euclidean metric on the |x| < 1 ball
by at most cor% and the norms of its first derivatives are also bounded
by cor%. The L? norms of what are denoted by s, v and ty are bounded
respectively by cg times 7, 1 |[Fa, — 723 A a2, ||dag a2 and [|dag*a|2. A
look at Proposition 4.1 finds the latter to be bounded by cgr, 1r%>/ % This
being the case, then the L2 norms of s, v and vy will be bounded by m~!p if
ro < cglp.

The problematic requirement in (3.26) is the one that concerns Sy, the
reason being that the (a4,,g"a) version of Sg is —mx(e A [7,*b,]) because
the Coulomb gauge condition was imposed on aa,. Given what is said so
far, the L? norm Sy can be as large as comp. The lemma that follows will be
used to circumvent this problem. This lemma finds an automorphism of the
product bundle that pulls back the given pair (A, a.) to one that satisfies
all of the conditions in (3.26).

Lemma 4.3. Given E > 1, p € (0, %] and p € (0,1], there exists ¢ > 1

with the following significance: Suppose that r > 1 and (A, a) is a pair of
connection on P and section of (P xgo3) su(2)) ® T*M that obey (3.2).
Fiz p € M where r, > c. Suppose in addition that ro < ¢! and that
[Vagallz < ¢~ L. There exists an isomorphism, h, from the product prin-
cipal SO(3) bundle over the |x| <1 — u ball to ¢*P over this ball such that
the pair (Aan = h*Ag, an = h*a,) satisfies the conditions in the (p,M = pr,)
version (3.26).

Proof of Lemma 4.3. The proof has five parts. Parts 1-4 construct h and
Part 5 verifies that it has the required properties.
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Part 1: Let k. denote the E and 1_1(5“ version of Lemma 4.2’s constant
Kp/16- Use 0 again to denote ||Va, a2, Assume henceforth that r, > k.,
that 1, < x;! and that § < s, ! so as to invoke the apriori bounds that
Lemma 4.2 supplies on the |x| < 1— % u ball with p replaced every where by
% p. The desired isomorphism h is written as the composition of first g and
then the restriction to the |x| < 1 — u ball of a certain isomorphism of the
product bundle R3 x SO(3). An isomorphism of the product principal SO(3)
bundle over R? can be viewed as a map from R? to SU(2) and vice-versa.
The notation in what follows does not distinguish between such a map and
the corresponding isomorphism of the product principal bundle R3 x SO(3).
The desired map/isomorphism is denoted by u. The incarnation of u as a
map from R3 to SU(2) is written as u = e™ with x denoting in what follows
a map from R? to 7’s version of su' that is chosen so that the corresponding
(Aa =h*Ag, an = h*a,) version of Sp is 0 on the |x| <1 — pu ball.

Part 2: Let u : R®> — SO(3) denote a given map. The action of u on
(g*Ag, g* ) sends this pair to a pair that is written as (6o + ay, u(g*@)u=?)
with &, = uda,u! +udu~'. Define a pair, (ay, b,) of maps from the |x| <
1 — - ball in R? to V& V by

(4.19) ay = m Yay — 7(T4y)) and
bu = | o (alg"a ! = {rulea)u ),

these being the Ay = 6 + 4, and ax = u(g*@)u~! versions of what (3.21)

denote by a and b. The plan for what follows is to construct a map x : R —
sul so that the u = ™ version of (ay, b,) obey dxa, — me[T, xb,] = 0 where
x| <1— p.

To see what the construction of the desired map involves, let x : R3 —
su(2) denote a smooth map with (rx) = 0 and with x| < m~'cy' at all
points. With x chosen, set u = e™. The resulting version of a, and b, can

be written schematically as

(4.20) ay =a—dx+A(x,a) and by, =b—mr, x]e+ B(x,b).

The desired version of x is constrained to obey the differential equation
(4.21) dTdx + m?x + xux(me A [, %b] — d*A + me A [7,%B]) = 0.

If x obeys (4.21), then dxa, — me A [T, %b,]) = 0 is obeyed where x, = 1 and

thus on the ball where |x| < 1— 2u. Note that (4.21) is the linear equation

dfdx + m?x = 0 where Xy is zero, and thus where |x| > 1 — iu.



PSL(2; C) connections on 3-manifolds with L? bounds 299

Part 8: Tt proves useful to write (4.21) as an equation for the fixed point of
a self-map of a certain Banach space completion of the space of compactly
supported maps from R? to sut. The norm for the Banach space is defined
by the rule

(4.22) x— Sﬂlgg(mlyd + |dxl).
This norm is denoted by | - ||z and the resulting Banach space is denoted
by B.

The specification of the relevant map from B to B is denoted by 7.
This map is depicted in the upcoming (4.24). What follows directly explains
the notation that is used in (4.24). To start, let u again denote e”. Then
m~ludu~! can be written schematically as G(dx) with G denoting the map
from R? to End(su(2)) given by the rule

1
(4.23) a—Gla)= / e e "M ds.
0

This formula has the following implication: If [x| < cy'm~!, then G can
be written as 1 + g with |g(a)| < 5|al. In particular, G is invertible if
lu| < cglm™! and its inverse can be written as G = 1 + g with |g. ()| <
co|x|||. In addition to introducing g, the upcoming (4.24) introduces A; to
denote the contribution to A in (4.20) from the term m'uda,u~'. This is
to say that Ay = m~!([duu™, uda ,u™!] — 7(r[duu™!, uda u'])). By way of
a final remark about notation, (4.24) reintroduces the Green’s function G
from (3.19).

Having set the notation, fix ¢ > cq so that g is defined on the |||l < ¢!
ball about the origin in B. Denote this ball by B, and introduce the map
T : B, — CY(R3;5u(2)) by defining 7 (x) at any given point y € R? to be
(4.24)

_/ nyu(m2g*9(—*d*A1+*m(1+g*)(e/\[T,*b]—g(dx)/\*g(dx)—l—e/\[T,*B])).

R3

A (C? fixed point of T is, by construction, a solution to (4.21).

Part 4: This part of the proof explains why the following assertion is true:

(4.25) There exists K > 1 with the following significance: Suppose that
¢ > K and that m > K and that supjyj<i_, /16 [b«] < KL Then T
maps B, to itself as a contraction mapping.
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Steps 1-3 of what follows prove the assertion in (4.25). A fourth step proves
that the corresponding fixed point is C°°. These steps use A to denote
SUP|x|<1—p/16 ’b*’-

Step 1. Fix ¢ > cg so that T is defined on B,. This step derives an a priori
bound for the supremum norm of any given x € B, version of 7 (x). To this
end, use the fact that d+as, = 0 to see that the integrand in (4.24) has
absolute value less than

(4.26) co(m||xl|3 + mlbu| + [|xll8laa, |)-

As can be seen from (3.20), the integral Gy (-) is bounded by com™2, and

so the integral of Gy times the left most two terms in (4.26) is bounded by
com ' (||x]|3 + ). Meanwhile, the integral of Gy(-)|4a,,| is bounded by cg
times the product of the L2 norm of the function e~"'/4 with the L2 norm of
m Xpulda, |- The former is bounded by com—3/2 and the latter is bounded

courtesy of the second bullet in (3.10) and Proposition 3.1 by ¢g. Granted
all of this, it then follows that

(4.27) 1T ()] < com Y2+ A+ m Y271 when x € B..

This is the promised supremum norm for 7 (x) because it holds at all x € R3.

Step 2. This step derives an a priori bound for the supremum norm of
the 1-form d7 (x). To start this task, fix x € R? and view the assignment
y — Gy(x) as defining a function on R3*—{x}. Use (dG), (x) to denote the
1-form on R? that is obtained by differentiating this function. It follows from
(3.20) that

1 1
(4.28) 1(AG)y(1)] < c0< +m >e—ml<'>—Y.
' )=yl 16 =l

The integral of the right hand side of (4.28) is bounded by com™!. This
understood, then the integral of |(dG)y(-)| times the left most two terms
in (4.26) is at most co(||x]|3 + A). Meanwhile, the L? norm of (m +
m)e~ ™)=Yl is no greater than co m~1/2. It follows from the latter bound that
the integral of |(dGy(-)| times the term |x||glaa,,| in (4.26) is no greater
than com /2| x||s times the L? norm of ﬁXu‘éAo |. As noted previously,
the latter norm is bounded by cg. Therefore, the bounds just stated imply
that

(4.29) AT (x)] < coc® + A+ m_l/Qc_l) when x € B,.
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This inequality holds for all x € R3 and thus supplies a supremum norm for
[T (x)]-

Step 3. It follows from (4.27) and (4.29) that 7 maps B, to the space of
Lipshitz maps from R? to sut. To see that the image is in B, use the fact that
the integrand in (4.24) is supported where |x| < 1 with (4.26) to conclude
that 7 (x) is smooth where |x| > 1 and that the norms of 7 (x) and its
derivatives to any given order are bounded a priori where |x| > 1 by an
order dependent multiple of |7 (x)|lze~"/X/2. This implies that 7 maps B,
to B.

Granted that 7 maps B, to B, it follows from (4.27) and (4.29) that

(4.30) 1T (2)|ls < co(c 24+ X+ m /2.

This last bound has the following consequence: If ¢ > cp and A < ¢ Lt

and m > co, then 7 maps B, to the || - |z < ¢! ball in B.

Fix ¢ and p and m so that the preceding conclusions apply. Let x and
x' denote two elements in B.. Arguments that differ only cosmetically from
those in Steps 1 and 2 prove that |7 (x) =7 (x')|ls < co(c ™+ +m~2)||x —
x'||p- This last bound implies that 7 defines a contraction self-map of B,
when ¢ > ¢g and )\<ca1 and m > cg.

Step 4. Fix ¢ > cg and A < calc_l and m > ¢g so that 7 maps B, to itself
as a contraction mapping. The contraction mapping theorem asserts that
T has a unique fixed point in B.. Let x now denote this fixed point. The
fact that x is smooth can be proved using a boot-strapping argument with
(4.24). In particular an argument of this sort using a difference quotient
construction gives Lipshitz bounds on successive orders of derivatives. This
argument is straightforward; and since it is somewhat tedious, it is left to
the reader except for the following brief remarks about the argument for the
second derivatives. To start, fix e > 0|Vdx|. denote

(4.31) Vdxe =7 sup [(d2)ly — (da)
{(vy) R y—y’|>e}
Since x = T (1), the bound in (4.31) for the || - || norm of (4.24) and the

definition in (4.23) for G can be used with the arguments that differ little
from those in Step 2 to prove that

y/

(4.32) |Vdxl|. < co(e™! + m_1/2)|de|€ +co (sup(|Vb| + |Vaa,|) + mc_l).
RS

This last bound leads to the following conclusion: If ¢ > ¢, Vand m > ¢,
then |Vdx|. has a e independent upper bound. Granted that such is the
case, then dx is Lipschitz.
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Part 5: Fix ¢ > cg and X < calc_1 and m > ¢g so that the map 7 has a
unique fixed point in B,. Let x denote this fixed point. Let u denote e™.
This part of the proof considers the extent to which the pair (Aa = 0y + ay,
an = u(g*a.g )u~!) obey the conditions set forth in a given M and p version
of (3.26).

The fifth bullet in (3.26) is again obeyed when 1y < ¢ 'p!/2, this because
7 has no (Aa, aa) dependence. As for the fourth bullet, the L? norms of s,
t and tg for the case when (Ax = 0y + 4y, an = u(g*zg !)u™?!) are the same
as those of their analogs for the case when (Aa = 6y + 4a,, an = g* g 1).
This is because the (Ax = 0y + 4y, an = u(g*a.g ! )u~!) versions of s, v and
to are the pointwise conjugations of their (An = 0y + 4a,,an = g¥ag™!)
namesakes by e™. Meanwhile, the (Axn = 6y + 4y, an = u(g*mg Hut)
version of S is zero on the |x| < 1— yu ball. This being the case, the L? norm
bounds in the the fourth bullet of the (Ax = 0y + &y, an = u(g*mg Hut)
version of (3.26) are met if o < ¢yt p?.

The subsequent discussion of the first three bullets in (3.26) invokes an
important consequence of (4.30), this being that

(4.33) |dx| + m|x| < coA.

It follows directly from (4.33) that
(4.34) o |by — by| +|ew — e < coNAH |by]),

o |ay — ai] < oA+ |ay]),

o |(Tay) — (TAa, )| < coN2m + coN|(TaaL ).
The inequality in the first bullet in (4.34) with the assumed bound |b,| +
le.—e| < {=p implies that supP|x|<1—p(|bul+eu—e]) < pwhen A < cg ' p. This is
the requirement of the first bullet in the (Ax = 0y +ay, aa = u(g*ag Hu™)
version of (3.26). The second bullet of (4.34) with the assumed % p bound for
the L? norm of a, on the |x| < 1— %u ball implies the following: If A < ¢y *p,
then the L? norm of a, on the |x| < 1 — p ball is less than p. This is the
requirement of the second bullet of the (Ax = 0y + ay, an = u(g*zmg™Hu!)
version of (3.26). If A < c;'p, then the third bullet in (4.34) implies the
third bullet of the (Ax = 0y + 4y, an = u(g*ag )u=!) version of (3.26) in
the case when M = pr,.

4.d. The proof of Proposition 3.2

Fix small 4 > 0 and ¢ > 0. Lemma 4.3 with the first and second bul-
lets of Proposition 4.1 and Lemma 3.4 lead directly to the following: There
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exists ¢ > 1 such that if r, > ¢, 1o < ¢! and [|[Va a2 < ¢!, then
lu(g*ag )u™t| < cop on the x| < 1 — p ball and the (Ax = u*g*Ay,
an = u(g*a.g Hu~!) version of what is denoted by b in (3.21) obeys

(4.35) / 6] < &'r %
x|<1—p

Given what is said in the second bullet of (3.8), these bounds with the
m = /21, version of (3.25) lead directly to the bound

(4.36) / ’FAO‘Q < CO(E/+1“<>).
[x|<1—p

If ¢ is taken equal to cy'e and if 1o < cy'e, then (4.36) is the asser-
tion of Proposition 3.2. Therefore, if r, > ¢ and 1o < min(¢™!, ¢y 'e) and
VA, al2 < ¢!, then Proposition 3.2 is true.

Let k. denote the (K=, u, ) version of Lemma 3.3’s constant x. If r, <,
then Lemma 3.3’s conclusion holds if both ry < ! and ||V, a2 < £7h
As Lemma 3.3’s conclusion is the assertion of Proposition 3.2, it follows that
Proposition 3.2 is true no matter the value of r, when both ry, and ||V, a||2
are less than min(c™!, ¢y e, k71).

5. Integral identities and monotonicity

This section has two purposes, the first is to state and then prove a propo-
sition that asserts a monotonicity property of two functions on (0, ¢, 1) that
are associated to any given point in M and a pair (A, a) of connection on
P and section of P xgg(3) su(2) that obeys the constraints in (3.2) for a
given E and r. This monotonicity assertion constitutes the upcoming Propo-
sition 5.1. The second purpose of the section is to establish various integral
inequalities, some of which are used in the proof of Proposition 5.1 and some
are used in Section 6.

To set the stage for Proposition 5.1, fix ¢y > 1 so that the ball of radius
Co ! centered about any given point in M has compact closure in a Gaussian
coordinate chart about the chosen point. Fix for the moment a point p € M.
Givenr € (0,c; 1), let B, C M denote radius r ball centered at p and let 0B,
denote the boundary of the closure of B;.

Reintroduce Uhlenbeck’s constant «y from (3.1). Having specified a con-
nection, A, on P and p € M, define r(, € (0, cal] as in (3.5) to be the largest
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value of r such that
(5.1) /13 Fal? < ogrp’r

To continue the stage setting, suppose that p € M and r € (0,c¢; 1) are
given and that r is a chosen, positive number. Fix a pair (A, a) with A being
a connection on P’s restriction to the closure of B, and with 2 being a section
over this closure of the bundle (P xgo3)5u(2)) @ T*M. The parameter r with

A and & define functions h and H on (0,cy ') by the rules

(5.2) r—>h(r):/ a2 and r—>H(r):/ (IVadf2 + 22]a A a2,
0B,

T

Use these two to define the function N on the h # 0 part of (0, cal) by the
rule

rH(r)

h(r) -

(5.3) r— N(r) =

The function N is called the frequency function because it plays the role here
that is played by an eponymous function that was introduced by Almgren
[Al]. The latter incarnation of N plays a central role in proving various theo-
rems about the nodal sets of eigenfunctions of the Laplacian on Riemannian
manifolds, and on solutions to certain nonlinear equations, second order dif-
ferential equations with Laplace symbol. See for example [Han], [DF| and
[HHL].

Proposition 5.1. Fizrg > 0 such that each p € M version of the functions
h, H and N are defined on the radius ro ball centered at p. Given rg, there
exists k > 100 whose significance is explained by what follows. Suppose that
E > 1, that r > KE" and that (A, &) is a pair in Conn(P) x C>°(M; (P xg0(3)
su(2)) ® T*M) obeying Items a)-d) in (3.2). Fix a point p € M so as to
define the function h, H and N using r and (A, a) on (0,ro].
o Ifre [%ro, ko], then %h = 2r (1 4+ N)h + ¢ with ¢ being a function
of T whose absolute value is less than k(Br~24+Er~/2h1/24EY/2,~1H/2),
e Let u denote the function on [%I‘Q,K_ll‘o] that is defined by the rule
r — u(r) = kETVR If 1y € [iro, k7 1rg] is such that h(r) > p3—1/k
when 1 € [ry, K 'rg]. Then

N(rg) > e*u(r2)+u(r1)N(r1) —u(rs) + u(ry) — /8

when vy and 11 are such that ry <11 <12 < Kk lrg.
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o Ifr, € [iro, k1) is such that h(r,) = 218 0 h(r) > r?t1/16 when
r is greater than r. but sufficiently close to vy, then h(r) < kr2t1/16
when T € [ry, K™ 11g).

o Ifr, € [310,671) and h(r,) < 218 hen h(r) < kr2tY16 for qll

I € [r, K1)

Note that the version of x in this proposition depends on ry. The case
when r or ry or ry are less than r¢ is of no interest to the subsequent appli-
cations. Keep in mind in what follows that r is less than r¢ if r > coE and
r < calE_ll()_l/QmGlmr_l, this being a consequence Item c) in (3.2) and
the third bullet of (3.3).

By way of an outline for the rest of this section, the proof of the first
bullet of the proposition is in Section 5.b and that of the second is in Sec-
tion 5.d. Section 5.e contains the proofs Proposition 5.1°s third and fourth
bullets. The intervening subsections establish some facts and observations
that are used in the proof.

5.a. Integration by parts identities

The upcoming Lemma 5.2 states the two fundamental integration by parts
identities. The second refers to the parameter r that is used to define the
function H. By way of notation, the lemma introduces functions £ and f on
(0,cp ), these defined by

(5.4) ﬁ(r):/B(|VA21\2+2<*FAA&A&>) and

T

f(r) = / (r2|Fa — r2a A a® + |daal> + |daxal?).
B,

The lemma also uses || - ||2,r to denote the L? norm on By, and it || - [|oox tO
denote the supremum norm on B;.

To set the rest of the notation, keep in mind that if p € M and if
re (0,¢cy 1), then the ball B, has compact closure in a Gaussian coordinate
chart centered at p. This being the case, the outward pointing, unit length
tangent vectors to the geodesic rays that start at p define a smooth vector
field on B—p. This vector field is denoted by d.. When a denotes a section
over B, of (P Xgo(3) 5u(2)) ® T*M, then & is used to denote the section of
(P xg0(3) 5u(2)) overy B,—p that is given by pairing & with 9,. When A
denotes a connection on P’s restriction to B,, then 04, is used to denote
the A’s directional covariant derivative along the vector field 0.
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Lemma 5.2. There exists k£ > 1 with the following significance: Fiz p € M
and fix v € (0,x71). Suppose that A is a connection on P’s restriction to
the closure of By and that and a is a section over this closure of (P X50(3)
su(2)) ® T*M. Then

° f@Br<8A=ra/\*a>:ﬁ+fB Ric((a® a)) — [ (2 A #qa(a)).
o [op. (IVaal* +2r%anaf?) _2f8B |8Ara| +r2|[ &)%) + TH+ %,

with R obeying M| < co(llga(@)]lzr + 72 ||alloor)HY? + co(h + rH) +
co(f/?||all2,e + [lall3,)-
Proof of Lemma 5.2. Given the definitions of £ and ga, the identity in the

first bullet of the lemma follows using Stoke’s theorem. The proof of the
assertion in the second bullet has two steps.

Step 1. Fix p € M and an orthonormal frame {ei}i:172,3 for T*M on the
radius cgl ball centered at p. Write a = ae' and Vaa = (VA71&)kek ®e! with
it understood that repeated indices are to be summed. View the Riemann
curvature tensor as a section of @*T*M and write it as Riune @ ek @e™ ®e™.
Likewise, write the Ricci tensor as Ricice' @ eX. The metric tensor is dyel @ ek
in this notation with & = 0 if i # k and 017 = d99 = d33 = 1. Granted this
notation, a symmetric section of T*M ® T*M to be denoted by T = Tijei e
is defined by setting any given i,j € {1,2,3} version of Tj; to be

(5.5) Ty = ((Vaiah(Vaa)i) + ([, a[a, &) + Rigm (im)
= 305 ({(Vama)(Vama)i) + ([, ) [a, d]) + Ricu (@),
with it again understood that repeated indices are summed.
Let d' denote the map from C*°(M; T*M ® T*M) to C°(M; T*M) given

by the formal L? adjoint of the Levi-Civita covariant derivate. The 1-form
d'T can be written schematically as

(5.6) (d'T)i = ~((Vaid)kga(@)x) + Qni(rq ®@ 2@ r(a A a))
+ Ovi(rq®a® Vaa) + Ri(a®q) + S(a® a),

where the notation has q denoting the triple

(5.7) q=(r"'%(Fa — r*aAa),*daa, dpxa),

this being a section of (P Xgo(3) su(2)) ® (T*M & T*M & (A*T*M)). What
are denoted by Qa, Qv, R and S in (5.6) are homomorphisms that involve
only the metric, the Riemann curvature tensor and the latter’s covariant
derivative. In any event, each has norm bounded by cg.
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Step 2. Fixt € (0,cy"). Let A denote for the moment the function dist(-, p)?
on the ball B;. Integrate d'T A *dA on B, and use Stoke’s theorem to write

(5.8) / dTTA*dA:_zr/ T(8r®8r)+/ T,V V;A.
B, OB, B,

The identity in the second bullet of Lemma 5.2 follows directly from (5.8)
given what is said in the subsequent paragraph about the integral on the
left hand side and the two integrals on the right hand side.

The norm of |[dA| on B, is bounded by r and so it follows from (5.5) that
the absolute value of the integral on the left hand side of (5.6) is no greater
than r times

(5.9) co(llga(@)llz,x + il HY? + co(7'/? | all2s + [[23.,).

Meanwhile, the boundary integral on the right hand side of (5.8) differs from
r times

(5.10) / (yvAa|2+2r2yaAa\2)—2/ (10l + 2|3, ]2
0B, 0B,

by at most corh, this being a direct consequence of (5.5)’s formula for T. The
right most integral in (5.8) differs from the integral of the trace of T by at
most co(r?H + ||al|3 ), this because V;Vyp differs from 26y by at most cor?.
A look at (5.5) finds that the trace of T differs from —1(|Vaa2+2r2|anal?)
by at most co|a|?.

5.b. Proof of the first bullet of Proposition 5.1
The proof has five parts.
Part 1: Invoke the first bullet of Lemma 5.2 to write

(5.11)  Sh=2r"'1+v)h+24 + /
B,

Ric((a® a)) — / (@A xqa(a)),

B,

with t denoting a term whose absolute value is bounded by cor?. This term
accounts for the fact that the second fundamental form of dB, may differ
from r~! times the induced metric. The bound on |t is due to the fact that
these two tensors can differ by at most cor.
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Part 2: Assume that A is a connection on P’s restriction to the closure
of B, and that a is a section over this closure of (P xgo(3) s1(2)) ® T*M.
Assume in addition that a positive number E has been specified and that
|Fa — r2a A all2, < BY2. Write (xFa A @ A &) as the sum of 1 (x(Fa —
r2a A a) A (raAa)) and r?|a A af? to derive the bound given below for the
difference between £ and H:

(5.12) |h —H| < coE'/ 2 1HY2,

Use this bound with the definition of N to write (5.11) as

(513) Sh=2r"'(14+N+rv)h+1v+ /
Br

Ric((a ® a)) — / (anxqa(a))

B,

with t; being a term with norm at most coEY/2r1HY/2,

Part 3: Assume as in Part 2 that (A, a) is a pair of connection on P’s
restriction to the closure of B, and that a is a section over this closure of
(P xg0(3) 51(2)) ® T*M. Then

(5.14) /B |a|? < 2rh(r) 4 8r?H(r).

This inequality is a direct consequence of the following integration by parts
formula for the radius 1 ball in R3: Let f denote a smooth on the |x| < 1
ball. Fix € € (0,1). Then

_ i 2 2 -1 2
(5.15) (1—¢) /XlSl ! g/lx1f be /|x|§1 dfP2.

The inequality in (5.15) leads to (5.14) by writing the integrals in (5.14)
using a Gaussian coordinate chart centered at p. Having done so, appeal to
(2.6) when invoking the f = |4 and e = 1 version of (5.15).

It follows directly from (5.14) that the contribution to (5.13) from the
Ricci curvature integral on (5.13)’s right hand side has absolute value at

most cor(1l + N)h.

Part 4: Assume that A is a connection on P’s restriction to the closure of B,
and that a is a section over this closure of (P xgo3)5u(2)) ® T*M. Assume in
addition that a number E > 1 has been specified and that each of ||ga(a)||2.r,
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rl|daallar and r||da*al|a, is less than E'/2. As explained momentarily, r > coE
. A 1q—1/2,.—1/2 _
and if r > ¢ =110 1/2/<aU /2, 1. then

(5.16)

/ <fl/\>kqA(2z)>‘ < Co(Er_2+Er_1/2h1/2+E1/2r_1H1/2).
B.

By way of a parenthetical remark, (5.16) holds with r > m~!r for any
m > 0 with cg replaced by an m-dependent constant. The given lower
bound on r is used because r is necessarily less than ry if r > coE and
r < call()_l/%alpr_l. The proof of (5.16) has two steps.

Step 1. Fix € € (0, %) for the moment and let x. denote the function on B,
given by x(e 7! (r~1dist(-, p)—1+€)). This function equals 1 where dist(-, p) <
(1 — &)r and it equals 0 where dist(-,p) > r. Write the integral over B, of
(a A xqa(a)) as the sum of two integrals, the first being the integral over B,
of x-(a A *qa(a)) and the second being the integral of (1 — x.)(a A xqa(a)).
The absolute values of these two integrals are bounded respectively by

1/2

(5.17) coEr 2 4 coEl/ze_l/Zr_l/Qr_l( sup h(s)) and
(1—e)r<s<r

1/2
coE/2e!/2r1/2 ((1 s;lg 3 h(s)) .
—e)r<s<r

To prove the bound for the first integral, write ga(a) as *da*xdaa—daxdax*a,
integrate by parts and invoke the assumption that ||daall2,; + [|daxal2; is
less than r—'EY/2. The bound for the second integral follows directly from
the assumption that ||ga(a)2, < B2

Step 2. Use the fundamental theorem of calculus to see that

(5.18) sup  h(s) < coh(r) + cosr/ |V aal?.
B.

(1—e)r<s<r

This inequality with (5.17) leads directly to the following bound:

(5.19) '/Bram raa(3))

< COEr_2+C0E1/2(6_1/21"_1/2r_l+61/2r1/2)h1/2+co(r_l—l—sr)(H1/2+E1/2r_1).

Qe —1/2 _ 1 —=1/2_ 1 1 _
Assumehenceforththatr>colE 110 1/£U / r 1.Use5:colmU / E-lr—171

in the right hand side of (5.19) to go from the latter bound to the bound in
(5.16).
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Part 5: Use what is said in Parts 2-4 to conclude that the right hand
side of (5.11) differs from 21(1 4+ N)h by at most cor(1 + N)h + co(Er—2 +
EY/2r~1HY/2) 4 coEr~1/2h!/2. This is what is claimed by the first bullet of
Proposition 5.1.

5.c. A differential equation for N

The next lemma asserts a formula for i—lﬁ. This lemma also refers to Uhlen-

beck’s constant ky from (3.1).

Lemma 5.3. There exists k > 100 with the following significance: Suppose
that E > 1, that r > KE and that (A,a) € Conn(P) x C*(M; (P xgo3)
su(2)) ® T*M) obeys the conditions in (3.2). Fix p € M so as to define the

functions h, H and N using r and (A, a). If r > Ii_lﬁal/Qr_l, then

1/2 1/2
(;—1: > 2% /8]3r [, &]|* — N — HE(%) N2 &(r—l— /{Er_l/Qr(%) ),

with ¢ obeying |§’ < ,‘-Q(Er_l(ﬁ)l/zl\]l/2 + N + E%T_Q + CoEr_l/Q(%)l/Q),

Proof of Lemma 5.3. The proof does its best to mimic what is done in [Al],
[HHL] and [Han] to prove an analoguous monotonicity assertion for the
version of N that arises when studying eigenfunctions of dfd. In any event,
the starting point is the identity

dN_H+rdH rH dh
dr  h  hdr h2dr’

The derivation of the lemma’s lower bound from (5.20) has four parts.

(5.20)

Part 1: The derivative of H is

dH

(5.21) T /BB (IVaal? +272anal?),

and the second bullet of Lemma 5.2 is used to write this as
R . 1
(5.22) i _ 2/ (19 4al? + (o, &]°) + ~H + 9%
OB,

Use this last identity to write N’s derivative as

dnN r r’R H rHdh
9 _9F a2+ s a2 gt _ '
(5.23) dr h /aBr(‘aA, al” +r7|[a, &]|7) + h + h h2 dr

Save this identity for Part 3.
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Part 2: Use the definition of h to write

dh h
(5.24) — =2(141v)—+ 2/ (OAra A *a),

dr r B,
with v being the same as its namesake in (5.11). Thus, |t| < cor?. This then
leads to

H rHdh rH 1

5.25 2—— —5—=-2— OAra A *a) — 2—tN.
(5.25) R NSO R

To continue, use (5.12) to write H= A—3; with 3; obeying [31| < coe'/2r~1H/?
and then use this to write the right hand side of (5.25) as twice

rh R A . A A )
T2 /an_ (OAra A *a) + p23! /8Br (Oara N xa) — ;tN7

Now use the first bullet of Lemma 5.2 to replace £ in (5.26) and in doing so,
replace (5.26) with the expression

Gar) - ( /8 {oasin *&>>2

T (31 + /B Ric((a ® a)) — /Br<zm *gA(Zz)>> /aBr<8A,r21/\ va) — %m.

One last replacement is needed, this the replacement in (5.27) of the right

(5.26)

most integral over OB, of Oa ra A *a using the first bullet of Lemma 5.2 to
equate (5.27) with

2
r r 1
2 - A ) N
(5.28) 2 (/BBT((?A an *a>) +h25(H+3) 1AtN
with 3 denoting 3 = 31 + [ Ric((a® a)) — [ (a A xqa(a)).

Part 3:  Twice the expression in (5.28) is the same as the right hand side of
(5.25) and thus the same as the left hand side of (5.25). The latter appears
n (5.23). Replace its incarnation in (5.23) with (5.28) to write the derivative
of N as

dN r r’R

5.29 N _or
(5.29) T CEr Tt h23

with X = (faBr\Zz| faB (|10ara)* + 2|[a, a]|?) faB (Oara A *a))2.

1
(H+3)—2 TN,
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The key observation with regards to (5.29) is that X is non-negative.
More to the point, writing the derivative of N as in (5.29) leads to the lower
bound

dnN R
630y e[ AP+ v
OB,

1

The left most term on the right hand side of (5.30) is nonnegative. Part 4
gives bounds for the absolute values of the remaining terms.

Part 4: With regards to (5.30), keep in mind that |t| < cor?. Keep in mind
also that Lemma 5.2 with (5.14), the assumptions in Items a)-d) of (3.2)
and the first plus third bullet of (3.3) give the bound

(5.31) M| < coEH'Y? + coh + corH + coEr ™ 'r/2n!/2

Meanwhile, what is said above about [31| and what is said in (5.14) and
(5.16) imply that

(5.32) |3 < coEY2THY2 4 co(rh + r2H) + co(Br 2 4+ Br/201/2).

Use these bounds for [t], || and [3] to bound the derivative of N from below
by

d
(5.33) d—N > 2%/ r2|[a, &]|? — coprHY2h™! — cor — corr™ /21327 1/2
r 9B,

— co(r + Br HY2h ! £ gr?Hh ! + corr2h! + comr /2 2).

Write each occurrence of H in (5.33) as r~'Nh to obtain the bound asserted
by Lemma 5.3.

5.d. Proof of the second bullet of Proposition 5.1
The proof of the second bullet has two parts.

Part 1: This part of the subsection states and then proves a lemma that
asserts the conclusions of the second bullet on any interval in [ry,ro] where
N is not too large.

Lemma 5.4. Given m > 1, there exists k > 100 with the following
significance: Suppose that E > 1, r > KE* and that (A,a) €
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Conn(P) x C®(M; (P xgo3) su(2)) @ T*M) obeys the conditions in Items
a)—e) in the statement of Proposition 5.1. Suppose that ro > 11 are from the
interval [ry,1o] and such that both h(r) > r3=1™ and N(r) < rY/2™ when
r € [r1,r2]. Let u denote the function on [r1,r2] that is defined by the rule
r — u(r) = kE*rY%. Then N(rg) > e 020N (ry) — u(rg) 4 u(ry).

Proof of Lemma 5.4. The proof has two steps.

Step 1. Keep in mind that the function H is uniformly bounded by coE, this
being a consequence of the first bullet of (3.3). Write each explicit occurrence
of H'/2 on the right hand side of (5.33) as (r~'Nh)'/2 to obtain the bound

(5.34) ‘31—1: > —coEr'/2h1/2NY2 — ¢or — corr /213212

— co(r + Br 1 (rh)TV2NY2 4 cor?Hh ! + coBr2h T 4 corr /202N,

Replace the left most occurrence of N'/2 on the right hand side of (5.34) by
(1 + N), replace the explicit occurrence of H on the right hand side by coE
to obtain the lower bound

(5.35) ((11—1: > —coEr/2h 12 — ¢or — coErV/2p3/2p~1/2
— co(r + Er/2h Y2 4 g (vh) TY/2N1Y/2
+ coEr?h ™! + coEr2h ™! + corr /202N,
Now suppose h(r) > r3=1/™ when r € [r{,15]. Use this assumption to replace
all occurrences of h on the right hand side of (5.35) with 131/, Mean-

while, replace the occurrence of N*/2 on the right hand side by /4™, These
replacements lead to the lower bound

(5.36) ‘é—f > —coEr T2 oo — corrT /212

N Co(I‘ + Er—1+1/2m + Er—1+1/4mr—2+1/2m

+ COEr—Zr—3+1/Irl + C()ET_I/QI‘_?)/2+1/2IH)N.

This inequality plays the role of the monotonicity inequalities for N’s name-
sakes in [Al], [HHL] and [Han].

Step 2. Integrate (5.36) to obtain the inequality

(5.37) N(rg) > e ) (N(ry) — co(m + BrH/2) (/™ — 112,
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where u is defined by the rule
(5.38)

N u(r) _ COE(mr1/2m_r71+1/4mr71+1/2m_r72r72+1/m_’_r71/2r71/2+1/2m)‘
The right hand side of (5.38) is an increasing function of r, but it is no greater
than coEmr!/?™ unless 1 < cpuE™ r~ 1 71/8M with ¢y, depending only on m.
This with the third bullet in (3.3) implies that the integral of |F 5 |? over the
radius r ball centered at p is no greater than co(cy,E)3r~173/8™ Note in
particular that the latter L? norm bound violates the bound in (5.1) when
r is large. If the lower bound r > cg(c, ES)?™ is obeyed, then Lemma 5.4s
assertion follows directly from (5.37) and (5.38).

Part 2: The second bullet of Proposition 5.1 is an immediate corollary of
Lemma 5.4 and the subsequent lemma.

Lemma 5.5. Given m > 1, there exists k > 100 with the following sig-
nificance: Suppose that E > 1, r > KE" and that (A,a) € Conn(P) x
C>(M; (P xg0(3) s1(2)) ® T*M) obeys the conditions in (3.2). Fix p € M
and suppose that r; € [ro, 310] is such that h(r) > r3=1/™ when v € [ry,1o).
Then N(-) < /2™ on the interval [ry, S1o).

Proof of Lemma 5.5. Let ky, denote the version of x that is given by
Lemma 5.4, and suppose that r > xk, E*™ so as to invoke Lemma 5.4. Suppose
that 11 € [ry, 31¢] is a point where N(r1) > r1/2m Tt follows as a consequence
of Lemma 5.4 that N(-) > %/@Ijllrl/Qm on the interval [rq,rp]. Use this fact
with the first bullet of Proposition 5.1 to see that

(5.39)  L£h> e /2 — eor(r 2 4 YY) when t € [ry, o),

where ¢, denotes a number that is greater than 1 and depends only on m.
Introduce by way of shorthand z denote ¢, *r/2™. The differential inequality
in (5.39) implies that

(5.40) h(rg) > 2%(h(r) — cuB(r271/2m 47 12Um)) - for any r e 11, 110],

where c;,, denotes here and in what follows a number that is greater than
1 and depends only on m. The assigned value for c¢,;, can be assumed to
increase between successive appearances.

The fact that |a] < coE means that h(rg) < coEr. This runs afoul of the
r = 1o version of (5.40) when r > ¢, unless h(3rq) < cmBr~171/™ But the
latter bound is not allowed if r > ¢, E° because h(%ro) is no smaller than

3—1/m
I'O .
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5.e. Proof of the third and fourth bullets of Proposition 5.1

The fourth bullet follows directly from the third. The proof of the proposi-
tion’s third bullet has three parts.

Part 1: Fix § € (0,1) for the moment. With ¢ chosen define the func-
tion x on [re, 31] by the rule r — x(r) = h(r) — r2*%. The first bullet of
Proposition 5.1 implies that x obeys the differential inequality

(5.41) Sx <2 (14N x+2(N= )t peou(r 24202 47 HY2),

Write H'/2 as (r~!Nh)'/2 in (5.41) to see that (5.41) leads to the bound

(5.42)
L < a7 (14N x+2(N=0+r VOB peop(1467 1) /8 fcorr /2012,

Let r5 € [rg, %ro] denote a zero of x, thus a value of r where the function
h obeys h(r) = 1?2, Tt follows from (5.42) that x is decreasing at rs unless

(5.43) N>6—r 8 — o1+ 61 r 201720 — corr /270,

In particular, if § < i, then x is decreasing at rs unless N(rs) > ics or else
r < 06154E_4r_4/3. The latter option is of no concern if r > cgE® because
it runs afoul of the r > ry assumption. This understood, assume henceforth
this lower bound for r so as to conclude that x is decreasing at any zero in
[to, 210] where N < 14.

Part 2: Take § = %. Suppose that 1, € [ro, %ro] is a zero of x with the
property that x(r« +t) > 0 if t is positive and sufficiently small. Let r; €
(rs, ¢ '1o] denote the largest value of r such that h(s) > s?*3/4 when s €

[rs,1]. Note in particular that r; is strictly larger than r, because h(r.) =

rzﬂ/ 18 Tt follows from the second bullet of Proposition 5.1 that

(5.44) N(r) > & — rE (st — ri/C“) for all's € [ry,11].
Keeping this in mind, use the first bullet of Proposition 5.1 with to see that
(5.45) %h > ot (1+ % — Y e (rt/eo — ri/co))h —cp(r 247778
on [r4, 11]. Since 1y > ¢y 1;=1 this inequality implies that

(5.46) dh>oar 1+ & - r/8 e (xt/co — ri/co))h — cpr /498
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on [ry,11]. Integrating (5.46) finds that
(5.47) h(r) > e VOV 2H/I6 ypen v € 1y, 11,

where v is a non-negative function on [0, c; 'r] that obeys |v|(r) < cor!/.
The lower bound in (5.47) implies that h(r;) > r?+3/4 if r; < cg'ro. This
being the case, it follows that r; must equal ¢y 'ry and so both (5.44) and
(5.46) hold on [r., c; 'ro].

Part 3: Fixr € [ry, ¢y lro] and use rg, for the moment to denote the upper
end point of this interval. Integrate (5.46) from r to rp. to see that

o\ 2+1/16
(5.48) h(rg.) > cg*t (ﬁ) h(r).
r
As noted previously, h(rg) is at most coE?rZ,. Use the latter bound in (5.47)
to see that h(r) < cor?t/16 when r € [r,, cg '1g]. This last conclusion is the
assertion of the third bullet of Proposition 5.1

6. Continuity of the limit

This section uses the results from Sections 3-5 to prove that Proposition 2.2’s
limit function |a¢| is continuous. The proposition below makes a formal
statement to this effect.

Proposition 6.1. Fiz a subsequence A C {1,2,...} so that {(An, &) fnen
is described by Proposition 2.2. The limit function |ag| given by the second
bullet of Proposition 2.2 is continuous. This function is also Hoélder contin-
wous with exponent % where it is positive; and if p € M and if |ae|(p) = 0,
then there exists k > 4 such that |ag| < rdist(p, -)'/* on the radius k=" ball
centered at p.

The proof of Proposition 6.1 occupies the remainder of this section.
Section 6.a proves that |a¢| is continuous where it is positive and it proves
the Holder continuity assertion for the points where |a¢| is positive. The
arguments in Section 6.a assume Lemma 6.2, this being the crucial input.
Section 6.b contains the proof of Lemma 6.2. Section 6.c proves that |ae|
is continuous near its zeros, and it proves that |as| has the asserted Holder
continuity property at each zero.
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6.a. Continuity where |ay| > 0

The assertion in Proposition 6.1 to the effect that |a¢| where positive is
Holder continuous with exponent % is seen momentarily to be a consequence
of the upcoming Lemma 6.2. The notation for Lemma 6.2 and for the subse-
quent subsections refers back to notation that was introduced in Section 3.b.
To say more, fix for the moment p € M. Each n € A version of (A,, a,) has a
corresponding version of what is denoted in Section 3.b as r¢. The (A, ay)
version is denoted in what follows by r¢,. Section 3.b describes a map that
it denotes by ¢ from the radius c; 1r51 ball in R? to the radius Co ! pall
in M centered at p. The (A,, a,) version of this map is denoted by ¢,. The
corresponding pair (¢,* Ay, rgrllfzn) is denoted by (A¢n, aon), this being a pair
of connection on ¢,*P and ¢,*P xgo3) s1(2) valued 1-form.

Lemma 6.2. Let p denote a point in M where |aq|(p) > 0. Choose a subse-
quence in A such that the corresponding sequence with n’th term |ay|(p) con-
verges to |ao|(p). This chosen subsequence has a subsequence, to be denoted
by Ay, such that liminf,ep ron > 0. Moreover, there exists data consisting

of

o A sequence {gn}nen, with n’th member being an isomorphism from the
product principal SO(3) bundle over the |x| < 1 ball in R? to ¢,*P.

o A pair (Ay,ay) of L%;loc connection on the product principal SU(2)
bundle over the |x| < k! ball in R3, and an su(2)-valued, Liloc 1-
form on this ball with |ay| = |ao|(p). These are such that the sequence
{20*Aontnen, converges weakly in the L%;loc topology on the |x| < 1 ball

to Ay and the sequence {gn*apn}nen, converges weakly in the L%;loc

topology on the |x| < 1 ball to ag.

The proof of Lemma 6.2 is in the Section 6.b.
The lemma that follows asserts the parts of Proposition 6.1 that concern
the points in M where |a4| is greater than zero.

Lemma 6.3. Fiz a subsequence of A C {1,2,...} so that {(An, an) }nea is
described by the siz bullets in Proposition 2.2. Let |ag| denote the limit func-
tion given by the second bullet of Proposition 2.2. Then the |ag| > 0 subset
of M is open and |a¢| on this subset is Hélder continuous with exponent i.

Proof of Lemma 6.3. The proof has two parts.

Part 1: Fix p € M where |ag|(p) > 0 and let A, denote the correspond-
ing subsequence from Lemma 6.2. Let r, > 0 denote a lower bound for
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{rontnen,- The convergence of {g,*ayn nea, that is asserted by Lemma 6.2
with the fact that each n € A, version of r¢, is greater than r, imply that the
sequence {|a,|}nea, converges strongly in the exponent v = % Holder topol-

ogy in the radius %r* ball in M centered at p. That this is so follows from
a 3-dimensional Sobolev inequality that asserts in part that L3 functions in
are Holder continuous for any Holder exponent less than %

Since |ao(p)| > 0, so |a|(p) > 3|ao|(p) for all n € A, if n is suffi-
ciently large. This last observation with the Holder topology convergence
implies the following: There exists r, € (0,r,) such that |a,|] > 0 on the
radius rp, ball about p if n € A is sufficiently large. Let p’ denote a point in
this radius rp ball. Then |ag|(p’) > 0 because the second bullet of Propo-
sition 2.2 has |a4|(p’) = limsup,_, |a|(p’) and this limsup is no smaller

than limpen, |a,|(p’). This proves that the |ao| > 0 part of M is an open set.

Part 2: 'To see about the continuity and Holder continuity assertions where
lag| is positive, fix p € M with |a¢|(p) > 0 and let A, again denote the sub-
sequence from Lemma 6.2. Let B, C M denote the radius r, ball centered
on p. For each n € A, let u, denote the automorphism of P’s restric-
tion to By, given by (¢ 1)*(gf1gn). The convergence asserted by Lemma 6.2
for the sequence {g,*aon}nca, on the unit ball in R3 implies that the se-

quence {u,*A;}nep, converges weakly in the L%;loc topology on B, and

2

that {un*a,}nen, converges weakly in the L3, .

topology on Bp. A stan-

dard Sobolev inequality implies that convergence occurs in the exponent %
Holder topology on compact subsets of this ball. Let a, denote the limit
section over By, of the bundle (P xgo3) su(2)) ® T*M. Note that |ap| =
limpen, [(¢5')*agn|. It follows in particular from Proposition 2.2 that
lag| > |ap| on By, with equality at p and on a set of full measure, the measure
being full because {|a,|}n=12,. converges in the L? topology on B,. Let p’
denote another point in By,. The point p’ has a corresponding Hélder contin-
uous |a, | that is defined on a ball B, about p’ and is such that |as| > |ay
with equality at p’ and on a set of full measure. Both |a,/| and |a,| are
Holder continuous functions defined on B, N B, that are equal on a set of
full measure. This can happen only if they are equal at all points in B, NBy.
This last observation implies that |a¢| = |a,| on By, and so |ag| is Holder
continuous on B, with exponent i.

6.b. Proof of Lemma 6.2

Item c) of Proposition 2.2 has the following consequence: There exists E > 1
such that each n € A version of (A, a,) is described by the E and r = r,
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version of (3.2). With this understood, invoke Proposition 3.1 for each n € A
version of (Ay, a,). Proposition 3.1 supplies corresponding (A, a,) versions
of what it denotes by g and 4. These versions are denoted in what follows
by g, and ap,, .

It follows from what is said in Proposition 3.1 that {aa ., }nea is bounded
in the L? topology on the |x| < 1 ball. Proposition 3.1 implies that the
{gn* @ }nea is also bounded in the L? on the |x| < 1 ball and, if r < 1, then
it is also bounded in the L3 topology on each |x| < r ball in R3. It follows as
a consequence that there is a subsequence in A, this to be denoted by Ay,
such that {4, }nea, converges weakly in the L? toplogy on the |x| < 1 ball
in R? as does {gu*aon tnen, - The latter sequence also converges weakly in
the L%;IOC topology on the |x| < 1 ball in R3.

Granted what is said in the preceding paragraph, the proof of Lemma 6.2
needs only a proof of the following assertion: There exists a subsequence
Ap C Ay with the property that {rontnes, is bounded away from zero.
This assertion is proved by assuming it false so as to derive nonsense. The
derivation of this nonsense has seven parts.

To set the notation, suppose that n € A¢. The various parts of the proof
use hy,, to denote the version of the function h in (5.2) that is defined using p
and the pair (A, a,). The corresponding versions of the functions H and N
are denoted by H, and Ny. The arguments that follow also use D to denote
the assumed nonzero value of |aq|(p). No generality is lost by assuming that
D < |a,|(p) < 2D for all n € A.

Part 1: Let p for the moment denote a given point in M. Fix r € (0,¢; 1)
and let xp, denote the function on M given by y(r~'dist(p,-) — 1). This
function equals 1 where dist(p, -) < r and it equals zero where the dist(p, -) >
2r. Let G, denote the Green’s function for the operator dfd 4+ 1 on M with
pole at p. Fixn € {1,2,... } and integrate the function xp, Gp (@ A*qa, (an))
over M, then integrate by parts so as to derive the following local version of
(2.40):

61 PO+ [ oGl Vain + 2l A i) = a0
where |ep| is bounded by

(6.2) cor'/? + cor_3/ NG

r<dist(p,-)<2r
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By way of an explanation, the bound on |ep| follows from two facts, the
first being that the L2 norm of ga,(a,) is bounded by ¢y and those of both
da, ay, and da *a, are bounded by cor L. these are the bounds asserted by
Items c¢) and d) of Proposition 2.2. The third fact is that the L? norm of G,
over By, is less than cor'/2. Proposition 2.2 asserts in part that |a¢|(p) =
lim sup, ¢y |an|(p) and that {&,}nen converges strongly in the L? topology
on M to |ag|. These facts with (6.1) and (6.2) imply that

(6.3) %]éQIQ(p) < cor/? + cor ™ lim EN&
neA r<dist(p,")<2r

Note that the sequence whose n’th term is the n € A version of the integral
on the right hand side of (6.3) converges; and the limit is the integral of |a|?
over the indicated domain. This is so because {|a,|}nep converges strongly
in the L? topology on M to |ae|.

Part 2:  As explained momentarily, the following two assertions must hold:

(6.4) e If n € A is sufficiently large, then hy(r) > calDzr2 for all
1
I € [5T0n, Mon).

o limsup (i, orp.] N(r) = 0.

Given (6.4), nothing is lost by assuming that the n € A versions of h,
and N, are such that hy,(r) > c5?D?r? and Ny (r) < 1 for all v € [3Tom, Iron)-
Moreover, the second bullet of (6.1) plus the assumption that lim,ep ron = 0
implies the following: Given § € (0, %6), there exists an integer Ns such that

(6.5) sup  Ny(r) <4 and  ron <e Y% whenn > N
re[%ro,,,QrQn]

The subsequent steps generate the required nonsense when § < ¢ L
The proof of (6.4) follows directly. To prove the top bullet, use p’s version
of (6.3) to conclude that

(6.6) p? < cor'/? + cor ™2 sup hy(s)
s€|[r,2r]

when r € (0, cal]. Fix R > % for the moment. If n is sufficiently large, then
hy is defined at r = Rrgy,. Assuming this to be the case, then (6.6) demands
a point s € [Rroy, 2Rroy] with hy(s) > calD2R2r?>n. Fix such a point and
integrate the first bullet of the p and (A,,a,) version of Proposition 5.1
using the fact that h(t) < cot? for any t € (0,c5') to conclude that h(Rrg) >
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061D2R2r?>n —co(r7?Rron + m /PR? rgn). Since ron > ¢y ' in any event, this
last inequality leads directly to the top bullet (6.4) when n is large.

The proof of the second bullet of (6.4) assumes to the contrary that the
lim sup in question is positive and derives nonsense. To start the derivation,
fix m > 16 so that the limsup in the second bullet of (6.4) is greater than
m~1. Let A’ denote a corresponding subsequence of A with the following
property: If n € A/, then there exists ry, € [%ron, Iren] with Ny (r1,) > m™L.

Fix n € A’ and let x denote the constant that is supplied by the p and
(Ay, ay) version of Proposition 5.1. Note in particular that x is independent
of n. The top bullet in (6.4) implies that h,(r) > r3~V/* for r € [3ron, Irom]
when n is large. This being the case, there exists a maximal 11 € [9r¢n, ¢ 1ro]
such that hy(r) > r371/% for all r € [ron, 1. Invoke the first bullet of Propo-
sition 5.1 to conclude that

(67) %hn > 21‘_1(1 + m-l 1‘_1/8 . CE(rl/Co _ ri/CO))hn . CET_1/4I‘5/4

for all r € [ron,r1]. Integrate this equation to see that

(6.8) ha(r) > cg D2 (L> l/mr?

I'on

for all v € [rgn, r1]. Tt follows from this that r; must be equal to c; 'rg.

Since hy(cy'to) < cord in any event, the r = cy 't version of (6.8)
can hold only if ron > ¢y 1roD*2”‘. The latter conclusion constitutes the
desired nonsense because it runs afoul of the assumption at the outset that
limsuppep,, Ton = 0.

Part 3: To set the notation that is used below, fix n € A and p,, € M. The
notation uses r.on to denote the p., version of ry, as defined using the pair
(A}, a). The notation also has h.y, A, and Ny, denoting the p,, versions of
the functions h, £ and N. The function that measures the distance to py, is
denoted by r.p-

Suppose that n € A and that p., is a point in M with dist(p, p«xn) < 3ron.
As proved directly, the following must be true:

(6.9) o hy(ren) > p 416 for all rn € [STiom, 4ron).

® Nyn(Thn) < coD26 for all T4y € [%r*on,élron] if n > Ns.
If the top bullet in (6.9) were false for some r,, in the indicated range,

then the fourth bullet in the p., and (Ay,a,) version of Proposition 5.1
would apply with r, being the relevant value of r,y. In particular, this bullet
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would find h,, < corz;f 1/16 for all 1y, between 4ry, and c; L This would

imply that the integral of |a,|? over the spherical annulus centered at p.,
where 4ron < dist(psn,-) < 12r4yy is no greater than cor%ﬁl/w. But this is
not possible when n > ¢y ! because the latter spherical annulus contains the
spherical annulus centered at p where Try, < dist(p,-) < 9ryn and it follows
from (6.4) that the integral of |a,|? over the 7ro, < dist(p, ) < 9ry, annulus
is greater than cngQr%n.

Granted that the top bullet is true, suppose for the sake of argument that
the lower bullet is not true. The three steps that follow generate nonsense
from this assumption. To set the stage for what is to come, fix for the
moment m > 1 and suppose that there exists n € A with a corresponding
Iy € [3r.on, 4ron] where Nu (r,) > 2mé.

Step 1. If Nyp(rs) > %, then the argument in Part 2 of Section 5.e can

be repeated to see that (5.48) must hold. The latter conclusion is untenable

when n is large because it implies that hy (ren) < cor%ﬁl/ 10 This understood,

assume that md < Ny(rum) < 7=

Step 2. There exists in any case r > 1, such that h,,(s) > s**3/4 for all
8 € [r4,1]. It then follows from the second bullet of Proposition 5.1 that

(6.10) Non(8) > md — co(s'/% — ri/co) for alls € [ry,1].

This inequality is untenable when n is large if r = 4r¢yy, for the following
reason: The ball of radius 4ry, centered on p.y is contained in the ball of
radius 7ro, centered on p. This implies that the integral of |Vay,|? over the
ball of radius 7rg, is greater than cy Lnér e, when n is large. But the latter
integral can be no larger than coD~2dr¢,, this being a consequence of (6.4).
These two bounds can not hold simultaneously if m > coD~2.

Step 3. If m = cob 2, then it follows from what was said in Step 2 that
there exists ry € [r, 4r¢y) such that hy, (ry) < r§+3/4. This understood, then

the fourth bullet of Proposition 5.1 can be invoked using ry in lieu of r, to

conclude that hy,(re,) < corﬁl/16 when 1y, € [4r<>n,cgl] and n is large.

Repeat verbatim the argument for the first bullet in (6.9) to see that this is
a nonsensical conclusion.

Part 4: Fix n > Ns and p., € M with dist(p, psn) < 3ron. Introduce by
way of notation B, to denote the ball of radius r.¢, centered on p.,. Let
¢.n denote the p., and (A, a,) version of the map ¢ that is described at
the outset of Section 3.b, this to be viewed as a map from the radius 4 ball
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about the origin in R? to the radius 4r,on ball centered on p.,. Use this
map to define the p,, version of the pair that is denoted in Section 3.a by
(Ao, ap). The piy version is denoted by (Ason, aon); it is a pair whose left
hand member is connection on the ¢, pull-back of P and whose right hand
member is a section of the ¢, pull-back of the bundle (P xgg3)5u(2))@T*M.
Denote by a,«n the piy version of what is denoted in Section 3.b by a,, this
having the form z,;}awn with z,, denoting the L? norm of a,, on B,,. Thus,
44 has L2 norm 1 on the |x| <1 ball in R3. Given the definition of N, the
bound in the second bullet of (6.9) implies that

(6.11) / IV A g isn|? < €0,
x|<1

with cp denoting here and in what follows a number that is greater than 1
that depends only on D. The value of ¢, can be assumed to increase between
successive appearances.

Part 5: Fixn > Ny and introduce next @4, to denote p4n version of what is
denoted by a, in Section 4.a. The latter obeys the version of Proposition 4.1
that uses (Axon, @usn), Lxon and o in lieu of (Aon, &), ron and r, . Given
that r,. > cp' rvon < Coron and ron < e~ 1/9. the second bullet of Proposi-

tion 4.1 implies that |||z differs from 1 by at most coe™1/9. Meanwhile,
the third bullet of Proposition 4.1 and (6.11) imply that

(6.12) / IV A g Bssn|* < Cid.
x|<1

With an appeal to Proposition 3.2 in mind, fixe € (0,1) and r € (0,1) and let
ke, denote the € and r version of what is denoted by &y, - in Proposition 3.2.
Ifo < cgln;} and also ro, < c{)lka;l} then Proposition 3.2 says that the
square of the L2 norm of Fa_, on the |x| <t ball in R3 is less than ¢.

*On
Part 6: Fix an integer n > Ns. This part of the proof defines an itera-
tive procedure that starts with p and generates from p a finite sequence
of points. The k’th point in the sequence is denoted by p.nk. It is such
that dist(p, psnx) < 3ron. The description that follows of the iteration step
uses Psn,o to denote p. If some k > 0 version of p,, x has been defined, the
notation has r.on i denoting the py, i version of ry¢y.

THE ITERATION PROCEDURE: Fix k > 0 and suppose that that the
point py,k has been defined. Let p., € M denote any given point with
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dist (Pank, Psn) < 2r'son k- The assignment of 1., to p4y defines a continuous
function on the radius 2r,¢, x ball about pyy, i. If the minimum value is less
than or equal to ﬁr*omk, take pink+1 to be a point with distance 2r,¢y
or less from py,x where the minimum value is achieved. If the minimum
value of this function is greater than ﬁr*on,k, then there is no (k + 1)’st
point and p.yk is the last point in the sequence. Note that the iteration
must stop after a finite number of runs because each p., version of r.¢, is,
in any event, greater than cy 1rn_ L

The sequence {p.nk}k=12,.. lies in the radius (2 + %)r% ball centered
on p. To understand why this is, keep in mind that

(613) diSt(p*n,kvp*n,k+1) < 1_%8r*<>n,k‘

Meanwhile, ryonk < 2—%6r*<>n,k_1 and so Tyonk < (g—ég)k%n-
ThllS, diSt(p*n,kap*n,k—l—l) < 4(2_%6)1{r<>n and so diSt(pvp*On,k-i-l) < (2 +

4(Zm=1,2,...k(ﬁ)m))r<>n which is no greater than (2 + 3—12)r<>n.

Part 7: Let ps now denote the final point in the iteration sequence
{P, Psn,1, ... }. It follows from the definition that the radius 27,k ball cen-
tered on pyy  is contained in the radius 3re, ball centered around p. If psy
is a given point in the radius 2r,¢, 1 ball centered p., k, then its correspond-
ing r.on is no less than 2—é6r*<>n7k. This understood, it follows that the radius
2r,¢nk ball centered on p.y, x has a cover, U, with the following properties:

(6.14) e 4l consist of at most c; ! balls with centers in the radius 21, i
ball about pip k-

e Let p,, denote a center point of a ball from 4. The radius of
its ball is Jryon.

Let p.«n denote the center point of a given ball from i and let By, denote
the corresponding ball from 4. Use the r = % version of what is said at the
end of Part 5 to see that the square of the L? norm of Fa_ over By, is at
most 521“;&1 and thus at most 256521“;&171{. Since there are at most c; * balls
in 40 this bound implies in turn that

(6.15) / [Fa,
dist(Pun,ic;) <2wom,k

The latter bound is nonsensical if e < ¢! because it runs afoul of the
definition of r,¢, . This is the promised nonsense from the small § versions
of (6.5).

2 2 —1
< cpe T onk:



PSL(2; C) connections on 3-manifolds with L? bounds 325

6.c. |ay| near its zero locus

This subsection proves the assertions in Proposition 6.1 that concern |a|
on its zero locus. The proof has two parts.

Part 1: The lemma that follows plays a central role in the subsequent argu-
ments. To set the notation, suppose that p € M. Given a positive integer n,
the lemma uses hy, to denote the version of the function h in (5.2) that is
defined using p and the pair (A, a,).

Lemma 6.4. Fix p € M and ¢ > 2. Suppose there exists a subsequence in
Proposition 6.1°s sequence A, this denoted by Ay, such that lim,ep, hy(r) <
erl/er? when v < ¢, Then |ag|(p) = 0. Moreover, |aq| is continuous at p
and there exists a constant k > 1 such that |ag|(-) < rdist(p,-)1/*
ball of radius k="' centered at p.

on the

Proof of Lemma 6.4. Fixr € (0,cy") and it follows from (6.3) that | |?(p)
is bounded by co(r!/? 4+ r!/¢). It follows as a consequence that |a|(p) = 0.
Let q denote some other point in M with dist(p,q) < ¢ L Take r to equal
4dist(p,q) and use q’s version of (6.3) to see that

(6.16) lao|%(q) < cort/? + cor =3 lim ||
neA Jr/a<dist(p,)<dr

The final arguments for Lemma 6.4 exploit (6.16). To this end, fix n € A for
the moment and let hy(-) denote the version of the function h in (5.2) that
is defined by the point p and the pair (A, a,). If dist(p,q) < cal, then h,
is defined on the interval [0, 4r]. Granted this is the case, use the definition
of h, to conclude that

(6.17) [ lmPsar sw ).
Baur—Br)2 s€[r/2,4r]

Let ¢ and A, be as described by Lemma 6.4. If 4r is less than ¢!, then
the right hand side of (6.17) is no greater than coer/r® when n € A, is
large. This implies that the right hand side of (6.16) is no greater than
co(r'/2 + cr'/¢) because the limit of a convergent sequence is equal to the
limit of any its subsequences. Thus |a¢|2(q) < co(r'/2 + cr'/¢). This is the
assertion made by Lemma 6.4 because r = 4dist(p, q).
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Part 2:  The assertion in Proposition 6.1 to the effect that |a¢| is continuous
across its zero locus follows from the assertion in the proposition to the effect
that |a¢| is Holder continuous at each of its zeros. The proof of the latter
assertion is given in the three steps that follow. These steps employ the
following terminology: The local Hélder property is said to hold at a given
point p if there exists x > 1 such that | (q)| < rdist(p, q)/* for all ¢ € M
with dist(p,q) < £~ 1.

Step 1. Fix p € M with |as|(p) = 0. Since |ao|(p) = 0, so limp 00 |@n|(p) =0
also, this a consequence of the second bullet in Proposition 2.2. There are
now two cases to consider, the first being where p’s version of the sequence
{ron}nen has a subsequence that is bounded away from zero. If such is the
case, let r, > 0 denote a lower bound for this subsequence. The correspond-
ing subsequence of {&, }nea is bounded in the L topology on the radius r.
ball in M centered at p, and so it has a subsequence that converges strongly
in the exponent i Holder topology on this ball. Let A, C A denote the
indexing set for the latter subsequence. The Hélder convergence of {a,}nea,
on the radius r, ball centered at p has the following consequence: Given
e > 0, there exists N, such that if n € A, and n > N, then

(6.18) |ay| < e +dist(p,)"/*  on the radius r, ball centered at p.

Fixn € A, withn > N.. The bound in (6.18) implies that the p and (Ay, ay)
version of the function hy(-) obeys hy(r) < co(e + r'/*)r? when r € (0,1,).
Granted this last bound, invoke Lemma 6.4 to see that the local Holder
property holds at p.

Step 2. Assume here and in the subsequent steps that {(Ap, a) fnea is such
that limpep |an|(p) = 0 and limyep ron = 0. Granted this assumption, then
at least one of the three cases in the subsequent list describes {(Ay, &) fnea-
Step 3 contains the proof that the list is inclusive.

CasE 1. This case occurs if there is a subsequence A, C A with two proper-

ties, the first being the following: If n € A, then there exists rt,, € [3ron, ]

which is such that hy(ry,) < r?r—f /16 The second property requires that

limyep, r4n = 0. Fix n € Ap,. Let ryy € [ry, ¢ 1] denote the maximal value
for r such that hy(s) < s*71/16 for all s € [r4y, r1n). It follows from the fourth
bullet of Proposition 5.1 that hy(r) < cor?>t1/16 for all r € [r1,, cg']; it follows
from the definitions of ry,, and 14, that hy(r) < r2H1/16 for all v € [T4ns T1n)-
Since limyep, 1y, = 0, the subsequence A, with any ¢ > ¢y can be used as
input to Lemma 6.4 to prove that the local Hélder property holds at p.
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CASE 2. This case occurs if there exists § > 0 and a subsequence A’ C A with
the following property: If n € A/, then h,(r) > r>71/16 for all r € [3rn, Irow]
and there exists 1 € [ron, 9ron] with Ny (r) > 0. Let 11y € (9ron, ¢ '] denote
the maximal r which is such that hy(s) > s**1/16 for all s € [ren, T1n].

Suppose first that liminf,ep 11, = 0. Fix n € A’. The fourth bullet of
Proposition 5.1 implies that hy,(r) < cor?+/16 for all v € [r1,, ¢y ']. Fix a sub-
sequence A, C A’ such that limpep, rin = 0. The fact that lim,ep, 110 = 0
implies that A, and any ¢ > co version of Lemma 6.4 can again be used to
prove that the local Holder property holds at p.

Suppose on the other hand that there exists rg < ¢, ! such that
liminf,epr 11y > 2r¢. Fix n € A’ such that ri, > rg. Then hy(r) > r2+1/16
on [ron, ro]. This being the case, the second bullet of Proposition 5.1 can be
invoked to see that N,(r) > 30 if r € [iron, ¢y 'ro]. With this understood,
invoke the first bullet of Proposition 5.1 to obtain the inequality

(6.19) Shy > 2071 (14 46)hy —cod ' 'r

where 1 € [3ron,cy'ro]. Fix r in this range, and integrate (6.19) from r
to cglro and use the fact that hn(cglro) < corg to conclude that hy(r) <

co(ral/(Qé)r2+1/(25) + rn_lrg). Let ry, denote the number r{l/(zﬂ/(%))ro and

let ¢ denote c(6! + cory Y 26). Then the preceding bound on hy(r) implies
that h,(r) < cr2tl/e when r € [rin,calro]. Noting that limpep 14n = 0,
Lemma 6.4 can be invoked using as input A, = A’ and ¢ to prove that the
local Holder property assertion holds at p.

The statement of the third case reintroduces notation from Part 3 of
Section 6.b.

CAsEk 3. This case occurs when three conditions are met. The first condition
requires that hy, (r) > r2+1/16 for all r € [2rom, 9ron] when n € A is sufficiently
large; and the second condition requires that lim,c SUDre[Lr, 9ron] Ny (1) = 0.
The third condition requires there be a subsequence A’ € {1,2,...} and an
associated sequence {psn}near € M with the following properties.

(6.20) e Fach n € A version of p.n has distance less than 3roy, from p.
e FEither or both of the following statements are true.
i) If n € A, then there exists Tusn € [2Tion, Iwon] such that
24+1/16
h*n<r*in) < r*in/ .

11) SuprG[%r*on,Qr*Qn] N*n(r) 2 4
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Suppose there is a subsequence A” C A’ such that Item i) in the second
bullet of (6.20) holds for all n € A”. Fix n € A” and let h,, denote the
p«n version of h. But for cosmetic changes, the argument in Case 1 can
be used with p., replacing p to see that h,,(s) < CoSQ+1/16 for all s €
[9rsom, ¢y 1]. Keeping this in mind, use an integration by parts with the fact
that ||Va,anll2 < co and |ay| < co to see that

(6.21) B (8) < B (5 + drom) + coryy

when s > 10rg,. Fix r > 0 and (6.21) implies that lim,epr hy(r) < cor2t1/16,
This being the case, then Lemma 6.4 can be invoked using as input A, = A”
and any ¢ > cg to prove that p has the local Hélder property.

Suppose next that Ttem i) of (6.20) is not true if n € A’ is large. This
understood, throw out the finite set of integer where Item 1) is true and use
A’ now to denote the remaining set. Each n € A’ obeys the condition in
Item ii) of (6.20). But for cosmetic changes, the argument in Case 2 can be
used with each n € A’ version of p,, replacing p to obtain the following data:
A number ¢ > 1 and a sequence {Tutntnear C (0,¢71) with limit zero and
with the following additional property: Each n € A’ version of r,4, is such
that hun(s) < es?*1/¢ when s € [rup, ¢ !]. Granted this data, use (6.21) to
conclude that limyeps hy(r) < coer®t/¢ for each r € (0, ¢~ 1). It follows from
the latter bound that the sequence A, = A" and the given value of ¢ can be
used as input to Lemma 6.4 to prove that p has the local Holder property.

Step 3. Assume that {(Ap,a)}nea is such that limpep |an|(p) = 0 and
limp o0 ron = 0. The paragraphs that follow proves that at least one of
the three cases in Step 2 apply. To this end, assume to the contrary that
none of these cases. The existence of such a sequence is shown below to lead
to nonsense.

After discarding a finite set of terms and then relabling the result as
A, the sequence {(Ay, ) }nea must have the following property: The first
bullet in (6.9) is obeyed for all n € A; and given 6 > 0, there exists N > 1
such that the second bullet in (6.9) is obeyed when n > Nj. Indeed, the first
bullet of (6.9) must be obeyed to avoid a CASE 1 label and the second bullet
of (6.9) must be obeyed to avoid a CASE 2 label. Given the preceding, then
what is said in Parts 4 and 5 of Section 6.b applies to each point psy in the
radius 3ry, ball centered at p with the number cj, in (6.11) replaced by co.
This replacement is allowed by virtue of the fact that Item ii) of (6.20) is
violated. Granted that Parts 4 and 5 of Section 6.b apply, then an essentially
verbatim repetition of the arguments in Parts 6 and 7 of Section 6.b prove
that {ron}nea has a strictly positive lower bound. This last conclusion is
nonsense because it runs afoul of the assumptions made at the outset.
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7. The data Z, I and v

The forthcoming proposition is used in subsequent sections to characterize
the zero locus of |a¢|. By way of notation, the proposition denotes this zero
locus by Z. The following notation is also used: Fix p € M and r > 0. The
proposition uses B; to denote the radius r ball centered at p and it uses 0B,
to denote the boundary of the closure of B,. Keep in mind that the term real
line bundle is used here to describe the associated line bundle to a principal
Z/2Z bundle.

Proposition 7.1. The set Z C M is a closed set and so M—7Z is open. There
1s a real line bundle over M—Z, this denoted by I, and a harmonic section,
v, of T*(M—Z7) ® I with the properties listed below.

v] = fal.

|Vv| extends from M—Z as an L? function on M—Z.

For any point p in M, the function |Vv|dist(-,p)~ Y2 is an L? function
on M—7 and there is a p-independent bound on its L? norm.

o There exists k > 1 with the following significance. Fix p € M to define
functions h and H on (0,x71) by the rules

r— h(r) = / wv? and r— H() = / V|2
0B; B.-Z

a) The function h is strictly positive on (0,7 1).

b) Define the function N on (0,x~1) by the ruler — N(r) =rH(r)/h(r).
The function h is differentiable on [0, x~1). Moreover, its deriva-
tive on (0,k~1) can be written as $+h = 2r~1(1 + N + ¢)h with ¢

dr
such that |e| < kr?.
¢) Ifs >1 >0, then N(s) > e *"IN(r) — k(s? — 12).

With regards to the Item b) of the fourth bullet, keep in mind that Nh
is TH and so r~!'Nh has limit zero as r limits to 0. This is also the case for
r~1h because h < cor?.

The function N plays the role here of the frequency function introduced
by [Al] and used by [HHL| and [Han|. It is perhaps needless to say that
Proposition 7.1’s version of N is the analog for v of the function in (5.3).

Granted that Z is closed and granted the second and third bullets of the
proposition, the convention in what follows is to extend |Vv| and any p € M
version of dist(p, -)~}|Vv| as an L? functions on the whole of M by declaring
them to be zero on Z. For example, this convention writes H(r) as [; V|2
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Sections 7.a and 7.b contain the proof of Proposition 7.1. Section 7.c
contains a lemma that concern the behavior of the r — 0 limit of Proposi-
tion 7.1’s function N as the point p is varied in M.

7.a. The construction of I and v

Proposition 6.1 asserts in part that |a¢| is continuous, and this implies di-
rectly that its zero locus, Z, is a closed set. The subsequent lemma provides
what is needed to define I and v. The notation is that used by Proposi-
tion 6.1.

Lemma 7.2. Let A C {1,2,...} denote the subsequence from Proposi-
tion 6.1. There exists a subsequence Ao C A such that the corresponding
sequence {(An, an) }nea, has the properties listed below.

o The sequence of {Fa, tnea. has bounded L? norm on compact subsets
of M—Z and {V a, an}nea, has bounded L? norm on M.

o There exists a sequence {hy}nen, C Aut(P) such that each n € A, ver-
sion of hy*Ay, can be written on M—Z as Ag + ap-a, with {ap-a, fnea,
having bounded L2 norm on any given compact subset of M—Z and

converging in the L%;loc topology on M—7. Meanwhile {hy*a, }nen, has
bounded L3 norm on any given compact set in M—Z and it converges
weakly in the L%;IOC topology on M—Z7.

o Let (Ay,aq) denote the limit pair of L%;loc connection on P|y—z and
L%;loc section over M—Z of (P xgo(3) su(2)) ® T*M. These are such
that

a) da,ao =0, day*xay =0 and ag Nagy = 0.
b) lao| = laol.

¢) |Vayag| =limyep [Va, an| with the convergence being in the L
topology on the set where |aq| > 0.

2
1;loc

This lemma is proved momentarily. Assume it to be true for the time
being.

Parts 1 of what follows directly use Lemma 7.2 to define I, and Part 2 of
what follows defines v and verifies the first bullet of Proposition 7.1. Part 3
of what follows uses Lemma 7.2 to prove the second and third bullets of
Proposition 7.1.
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Part 1:  Let SM denote the unit sphere bundle TM. Since |a¢| < co, Item b)
of the third bullet in Lemma 7.2 finds |ag| < cg. This understood, define a
quadratic map from the SM/{=£1} to [0,co) by the rule v — |a¢(v)|%. This
map has a unique maximum at each point of M—Z7, this being one conse-
quence of the fact that as A ap = 0. The corresponding line in TM|y—7
defines a real line subbundle of TM over M—Z. This real line bundle sub-
bundle is denoted by L. It is associated in a canonical way to the principal
Z/27 that is defined by the points where I; intersects the unit sphere bundle
in TM. The bundle I is the dual to 1.

Part 2:  Let 4 denote a countable, locally finite open cover of M—Z7 by balls,
and let B denote a given ball from this cover. The fact that ag Aay = 0
implies that a, can be written on B as ogpvp with op being a Sobolev class
L% map from B to the unit sphere in su(2) and with vg being an R valued
1-form on B that annihilates the orthogonal complement in TM|g of the line
subbundle I|g.

The equations [op,da,ae] = 0 and [oB,da, *ay] = 0 are equivalent to
the assertions Va,op Avg =0 and Va o A*vg = 0. Since |vg| = |ag| # 0
on B, these together assert that Va op = 0. Thus, op is Ag-covariantly
constant. Meanwhile, the two equations (opda, a¢) = 0 and (opda, *agy) =0
say that vg is a harmonic 1-form on B. As a parenthetical remark, the fact
that op is A¢ covariantly constant implies that F'o,, can be written on B as
opwp with wp denoting a closed square integrable 2-form on B.

The following turns out to be a crucial observation about this writing
of ay The definition of vg has a sign ambiguity because there are auto-
morphisms of B x SU(2) that pull op back as —op. This sign ambiguity
disappears if and only if I is the product line bundle.

What follows gives a second view of this sign ambiguity. Fix a length
1 element, o € su(2). There exists a Sobolev class L3 automorphism of the
bundle B x SU(2) that writes A as 6y + cAp and writes a, on B as ovp
with Ap denoting a 1-form on B of Sobolev class L. Now let 7 € su(2)
denote a given element with (07) = 0 and length |7| = 7. View €7 as an
automorphism The latter pulls back Ay as 6y — oA and it pulls back a¢, as
—ovp. The sign ambiguity is due to the fact that g — cAp and —ovp can
be written respectively as 6y + oA and ovpy; with A = —Ap and vj; = —vB.

Let B and B’ denote intersecting balls from . Then vg can be writ-
ten on BN B’ as zgp'vp with zZgp: being either 1 or —1. The collection
{ZBB }B Bcy defines the transition functions for the line bundle 1. Mean-
while, the collection {vp}pey defines a smooth, harmonic section over M—Z
of T*(M—Z) ® I that vanishes on Z, this being Proposition 7.1’s section v.
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Part 3:  The fact that |v| = |ay| follows from Item b) of Lemma 7.2’s third
bullet because |v| = |ag|. The fact that |Vuy| is square integrable follows
from the first bullet of Lemma 7.2 because |Vv| = |V ae|. To elaborate,
fix p > 0 and introduce by way of notation Z, C M to denote the set where
|ag| < p. Lemma 7.2 implies directly that

(7.1) / Vy|? = lim/ |V, .
M-2Z, neA M-z,

With (7.1) in mind, define a function on (0,cy ") by the rule that assigns a
given number p in this integral the value of the left hand integral in (7.1).
The first bullet of Lemma 7.2 asserts in part that this function is bounded
on (0,cy') and since it is a decreasing function of p, so the dominated
convergence theorem says that it has a unique p — 0 limit. This limit is the
integral of |Vv/|2.

Proposition 7.1’s third bullet follows using an identical argument after
invoking what is said in the sixth bullet of Proposition 2.2 about the sequence
whose n’th term is the integral over M of the function G|V, a,|?.

Proof of Lemma 7.2. The proof has three steps.
Step 1. Fix p > 0. This step proves the following assertion:

(7.2) The sequence {/ |Fa,
M

“4Hp

2} 1s bounded.
neA

To see why this is, suppose to the contrary that (7.2) is false. Given a point
p in the M—Z,, and n € A, let r¢,p denote p’s version of the number ry
that is defined in (3.5) by the connection A,. If (7.2) is false, then it must
be that liminfyen—z, (liminf,ep ronp) = 0. This understood, there exists a
point p € M—Z, a subsequence A’ C A and a sequence {pn}near C M—Z,
that converges to p and is such that limpea Tonp, = 0. Granted this, then
it must be true that lim,eca/ ron,p = 0 also.

The sequence {(Ap, o) }nea’ can be used as input for Proposition 2.2.
Let |aj | denote the A" version of what is denoted in Proposition 2.2 by |4 |.
Use |ag| to denote the original version that is supplied by A. Proposition 6.1
asserts that |a} | is also a Hélder continuous function on the complement of
its zero locus, and locally Holder continuous on its zero locus. It then follows
that [a}| = |a| because both are Holder continuous and because they define
the same L? function. Since p € M—Z, it follows that |a%|(p) > 0 and so
A’ has a subsequence, this denoted by Ap, with limyea, |a|(p) = |45 ](p)-
Invoke Lemma 6.2 using the point p and Aj, to conclude that {ronptnea, is
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bounded away from zero. But this is nonsense because A, C A’ and A’ was
chosen so limpepr Tonp = 0.

Step 2. Granted (7.2), then the constructions of Uhlenbeck in [U] can be
employed to obtain a subsequence A’ C A and a sequence {hy, }p,eps of auto-
morphisms of P|y_z such that the sequence {h,*A, },eca has the properties
asserted by the second bullet of Lemma 7.3. The L%.IOC limit connection can
be taken to be Ay. 7

Proposition 2.2 implies in part that the sequence {V a_an }nea is bounded,
and this with the first bullet of (3.10) implies that the sequence {hy*a, }neas
is bounded in the L% topology on compact subsets of M—Z. As the sequence
{qa, (@) }nen is also bounded, (7.2) with the same sort of integration by
parts argument that is used to prove the fourth bullet of Proposition 4.1
proves that {Va, (Va, &) }nea has bounded L? norm on compact subsets of
M—Z. Tt follows that (3.10) can be used again to see that {h,*a,}nea has
bounded L3 norm on compact subsets of M—Z. This implies in particular
that A’ has a subsequence, this being A,, such that {h,*a,}nea, converges
weakly in the L%;IOC topology on M—Z. Use a¢ to denote the limit.

Step 3. What is said in (7.2) has the following implication: Suppose
that U is a compact set in M—Z. Then there exists ry > 0 such that
inf,cu{infrea {ron,p}} > ru. This being the case, the argument in Part 2
of the proof of Lemma 6.3 can be used to prove that |ag| = |ag|. Item c)
of Lemma 7.2 with what is said in Step 2 about convergence implies that
da,ae =0 and da,*ap = 0 and ap A ap = 0.

7.b. The fourth bullet of Proposition 7.1

The eight parts of this subsection prove the fourth bullet of Proposition 7.1.
The three items are proved in more or less reverse order.

Part 1: Fix p > 0 and let Z, C M again denote the set where |v| < p. The
following observation is invoked repeatedly in subsequent arguments in this
section and in later sections.

(7.3) lim/ IVy|? = 0.

pA)O ZP
By way of an explanation, the integrand is a measurable function with sup-
port on Z,—Z7. Meanwhile, 7 is a closed set and so the function of p given
by the volume of Z,—Z has limit zero as p limits to zero.
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With p > 0 given, the subsequent arguments refer to the function x, =
x(2—p~1|v]), this being a function on M that equals 0 on Z, and 1 on M—Zs,.
It is introduced to avoid certain delicate issues with regard to derivatives of
v near Z.

Define h,) and H,) to be the functions

(7.4) h(p):/ Xplv*  and H(p)z/ Xp| VY ?
0B, B:

It follows from the definitions that h,(r) < h(r) < h,(r) + cor?p®. Mean-
while, H,)(r) is no greater than H(r), and (7.3) implies that lim, o [H(r) —
H,)(r)| = 0 with the limit being uniform in the following sense: Given ¢ > 0,
there exists p. > 0 such that ifr € [0,c; "] and p < pe, then [H(r)—H,(r)| < e.

Part 2: The lemma stated and then proved below asserts in part that h is
non zero on (0, cy .

Lemma 7.3. There exists k > 1 with the following significance: Fix p € M
so as to define the function h. Ifr € (0,57 1Y), then [ |v|* < (1 — kr?)rh(r).

Proof of Lemma 7.3. Use Q to denote the symmetric section of the tensor
bundle ®T*M given by Q =v @ v — %m|u|2. The fact that v is closed and
coclosed implies that Q is divergence free. This means that it has vanishing
L? inner product with the covariant derivatives of 1-forms. Note that Q
is an L? section of ®;T*M that is smooth on M—Z and continuous and
locally Holder continuous across Z. The fact that Q is smooth on M—7Z
follows from the fact that v is harmonic on M—Z and thus smooth. The fact
that Q is locally Holder continuous across 7Z follows from what is said by
Proposition 6.1.

Fix a Gaussian coordinate system centered at p, and use the coordinate
differentials as a basis for T*M and the coordinate vector fields as a basis for
TM. Integrate the inner product between Vd(|x|?) and Q over the ball B,.
Use the fact that Q is divergence free and that |v| is continuous and zero on
7 with an integrate by parts to identify the latter integral with a boundary
term. The resulting identity can be written as

(7.5) o)l bwP) g [ R =0,

where 1, denotes the inner product between d|x| and v and where [0(r)| <
cor? [ |v[?. Granted this bound on [9], the identity in (7.5) implies what is
asserted by Lemma 7.3.
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Part 3: Lemma 7.3 has the following consequence: If r € (0, ¢, 1) and if
h(r) = 0, then h(s) = 0 for all s < r. This understood, let b € [0, ¢, '] denote
the maximum value of r where h(r) is zero. The function N is defined on
(D,cy'). The rest of this Part 3 and all of Parts 4-6 prove Item c) from
Proposition 7.1’s fourth bullet for s > r with r > D.

The proof of Item ¢) for when s and r are greater than D will appeal to
the lemma that follows directly and the upcoming Lemma 7.5.

Lemma 7.4. There exists k > 1 with the following significance. Let A’
denote the subsequence from Lemma 7.2. Fix p > 0. If n € A is sufficiently
large, then
| (a0 4 Bl ) <
ZP

Proof of Lemma 7.4. Fix for the moment s € (0,c;') and introduce the
function x5 on M that is given by x(s™%|a,| — 1). This function is equal to
1 where |a,| < 35 and it is equal to zero where [a,| > Zs. Take f = x5 in
the (Ap, a,) version of (2.2) to obtain an equation with the form

(76) - /M Xl [l + /M Nos (V8?4 721 A %) = eas)

where [e,(s)| < co(r ! +8?).
Fix p < ¢g L and let N, denote the smallest integer with the following
property: If n € A and n > N, then

(7.7) rm>p 2 and %‘I/‘ <ay| < %|1/| where |v| > %p.

If n > N, and s > p, then (7.6) implies the inequality

(7.8) / (19 a2+ 2w A 2) < co / (IV a2+ 72 A ) c5%).
Zs

2s—2s

The integral on the left in (7.8) is the difference between the respective
integrals of its integrand over Zyg and Zs. Use this fact to rewrite (7.8) so as
to read

(7.9)

(IVa,8l* + 5 i A aa|?) < (1~ 001)/ (IVa, 8 f* + 71 A o) + cos™.
ZS Z2s

Given k € {0,1,...} but less than 25| In p| — ¢o introduce xx to denote the
s = 27%cy ! version of the integral on the left hand side of (7.9). With this
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notation understood, then (7.9) asserts that
(7.10) xk < (1-— cal);(k,1 + C0272k.

Tterating this finds x, < (1 —cy')*(x0 + co). This implies that

(7.11) / (VA a2 + 2Jn A dul2) < copt/e.

ZP

Since (7.11) holds for all n > N, it leads directly to the claim made by
Lemma 7.4.

The next lemma is also needed for the fourth bullet of the proposition:

Lemma 7.5. Let A’ denote the subsequence from Lemma 7.2. Given p > 0,
then there exists k > 1 with the following significance: If n € A, then
rr? fM—ZP |y A ?zn|2 < /<arn_2.

Proof of Lemma 7.5. The integral of |Fa, |* on M—Z, enjoys an n-independ-

ent upper bound and so this is also the case for the integral of r}|a, A a,|?
on M—Z7,.

Part /: Given n € A, use hy, A, and N, to denote the version of the
functions £ and N that are defined in (5.2) and (5.3) using the point p,
r=r, and (A, a) = (Ap, a,). Suppose p > 0 has been specified. Fix r > 0
and let h,,)(r) and Hy(,(r) denote the respective integrals

(7.12) hn(p)(r):/ Xp’an|2 and
0B,
Hy ) (1) = /B X[V sl + 2l A ).

These are such that
(7.13) ® hy,) < hy, foralln € A and h
sufficiently large.

e H,,) <Hy foralln €A and Hy,) > Hy — copt/< if n € A is
sufficiently large.

n(p) > h, — C()I‘2p2 if neAis

By way of an explanation, the lower bound for h,
that {|an|}nea converges to |v|, and that for H

p) follows from the fact
n(p) follows from Lemma 7.4.
Fix r € (D,cy'). It follows from what is said by (7.13) and Lemma 7.5

by taking limits first as n € A’ gets ever larger and then as p limits to zero
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that

(7.14) N() = lim Na(1),

and that this limit is uniform as r various on compact subsets of (D, ¢, b,

Part 5: This part of the subsection invokes some of what is said in Sec-
tions 5.c and 5.d to derive the r > D version of Item c) of the fourth bullet
from a lemma that is proved in Part 6. The starting point is the r = n,
and (A, a) = (Ap, a,) version of (5.30). Keep in mind that what is denoted
in (5.30) by v is discussed subsequent to (5.11). It is enough to know that
[t| < cor. What is denoted by 3 is defined subsquent to (5.28). A bound
for |3| is supplied by (5.32), but the latter is not sufficient for the purposes
at hand. The upcoming Lemma 7.6 says what is needed about 3’s absolute
value. There is also a term in (5.30) that is denoted by fR. This term enters
via the second bullet of Lemma 5.2. A bound for |2R| is supplied by (5.31),
but a stronger bound is needed and Lemma 7.6 provides one.

Lemma 7.6. There exists k > 1, and given € € (0, 1], there exists k. > k with
the following significance: Let A’ denote the subsequence from Lemma 7.2.
If n € A is greater than k., then the absolute values of the r = r, and
(A,a) = (A,, &) versions of 3 and R at points v € [¢,k') are such that
3| < e+ krhy and |R| < e + k(h, +1Hy).

This lemma is proved in Part 6.

Accept Lemma 7.6 for the moment to complete the proof of the s > D
version of Item c) from Proposition 7.1’s fourth bullet. To do this, fix first
r« > D and suppose that r is greater than r,. It then follows from Lemma 7.3
that h(r) > m;l with m, > 1 a number that depends on r, but not on r. Fix
£ positive but less than the smaller of ¢y 'm; ! and 1. If n is large, then hy(r)
will differ by at most €2 from the integral of |v|? over B,, and so hy(r) will
be greater than calm*_l.

With the preceding in mind, use Lemma 7.6 with (5.30) to conclude that
(7.15)

r
ANy > —cp <r + h—e) (14 Np) when max(D,e) <t <cy' and n is large.

Since hy (1) > ¢y 'mo !, the inequality (7.15) leads to the bound
(7.16)
ANy > —co(r + me) (1 + Ny) when max(p,e) <1 <cy' andn is large.
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Suppose now that € is greater than m_ 2. If both s and r are greater than
max (D, ¢) and less than c; ', and if s > r, then integrating (7.17) finds that

(7.17)  Nu(s) > e~ =+)n (1) — co(s? — 12 + €'/2) when n is large.

Proposition 7.1’s fourth bullet for r > D follows directly from (7.14) and
(7.17).

Part 6: This part of the subsection contains the proof of Lemma 7.6.

Proof of Lemma 7.6. The proof has four steps.
Step 1. What is said about 3 subsequent to (5.28) finds

w1 bise(-a [ ][ @nae|),

with ¢g > 1 denoting here and in what follows, a number that depends only
on the value of E in (3.2) and whose value can increase between successive
appearances. The absolute value of H— £ is no greater than cr—', this being

the content of (5.12). Meanwhile, the integral that involves ga (&) is bounded
~1/2

1/2
most terms in the r = r, and (A, a) = (Ay, a,) version of (7.16) will make a
contribution to |3| that is less than 1e?. Meanwhile, the integral of |a,|? over

by cgr , this being a consequence of (5.16). If the integer n € A’ is large,

then r, '~ will be less than cg 'e? and in particular, the left most and right

any r > ¢ version of B, differs from that |v|? by at most ¢y e? if n is large,
and Lemma 7.5 asserts that the latter integral is no greater than r(1 — cor?)
times that of |v|? over the boundary of B,. This integral of |v|?* will differ
from 1(1 — cor?)hy, (r) by at most ¢ 'e? when r > ¢ if n is large. It follows as
a consequence that [3] < e + cgrhy when r > € and n is large.

Step 2. Reintroduce the notation from Step 1 of the proof of Lemma 5.2.
The idnentities in (5.6)—(5.8) lead to a bound on |9R| that can be written as

(719) ’f)ﬂ S Co

/ ((vA,ia)kqA(a)kwiA‘ +cp <h +1H + / |a|* + r_1/2>.
B, B,

What is denoted by A designates the function dist(-,p)? and &;A designates
the directional derivative of the function A along the i’th basis vector. Re-
marks in Step 1 imply the following: If r € (e, ¢, 1) and n is large, then the
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r=r and (A,a) = (Ay, an) version of the right hand side of (7.19) is no
greater than

(720) Co

/ (Vaia)kga(a)x)0iA| + cg(h +rH) + 05152.
B,

Fix p > 0 and use the identity 1 = (1 — x,) + X, to break the integral in
(7.20) into two parts, the first having the factor (1 — x,) in the integrand
and the second having the factor x,. The next step supplies bounds for the
absolute values of these two integrals.

Step 3. Use Lemma 7.4 with Item d) in Proposition 2.2 to see that the norm
of

(7.21) / (1= ) (Vi )ega, (3n)i) A

r

is no greater than corp!/° when n is sufficiently large.
The x, part of the integral in (7.20) is

(7.22) /B xo (V)i (i) B

To bound the absolute value of (7.22), fix u € (0, 6—14) for the moment and
introduce by way of notation o, to denote the function on B, given by
x(2 — p~H(1 —r~Ldist(-,p))). This function equals 0 where the distance to p
is greater than (1 — u)r and it equals 1 where the distance to p is less than
1 —2u. Insert the identity 1 = (1 — 0,) + 0, into the integrand in (7.22) to
write it as a sum of two terms.

The absolute value of the term with the factor 1 — o, is no greater than

1/2
(7.23) cor (/ Xp!VA,,ﬁn\2> )
1—2p<dist(-,p)<1

this being a consequence of Item d) of the second bullet of Proposition 2.2.
Meanwhile, the integral in (7.23) is no greater than cor'/2pt/* times the L*
norm of Va_a, over B;. The latter norm has a p dependent but n indepen-
dent upper bound, this being a consequence of the first bullet of (3.10) and
the second bullet of Lemma 7.2. This understood, it then follows that the
contribution to the absolute value of the integral in (7.22) from the term
with 1 — o0, is no greater than cor3/2qu with K, being a number that is
determined by p but independent of p and n.
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The contribution to the integral of (7.22) from the term with o, is the
integral over By of 0,x,((Va, it)jqa, (an);)0iA. A bound for the absolute
value of this integral is obtained by writing

(7.24) qAn(&n) = *dAn(*dAn Zln) — dA,,(*dAn*an)y

and then integrating by parts to make an integrand which has terms that are
linear in the components of da_a, and da, *a,. Use Item c) of Proposition 2.2
and the L2 bound in the second bullet of Lemma 7.2 to see from the resulting
integral that the absolute value of the o, contribution to (7.22) is bounded
by Kp,u_lrn_ I with K, denoting again a number that is determined by p but
is independent of both y and n.

Step 4. By way of a summary, what is said in Steps 1-3 bound the absolute
value of the explicit integral in (7.20) by

(7.25) cop™/ 0 + Ky + )

With e given, first choose p < €% so that the left most term in (7.25) is
less than %82. With p so chosen, choose a postive value of i, but sufficiently
small so as to make the middle term in (7.25) less than %62 also. With p and
11 fixed, the right most term in (7.25) is less than 2 when n is sufficiently
large. Granted these bounds, then (7.20) leads directly to the bound asserted
by Lemma 7.6.

Part 7: This part of the subsection derives a differential equation for h
that is the same as that given in Item b) of Proposition 7.1 where r > D. To
set the notation, let m denote the metric inner product on T*M. Use 9, to
denote the derivative along the radial geodesics from p in B;. Fix p € (0, ¢y 1)
and differentiate to obtain the identity

d
(7.26) d_/ Xolv|? =207 (1 + 61)/ Xolv|? + 2/ Xpm(v, Orv)
I JoB, OB, OB,

with e; being bounded by cor?. Integrate by parts in the second integral
using the fact that v is harmonic to write it as

(7.27) / Xpm(v, Orv) = / X, (|[VV|* + Ric(v,v)) + eo.
OB, B,

where ¢g is a term with absolute value obeying

(7.28) lea] < cop™! / V]|V
Brﬂ 2

P
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Given that |v| < 2p on Zs,, this bound for |es| implies directly that

(7.29) ] gco/ o
Z

2p

As noted in (7.3), the p — 0 limit in (7.29) is zero.
Fix r > 0 and € > 0; then integrate (7.26) and use (7.27) to see that

@30) [ P [ P
OB, B,
r+e
= / (s_l/ (14 e1)x,lv? +/ X, (IVV]? + Ric(v,v)) + 22) ds.
r BBS Bs

Take p to zero on both sides of (7.30). What is said subsequent to (7.4) and
what is said in (7.3) imply that the p — 0 limit of (7.30) is the identity
(7.31)

h(r+£)—h(r):/rr+g<sl /{9BS(1+e1)|1/|2+/BS(]VV2+RiC(V,V))>ds.

Divide both sides of (7.31) by ¢ and take the ¢ — 0 limit. As the ¢ — 0
limit of the right hand side exists, the result of taking the ¢ — 0 limit is an
identity for the derivative of h that reads

(7.32) dh=2r"'1+e)h+H+ / Ric(v, v)
B,

with ¢, being a function of r obeying |e.| < cor?.

The integral of Ric(v,v) that appears in (7.32) is bounded by c¢ times
the integral of |v|? over B,. This understood, use Lemma 7.3 to write (7.32)
schematically as

(7.33) dh=2r"Y(1+e)h +H,

where ¢ is a function of r that obeys |¢| < cor?. The equation in (7.33) is
the equation in Item b) of Proposition 7.1’s fourth bullet at values of r > D,
this because the definition of N can be invoked to write H as H = r—!nh.

Part 8: This step proves the assertion in Item a) of Proposition 7.1’s fourth
bullet to the effect that any given p € M version of h is positive on the
whole of (0, cgy 1). This is done by assuming that there exists p € M where
the corresponding version of D is positive and deriving nonsense.
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To set the stage for the derivation, note that if D is positive, then Z
contains an open set. If such is the case, then there exists, for any € > 0,
a point p € Z with D positive but less than . In particular, there exists a
point p € M with D positive, with h defined on (0,rg) with ro > cgl and
with h(3rg) > 0. Let p € M denote such a point.

Write H in (7.33) on the r > D part of (0,19) as r !Nh. Fix s > > D
with both in (0,rp) and integrate this rewriting of (7.33) to see that

(7.34) h(s) = (1 +9) <§>2 exp (2 / %N(t)dt) h(r),

where 9(s) is such that [0] < cos? and || < cos. As the r — D limit of h(r)
is zero and as D is positive, the identity in (7.34) implies that the function
N can not be a bounded function on (D, %1”0]. This understood, fix for the
moment m > 1 and some r,, € (D, 319] with N(r,,) > m. The r > D version
of Item c) of the fourth bullet in Proposition 7.1 says that N(3rg) > ¢y tm.
Since m can be as large as desired, this constitutes the desired nonsense.
The reason it is nonsense is as follows: By assumption, h(%ro) > 0. Since H
is bounded and since N = rH/h, so N(3r¢) is finite, and thus less than m if
m is sufficiently large.

7.c. The r — 0 limit of N

Given a point p € M, let N(;) denote p’s version of the function N. The
upcoming Lemma 7.7 concerns the behavior of the r — 0 limit of N, (r) as p
varies in Z.

Lemma 7.7. There exists k > 1 with the following significance: Any given
p € M version of N,y extends to [0,k] as a continuous function. Moreover,

o If {ak}k=12.. C M converges to a given point p € M then

hmkﬁoo N(Qk)<0) < N(p) (0)
o Ifpe M—Z, then N,)(0) = 0; and if p € Z, then Ny (0) > kL.

The remainder of this subsection contains the proof of this lemma.
Proof of Lemma 7.7. The proof has four parts.

Part 1: To see that a given p € M version of N(;) is continuous on its
original domain of definition, keep in mind that p’s version of the function h
is differentiable, this being an assertion of Proposition 7.1. This understood,
it follows that N, is continuous on (0,¢cy 1) if and only if p’s version of the
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function H is continuous. The fact that H is continuous follows from what is
said in Part 1 of Section 7.b about H and (7.4)’s function H,). To say more,
fix € > 0 and use what is said at the end of Part 1 of Section 7.b to find
pe > 0 such that [H(-) — H,)(-)| < &€ when p < p.. Fix such a value for p.
Since v is smooth on M—Z, the function H(,) is smooth. This understood fix
r € (0,cg'] and then fix A > 0 so that [H,)(r + A) — Hpy(r)] < e. It then
follows that |H(r + A) — H(r)| < 3¢ and so H is continuous.

The assertion that N(;) extends continuously to [0, ¢ 1] follows from Ttem
¢) of the fourth bullet of Proposition 7.1 given the fact that N(p) Is positive.

Part 2:  The proof of the bulleted assertions requires a weak version of what
is said by the lemma’s first bullet, this being the following:

(7.35)  Ifp € M=Z, then N(;,)(0) = 0; and if p € Z, then N,)(0) > 0.

The proof of (7.35) has two steps.

Step 1. If p € M—Z, then |v|? is greater than zero at p and smooth in a
neighborhood of p. This being the case, p’s version of the function h must
have the form 471%|v|?(p)+ ¢ with ¢ being a function of r with absolute value
bounded by cor®. With this in mind, write N(p) near r = 0 as N,)(0) + o
with lim;_,0 0(r) = 0. Suppose for the sake of argument that ¢ > 0 and that
N(p)(0) is greater than ¢ so as to derive nonsense. To do this, fix s > 0 and

use (7.34) to see that h(r) < ¢(s)r?+¢/2 when r is small.

Step 2. Suppose that p € Z and suppose for the sake of argument that
N(p)(0) = 0 so as to derive nonsense. To start, introduce by way of notation
¢ to denote the version of the constant x that is assigned to p by Proposi-
tion 6.1. It follows from Proposition 6.1 that p’s version of the function h is
such that h(r) < cr?t2/¢ when r < ¢~'. Hold onto this bound for a moment.

Use the fact that N(,) is continuous on [0, ¢y l'and 0 at r = 0 to draw the
following conclusion: Given € > 0, there exists 1. > 0 such that N, (r) < e
when r < 2r.. Granted this bound, use the s = r. version of (7.34) to see
that h(r) > ¢ 11?72 when r < r. with ¢. > 1 being a number that depends
on ¢ but not on r.

The lower bound h(r) > ¢~ 'r?*% runs afoul of the upper bound cr?*+2/¢
when € > 1/c. The fact that the lower bound holds for all nonzero e consti-
tutes the desired nonsense.

Part 8: The three steps that follow prove Lemma 7.7’s assertion about the
behavior of the function p — N(;,)(0). The notation used below has h(;,) and
H(,) denoting a given p € M version of the functions h and H.
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Step 1. Granted that N, (0) = 0 when p € M—Z, then what is said by
Lemma 7.7 about the semi-continuity N(.)(0) at a point p € M—Z follows
directly from the fact that M—Z is an open set.

Step 2. Fix p € Z and D > 0. Let q € Z denote a point with distance D
or less from p. If r € (coD, ¢ 1), then the sphere of radius r centered at g
is contained in the ball of radius r + D centered at p and it contains the
ball of radius r — D centered at p. This understood, an application of the
fundamental theorem of calculus finds

(7.36) g (r) = hp) ()] < co(Hep(r + D))/?rp'/2.

Use the third bullet of Proposition 7.1 to bound H,,)(r+D) by co(r+D)"/2 and
use this bound with (7.35) to conclude that [h(r) — h,(r)] < cor’/?pl/?
when r € (10D, ¢ ).

Step 3. The fact that N, is continuous on [0, ¢y 1) has the following con-
sequence: Fix ¢ > 0 and there exists r. € (0,¢) such that N,)(0) — e <
N(p)(r) < Ny (0) + ¢ if r € (0,2rc]. This being the case, then (7.34) implies
that h,)(r) for r € [0, 2r,] can be written as

(7.37) hp) () = er?(HNe O+

where ¢. > 0 and where the function e is such that |¢| < coe. If D < ¢j're,
then this equation for h,) with (7.36) implies that the function h(r) for
r € (10D, 2r.| can be written as

(738) h(q) (r) = CEI-2(1+N(1D)(0)+€) +t

where the function t is such that |t|] < cor¥/2p'/2. If it is the case that
D < cyle2r®, then (7.38) holds for r € [re,2r.] with r = 0 but with a
different version of e such that |e| < cpe.

Step 4. Suppose that D obeys the bound D < ¢ lcgrgo. It follows from what

is said at the end of Step 2 that if s > r with both from [r., 2r.], then

r\ 2N (0))+-coe

Meanwhile, the point q has its corresponding version of Proposition 7.1’s
fourth bullet. Item c) of the q version implies that N(q)(t) > N(q)(0) — cor?
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for t € [0, 2r.]. This bound with q’s version of (7.34) implies that

r\ 204N (0))—coe

These upper and lower bounds are not compatible unless N()(0) <
N(p)(0) + coe. Since e can be made as small as desired by taking D suffi-
ciently small, this last inequality proves Lemma 7.7’s claim about the semi-
continuity of N(.y(0) at p.

Part 4: To prove Lemma 7.7’s second bullet, fix n € {1,2,...} for the
moment and denote by Vy the set {p € Z : N,y(0) > £}. The first bullet
of Lemma 7.7 implies that Vy is closed. Use the topology from M to view
7 as a topological space. The set V,, is a closed subspace and let U, denote
its interior. If not empty, then U, is an open subset of Z. It follows from
(7.33) that each point in Z is contained in some set from the collection
{Un}neqi,2,..) and so this collection defines an open cover of Z. As Z is
compact, there is a finite subcover consisting of sets from the collection
{Un}ne{lgw'}. As a consequence, there exists n > 1 such that each p € Z
version of N(p)(()) is greater than %

8. Rescaling the 1-form v

A data set (Z, I,v) with Z C M being a closed set and I — M—Z being a real
line bundle and v being a harmonic, I-valued 1-form on M—Z7 is said to be
a twisted harmonic form data set when three conditions are met. The first
condition requires that the function |v| extend to M as a continuous function
with Z C |v|~1(0); the second condition requires that the second, third and
fourth bullets of Proposition 7.1 be obeyed; and the third condition requires
that the conclusions of Lemma 7.7 hold. This section and Sections 9 and 10
assume that (Z, I,v) defines a twisted harmonic form. In particular, various
lemmas and propositions that follow in Sections 8-10 do not ask that (Z, 1, v)
arise from a sequence as described in the second bullet of Proposition 2.2.

This section begins the analysis of (Z, I,v) by looking at ever smaller
length scales on balls centered around a given point in Z. The results of this
analysis are summarized by the upcoming Proposition 8.1. The proof of this
proposition occupies the subsections of this section.

To set the stage and notation for Proposition 8.1, fix R € (0,00) for
the moment and define the rescaling map yr : R?> — R? by the rule
x — YPr(x) = Rx. A closed set in R? is said to be scale invariant when
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it is mapped to itself by each R > 0 version of ¥g. An example is the union
of the origin with a finite set of rays from the origin. A real line bundle
defined on the complement of a scale invariant set is canonically isomorphic
to its pull-back by any R > 0 version of ¥R.

Fix rg > ¢y ! 5o that the radius 100rg ball about any given point in M
is well inside the domain of a Gaussian coordinate chart centered on the
point in question. Given p € M, a Gaussian coordinate chart centered at p
and X € (0,1¢], define ¢ to be the map from the radius A~'ry ball about
the origin in R? to M that composes first ¢, and then the chosen Gaussian
coordinate chart map.

Given p € Z and A € (0, 10|, Proposition 8.1 use Zy to denote gZ);l(Z) and
it uses Iy to denote ¢*I, these defined on the radius A~ 'ry ball centered on
the origin in R3. Let h(,) denote p’s version of the function h in Proposi-
tion 7.1. Proposition 8.1 uses vy to denote h(p)(/\)*l/Q@\*z/, this being an I
valued 1-form on the complement of Zy in [x| < A~1ry ball centered on the
origin in R3 that extends over Zy as 0.

Proposition 8.1. There exists k > 1, and given p € Z plus a Gaussian
coordinate chart centered at p, there exists a data set (Zs, Iy, vs) with the
properties listed below.

e 7. is the union of the origin in R® and a finite set of rays from the
oTLgin.

o I, is a real line bundle defined on the complement of Z in R3.

e v, is an I, valued, harmonic 1-form on R3—7Z. whose norm extends

over Zy as an Liloc and exponent v = k1 Hélder continuous function

with zero locus Z.

Yr*ve = RMY@ Oy, f R > 0.

o The sequence of data sets {(Zx, In, Vx) }re(0,,) CONVETges to (Zu, I, V)
in the following sense: Given € € (0,1), there exists v € (0,1] such
that if A € (0,1¢), then

a) The functions |vy| and |v.| differ where x| < e~ by a function
with exponent v = k= Hélder norm less than ¢.

b) Let T. C R3 denote the radius ¢ tubular neighborhood of Z... Each
x| < e~ point in Zy lies in T.

c) There exists an isomorphism between I, and Iy over the |x| < e !
part of R3—T that identifies v\ with an I. valued I1-form that
differs from v, by an I, valued 1-form with any k < e~ version

of the C¥ norm being less than ¢~1.
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The upcoming Lemma 8.12 in Section 8.h says more about the behavior
of v, near the rays in Z,; it asserts in particular that |v,|? vanishes to integer
order along each of them.

Proof of Proposition 8.1. The assertions of the proposition are consequences
of various lemmas that are stated and then proved in Sections 8.a—8.g. The
definition of what turns out to be |vy| is supplied by Lemma 8.5 from Sec-
tion 8.c. This lemma also gives the assertion in Proposition 8.1’s third bullet
that |v.| extends over Z, as an L%,IOC function. Lemma 8.6 in Section 8.c
asserts that the extension of |v,| is Hélder continuous. Lemma 8.7 in Sec-
tion 8.d gives a construction of Z,, I, and v,. Lemma 8.7 together with
Lemma 8.8 in Section 8.e imply in part what is asserted by Proposition 8.1’s
fifth bullet. Lemma 8.9 in Section 8.f gives the assertion of the fourth bullet
of Proposition 8.1. The proof of Proposition 8.1 is completed by Lemma 8.10
from Section 8.g. This lemma asserts that Z, is the union of the origin and
a finite set of rays from the origin.

Sections 8.a and 8.b prove various facts about |v| that are used to prove
the lemmas in the subsequent subsections.

8.a. Holder continuity of |v| along Z

This section supplies via Lemma 8.2 a result that is used as input in some
of the forthcoming subsections. Keeping in mind that |v| = |a|, this lemma
refines a part of Proposition 6.1 by saying more about Holder continuity of
|ae| on its zero locus.

Lemma 8.2. There exists k > 1 with the following significance: Fix a point
pE€Z and firs € (0,rg). Then

o There exists z € (0,k) such that h(,)(s) = 2822w O) | Moreover, if
5 s such that hip (s) = 228220 O) then h,) (r) < (1+£)z2r2H2Nw (0)
when r € (0,s].

o IfqeM is such that dist(p, q) <k~ s, then |v|(q) < kzs(dist(p,q)) N (©).

The remainder of this subsection contains the proof of this lemma.

Proof of Lemma 8.2. The existence of a value of z in the indicated range
that makes the first bullet true follows from (7.34) using two additional facts.
The first is Lemma 7.7’s observation that N(,)(0) > 0; and the second is the
inequality that is stated by Item c) of Proposition 7.1’s fourth bullet.
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To start the proof of the second bullet, use the fact that v is closed and
coclosed where non-zero to see that |v| obeys the equation

(8.1) 1dtdy®> + |Vy|? + Ric(v @ v) = 0 on M—Z.

To exploit this equation, fix for the moment p > 0 and use x, to once again
denote the function on M given by x(2 — p~!|v|). By way of a reminder,
X, equals 0 where |v| < p and it equals 1 where |v| > 2p. Let f for the
moment denote a given, differentiable function on M. Multiply both sides of
(8.1) by fx,, integrate the result over M and integrate by parts to obtain
the identity

(8.2) %/Mdef|l/|2+/Mf(|Vu|2+Ric(u®u))+ep(f):0,

where [e,(f)] < ¢f [y_yz, |Vv|? with ¢; > 1 depending only on f but not
on p. Invoke (7.3) to see that lim, o |e,(f)| = 0. This understood, what is
written in (8.2) implies that

(8.3) %/MdefMQ—l—/Mf(VV\Q—FRiC(l/@V)):0.

when f is a C? function on M.

Fix ¢ € M and let Gq(-) denote the Green’s function for the operator
d'd 4 1 with pole at q. Let ¢ denote a given smooth function on M. Use the
sequence of functions {fqye}ee(o,1) from Step 1 of the proof of Lemma 2.1 to
see that (8.3) still holds when f is equal to 0Gq. By way of a parenthetical
remark, when (Z, I,v) comes from a sequence that is described by Propo-
sition 2.2, then a proof of this last assertion can also be had by using the
first and third bullets of Proposition 7.1 and the local Hélder assertion in
Proposition 6.1. In any event, the f = 0G, version of (8.3) reads

(8.4) lo(@v(@)? + / 0G| Vi
M
:/ O'Gq(|V|2—RiC(Z/®I/))—/ (%dean+m(da,dGq))|u|2,
M M

where m(+, ) is used here to denote the metric inner product on T*M.

Fix p € Z and r € (0,19). Let q denote a point on the boundary of the
ball of radius r centered at p. Fix R > 3 and take the function o in (8.4) to
be the function on M given by x((Rr)~!dist(-, p) — 1). This function is equal
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to 1 where the distance to p is less than Rr and it is equal to 0 where the
dist(-, p) > 2R. In particular, it is equal to 1 at q.

Keeping in mind that integrand for the right-most integral in (8.4) is
supported in Bor,—Bgy, the fact that

dist(p, q)
(8.5) Gp — G| < 0 Jist (-, p)?
on the complement of the radius 3r ball centered at p leads to a bound on
the absolute value of the right most integral by co(Rr)~?hy, (Rr). If Rr is
less than the chosen value of s, then this last expression is no greater than
cozs(Rr) 2% (0),

The left most integral on the right hand side of (8.4) can be bounded
using the fact that G4 near q can be written as G4 = ﬁdist(q, )~ 4+ v with
[t] < codist(q,-)|In(dist(q,-)|. The contribution of v to the integral is less
than co(Rr)?| In(Rr)|h(y,) (Rr). This is less than co(Rr)?| In(Rr)|z(Rr) 2% (©)
when Rr is less than s. The contribution to the left most integral on the
right side of (8.4) from ﬁdist(-, q)~! can be broken in to two parts, these
being the contribution from the part where the distance to q is greater
than %Rr and that where the contribution is less than %Rr. The absolute
value of the former is bounded by coh(,)(Rr) and so it is no greater than
co(Rr)?z(Rr)®»(©) when Rr is less than s. An integration by parts can be
used to bound the absolute value of the latter by the integral of co|v||Vy|
over By, plus that of co(Rr)~!|v|? over the boundary of Bg,. Both of these
integrals are bounded by co(Rr) 'h,(Rr), and thus by co(Rr)zs(Rr)?N»(0)
when Rr < s.

Take R = 4 in the preceding two paragraphs to obtain the bound that
is asserted by the second bullet in Lemma 8.2.

8.b. The r dependence of h and H near r = 0

Let p denote a given point in Z, thus a point where v is zero. The three
parts of this subsection prove that the functions hy), H(,) and some related
functions are nearly powers of r when r is small. Lemmas 8.3 and 8.4 makes
precise what this means.

Part 1: The definition is such that |vy|? has integral 1 on the sphere of
radius 1 about the origin in R? when the inner product and area form
are defined using the metric on the radius A~!ry ball that is obtained by
multiplying the ¢y pull back of the latter metric by A~2. This metric is
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denoted here by my. It differs from the Euclidean metric by a term with
norm bounded by cgA?. The norms of the first and second derivative of my
are also bounded by coA2. Derivatives of order k > 3 are bounded by a k
dependent multiple of AX.

The convention for what follows in this subsection and henceforth with
regards to metrics is as follows: All inner products and covariant derivatives
of line bundle valued tensors on subsets of R3 are understood to be defined
by the Euclidean metric unless explicitly stated to the contrary. The Hodge
star is the Euclidean Hodge star unless stated to the contrary. Integration
on submanifolds and domains in R? is likewise defined using the Euclidean
metric unless noted otherwise.

Part 2: The lemma that follows concerns the A — 0 limit of integrals
that involve the 1-forms in the sequence {vy} A€(0,r0]- With A given, the first
lemma uses vy, to denote the radial component of vy.

Lemma 8.3. This sequence has the properties that are listed in the bullets
that follow. The four bullets refers to a chosen number R € (0, 00).

. {f\X|=R [UAl*} A<ro/r cOnuerges as X — O with limit R*F2N) ©),

L4+N(p) (0) R 242Ny (0)
BN (0) 1 :

. {f\x|§R A2} A<ro/r converges as A — 0 with limit WR?)-F?N(MO).
0)

. {f\x|<R IVUAl? acro/m converges as X — 0 with limit N(p)(O)RHQN(P)(

. {f\x|=R [Vael* e/ COnVETgES as A — 0 with limit

Moreover, all four of the preceding assertions hold when the norms, covariant
derivative and volume or area form are defined for each \ € (0,1] by the
corresponding metric my.

Proof of Lemma 8.3. The proof has two steps.

Step 1. What is said in Part 1 about the difference between the Euclidean
metric and a given A € (0, Wloro] version of my implies that the Euclidean
metric version of Lemma 8.3 holds if and only if the m) metric version holds.
Keep in mind that the definition of any vy is such that the m) version of
the integral on the radius R sphere in R m) version of |vy|? using my’s area
2-form is h(AR)/h(\).

Step 2. Lemma 7.7 has the following consequence: Given € > 0, then there
exists 1. € (0, 155T0) such that INE) (1) = Ny (0)] < & when 1 € (0, 2rc]. With
the preceding understood, fix s > r from (0, 2r.] and use (7.34) to write

s\ 24N (0)+e
(5.6) ) = (%) h(r),
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where ¢ is such that |e| < coe. This identity with what is said in Step 1
implies what is asserted by the first bullet of Lemma 8.3. The assertion
in the third bullet of Lemma 8.3 is obtained from the first by integrating.
Meanwhile, the assertion in the second bullet follows from the first and third
via the identity in (7.5). The fourth bullet’s assertion is obtained from the
first bullet by writing p’s version of the function H as H = r_lN(p)h.

Part 3: The upcoming Lemma 8.4 concerns the A — 0 limit of integrals
on constant |x| spheres in R? of |Vv,|? and of the square of the norm of
vy’s radial derivative. There is some subtlety here by virtue of the fact that
there is no assertion as yet that a given A € (0, ﬁro] version of the function
|[Vvy|? is square integrable on any given constant |x| sphere. Even so, it is
none-the-less a fact that the function given by the rule

(8.7) R — |Vual?
|x|=R

defines an L' function on (0, \'rg). The proof that this is so starts with
the following observation: Fix A € (0, 155%o]. Use Hy : (0, A7'rg) — [0, 00) to
denote the function of R given by the rule

(8.8) R — my\(R) =/|<R|vm2.

This function is bounded, nondecreasing and continuous. The continuity of
H) follows from what is said in Part 1 of Lemma 7.7’s proof to the effect that
H is continuous. Since H) is continuous and nondecreasing, it is differentiable
almost everywhere; see for example Theorem 3.23 in [R]. Its derivative is an
L! function on [0, \~'1rq), this being the function in (8.7).

Let V. denote the directional covariant derivative in the radial direc-
tion. The same argument proves that the function defined by the rule R —
f\x|=R |V, v)|? is also L.

Lemma 8.4. Fiz p € Z so as to define the sequence {I//\})\e(oyro}.

e The sequence of L' functions {R — f‘x|:R ‘VV)\P})KH)/R converges as

A — 0 on compact subsets of [0,00) with limit
N(p) (0)(1 + 2N(p)(0))R2N(P>(O).
e The sequence of L' functions {R — f|x|:R ’er/\|2})\<ro/R converges as

A — 0 on compact subsets of [0,00) with limit N(,)(0)?R*N® ©),
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Proof of Lemma 8.4. The proof has seven steps. The Steps 1 and 2 prove
the top bullet and the subsquent steps prove the bottom bullet.

Step 1. Use the definition of N(,) to write the derivative of H) as

d d /1 hpy (RA)

Now use (7.34) to rewrite the right hand side of (8.9) as gz Qx(R) f‘X|:R lval?
with

(8.10) QA(R) = (1 + 2N(p) (R)\))N(p) (R)\) + (I‘%N(p) (r))

r=RA\

The next paragraph says precisely what is meant by the formula in (8.10)

To explain the right hand side of (8.10), note first that the function of
R given by the rule R — (142N, (RA))N(,) (RA) is continuous on [0, A~ xo]
and nothing more need be said about it at this point. To say what is meant
by derivative of N(,), fix r € (0,19) and then ¢ € (0,cy 'r). Having done so,
use the fourth bullet of Proposition 7.1 to conclude that

(811) Np) (1” + E) — N(p) (1“) > —Coer.

Since N(;,) is continuous and also bounded on (0,1¢], this lower bound implies
that N, is a function of bounded variation (see, e.g. [R]). It follows as a
consequence that N(p) is almost everywhere differentiable (see for example
Theorem 8.19 in [R]) and its derivative is an L' function. This being the
case, the right hand side of (8.10) defines an L! function on [0, A\~!rq) and
thus Q) is an L! function.

Step 2. Given what is said by the first bullet of Lemma 8.3, the assertion in
the top bullet of Lemma 8.4 follows directly from a proof that the sequence
of functions {R — Q\(R)},.,,,, has an appropriate A — 0 limit. With this
understood, it is sufficient to prove that the sequence of functions given by
{R — (r%N(p))h:R)\}/\e(Qm) has a suitable limit, this because limy_,o(1 4+
2N () (RA))N(p) (RA) = (1 + 2N()(0))N(,)(0) with the limit being uniform
with respect to variations of R on compact subsets of [0, 00).

To see about the A — 0 limit of {R — (T%N(p)”r:R)\})\e(O,ro)v first use
(8.11) to conclude that %N(p) (r)) > —cor. This lower bound implies that

(8.12)
G

ds < (Npy(t) — Ny (0) + cot?)  for any given t € [0,1q].

r=s
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Given that N(;,) is continuous, the inequality in (8.12) leads directly to the fol-
lowing conclusion: The sequence of L' functions {R — (r%N(p)) ['=RA} A€(0,10)
converges to zero in the Lll0 . topology on compact subsets of [0, c0). This be-
ing the case, it then follows that the sequence of L' functions {Q,},, (0.rg) COD-
verges on compact subsets of [0,00) to the constant function
(1 + 2N(;,)(0))N(py (0). This last fact plus (8.9) imply what is asserted by
the top bullet of Lemma 8.4.

Step 3. This step and Steps 4-7 prove Lemma 8.4’s second bullet. The
subsequent steps establish the identity

1

- N 0 2R1+2N(p)(0).
A—0 Ix|<R 1—|—2N(p)(0) (p)( )

Granted (8.13), then arguments that differ only cosmetically from those in
Step 2 can be repeated to prove that the derivative with respect to R of the
limit on the left hand side of (8.13) is an L] _ function on [0, co) whose restric-
tion to bounded interval is equal to the function R — limy_.g f|x|:R (Va2

The second bullet then follows by differentiating (8.13).

Step 4. This step and the subsequent steps prove the assertion in (8.13).
To set the notation, fix A € (0,rg) and reintroduce the metric my on the
x| < A"!rg part of R3. Denote the components of my as defined using the
basis {dx;}i=1,23 as {myik}i<ik<s and denote those of the dual metric on
T*R3 by {mi)f‘}lgi,kgl. The m) covariant derivative in the three Euclidean

coordinate directions are denoted {vi()\)}lgigg. As before, {V;}1<i<s is used
to denote the corresponding set of Euclidean metric covariant derivatives.
Keep in mind that each i € {1, 2, 3} version of Vio‘) —V; is an endomorphism
with norm bounded by coA?|x|. The pointwise norm on line bundle valued
tensors that is defined using my is denoted by | - |[x. As before, |- | denotes
the corresponding Euclidean metric norm.

Define the symmetric tensor Q) = V,\®y,\—%m)\]1/,\\2 and let {Qnxij}1<ij<3
denote its components when written with respect to the coordinate basis.
The tensor Q) is coclosed in the sense that {mi)f‘vi()‘)Q(/\)kj = O}i<j<3. The
fact that Q(y) is coclosed follows from the fact that v(,) is closed and m,-
coclosed.

The fact that vy is closed and coclosed can be used to see that

(8.14) L v IV Q))y = MM Viva Vivam — 2mi| Va3 + tox

where {v);}1<i<3 denote the components of vy, and where [tgx| < coA?|v[3.
The notation in (8.14) and subsequently uses the convention that repeated
indices are summed.
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Step 5. For i € {1,2,3}, let %; denote \?1|Xi' Fix p > 0 and then multiply
each i,j € {1,2,3} version of (8.14) by x,XiXj, sum the resulting equalities
and integrate both sides of the sum over the ball of radius R centered at the
origin. Having done so, use an integration by parts and the fact that Q) is
coclosed to derive the identity

(8.15) /|<R(|Vry)\’2 _ %|V1//\|2)

= %R_z/ X% Ve Qi + / if{i)}jf(kkaAij +e1n +e(p),
|x|=R [x|<R ’X‘

where [e1)(R)| < coA?RY with ¢, > 1 depending only on p. Meanwhile,
e(p) is a term that has limit zero as p — 0, this being a consequence of (7.3).
By way of an explanation for the e¢;) term, it has one contribution from the
t) term in (8.14) and a second contribution from the fact that Vi(/\) differs
from V; by an endomorphism with norm at most coA?|x|. Granted this, the
bound on the norm of the second contribution follows from the bounds in
the third and fourth bullets of Lemma 8.3.

Step 6. Introduce by way of notation d; to denote the unit length, radial
vector field on R? and introduce Q) to denote the pairing between Q) and

Oy ® O;. Use the fact that |Vi(’\) — Vi| < coA?|x| and Lemma 8.3 to see that
the far right hand integral in the p = 0 version of (8.15) is equal to

1 1
(8.16) /X|<R<er(|x|2Qm) _ 2WQAH) e (R),

where |ea\(R)| < coA?RY%. The identity Qae = [vac|? — 2[val2 with an
integration by parts writes the integral in (8.16) as

- 1
g0 B[ (P AP [ Sl - P+ a®)
IX|=R xj<r [X|
with |esx(R)| also bounded by coA*R!/%. Invoke Lemma 8.3 once again
to conclude that the A — 0 limit of the expression in (8.16) is equal to

1 1 1—2N() (0) R 142Ny (0)
2 3+2N(p) (0) 1+2N(p)(0) R :

Step 7. Use the bound |V-1(/\) — Vi| < coA?[x] to rewrite the left most integral
on the right hand side of the p = 0 version of (8.15) as

(818) / XinvrQ)\ij
Ix[=R

d
= Rzﬁ </ |_R(\VAr|2 - %\VA|2)> - R/ l_R(2|VAr!2 — [al?) + esr(R),
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where [esy(R)| < coA?R%. Use Lemma 8.3 to conclude that the A — 0
limit of the right most integral on (8.18)’s right hand side is equal to

—WR‘%“N@WO). Use the identity in (7.5) with Lemma 8.3 to prove

that the A — 0 limit of the left most term on (8.18)’s right hand side is

equal to —%R?’HN(P)(O). It then follows that the A — 0 limit of the

whole of (8.18)’s right hand side is —%R%?Nm 0,

Use the conclusions of the preceding paragraph and those in Step 6
to see that the A — 0 limit of the right hand side of (8.15) is equal to
—%WN@)(O)RHQMP)(O). The claim in (8.13) follows from this last con-
clusion and Lemma 8.3’s fourth bullet.

8.c. A definition of the function |v,|

The A — 0 limit of the set {|va|}ac(or,) IS analyzed in the two parts that
comprise this subsection with the result being a definition of |v,/|.

Part 1: The lemma that follows asserts the existence of subsequences of
the set {|vx|}re(o,r,) that converge strongly in the L? topology on any ball
about the origin in R3.

Lemma 8.5. There exists k > 0 with the following signifance: Fixz a de-
creasing sequence in (0,1o) with limit zero. There is a subsequence of this
sequence, denoted here by A, such that the corresponding sequence of func-
tions {|va|}aea converges as X\ — 0 weakly in the L? topology on every ball
about the origin in R3. The limit function is an L%;loc and L™ function on
each such ball whose pointwise norm is bounded by kRY® ) on the radius R
ball about the origin in R3. Meanwhile, the sequence {|Vvy|}rea converges

weakly in the L? topology on each such ball.

The limit function of one of Lemma 8.5’s sequence {|vx|}xea is denoted
in what follows by |vi|. Although the notation indicates that this function
is independent of A, an assertion to this effect is not proved until later.

Proof of Lemma 8.5. Tt follows directly from Lemma 8.3 that there exists
A, this being a subsequence of the original sequence, such that {|vy|}xea
converges weakly in the L? topology on every ball about the origin in R?
and such that {|Vuy|}aea converges weakly in the L2 topology on every
such ball. Use |v4| to denote the limit function of {|vy|}rea. To prove the
pointwise bound, fix € € (0,1) and reintroduce r. from Step 2 of the proof
of Lemma 8.3. Fix R > 1 and suppose that A\ € (0, R7'1¢) is less than r.. It
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follows from the s = AR and zZ = h (s)s~2~ 2@ (9) version of Lemma 8.2
using (8.6) that

(8.19) lva| < co(1 + e=R)RN» )

on the radius R ball about the origin in R3. The function |v.| must also obeys
the bound in (8.19) and since € has no positive lower bound, the function
|vi| must obey the € = 0 version of (8.19).

Part 2: The assertion in the next lemma implies in part that Lemma 8.5’s
sequence {vy}xea converges uniformly in the C° topology on compact sub-
sets of R3.

Lemma 8.6. There exists a p-independent number x > 10 with the follow-
ing significance: Lemma 8.5°s limit function |v.| is Hélder continuous with
exponent v = k1 and Lemma 8.5’s sequence {|vz|}aen converges to |v.| in
the v = k~1 Hélder topology on compact subsets of R3.

Proof of Lemma 8.6. The proof has five steps. By way of notation, these
steps use No as shorthand for N (0).

Step 1. Fix XA € (0,10) and define z\, by writing h(,)(A) as z3A*T20. Let
Z» denote the zero locus of |vy| in the radius A~!rg ball about the origin
in R3. Let z € Zy denote a given point. This point corresponds to a point,
Pz, on the zero locus of v in the radius ro ball centered at p. Use N,
as shorthand for N, )(0). Suppose that R > 16 has been specified, that
A < R7'rg and that the point z is in the radius %R ball centered at the
origin in R3. Define z, \ € (0, ¢o] to be the infimum of numbers z such that
hp,)(r) < 22?20 for all r e (0, TRA]. As explained momentarily, there
exist a purely R-dependent constant cg which is greater than R and has the
following significance: If A < cﬁlro then

(8.20) Zpazy L < co(RA)No N0,

To prove this claim, first use the p, version of (7.34) and Item c) from the
fourth bullets of the p, version of Proposition 7.1 to see that

(8.21) z;)\ < co(3RN) _2_2NZ)Oh(pz)(%R>‘)

Meanwhile, Stoke’s theorem with the definition of H(,) can be used to bound
the right hand side of (8.21) by ¢o times the value of r=2~2Yhy(r) at r = RA.
Granted this last bound, then (8.20) follows from (8.6).
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Step 2. Fix R > 16, and then \ € (0, cﬁlro) with cr as described in Step 1.
Lemma 8.2 with (8.20) have the following implication: Let z denote a point
in Z, that lies in the radius (164co) 'R ball about the origin; and let x € R?
denote a point in the concentric ball of twice this radius. Then

(8.22) lua|(x) < coRJz — x|N=0.

As Lemma 7.7 finds cg > 1 such that N, o > ¢ ! this last bound implies in
particular that |vy| is Holder continuous with exponent v > ¢ L along its
zero locus in any given radius ball about the origin in R3.

Step 3. Fix A € (0,cg'rg). Given & € (0,cy'], let Ug y4 denote the set of
points in the |x| < R ball with distance ¢ or more from Zy. Being closed and
coclosed, the 1-form v obeys the equation VIVv 4 Ric((-) @ v) = 0. Use this
equation with Lemma 8.3 to see that the second derivatives of vy obey

(8.23) / |VVuy|? < cod2RIF2No,
Ugr,a,s

This last inequality with a standard Sobolev inequality can be used to prove
the following: Suppose that x and y are points in Ug ) s. Then

(8.24) A (x) = 2ay)] < cod T RUFED 2 — y |12,

What is said by (8.24) implies that ||vy|(x) — |va|(y)| is also bounded by the
right hand side of (8.24) when x and y are both in Ug .

Step 4. Suppose that x and y are both in the radius R ball about the origin.
If either x or y is in Zy, then (8.22) implies that

(8.25) [IAl(x) = [l ()] < coR* Jx — y| Y=

for some z € Z) because the distance between x and y at most that between
either and Z,.

Now assume that neither x nor y is in Zy. Set § to equal the minimum of
dist(x, Z)"/® and dist(y, Zx)'/®. If |x — y| < 6°, then what is said in Step 3
implies that

(8.26) [l () = Al ()] < coR* [ — y] /2.

Suppose next that [x —y| > §° and suppose for argument’s sake that § =
dist(x,Zy). Then there exists z € Zy with |x — z| < 24. It then follows that
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ly —z] <20+ 5° and because llval(x) — [val(v)| < max(|va|(x), [val(y)), it
follows from (8.22) that

(8:27) Al (9) = [al(9)] < coR e — y[Neo /2

for some z € Z,.

Step 5. It follows from what is said in Step 4 using Lemma 7.7’s lower bound
Ny > cal that the A < cf_{lro part of the sequence {v)} xca is bounded in any
v < ¢y 1 Hélder topology on the radius R ball. It follows as a consequence
that this sequence is equi-Ho6lder continuous, and as it converges in the
L2 topology on the |x| < R ball, the same sort of argument that proves the
Arzela-Arcoli theorem proves that {|vy|}aea converges in any given exponent
v < ¢y ! Holder topology in the |x| < R ball. This implies in particular that

|v4| is Holder continuous for any given exponent v < ¢, L

8.d. A construction of (Z, I, v,)

The next lemma supplies Proposition 8.1’s data (Z., Ax, V).

Lemma 8.7. There exists a p-independent number k > 1 such that the
following is true: Let |v,| denote the limit function of Lemma 8.5’s sequence
{lval¥rea and let Z, C R3 denote the zero locus of |vs|.

o The set 7, is closed.
e There exists a real line bundle I, — R3—Z, and a harmonic, I, valued
1-form on R3—7Z., with norm equal to |vi|. The latter is denoted by vi.
o Fizt R > 1, e € (0,1] and k € {0,1,...}. Let Br denote the radius
R ball centered on the origin in R? and introduce Zre to denote the
radius € tubular neighborhood Z. NBr. There exists Ag ¢ € (0, R71ro)
with the following significance: Suppose that X € A with X < Ajck.
Then Zy N Br C Zr,e and there is an isomorphism between I, and
I over BR—Zgr that identifies vy as an I, valued 1-form that differs
from v, by an I, valued 1-form whose C* norm on Br—Zr, s less
than €.
o The 1-form v, is such that for each R > 0,
) fygon I = 202
i) f|x|§R sl = 3+12Ng R3T2%.
i) [ <r |V, |? = NgRIH2No,

i) f|x|:R |Vvi)? = No(1 + 2Ng)R®N if R is not in a certain measure
zero set.
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Proof of Lemma 8.7. The assertion in the first bullet to the effect that Z, is
closed follows from the fact that |v.| is continuous, the latter being a conse-
quence of Lemma 8.6. To prove the second bullet, use the Hélder convergence
given by Lemma 8.6 to see that

8.28) lim sup dist(z,Z.) = 0.
( AeA {z€Z\NBr} (

It follows as a consequence that there exists Ag € (0,R™'rg) such that if
A € A is less than A, then each point in Z) N Bgr has distance €2 or less
from ZNBg. Fix pairs A and \’ that obey these conditions. The convergence
assertion of Lemma 8.6 can be used to construct an isomorphism between
I and Iy over BR—Zr . A directed limit of these isomorphisms defines the
line bundle I, over R®—Z.

What follows is a tautological consequence of this construction: Fix
R >1 and then € € (0,1). There exists an isomorphism between each
A < Ar, version of Iy and I, over BR—Zgr .. Fix an isomorphism of this
sort for each such A so as to view vy as an I valued 1-form on Br—Zg.
Since each A\ < AgR 2. version of vy is closed on Bogr—Z9r 2. and coclosed
with Hodge star defined by my, and as Lemma 8.3 gives a A, R and ¢ inde-
pendent bound for its L? norm, there exists an a priori pointwise bound for
the derivatives of vy to any given order on BR—Zg .

Granted the conclusions of the preceding paragraph, a standard argu-
ment using the Arzela-Ascoli theorem and the fact that {vy}aca converges in
the L? topology on bounded domains in R? supplies the I, valued, harmonic
1-form v,. The convergence of {vy}rea to vy is in any given k € {0,1,...}
version of the CX topology on sets with compact closure in R?>—Z.

The first and second items of the fourth bullet follow from Lemma 8.3.
To prove Item iii), first use the fourth bullet of Lemma 8.3 with the fact that
vy is the limit of the sequence {v)} ca, to see that Vv, is square integrable
on any R > 0 version of B and that the square of its L? norm is no greater
than NoR!*2Yo. This fact, what is said in the fourth bullet of Lemma 8.3
and the fact that {v)}aea converges in the C! topology to v, on compact
subsets of R?*~Z implies that the L? norm of Vv, on the |x| < R ball is in
fact equal to NoR!*2¥o. But for one change, the argument for Item iv) of the
fourth bullet is identical to that just given for Item iii). This change replaces
each reference to the fourth bullet of Lemma 8.3 in the latter argument by
a reference to the first bullet of Lemma 8.4.
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8.e. Uniqueness of the limit data set (Z, I, V)

This subsection proves that any two subsequences of {vy } <y, that converge
as A limits to zero as described in Lemma 8.5 have the same limit 1-form v.
The lemma that follows makes the formal statement to this effect.

Lemma 8.8. Let A and A’ denote sequences in (0,1rg) such that the corre-
sponding sequences {va}xen and {vi}rear converge as described by
Lemma 8.5. Let |vi| and V)| denote the respective {vy}aen and {vx}ren
limit functions supplied by Lemma 8.5. Let I, and I, denote the correspond-
ing real lines bundles over the complements of the zero loci of |v«| and |V}]
that are described in Lemma 8.7, and let vy, and v, denote the associated
I, and I, valued 1-forms from Lemma 8.7. The functions |vs| and V| are
equal and so I, and I. are defined over the same domain in R3. As such, they
are isomorphic, and there is an isomorphism from I, to I. that identifies v
with V.

Proof of Lemma 8.8. There are three steps in the proof.

Step 1. If s € (0,1] and x is such that vys(x) # 0, then the definition of vys(x)
as Ash(\s)~1/2v(\sx) with what is said in Item b) of Proposition 7.1’s fourth
bullet can be used to write

(8.29) |%VAS}(X) = |(N(p)()‘s) + exs)as (%) — (rVivps) (x)],

where ¢y, is such that |exs| < coA?s?. The right hand side of (8.29) defines
an L? function on the |x| = 1 sphere for almost all s € (0, 1], this being a
consequence of the first bullet of Lemma 8.3 and what is said in Part 3 of
Section 8.b just prior to the statement of Lemma 8.4. Choose s € (0, 1] so
that this so and the equality in (8.29) gives the identity

(8.30) / 7Nk
|x|=1
= Ny (Ns)? / Il =2 09 /

VI/)\‘z—i-SQ/ |Veva]? +na(s),
|x|<s |x|=s

with 1y (s) obeying |ny(s)| < coA?s?. By way of an explanation for the middle
integral on the right hand side of (8.30), note that the latter is equal to the
integral over the |[x| = 1 sphere of the inner product of vys and V,v)s.
This equality follows formally via an integration by parts from the fact that
ViVy+Ric(v) = 0. As in Section 7, the functions from the set {x,},>0 with
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(7.3) can be used to prove that the formal integration by parts identity is
not compromised by contributions from neighborhoods of Zj.

Fix A € (0,1p) so as to view the right hand side of (8.30) as a function of
the coordinate s for the interval (0, 1]. It follows from what is said just prior
to Lemma 8.4 that the right hand side of (8.30) defines an L! function on this
interval. This is therefore the case for the function of s € (0, 1] given by the
integral on the left hand side of (8.30). With the preceding understood, then
(8.30) with the first and fourth bullets of Lemma 8.3, the second bullet of
Lemma 8.4 and Lemma 7.7 lead directly to the following conclusion: Given
e > 0, there exists A. € (0,rp) such that

(8.31) /01 </x|1|%ws(')‘2> ds < e

when A € (0, \;).
Step 2. Fix A € (0,r9) and define the function Ly on (0, 1] using the rule

(5:32 e a® = [ (0 =l )

This function is no greater than

(8.33) /IXI=1 (/tl}%VAs(')‘dS> </tl‘%lus'(')‘d5/>

which in turn is bounded by the integral on the left hand side of (8.31).
This being the case, it follows directly from (8.31) that the sequence of
functions {Lx}re(o,r,) converges to zero in L*((0, 1]) as A limits to zero. This
last observation implies that |v.| = |V].

Let v denote a unit length vector in R? and let (vy), denote the I valued
function on the radius A~! ball about the origin in R? that is obtained by
viewing v as a section of TR? and vy as a section of Hom(T*R3; 1) over
the complement of the |vy| = 0 locus. Define the function L), on (0, 1] by
replacing vy in (8.32) by (vy)y. The latter is also bounded by the integral
on the left hand side of (8.31). As a consequence, the sequence of functions
{Lav}ae(0.r) cOnverges to zero as in L'((0,1]) as A limits to zero. This last
observation implies that |(v.)v| = |(V))v].

Step 3. The fact that |v.| = |v,| implies that Z, = Z/. This step constructs
an isomorphism between I, and I, that identifies v, and v,. To this end,
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introduce by way of notation ¢ to denote the section of I, ® I, that is ob-
tained by multiplying the metric inner product of v, with v/, by |v.| 2. The
observation at the end of Step 2 to the effect that |(vi)y| = |(V))y| for any
v € TR? implies that ¢ has norm 1 at each point in R3—Z,. This being the
case, ¢ defines an isomorphism between I, and I, that identifies v, with /.

8.f. Scaling behavior of v,

The lemma that follows asserts that v, has a very simple dependence on the
radial coordinate R3.

Lemma 8.9. Fiz R > 0 so as to define the map ¢ : R> — R3 by the
rule x — Yr(x) = Rx. Then Yr(Zs) = Z. and there exists an isometric
isomorphism between I, and Yr* I, that identifies Yg* v, with RtNoy, .

This lemma is proved momentarily.

What follows directly describes an important consequence, this being
that v, can be viewed using the scaling relation 1¥gr*v, = R1™ov, as a pair
(Vsr, Vst ) with the first entry being an I, valued function on the complement
of Z, in the |x| = 1 sphere and with the second being an I, valued 1-form on
this same complement. This is done by writing v, as v4dr 4+ v, on R3-7Z,
with dr denoting the metric dual to the radial vector field 9, on R? and with
v, annihilating this same vector field. The scaling formula ¥g*v, = RIHNoy,
implies that v, is determined by the restrictions of v,, and v, to the |x| =1
sphere. This being the case, (Vur, Vs ) are henceforth viewed as a pair of I,
valued function and 1-form that are defined on the complement in the |x| = 1
sphere of the of the |x| = 1 points in Z,.

The scaling relation ¥R *v, = RMNoy, can be used to write the equations
dv, = 0 and d*v, = 0 as equations on the |x| = 1 sphere for (vi,vx) ), these
being the equations

(8.34) dve, =0, #dsve = —(No+2)vse  and  dve = Ny, .

To explain the notation, the exterior derivatives in (8.34) are exterior deriva-
tives on the |x| = 1 sphere and the Hodge dual in (8.34) refers to the version
on the |x| = 1 sphere that is defined by its round metric. These equations
play a central role in Sections 8.g and 8.h.

Proof of Lemma 8.9. Fix a decreasing sequence A C (0,1¢) with limit zero
of the sort described in Lemma 8.5. As explained in Lemmas 8.5-8.8, the
sequence {|vx|}rea converges in the L% . topology on R? to |v.| and this
convergence is in an exponent v > 0 Holder topology on compact subsets,
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and in the C* topology on compact subsets of R3—Z,. The sequence {vy }rea
converges in the C* topology on compact subsets of R3—Z, to v, in the
following sense: Fix R > 0. The sequence {vg)}aca also converges in the
manner dictated by Lemma 8.5, and so its limit is also v.

It follows from the definitions that |vgy| = h(RA)~Y2h(A\)Y2|yr*vy|.
Meanwhile, it follows from (7.34) and from the continuity of the function
N that h(R)\) = R*+2¥otexh()\) with the collection {e)}rep having the fol-
lowing property: Given ¢ > 0 and R, there exists Ag. € (0,19) such that
lea| < e when A € A is less than Ag .. Granted these observations, take A € A
ever smaller and invoke what is said in the first paragraph to conclude that
V| = RN ypr*v,|. This implies that ¢r(Zs«) = Z. and the latter implies
that there is an isomorphism from I, to ¥g* I and that the R € (0,00) of
such isomorphisms is suitably continuous.

Fixe >0and T > 1 and let Zt . denote the radius € tubular neighbor-
hood of the intersection between Z, and the |x| < T ball in R3. Fix R < T
and x € R3—Zr . with |x| being less than the maximum of T and RT. If
A € A is small then Zy and Zgy will intersect the |x| < T ball inside Zp .
Assuming this to be the case, then the bundles I, and Ig) can be iden-
tified with I, near x. Granted this identification, then vg) and vy near x
can be viewed as sections of the same vector bundle. When viewed as such,
it follows from the definitions that vry(x) = h(RA)~/2h(A\)Y2(yr*vy)(x).
Granted this fact, take A € A ever smaller and invoke what is said in the
first paragraph to see that (Yr*v4)(x) = R1Noy, (x).

8.g. The structure of Z,

Lemma 8.9 implies that Z. is a cone on its intersection with the |x| = 1
sphere in R3. The next lemma describes this cone.

Lemma 8.10. The set Z, contains a finite number of |x| = 1 points. Thus,
Z, consists of the union of the origin in R3 and a finite set of rays based at
the origin in R3.

Proof of Lemma 8.10. Suppose to the contrary that v, has an infinite set of
zeros on the |x| = 1 sphere so as to generate nonsense. This is done in the
five steps that follow.

Step 1. Fix a countable set of |x| = 1 zeros of v, that converge. Use stereo-
graphic projection based at the antipodal point to the limit point to view the
limit point as the origin in R? and use the standard complex structure on R?
to view R? as C. Use the stereographic projection map to view this countable
set of zeros as a sequence of points in C that converge to the origin. Denote
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this set by {wi}x=12, .. No generality is lost by assuming that {wy}x=12 .
does not contain the origin, that [wi| < 1 and that |wiy1| < |wy| for all
ke{l,2,...}.

Use the stereographic projection to view the part of Z, in its domain
as a subset of C. Denote this subset by Z, also. The pull-back of I, by
the inverse map is a real line bundle over C—Z,, this denoted by I, also.
The corresponding pull-backs of v, and v, via the inverse to stereographic
projection are an I, valued 1-form and I, valued function on C—Z,. As is the
case with Z, and I, the notation used below does not distinguish between
V4 and vy, and their incarnations on C.

Let z denote the standard complex coordinate on C. Denote the z-
derivative by 0 and the Z derivative by 9. Write v, | as v, | = W(adz +
adz). The equations in (8.34) can be written schematically using this nota-
tion as

(8.35) o= —3(1+No)(1 +vo)vee and vy = 2Ng(1+11)ar.

with tg and t; denoting smooth C-valued functions that obey [to| + |t1] <
C()|Z’2.
Step 2. Given m € {1,2,...}, let uy,, = Hm<k§2m m Define Q,, to be
U /Uy, This is a C valued function on C—{wy };y<k<om with norm 1. Fix for
the moment ¢ € (0,1) and for each k € {m + 1,...,2m}, set oy, x to denote
the function y(2—&71|(-) —wy]), this being a function on C that is equal to 1
where |z — wy| > 2¢ and equal to 0 where |z —wy| < e. Fix § € (0,1) and let
os denote the function on C that is given by the rule z — x (67 1|z| —1). The
function o is equal to 1 where |z| < § and it is equal to 0 where |z]| > 2.
Define o to be 05 [ [, cx<om Tmk-

With the preceding understood, define oy, to be oty and Sy to be
oum V- The equations in (8.36) imply that the pair (ay, Bm) obey an equa-
tion of the form

(836) 8am = —%(1 + NO)(l + tO)QmBm + 3o + Un e and
éﬁm = 2N0Qm<1 + tl)am + 3B + Uge-

where 3 = (3a,33) has the derivatives of oy and thus has compact sup-
port where 6 < |z| < 26; and where u. = (uq.,ug) has the derivatives of
[[hck<om Omk and is therefore zero except where ¢ < |z —wy| < 2¢ for some
ke{m+1,...,2m}.

Step 3. The lemma that follows says what else is needed with regards to 3
and ..
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Lemma 8.11. The L2 norm of 3 is bounded by k6™ with k being indepen-
dent of m. Meanwhile, lim sup,_, f(c luc|? exists and it is equal to zero.

Proof of Lemma 8.11. The assertion about 3 follows from the fact that
lum| < colz|™™ where |z| > 2|wy|. To prove the assertion about u., in-
voke Lemma 8.6 to conclude that the integral of |u.|? is no greater than
Com‘W2nl|7m+1€1/co.

Step 4. Introduce the radial coordinates R € (0,00) and § € R/(27Z) by
writing z as Re'?. Write d and O using these coordinates. Having done so,
square the norm of both sides of both equations in (8.36) and multiply by
R to obtain the inequalities that follow.

(8.37) e R|Oram|? + 10k (mOpam) — 10 (amOpaim) + R |Opam |? <
C()R(|C¥m|2 + |5m’2 + ’5&’2 + ’ua,s 2)-

i R|8R5m|2 - iaR(BmGOBm) + iaH(ﬁrn@RBm) + R_1|896m|2 <
coR(Jam[* + 35]° + |ug <)

Fix p > 0 and multiply both sides of both inequalities by the function
Xp = X(2 — p~t{r4]); then integrate both sides of the result over the disk of
radius 24 about the origin in C using the measure drdf. Integrate by parts to
rewrite the integrals of ix,0r (m0paum), 1Xp0p(QmOrm ), —iXpOR(Bm@gBm)
and ixpﬁg(ﬂmGRBm) to obtain derivatives of x,. As in previous applications
of x,, these terms have p — 0 limit equal to zero. Take this limit to conclude
that

(8.38) / (IOrm]? + |95 B 2R dr 6
17| <25

< cO/ (Jom|? + | Bm|*)R AR A6 + / (13)% + Jue[*)R dr d6.
|z| <26 |z| <26

Step 5. Since oy, and [y, have compact support where |z| < §, the integral
on the left hand side of (8.38) is no less than c;'0~2 times the integral of
|t |24 | Buu|?. This being the case, then (8.38) leads directly to the inequality
(8.39)

(672 - co)/ (Jam|? + |Buw|?)R dR I < co/ (131? + Jue/*)R dr d6.
|z| <26 || <28

Take § < cy ' so that the left hand side of (8.39) is positive. Then take the
€ — 0 limit and use Lemma 8.11 to see that the result implies the bound

(8.40) / (Jaml? + [Buul2)R dR.dB < cgd~2™.
2] <26
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The left hand side of (8.40) is no less than the integral of |ayy, |2 + |Bm|? over
the disk in C where %5 <z| < %5. With § = cal fixed, then all k > cal
points wy, will have norm less than 362, and as a consequence, |o|?+|Bm|?
where 76 < |z| < 1§ will be greater than co H(46) 72 (Ja|? + |vir|?). This
being the case, then the § = cal and m > cal versions of (8.40) imply that

(8.41) / ([Var |2 + [pae)R AR O < cpd ™.
5/16<1l<5/8

Take m ever larger in (8.41) to deduce that |v.| must be zero on an annulus
about the origin in C. But this implies that |v,| is zero on the cone over this
annulus, which is nonsense as it runs afoul of Item a) of some p’ # p version
Proposition 7.1’s fourth bullet.

8.h. The behavior of v, near Z,

This last subsection first states and then proves the upcoming Lemma 8.12
which implies in part that |v4|? vanishes to integer order along each ray
component of Z,.

Lemma 8.12. Let x denote an |x| = 1 point in Z.. There exists k €
{1,2,...} with the following properties:

e The function |v,| near x can be written as |v.| = ¢|x—(-)|*/24- - - where
¢ is a positive number and where the unwritten terms are bounded by
a multiple of |x — (-)[</?+1,

e The bundle I, near x is isomorphic to the product bundle if and only
if k is even.

Proof of Lemma 8.12. Let x a point on Z, with norm 1. Use the stereo-

graphic coordinates from Step 1 of the proof of Lemma 8.10 to view this point

as the origin in C and to likewise view v, and v, on C. With this view un-
2

derstood, write v, again as W(adi—i—c‘vdz). Fix a small radius disk about

the origin whose closure has no point but the origin where |a|? + |42 = 0.
Let D denote this disk and let p denote its radius. If the bundle I, on D is
isomorphic to the product bundle, it then follows from (8.35) that o and vy,
are real analytic on D. This being the case, Taylor’s theorem with remainder
finds exists an integer k € {1,2,...} and non-zero complex number «g such
that

1 1 t1

~Ny HepZ" T + aZ ) + - -

42 = K _
(842) a=aapz*+ and Vi P
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with the unwritten terms in the equation for o having norm bounded by
a multiple of |z|**! and with those in the equation for v, having norm
bounded by |z|**2. This equation implies the assertion of the first bullet of
Lemma 8.12 when I, is isomorphic to the product bundle on D—0.

Now assume that I, is not isomorphic to the product bundle on D—O0.
Introduce a second copy of C and let w denote the complex coordinate on
this second copy of C. Use Dy, to denote the |w| < p'/2? disk in this second
copy of C. Define the 2-fold branched cover ¢ : Dy, — D by the rule whereby
¢*z = w?. The pull-back bundle ¢*I, is the product bundle on Dy, —0. This
implies that ¢*a and ¢*v,, are respective C valued and R valued functions
on Dy,. It follows from (8.35) that these pull-backs obey the equations

(8.43) O(¢p*a) = —(1 + No)Wp* vy and (™) = dNgwp*a.

These equations imply that ¢*a and ¢*v,, are real analytic functions of w.
Moreover, they imply there exists ap € C—0 and k € {0,1,...} such that

(8.44) o'a=aw*t 4. and
1 _ _ _
P = k3 Hagw™ 2 + agw? ) 4.

where the unwritten terms in the equation for ¢*a have norm bounded by a
multiple of |w|?**3 and those in the equation for ¢*v,, have norm bounded
by a multiple of |w|?**®. Note in particular that ¢*a must vanish to odd
order as a function of w; if not, then the components of v, on D—0 could
be used to obtain a nowhere zero section of I, on D—0. What is written in
(8.44) implies what is said by the first bullet when I, is not isomorphic to
the product bundle on D—0. The fact that ¢*a must vanish to odd order
with (8.42) implies the assertion of Lemma 8.12’s second bullet

9. Weakly continuous points in Z

As in Section 8, the implicit assumption in what follows is that (Z, I,v)
define a twisted harmonic form data set. A point p € Z is said to be weakly
continuous when there exists a sequence {p;}i=1,2,.. C Z with limit p such
that {N(,)(0)}i=1,2,... converges with its limit being N(;(0). Let p € Z denote
such a point. The central proposition in this section describes an alternative
contruction of p’s version of the set Z,. This central proposition is Proposi-
tion 9.2. Proposition 9.2 leads to the characterization p’s version of Z, that
is given below by Proposition 9.1. The lemmas used to prove Proposition 9.2
also play a role in Section 10.
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Proposition 9.1. Suppose that p € Z is a weakly continuous point.

® N(;,)(0) is half a positive integer.

e The set Z, from p’s version of Proposition 8.1 has precisely two |x| = 1
points, these being antipodal. This is to say that Zs is a line through
the origin.

o There exists ¢ € (0,00) such that if x 1is either of the points with
norm 1 on Zy, then the function |v.| near x has the form |v.| =
eJx — (HN®O) ... where the norm of the unwritten terms is no
greater than a constant multiple of |x — (-)[N@ O+,

This proposition is proved in Section 9.c

To set the stage for Proposition 9.2, suppose that p is weakly continuous.
Fix a sequence {pi}i—{1,2,..} C Z converging to p such that {N(,)(0)}i=1,2...
converges with its limit being N(;,)(0). Discard a finite number of elements
from the sequence {pi}i:Lg,m so that the resulting sequence lies in the radius
ﬁro ball centered at p; then renumber the resulting sequence consecutively
from 1. Fix i € {1,2,...} for the moment and select a number \; which is
positive but less than ﬁro. Choose Gaussian coordinates centered at p to
define an orthonormal basis for TM|,,. Parallel transport this basis along the
short geodesic ray from p to p;j to define an orthonormal basis for TM|,,. Use
the latter to define Gaussian coordinates centered at p;. Having done so, let
d)%p‘) ), denote the map from the radius A;” ro ball centered at the origin in
R° to the radius ry ball centered at p; that is obtained by composing first the
rescaling map x — A;x and then the Gaussian coordinate chart map. Define

Z; to be the inverse image via ¢,y 0f Z, define f to be the pull-back via
P(p)x; Oof I and define v; to be the product of h(pi)()\i)*l/Q with the ¢,
pull-back of v. The set Z; is a closed subset of the |x| < A\ 'rg ball in R3,
what is denoted by I is a real line bundle over the complement of Z; in this
ball, and what is denoted by 14 is an L valued 1-form on the complement of
Z; with Z; being the zero locus of |v4].

Proposition 9.2. Fixz p € Z and suppose that {pi}i:1,2,_._ C 7 is a sequence
with limit p such that {N(,)(0)}i=1,2,... converges with its limit being N(p) (0).
Let 7, C R? denote the set that is supplied by p’s version of Proposition 8.1
and let I, denote the corresponding real line bundle over R3—7Z.. There exists
an I, valued, harmonic 1-form on R3—7Z, with the properties listed below.
The list use vo to denote this I, valued I1-form.

2

e |vy| extends to R® as an L2,

zero locus Z.
e Fiz R > 0. Then yr*vy = ROy,

and Holder continuous function with
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e Fix a decreasing sequence {A;}i=1,2,.. in (0, ﬁrg) with limit zero; then
construct the sequence {Z;, L, I/i}i:1727_._ as instructed above. There ex-
ists a subsequence in {1,2,...} to be denoted by Ao with the following
properties: Given ¢ € (0,1], there exists 1. such that if i € Ay and
i>1., then

a) The functions |vi| and |vy| differ where |x| < e=! by a function
with L3 norm and Holder norm less than e with the Hélder ex-
ponent being independent of the data set {(pi, Ai) }i=12,... and the
point p.

b) Let T- C R3 denote the radius e tubular neighborhood of Z.. Each
x| < e~ point in Z; lies in T-.

c) There exists an isometric identification between I and I, over the
x| < 7! part of R3—T- that identifies v; as an I. valued 1-form
that differs from vy by an Iy valued 1-form with any k < e~

version of the CX norm being less than e .

The proof of this proposition is contained in Sections 9.a and 9.b.
9.a. The data set (Z¢, I, ve)

The upcoming Lemma 9.3 states a weak analog of Proposition 9.2 that has
Z. replaced everywhere by a finite union of rays from the origin in R3 and
I, replaced by a real line bundle over the complement in R? of this same
finite set of rays.

Lemma 9.3. Fiz p € Z and suppose that {piti=12... C Z is a sequence
with limit p such that {N,)(0) }i=1,2,... converges with its limit being N(;,)(0).
There exists a triple (Zg, Iy, Vo) with the properties listed below.

o 7 is the union of the origin in R3 with a finite union of rays from the
origin in R and Iy is a real line bundle on R3—Z.

e vy is an Iy valued, harmonic 1-form on R3—Z, with |ve| extending
to R3 as an L%_loc and Holder continuous function whose zero locus
18 Zg. Moreovér, this Holder morm is independent of the data set
{(pi, M) }iz1,2,... and independent of p.

e Fiz R > 0 and there exists an isometric isomorphism between Yr* I
and I that identifies yr*ve with RN )y,

o Fix a decreasing sequence {\i}i=1,2,... in (0, ﬁro) with limit zero; then
construct the sequence {Zi, I, Vi }i=12,... as just instructed. There exists
a subsequence in {1,2,...} denoted by Ao with the following properties:
Given e € (0, 1], there exists 1. such that if i € Ay and 1> I, then
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a) The functions |vi| and |vy| differ where |x| < =% by a function
with L2 norm and Hélder norm less than e with the Hélder ex-
ponent being independent of the data set {(pi, \i) }i=1,2,... and the
point p.

b) Let T. C R? denote the radius ¢ tubular neighborhood of Z,. Each
x| < 71 point in Z; lies in T.

c) There exists an isometric identification between I and Iy over the
x| < 7! part of R3—T¢ that identifies v; as an I, valued 1-form
that differs from vo by an Iy valued 1-form with any k < e~

version of the CX norm being less than e .

Proof of Lemma 9.3. The proof has seven parts. Part 4 constructs a closed
set Zo C R? and data (I, vo) from a given sequence {\i}i—12,. with I
being a real line bundle on R3—Z¢ and with v being an I, valued 1-form
on R3—Z. Part 4 also verifies that (Zg, Iy, V) is described by the second
and fourth bullets of Lemma 9.3. Part 5 proves that the data set (Z¢, Iy, o)
depends only on the sequence {p;}i=1,2, .. Part 6 of the lemma proves the
scaling relation that is asserted by the third bullet of Lemma 9.3 and Part 7
proves that Z has the form that is asserted by the first bullet of the lemma.

By way of notation, the proof denotes each i € {1,2,...} version of
dist(pi, p) by Di. The proof uses Ng to denote N(;,)(0); it uses other notation
from Section 8 as well.

Part 1: Fix X € (0, ﬁro) and suppose that i € {1,2,...} is such that
D; < A. Reintroduce p’s version of the map ¢, from Section 8. The point
pi corresponds via ¢y to a point in R? with norm A~!D;. Denote this point
by x;. Fix R > 1 and let Byg(pi) C M denote the ball of radius R centered
at p;. This ball corresponds to a domain in R? via the map ¢y. Denote this
domain by U;r. If i is large, then U;r is very nearly a ball of radius R
centered about x;. In particular, U; g will be a convex set containing the
origin whose boundary is an embedded sphere that is very nearly the sphere
where |x — xij| = R. What follows defines what is meant by the term ‘very
nearly’: Fix k > 0 and 6 > 0. Then there exists a A-independent number ¢y 5
such that if i > ¢ s, then the boundary of U; g will differ by at most 4 in
the C* topology from the round sphere in R? with radius R and center x;.
This is because the composition of first the Gaussian coordinate chart map
centered at p; with the inverse of that centered at p has the schematic form
X — X + Ax; + t(D;, x) where t has C'%% norm bounded by a k-dependent
multiple of D; and is such that |¢(Dy,x)| < coDjlx].
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It follows from what was just said that if A < cj rg, and if the index
i is large, then Ujg contains the |x| < R — 2\~ !p; ball and it, in turn,
is contained in the |x| < R + 2A7!D; ball. Use this last observation with
Lemma 8.3 to write

(9.1) / al? = (1+ eir + ex ) RE20,
Ui r

where ¢; g accounts for the fact that the boundary of Uj g is not the [x| =R
sphere and where ¢) g accounts for the fact that N(,)(AR) is not exactly No.
In particular |e;g| is at most coR™IA7!'D;. Meanwhile, if § > 0 has been
specified, then |ey gr| will be less than ¢ if AR is sufficiently small because
N(p)(+) is continuous.

Part 2: Fix § > 0 for the moment. Having done so, take A < 6% and also
small enough so as to guarantee that any R < 61 version of |e) g| is less
than . As explained in the next paragraph, with A so chosen, then the
following are true:

(9.2) ° |N(pi)(>‘) - N0| < C()()\lei + 6+ )\2)
® Nip(r) < No+co(A™'Di+0+A2R2) if r € (0,R\) and R < 5.
® Np)(r) = No—4d— cor? if i is large, v € (0,R\) and R < 61

To prove the assertion in the top bullet, first take s = 2\ and r = X in
pi’s version of (7.34) use the resulting equation with Item c) of the fourth
bullet from the p; version of Proposition 7.1 to see that h,,)(2A) /hp,)(A) >
(1 — coA2)2204Nen (V) | Indeed, Item c) of the fourth bullet of py’s version of
Proposition 7.1 asserts that N, )(r) > Ng,)(A) up to a small error on the
interval [\, 2)]; and this fact with p;’s version of (7.34) leads to the asserted
lower bound for hy, ) (2)) /hp,) (A). Invoke py’s version of (7.34) a second time
withs = Aandr = %)\ and use Item c) in the fourth bullet from the p; version
of Proposition 7.1 to see that h(pi)()\)/h(pi)(%)\) < (14coA?)2204Nen (V) The
proof of this inequality uses Item c) of the fourth bullet from p;’s version
of Proposition 7.1 to conclude that Ny (r) < N(,,y(A) but for a small error
for r € [3A, A]. This fact plus (7.34) leads to the asserted upper bound for
hip) (M) /hp, (3)). A comparison of these two inequalities with the respective
R =2) R =X and R = 3\ versions of (9.1) leads directly to the assertion
in (9.2)’s top bullet. The r < A version of the middle bullet in (9.2) follows
from the top bullet using Item c) from the fourth bullet of p;’s version of
Proposition 7.1. The r € (A, R\) version of the middle bullet in (9.2) follows
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from (9.1) by invoking p;’s version of (7.34) with Item c) of the fourth
bullet in p;’s version Proposition 7.1 to see that h(,)(RA)/h(r) > (1 —
coR2A2)R204Nen (M) The assertion in the lower bullet follows from Item c)
of the fourth bullet in the p; version of Proposition 7.1 given the assumption
that lim;_, N(pi)(O) = Np.

Part 3: Choose § € (0,1) and then A < § and in particular, so that
lex1/s] < 6. With A so chosen, fix i € {1,2,...} so that A™'D; < §* and
SO A I\ > 672, The Gaussian coordinates centered at p; that are used to
define v; identify the ball of radius A centered at p; with the ball of radius
A '\ centered at the origin in R3. Use this identification to view [14] as a
continuous function on the |x| < §~! ball in R?. By way of a reminder, the
zero locus of |v;] on this ball is the |x| < §~! part of Z;. The line bundle &
on this ball is the pull-back of I to the complement of Z; via the map ¢p)x;;
and the 1-form v; on this ball is an I valued 1-form on the complement of Z;.

The integral of |14]? over the [x| = 1 sphere in R? is equal to 1, this by
definition. Fix R € (0,67') and use what is said by the second and third
bullets of (9.2) with the p; version (7.34) to write

(9.3) / | = (1 +tr)RZT2N,
[x|=R

with the absolute value of v g obeying the bound
(9.4) tir| < co(AR? + R%%).

Introduce vy, to denote the radial component of v; and V,v; to denote
the covariant derivative of 7; in the radial direction on R?. Keeping in mind
that 0 in (9.2) and (9.4) be chosen as small as desired, the arguments that
prove Lemmas 8.3 and 8.4 and (8.19) can be invoked using the middle and
lower bullets of (9.2), (9.3) and (9.4) to see that

14No R2+2N0
)

(9.5) ° {f|x\:R |Vir|2}i:1,2,,,, converges with limit 3o

{fIX\SR [i|*}iz1,2,.. converges with limit 3+12N0 R3+2No,

{fIX\SR |Vui|? izt 2,... converges with limit NoR'T2No|

{f|x\=R |Vui|? izt 2,... converges with limit No(1 + 2Ng)R?Yo,

{f|x\=R \Vovi|? bzt 2, converges with limit NARNo.

lim SUPHOO(SUP\X|§R |i]) < coRMNe.
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Part 4: The bounds given in (9.3) and (9.4) with those in the first three
bullets and the last bullet of (9.5) lead directly to the following conclusion:
There is a subsequence Ay C {1,2, ...} such that the corresponding sequence
of functions {|vi|}ica converges weakly in the L? topology on every ball
about the origin in R3. The limit function defines an L%;loc function on R?
with norm bounded by xR™ on the radius R ball about the origin in R3.
Meanwhile, the sequence {|Vvy|}rea converges weakly in the L? topology
on each such ball. Let |vo| denote the limit function. An almost verbatim
repetition of the arguments that prove Lemma 8.6 proves that |ve| is Holder
continuous with exponent v = ¢y and that {|vi]}iea, converges as i — oo
to |ve| in the exponent v Holder topology on every ball about the origin
in R3.

Let Z¢ C R? denote the zero locus of |vg|. This is a closed set because
lvg| is continuous. The fact that {|v|}iea, converves to |vo| on compact
subsets of R? in a Hélder norm has the following consequence: Fix & > 0.
Then the [x| < 7! part of all sufficiently large i versions of Z; lie in the
radius € tubular neighborhood of Z. Granted that this is the case, then the
arguments used to prove the first three bullets of Lemma 8.7 can be reused
with only cosmetic changes to define the line bundle Iy over R*~Z, and
the desired I, valued harmonic 1-form v¢. This is to say that I is defined
to be isomorphic to suitably large i versions of L over compact subsets of
R3—Z¢ and vy is then the C* Fréchet space limit on any given compact
subsets in R*—Z, of the large i part of the sequence {v;}ica,. Convergence
of {vi}ien,, in the C* Fréchet space topology occurs on compact subsets for
the reason given in the proof of Lemma 8.7 for the analogous convergence
of {va}xea to vi. The limit 1-form v, is harmonic for the same reason that
Vs is harmonic.

Note that the assertions of Items i)-iv) of the fourth bullet from
Lemma 8.7 hold with vy replacing v, this being a consequence of (9.5) and
what was said in the preceding paragraphs about convergence of {|vi|}iea,
on compact subsets of R® and of {vi}ica, on compact subsets of R3—Z.

Part 5:  This part of the proof explains why the data (Z¢, Iy, o) does not
depend on the choice of the sequence {Ai}i=12 .. The argument has five
steps.

Step 1. Let {\}i=12,. and {\}i=12 . denote decreasing sequences in (0,
Wloro) that converge to zero. Let Ay C {A{}i=12,.. and AY C {A{}iz12,..
denote two subsequence with the properties that are described in Part 4.
Relable the sequence A’<> by the odd integers starting with 1 and relable A’é



374 Clifford Henry Taubes

by the even integers starting from 2 so as to obtain a new sequence to be
denoted now by {Ai}i=12,...-
Step 2. Fix i€ {1,2,...} and define

(9.6) LiZ/Ilzl(\V21|(')—|V21—1|(')D2-

Given a contant, unit length vector v on R?, define (v5;_1), to be the section
of hi_; that is defined over the complement of Zy_; in the |x| < 2 ball by
pairing vo; with v. The analogous rule defines (19), as a section of Iy over
the complement of Zg; in the |x| < 2 ball. Granted these definitions, define
Liv by replacing voi—1 in (9.6) by (v2i—1)v and replacing vo; by (v2i)v. The
next step explains why the sequences {Li}i—12, .. and {Liy}iz1,2,.. converge
as i — oo with limit zero. Granted that such is the case, then the arguments
used in Step 3 of the proof of Lemma 8.8 can be reused to prove that
the {A[}i=1,2,.. version of Part 4’s data set (Z¢, Iy, V) is the same as the
{M\'}i=1,2,... version.

Step 3. Fix i€ {1,2,...}. Assume first that \gj < A9j_1. Fix s € (0, 1] and
define @, )sx,,_, to be the map from the [x| < 2 ball in R3 to the radius
2sA9i—1 ball centered at p; that is obtained by composing first the rescaling
map x — sAgi—1x and then the Gaussian coordinate chart map. Define Z; ¢
on the [x| < 2 ball in R? to be the ¢(;,)sx,, , inverse image of Z, and define I
to be the real line bundle over the complement in Z; s of the ¢, )s,,_, pull
back of I. Then define v; 4 to be the L ¢ valued 1-form on the complement of
the |x| < 2 ball in R? of Z; s by multiplying the B(p)shs;, Pull-back of v by
(h(pi)(s)\zi_l))_lﬂ. Define the function on w; on [0, 1] by the rule

9.7) s = wi(s) :/|=1‘%Vi’3(')‘2

If it is the case that Ag; > Agi_1, then define W; by repeating what was just
said with Ag; replacing Ao;_1 in all instances.

The argument used in Step 1 of the proof of Lemma 8.8 can be repeated
to prove that each i € {1,2,...} version of w; defines an L! function on [0, 1].
This understood, the arguments in Step 1 of the proof of Lemma 8.8 that
lead to (8.31) can be repeated using the identities in (9.5) in lieu of their
analogs from Lemmas 8.3 and 8.4 to prove that the sequence {Wi}i—12 .
converges to zero in L1(]0, 1]).

Meanwhile, an essentially verbatim version of the arguments in Step 2
of the proof of Lemma 8.8 can be used to draw the following conclusion: If
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ie{1,2,...}, then both Lj and L; ; are bounded by the L! norm of w;. This
understood, the conclusions of the preceding paragraph imply that both
lim sup;_, ., Li and limsup;_,, Ly are zero.

Part 6: The argument that proves the third bullet of Lemma 9.3 is essen-
tially the same as that used to prove Lemma 8.9. By way of a quick summary;,
fix a decreasing sequence {\j}i=12... C (0, WIOR_lro} and construct the data
(Z¢, Iy, v¢) first using the latter. Having done so, construct this data again
using the sequence {RA;}i—1,2, ... The analog of each i € {1,2,...} version
of v; for the latter sequence is denoted by 1;r. To prove the scaling rela-
tion asserted by the third bullet of Lemma 9.3, first use the definitions of
v; and 1 g imply the identity v r = (%)1/ 2pr*v;. The desired scaling
relation follows directly from the assertion that any fixed R version of the
sequence {(%)1/2}121,27,” converges to R™1"¥» (0 The two steps that
follow prove this convergence assertion.

Step 1. Fix 6 > 0 for the moment but less than R™! and then fix A\ < 65.
Use the second and third bullets of (9.2) with p;’s version of (7.34) to see

that (%)1/2 can be written as (1+ 3 r)R™I V@) with |3 r] < co(6 +

A7ID; + AZR? + AZR?) In R.

Step 2. Keeping in mind that R < §~! and A\ < 63, the preceding bound
implies that |3 r| < cod|Ind| + co(A~D; + A2R?) InR). The latter in turn
implies that [3ir| < cod|Ind| when i is sufficiently large. As there is no
positive lower bounds for the choice of §, this bound for |3 g| implies that

the i — oo limit of (%)1/ 2 has the desired limit.
Part 7:  Given the scaling property in Lemma 9.3’s third bullet, and given
that v¢ is harmonic, the arguments that prove Z¢ to be the union of the
origin with a finite union of rays through the origin in R?® are identical to
those used in Sections 8.g and 8.h to prove Lemma 8.10 and Lemma 8.12.
Note for future reference that the v analogs of what are denoted by «
and v, in Sections 8.g and 8.h obey (8.42) and (8.43) as the case may be.

9.b. The proof of Proposition 9.2

Proposition 9.2 follows directly from Lemma 9.3 and the lemma given below.

Lemma 9.4. Let Z¢ C R? denote the set given by Lemma 9.3 and let I
denote Lemma 9.3’s real line bundle over R3—Z<>. Then Zy s a line through
the origin, Z¢o = Zy and Iy is isomorphic to L.
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Proof of Lemma 9.4. The proof has three steps.

Step 1. Fix i € {1,2,...} and let D; again denote dist(p, p;). Define )\; to
be D;. Let p; € R3 denote P(p)r,-inverse image of p, this being a point on
the |x| = 1 sphere. Keep in mind that p; is in Z;. Let Ay C {1,2,...}
denote a subsequence that is obtained from {\j = Dj}i=12, . by invoking
the fourth bullet of Lemma 9.3. It follows from this fourth bullet that the
set of limit points of the sequence {p;}ic A 1s a subset of the finite set of
|x| = 1 points in Zy. Fix a subsequence A’ C Ay so that the corresponding
sequence {pj}icar converges and let pe, denote the limit point. Keep in mind
that Z intersects any radius r € (0,1) ball in R? centered on p¢ as the
1 —r < |x| < 1+r segment in the ray from the origin that contains pg.

Step 2. Return now to the point p’s version of Lemma 8.5. This lemma
requires at its very start the choice of a decreasing sequence in (0,rg) with
limit zero. Take this sequence to be {A\; = Di}icas so that sequence A in
Lemma 8.5’s is a subsequence of A’. Fix i € A. The corresponding function
luy,| is a function on the |x| < ¢y 'A™! ball in R3. This is also the case for
the function on |v;|. As explained momentarily, given R > 1, there exists a
sequence {&iR}i=12,.. C (0, cp) with limit zero such that

(9.8) l|lvil(x + po) — [va|(x)] <eir  at all points x with |x| < 2R.

Indeed, this follows from three facts. The first is that each i € A version of
|14] is the pull-back of |vy | by a diffeomorphism that sends x to x — p; + ¢
with the various i € A versions of ¢; such that lim;_,~ |¢;| = 0 on compact
subsets of R3. The second fact is that the sequence {p;}icp converges to po,
and the third is that the sequences {|vi|}ien and {|va,|}ica are uniformly
bounded in an exponent v = ¢, L Holder space on compact subsets of R3.

Step 3. It follows from (9.8) that the functions x — |vo|(x + po) and
X — |vi|(x) are the same. This understood, what is said at the end of Step 1
leads to the following conclusion: The version of Z, that is define for p by the
sequence {\;}iea is a line through the origin in R3. Given that Lemma 8.8
asserts in part that all versions of Z, are one and the same subset in R3,
the fact that |vg|(x + po) and |v4|(x) are equal at all x € R? implies that
Zo = Z.

To see about Lemma 9.4’s assertion about I, and I, let v denote a
constant, unit length vector on R®. Given i € A, use (v;)y to denote the
pairing between v; and v, this being a section of L on R*—Z;. Define (v, )y
to be the analogous pairing between the I, valued 1-form vy, and v. The
argument that leads to (9.8) can be repeated to prove that the analog of
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(9.8) holds with (14)y replacing 14 and with (vy,)y replacing vy,. This being
the case, then the argument used in the preceding paragraph can be repeated
with only notational changes to prove that the |(vo)v|(x+po) and |(v4)v|(x)
are equal at all x € R3. Granted this last assertion, then an almost verbatim
repetition of what is said in Step 3 of the proof of Lemma 8.8 proves that
I, and I, are isomorphic.

9.c. Proof of Proposition 9.1

The assertion that Z, is a line through the origin is part of what is asserted
by Lemma 9.4. To see about N (0), reintroduce v. Mimic what was done
in Section 8.f with v, by writing vy as vo,dr + vy with vo, denoting a
section of Iy on the complement of Z¢ and with v, being an Iy valued
1-form on the complement of Z; that annihilates the radial vector field 0.
Restrict the latter to the |x| = 1 sphere and use the fact that v is harmonic
with the scaling relation 1r*ry = R v, to see that the pair (ver, vo1)
when viewed as a pair consisting of an I, valued function and Iy valued
1-form obey

(9.9) dvg; =0, xdsvy = —(No+2)vey and dvy, = Novg g,

with it understod that the exterior derivatives differentiate only in directions

tangent to the |[x| = 1 sphere, and the Hodge star is defined by the round

metric on the |x| = 1 sphere. This equation holds on the complement of the

set {po, —po}. Use stereographic projection from —py to view ve, on the

complement of —p¢ as an I valued function on C—0 and to view vy as an
2

I, valued 1-form on C—0. Write the latter as m(aodi + apdz) to see

that the pair (vor, o) obey the equation
(9.10) Doy = —3(2+ No) (1 +1o)ver  and  Ovgy = 2Ng(1 + 11) .

with ro and r; being the same here as their namesakes in (8.35).

The arguments in the proof of Lemma 8.12 can repeated to see that «
and vo, near the origin in C have the same form as that given for v, and «
in either (8.42) or (8.43). These equations have the following consequence:
There exists ¢ > 0 and k € {1,2,...} such that if x is a point on the
unit sphere near p, then |vg|(x) = cdist(pe,x)*/2 + - - - with the unwritten
terms being higher powers of dist(p¢, x). Given (9.8) and the scaling relation
YR v, = RNoy, | this last fact implies that N(p)(0) = %k.

To prove the final assertion of Proposition 9.1, introduce the Euclidean
coordinates (t,z1,22) for R® where pg appears as the point (1,0, 0). The fact



378 Clifford Henry Taubes

that |vg|(x + po) = |v«|(x) for all x, and the fact that both v and v, obey
the same scaling relation ¢g*(-) = R!™(.) implies that |v.| when written
as a function of (t,z1,22) has no dependence on t. This last fact with what
was said in the preceding paragraph implies that |v.| = c(z3 + z3)N/% 4 -
with the unwritten terms being higher powers of (z3 + z3). The writing of
|vi| in this way verifies what is asserted by Proposition 9.1’s third bullet.

10. Lipschitz curves and the function N.)(0)

The upcoming Proposition 10.1 implies the assertion that is made by Item 1)
of the second bullet in Theorem 1.1.

By way of a reminder from the start of Section 8, a twisted harmonic form
data set (Z, I,v) has Z C M being a closed set and I — M—Z being a real
line bundle and v being a harmonic, I-valued 1-form on M—Z. In addition,
|v| extends to M as a continuous function with Z C |v|~!(0); the second,
third and fourth bullets of Proposition 7.1 are obeyed; and the conclusions
of Lemma 7.7 hold.

Proposition 10.1. The set Z from a twisted harmonic form data set (Z, I,v)
is contained in a countable union of embedded Lipshitz curves. Moreover,
given € > 0, there exists a finite set of balls with pairwise disjoint closure
whose union has volume less than € and such that Z’s intersection with the
complement of this union of balls is a properly embedded, finite length Lip-
shitz curve with finitely many components.

The proof of this proposition is in Section 10.d. The intervening subsec-
tions supply various facts about the function N((0) that play central roles
in the proof.

10.a. Quantization of N(.)(0)

The second bullet of the upcoming Lemma 10.2 implies in part that the
function N(.y(0) has but a countable set of possible values. This is what is
meant by the term quantization in the subsection title. To set the stage
for the lemma, fix m € {1,2,...} and introduce 3,, to denote the subset
of Z where N(,)(O) = %m Define Z,, C Z to be the set of points where
N(l)(O) > %m; and given ¢ € (0, %), define Zy, - C Zy, to be the set of points
where N()(0) > tm+te

Lemma 10.2 refers to the notion of a weakly continuous point in Z.
By way of a reminder from Section 9, a point p € Z is weakly continuous if
there is a subsequence {p; }i=1,2,.. C Z with limit p such that {N(pi)(O)}i:ng
converges to Np)(0).
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Lemma 10.2. The set Z is such that the following are true:

o The function N((0) is no less than 3.

o The complement in Z of Un—1,2,.3m is a countable set. The comple-
ment in 7 of its weakly continuous points is also countable.

e Fizme {1,2,...} and e € (0,3). Then

a) Both Zy, and Zy, . are closed subsets of Z.
b) All limit points of Zye—Zm+1 are in Zy1.

c¢) The set of points in Zy, . with distance greater than e from Zy 11
is finite.

Proof of Lemma 10.2. The proof of the lemma has three parts.

Part 1: This part proves the assertion of the second bullet. Proposition 9.1
asserts in part that the set of weakly continuous points is a subset of
Ume{1,2,...}dm- This being the case, it is sufficient to prove that the comple-
ment in Z of the set of weakly continuous points is a countable set. Define
X C Z to be this complement. A point p € X has the following property: If
{pi}i=1,2,.. C Z—p converges to p, then lim;_, N(pi)(O) < N(p)(O).

Fix m = {1,2,...} and define the subset X,,, C X using the following
criteria: Suppose that p € X,. Then N(.y(0) < N,)(0) on the complement of
p in the ball of radius % centered at p. This a finite set because the distance
between any pair of distinct points in this set is no less than % Indeed, were
p and p’ in X,,, with p # p’ and dist(p,p’) < %, then N, (0) would be less
than N(p)(O) and vice versa. The sets {X,}m=12,... are nested in the sense
that X; C X9 C -+ C X, C -+, and their union is the whole of X. This last
observation implies that X is countable.

Part 2: This part proves Item a) of the third bullet and it explains why
Item c) of the third bullet follows from Items a) and b) of the third bullet.
To see about Item a), the fact that Z, is closed follows from the first bullet
of Lemma 7.7. The fact that Z,, . is closed follows from the first bullet
of Lemma 7.7 and the first bullet of Proposition 9.1. The first bullet of
Proposition 9.1 is needed to rule out limit points of sequences in Z, . where
The proof that follows of Item c¢) of the lemma’s third bullet assumes
that Item b) is true. Granted that such is the case, suppose that Item c)
is false so as to derive nonsense. If Item c) is false, then Z,, .—Z,, has a
sequence {pj}i=1,2, . of distinct points with distance ¢ or more from Z;, 41
that converges to a point p € Z. Item b) of the third bullet puts this point
in Zy+1. This is nonsense because dist(pi, Zm+1) > € for allie {1,2,...}.
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Part 3: 'This part simultaneously proves Lemma 10.2’s first bullet and Item
c) of its third bullet. The proof has three steps. Step 3 of what follows proves
the lemma’s first bullet and Item c) of the third bullet. Steps 1 and 2 supply
input for Step 3.

Step 1. Suppose that p € Z is a limit point of a sequence in Z. Fix a
sequence {pi}i=12,.. C Z that converges to p such that each member is in
the radius 5510 ball centered at p. With i € {1,2,...} fixed, define \; to
be dist(p, p;). Lemma 8.5 supplies a subsequence A C {1,2,...} such that
the corresponding sequence {vy, }iea is described by Lemmas 8.5-8.7. Fix
i€ {1,2,...} and let q; € R?® denote the inverse image of p; via the map
®»,- The point q; is a zero of vy, and so it lies in Z;.

It follows from what is said by the third bullet of Lemma 8.7 that there
is a point qx € Z, with norm 1 and a subsequence A’ C A such that {q; }icar
converges to 4. Meanwhile, the point g, has an associated positive integer
and numbers ¢ > 0 and z > 1 with following significance: If q € R? is such
that |qs — q| < 271, then

(10'1) i ‘V*‘(CD = 5(1 + eO)’Q* - q!k/z with ‘80‘ < Z\q* — q‘k/2+1_
o |Vui|(q) = c(1+ e1)skla. — a2t with |e1] < z|q. — q|*/2.

This follows from scaling relation ¥g*v, = RNy, and the formulas in
(8.42) and (8.44). The equations in (10.1) lead directly to the following
observation: If p € (0,z7!), then

(10.2) . f‘x_q*‘:p |vi|? = 4mc®(1 4 30)p>TK  where |30] < cop.
 Jia<op [VIul? = 21k(1 +51)p"H, where [31] < cop.

What is said in Lemma 8.5 about the convergence of {vy, }iea to v, has the
following implications when the index i € A’ is sufficiently large:

(10.3) . f‘x_qi‘:p|u)\i
|Vy |2 = 20c®k(1 + 31)p" " where |3131] < cop.

2= drc?(1+30) %" where [301] < cop.

* f‘X*Qi‘SP

The equations in (10.3) in turn lead to an estimate for the function N
that appears in the p; version of Proposition 7.1, this being the following;:
Fix p € (0,z71). If the index i € A’ is sufficiently large, then

k
(10.4) N(pi)()\ip) = (1 +5i)§ where |51| < Cop-

To deduce this last equation from (10.3), reintroduce the metric my on the
x| < A\ 'rg ball in R3, this being the metric that is obtained by multiplying
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the ¢, pull-back of the metric on M by A;” 2 The metric my, differs from
the Euclidean metric by coA?|x|? and its derivatives are bounded by coA?|x|.
This fact with (10.3) can be used to estimate the functions h,) and rHyp,)
at r = Aip; and the resulting estimates lead directly to (10.4).

Step 2. Fix R > 100 and i € A’ such that R < rg. Given that v, is
harmonic, what is said in Items i) and ii) from the fourth bullet of Lemma 8.7
imply that

(10.5) o f|x—q*|:R V|2 = (1 4+ v0)R*F2N0  where |to] < coR7L.
° f|x_q*|:R |Vve|? = (1 +v1)NoRYF2No where [t1] < coR7E.

Granted (10.4), what is said by Lemma 8.5 has the following implications:
If i is greater than a purely R dependent constant, then

(10.6) ° le—q;|:R |V)\; 2 = (1 + tOi)R2+2NO where |’C01| < C()R_l.
* f|><—<1i|:R |VV)“

The equations in (10.6) lead directly to the following conclusion: If i is
greater than a purely R dependent constant, then

2 = (1 + t11)N0R1+2N0 where |‘C11| < C()Rfl.

(10.7) Npi()\iR) = (1 + ti)N() where |ti‘ < C()R_l.

By way of an explanation, (10.7) is obtained from (10.6) by using (10.6)
with what is said in Step 1 about the metric m), to estimate the values of
h(pi) and H(pi) atr = )\jR.

Step 3. To see about Item c) of the third bullet of Lemma 10.2, fix m €
{1,2,...} and ¢ € (O,%). Let {pi}i=12,.. denote a sequence in Z;, . that
converges, and let p € Z denote the limit point. Fix p € (0,z71). What
is said by (10.4) with Item c) from the fourth bullet in the p; version of
Proposition 7.1 implies that N(;,)(0) < (1 + cop)g when i € A’ is sufficiently
large. Since N(p,)(0) > F + ¢, this requires that k > (1 — cop)(m + ¢).
Meanwhile, (10.7) and R = p~! version of (10.7) with Item c) from the
fourth bullet in the p; version of Proposition 7.1 implies that Ng > (1 —cop)g
when i is large. Since p can be as small as desired, the lower bound on k
implies that k can be no less than m 4 1 and the lower bound on Ng implies
that Ng can be no less than %(m +1). Thus p is in Zpy41.

To prove the first bullet of Lemma 10.2, let n denote inf,em N(p)(O). The
second bullet of Lemma 7.7 asserts that n is greater than zero. Fix ¢ € (0, %)
and then fix a point p € Z with N(,)(0) < n + €. Suppose first that p is
not an isolated point in Z. Then there is a sequence {pi}icf12,..} C Z that
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converges to p. Fix p € (0,z7!) and a very large i € A’. Use (10.4), the
R = p~! version (10.7) and Item c) from the fourth bullet of the p; version
of Proposition 7.1 to conclude that No is no less than (1 — cop)3k. Since p
can be as small desired, this implies that n > %k — €. Since € can be taken
as small as desired, this last bound implies that n > %

If p is an isolated point of Z, then the bundle I is necessarily isomorphic
to the product bundle on the complement of p in a sufficiently small radius
ball centered at p. This being the case, I extends to the whole of this ball
as the product real line bundle and v defines an R-valued harmonic 1-form
on this ball. It follows that v is smooth on this ball and Aronzajn’s theorem
[Ar] can be invoked to prove that it vanishes to finite order at p. This
fact with Taylor’s theorem implies that there is a positive integer k and a
positive integer ¢ such that |v| = cdist(p,-)X+--- near p with the unwritten
terms being bounded by a multiple of dist(p, -)**!. Given what is said by
the second bullet of Lemma 8.2, and given (7.34) and Item b) of the fourth
bullet of Proposition 7.1, this depiction of [v/| near p implies that N(,)(0) = k
and thus n > k — €. Since € can be as small as desired, so n can not be less
than 1.

10.b. The angle inequality

To set the notation for the upcoming Lemma 10.3, introduce Rx to denote
the multiplicative group of non-zero real numbers and let PM denote the
RP? bundle (TM—0)/Rx. Suppose that q, q; and g are points in Z with qy
and g2 being distinct from q but such that dist(q, q1) and dist(q, q2) are less
than Wloro. The tangent vector at q to the short geodesic segment between
qo and q; defines a point in PM|,. Meanwhile, the tangent vector at g to the
short geodesic segment between q and gy defines a second point in PM|,.
Define A to be the distance in PM|, between these two points. The lemma
that follows concerns the behavior of A near a given weakly continuous

point.

Lemma 10.3. Let p € Z denote a weakly continuous point. Given € > 0,
there exists k. > 1 with the following significance: Suppose that q, q1 and
a2 are points in Z with distance less than k-1 from p with q1 and qa being
distinct from q. Suppose in addition that [N(4)(0) — N (0)| < kZ*. Then the
(q,q1,q2) version of A is less than €.

Proof of Lemma 10.3. Suppose that the lemma is false so as to generate
nonsense. This is done in three steps.
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Step 1. If the lemma is false, then there exists ¢ > 0 and a sequence
{gi}i=1,2,.. of the following sort: Each i € {1,2,...} version of g; is a triple
(qi, qi1, diz) of points in Z with A > &, such that each point in g; has
distance less than 1o from p. In addition, lim;0[N(q,)(0) — No| = 0 and
limj 00 SUPGeq, dist(q, p) = 0.

Step 2. Suppose that there are but finitely many elements in {q;}i=12,. .
that have the form (p,q1,q2). Use Lemma 9.3 to construct (Zg, Iy, v¢) using
the sequences {pi = qi}i=1,2,.. and {\ = dist(qi, qi1) }i=1,2,... for the input
data. Use Ay to denote the subsequence that is supplied by Lemma 9.3.
Invoke Lemma 9.3 a second time using the sequences {p; = q;i}iea, and
{Ai = dist(qi, gi2) Hiea, for the input data. In the first instance, the resulting
version of Z¢ is a line through the origin in R3. In the second instance,
the resulting version of Z¢ is also a line through the origin in R3. The
assertion that these are lines is part of Lemma 9.4. These two lines define
respective points in PM|, with distance ¢, e or greater between them. The
next paragraph explains why. This claim about the distance between the
two points in PM|,, constitutes the desired nonsense because it contradicts
what is said by Lemma 9.3 to the effect that Z does not depend on the
choice of {\;}.

To explain why the two versions of Z¢ define distinct points in PM]|,,
keep in mind that each i € {1,2,...} version of qi; in the first instance
defines a point on the |x| = 1 sphere where |v;| = 0. This is the case in the
second instance with each i € {1,2,...} version of ;. The lines from the
origin to these respective points define points in RP? with distance Co Le or
greater between them because the g; version of A is no less than . Granted
this observation, the claim about the distance between the two points in
PM|,, follows from Item b) from the fourth bullet of Lemma 9.3.

Step 3. If a subsequence in {qi}i=1,2,.. has the form (p,qi,qs2), then pass
to this subsequence and renumber it consecutively from 1. Contruct Z, as
directed in Section 8 twice, the first taking Lemma 8.5’s input subsequence
from (0,rg) to be {dist(p,qii)}i=1,2,... With A denoting the subsequence
from this version of Lemma 8.5, the second appeal to Lemma 8.5 uses the
sequence {dist(p, q2i)}ica. These two instances result in two versions of Z,
that define distinct points in PM|,. The argument for this is identical but
for notation to what is said in the second paragraph of Step 2. The fact
that the two versions of Z, are distinct constitutes the desired nonsense as
it contradicts what is said by Proposition 8.1.
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10.c. Points where N(.)(0) is half of a positive integer

To set the notation for what is to come, fix p € Z and r € (0,1p). A subset of
the radius r ball centered at p is said to be a I-dimensional Lipshitz graph
when a Gaussian coordinate chart centered at p identifies the subset with
the |x| < r part of a Lipschitz map from a 1-dimensional subspace in R? to
its orthogonal complement. A 1-dimensional Lipshitz graph is, by definition,
a 1-dimensional rectifiable set. As such it has finite 1-dimensional Hausdorff
measure and thus finite length. A graph of this sort is almost everywhere a
C! curve.

To continue setting the notation, suppose that k is a given positive inte-
ger and that € € (0,1). The next lemma introduces 3 . to denote the subset
in Z where |N((0) — 3k| <e.

Lemma 10.4. Fiz k € {1,2,...} and p € 3x. There ezists r, € (0,19) and
ep € (0,1) with the properties listed below.

e Ifp is not weakly continuous, then 3x. N By =p.
e If p is weakly continuous, then the following are true:

a) The set 3k, N B, is contained in a connected, I1-dimensional
Lipshitz graph whose union has length at most 4ry,.

b) If 1 is an open subset of Item a)’s graph and if (3x.e, N By,) N1
is dense in I, then the whole of 1 is in Zyx N B, and so this part
of Zy N By, is an embedded, Lipshitz curve. Moreover, a neigh-
borhood in 1 of each weakly continuous point in 1N 3k is an open
subset of Z.

If I is isomorphic to the product bundle on a neighborhood of p, then
the assertion is little more than a corollary to Theorem 3.1 in [HHL]. The
proof given below is modeled on the proof of Lemma 2.3 in [Han].

Proof of Lemma 10.4. The proof has six steps.

Step 1. If p is not a weakly continuous point, then there exists a pair r €
(0,r9) and € € (0,1) such that 3x. N B, = p. This understood, suppose
in what follows that p is weakly continuous. Proposition 9.1 asserts that
p’s version of Z, is a line in R3. Fix an orientation for this line to define
a coordinate function 7 : Z, — R with || giving the distance from the
origin. Fix r € (0,1¢9) and let B, denote ball of radius r centered at p. Define
t:ZN B — R to be the pull-back of the function 7 by the composition of
the map to the radius 1o ball in R? given by the inverse of a chosen Gaussian
coordinate chart and then the orthogonal projection in R® to the line Z,.
The map ¢ is a continuous map.
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Step 2. The assertion that follows summarizes the conclusions of this step.

(10.8) There exist r1 € (0, %ro) and € € (0,1) with the following signifi-
cance: If p' € ZN By, and [Ny (0) — No| < e, then t(u(p')) = p'.

To prove this, assume to the contrary that this assertion is false so as to
generate nonsense. If this assertion is false, there exist sequences {p!}i=12,..
and {yi}i=12,.. in (Z—p) N By, with the following properties: Both converge
to p and lim;,o Ny (0) = No. Moreover, y;i # p; but «(y;) = ¢(p{) for each
i€ {1,2,...}. Fix a pair of sequences of the sort just described.

Foreachi € {1,2,...}, define the ordered triple q; to be (qi = p!, q1i = ¥i,
d2i = p). The corresponding version of A is greater than c; ! The existence of
the sequence {q; }i=1,2,.. is the required nonsense that proves (10.8) because
a sequence of this sort runs afoul of Lemma 10.3.

Step 3. Let é denote the chosen, oriented unit vector along Z, and let Z;-
denote the 2-dimensional subspace orthogonal to é,. Use II: R3 — Z*L to
denote the orthogonal projection map. This notation used below writes a
given point x € R3 as 7(x)é + II(x).

Lemma 10.3 has an additional consequence, this being the existence of
ry € (0,11) whose significance is as follows: Fix r € (0,12) and let p; and
p2 denote two points in 31{75}) N B;. Use the Gaussian coordinate chart that
defined ¢ to view p; and ps as points in R3, these denoted by x; and x.
Then

(10.9) T(x1) — T(x2)| < 15517(x1) — 7(x2)|.

The inequality in (10.9) plays a central role in Step 5.

Step 4. This step and Step 5 construct the Lipshitz graph for Item a) of the
lemma’s second bullet. To start this task, fix r € (0, %rl). Use the inverse of
the chosen Gaussian coordinate chart map to view 3k,sp N By, as a subset of
the |x| < 2r ball in R3. The latter incarnation is also denoted by 3k, NBar.
An inductive construction is given momentarily that produces a countable
collection of finite subsets in 31{73}) N By, with the properties listed below.
This list writes this collection as {Om fm=12,....

(10.10) e The collection of sets is mested in the sense that ©y C Oy
for each m € {1,2,...}.

e Each point in 7(3x ., NBay) has distance at most %r from some
point in 7(Or,).



386 Clifford Henry Taubes

Fix m € {1,2,...} and let N,, denote the number of points in ©,,. The
points in Oy, are labeled as {xm 1,...,Xm N, } S0 that 7(xmi) < 7(Xm,i+1)
for all i € {1,...,Ny, — 1}. Introduce by way of notation xy, o = —2ré and
Xm,N,.+1 = 2T¢€.

Step 5. Fix m € {0,2,...,N,,} and define a piecewise linear map, this
denoted by I, from (—2r, 2r) to R? by the following rules:

(10.11) If 7 € [T(Xm,i), T(Xm,i+1)]s
T — T7(Xm,i)

then 1, (7) = Xm; +
(™) = i+ Y — 7 G

) (Xm,i—‘rl - Xm,i)-

The following is a direct consequence of (10.9) and the nesting asserted
by (10.10): If m and m’ are positive integers, and if 7,7/ € [—r,r|, then
1 (7) =TI (77)| < 25|7—7/|. This last fact has the following implication: The
sequence {Im}m=1,2,.. converges pointwise on the |x| < r ball to a Lipshitz
graph with total length less than 3r. The second bullet of (10.10) guarantees
that this graph contains 3., N B;.

Step 6. This step and Step 7 prove Item b) of Lemma 10.4’s second bullet.
To start, let I denote an open subset in Item a)’s Lipshitz graph with (3y . N
B;,) NI being dense in I. It follows from what is said by Item a) of the third
bullet of Lemma 10.2 that the closure in I of (3k,e, NB;,) NLis in 3y ., UZk.
It follows as a consequence that the whole of I is an embedded Lipshitz
curve in 3., UZy. If p’ € Tis not in Zy, then p’ is not weakly continuous.
This being the case, there are at most a countable set of points in I that are
not in Zy. With this fact in mind, suppose for the sake of argument that I
has a point that is not in Zj. This is to say that I has a point where the
value of N((0) is less than k. As (3k., NB;,) N1 is dense in I, there would
be a sequence in 3 N1 that converges to such a point. Since a sequence of
this sort runs afoul of the first bullet in Lemma 7.7, all points in I must
be in Zk.
Step 7. Let p’ € IN 3x denote now a weakly continuous point and assume
for the sake of argument that there is no neighborhood in I that is an open
subset in Z. The subsequent three paragraphs derive a pair of assertions
that can not both be true. The existence of such a pair proves Item b) of
Lemma 10.4’s second bullet.

To start the derivation, suppose that p’ is as just described. There is
a sequence {yi}i=1,2,.. C Z—I that converges to p’. Nothing is lost by as-
suming that this sequence lies in the radius ro ball centered at p’. For each
ie{l,2,...}, let \; denote dist(yi,p’). Use the sequence {\i}i=1,2,. in the



PSL(2; C) connections on 3-manifolds with L? bounds 387

p’ versions of Lemmas 8.5-8.7 to construct the p’ version of Z,, I, and v,.
Being that p’ is weakly continuous, its version of Z, is a line through the
origin. Fix i € {1,2,...} and use the p’ version of the map ¢, to view y; as
a point on the |x| = 1 sphere in R3, this denoted by Xy,

Fix ¢ € (0, 1055)- With i € {1,2,...} chosen, the map ¢, identifies the
part of I with distance less than 10\; from p’ with a Lipshitz graph in the
x| < 10 ball in R3. This graph contains the origin, and it follows from the
p’ version of (10.9) that there are points on this graph with distance from
the origin between 1 — € and 1 4 ¢ and with distance less than % from xy,
when i is large. Since the set of weakly continuous points in I N 3y is dense
in I, there are weakly continuous points in this part of I. Let q; denote such
a point, and let x,, denote the corresponding point in R3. Use 6; to denote
the angle between the ray from the origin to x4, and the ray from the origin
to xy,, this being a number between 0 and 7. The fact that |x| = 1 and
xq| € (1 —e,1+¢) and |xy, — Xq| < 3, this angle & must be greater than
cgl but less than m — co_l.

Fixie€ {1,2,...} and denote by g; the ordered triple (q;, yi, p’). Use this
triple to define Lemma 10.3’s number A. The fact that 6 € (cg*, 7 — cg ')
implies that q;’s version of A is greater than ¢! with ¢ being less than cg.
Meanwhile, the q = q; version of Lemma 10.3 asserts that A is no greater
than ! when i is large. These last two assertions can not both be true.

1 —
1000 ¢
10.d. Proof of Proposition 10.1

To set the notation, fix for the moment k € {1,2,...}. Given p € 3, let
r, and €, denote p’s version of the constants r and ¢ that are supplied by
Lemma 10.4. The proof also uses B, (p) to denote the ball of radius r,
centered on p.

The proof of Proposition 10.1 has three parts.

Part 1: Fixk € {1,2,...} and let p denote a weakly continuous point from
3x- By way of short hand, let B denote the ball B, (p). Lemma 10.4 describes
an embedded, Lipshitz graph that contains 3; N B. Denote this graph by
I'cp. The map ¢ : B — (—1p,1p) from Step 1 of the proof of Lemma 10.4
restricts to I'k , as a Lipshitz homeomorphism onto (-1, 1p,). It follows from
Item b) of Lemma 10.4 that I'i , has an open subset, this denoted by Iy ,,
with the following properties:

(10.12) e Iy is an open subset of Z lying entirely in Zy.

o ZxN(T'xp —Ixp) is a closed, nowhere dense subset of I'y .
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It is a consequence of the second bullet in (10.12) that I'y ;, can be further
decomposed as the disjoint union I'y, = Iy, U Gy p U Jxp with Gy, =
Zi N (I p—Ik p) and with Ji , being an open set.

Let V C B denote a given closed set whose boundary is disjoint from
Gi,p- Use & to denote Gy, —(V N Ggyp). Since Gy, is closed, there exists
dv,p > 0 such that each point in the boundary of V has distance no less
than dy;, from Gy p. With the preceding understood, fix 6 € (O,Cal) but
less than ﬁrp and less than Tlooéva' The observation that follows is used
in Step 5.

(10.13) The set & has a finite cover by balls with radius at most 6 and with
closures that are pairwise disjoint, and disjoint from V.

An inductive algorithm is given the subsequent paragraphs that constructs
such a cover.

To start the algorithm, let Z; denote the set of component intervals of
Iy p U Jip with at least one end point not in V. Choose such an interval,
denote it by 1; and let q; denote an end point point of 1; that is not in V.
Being that the set Iy , UJy , is open and dense, there exits rq € (%(5, %6) such
that the boundary of the ball of radius r; centered on q; is disjoint from
Gg,p U V. Denote this ball by Bj.

Use (10.9) to see that if r, < cy ', then the boundary of By will intersect
Iy p, U Jy p twice, once in 11 and once in a second interval, this denoted by Io.
One end point of 15 will lie in By and the other will not. If the other end point
lies in V, then choose an interval 13 from Z—{1y,I2} with at least one end
point not in V. Denote this second end point by q3. If the other end point
does not lie in V, denote it by q2. This end point has distance greater than §
from V. If r, < cg', then (10.9) has the following consequence: There exists
a ball with center on I'y , and radius between %(5 and %5 that is disjoint
from By whose boundary intersects I'y , in I3 and in a second interval from
Iy p U Jxp. Denote this second interval by I3 and denote this ball by Ba.
If r, < ¢y, then (10.9) guarantees that there are only two intersections
between I'y ;, and Bo’s boundary. One end point of 13 will not be in Bs.
Denote the latter by qs.

If q3 € V, then choose an interval from Z—{11,12,13} with at least one
end point not in V. Denote this interval by 14 and use q4 to denote the end
point of 14 that is not V. If g3 is not in V, then what follows is again a
consequence of (10.9) when 1, < c;': There is a ball with center on I'y , and
radius between %(5 and %5 that is disjoint from B; and By whose boundary
intersects I'y, in I3 and in a second interval from Iy , U Ji ,. Denote this
second interval by 14 and this new ball by B3. As was the case in the previous
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paragraph, (10.9) guarantees that there are only two intersections between
Iy p and the boundary of B3. One end point of 14 will not be in By. Denote
the latter by qq.

Continuing in this vein defines a collection of balls, this denoted by U ;, s
that are pairwise disjoint, disjoint from V and cover the set &. The collection
has at most corpé_l balls, this because the length of I' is less than cor, and
each ball in this collection intersects I'y , as an arc with length greater than
(o 1§. The volume of the union of the balls from Uy s,p is at most corp63, this
because Uy 5, consists of at most corpé_1 balls and each has volume at most
0053.

Part 2: Define K € {1,2,...} as follows: If k € {1,2,...} and 3 # 0, then
k < K. Thus, K is the largest integer from the set of integers with non-empty
version of 3(.y. The lemma that follows describes the corresponding set Zk.

Lemma 10.5. The set Zx is contained in a countable union of Lipshitz
curves. Moreover, given € € (0, ﬁro), there is an open set in M and a
finite collection of balls in M that together cover Zx and have the properties
listed below. The list uses Vi to denote the open set and Uk, to denote the
collection of balls.

e The balls from Uk, have closures are pairwise disjoint, and their union
has volume less than €.

e The intersection of Zx with Vk is an open set in 7 consisting of a
properly embedded, finite length, Lipshitz curve with finitely many com-
ponents.

Proof of Lemma 10.5. The proof has five steps. Steps 14 prove the assertions
given in the two bullets. The last step uses the two bullets to prove the
assertion that the whole of Zk is contained in a countable union of embedded
Lipshitz curves. The notation uses J to denote the set of weakly continuous
points in Zxg.

Step 1. It follows from Item c) of Lemma 10.2’s third bullet that there exists
asubset A C {1,2,...} of consecutive integers starting at 1 and a labeling of
J as {pi}iea with the property that N, )(0) > N, ,,)(0) for all indices i € A.
Fixr; € (is, %5) such that the sphere of radius r; centered at p; contains
no point in J. There is a dense set of choices for r; because J is a countable
set. Let B(l) denote the ball of radius r; centered at p1. Use mg € {2,...} to
denote the smallest integer that labels a point in J—B ). Fix 12 € (0, %52)
such that the closure of the ball of radius ra centered on pyp,is disjoint
from the closure of B(;) and has no points from J on the boundary of its
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closure. Continue in this vein to define in an inductive fashion an increasing
sequence of integers {1, my, ms,...}, and a corresponding set of balls,with
pairwise disjoint closures that have the properties listed below. The list uses
{B(my) Jk=1,2,... to denote the relevant set of balls.

(10.14) e For each k € {1,2,...}, the ball By, has center pm,, radius
less than %ak and no points from J on its boundary.

e For each k € {1,2, e }, the set {pi}lgigmk C UlSiSkB(mi)'
e If ke {l,2,...} and if pm, € 3K, then B(y,) C By, (p).

It is a consequence of the construction that Ui:1,27,..B(mi) has volume less
than coe3 and that it contains J. Let ik denote the collection {B(mi) b1,

Step 2. Let Ui denote the collection of balls from {B, (p)}pe3,. with a
weakly continuous center point. This collection of balls defines an open cover
of 3x—(J N 3k) and so the joint collection Ui ULk defines an open cover
of Zk. As noted by Item a) of the third bullet of Lemma 10.2 the set Zk is
closed, and thus it is compact. This being the case, there is a finite set of
balls from Ui and a finite set from Uk that together define a finite cover
of Zk. Denote the finite set from Uk by Uk and that from Uk by Uxk.

Step 3. Let p denote the center point of a ball from Uk. Introduce from
Part 1 the corresponding set Gk p. Let B’ denote a ball from Uky. The
boundary of the closure of B’ may or may not contain a point in Gg . If it
does, then its radius can be increased by a factor greater than 1 but othewise
as close to 1 as desired so that the boundary of the closure of resulting ball
is disjoint from Gk and such that the closure of the result is disjoint from
the closures of all other balls in Uk . This understood, nothing is lost by
assuming that the closures of all balls from Uy are disjoint from the various
versions of Gk, that are defined by the centers of the balls from Ufk.

Step 4. Let N denote the number of balls that comprise Uy . Label the center
points of these balls as {p1,...,pnx}. Fix 6 > 0 for the moment and use what
is said in Part 1 to construct the p = p; version of Uk ,, s with V being the
union of the closures of the balls from the set Uk If d2 € (0, d] is sufficiently
small, then the constructions in Part 1 supply the set Ux ;, s, using for V
the union of the closures of the balls from Uk U Uk p, 5. Continue in an
inductive fashion consecutively for i = 3,...,N to construct sets U ;, 5, with
d; < § chosen to be small and using for V the union of closures of the balls
from Uk U (Un=1,....iUK p,,.6..)-

The collection Uk U (Um=1,...NUK p,. 5.) consists of a finite number of
balls with pairwise disjoint closure whose total volume is at most co(62 +¢2).
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It follows as a consequence that the total volume of the balls in Uk U
(Um=1,...NUK p,. 5,.) is less than € if § is less than cals and if € is less than cal.

Choose § < cals and € < cal so that the total volume of Uk, U
(Um=1,..NUK p,. 5..) is indeed less than . Use Ui, to denote the collection
U+ U (Un=1,.. NUK p..5.) and let Vi denote a very small radius tubular
neighborhood in M of Upeplk p. It follows from (10.12) that this pair meets
the requirements of the two bullets in Lemma 10.5.

Step 5. To prove that Zk is contained in a countable union of embedded
Lipshitz curves, fix for the moment n € {1,2,...} and let I' , denote the
countable set of Lipshitz curves that is obtained from the ¢ = % version of
the second bullet of the lemma. The set Up—1 2, . I'k n is a countable union of
embedded Lipshitz curves that contains Zx—3. Meanwhile, J is a countable
set of points and thus also contained in a countable union of embedded

Lipshitz curves.

Part 8: Lemma 10.5 proves that the subset Zx C Z has the properties
that Proposition 10.1 attributes to the whole of Z. The proof that the whole
of Z has the desired properties proceeds by downward induction on k €
{2,3,...,K}. This is to say that the argument proves the assertion for Zx_1,
then Zk_s, and so on. The argument for the generic induction step to go from
Zy to Zy_1 for k € {2,3,...,K} differs only in notation from the argument
given below for the step from Zk to Zx_1. The argument for the latter step
is presented in lieu of an argument for the generic step to minimize the
introduction of new notation.
The lemma below states the Zk_1 analog of Lemma 10.5.

Lemma 10.6. The set Zx_1 is contained in a countable union of Lipshitz
curves. Moreover, given e € (0, ﬁro), there is an open set in M and a finite
collection of balls in M that together cover Zx_1 and have the properties listed
below. The list uses Vk—1 to denote the open set and Uik _1). to denote the
collection of balls.

o The balls from Uik_1)« have closures are pairwise disjoint, and their
union has volume less than .

o The intersection of Zx_1 with Vk_1 is an open set in Z consisting
of a properly embedded, finite length Lipshitz curve with finitely many
components.

Proof of Lemma 10.6. The proof has three steps. Steps 1 and 2 prove the
first two bullets of the lemma and Step 3 proves the assertion that Zyk_q
is contained in a countable union of embedded Lipshitz curves. To set the
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notation, first use €2 in lieu of ¢ to invoke Lemma 10.5 so as to define the sets
Uk, and Vk. Use ak to denote the the intersection of Z with Vk, this being
a properly embedded Lipshitz curve. Use J now to denote the set of points
in Zg_1—Zk that are not weakly continuous. This set contains Zg_1—(Zx U
3k—1) and the complement in 3x_; of the set of weakly continuous points.

Step 1. Suppose that {pi}i=12,.. is a sequence of non-weakly continuous
points in Zg_1—Zk that converges to a point p € M. If p is not in Zg_1,
then if follows from Item c) from the third bullet of Lemma 10.2 that p is in
Zy. If p is in Zg, then it can not be on ax and so it must be in a set from
Uk . This fact and the fact that the set of non-weakly continuous points is
countable have the following implications:

(10.15) e The complement in Zx_1—7Zk of its intersection with Uk, 1is
compact.

e Let U C M denote a given open neighborhood of the set of
weakly continuous points in 3x_1. There are but a finite num-
ber of points in Zx_1—7Zk that are not weakly continuous, not
m U and not in Uks.

Let Uk _1 denote the collection of balls from {B; (p)}pe3,_, with weakly
continuous center point. Set U = Upcy,_,B. This set is an open cover of
the set of weakly continuous points in 3x_1. Let © denote the set of points
in Zx_1—7k that are not weakly continous, not in U and not in Uk,. The
second bullet of (10.15) says that © is finite. It follows as a consequence
that the radii of the balls that comprise Uk, can be increased by a factor
greater than 1 but otherwise as close to 1 as desired so that their closures
are still pairwise disjoint, and so that the boundaries of their closures are
disjoint from ©. Make an adjustment of this sort and henceforth use Uk, to
denote the resulting set of slightly larger balls. This can and should be done
so that this new incarnation of Uk, with Vk obey all of the requirements of
the version of Lemma 10.5 that uses € in lieu of .

Use what is said in Step 1 to find r € (0,¢) so that the set of balls with
radius r and center on the points in © have the following properties: The
balls from this set have pairwise disjoint closures and the closure of each ball
is disjoint from the closure of each ball in Uk, and from the closure of ax.
Let Uk_1)+ denote this set of balls.

Step 2. The set of Uk _1 U Uxk—1)+ U Uk U VK gives an open cover of Zi_1.
Item a) from the third bullet of Lemma 10.2 says that Zk is closed. This
being the case, it is compact and so there exists a finite set from Uk _1 that
defines with Vk and the balls from U(k_1); U Uk an open cover of Zk-_1.
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Denote this set from g 1 by Uk_1. Let N denote the number of balls that
comprise Ug_1. Label the center points of these balls as {p1,...,pn}. Fix
6 > 0 again, and use the construction in Part 1 to obtain a p = py ver-
sion of Uk_1ps using for V the union of the closures of the balls from
the set Uk_1)+ U Uk. If 2 € (0,6] is sufficiently small, then the con-
structions Part 1 supply a set Uk_1p,s, using for V the union of the clo-
sures of the balls from Ux_1)1 U Uk U Uk—1,p, 5. Continue in an induc-
tive fashion consecutively for i = 3,...,N to construct sets Ux_ p, 5, With
d; < 6 chosen to be small and using the union of closures of the balls from
U(K,l)Jr U Uk U (Um:17,,,71UK_17pm75m) for the set V.

The collection Ux 1)+ UUk U (Un=1,... NUK_1,p,, 5,.) consists of a finite
number of balls with pairwise disjoint closure whose total volume is at most
co(62 + &3). Tt follows as a consequence that the total volume of the balls
in Ug_1y4+ U Ug U (Um=1,..NUK—1 py..5..) 1 less than ¢ if § is less than co_ls
and if € is less than cal. Choose § < cale and € < cal so that this is so.
Use Ug_1)« to denote the collection Uk_1y4 U Uk U (Um=1,.. NUK—1 p.6m)
and let Vk_1 denote the union of a very small radius tubular neighborhood
of g with a very small radius tubular neighborhood in M of Upcelk p. It
follows from (10.12) that this pair meets the requirements of the two bullets
in Lemma 10.6.

Step 3. This step proves that Zk_1 is contained in a countable union of Lip-
shitz graphs. To start, invoke Lemma 10.5 to conclude that Zk is contained
in a countable union of Lipshitz curves. Lemma 10.2’s second bullet implies
that the non-weakly continuous points in Zi_1—Zg form a countable set and
so this set is also contained in a countable union of Lipshitz curves. Mean-
while, the weakly continuous points in Zg_1—Zk are in 3x_1, this being
an assertion of Proposition 9.1. Granted these observations, it is sufficient
to prove that the set of weakly continous points in 3x_1 is contained in a
countable union of Lipshitz curves.

With the preceding understood, fix n € {1,2,...} and define 3x_; , as
follows: A point p is in 3kx_1 if and only if it is weakly continuous and such
that r, > % Lemma 10.4 asserts that the intersection of 3x_1 with any
P € 3K—1,n version of B, (p) is contained in a connected, Lipshitz graph.

As the closure of 3k_1, is compact and so it has a finite cover by balls.
The next paragraph proves the following assertion:

(10.16) The closure of the set of weakly continuous points in 3x_1 has a
finite cover with all balls from the collection {B;, (p)}pe3x .-

Granted that (10.15) is true, it follows that 3x_1n is contained in a finite
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set of Lipshitz graphs. The assertion that 3x_1 is contained in a countable
set of Lipshitz curves follows directly because 3x—1 = Un=12.. . 3K—1n-

The proof of (10.15) starts with the observation that 3x_;n is cov-
ered by the balls that comprise the union of two collections, the first being
{B:,(P)}pe3x_1., and the second being the collection of balls with radius
% centered on the points of the boundary of the closure of 3x_; . This
understood, let 4l denote a finite cover of the closure of 3x_1, by balls from
these two collections. Write U as U U Uy with Ly consisting of balls from
{B:, (P)}pe3x_ .. and with Uy consisting of balls with radius 5~ and center
on the boundary of the closure of 3x_1,. Let B € iy denote one of the
latter and let p denote its center point. By definition, there is a sequence
{pi}i=12,... € 3k—1,n that convergeslto p. If the index i is sufficiently large,

then p will have distance less than - from p;. This being the case, it follows

that B is contained entirely in B, (pi) and so B can be replaced by the latter

ball. Replace each ball from the collection iy by a ball {B; (p)}pe3i_.. to
obtain the desired cover of 3k_1 .
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