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Moduli of p-divisible groups

PETER SCHOLZE AND JARED WEINSTEIN

We prove several results about moduli spaces of p-divisible groups
such as Rapoport—Zink spaces. Our main goal is to prove that
Rapoport—Zink spaces at infinite level carry a natural structure as
a perfectoid space, and to give a description purely in terms of p-
adic Hodge theory of these spaces. This allows us to formulate and
prove duality isomorphisms between basic Rapoport—Zink spaces
at infinite level in general. Moreover, we identify the image of the
period morphism, reproving results of Faltings, [Fal10]. For this, we
give a general classification of p-divisible groups over O¢, where C'
is an algebraically closed complete extension of @, in the spirit of
Riemann’s classification of complex abelian varieties. Another key
ingredient is a full faithfulness result for the Dieudonné module
functor for p-divisible groups over semiperfect rings (i.e. rings on
which the Frobenius is surjective).

1 Introduction

2 Adic spaces

3

2.1
2.2
2.3

24

Adic spaces
Formal schemes and their generic fibres
Perfectoid spaces

Inverse limits in the category of adic spaces

Preparations on p-divisible groups

3.1
3.2

3.3
3.4

The universal cover of a p-divisible group

The universal vector extension, and the universal
cover

The Tate module of a p-divisible group

The logarithm

145

146
157
157
161
164
167
170
170

173
175
177


http://www.intlpress.com/CJM/

146

3.5

Peter Scholze and Jared Weinstein

Explicit Dieudonné theory

4 Dieudonné theory over semiperfect rings

4.1
4.2
4.3
4.4

Statement of result
The case Q,/Z, — pip-
A surjectivity result

The general case

5 On p-divisible groups over O¢

5.1
5.2

From p-divisible groups to vector bundles

Classification of p-divisible groups

6 Rapoport—Zink spaces

6.1
6.2
6.3
6.4
6.5

The space of level 0, and the period morphism
The image of the period morphism
Rapoport—Zink spaces at infinite level

The Lubin-Tate space at infinite level

EL structures

7 Duality of Rapoport—Zink spaces

7.1
7.2

7.3 Equivariant covers of Drinfeld’s upper half-space

The Hodge—Tate period morphism

The duality isomorphism

References

1. Introduction

179
180

180
186
189
197
203
204
207
211
211
214
217
223
226
229
229
230
233
235

In this article we prove several results about p-divisible groups and their
moduli. Our work touches upon various themes known to arise in the context
of p-divisible groups, including the crystalline Dieudonné module ([Mes72],
[BBMS82]), the rigid-analytic moduli spaces of Rapoport-Zink and their as-
sociated period maps ([RZ96]), and the more recent work of Fargues and
Fontaine on the fundamental curve of p-adic Hodge theory ([FF11]). The
theory of perfectoid spaces ([Sch12]) arises repeatedly in our constructions
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and arguments, and in particular it provides the appropriate context for
studying Rapoport-Zink spaces at infinite level.

Our first result concerns the full faithfulness of the crystalline Dieudonné
module functor. Given a ring R in which p is nilpotent, and a p-divisible
group G over R, let M(G) denote its (covariant) Dieudonné crystal, as de-
fined in [Mes72]. The question of the full faithfulness of M has a long history
(see [dTM99] for a survey), and is known to have an affirmative answer in a
number of situations, for instance when R is an excellent ring in character-
istic p which is a locally complete intersection ring (loc. cit.).

In contrast, our result applies to rings in characteristic p which are typi-
cally non-noetherian. We say a ring R in characteristic p is semiperfect if the
Frobenius map ®: R — R is surjective. Such a ring is called f-semiperfect
if the topological ring @Q R has a finitely generated ideal of definition.
For instance, the quotient of a perfect ring by a finitely generated ideal is
f-semiperfect. An important example is O¢/p, where C' is any algebraically
closed extension of Q.

Theorem A. Let R be an f-semiperfect ring. Then the Dieudonné module
functor on p-divisible groups up to isogeny is fully faithful. If moreover R is
the quotient R = S/J of a perfect ring S by a regular ideal J C S, then the
Dieudonné module functor on p-divisible groups is fully faithful.

Remark 1.0.1. In this case, a Dieudonné module can be made very explicit:
In general, if R is a semiperfect ring, we have the Fontaine rings Acis(R)
and Bl (R), and the functor M — M = M(Auis(R)) (resp. M — M =
M (Aeis(R))[p~!]) induces an equivalence of categories between the category
of Dieudonné crystals over R (resp., up to isogeny) and the category of finite
projective Aeis(R) (resp. Bl (R))-modules equipped with Frobenius and

cris
Verschiebung maps.

We remark that the case of perfect fields is classical, and that the case
of perfect rings is an unpublished result due to Gabber, relying on a result
of Berthelot for the case of perfect valuation rings, [Ber80]. Recently, this
was reproved by Lau, [Laul3]. In all of these results, one knows even that
the Dieudonné module functor is essentially surjective, and one also has a
description of finite locally free group schemes.

Our method of proof is entirely different. It handles first the case of
morphisms Q,/Z, — pp~ by an explicit computation involving integrality
of the Artin-Hasse exponential, and reduces to this case by a trick we learned
from a paper of de Jong and Messing, [dJM99]. We note that this reduction
step only works for morphisms of p-divisible groups (and not for finite locally
free group schemes), and even if one is only interested in the result for perfect
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rings, this reduction step will introduce rather arbitrary f-semiperfect rings.
In this reduction step, a certain technical result is necessary, for which we
give a proof that relies on Faltings’s almost purity theorem in the form given
in [Sch12]. As explained below, Theorem A has direct consequences in p-adic
Hodge theory, so that this state of affairs may be reasonable.

Of particular interest are the morphisms Q,/Z, — G. Observe that
if S is any R-algebra, then the Qp-vector space Homg(Q,/Zy,, G)[1/p] is
identified with the inverse limit G(S) = @G(S’) (taken with respect to
multiplication by p). Then G is a functor from R-algebras to Qp-vector
spaces which we call the universal cover of G. An important observation is
that if S — R is a surjection with nilpotent kernel, and if Gg is a lift of G to
S, then Gg(S) is canonically isomorphic to G(R) (and so does not depend
on the choice of Gg). In other words, G is a crystal on the infinitesimal site
of R.

Using this construction, we can explain how Theorem A is closely related
to p-adic Hodge theory. In fact, take R = O¢/p, where C' is an algebraically
closed complete extension of @), and let G be any p-divisible group over Oc¢,
with reduction Gy to O¢/p. Let M(G) be the finite projective B, -module
given by evaluating the Dieudonné crystal of G on Acis = Aais(Oc/p),
and inverting p. Then, using Theorem A for morphisms Q,,/Z, — G up to
isogeny, one finds that

M(G)?=F = Hom(Qp/Zp, Go)[p~"] = G(Oc/p) = G(Oc) -
On the other hand, there is an exact sequence
(1.0.1) 0—=T(@)[p™] = G(Oc) = LieGa C -0,

where the latter map is the logarithm map, and T(G) denotes the Tate
module of G. This translates into the exact sequence

0— T(G)p~ '] = M(G)?PP = LieG® C — 0

relating the étale and crystalline homology of G. We remark that Theorem A
also handles the relative case of this result, and also the integral version.

Our second main result is a classification of p-divisible groups over O¢,
where C' is still an algebraically closed complete extension of Q,. We recall
that one has a Hodge-Tate sequence

0= LeGeC(1) - T(G)®C — (LieGY)" @C — 0,

where (1) denotes a Tate twist.
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Theorem B. There is an equivalence of categories between the category of
p-divisible groups over Oc and the category of free Zy,-modules T' of finite
rank together with a C-subvectorspace W of T @ C(—1).

The equivalence carries G to the pair (7', W), where T is the Tate module
of G and W = LieG ® C. In particular, the result is a classification in
terms of linear algebra, instead of o-linear algebra as usually, and (related
to that) is in terms of its étale cohomology, instead in terms of its crystalline
cohomology. We note that Theorem B can be regarded as a p-adic analogue
of Riemann’s classification of complex abelian varieties, which are classified
by their singular homology together with the Hodge filtration.

Results in the direction of Theorem B have previously been obtained by
Fargues in [Far12]. In particular, the fully faithfulness part is proved already
there. We prove essential surjectivity first in the case that C is spherically
complete, with surjective norm map C — R>q. In that case, the argument
is very direct; the key idea is to look first at the rigid-analytic generic fibre
of the (connected, say) p-divisible group (considered as a formal scheme),
which is an open ball and can be constructed directly from (7', W). For the
converse, one has to see that a certain rigid-analytic variety is an open ball.
In general, one can show that it is an increasing union of closed balls; under
the assumptions on C, one can conclude that it is an open ball. Afterwards,
we make a (somewhat indirect) descent argument involving Rapoport-Zink
spaces (and Theorem C) to deduce the general case.

It will be crucial to relate the exact sequence in Eq. (1.0.1) to vector
bundles on the Fargues-Fontaine curve X, which is the object investigated
in [FF11]. This is defined as X = Proj P, where P is the graded Q,-algebra

P - @B
d>0

and B:;is = B;is((’)c /p). There is a special point co € X corresponding to

the homomorphism ©: B, — C; we write is: {00} — X for the inclusion.

For every isocrystal M over I_Fp, there is a corresponding vector bundle on

Oc, given by the vector bundle associated to @ -o(M ® BX, )¥=F", and

Fargues and Fontaine show that all the vector bundles on X arise in this

way. In particular there is a bijection H — & (H) between isogeny classes of

p-divisible groups over IF‘p and vector bundles on X whose slopes are between
0 and 1. Note that % & (H) = M(H)® C.

Using this classification of vector bundles, we show in Theorem 5.1.4

that every p-divisible group G over O¢ is isotrivial in the sense that there
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exists a p-divisible group H over I_Fp and a quasi-isogeny
p: H®g Oc/p— G®o. Oc/p.

Thus (G, p) is a deformation of H in the sense of Rapoport-Zink. Appealing
to Theorem A, we can identify G(O¢) = H(Oc¢/p) = (M(H) ® B )¢~
with the space of global sections of & = &(H). The exact sequence in Eq.
(1.0.1) appears when one takes global sections in the exact sequence of co-

herent sheaves on X,
(1.0.2) 0—=.F =& —icx(LieG®C) =0,

where . = T ®z, Ox, see Proposition 5.1.6. To summarize the situation, a
p-divisible group H gives a vector bundle & on X, while a deformation of H
to O¢ gives a modification of & (in the sense that .# and & are isomorphic
away from oo).

We should note that vector bundles over X are equivalent to ¢-modules
over the Robba ring, and that our use of X could be replaced by Kedlaya’s
theory of ¢-modules over the Robba ring, [Ked04].

We now turn to Rapoport-Zink spaces and their associated period maps,
as in [RZ96]. Let H be a p-divisible group of dimension d and height h over
a perfect field k of characteristic p. Let M be the associated Rapoport-Zink
space. This is a formal scheme parametrizing deformations (G, p) of H, see
Definition 6.1.1.

Passing to the generic fibre, we get an adic space ./\/l%d. Note that [RZ96]
uses rigid spaces, but we work with adic spaces, as it is important for us
to consider non-classical points (in particular to talk about the image of
the period morphism later).! We remark that if (R, RT) is a complete affi-
noid (W (k)[1/p], W (k))-algebra, then a morphism Spa(R, RT) — M%d cor-
responds to a covering of Spa(R, R™) by open affinoids Spa(R;, R;F ), together
with a deformation (Gj, p;) of H to an open bounded subring of each R;". We
will simply refer to such a datum as a pair (G, p). If (K, K*) is an affinoid
field, then ./\/l%d(K, K™) is the set of deformations of H to K.

There is a (Grothendieck-Messing) period morphism : M%d — F,
where /\/l%d is the adic generic fibre of M and .Z¢ is the Grassmannian vari-
ety of d-dimensional quotients of M (H) ® Q,, (considered as an adic space).
If x is a (C, O¢)-point of M%d corresponding to a deformation (G, p) of H
to O¢, then 7(x) € F4(C, O¢) corresponds to the quotient M(H)QC — W
given by Grothendieck-Messing theory.

L As in our previous work, we prefer adic spaces over Berkovich spaces.
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Our third main theorem provides a description of the image of 7m. A
(C,O¢)-valued point x of Z¢ corresponds to a d-dimensional quotient
M(H)® C — W. Let & = &(H) be the vector bundle over X associ-
ated to H, so that i% & = M(H) ® C. The map i,& — W induces a map
E = looxls & — looxW. Let .# be the kernel, so that we have a modification
of & as in Eq. (1.0.2).

Theorem C. The point x is in the image of 7 if and only if F = C’)S}.

In order to prove this theorem, it is enough to consider the case where
C' is spherically complete and the norm map C' — R>¢ is surjective. In that
case, Theorem B is available to construct the desired p-divisible group G.
The construction of the isogeny p over O¢/p relies on Theorem A. On the
other hand, Theorem C can be used to deduce Theorem B for general C, by
constructing the desired p-divisible group within some Rapoport-Zink space.

Let us make some historical remarks on Theorem C. In their book
[RZ96], Rapoport and Zink constructed the period morphism 7, and showed
that the image is contained in the weakly admissible set F¢"* C .%¥, which
is explicitly described as the complement of lower-dimensional subvarieties.
This generalizes previous known cases, notably the case of Drinfeld’s up-
per half-space, [Dri76], and the Gross-Hopkins period map from Lubin-
Tate space to projective space, [GH94]. Rapoport and Zink conjectured that
there is a natural rigid-analytic variety .7¢' with an étale and bijective map
FHU — FW over which the period morphism factors, and over which there
exists a Qp-local system (coming from the rational Tate module of the uni-
versal p-divisible group). In the language of adic spaces, ¢’ should be an
open subset of Z#¢"? with the same classical points. As 7 is étale and étale
maps are open (in the adic world), one can simply define .#¢’ to be the image
of 7 (as we shall do in the discussion to follow); but then, one does not yet
know what its classical points are, and the description is very inexplicit.

On the level of classical points, a theorem of Colmez and Fontaine,
[CF00], shows that weakly admissible implies admissible (meaning that any
weakly admissible filtered isocrystal comes from a crystalline representa-
tion), so that for a classical point of F¢™? one gets an associated crystalline
representation with Hodge-Tate weights only 0 and 1. On the other hand,
a theorem of Breuil, [Bre00], and Kisin, [Kis06], shows that all crystalline
representations with Hodge-Tate weights only 0 and 1 come from p-divisible
groups. We note that their results rely on deep techniques in integral p-
adic Hodge theory. Taken these results together, one finds that indeed the
classical points of .Z¢' agree with the classical points of .F¢™?.

Then Hartl, after handling the case of equal characteristic, [Har11], used
Kedlaya’s theory of -modules over the Robba ring to construct an open
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subset Z(* C F¢"?, called the admissible locus, cf. [Har08].2 Roughly, it
is the locus where the universal filtered ¢-module over .#¢ comes from a
Qp-local system (at least punctually). Hartl conjectured that ' = F¢2.
This was proved by Faltings, [Fall0O], by first showing that the universal
filtered p-module over .Z¢* comes from a Q,-local system globally, and then
using this local system to spread the p-divisible groups constructed from the
results of Breuil and Kisin at classical points to the whole admissible locus.

We note that our approach is entirely different, in that we bypass both
the results of Breuil and Kisin (i.e., integral p-adic Hodge theory), and the
need to construct a Q-local system first (i.e., relative p-adic Hodge theory).
Instead, we produce the desired p-divisible groups directly from Theorem B.
As a consequence, we get a new proof of the result of Breuil and Kisin, using
only rational p-adic Hodge theory.

By adding level structures, one constructs a tower of covers M, of M%d.
The (R, R™)-points of M,, are triples (G, p, ), where (G, p) is a deformation
of H and a: (Z/p"Z)" — G [p"]%d (R, R™) is a homomorphism which induces
an isomorphism at every point x = Spa(K, KT) of Spa(R, R™).

It is then quite natural to define a Rapoport-Zink moduli problem at in-
finite level. Let M be the functor on complete affinoid (W (k)[1/p], W (k))-
algebras which assigns to (R, RT) the set of triples (G, p, @), where (G, p) €
M%d(R, RT), and a: ZI' — T(G)zd(R, R™) is a homomorphism which in-
duces an isomorphism at every point x = Spa(K, K™) of Spa(R, R™).

Our fourth main theorem shows that M, is representable by an adic
space which has an alternative description independent of deformations of
H. Recall that the universal cover H of H is a crystal of Qp-vector spaces on
the infinitesimal site of k. In the following we consider H as a formal scheme
over Spf W (k), which represents the functor R — Jim m H'(R) (where H' is
any lift of H to W (k)). Then Hf]‘d is a Q-vector space obJect in the category
of adic spaces over Spa(W (k)[1/p], W (k)). Note that any point (G, p, a) of
Mo gives a map

Zp — T(G) C Gat = H3?
where the first map is «, and the isomorphism is induced from p. In other
words, all p-divisible groups G parametrized by M have the same universal
cover H, and are of the form H/A, where A C H is a Zy-lattice. The
following theorem answers the question for which A € H one can form the
quotient H /A. The description uses the quasi-logarithm map qlog: ﬁgd —

2He uses Berkovich spaces there, but one gets a corresponding adic space as well,
by using that the Berkovich space is the maximal Hausdorff quotient of the adic
space, for example.
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M(H) ® Ga. We remark that for any deformation (G, p) of H, we have a
commutative diagram

AT M(H)® G,
G % LieG® G,

In particular, A = ker(ﬁf]‘d — G?,d) maps to the kernel of M (H) — LieG,
which explains the condition on the rank in the following theorem.

Theorem D. The moduli problem M is representable by an adic space,
and it is isomorphic to the functor which assigns to a complete affinoid
(W (K)[1/p], W (k))-algebra (R, RT) the set of h-tuples sy, ..., s, € HX(R, RY)
for which the following conditions are satisfied.

(i) The cokernel W of the map

Rh (qug(sl)v"-vqug(sh)) M(H) ® R

s a projective R-module of rank d.
(ii) For all geometric points x = Spa(C, O¢) — Spa(R, RT), the sequence

517---75h)

0—>QZ(—>I§T3‘1(C,OC)—>W®RC—>O

18 exact.

Moreover, My C (ﬁ;}d)h s a locally closed subspace, the space My is
preperfectoid, and Moy ~ @n M.

The fact that we can describe M, explicitly independently of p-divisible
groups relies on Theorem C.? The last part of the theorem says more explic-
itly that for any perfectoid field extension K of W (k)[p~!], the base-change
Moo,k of Mo to Spa(K, Ok) has a natural completion Moo,K7 which is a
perfectoid space over K, and one has an equivalence of étale topoi

~

Moo,K,ét ~ m Mn,K,ét
n

3We note that using Theorem A, one can make explicit what fI;‘]‘d (R,R") is in
terms of Dieudonné theory, at least when (R, RT) is a perfectoid affinoid (K, O )-
algebra for some perfectoid field K. This gives a description of M, purely in terms
of p-adic Hodge theory.
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(at least after base-change to a quasicompact open subset of some M, g,
so as to work with qcgs topoi, where projective limits are well-defined).
We remark that taking inverse limits in the category of adic spaces is not
canonical, corresponding to the phenomenon that on a direct limit lim A; of
Banach algebras A;, one can put inequivalent norms (which are equivalent
when restricted to an individual A;, but inequivalent in the direct limit). The
space M has a nice moduli description, but it is not clear to which norm on
lim A; it corresponds. On the other hand, /\;loo, K is characterized as giving
lim A; the norm making lim A? the norm-< 1-subalgebra, where A7 C A;
is the set of power-bounded elements. (This corresponds to the weakest
possible topology on thz) In [Fall0], Faltings essentially constructs M

(in the world of Berkovich spaces), and notes that understanding ./\;loq K
would be harder. In our context, it is the theory of perfectoid spaces that
makes it possible to control this change of topology, and show that one will
get a perfectoid (and thus well-behaved) space, without having to construct
explicit integral models of all Rapoport-Zink spaces at finite level.

We should also remark that we do not know whether the structure
presheaf of M, is a structure sheaf, and thus this may not be an adic
space in Huber’s sense. This is one reason that we generalize his theory
slightly so as to include ‘spaces’ where the structure presheaf is not a sheaf;
this is possible by a Yoneda-type definition.

From here it is not difficult to introduce the notion of an EL Rapoport-
Zink space at infinite level. We define a (rational) EL-datum to be a quadru-
ple D = (B,V,H, 1), where B/Q), is a semisimple Qp-algebra, V is a finite
B-module, H is a p-divisible group over k up to isogeny, and p is a cocharac-
ter of G = GLp(V), subject to the constraints described in §6.5. We obtain
a functor Mp o, which satisfies an analogue of Theorem D. In particular
Mp « is an adic space. It carries an action of G(Qp), where G = Autg(H)
(automorphisms up to isogeny).

Our final main theorem is a duality isomorphism between EL Rapoport-
Zink spaces at infinite level which generalizes the isomorphism between the
Lubin-Tate and Drinfeld towers described in [FGLO8]. There is a simple
duality D — D among basic Rapoport-Zink data, which reverses the roles
of G and G. Also, we note that in general, Mp ~ comes with a Hodge-Tate
period map

THT : MD,oo — Flur
to a certain flag variety #¢pr. Analogues of myr exist whenever one has a

family of p-divisible groups with trivialized Tate module, e.g. for infinite-
level Shimura varieties.
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Theorem E. There is a natural G(Q,) x G(Q,)-equivariant isomorphism
Mp oo & Mp o which exchanges the Grothendieck-Messing and Hodge-Tate
period maps.

In light of the linear algebra descriptions of Mp o and Mp . of Theo-
rem D, Theorem E is reduced to a direct linear algebra verification. Roughly,
in the picture of modifications of vector bundles

0= F =& — igexW — 0,
one applies FZom(—, &) to get an End(&)-equivariant modification
0 — Hom(&,8) — Hom(F,E) = icsW — 0.

In particular, the duality makes étale homology (i.e., .%) into crystalline
homology & = Hom(F,&), and conversely. As an application, we show
(Theorem 7.3.1) that any GL,,(Q,)-equivariant étale cover of Drinfeld’s up-
per half-space 2 C P"~! must factor through the Drinfeld space MDP" for
some m > 0.

Again, let us make some historical remarks on Theorem E. A conjec-
ture in this direction appeared first in the book [RZ96] of Rapoport and
Zink. However, they are being somewhat vague about the nature of this
isomorphism, as they were using the language of rigid-analytic geometry,
whereas the infinite-level spaces Mp  are not of finite type any more, and
thus not rigid-analytic varieties. Until now, a good framework to work with
those infinite-level spaces was missing, and is now provided by the theory of
perfectoid spaces. The case of Lubin-Tate and Drinfeld tower was first es-
tablished by Faltings, [Fal02], and then worked out in detail by Fargues (in
mixed characteristic) and Genestier and Lafforgue (in equal characteristic),
[FGLO8|. The case of Lubin-Tate and Drinfeld tower is easier, as in this case
Theorem C (i.e., the image of the period morphism) was known for a long
time, by work of Drinfeld, [Dri76], and Gross-Hopkins, [GH94]. In fact, in
those cases, one has F¢"* = Z#¢*, which is not true in general.

We note that Fargues, Genestier and Lafforgue worked with explicit
integral models (as formal schemes of infinite type make good sense) to
formalize this isomorphism. This necessitates a detailed understanding of the
integral structure of all objects involved, and in particular of integral p-adic
Hodge theory (in fact, often p # 2 is assumed for this reason). By contrast,
our arguments are entirely on the generic fibre, and use only rational p-adic
Hodge theory.
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Theorem E was proved earlier by Faltings in [Fall0], after proving The-
orem C.

We note that the description of M, in terms of p-adic Hodge theory (in
particular, independently of p-divisible groups) makes it possible to general-
ize our methods to give a definition of an analogue of Rapoport-Zink spaces
for non-PEL cases; this will be the subject of future work of the first author.

Finally, let us summarize the different sections. In Section 2, we review
the theory of adic spaces in the form that we will need it. In particular,
we give a Yoneda-style definition of adic spaces which is more general than
Huber’s, and contains Huber’s adic spaces as a full subcategory (that we
will refer to as honest adic spaces). Moreover, we recall the notion of perfec-
toid spaces, and review some facts about inverse limit constructions in the
category of adic spaces.

In Section 3, we recall some facts about p-divisible groups. In general,
we like to view them as formal schemes (instead of inductive limits), thus
making their generic fibres (disjoint unions of) open unit balls (instead of
a set of points). Most importantly, we define the universal cover G of a
p-divisible group G, and show that it is a crystal on the infinitesimal site.
Moreover, we show that there is a natural morphism G — EG of crystals
on the nilpotent PD site, where EG is the universal vector extension. This
makes it possible to make explicit some maps between Dieudonné modules.

In Section 4, we prove Theorem A, in Section 5, we prove Theorem B,
and in Section 6, we prove Theorem C and D, using the respective ideas
explained above. Finally, in Section 7, we prove Theorem E and the result
on equivariant covers of Drinfeld’s upper half-space.
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2. Adic spaces
2.1. Adic spaces

We will be relying heavily on Huber’s theory of adic spaces [Hub94], so we
include a summary of that theory here. Also, we will slightly generalize his
notion of adic spaces.

Definition 2.1.1. An adic ring s a topological ring A for which there exists
an ideal I such that I™ gives a basis of neighborhoods of 0 € A. Such an ideal
I is an ideal of definition for A.

An f-adic ring is a topological ring A admitting an open adic subring
Ay C A with finitely generated ideal of definition. Then any open adic sub-
ring of A is called a ring of definition, and all rings of definition of A admit
a finitely generated ideal of definition.

A subset S C A of a topological ring is bounded if for every neighborhood
U of 0 in A, there exists another neighborhood V of 0 with V.S C U. An
element f € A is power bounded if {f"} -, is bounded. Write A° for the
subring of power-bounded elements in A. Also, we denote by A°° C A° the
ideal of topologically nilpotent elements.

Finally, an affinoid ring is a pair (A, AT), with A an f-adic ring and
AT C A an open subring which is integrally closed and contained in A°.
Morphisms between affinoid rings (A, AT) and (B, BT) are continuous ring
homomorphisms A — B sending A" into BT.

For instance, if a ring A is given the discrete topology then A is both
adic (0 serves as an ideal of definition) and f-adic, and (A, A) is an affinoid
ring.

For a less trivial example, let K be a complete nonarchimedean field
with ring of integers Ok and maximal ideal mg. Then Ok is an adic ring
and (K, O) is an affinoid ring. The integral Tate algebra A™ = O (X;);;
in any number of variables is an adic ring. If @ € mg, then wA™ serves
as an ideal of definition for A", so that AT is f-adic. The Tate algebra
A=K (X;);c; = AT[w ! is an f-adic ring because it contains AT as an
open subring. In this case we have A° = A", so that (A4, A1) is an affinoid
ring. It should be noted that (A™, AT) is an affinoid ring as well.
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We note that it is not always the case that AT C A is bounded. Examples

arise by taking nonreduced rings appearing in rigid-analytic geometry, such
as A = K[X]/X?, in which case one can choose AT = A° = O + KX.

Definition 2.1.2. Let A be a topological ring. A continuous valuation of A
is a multiplicative map |-| from A to I' U{0}, where I' is a linearly ordered
abelian group (written multiplicatively) such that |0] =0, |1| =1, [z +y| <
max(|z|, |y|), and for ally € I, the set {x € A: |z| <~} is open.

Two valuations |-|,: A — I'; U {0} (i = 1,2) are equivalent if there

are subgroups I, C I'; containing the image of |-|, for ¢ = 1,2 and an
isomorphism of ordered groups ¢: I'j — T for which ¢ (|f];) = |fl,, all
feA

Definition 2.1.3. Let (A, A") be an affinoid ring. The adic spectrum X =
Spatop(A,A+) is the set of equivalence classes of continuous valuations on
A which satisfy |AT| < 1. For x € X and f € A, we write |f(x)| for the
image of f under the continuous valuation | | corresponding to x.

Let f1,..., fn € A be elements such that (fi,..., fn)A is open in A, and
let g € A. Define the subset Xy, f.4 by

Xpoogg = {a: e x \ (@) < lo@)] £0, i = 1n}

Finite intersections of such subsets are called rational. We give X the topol-
ogy generated by its rational subsets.

As an example, if K is a nonarchimedean field, then Spa,,(K,Ok)
consists of a single equivalence class of continuous valuations, namely the
valuation 7 which defines the topology on K. The space Spay,,(Ok, Ok) is
a trait containing 1 and a special point s defined by

1£(s)] = {1’ I & mx

0, femg.

For any affinoid ring (A, AT), Huber defines a presheaf of complete topo-
logical rings Ox on X = Spay,,(A4, AT), together with a subpresheaf OF.
They have the following universal property.

Definition 2.1.4. Let (A, A") be an affinoid ring, X = Spay,(A, AT),
and U C X be a rational subset. Then there is a complete affinoid ring
(Ox(U),0%(U)) with a map (A, AT) — (Ox(U),0%(U)) such that

Spttgop (Ox (U), 0% (U)) = Spaggp (4, A)
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factors through U, and such that for any complete affinoid ring (B, BT)
with a map (A, A*) — (B, B") for which Spay.,(B, BT) — Spay,(A4, AT)
factors through U, the map (A, AY) — (B, BT) extends to a map

(Ox(U), 0% (U)) = (B, B")

M 4 unique way.

One checks that Spay,,(Ox(U), 0% (U)) = U, and that the valuations
on (A, A™) associated to z € U extend to (Ox(U), 0% (U)). In particular,
they extend further to Ox .. Also,

O%(U) ={f € Ox(U) |Vz €U : |f(z)| <1} .

The presheaf Ox is in general not a sheaf, but it is a sheaf in the impor-
tant cases where A has a noetherian ring of definition, is strongly noetherian,
or is perfectoid. Let us say that (A, A™) is sheafy if Ox is a sheaf. Recall
the category (V') whose objects are triples (X, Ox,{v, : = € X}) consisting
of a topological space X, a sheaf of topological rings Ox, and a choice of
continuous valuations v, on Ox, for any x € X. In general, we can as-
sociate to (A, AT) the triple Spa, (4, AT) = (X, Og(, {vy : x € X}) con-
sisting of the topological space X = Spay,, (4, A™T), the sheafification Og( of
Oyx, and a continuous valuation v, on (’)g( » = Ox z; this induces a functor
Aff°? — (V'), where Aff is the category of affinoid rings. It factors over the
category CAff°P  opposite of the category of complete affinoid rings. Recall
that an adic space (in the sense of Huber) is an object of (V') that is locally
isomorphic to Spay,i..(A, AT) for some sheafy affinoid ring (A, A™). We will
use the term honest adic space to refer to such spaces, and denote their
category as Adic”.

We will now define a more general notion of adic spaces. The definition
is entirely analogous to the definition of a scheme as a sheaf for the Zariski
topology on the category of rings which admits an open cover by repre-
sentable sheaves. The only difference is that in our situation, the site is not
subcanonical, i.e. representable functors are not in general sheaves.

Definition 2.1.5. Consider the category CAffP opposite of the category of
complete affinoid rings (A, AT). We give it the structure of a site by declaring
a cover of (A, AT) to be a family of morphisms (A, AT) — (A;, Af), such
that (A;, A}) = (Ox(U;),0%(Uy)) for a covering of X = Spag,, (A, AT) by
rational subsets U; C X.
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Let (CAft°P)™ be the associated topos, consisting of covariant functors
CAff — Sets satisfying the sheaf property for the given coverings. Any affi-
noid ring (A, AT) (not necessarily complete) gives rise to the presheaf

(B,B") + Hom((A,A"),(B,B")),

and we denote by Spa(A, AT) the associated sheaf. Note that passing to the
completion gives Spa(A, AT) = Spa(A, AT). We call Spa(A, AT) an affinoid
adic space. We say that F — Spa(A, A1) is a rational subset if there is some
rational subset U C X = Spay,, (A, AT) such that F = Spa(Ox (U), O%(U)).
We say that F — Spa(A, AT) is an open immersion if there is an open subset
U C X such that

F = hﬂ Spa(Ox (V),0%(V)) .
V CU,V rational

If f : F — G is any morphism in (CAff°P)~, then we say that f is an open
immersion if for all (A, AT) and all morphisms Spa(A, AT) — G, the fibre
product

F xg Spa(A, AT) — Spa(4, A™)

is an open immersion. Note that open immersions are injective, and we will
often simply say that F C G is open. Finally, an adic space is by definition
a functor F € (CAff°P)™ such that

F = lim Spa(4, A7) .
Spa(A,A+)CF open

The category of adic spaces is denoted Adic.

We list some first properties.
Proposition 2.1.6. (i) Let (A, AT), (B, B%) be affinoid rings, and assume
that (A, A™) is sheafy and complete. Then

Hom(Spa(A, A™),Spa(B, B")) = Hom((B, B"), (4, A™)) .

In particular, the functor (A, A™) — Spa(A, A") is fully faithful on the full
subcategory of sheafy complete affinoid rings.
(ii) The functor (A, A*)— Spa,.iv.(A4, AT) factors over (A, A*) — Spa(A4, A™).
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(iii) The functor Spa(A, AT) — Spay.ie(A, AT) coming from part (ii) ex-
tends to a functor X — Xyaive: Adic — (V). In particular, any adic space
X has an associated topological space | X|, given by the first component of
Xnaive¢

(iv) The full subcategory of adic spaces that are covered by Spa(A, A™) with
(A, A™) sheafy is equivalent to Adic” under X — Xpaive. Under this identi-
fication, we consider Adic" as a full subcategory of Adic.

(v) Let X be an honest adic space and let (B, B™) be an affinoid ring. Then
Hom(X, Spa(B, BY)) = Hom((B, BY), (Ox(X), 0%(X))) .

Here, the latter is the set of continuous ring homomorphisms B — Ox (X)
which map BT into O%(X).

Proof. Easy and left to the reader. O

A basic example of an affinoid adic space is the closed adic disc Spa(A, A1),
where A = K (X) and AT = Ok (X). See [Sch12], Example 2.20 for a
discussion of the five species of points of Spay,,(A, AT). An example of a
nonaffinoid adic space is the open adic disc, equal to the open subset of
Spa(Ok[X], Ok [X]) defined by the condition |w| # 0, where w € mg.
A covering of the open disc by affinoid adic spaces over K is given by the
collection Spa(K (X, X" /w),Ok (X, X" /w)) for n > 1.

In the following, we will often write Spa(A, A™) for either of Spa(A, A™)
or Spay,, (A4, A™T). As by definition, their open subsets agree, we hope that
this will not result in any confusion. However, we will never talk about
Spaaive(A, AT) in the following.

2.2. Formal schemes and their generic fibres

In this subsection, we recall the definition of formal schemes that we will
use, and relate them to the category of adic spaces. Fix a complete nonar-
chimedean field K with ring of integers O = Ok and fix some w € O,
|zo| < 1. Consider the category Nilpy of O-algebras R on which w is nilpo-
tent. Its opposite Nilp?gp has the structure of a site, using Zariski covers.
We get the associated topos (Nilpgy)™. Any adic O-algebra A with ideal of
definition I containing w gives rise to the sheaf

(Spf A)(R) = hAlHom(A/I”, R)
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on Nilp). As before, one defines open embeddings in (Nilpgy')™, and hence
formal schemes over O as those sheaves on Nilp?op which admit an open cover
by Spf A for A as above, cf. [RZ96], first page of Chapter 2.

Proposition 2.2.1. The functor Spf A — Spa(A, A) extends to a fully faith-
ful functor M — M2 from formal schemes over © which locally admit a
finitely generated ideal of definition to adic spaces over Spa(Q, Q).

Proof. Let us explain how one can reconstruct Spf A from Spa(A, A). First,
note that Spf A C Spa(A4, A) is the subset of valuations with value group
{0,1}, recovering the topological space. To recover the structure sheaf, it
is enough to show that the global sections of the sheafification nga( A,A) of
Ogpa(a,4) are given by A itself.

Note that there is a continuous map Spa(A4, A) — Spf A : x — Z, given
by sending any continuous valuation x on A to the valuation

v 0 [f(x) <1
f'_>|f(x)|—{1 If(z)|=1.

Moreover, every x € Spa(A, A) specializes to z € Spf(A) C Spa(A4, A). It
follows that any covering of Spa(A, A) is refined by a covering coming as
pullback via the specialization from a cover of Spf A, so we only have to
check the sheaf property for such coverings. But this reduces to the sheaf
property of the structure sheaf of Spf A. O

Note that if A is an adic O-algebra with ideal of definition I containing
w, and F € (Nilpgy')™, then

Hom(Spf A, F) = @f(A/I”) .
n
We abbreviate the left-hand side to F(A), thereby extending the functor F
to the larger category of adic O-algebras with ideal of definition containing

w.
The following proposition gives a moduli description of the generic fibre

Mt = MM xg00,0) SPa(K, O) .

Proposition 2.2.2. Let (R, R") be a complete affinoid (K, O)-algebra.

(i) The ring R™ is the filtered union of its open and bounded O-subalgebras
Ry C RT.
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(ii) The functor Sﬁ%d: CAff (g o) — Sets is the sheafification of

_>H

(R,R*) = lim M(Ry) = lim Lim M(Ro/=") .
RoCR* RoCR*+ n

Proof. (i) First, there is some open and bounded subring Ry C R*. Next,
we check that if Ry, Ry C R™ are bounded subrings, then so is the image
of R{ ® Ry — RT. Indeed, R; C w ™Ry for certain n; € Z, and then
the image of R; ® Ry is contained in w™ ™~ Ry. In particular, there are
open and bounded O-subalgebras, and the set of such is filtered. Finally,
if Ry C R" is an open and bounded O-subalgebra and z € R™, then z is
power-bounded, so that all powers of x are contained in w™" Ry for some n,
and hence Ry[z] C w™ "Ry is still open and bounded.

(ii) It suffices to check in the case 9 = Spf(A4, A), where A is some adic
O-algebra with finitely generated ideal I containing . Then it follows from

Hom((4, A), (R, R")) = Hom(A, R")
= lim Hom(A, Ro)
RoCR*
= lim @Hom(A,Ro/w").
RoCRt n

Indeed, any continuous map A — RT is also continuous for the w-adic
topology on A; then A[%] — R is a continuous map of K-Banach spaces. In
particular, the image of A in R™ is bounded, and hence contained in some
open and bounded O-subalgebra Ry. As Ry is w-adically complete, one gets

the identification

Hom(4, Ry) = lim Hom(A, Ro/@") .

O

~

In particular, we can define a functor F — F24: (Nilpg))~ — (CAff(()f( o))
taking a moduli problem over O-algebras in which w is nilpotent to a moduli
problem on complete affinoid (K, O)-algebras, mapping F to the sheafifica-
tion of

(REY) > lm lim F(Ro/p") .
RoCR+ n
such that whenever F is representable by a formal scheme 9t with locally
finitely generated ideal of definition, then ]-';‘d is representable by i)ﬁ%d.
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Similarly, this discussion extends to stacks. As an example of this, con-
sider the stack of p-divisible groups over Nilp%z, sending any ring R on which
p is nilpotent to the groupoid of p-divisible groups over R, with isomorphisms
as morphisms. Note that if A is an adic ring with ideal of definition con-
taining p, then giving a compatible system of p-divisible groups over A/I™
for all n > 1 is equivalent to giving a p-divisible group over A. Using the
previous construction, we get a stack on the category of adic spaces over
Spa(Qp, Zy), which we still call the stack of p-divisible groups. Explicitly, if
X is an adic space over Spa(Q,,Z,), then giving a p-divisible group over X
amounts to giving a cover of X by open subsets U; = Spau(RL-,R;r ) C X,
open and bounded Z,-subalgebras R; o C R, and p-divisible groups over

7
R; 0, satisfying an obvious compatibility condition.

2.3. Perfectoid spaces

Here we present the basic definitions of the theory of perfectoid spaces,
cf. [Sch12].

Definition 2.3.1. A perfectoid field K is a complete nonarchimedean field
such that its valuation is non-discrete and the p-th power map O /p —
Ok [p is surjective.

Examples include C,, as well as the p-adic completions of the fields
Qp(p*/P™) and Q,((p=). The t-adic completion of F,(())(t'/P”) is a perfec-
toid field of characteristic p.

Definition 2.3.2. Let K be a perfectoid field. A perfectoid K-algebra is a
complete Banach K-algebra A satisfying the following properties:

(i) The subalgebra A° of power-bounded elements is bounded in A, and
(ii) The Frobenius map A°/p — A°/p is surjective.

A perfectoid affinoid (K, Ok )-algebra is an affinoid (K, O)-algebra (A, A™)
such that A is a perfectoid K -algebra.

In the paper [Sch12], it is proved that if (A, AT) is a perfectoid affi-
noid (K, O )-algebra, then (A, AT) is sheafy, i.e. the structure presheaf on
Spa(A, AT) is a sheaf. Moreover, if U C X is a rational subset, then the pair
(Ox(U),0%(U)) is a perfectoid affinoid (K, Ok )-algebra again.

Definition 2.3.3. A perfectoid space over Spa(K,Ok) is an adic space
locally isomorphic to Spa(A, AT) for a perfectoid affinoid (K, Ok)-algebra
(A, AT). The category of perfectoid spaces over Spa(K, Ok) is a full subcat-
egory of the category of adic spaces over Spa(K, Ok).
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We note that all perfectoid spaces are honest adic spaces. A basic ex-
ample of a perfectoid space is X = Spa(A, AT), where AT = Ok <X1/p°°> is
the ww-adic completion of lim Ok [X1/P"] and A = A*[1/w]. Here A is given
the unique Banach K-algebra structure for which A% is the Og-subalgebra
of elements of norm < 1.

The spaces that we shall ultimately be interested in will turn out to be
not quite perfectoid, but instead satisfy a slightly weaker notion.

Definition 2.3.4. Let X be an adic space over Spa(K,Ok). Then X is
preperfectoid if there is a cover of X by open affinoid U; = Spa(A;, A;r) cX
such that (1211, fl:r) is a perfectoid affinoid (K, Ok)-algebra, where we take the
completion with respect to the topology on A; giving A;r the p-adic topology.

We call (4;, flj) the strong completion of (4;, A").

Remark 2.3.5. As an example, the nonreduced rigid-analytic point X =
Spa(K[X]/X? Ok + KX) is preperfectoid. Note that in this example, the
affinoid algebra (K[X]/X?2, Ok + KX) is already complete for its natural
topology. However, artificially enforcing the p-adic topology on O + KX
makes the completion simply (K, Ok), which is certainly a perfectoid affi-
noid (K, O)-algebra.

Proposition 2.3.6. Let X be a preperfectoid adic space over Spa(K,Of).
Then there exists a perfectoid space X over Spa(K, Ok ) with the same un-
derlying topological space, and such that for any open subset U = Spa(A, A*)
X for which (A A+) is perfectoid, the corresponding open subset of X is
given by U= Spa(A,A+). The space X is universal for morphisms from
perfectoid spaces over Spa(K,Ok) to X.

Proof. Easy and left to the reader. O

We call X the strong completion of X. We have the following behaviour
with respect to passage to locally closed subspaces.

Proposition 2.3.7. Let X be a preperfectoid adic space over Spa(K,Ok),
and let Y C X be a locally closed subspace. Then Y is preperfectoid.

Remark 2.3.8. Again, this is all one can expect as Y may be nonreduced.

Proof. The statement is clear for open embeddings, so let us assume that
Y C X is a closed subspace. We may assume that X = Spa(4, A™) is affinoid
with (A, A) perfectoid. Then Y = Spa(B, B) is given by a closed ideal I,
so that B = A/I and BT the integral closure of the image of A" in B. We
claim that B is a perfectoid K-algebra, which implies the result. Note that Y
is the filtered intersection of its rational neighborhoods U; C X; indeed, for
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any f1,...,fr € I, one can consider the subsets where |fi],...,|fx| < p™",
and then Y is their intersection. Then

BT = lim OL(U5) .
YcU;

Indeed, any f € I becomes infinitely p-divisible in the direct limit, and thus
gets killed in the completion. But each Ox(U;) is perfectoid, hence so is
B. O

Finally, we will need one more notion.

Definition 2.3.9. Let X be an adic space over Spa(Qp,Zy). Then X is
preperfectoid if for any perfectoid field K of characteristic 0, the base-change
Xk = X Xgpa(q,,z,) Spa(K, Ok) is preperfectoid.

Proposition 2.3.10. Let K be a perfectoid field, and let X be an adic space
over Spa(K, Ok). Then X is preperfectoid as an adic space over Spa(K, Ok)
if X is preperfectoid as an adic space over Spa(Qp, Zp).

Proof. By assumption, X is preperfectoid over Spa(K, Ok ). But there is
a closed embedding X — Xg, which shows that X is preperfectoid over
Spa(K, Ok) by Proposition 2.3.7. O

Proposition 2.3.11. Let X be a preperfectoid adic space over Spa(Qp,Zy),

and let Y C X be a locally closed subspace. Then Y is preperfectoid.

Proof. This follows directly from Proposition 2.3.11. O

Example 2.3.12. Let A = Zp[[Xll/poo, e ,Xﬁ/pm]] be the completion of the
Z,-algebra @ZP[X%/pWL, e ,X%/pm] with respect to the I = (p, X1,..., X,)-
adic topology.

Proposition 2.3.13. Let R be an adic Z,-algebra with ideal of definition

containing p. Then

(Spt A)(R) = (lim R*)" = (lim R*°/p)" = (R™°)"

TH—xP TP

where R> = @xpr R/p, equipped with the inverse limit topology.

Proof. Easy and left to the reader. O
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Let X = (Spf A)?ld be the generic fibre of Spa(A, A) — Spa(Z,,Zy).
Then X is an adic space over Spa(Qp,Zy), equal to the union of affinoids
Spa(Ap,, Al) defined by

X1 X" < |p|, m>1.

It is easy to see that X is a preperfectoid space over Spa(Qp,Zp).
Lemma 2.3.14. The adic space X over Spa(Qy,Z,) is the sheaf associated

to
(R,RY) = lim (Ry)" .
RoCR*
Proof. This follows directly from Proposition 2.2.2. O

2.4. Inverse limits in the category of adic spaces

Inverse limits rarely exist in the category of adic spaces, even when the
transition maps are affine. The problem is that if (A4;, Af) is a direct system
of affinoid rings, then the direct limit topology of @Ai will not be f-adic,
and there is no canonical choice for the topology. (Another problem arises
because of non-honest adic spaces.) We will use the following definition.

Definition 2.4.1. Let X; be a filtered inverse system of adic spaces with qua-
sicompact and quasiseparated transition maps, let X be an adic space, and
let fi: X — X; be a compatible family of morphisms. We write X ~ l'ngi
if the map of underlying topological spaces |X| — lim|X;| is a homeomor-
phism, and if there is an open cover of X by affinoid Spa(A, A*) C X, such
that the map

Spa(A;, A7) CX;

has dense image, where the direct limit runs over all open affinoid
Spa(Ai, Aj_) Cc X;

over which Spa(A, AT) C X — X; factors.

If the inverse limit consists of a single space X, then we write X ~ X
instead of X ~ @XO.

Proposition 2.4.2. Let (A;, A]) be a direct system of complete affinoid
rings. Assume that there are rings of definition A; o C A; compatible for all
i, and finitely generated ideals of definition I; C A; o such that I; = I;Ajo C
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Ajo for j > i. Let (A, AT) be the direct limit of the (Ai,A;r), equipped
with the topology making Ag = hﬂz Aio an open adic subring with ideal of
definition I = hgl I;. Then

Spa(4, A1) ~ I’&HSpa(AZ-,Aj') .

Proof. Tt is clear that (A, A™) with the given topology is an affinoid ring.
Moreover, giving a valuation on (A4, A1) is equivalent to giving a compatible
system of valuations on all (4;, 4;"). The continuity condition is given by
asking that |I"| — 0 as n — oo, checking that also continuous valuations
correspond, thus

| Spa(A, AT)| 2 lim | Spa(4;, AF)] .

The condition on rings is satisfied by definition, finishing the proof. O

Proposition 2.4.3. In the situation of Definition 2.4.1, let Y; — X; be an
open immersion of adic spaces, and let Y; = Y; xx, X; — Xj for j > i be
the pullback, as well asY =Y; xx, X = X. Then Y ~ l'glj%, Y;.

Proof. See Remark 2.4.3 in [Hub96]. O

Proposition 2.4.4. Let X be a preperfectoid space over Spa(K, OK)i where
K is a perfectoid field. Let X be the strong completion of X. Then X ~ X.

Proof. Immediate. O

Of course, this shows that one may have X ~ Xy, while X # Xg. Let us
however record the following result.

Proposition 2.4.5. Let K be a perfectoid field, let X; be an inverse system
of adic spaces over Spa(K, Ok ) with qcgs transition maps, and assume that
there is a perfectoid space X over Spa(K,Ok) such that X ~ ﬂle Then
for any perfectoid affinoid (K, Ok)-algebra (B, B), we have

X(B,B") = y&nxi(B,Bﬂ .

In particular, if Y is a perfectoid space over Spa(K, Of) with a compatible
system of maps Y — X;, then'Y factors over X uniquely, making X unique
up to unique isomorphism.

Proof. We may assume that X = Spa(A, A1) is affinoid such that (A4, A™)
is a perfectoid affinoid (K, Ok )-algebra. Then

X(B,B") =Hom((A, A"), (B, B")).
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im(X)CSpa(A;,AN)CX;

has dense image, it follows that the map
X(B,B") - l'ngi(B,Bﬂ

is injective. Conversely, given a compatible system of maps Spa(B, BT) —
X, it follows that Spa(B, B™) — X; factors over the image of X in X;. We
get a map
hﬂ A;r — BT .
im(X)CSpa(A;,Af)CX;

Passing to p-adic completions, the left-hand side becomes equal to A", as
(A, AT) is strongly complete, and the left-hand side is dense in A*. This
gives the desired map AT — BT, i.e. (4, A") — (B, B™). O

It seems reasonable to expect that there is a good definition of an étale
site for any adic space, and that the following result is true.

Conjecture 2.4.6. Assume that X; is an inverse system of quasicompact
and quasiseparated adic spaces, and that X ~ @XZ Then the étale topos of
X is equivalent to the projective limit of the étale topoi of the X; (considered
as a fibred topos in the obvious way).

We will only need the cases where all X; and X are either strongly
noetherian adic spaces, or perfectoid spaces. In that case, there is a definition
of their étale topoi, and we have the following result.

Theorem 2.4.7 ([Sch12], Thm. 7.17). Let K be a perfectoid field, and as-
sume that all X; are strongly noetherian adic spaces (in particular quasicom-
pact and quasiseparated) over Spa(K,Ok), and that X is a perfectoid space
over Spa(K,Ok), X ~ lngZ Then the étale topos of X is the projective
limit of the étale topoi of the X;.

We remark that the notion ~ introduced here is stronger than the notion
~" introduced in [Sch12], which only talks about the residue fields instead
of the sections of the structure sheaf in an open neighborhood. As explained
in [Hub96, Section 2.4], one should expect that the weaker notion ~' is
sufficient in the conjecture if all X; are analytic adic spaces, as is the case

in the previous theorem.
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3. Preparations on p-divisible groups

In this section, we work over a ring R which is p-torsion, and consider p-
divisible groups G over R. Let Nilp}}p denote the category opposite of the
category of R-algebras on which p is nilpotent. Of course, the last condition
is vacuous, but later we will pass to p-adically complete Z,-algebras R.

3.1. The universal cover of a p-divisible group

We will consider G as the sheaf on Nilp%', sending any R-algebra S to
limy G/[p"](5).

Lemma 3.1.1. Assume that G is isogenous to an extension of an étale
p-divisible group by a connected p-divisible group. Then the functor G is

representable by a formal scheme (still denoted G ), which locally admits a
finitely generated ideal of definition.

Proof. 1Tt is clear that isogenies induce relatively representable morphisms,
which do not change the ideal of definition, so we may assume that G is
an extension of an étale by a connected p-divisible group. Then one reduces
to the connected case, in which case G is a formal Lie group, giving the
result. O

One can also consider the completion G of G, which we define as the
functor on Nilpy sending any R-algebra S on which p is nilpotent to the
subset of those x € G(S) for which there is some nilpotent ideal I C §
such that z € G(S/I) is the zero section. We recall that this is always
representable.

Lemma 3.1.2. The functor Gisa formal Lie variety, and in particular
representable by an affine formal scheme with finitely generated ideal of def-
inition. If G is connected, then G = G. Moreover, if Lie G is free, then

G =SpfR[X1,...,X4] .

Proof. Cf. [Mes72]. O
Consider the sheaf

on Nilp})%p7 which we call the universal cover of G. Clearly, G is a sheaf of
Qp-vector spaces.
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Proposition 3.1.3. (i) Let p: G1 — G2 be an isogeny. Then the induced
morphism p: G1 — Ga is an isomorphism.

(ii) Let S — R be a surjection with nilpotent kernel. Then the categories of
p-divisible groups over R and S up to isogeny are equivalent. In particular,
for any p-divisible group G over R, the universal cover G lifts canonically
to Gg over S. Moreover, Gs(S) = G(R).

(iii) Assume that G is isogenous to an extension of an étale by a connected
p-divisible group. Then G is representable by a formal scheme (still denoted
é), which locally admits a finitely generated ideal of definition. If R is perfect
of characteristic p, G is connected and Lie G is free of dimension d, then

G = Spf R[X[P",... x)"7]

Remark 3.1.4. Part (i) says that G can be considered as a crystal on the
infinitesimal site of R.

Proof. Part (i) is clear, as multiplication with p-powers induces an isomor-
phism on G. In part (ii), only the last statement requires proof; but note
that

G(R) = Hompg(Qp/Zp, G)p™"] |

so the result follows from the equivalence of categories of p-divisible groups
up to isogeny, in the special case of homomorphisms with source Q,/Z,,.

For part (iii), the first part follows easily from the result for G. Now
assume that R is perfect, and G is connected. Let GPr") = G Rr,en R for
n € Z, where ®: R — R is the Frobenius. Write F': G®") — G®"™) for the
Frobenius isogeny, and V: G®"™) — G®") for the Verschiebung, so that
VF (resp., FV) is multiplication by p in G®") (resp., GP ).

There is a natural transformation of functors V: @p G — @ P G ™),
given by

G- - @

N

-G (»~?)
G FGP 7 G\

We claim that )V is an isomorphism. Since G is connected, there exists m > 1
such that F™ = pu for an isogeny u: G® ™) — G. Use the same symbol
u to denote the base change G® ") — G®™"" ™) for any n € Z, so that
u" is an isogeny G® ") — G. Write U for the natural transformation
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@F” G @p G induced by the u™. One checks that ¢/ o) and Vold

are both the identity map, giving the claim.
Now it is clear that @1 P G®™") is represented by the completion of

lim R[X1....,Xd |

as claimed. O
A similar argument is presented in the proof of Prop. 8.4 of [FF11].

Corollary 3.1.5. Assume that there is a perfect ring A, a map A — R/p,
a connected p-divisible group H over A with free Lie algebra of dimension
d, and a quasi-isogeny

p: H®aR/p — G®rR/p .
Then G is represented by the formal scheme
G = Spf R[X)/P™ ..., xM77]

Moreover, p induces a natural identification G = Hp, where the latter de-
notes the evaluation of the crystal H® 4o R/p on the infinitesimal site of R/p
on the thickening R — R/p.

Agai{l, one can consider a variant with better representability properties,
namely G xg G.

Lemma 3.1.6. The sheaf Gx G is representable by an affine formal scheme
Spf S with finitely generated ideal of definition I C S given by the preimage
of the ideal defining the unit section in G. Moreover, S, I and S/I are flat
over R, and if R is of characteristic p, then S is relatively perfect over R,
i.e. the relative Frobenius morphism

Bg/p: SOpe R— S

is an isomorphism.

Proof. AsG 5 Gis relatively representable (and finite locally free), the map
GxgG—Gis relatively representable, and thus G x¢g G is representable,
where the transition map G — G is multiplication by a p-power. Moreover,
the ideal of definition does not change: One can take the preimage of the
ideal defining the unit section in G. Upon passing to the inverse limit (i.e.,
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the direct limit on the level of rings), we get representability of G x ¢ G: The
flatness assertions are easy to check, as G is a formal Lie variety and the
transition morphisms are finite and locally free. To check that S is relatively
perfect over R, one has to check that the pullback of G(®) along F : G — G
is G , which is obvious. O

Remark 3.1.7. Note that G X¢ G is still a crystal on the infinitesimal site,
as checking whether a section of G on a thickening S — R of R lies in G(S)
can be checked after restricting to R, by definition of G.

3.2. The universal vector extension, and the universal cover

Let EG be the universal vector extension of G:
0=V ->EG—-G—0.

Define a map

(3.2.1) sq: G(R) — EG(R)

as follows. Represent an element z € G(R) by a sequence z,, € G(R). Lift
Zn to an element y,, € EG(R), and form the limit lim, o p"¥y,. The limit
exists because the differences p" "y, 1 — p"yy lie in p"V(R). A different
choice of lifts changes the value of ¥ by an element of the form lim,, . p" vy,
with v, € V(R), but this limit is 0. Set sg(xz) = y. It is easy to see that the
formation of s¢ is functorial in G.

We note that if G = Q,,/Z,, then the universal vector extension of G is

G, Qy

0— G,
= Gy — Z,

— Qp/Zy, — 0,

and the morphism s¢: G — EG is exactly the inclusion of Qp into (R @
Qp)/Zyp.

Lemma 3.2.1. The morphism sq extends functorially to a morphism of
crystals G — EG on the nilpotent crystalline site (i.e., thickenings with a
nilpotent PD structure).

Proof. Let S — R be a nilpotent PD thickening. As one can always lift
p-divisible groups from R to 5, it is enough to prove the following result.
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Lemma 3.2.2. Let G, H be two p-divisible groups over S, with reductions
Go, Hy to R. Let fo: Go — Hg be any morphism. Then the diagram

G(S) —°~ EG(S)

d e

H(S) —,~ BH(S)

commautes.

Proof. Some multiple p” fy of fp lifts to a morphism f: G — H over S. It is
clear that the diagram

G(S) —°~ EG(S)

fl lEf

H(S)—>EH(S)
commutes, as everything is defined over S. Let ¢ € Hom(G(S), EH(S))
denote the difference of the two morphisms in the diagram of the lemma.
Then we just proved that p”g = 0. On the other hand, G(S5) is a Q,-vector

space. It follows that g = 0. O
O

Now assume that S is a topological Z,-algebra, equipped with a surjec-
tion S — R, whose kernel is topologically nilpotent and has a PD structure.
We do not require the PD structure to be (topologically) nilpotent. For
example, we allow the surjection Zy — Fs.

In the following, we write M(G) for the crystal Lie EG. Note that by
the theory of [BBMS&2], it can be made into a crystal on the crystalline site,
not just on the nilpotent crystalline site.

Definition 3.2.3. The quasi-logarithm map is defined as the map
dlogg: G(S) = M(G)(S)[p™"]
given as the composite

G(S) 2% BEG(S) %28 M(G)(S)[p™Y] .
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Remark 3.2.4. In this definition, we want to evaluate FG on S. This
may not be possible, as the thickening S — R is not required to have a
(topologically) nilpotent PD structure. The easiest way around this is the
following. Consider R’ = S/I?, where I = ker(S — R). Then S — R’ is a
topologically nilpotent PD thickening. Up to isogeny, working over R and
R’ is equivalent. As the quasi-logarithm only involves objects up to isogeny,
we can use the definition for S — R’ to get the result for S — R.

Lemma 3.2.5. Let G’ be a lift of G to S. The diagram

qlogg

GT) M(G)(f) P
G'(S) ——E o (Lie G')p ]

commutes.

Remark 3.2.6. This lemma says that on the universal cover G(S), which is
independent of the lift, one has quasi-logarithm map (which is also indepen-
dent of the lift), and which specializes to the logarithm map of any chosen
lift G’ upon projection to the corresponding quotient M(G)(S) — Lie G'.

Proof. Reduce to the case of a topologically nilpotent PD thickening as in
the previous remark. Then the maps from G(S) = G(S) both factor over
sq: G'(S) — EG'(S). The remaining diagram is just the functoriality of
log. O

3.3. The Tate module of a p-divisible group

Consider the sheaf

T(G)(S) = Lm G[p"](S5) ,

on Nilp}?’, which we call the (integral) Tate module of G. Clearly, T'(G) is a
sheaf of Z,-modules.

Proposition 3.3.1. The sheaf T(G) is representable by an affine scheme,
flat over Spec R.

Proof. Note that T(G) is the closed subfunctor of G x g G given by pullback
from the zero section in G. This means that in the notation of Lemma 3.1.6
that T'(G) = Spec(S/I), giving the result. O
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From now on, we will assume that R is an adic Z,-algebra, with a finitely
generated ideal I of definition containing p, and take a p-divisible group
G over R. The previous discussion applies to all rings R/I", and we will
consider the objects obtained by passage to the inverse limit in the following.

We have the adic space T(G)*, and its generic fibre T(G)%d over
Spa(Qyp, Zy,), which is an adic space over Spa(R, R),,.

Proposition 3.3.2. We have

Proof. By Proposition 2.4.3, is enough to prove that 7(G)2d ~ lim G[p"].
However, if G[p"] = Spf R,,, then T'(G) = Spf R, where R 1s the p-adic
completion of liﬂRn. Thus the result follows from Proposition 2.4.2. O

ad

n—)

Proposition 3.3.3. Multiplication by p induces an open immersion T'(G)
T(G)%d. In particular,

V@)t = lim T(G)
p
is an adic space over Spa(R, R),, which we call the rational Tate module of
G.

Remark 3.3.4. Although V(G)%d does not come as the generic fibre of
some object V(G)2! in general, we still leave a subscript n in the notation
to indicate where the object is living.

Proof. We note that there is a pullback diagram

T(G)ad P T(G)ad

o

{e} G[p)*

in the category of adic spaces, where {e} C G[p]*? denotes the identity
section. On the generic fibre, {e} C G [p]f;d is an open immersion, giving the
claim. 0

Although G is not in general representable, one can still define Gf‘]d as a
functor.
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Lemma 3.3.5. The subfunctor
Gl [p™] = lim G [p"] = lim G[p"];

is representable by an adic space over Spa(R, R),.
There is an exact sequence of functors

0= T(G) — V(G2 — G2[p™] .

Proof. The identity G%d[p”] = G[p”]%d is easy to check. However, G[p"] is
representable, hence so is G [p”]%d. The transition maps are open immersions,
so we get the result. The exact sequence of functors is obvious. O

3.4. The logarithm

The Lie algebra Lie G is a locally free R-module. We can associate to it an
adic space. We give the construction for any locally free R-module.

Proposition 3.4.1. Let M be a locally free R-module. The sheafification of
the functor on CAffgp, (g Rr), sending (S,ST) to M ®g S is representable by
an adic space over Spa(R, R)y, which we denote M & G,.

Proof. One immediately reduces to the case where M is free, and hence
where M = R. Now, we can assume that R = Z,, as the general case follows
from this by base-change. We have to show that the sheafification of the func-
tor (S,S") — S on complete affinoid (Q,, Z,)-algebras is representable by
an adic space G, over Q,. Note that as S = ST[p~1], it can be written as the
direct limit of the functor (S, S™) +— ST along the multiplication by p map.
The latter functor is representable by Spa(Q, (X),Z, (X)), hence G, = Al
is representable by the increasing union of the balls Spa(Q, ("' X), Z, (p" X)),
m > 0. O

The objects introduced so far sit in an exact sequence.

Proposition 3.4.2. (i) There is a natural Zy-linear logarithm map
loge: G — Lie G ® G,

of sheaves over CAffgy,(p R), -

(ii) The functor G%d is representable by an adic space over Spa(R, R),,.
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(iii) The sequence
0= G2[p™] = G2 — LieG ® G,
of sheaves of Zp-modules over CAffg,,(r r), 15 exact.
(iv) The functor é%d is representable by an adic space over Spa(R, R),.
(v) The sequence
0= V(G = G2 - LieG ® G,

of sheaves of Qp-vector spaces over CAffg,q(gr r), s exact.

Proof. Functorially in (S, S™), we have to define a Z,-linear map
logg: G24(S,5T) — (LieG ® Ga)(S9) -
Recall that G’f‘]d is the sheaf associated to

(S.8%) = lim G(So)
SoCS+

and Lie G ® G, is the sheaf associated to (S, S*) — LieG ®p S. Changing
notation slightly, we see that it is enough to describe a functorial map

logg;: G(R) — LieG[p™]

for any p-adically complete and separated flat Z,-algebra R, and p-divisible
group G over R. Then Lemma 2.2.5 of [Mes72] gives a Z,-linear bijection

logg: ker(G(R) — G(R/p?)) 5 p?LieG .

As multiplication by p is topologically nilpotent on G(R), any section x €
G(R) admits some integer n > 0 such that [p"]¢(x) € ker(G(R) — G(R/p?)).
This allows one to extend the morphism to

logi;: G(R) — LieG[p™'] ,

as desired. It also shows that the kernel is precisely G(R)[p*°], which proves
part (iii). For part (ii), note that we have proved that there is an open subset
U of the identity of G%d on which log, is an isomorphism onto its image; it
follows that this open subset is representable. But as multiplication by p is
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relatively representable (and finite locally free), it follows that the preimages

of U under multiplication by p-powers are representable. Now one finishes

the proof by noting multiplication by p is topologically nilpotent.
Similarly, in part (iv), the representability of G%d follows from the repre-

sentability of G%d and the relative representability of G — G (as an inverse

of finite locally free morphisms G , G).

For part (v), the only nontrivial part is to show exactness in the middle.
But if z € G%d(S, ST) maps to 0 in (LieG ® G,)(S,ST), then the sequence
in part (iii) shows that after multiplication by a power of p, z maps to 0 in
G21(S, S*). By definition of T'(G), this implies that x lies in T'(G)34(S, ST),
as desired. O

3.5. Explicit Dieudonné theory

Later, we will need to make certain maps between Dieudonné modules ex-
plicit. This will be contained in the following discussion. Again, let R be a
ring on which p is nilpotent, and let S be a topological ring equipped with
a surjection S — R whose kernel is topologically nilpotent and has a PD
structure. Let G be a p-divisible group over R. Note that

Homp(Qp/Zy,G) =TG(R) .
In particular, Dieudonné theory gives a map
TG(R) = Hompg(Qy/Zy, G) = Hom(M(Q,/Zy)(5), M(G)(S)) = M(G)(S)

by evaluation at the natural element 1 € M(Q,/Z,)(S), in turn giving a
map

G(R) = TG(R)[p™"] = M(G)(S)[p™"] -

Lemma 3.5.1. The map G(R) — M(G)(S)[p~'] agrees with qlog: G(R) —
M(G)(S)lp™].

Proof. First note that we are allowed to work up to isogeny; in particu-
lar, we can again assume that S — R has a topologically nilpotent PD
structure. Now note that both morphisms are functorial in the group G,
and any element ¢ € G(R) = Hompg(Q,/Zy,, G)[p~!] comes via functoriality
from the identity morphism of Q,/Z,. It follows that it is enough to prove
the statement for the identity morphism of G = Q,/Z,. In that case, the
statement is easily verified from the definition of the natural basis element

1€ M(Qp/Zyp)(S). U
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4. Dieudonné theory over semiperfect rings
4.1. Statement of result

Let R be a ring of characteristic p.

Definition 4.1.1. A ring R in characteristic p is semiperfect if the Frobe-
nius map ®: R — R is surjective. A map f: R — S of semiperfect rings is
said to be an isogeny if its kernel I C R satisfies ®"(I) = 0 for some n.

In particular, an isogeny f: R — S factors over ®": R — R for some n,
giving a map g: S — R, which is also an isogeny. One checks that the notion
of being isogenous gives an equivalence relation on the set of semiperfect
rings.

Definition/Proposition 4.1.2. Let R be a semiperfect ring. Let R =
lim o R denote its (inverse) perfection, equipped with the inverse limit topol-
ogy. Then the following statements are equivalent.

(i) The ring R is f-adic.

(ii) The ring R is isogenous to a semiperfect ring S which is the quotient of
a perfect ring T by a finitely generated ideal J C T.

In this case, we say that R is f-semiperfect. Moreover, in that case R is
isogenous to a ring S which is the quotient of a perfect ring T by an ideal

J C T for which ®(J) = JP.

Proof. Let J = ker(R’* — R). Then ®"(.J) is a basis of open neighborhoods
of 0 in R’. Assume that R’ is f-adic, and let I C R’ be a finitely generated
ideal of definition. Then ®"(J) C I for some n, hence J C ®7"(I), and we
can take S = R’ /®"(I).

Conversely, it is enough to show that if J is finitely generated, then R’
is f-adic. It is enough to show that J is an ideal of definition. But ®"(.J) and
J" are cofinal if J is finitely generated, giving the result.

For the last statement, note that if J C R’ is finitely generated, then
J' =, @ "(JP") C R is an ideal of definition of R’ with ®(J') = (J')?,
and S = R’ /J' has the desired property. O

Also recall the following result of Fontaine.

Proposition 4.1.3. Let R be a semiperfect ring. Then there is a universal p-
adically complete PD thickening Acis(R) of R. The construction of Acyis(R)
is functorial in R; in particular, there is a natural Frobenius ¢ on Acyis(R).
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Proof. Let us just recall the construction: Agis(R) is the p-adic completion
of the PD hull of the surjection W (R’) — R. O

For semiperfect rings R, the Dieudonné module functor is given by eval-
uating the Dieudonné crystal on Aqis(R) — R. One gets a functor from
p-divisible groups G over R to finite projective Acis(R)-modules M =
M(G)(Acris(R)) equipped with maps

F M ®Ams(R)7<P Acris(R) — M
Vo M-—-M ®Ams(R)7gp Acris (R)

satisfying F'V =V F = p.

Passing to the isogeny category, we get a functor from p-divisible groups
over R up to isogeny to finite projective B, (R) = Acis(R)[p~']-modules
equipped with F' and V' as before. We can now state the main theorem of
this section.

Theorem 4.1.4. Let R be an f-semiperfect ring. Then the Dieudonné mod-
ule functor on p-divisible groups up to isogeny is fully faithful.

The following proposition says that this statement is invariant under
isogenies of semiperfect rings.

Proposition 4.1.5. Let f: R — S be an isogeny of semiperfect rings. Then
the reduction functor from p-divisible groups over R up to isogeny to p-
divisible groups over S wup to isogeny is an equivalence. The same result
holds for Dieudonné modules.

Proof. One reduces to checking both statements for ®: R — R. Write R
for the ring R, considered as an R-algebra via ®: R — R. We have the base
extension functor G — GV = G @z RY. On the other hand, RV ~ R
as rings, so one may consider any p-divisible group H over R as a p-
divisible group over R. The composite of the two functors is isogenous to
the identity, using F: G — G, and V: GM) — G, respectively. The same
argument works for Dieudonné modules. O

Remark 4.1.6. Before going on, let us observe several pathologies. The first
is that torsion may appear in Aqis(R). In fact, one may adapt the example
in [BO83] to the present situation. Let p # 2, and consider

R=T,[XYP" y1/P™) /(X2 XY,Y?) .
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Then R’ = F,[X 1p> yl/ P™], and we get canonical Teichmiiller lits X,Y €
W (R’). Let 4, () denote the p-th divided power of . Then we can consider
the element

T = VP(XQ)'YP(YZ) - VP(XY)Q .

It is easy to see that pr = 0, and also ¢(7) = 0. However, one can check
that 7 # 0. For this, look at the thickening

S =TF,[XYP™ YVP™ U, v]/(X?Te, X2ye, X ey, Xy1te, X<v? y2He XU,
YU, XV, YV,U? V?)
of R. Here € runs through 1/p™, for all n > 0. Note that the kernel K

of S — R has an F,-basis (X2, XY,Y? U,V,UV). One can define divided
powers on K in a unique way extending

Yp(aX? +bXY + Y2 +dU + eV + fUV) = aU + &PV .

One gets an induced map A is(R) — S sending 7 to UV # 0.
Note that 7 can be interpreted as a morphism of Dieudonné crystals from
Qp/Zy to pip-, which cannot come from a morphism of p-divisible groups.
In this first example, R is f-semiperfect. Another pathology occurs for
semiperfect rings which are not f-semiperfect. Consider the ring

1/p=° 1/p=°
R= Fp[Xl/p 7X2/p -
where
I=(X1,Xa,...,¥n: X{7" = (X X3) P = (X, X5X6) /7" = )).
In this example,
R =TF,[ X7 X3P 1/ (9n: X7 = (X X3)V/P" = (X, X5 Xe) /7" = .. ).

This ring is complete for the topology making the ideals ®*(J) = (X? i XP . ),
k > 0, a basis of open neighborhoods of 0. Then the element [X;]P lies in
the kernel of W(R") — Aeis(R). Indeed, it is enough to show that it is di-
visible by p* for all k. But we can write X as a product of k elements of J,
X1 =Yy Y. (For example, if k = 3, take Y1 = Xy, Yo = X5, Y3 = X§.)
Then

(X = )P (Y0P = (o) (V1) - (Vi)

as claimed.
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However, for f-semiperfect rings, this second pathology cannot occur.

Lemma 4.1.7. Let R be an f-semiperfect ring. Then the canonical map
W(Rb) — Agis(R) s ingective.

Proof. For the proof, we will construct certain explicit PD thickenings. Let
J = ker(R* — R); we may assume that ®(.J) = JP. This implies that the
subset

=) _[rlp e W(R") | i € J} CW(R)
i>0

is an ideal. Moreover, W (R’) is complete for the [J]-adic topology. Let
Wpp € W(R’)[p~!] denote the subring generated by all divided powers

of elements of [J]. It is the quotient of the PD hull of W(R’) — R by its
p-torsion. Now consider

Wb = Wen/(Wep N @™ ([J][p™1]))

Then elements of Wpp , can be written uniquely as a sum ), [r] p*, where
r; € R’ /®™(J), and zero for i sufficiently negative. It is easy to see that the
PD structure on WpD(Rb) passes uniquely to the quotient Wpp ,,. Moreover,
Wpp,n is p-adically complete. One gets an induced map Acis(R) — Wpp .
The kernel of the composite W' — Agis(R) — Wpp .y, is exactly @™ ([J]). As
W (R®) is complete for the [J]-adic topology, this gives the result. O

We will also need the following result.
Lemma 4.1.8. Let R be any semiperfect ring, and let Iyis(R) C Acris(R)
be the kernel of Aciis(R) — R. There is a unique @-linear map

901: Icris(R) — Acris(R)

such that pp' = ¢, ©'(p) =1 and

A om(lel)) = PP ()

p-n! "

forallx € J andn > 1.

Remark 4.1.9. As the proof will show, one could also simply say there is
a unique way to define ‘¢@/p’ on I.is(R) in a way functorial in R. Also, the
lemma implies that the surjection Aqis(R) — R naturally has the structure
of a frame in the sense of [Laul0]. It is probably true that any p-divisible
group over R gives rise to a window over this frame, but this does not seem
to be a direct consequence of the general theory.
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Proof. As I.is(R) is generated by p and v,([z]) for x € J, n > 1, it is
clear that the map is uniquely determined. We have to see that such a map
exists. We argue by reduction to the universal case. To avoid technicalities,
we argue modulo pF for any k > 1 and show that there is a unique map

Icris,n (R) — Acris,n—l(R)

with the properties described, where Agrisn(R) = Acris(R)/p" is the univer-
sal PD thickening of p™-torsion. The requirements uniquely pin down

o' (vi(a))

for any a = S [rilp’ € Wy1(R’), ro € J, k > 1. For this, use induction
in k to break up the sum and reduce to a single summand. In that case, use
the defining properties. Now, the elements v;(a) generate Ieyisn(R), and are
subject to certain universal relations. We have to check that ¢! preserves
these relations. For this, we have to check that certain relations, each in-
volving finitely many ¢! (14, (a;)), are satisfied. The coefficients of the a; give
rise to a map

R =T, [X\/P", . XV~ v} v X, X)) > R

sending X; to the 0-th coefficients of the a;, and the Y to the other coeffi-
cients of a;; so in particular, there are elements a; € W (R”) mapping to a;.
We claim that it is enough to check the result over R'. If it is true there, the
desired relations among the (!(vx,(a})) follow from the relations defining
Acris,;n—1(R'). Each defining relation of Agyisn—1(R') gives a defining relation
for Acris;n—1(R) by specialization, and thus the desired relation among the
©*(Yk, (a;)) follows by specialization.

Now we claim that in the universal case of R, Agis(R') is p-torsion
free, which obviously implies existence of !. Indeed, by decomposition into
a product, one reduces immediately to the cases where R = Fp[X 1/P=] or
R = F,[X'/P"]/X. In the first case, Auis(R) = W(R) is clearly p-torsion
free. In the second case, one has the exact sequence

0— (X = T)W(R)(T) = W(R*)(T) = Ais(R) = 0,

where (T") denotes the p-adically completed free PD polynomial algebra in
one variable T, and X € W(R®) denotes the canonical Teichmiiller lift.
Assume that

> anm(T) € W(R)(T)

n>0
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with a, € W(Rb), converging to 0, defines a p-torsion element in Agis(R).
Then there exists

S bvalT) € W(R) (1)
n>0

with

(X - T) Z ann(T) =P Z an'Yn(T) :
n>0 n>0
This means pag = Xbg, pa; = Xby — Thg, and in general pa, = Xb, —
nTb,_1. Using that X is not torsion in R’, one checks inductively that b, is
divisible by p, which then shows that ) - anv,(T) maps to 0 in Aeis(R),
as desired. B O

Remark 4.1.10. The final computation showing that Aeis(R) is p-torsion
free if J = ker(Rb — R) is principal and generated by a non-torsion ele-
ment, is the same as the classical computation showing that Fontaine’s ring
Acris = Acris(Oc/p) is p-torsion free (and generalizes it), where C'/Q, is an
algebraically closed complete extension.

More generally, we have the following proposition. We will not need
the following results in the rest of the paper, and include them only for
completeness.

Proposition 4.1.11. Let R be an f-semiperfect ring such that R = S/J,
where S is a perfect ring, and J = (s1,...,8n) is an ideal generated by a
reqular sequence $i, ...,y € S. Then Aeis(R) is p-torsion free. Moreover,
®: R — R admits the structure of a PD thickening.

Proof. Easy and left to the reader. We note that the PD structure on
®: R — R depends on the choice of the regular sequence (s1,...,8,). O

Corollary 4.1.12. Let R be an f-semiperfect ring such that R = S/J,
where S is a perfect ring, and J is an ideal generated by a reqular sequence.
Assume Theorem 4.1.4. Then the Dieudonné module functor on p-divisible
groups over R is fully faithful.

Proof. We follow the proof of Lemma 11 in [Fall0]. Let G, H be two p-
divisible groups over R. We have to check that
Hom(G, H) — Hom(M(G), M(H))

is an isomorphism. As Agis(R) is p-torsion free, both groups are flat over Z,,.
As the kernel and cokernel are p-torsion, we see that the kernel is trivial;
we have to show that the cokernel is trivial as well. For this, we have to
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check that if f € Hom(G, H) such that M(f) is divisible by p, then f is
divisible by p. For this, evaluate M(f) at the PD thickening ®: R — R. By
assumption, this evaluation is 0, as R is p-torsion. Fixing lifts of G’ and H’
to ®: R — R, we find that f lifts to f’: G’ — H’, and that the map induced
by f’ on Lie algebras of the universal vector extension is trivial. We claim
that f’ factors as a composite

5o goYog

where GV, H'(M) are the pullbacks of G/, H' via ®: R — R. By duality, it
suffices to check factorization over G'V). But G’ — H' is trivial on Lie alge-
bras, which means that the map becomes trivial on the kernel of Frobenius,
i.e. the desired factorization. But then we get a map ¢V: G’ — H'M),
which is the same thing as a map g: G — H over R. One checks directly
that pg = f, as desired. O

4.2. The case Qp/Zp — ppe

In this section, we will prove the full faithfulness results up to isogeny for the
case of homomorphisms from Q,/Z, to pp~. We note that the Dieudonné
module M(Qy,/Z,) (resp., M(pp~)) is a free Agris(R)-module of rank 1, with
F' acting on a basis element as p (resp., as 1).

Lemma 4.2.1. There is a canonical identification
Hompg(Q,p/Zp, pip=) =1+ .J C R”
under which the canonical map
Hom g (Qp/Zp fp=) — Hom(M(Qp/Zy), M{jiy=))[p~"] = By (R)?~"
is identified with the map
1+J = BL (R :rlog([r]) .

Proof. This follows from Lemma 3.5.1 above. For the first part, note that

an element of Homp(Qp/Zy, j1p~) is given by a sequence 19,71, ... € R such
that r; = rf 41 and ro = 1. This gives rise to an element of r € R’ such that
rmapstolin R, ie. rel+J. O

Let I = ker(W(R’) — R). The following lemma implies that 14 J —

BT. (R)¥=P is injective.

cris
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Lemma 4.2.2. Let w € 1+ 1. Iflogw =0, then w = +1. If p # 2, then in
factw=1.

Proof. Assume first p # 2. Note that wP € 1 + pA. We have logw?P = 0, so

that
P _ 1 P _ 1)2
O:logwp:(wp—1)<1—w2 +(w3 ) —)

The factor on the right liesin 1+pA € A*, whence w? = 1 (in Agis(R), hence
in W (R’) by Lemma 4.1.7). But as R’ is perfect, there are no nontrivial p-th
roots in W (R?), hence w = 1.

If p = 2, argue similarly with w* € 1 + 4A, showing that w* = 1. For
p = 2, the only nontrivial 4-th roots of unity in W(R’) are 41, giving the
result. O

In the following, we use Proposition 4.1.5 and 4.1.2 to replace R by an f-
semiperfect ring for which J = ker(R’ — R) satisfies ®(J) = J?. For k > 0,
let 1) € W(R’) be the ideal

-1

I = [JPIW(R) + p[J?" IW(R) + ... + P [J)W(R) + p" ' W(R’) |

so that I(®©) = I. In terms of the presentation of Witt vectors as sequences,
we have

I™ = {(ap,a1,...) | a; € J* fori=0,1,...,k} .
Thus I is the kernel of the homomorphism from W (R?) onto Wy, (R’/JP"),

where W is the functor of truncated Witt vectors of length 4. Since W (R") =
lim Wy (R’), and R’ = lim R’ /J?", the following lemma is immediate.

Lemma 4.2.3. The ring W(Rb) 18 complete with respect to the linear topol-
ogy induced by the ideals I®), i.e., W(R’) = l'&lW(Rb)/I(k). Moreover, for

anyi>0, 14+ 1P Cc14+10,

Recall the quotient A.is(R) — W(Rb)/[J] of Acis(R) from the proof of
Lemma 4.1.7. We let N C Agis(R) be the kernel. Note that NV is generated
by vn([z]), for x € J and n > 1.

Lemma 4.2.4. The map ©': Iis(R) — Aqis(R) preserves N C Iois(R).
The restriction p'|y is topologically nilpotent.

Proof. Recall that N is generated as Ais(R)-module by z = v, ([z]), where
x € J and n > 1. We compute from the definition of ¢!,
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Moreover, this is divisible by (n!)P~!, from which one easily deduces that ¢*
is topologically nilpotent. O

Take any a € B, (R)?=P. Multiplying a by a power of p, we may assume

cris

that a € Aqis(R)?=P, or even that
a € IcriS(R)wlzl .

As W(R’) — W(R)/[J] is surjective, there exist n € N and w € W (R?)
with a = w4n. After multiplying a by p?, we may assume that w € p>W (R).
Consider the element

z=pl(w)—w=n—-p'(n) e WNN=1[J]].
Writing z = Zizo[zi]pi, we have z; € J for all 4 > 0. Observe that
a=wtn=w+z+¢(2)+@)E)+. .+ () E) +. .,

because the sum on the right-hand side makes sense by the previous lemma.
Let AH(t) be the Artin-Hasse exponential series:

o
AH(t)=exp | t+—+ 5 +... | .
b b

It is a classical result that AH (t) € Zy[t]. Since z; € J, Lemma 4.2.3 ensures
that AH([z;]) converges to an element in 1+ I. Note that log AH ([z;]) does
not exist in W(R”), but it does make sense in Acis(R).

Lemma 4.2.5. For any semiperfect ring R and any element z € J =
ker(R* — R), we have

log AH([z]) = Y (")"([2]) -

n>0

Proof. This is immediate by reduction to the universal case R = F,,[2!/7”]/z,
for which we recall that Agis(R) is p-torsion free. O

Applying Lemma 4.2.3, the product

¢ = exp(w) [ AH(z])”

i>0
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converges to an element of 1 + I; here we use that w € p?W(R’) to ensure
convergence of the exponential even for p = 2. Then log& converges in
Agis(R) to a = w + n.

Lemma 4.2.6. There is an equality ¢(§) = ££P, and in fact p(§) = &P if
p#2.

Proof. We have log(o(£)/&P) = ¢(a) — pa = 0. By Lemma 4.2.2, p(§) =
e, 0

Let 7 be the image of ¢ in R’, so that » € 1+ J. Let ¢ = &/[r] €
14 pW (R’); then ¢(¢) = £¢P. A simple induction argument on the highest
power of p to divide ¢ — 1 shows that ( = 1 (showing a posteriori that, even
for p = 2, there is no sign ambiguity). Thus & = [r], and a = log([r]), as
desired.

4.3. A surjectivity result

The proof of full-faithfulness for general p-divisible groups G and H will
require a certain surjectivity result that we will formulate in this subsection.

Let R be a semiperfect ring and let G be a p-divisible group over R.
Consider the R-algebra S which represents the Tate module TG, and the
R-algebra S which represents G X ¢ G. We recall that S is a relative _perfect
flat R-algebra, and that S = S /I is a flat R-algebra, where I C S is the
finitely generated ideal coming as pullback from the zero section {e} C G.

In particular, we see that S is semiperfect (and f-semiperfect if R is f-
semiperfect). Now note that there is a universal homomorphism Q,/Z, - G
over S. It induces a map

AcriS(S) = M(@p/zp)(AcriS(S)) — M(G)(AcriS(R)) ®Ams(R) AcriS(S) )

i.e. gives an element of M(G)(Aeris(R)) ®4,,,.(r) Acris(S). In turn, it induces
a map

AcriS(S)* - HomAcris(R) (Acris(s)’ Acris(R)) — M(G)(Acrls(R)) .
Theorem 4.3.1. The cokernel of the map
Acris(5)" = M(G)(Aaris(R))

is killed by p?.
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Remark 4.3.2. This theorem can be regarded as the existence of many
morphisms Q,/Z, — G over certain R-algebras. Note that if R = F,, and
G = pp~, then no such morphisms exist over noetherian rings: One has
to go to big rings to get these morphisms. Unfortunately, our proof will
rely heavily on the theory of perfectoid spaces, and it would be desirable to
have a more elementary argument. We should also note that it is probably
possible to improve on the result; for example, for p # 2, our proof gives p
in place of p?.

First we show that is enough to prove Theorem 4.3.1 in the case that R
is a perfect ring.

Proposition 4.3.3. Suppose that Theorem 4.3.1 holds whenever R is a
perfect ring. Then it holds unconditionally.

Proof. Take any semiperfect ring R, and let R’ be its inverse perfection,
with J = ker(R” — R), as usual. Fix a lift G’ of G to R’. Let S’ be the
R’-algebra which represents TG’. Since G is the base change of G’ along
R’ — R, we have S = S’ @p> R. The map S’ — S is therefore a surjection
with kernel JS".

Lemma 4.3.4. There is an isomorphism of Acyis(R)-algebras
Acris(s) = Acris(S/)®W(Rb)Acris(R) .

Proof. Let S represent G xa G Then S’ is relatively perfect over R”, thus
perfect. Let I’ C S’ be the kernel of 8" — S’. As I’ is topologically nilpotent,
one finds that

Sb _ (S/>b _ gl .

Also note that the kernel of the surjection S’ — S is given by I' + JS'.
Moreover, I’ and JS’ satisfy

I'nJs =117J.

This follows from the various flatness assertions for S/, I” and S’ over R'. In
particular, [BO78, Proposition 3.10] implies that giving divided powers on
I' + JS' is equivalent to giving divided powers on I’ and JS’ separately.

Now observe that one obtains Aqis(S’) by adding divided powers of
I’, and one gets Aqis(R) from W(R®) by adding divided powers of J (and
completing p-adically). It follows that

AcriS(S/)®W(Rb)AcriS(R)
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is the universal p-adically complete W (5")-algebra with divided powers for
I'+ JS'. But as I' + JS" = ker (S’ — ), this is exactly Aeis(S), as desired.
]

We now turn to the proof of Proposition 4.3.3. Since R’ is perfect,
Aqis(R?) = W(R”). By hypothesis, the cokernel of

Homyy (g (Aeris(8'), W (R’)) = M(G') (W (R))

is killed by p?. We base change along W (R") — Aeis(R) to find that the
cokernel of

HomAcr;s(R)(AcriS(S/)®W(R")AcriS(R)a Acris(R)) = M(G") @w (rr) Acris(R)
= M(G)(Acris(R))

I

is also killed by p?. By Lemma 4.3.4, Aeuis(S")@w (g Acris(R) = Aais(S).
Therefore Theorem 4.3.1 holds for R. O

Next, we will explain a method to construct many morphisms Q,/Z, —
G. For this, we will need big rings. More precisely, let C' be a complete,
algebraically closed nonarchimedean field extension of Q,, and let (7,77)
be a perfectoid affinoid (C, O¢)-algebra for which SpecT is connected and
has no nontrivial finite étale covers. Let G be a p-divisible group over T,

Lemma 4.3.5. The abelian group G%d(T, T%) = G(T") is p-divisible.

Proof. Pulling back the morphism p: G?]d — G%d to Spa(T,T%) gives a
finite étale cover of Spa(T,T™), i.e. a finite étale T-algebra by [Sch12]. By
assumption, this admits a section, giving the result. O

Let GO9(TT) = ker(G(TT) — G(T*/p)). Then we have the exact se-
quence

0= TG(TT) = TG(T /p) = GUTT)—0.

Here the map T'G(T+ /p) — G°(T*) takes a sequence in @G[p"](TJ“/p) C
G(T* /p), lifts it uniquely to G(T%), and projects it onto G(Tt). The se-
quence is exact on the right because of Lemma 4.3.5.

We may identify TG (T /p) with Homqp+ /,(Qp/Zyp, GO+ T /p). Passage
to Dieudonné modules gives a map TG(T /p) — M(G)(T™). Using Lemma
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3.2.5 and Lemma 3.5.1, we get a commutative diagram

0——TG(TY) ——=TG(T*/p) —= G (TT) ——=0

T

0—— (LieGY)Y —= M(G)(T) LieG 0.

Note that a priori we only know commutativity after composition with
LieG — (LieG)[p~!], but this map is injective. The cokernel of the log-
arithm map G°(T+) — LieG is killed by p'*¢ for any € > 0, because exp
converges on p't¢LieG.

Moreover, we have the following Hodge-Tate decomposition over (T, 7).

Proposition 4.3.6. The cokernel of TG(TV) @z, TT — (Lie GY)" is killed
by p/ =+ for any € > 0. More precisely, there is a natural sequence

0— (LieG)(1) > TG(T') ®z, TT — (LieGY)" = 0

whose cohomology groups are killed by p*/®=Y+¢ for any e > 0. Here, (1)
denotes a Tate twist @z, Zy(1).

Remark 4.3.7. Let ag: TG(T") ®z, TT — (LieGY)" denote the map
defined previously. Then the first map

(LieG)(1) = TG(T") ®z, T

is given by a/y (1).

Proof. In the case that (T, T") = (C, O¢), the statement is exactly [FGLOS,
Théoreme II.1.1]. In general, we work over the perfectoid space X =
Spa(T,T™). All three terms of this sequence are finite projective T -modules,
and we get an associated sequence (not necessarily a complex, not necessarily
exact)

0= F — Py — F3—0
of finite projective (’)}—modules, whose global sections recover the original
sequence. Here, we use that X is an honest adic space, i.e. we make use of

the sheaf property.
For all points z € X, given by Spa(K, K1), the associated sequence

0= Fip— Fop— F3,—0
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of O}’m = K*-modules has cohomology killed by p'/P=D+¢ for any ¢ > 0.
Indeed, using the €, we may replace K™ by Ok, and then the result follows
from [FGLO8, Théoréme I1.1.1], by extending to a complete algebraic closure,
noting that the rank of the Tate module was already maximal from the start
by (the proof of) Lemma 4.3.5.

Now, for any n, consider the sequence

0—>§1/pn — 92/])” — 93/])” — 0.

We claim that it is a complex, and that its cohomology groups are annihi-
lated by p?/(P=1+¢ for any e > 0. It is enough to check this on stalks. But
on stalks, it is immediate from the previous discussion.

But the global sections of .%; /p™ are almost isomorphic to H°(X,.%; /p"),
by the results of [Sch12]; moreover, the higher H’(X,.%;/p"), j > 0, are
almost zero. It follows that the sequence

0— H(X,7)/p" = H(X, F2) /p" — H(X, F3)/p" = 0

is (almost) a complex, and the cohomology groups are killed by p2/(p=1)te,
Upon passing to the inverse limit over n, we get the desired result, except for
slightly worse constants. As we will not need the precise constants, we leave
it to the reader to fill in the details showing that one can get p'/®—D+e. [

This discussion implies the following proposition.

Proposition 4.3.8. The cokernel of TG(T* [p) @z, TT — M(G)(T™) is
killed by p*+¢ for any e > 0.

Remark 4.3.9. For convenience, we had assumed that SpecT has no non-
trivial finite étale covers. To reach the conclusion, it would have been enough
to start with some base perfectoid affinoid (C, O¢)-algebra (Ty, Ty ) and ad-
join a countable number of finite étale covers (each of which gives a perfec-
toid affinoid algebra, by the almost purity theorem). Indeed, we only had
to assume that the Tate module has enough sections over T+, which gives
countably many finite étale covers, and that we can lift countably many
elements of GO(T*) to TG(T* /p), each of which similarly amounts to a
countable number of finite étale covers.

With these preparations, we can give the proof of Theorem 4.3.1.

Proof. (of Theorem 4.3.1.) We have reduced to the case that R is perfect. We
can also assume that R is local, and in particular Spec R is connected. Let C'
be the completion of an algebraic closure of Q. Let TOJr = W(R)®z, Oc, and
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let Tp = Tp" [p~!]; then (Tp, Ty ) is a perfectoid affinoid (C, O¢)-algebra. Note
that Spec Ty is still connected. Choose a Ty-algebra T, o that is a direct limit
of faithfully flat finite étale Ty-algebras, and such that Spec T, is connected
and does not admit nontrivial finite étale covers. Let T0+ C Tp be the integral
closure of Ty, and define (7, T+) as the completion of (Tp, Ty") (with respect
to the p-adic topology on TOJF)

Let G be a p-divisible group over R, and fix a lift H of G @gr T /p to
T+. Applying Proposition 4.3.8 to H shows that the cokernel of

(4.3.1) TG(T*/p) @z, TT — M(H)(T*) = M(G) @ gy T

is killed by p?*¢. In fact, as observed in Remark 4.3.9, it would have been
enough to adjoin countably many finite étale covers to Tp, and so we assume
in the following that 7" is the completion of a direct limit of countably many
faithfully flat finite étale Tp-algebras.

Lemma 4.3.10. The algebra (T, T™") is a perfectoid affinoid (C, O¢)-algebra,
and T is almost faithfully flat over TOJF. Moreover, for any € > 0, one can
find W (R)-subalgebras S;7 C T, such that TT is the filtered union of the

S;r, and such that for each i, there are maps

fi: TT = W(R)™ | gi: W(R)™ — S;
for which the composite
STt > W(R)™ — S

is multiplication by p°.

Proof. The first sentence is a direct consequence of the almost purity the-
orem in the form given in [Sch12]. In fact, one even knows that one can
write T as the completion of a union of TOJr -subalgebras T;r for which
T; = T;"[p~'] is finite étale over Ty, and for which 7" is an almost direct
summand of (TOJr )™ for some n; > 1. In particular, there are maps

T (T T

whose composite is p®. One can find a finite extension K; of Q, and a finite
étale W(R) ®z, K;-algebra S; such that T; = S; ®, C. Let S;r C S; be
the integral closure of W (R). Taking K; large enough, one can assume that
there are maps

S — (W(R) ®z, Ok,)™ — S
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whose composition is p¢. One can identify the middle term with W (R)™ for
some n}. Therefore, it is enough to show that there is a map T — Sj such
that S;” — 7" — S;" is multiplication by p.

Possibly enlarging K;, one can assume that the cokernel of S;“ R0y,
Oc — Tf is killed by p¢; in that case, any chosen projection Oc — Ok,
gives a retraction TZ-Jr — p*ESf . It remains to show that there is a retraction
of T;" — T+ up to p*.

For this, we use the countability statement. Write T’ 1+ = Tf, and enu-

merate the other T;r for j >ias T{" C Ty C .... For each j > 1, T;r is
almost a direct summand of T;:l (both being uniformly almost finite pro-

jective TO+ -modules), so that one can choose retractions Tf-u — T;r up to
pe/?. By composition, we get maps Tf — T fL for all j, and multiplying by
an appropriate p-power, they become a compatible system of retractions up
to p¢. Taking their direct limit gives a retraction T — Tfr up to p°, as
desired. O

In the following, we use asterisks to denote the W (R)-linear dual, so e.g.
(T)" = Homyy(g) (T, W(R)) .
Lemma 4.3.11. The cokernel of the W(R)-linear map
(4.3.2) TG(T* [/p)&gz, (TT)* = M(G) ,
given as the composite of
TG(T" [p)®z, (TT)" = (M(G) @w(r) Tz, (T7)

with the contraction of the second and third factor, is killed by p>.

Proof. We argue modulo p* for any k > 3. We claim that it suffices to check
that the cokernel of

v: (TG(T" [p) @z, (TT)) @wry T /0" = M(G) @y gy TT/p

is killed by p3~¢ for some € > 0. Indeed, let X be the cokernel of (4.3.2)
(modulo p*), and let Y be the image of multiplication by p? on X. Assuming
the result for v, we find that ¥ @y (g) T+ /pF is killed by p'~¢ for some
€ > 0. But then Y ®@y (g T(;F/p”c is killed by p'~¢ for some € > 0, as TF /p¥
is almost faithfully flat over T, /p*. Now Y Qw(r) 1| /=Y ®z, Oc/ pF =
Y ®r, Oc/p, where Y is an F)-vector space. Thus Y ®p, Oc/p is free. If it
is killed by p'~¢, it follows that Y = 0, as desired.
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We recall that we want to show that the cokernel of
v (TG(T* [p) @z, (TT)*) @wry T /0" = M(G) @w gy T /p"

is killed by p3~¢ for some € > 0. Take any t € TG(T*/p). Write 8: TG(T*/p) —
M(G) @w(r) T+ /p* for the canonical map. We claim that p°3(t) lies in the
image of 4. This will give the result, as the image of v is then a T /p*-
submodule of M(G) @y (r) T+ /p* containing pB(TG(T*/p)), giving the
result by (4.3.1).

Now modulo p*, 3(t) € M(G)®y ()T /p* will lie in M(G) @y (g S;" /D
for ¢ large enough, where we use the algebras Sj constructed in Lemma
4.3.10.

Note that the maps constructed in Lemma 4.3.10 give rise to an element
x e <T+)* ®W(R) Sz+ Then

tox € TG(T™ /p)®z, (TT) @wr)S; (= (TG(T" /p) @z, (TT)) Qwry) TT)

maps under 7y to the image of
B @ € (M(G) Gwimy SF/pF) €z, (T7)" wimy S7)
under the evaluation map
(M(G) QW (R) S{F/Pk) ®z, (TT)* QW (R) SF) = M(G) QW (R) S;r/pk

contracting the second and third factor. But we have chosen x so that it
acts through multiplication by p® on S;r . This means that the result will be
pB(t), as desired. O

We can now complete the proof of Theorem 4.3.1. Recall that S is the
R-algebra which represents T'G. We want to prove that the cokernel of

Aeis(S)" — M(G)

is killed by p?. It is enough to prove this result modulo p* for any k > 3. Let
m € p?M(G). By Lemma 4.3.11, x has a preimage in TG(T"/p) ®z, (T"")*
modulo p*. We write this preimage as Yoria; ® N, with a; € TG(T™ /p),
i € (TT)*. Tt is enough to prove that the image of a; ® \; in M(G) is also
in the image of Aeis(S)* — M(G). But a; € TG(T™ /p) gives rise to a map
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S — T /p carrying the universal element of TG(S) to a; € TG(T* /p). We
get a morphism

Acris(S) — Acris(TJr/p) - T+ )

using the usual map © : Aqis(T+/p) — T, coming from the fact that T+ —
T+ /p is a PD thickening. By duality, this gives a map (T)* — Aeis(S)*,
through which we can consider \; as an element A, € Aqis(S)*. It is now an
easy diagram chase to check that A, maps to the image of a; ® \; in M(G).
This completes the proof of Theorem 4.3.1. O

4.4. The general case

In this section, we will finish the proof of Theorem 4.1.4. This follows an idea
we learnt from a paper of de Jong and Messing, [dJM99] (see the proof of
Prop. 1.2), namely in order to prove full faithfulness for morphisms G — H,
one uses base-change to the ring with universal homomorphisms Q,/Z, — G
and H — pp~, over which one applies the result for the special case of
morphisms Q,/Z, — fipee.

We need a basic lemma on Hopf algebras. Let G and H be finite locally
free group schemes over any ring R, with coordinate rings Aq, Ag. The
coordinate ring of G x H" is Hompg(Apy, Ag) (R-module homomorphisms),
so that the latter has the structure of an R-algebra.

Lemma 4.4.1. If f,g: G — H are group homomorphisms, corresponding to
elements o, f € Hompg(Am, Ag), then f + g corresponds to a3, the product
being computed as multiplication in the natural Hopf algebra structure.

Proof. Easy and left to the reader. O

Now let G be a Barsotti-Tate group over an f-semiperfect ring R. Let
Agppr) be the coordinate ring of G[p"]. We had observed earlier that T'G' is
represented by the f-semiperfect ring

Ag = lim Agppny

where the direct limit is taken along the p-th power maps G[p"*!] — G[p"].
We note that this is naturally a Hopf algebra. For instance, if G = Q,/Z,,
then Agj,n) is the algebra of functions Z,/p"Z, — R, and Ag is the algebra
of locally constant functions from Zj, into R. On the other hand, if G = pipe~,
then we may identify Agp,.) with R[T]/(T*" —1) and A¢ with R[TYP™] /(T -
1).
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On the other hand, we can consider

Ag = lLmAG[p"] )

where the inverse limit is taken along the homomorphisms corresponding to
the immersions G[p"] < G[p"™!]. Then A, is a complete topological ring,
which however is in general not adic, as can be observed in the example of
G = Qp/Z,, where Ay, is the algebra of arbitrary functions from Q,/Z, to
R. However, A, is still a topological Hopf algebra.

Let GV be the Serre dual of G; then the coordinate ring of GV[p"] may
be identified with the R-module of R-linear maps Hompg(Agy), I?) endowed
with the R-algebra structure induced by comultiplication in Agp,n). The Tate
module T'G" is represented by

AGV = ligHomR(AG[pn], R) = HOII]RCOM (A/G, R)

Here Hompg cont means continuous R-module homomorphisms, and R itself
is given the discrete topology. Lemma 4.4.1 has obvious extensions to the
coordinate rings Ag and Aj..

Now take two p-divisible groups G and H over R. Let Ag and Agv
represent T'G and T H, respectively; these are f-semiperfect. Let

S =Ag ®r Agv = Homp cont (A, Ac)

so that S is an f-semiperfect ring representing TG x THY, i.e. there are
universal morphisms Q,/Z, — G, Q,/Z, — H" over S. The latter also
gives a universal morphism H — fipe.

Passing to Dieudonné modules, we find morphisms M(Q,/Zy)(Acris(S)) —
M(G)(Aeris(S)) and M(H)(Aeis(S)) — M(pp=)(Aeris(S)) of Dieudonné
modules. Composing these with the base change to .S of a given morphism
of Dieudonné modules f: M(G)(Auis(R)) — M(H)(Aeis(R)) gives a mor-
phism of Dieudonné modules

B M(Qp/Zp)(Acris(S)) = M(pp=)(Acris(S))
which in turn gives rise to a morphism

ny € Homs(@p/zpaﬂp“)[p_l] .

Proposition 4.4.2. If ny =0, then f is p-torsion.
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Proof. Note that if n; = 0, then 7 is p-torsion, so it is enough to prove that
if 8y = 0, then p*f = 0. At this point, we need Theorem 4.3.1. Assume that

By = 0 and consider the diagram

M(Qp/zp)(AcriS(S))
M(G) (AcriS(AHV)) M(G) (AcriS(S))
fAHv l fs 5f=0
M(H) (AcriS(AHV)) M(H)(AcriS(S))
hl hs

M (ppee ) (Acris(Arrv)) —— M(ppee ) (Acris ()

Let o be the image of 1 € Aeis(S) = M(Qp/Zp)(Acris(S)) in M(G) (Acris(5))-
Take any v € M(G)(Acris(Anv)). Let Aeis(S)* be the Agpis(Agv)-linear dual
of Agis(S). By Theorem 4.3.1, there exists A € Agis(S)* such that

Ma) = p*v € M(G)(Aeris(Anv)) .
The element A induces a commutative diagram

M(Qp/zp) (AcriS(S))

M(G)(Acris(Agrv)) =———M(G)(Aais(S))
fAHvl fs /szo
M(H)(Acris(Agr+)) = M(H)(Aais(S))

hl hs

M (1= ) (Acris(Arrv ) =<2 M(pp=) (Acris(S))

which shows that (ho fa,.)(p?v) =0, ie. p*(ho fa,,) =0.
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Now, look at the commutative diagram

We claim that the kernel of
9: M(H)(Acris(R)) = M(pp= ) (Acris(Anrv)) = Acris(Anv)
is killed by p?. Indeed, use Theorem 4.3.1 for H" to see that
Homy,. (r)(Acris(Amv ), Aeris(R)) — Homa, (r) (M(H) (Acris(R)), Acris (1))
has cokernel killed by p?. Applying Hom(—, Ais(R)) shows that the kernel

of ¢ is killed by p?. As go (p?f) = 0, it follows that p*f = 0, as desired. [

Now we observe that the morphism

ny € Homg(Qy/Zy, Mp"")[p_l]

is equivalent to a family of elements s, € S, n € Z, with SZH = s, and s, =
1 for n sufficiently negative. We have identified S with Hompg cont (A%, Ac)-
Under this identification, we have a family of continuous R-linear maps
rin: Ay — Ag.

Proposition 4.4.3. The continuous R-linear map r¢,: Ay — Ag is a
morphism of Hopf algebras.

Proof. First we prove a lemma concerning the functoriality of f > rz,,.

Lemma 4.4.4. Let ¥g: G1 — Go and ¥ : Hy — Hy be two morphisms of
Barsotti-Tate groups over R, and let fi: M(G1) — M(H1) and fo: M(G2) —
M(Hz3) be morphisms of crystals. Assume that the diagram

M((pu
M(G1) YYD M (@)

A
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commutes. Then for n € Z, the diagram

Vi
!/ !/
AH2 H—AHl

T.fz-,"l lT.flv"

G

2

commutes.

Proof. Let Si and Sy represent the Tate modules TGy x THY and TG X
TH,/, respectively. Also let S3 represent TGy x T'Hy. The morphisms

TGy x THy
TGy x THY TGy x THY

induce R-algebra homomorphisms Sy, So — S3. The following lemma follows
easily from the definitions.

Lemma 4.4.5. The base change to Sz of the universal morphisms Qp/Z, —
(G1)s, and Q,/Z, — (G2)s, fit into a commutative diagram

Qp/Zy

N

(Gl)SS (wC)SQ, (G2)53‘

Similarly, the base change to Ss of the universal morphisms (Hi)g, — fipee
and (Ha)s, — pp= fit into a commutative diagram

(Hy)s, —— 2% (Hy)s,
\Mpw /

For i = 1,2, f; induces a morphism 7y, € Homg, (Q,/Zyp, pip=)[p~']. We
claim that these morphisms agree upon base change to S3. Consider the
diagram
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M(@p/zp) (AcriS(SS)) — M(QP/ZP) (AcriS(SZS))

M(Gl)(AcriS(SS)) M(GQ)(AcriS(SS))

By lss Bralss
M(Hl)(AcriS(SS)) M(HQ)(AcriS(SS))
M (ppe ) (Acris(S3)) M (ptpoe ) (Acris(S3)) -

The center square in this diagram commutes by hypothesis. The top and
bottom squares in the diagram commute by applying M to the commutative
triangles in Lemma 4.4.5. Thus Sy, |s, = By,|s,. But this implies that ny, [s, =

1f]Ss-

The morphisms 7y, determine the sequences of R-linear maps 7y, ,,: A}Ii —
Ag,. Recall that S3 = HomR@ont(A}b,AGl). The fact that the ny, coin-
cide upon base change to S3 means exactly that the desired diagram com-
mutes. O

Lemma 4.4.6. Let f: M(G) — M(H) be a morphism of crystals over R.

(i) Let f x f: M(G x G) — M(H x H) be the obvious morphism. We have
Tisfm =Tfn @Tn as R-linear maps Ay@Aly — Ac @ Ag.

(ii) We have (rpy,)Y = v as R-linear maps A, — Agv.

Proof. Easy and left to the reader. O
Finally, we can show that 7, : A% — Ag is a morphism of Hopf alge-

bras. Consider the diagonal maps Ag: G — G x G and Ay: H — H x H.

Then M(Ag): M(G) — M(G x G) = M(G) ® M(G) is also the diagonal
map, and similarly for M(Af). The diagram

M(Ag)

M(G) M(G x G)
fl foJ/
M(H) M(H x H)

M(Ax)
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commutes. By Lemma 4.4.4, the diagram

. Al
Ay Ay Al

Tf’n®’r‘f,nl \er,n
Ag ® Ag A

G
also commutes. But Af,: Ag x Ag — Ag is simply the multiplication map,
and similarly for A’;. Thus r, is an R-algebra homomorphism. By dualizing
and using the same result for M(H") — M(GV), one sees that 7, is also
compatible with comultiplication, as desired. O

We get that ry,, lies in
HomR-Hopf,cont (A}D AG) = hﬂ HomR-Hopf(AH[pm] ) AG[pm})
= lim Hom(G[p™], H[p™]) ,
o

where the last Hom is in the category of group schemes over R. Thus for
m > n large enough, 7y, is induced by a morphism ¢, : G[p™] — H[p™].
Let us assume that ny € Homg(Qp/Zp, j1p~) is integral, which we can after
multiplication by a power of p. Then the morphisms r¢,, come from elements
sp € S, n > 0, satisfying stH = $,, so = 1. In particular, s, = 1. By
Lemma 4.4.1, this means that p™/, = 0, so that ¢/, factors through a map
Yn: G[p"] — H[p"]. Now the condition s} | = s, for all n > 0 means that
the morphisms 1, combine to a morphism v : G — H of p-divisible groups.
In summary, we have constructed a map

Homp(M(G), M(H))[p™"] = Homg(G, H)[p™'] ,
that is injective by Proposition 4.4.2. On the other hand, the composition
Homp(G, H)[p~!] = Homg(M(G), M(H))[p~!] = Homg(G, H)[p™!]
is the identity by construction, finishing the proof of Theorem 4.1.4.
5. On p-divisible groups over O¢

In this section, we fix a complete algebraically closed extension C' of Q,, and
will classify p-divisible groups over O¢. Fix a map F, = O¢//p. Also, in this
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section we will write
+ _pt
Bcris - Bcris(oc/p) ’

which comes with a natural map ©: Bctis — C.

5.1. From p-divisible groups to vector bundles

First, we will relate some of the constructions that occurred so far to the
theory of vector bundles over the Fargues-Fontaine curve. Let P be the
graded Q,-algebra
P=@PBL),
d>0

and let X = Proj P. Then X is a curve, in the sense that it is a connected,
separated, regular Noetherian scheme of dimension 1, cf. [FF11], Théoréme
10.2. Moreover, X is also complete in the sense that there is a homomorphism
deg: Div(X) — Z which is surjective, nonnegative on effective divisors, and
zero on principal divisors. From here, one defines the rank and degree of any
coherent sheaf on X, and one gets the following result.

Proposition 5.1.1. Let f: F — & be an injective map of coherent sheaves
on X of the same rank and degree. Then f is an isomorphism. U

The curve X has a natural point oo € X, coming from the map ©: B;is —
C. We denote by iy : {o0} — X the inclusion.

Let G be a p-divisible group over O¢/p, and let M denote the covariant
Dieudonné module of G, which is a finite projective A¢is-module. We define
the associated vector bundle over the Fargues-Fontaine curve X, as the

vector bundle &(Gp) associated to the graded P-module

D=

d>0

Before going on, let us observe that our full faithfulness result over O¢/p
recovers the rational comparison isomorphism for p-divisible groups.

Corollary 5.1.2. Let G be a p-divisible group over Oc, and let T =T (G)(O¢).
The sequence

0—T[p '] = G(Oc) = LieG®C — 0
is exact, and gets identified with the sequence

0—=Tp Y= (Mp )¢ - LieGoC — 0.
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Proof. To check exactness on the right, use that C' is algebraically closed,
to deduce that multiplication by p on G(O¢) is surjective. Then note that

G(Oc) = G(O¢/p) = Home,, ,(Qp/Zy, G)[p~"] = (M[p~"])*=" .
Il

Remark 5.1.3. Note that O¢ /p satisfies the hypothesis of Corollary 4.1.12,
so that one also gets the integral version of the comparison theorem.

Theorem 5.1.4. (i) Let G be a p-divisible group over Oc. Then there ezists
a p-divisible group H over F), and a quasi-isogeny

p: Heg Oc/p — G®o. Oc/p .

(i1) The functor Gy — &(Gp) from p-divisible groups over O¢ /p up to isogeny
to vector bundles over X is fully faithful. The essential image is given by
the vector bundles all of whose slopes are between 0 and 1.

Remark 5.1.5. The first part of this theorem says that all p-divisible groups
over O¢ are isotrivial in the sense defined by Fargues, [FGLO08|. The same
result is true when C is only required to be a perfectoid field of characteristic
0 with algebraically closed residue field. In fact, the same proof applies.

Proof. As O¢/p is f-semiperfect, Theorem 4.1.4 reduces the result to the
analogous statement for Dieudonné modules over B;is. Then both results
are due to Fargues-Fontaine: The first part is Theorem 7.24 in [FF12], and
the full faithfulness in the second part is Theorem 7.15 combined with Propo-
sition 7.17 in [FF12]. By Theorem 7.14 in [FF12], any vector bundle on X
is isomorphic to the vector bundle associated to some isocrystal over F,. All
those with slopes between 0 and 1 are clearly in the essential image; on the
other hand, any vector bundle in the image is the vector bundle associated
to some p-divisible group H over Fp by part (i), and thus has slopes between

0 and 1, giving part (ii). O
We will also need the following statements, cf. also [FF12], Section 6.

Proposition 5.1.6. Let G be a p-divisible group over O¢. Let & = &(Go)
for Go = GRo, Oc/p and F = Ox ®z, T be associated vector bundles over
X. Here and in the following, we write T = T(G)(O¢).

(i) There is a natural exact sequence of coherent sheaves over X,

0= F =& = icex(LieGRC)—0.
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The global sections of this map give the logarithm sequence
0—=Tp = GOc) - LieGRC =0 .
(ii) Under the identification
ir, & =M(G)®o. C,

the adjunction morphism & — isoxin,é induces on global sections the quasi-
logarithm morphism

G(Oc) — M(G)® C .

When restricted to T[%], it induces a surjective map

ag: T®C — (LeGY®@C) c M(G)®C .
(iii) The sequence

07

0 — LieG ® C(1) A

T®C 2% (LeGY @ C)Y =0
1s exact.

In other words, a p-divisible group of height h over O¢ gives rise to a
modification & of the trivial vector bundle .7 = (9?( along oo € X.

We note that ag can be described more elementary as follows. One has
the map

Qp/Zp ®z, T— G,

which is defined as a map of p-divisible groups over O¢, and induces by
Cartier duality a map
GV —> lu,poo ®Zp TV .
On Lie algebras, this gives a map LieGY ® C — TV @ C. Dualizing again,
we get the map
T®C%S (LeGY®C)Y .
Proof. First of all, all identifications of maps are immediate from our prepa-

rations on p-divisible groups. In particular, the natural map .% — & induced
from T — M¥=P factors through

F' =ker(& — ioox(LieG® C)) .
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Moreover, the induced map .% — .Z’ is injective. Indeed, it suffices to check
this for # — &. Consider the diagram

F 6 —— i, (LieG® O)

L

On the lower line, &' = T ®z, Ox (1), and the sequence comes from the p-
divisible group T'(—1) ®z, pp=. By a direct computation for jiy~, the lower
line is exact. In particular, .# — &. But .% and .#’ are vector bundles of
the same rank h and degree 0, thus .% = .%’ by Proposition 5.1.1.

Part (iii) is taken from [FGLOS8|, Appendix C to Chapter 2. One could
also reprove it using the machinery employed here. In fact, the surjectivity
of ag follows directly from part (i) after ¢’ . For part (iii), it only remains
to see that the composite ag o aév(l) is 0. We have a composite map

where we use subscripts to denote the p-divisible group with respect to which
we construct the vector bundles. Also, we use a trivialization Z,(1) = Z, to
identify the vector bundles .Z%, and Zg. We have to see that i}, f is 0.
For this, it is enough to show that

fa: é"c\;/v — &g = éoc\;/v ROy Ox(l)

is multiplication by t € HY(X,Ox (1)), where t = log([¢]) comes from the
element ¢ € OF induced from the chosen trivialization Z,(1) = Z,. For this,
one can replace G by T' ®z, Q,/Z,, where it is immediate. O

5.2. Classification of p-divisible groups

The main theorem of this section is the following result.

Theorem 5.2.1. There is an equivalence of categories between the category
of p-divisible groups over Oc and the category of free Zy-modules T' of finite
rank together with a C-subvectorspace W of T @ C(—1).

The functor is defined in the following way. To G, one associates the Tate
module T'= T(G), together with W = Lie G ® C, embedded into T'® C' via

aly 1 LieGRC =T C(-1).
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Proof. We start by proving that the functor is fully faithful. This was already
observed by Fargues, [Farl2]. Let

G = T(G)(~1) @z, fip

be a multiplicative p-divisible group equipped with a map G — G’ induc-
ing an isomorphism T'(G) = T(G’). We also get a map LieG — LieG' =
T(G)(—1) ® O¢. It is easy to check that this map is identified with o
(after inverting p).

The resulting adic spaces fit into a commutative diagram

ad [,,00 ad :

0 ——= G [p™] G Lie Gfi) G.
ad [,,00 ad :

0 —— G [p™] Gy LieG' ® G,

We claim that the right square is cartesian. Indeed, if x € G%ad (R, R") maps
to Lie G ® G,, then for n sufficiently large, p"z € G?Id(R, R™), as on a small
neighborhood of 0, log, is an isomorphism. One gets x € G?]d (R,R"), as

Gad Gad
G/ad p" G/ad

is cartesian. It follows that we can reconstruct G%d from (T, W)= (T(G),Lie G®
(). But then we can also reconstruct

G= || spftH(Y,0),
Y CGad

where Y runs through the connected components of G%d.

It remains to prove that the functor is essentially surjective. For this,
let us first assume that C is spherically complete, and that the norm map
|-|: C — Rxg is surjective.

So, assume given (T, W). We define G’ as before, and then Gf‘]d C G;,ad
as the fibre product. We have to see that

| | spfE(Y,0f)
YCGad
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defines a p-divisible group. One checks directly that (the rigid-analytic space
corresponding to) Gf‘]d is a p-divisible rigid-analytic group in the sense of
[Far12]:

Definition 5.2.2. A p-divisible rigid-analytic group over C is a commu-
tative smooth rigid-analytic group G over C such that p: G — G is finite
locally free and faithfully flat, and p: G — G is topologically nilpotent.

A basic fact is that these decompose into connected components.

Lemma 5.2.3. [Far12, Corollaire 9] Let G be a p-divisible rigid-analytic
group over C. Then G = G° x m(G), where GV is a connected p-divisible
rigid-analytic group over C, and mo(G) = (Qp/Zy)" for some integer r.

By Théoreme 15 of [Farl2], it is enough to show that the connected
component (G%d)o of the identity is isomorphic to a d-dimensional open

unit ball B That theorem verifies that if (G%d)o >~ B4 then the formal
group induced on

Spf HO((G3)°, Ofiaayo) = Spf O[T, ..., Tl

is p-divisible, i.e. the kernel of multiplication by p is finite and locally free.
Moreover, we know the following.

Proposition 5.2.4. [Far12, Proposition 14, Lemma 13] One can write
(G';‘]d)o as an increasing union of connected affinoid subgroups Uy, C (G%d)o,
such that U, =B for all n > 0.

Proof. The subgroups U,, can be defined as the (connected component of)
the intersection of (G%d)o with increasing closed balls in G;Yad =~ }gh.

For the convenience of the reader, we recall the crucial argument in
showing that U,, = B?. Write U,, = Spa(A, AT). Using [BGR84], we know
that AT is topologically of finite type over O¢, and it has the structure of a
topological Hopf algebra. Let A = A" ®o,, k, where k is the residue field of
Oc¢. Then Spec A is a connected commutative affine reduced group scheme
over k such that multiplication by p is nilpotent. As it is reduced and a
group scheme, it is smooth; it follows that it is an extension of a torus by a
unipotent group. As multiplication by p is nilpotent, the torus part has to be
trivial. It follows that A = k[T},...,Ty], and hence AT = O¢ (T1,...,Ty),
and thus U,, = B, ]

Now we finish the proof by using the following proposition (which is the
only place where we use our assumptions on C').
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Proposition 5.2.5. Assume that K is a spherically complete nonarchime-
dean field for which the norm map |- | : K — R>q is surjective. Let X be
an adic space over Spa(K,Ok) with a point 0 € X which can be written
as an increasing union X = |J X, of quasicompact open subsets 0 € Xy C
X1 C .... Moreover, we assume the following conditions.

(i) For all n > 0, the inclusion X, C Xp41 is a strict open embedding.

(ii) For each n > 0, there is an isomorphism X, = B, carrying 0 € X,, to
0 € BY. Let

Oc(Tnp,- - Tna) = Ay = H(X,, 0% ) .

(iii) Let I,, C Ay, be the kernel of evaluation at 0, and let M, = I,,/I> = (’);l(.
The transition maps Mn+1 — M, are injective, and induce isomorphisms
My 1®K = M,®K. We require that M = (1, M,, satisfies M@K = M, QK
for one (and hence every) n.

Then X = B9,

Remark 5.2.6. Condition (iii) says intuitively that the radii of the balls
stay bounded, and follows for X = (G%d)o directly from the comparison with

G/ad ~ Iﬁgh
" :
Proof. The key ingredient is the following lemma.

Lemma 5.2.7. Let V be a finite-dimensional K-vector space, and let Ag D
A1 D ... be a sequence of Ok -lattices in V. Assume that A = (), Ap satisfies
A® K =V. Then A is an Og-lattice, and R! @An =0.

Proof. Filtering V by subvectorspaces, one reduces to the case V = K. In
that case, A is a fractional ideal of K, and as the norm map is surjective, we
can assume that either A = O or A = m. But if A = m, then m C A, for all
n, hence Og C A, as A, is a principal ideal. It follows that Ox C (), An,
which is a contradiction. Therefore A = Ok is an Og-lattice. It is easy to
check that as K is spherically complete, R @An = 0. O

In the situation of the proposition, it follows that M = Of(. Simi-
larly, one deduces that l&l]ﬁ JIRHL = Sym* M for all k > 0 with vanishing

R} lim. By induction, we get @An/Iﬁ =~ Sym® M/I* for all k with vanish-
ing R! 1'&1, where I C Sym® M denotes the augmentation ideal. Therefore
l'mmk An/IF = Oc[Ty,. .., Ty]. Let A,, denote the I,,-adic completion of A,,.
To conclude that

H'(X,0%) = 0c[Ty,...,T4] ,
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A~

it remains to show that len A, = @An. But as X,, C X,,41 is a strict

closed embedding, the map A,11 — A, factors over An+1, giving the result.
O

This finishes the proof of Theorem 5.2.1 for C spherically complete, with
surjective norm map. The general case will be deduced later. O

Let us add the following proposition.

Proposition 5.2.8. (i) Let G be a p-divisible group over O¢ corresponding
to (T,W). Then the dual p-divisible group G corresponds to (TV (1), W),
where TV (1) denotes the Tate twist by one of the dual Z,-module, and W+ C
TV @ C denotes the orthogonal complement of W C T ® C(—1).

(ii) Let

0—-G1 =Gy —G3—=0
be an exact sequences of p-divisible groups over Oc¢. Let (T;,W;) for i =
1,2, 3, be the associated linear algebra data. Then

0—->Ty -1 —>T13 —0

and
0—->W; > Wy > W3 —0
are exact.

Remark 5.2.9. The converse to (ii) is false. Indeed, let G be Q,/Zy, let G2
be connected of dimension 1 and height 2, and let G'3 be jip~. Then there are
maps G1 — G9 — G3 whose composition is 0, and such that on Tate modules
0— 1T, — 15 — T35 — 0 and Lie algebras 0 — W, — Wy — W3 — 0, one
gets exact sequences. However, the sequence 0 — G1 — G2 — G3 — 0 is
not exact, as one checks easily on the special fibre.

Proof. For (i), use the Hodge-Tate sequence. Part (ii) is clear. O
6. Rapoport—Zink spaces
6.1. The space of level 0, and the period morphism

Let H be a p-divisible group over a perfect field k of characteristic p, of
height h and dimension d.
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Definition 6.1.1. Let R € Nilpy, ;. A deformation of H to R is a pair
(G, p), where G is a p-divisible group over R and

p: H®r R/p — G®r R/p

is a quasi-isogeny. Let Defp be the associated functor on Nilpyy 1, taking
R to the set of isomorphism classes of deformations (G, p) of H to R.

Recall the following theorem of Rapoport—Zink, [RZ96].

Theorem 6.1.2. The functor Defp is representable by a formal scheme M
over Spf W (k), which locally admits a finitely generated ideal of definition.
Moreover, every irreducible component of the reduced subscheme is proper.

Let M(H) denote the Dieudonné module of H, a free W (k)-module of
rank h. Assume now that R is a p-adically complete W (k)-algebra equipped
with the p-adic topology. Then via Grothendieck—Messing theory, (G, p)
gives rise to a surjection of locally free R[%]—modules M(H) ® R[%] —
Lie G[%], which depends on (G, p) only up to isogeny. We get the induced
period map

W:Mgdﬁﬁf,

which we call the crystalline period map. Here, #Z is the flag variety parame-
trizing d-dimensional quotients of the h-dimensional W(k:)[%]—vector space
M(H)[%], we consider .Z#¢ as an adic space over Spa(W(k)[%], W(k)).
Moreover, we will consider the following variant of Defy. Consider the
functor Def;® that associates to a p-adically complete flat W (k)-algebra R
equipped with the p-adic topology the set of deformations (G, p) of H to R,
modulo quasi-isogeny over R. Observe that giving a quasi-isogeny over R is
strictly stronger than giving a compatible system of quasi-isogenies over the

quotients R/p™, so that Def}f{Og cannot be defined on Nilpyy (. Using the

usual procedure, one gets a sheaf (Defiljog)?)d on the category of complete
affinoid (W(k)[%], W (k))-algebras. We note that m factors over a map, still

denoted T,
m: (Defyr®)ad — 70 .
Our first goal is to prove the following result, which is essentially con-

tained in [dJ95].

Proposition 6.1.3. The sheaf (Defiflog)%d 1s representable by an adic space,
which is identified with an open subspace U C FL under 7.



Moduli of p-divisible groups 213

We remark that if d = 1, i.e. we are working in the Lubin-Tate case,
then (Defllsfog)%d = .Z¢, the map 7 is called the Gross — Hopkins period map,
and the result follows easily from the theory in [GH94].

Proof. Let U C %£ be the image of 7: M%d — Z¥. As 7 is an étale morphism
of adic spaces locally of finite type, U is open. We claim that

T (Defiflog)zd —U

is an isomorphism. First we check that for any complete affinoid (W (k) [%], W(k))-
algebra (R, R"), the map

(Def®)2(R,R") — U(R, R")

is injective. So, let two elements of (Def}sfog)%d(R, R™) be given which map to
the same element of U(R, RT). Locally, they are given by p-divisible groups
G;,i = 1,2, over an open and bounded subring Ry C RT, and quasi-isogenies

pi- H QF, Ro/p — G; ®gr, Ro/p -

In particular, we get a quasi-isogeny from G; ®pg, Ro/p to Gy ®g, Ro/p.
By Grothendieck—Messing theory, the obstruction to lifting this to a quasi-
isogeny from G to G2 over Ry is the compatibility with the Hodge filtration.
By assumption, we have this compatibility, so that the quasi-isogeny lifts,
thereby showing that the two elements of (Def}sfog)%d agree.

To show surjectivity, it is enough to prove the following lemma.

Lemma 6.1.4. The map w: M%d — U admits local sections.

Proof. 1t is enough to prove that for any complete nonarchimedean extension
K of Q, with an open and bounded valuation subring K™ C K, the map

MK, KT) > U(K,K")

is surjective. Indeed, this shows that any point u € U with values in (K, K™)
can be lifted to a (K, K*)-valued point of M%d. As 7 is étale, one checks
that this section extends to a small neighborhood of u, cf. proof of Lemma
2.2.8 of [Hub96].

However, all irreducible components of the reduced subscheme of M
are proper, so that Mf‘]d is partially proper. It follows that we may assume
that KT = Ok. Let * € U(K,Og). As z is in the image of 7, there is
some finite Galois extension L of K and a point & € ./\/l%d(L, Or) lifting
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x. This is given by a p-divisible group G over Op, and a quasi-isogeny p
over Or/p. On the Tate module T(G) = T(G)(Of), we get an action of
Gal(K /L). Moreover, on the rational Tate module V(G) = T(G)[}D], we get
an action of Gal(K/K). Indeed, for any o € Gal(K/K), the point o(%)
projects to z via 7w, meaning that there is a unique quasi-isogeny between
0*(G) and G compatible with the isogenies ¢*(p) and p on Or/p. This
induces a canonical identification between ¢*(V(G)) and V (G), whereby we
get the desired action of Gal(K/K) on V(G).

But now the profinite group Gal(K/K) acts on the finite-dimensional
Qp-vector space V(G). It follows that there is an invariant Z,-lattice T' C
V(G). This corresponds to a p-divisible group G’ over Op,, quasi-isogenous to
G, with corresponding quasi-isogeny p’ modulo p. As T'is fixed by Gal(K/K),
it follows that (G’,p') descends to Ok, and thus defines an element of
M(K, Ok), projecting to z, as desired. O

O
6.2. The image of the period morphism

Theorem 6.2.1. Fix a p-divisible group H over a perfect field k of dimen-
sion d and height h, and let M be the associated Rapoport—Zink space, with
period map

W:Mf]d%ﬁé.

Let C be an algebraically closed complete extension of W (k)[p~'], and let
x € FU(C,O¢) be a point corresponding to a d-dimensional quotient M (H)®
C — W. Let & = &(H) be the vector bundle over X associated to H, and
consider the modification of vector bundles

0= =& = ioexW =0
corresponding to the quotient
E = looxling® = ook (M(H) @ C) = iocsW .

Then x is in the image of 7 if and only if F is isomorphic to (’)?(.

Proof. Tt is enough to prove this in the case that C' is spherically complete
with surjective norm map, as 7 is locally of finite type. Indeed, it is clear
that % is trivial if z is in the image of 7, by Proposition 5.1.6. For the
converse, if .Z is trivial over C, it is still trivial over a big extension C’ of
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C; if the result is true over C’, we find that the fibre 7~!(x) is an adic space
locally of finite type over Spa(C,O¢), which has a (C’, O¢.)-valued point,
and in particular is nonempty. It follows that it has a (C, O¢)-valued point.

So, assume that .# is trivial and choose a Z,-lattice T' in H°(X, %) =
QZ. Then the modification of vector bundles gives an injection W — T'®
C(—1), and hence a p-divisible group G over O¢, such that the modification

0= F =& — ioexW — 0

of vector bundles is the one induced from G via Proposition 5.1.6. By The-
orem 5.1.4 (ii), the corresponding identification of &(G ®p, Oc/p) with
&(H) = &(H @5, Oc/p) comes from a quasi-isogeny

p: H®Fp Oc/p — G®o, Oc/p,

giving a point & € M(O¢) = M34(C, O¢) with () = . O

Proof. (of Theorem 5.2.1 for general C.) We can now show that the func-
tor is essentially surjective in general. Take any (7',1W), and construct the
associated modification of vector bundles

0= F =& = texW =0

over X, where .# =T ®z Ox: Define & by the pullback diagram

0 F T iooI\W 0
0 F &' oo (T © C(~1)) ——=0

On the lower line, & = T ®z, Ox (1), and the sequence comes from the
p-divisible group T'(—1) ®z,, fipe.

Proposition 6.2.2. There is a p-divisible group H over ]Fp such that & =

Proof. By Theorem 5.1.4, we only have to prove that the slopes of & are
between 0 and 1. Assume that & contains an irreducible direct summand
Ox(A). Then there is a nonzero morphism Ox — Ox()), as otherwise,
Ox (X) would inject into the cokernel of .# — &, which however is a skyscrap-
er sheaf. This implies that A > 0. On the other hand, as & injects into
&', it follows that there is a nonzero morphism Ox(\) — Ox (1), so that
A< 1. O
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Fixing an identification & = &(H), the modification of vector bundles
0—=F = EH) = ic:xW — 0

corresponds to a quotient M (H) ® C — W, i.e. a point z € Fl. As F is
trivial by construction, we can use the preceding theorem to lift « to a point
Z in the corresponding Rapoport-Zink space, giving a p-divisible G’ over
Oc¢ with a quasi-isogeny

p: H®FP Oc/p — G Roq Oc/p .
The modification of vector bundles associated to G’ is given by
0—=.F = EH) = icci W —0.

In particular, T(G") ¢ H*(X,.7) = T[%] is a Zjy-lattice. After replacing G’
by a quasi-isogenous G, we may assume that T(G) = T, which gives the
desired p-divisible group. O

We recall that Faltings, [Fall0], proved Theorem 6.2.1 by reduction to
discretely valued fields, where he used a result of Breuil, [Bre00], and Kisin,
[Kis06], to conclude. We can reverse the argument and deduce their result.
We stress that contrary to the methods of Breuil and Kisin, which are based
on integral p-adic Hodge theory, our argument only needs rational p-adic
Hodge theory.

Corollary 6.2.3. Let K be a discretely valued complete nonarchimedean
extension of Q, with perfect residue field k. Then the category of p-divisible
groups over O is equivalent to the category of Gal(K /K )-stable Z,-lattices
in crystalline representations of Gal(K/K) with Hodge-Tate weights con-
tained in {0,1}.

Proof. By Tate’s theorem, [Tat67], the functor from p-divisible groups to
lattices in crystalline representations is fully faithful. Let T be a Gal(K /K)-
stable Z,-lattice in a crystalline representation of Gal(K/K) with Hodge-
Tate weights in {0,1}. We get an associated filtered isocrystal M over
W (k)[p~!], whose slopes are between 0 and 1 (by weak admissibility). There-
fore, M = M (H) for a p-divisible group H over k. Let My be the associated
Rapoport—Zink space, with period map

T (MH)%d — F .



Moduli of p-divisible groups 217

The filtration on M determines a point x € .Z¢(K, Ok), which lies in the
image of 7 by Theorem 6.2.1 (noting that .# = T ®; Ox canonically).
One has a canonical identification between 7 !(x)(C,O¢) and the set of
Zy-lattices in HO(X,.7) = T[p~!], where C = K. As T C T[p~!] is stable
under Gal(K /K), this gives a point & € 771 (2)(K, Ok), which in turn gives
rise to the desired p-divisible group G over Ok. O

6.3. Rapoport—Zink spaces at infinite level

In this section, we will define Rapoport—Zink spaces at infinite level, and
explain how they are related to the classical Rapoport—Zink spaces at finite
level. Fix a perfect field k, and a p-divisible group H over k of dimension d
and height h. Recall the definition of Rapoport—Zink spaces of finite level.

Definition 6.3.1. Consider the functor M,, on complete affinoid (W (k )[%],
W (k))-algebras, sending (R, R") to the set of triples (G, p, ), where (G, p) €
MR, RT), and

a: (Zp/p"Zy)" — G"J; (R, RY)

is a morphism of Z,/p"Z,-modules such that for all x = Spa(K,KT) €
Spa(R, R™), the induced map

@) (Zy/D"Zp)" — Glp"]5 (K, K )

s an isomorphism.
We recall the following result from [RZ96].

Proposition 6.3.2. The functor M,, is representable by an adic space over
Spa(W(k)[z—l)],W(k)), which is an open and closed subset of the h-fold fibre

product (G[p"]; Hh of G[p ”]ad over .Mad

Definition 6.3.3. Consider the functor My, on complete affinoid ( (kz)[% ,
W (k))-algebras, sending (R, R™) to the set of triples (G, p, ), where (G, p) €
MR, RY), and
. 7h ad —+
a: Z, = T(G);(R,RT)
is a morphism of Z,-modules such that for all z = Spa(K, K™) € Spa(R,R"),
the induced map
. 7h ad +
a(r): Z, = T(G) (K, KT)

s an isomorphism.
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The main theorem of this section is the following.

Theorem 6.3.4. The functor My, s representable by an adic space over
Spa(W(k)[%],W(k)). Moreover, M, is preperfectoid, and

MooNl‘&nMny

where My, denotes the Rapoport—Zink space of level n.

Proof. We start by proving that M, is representable. In fact, we have the
adic space T(G)%d over M%d, and a morphism

Moo = (T(G);"
where (T’ (G)Zd)h denotes the h-fold fibre product of T(G)?Id over M%d. We
claim that there is a cartesian square

My —— (Glp")" .

In fact, recall that the morphism M; — (G [p]%d)h is an open and closed
embedding. In particular, one can check whether My, — (G [p]gd)h factors
over M1 on points, where it follows directly from the definition. Moreover,
it is clear that if a(z) mod p: ]F]fgZ — G[p]%d(K, K™) is an isomorphism, then
so is a(x): Zh — T(G)%d(K, K ™). This proves that the square is cartesian,
so that M is representable.

Moreover, Mo ~ lim M, follows from (T(G)%d)h ~ @(G[p”]%d)h,
which is Proposition 3.3.2.

It remains to prove that M, is preperfectoid. For this, we start with a
different description of M. The universal cover H of H lifts uniquely to
W (k), and we still denote by H this lift. It gives rise to an adic space f[j;d

over Spa(W(kJ)[%], W (k)), equipped with a quasi-logarithm map

qlog: ﬁf;d — M(H)® G, .

Moreover, I:I;’“;d is preperfectoid, cf. Example 2.3.12 and Corollary 3.1.5 in
the connected case. The general case is easily deduced.
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Definition 6.3.5. Consider the functor M._ on complete affinoid (W(k:)[%],
W (k))-algebras, sending (R, R") to the set of those h-tuples

(s1,...,8n) € ﬁf;d(R, R™)

for which the following conditions are satisfied:

(i) The matriz (qlog(s1),...,qlog(sy)) € (M(H) ® R)" is of rank exactly
h—d; let M(H)® R — W be the induced finite projective quotient of rank
d.

(ii) For all geometric points x = Spa(C, O¢) — Spa(R, RT), the sequence

(81,---ySn)

0— Q) =% H2Y(C,00) = W @ C — 0

15 exact.

We remark that the condition on the rank is saying more precisely that
all minors of size > h — d + 1 vanish, and that the minors of size h — d
generate the unit ideal.

Lemma 6.3.6. There is a natural isomorphism of functors Moo = M.
Moreover, M. C (Hf;‘d)h is a locally closed subfunctor.

Proof. We start by constructing a map My, — M/_. So, let (R, R") be
a complete affinoid (W(k)[%],W(k))—algebra, and (G, p,a) € My (R,RT),
where (G, p) is defined over some open and bounded subring Ry C R™T.
Using p, we get an identification H Ry = G. Therefore, we get a map

a: Zh — GX(R,R") = H}(R,R")
i.e. h sections si1,...,s, € ﬁ;‘d(R, R™). We have to check that they satisfy

conditions (i) and (ii) above. Condition (ii) is clearly satisfied, when W =
Lie G ® R. For condition (i), note that we have a commutative diagram

rrad d
H2%(R,R") — G2(R, R")

lqlog llog

M(H)® R——=LieG®R .

This implies that qlog(s;) € ker(M(H) ® R — LieG ® R), which is an
h — d-dimensional projective R-submodule. Therefore, all minors of size >



220 Peter Scholze and Jared Weinstein

h — d + 1 vanish. To check that the minors of size h — d generate the unit
ideal, it suffices to check for all x = Spa(K, K*) € Spa(R, R"), the sections
qlog(s1),...,qlog(sy) € M(H)® K generate an h — d-dimensional subspace.
We can assume that K = C' is algebraically closed, and that K = O¢. In
that case, this follows from the surjectivity of

T(G)®C — (LieGY)' o C ,

cf. Proposition 5.1.6 (iii). Note that these considerations also show that the
quotient of M (H)® R by the submodule generated by qlog(s1), ..., qlog(ss)
is exactly W = LieG ® R.

Now we will construct the inverse functor M., — M. First, observe
that M. — Z factors over U C Z¢, where U denotes the image of the
period morphism. As U C %/ is partially proper, it is enough to check this
on geometric points Spa(C,O¢), i.e. those of rank 1. We have the vector
bundle & = &(H) on the Fargues—Fontaine curve X. Let

F =ker(& — oo W) .

Then H(X,.7) = Q;L by condition (ii). We claim that # = O%. As 7 is
of rank h and degree 0, if .# % O%, then there exists some A > 0 such that
Ox(\) = Z. But dimg, H’(X, Ox())) = oo for A > 0, contradiction. By
Theorem 6.2.1, this implies the desired factorization.

Next, consider the functor F defined similarly to M., but with condi-
tion (ii) weakened to the condition that the quotient W of M (H)® R defines
a point of U C #{. Then F is clearly locally closed in (ﬁf;d)h. Moreover,
there is a natural morphism F — U, so that locally on Spa(R, RT) C F, one
has a deformation (G’,p') of H to an open and bounded W (k)-subalgebra
Ro C RT. However, (G’, p) is only well-defined up to quasi-isogeny over Rp;
i.e. we have a section

(G',p)) € (Def®)2(F) .

Also observe that the exact sequence (all of whose objects depend only on
G’ up to quasi-isogeny)

0= V(G = G = HY - LieG' ® G,

implies that s1,...,s, € H2(F) = G14(F) lie in the subset V(G")ad(F).

Let F/ C F be the subfunctor such that for all points x = Spa(K, K1) €
Spa(R,RY), the map Q! — ﬁf;‘d(K, KT™) is injective. Clearly, M. — F
factors over F’.
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Proposition 6.3.7. The map F' — F is an open embedding. Moreover,
there is a unique p-divisible group G over F' quasi-isogenous to G', such
that for all x = Spa(K, K*) € F', the map

T(GRYK,K') = V(G )2YK KT)

is an isomorphism onto @?:1 Lpsi(x).

Proof. Let Spa(R,Rt) C F be an open subset, over which there exists
(G, p') over an open and bounded W (k)-subalgebra Ry C R*. Moreover,
let = Spa(K, K1) € Spa(R, RT) be a point such that s1(z),...,sy(z) €
V(G )%d(K , KT) are linearly independent. Without loss of generality, we
assume that the Z,-lattice they generate contains T(G’)%d(K, K). Then
this lattice inside V(G’)%d(K, K ™) corresponds to a quotient G'(z) — G(x)
of G'(x) by a finite locally free group over K, and hence over KT, as KT is
a valuation ring.

Lemma 6.3.8. The category of finite locally free groups over KT is equiv-
alent to the 2-categorical direct limit of the categories of finite locally free
group schemes over O%(U), z € U.

Proof. We have to show that the categories of finite locally free groups over
KT and (9} , are equivalent. The same statement for K and Ox , follows
from the fact that the categories of finite étale covers are equivalent, as was
observed e.g. in [Sch12, Lemma 7.5 (i)]. As

O;r(,a: = {f € OX,I | f($) € K+} )

where f(z) € K is the evaluation of f, one readily deduces that the addi-
tional integral structure of giving a finite locally free group over K™ (resp.
O ) inside a given finite locally group over K (resp. Ox ) is the same. [J

It follows that after replacing X by an open neighborhood of z, one can
extend G'(z) — G(x) to a quotient G’ — G over X. It follows that

h
D Zpsi(x) = V(G)y (K, KT)
i=1
is an isomorphism onto T(G)34(K, K*). We claim that the same is true on
ad - V(G)%d is an open subset, one

a small neighborhood of z. As T(G);
checks directly that after replacing X by a small neighborhood of z, the
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sections s; € V(G)3(R, R") lie in T(G)2(R,RY) C V(G)3(R,R"). One
gets sections
S1,..-,8n € G[p]'?]d(R7 R+) )

and after passage to an open subset, one may assume that they are linearly
independent over I, (as the corresponding locus in (G[p]%d)h is open and
closed). This shows that in an open neighborhood of x, G is as desired. It is
easy to check that a group G with the desired property is unique: It suffices
to do this locally. At points, it is clear, and then the previous lemma extends
this uniqueness to a small neighborhood.

In particular, it follows that in this open neighborhood, s1,..., s, are
Qp-linearly independent, whereby F' C F is open. Moreover, locally on F’,
we have constructed the desired group G, and by uniqueness, they glue. [

The proposition constructs a deformation (G, p) of H to F'. Moreover,
we have

S1,-..,8n € V(G)f;d(]:’) .
In fact, they lie in the subset T(G)%d(}"). As T(G)';*]d C V(G)Zd is an open

embedding, this can be checked on points, where it is clear. This means that
S1,...,Sp give a map

. 7h d
a: Z, = T(G); (F,
which is clearly an isomorphism at every point. This gives the inverse functor

ML — F' — My, as desired. In fact, ML = F' = M. O

_ Now we can finish the proof that M is preperfectoid. Indeed, Mo C
(Hﬁ/‘d)h is locally closed, and Hj;d is preperfectoid. Thus, by Proposition
2.3.11, M is preperfectoid. O

Finally, we give a description of M, purely in terms of p-adic Hodge
theory, on the category of perfectoid algebras. So, let us fix a perfectoid field
K of characteristic 0.

Proposition 6.3.9. The functor My, on perfectoid affinoid (K,Ok)-alge-
bras is the sheafification of the functor sending (R, R™) to the set of h-tuples
P1,---,Ph € (M(H) ®W(k) B;iS(R+/p))SD=P >

for which the following conditions are satisfied.

(i) The matriz (©(p1),...,0(pn)) € (M(H) @ R)" is of rank evactly h — d;
let M(H)® R — W be the induced quotient.
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(ii) For all geometric points x = Spa(C, O¢) — Spa(R, R"), the sequence

)7""p’1(x))

0— QB (M(H) ®yw ) Bia(Oc/p)?=" — W &5 C — 0

1S exact.

Proof. We have
Hy'(R,R*) = H(R") = H(R" /p) = (M(H) @w) Bl (R*/p))?"

by Theorem 4.1.4. It follows that the datum of p1,...,pp is equivalent to
the datum of h sections

S1y...,5 € I:If;d(R, R,

and the conditions (i) and (ii) clearly correspond. O

Corollary 6.3.10. Let C be an algebraically closed complete nonarchimedean
extension of Qp, and let X be the associated Fargues—Fontaine curve. Let
F =0 and & = &(H) be associated vector bundles on X. Then Mo (C, O¢)
is given by the set of morphisms f: % — & that give rise to a modification

O—>ﬁi>é"—>ioo*W—>(),
where W is some C-vector space.
6.4. The Lubin-Tate space at infinite level

In this section, H is a connected p-divisible group over k£ of dimension 1 and
height h. We assume that k is algebraically closed, so that H only depends
on h. Let M"_ be the associated infinite-level Rapoport-Zink space. We show
here that M" is cut out from (fl;jd)h by a single determinant condition.

Let us begin with the case of h = 1, so that H = pip~ . Then H lifts
uniquely to the p-divisible group gy~ over W(k). We have M (pp~ ) =
Lie pip= = W (k). The quasi-logarithm map reduces to the usual logarithm
map, which sits inside the exact sequence

~ log
0 V()2 —jipd | %~ G,

of sheaves of Q,-vector spaces on CAffgp, oy ()17, w(k))- Now let (R, R") be

a complete affinoid (W(k)[%], W (k))-algebra. By Lemma 6.3.6, M. (R, R")
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is the set of sections s € fi2% (R, R") which satisfy both log(s) = 0 and the
condition that s(x) # 0 for all points # = Spa(K, K*) € Spa(R, RT). This
means that

Mz = V(pp=)3\ {0} -

Either from this description, or from the description of M} as classifying
triples (G, p, @), it follows that

M, = | | Spa(L,0r)

nez

where L is the completion of W(k)[%](upoo). Indeed, the decomposition by
n € Z comes from the height of p. Assume that p is of height 0; then
G = pp~ canonically, by rigidity of multiplicative p-divisible groups. Now
a: Zy — Tup~ amounts to the choice of a compatible system of p-power
roots of unity, whence the result.

Now return to the general case, so that H has dimension 1 and height
h. We construct a determinant morphism from the h-fold product of ﬁgd
into ﬂg‘oﬂom. Let A"M(H) be the top exterior power of the W (k)-module
M(H); then A"M(H) is free of rank 1 with Frobenius slope 1, so that
MM (H) 2 M (jiye 1)-

Write H for the universal cover of H, considered over the base W (k).
By Corollary 3.1.5, H" is representable by a formal scheme Spf R, where
R = W(k:)[[Xll/pw,...,X}i/poo]]. In particular R/p is an inverse limit of f-
semiperfect rings. The projection maps H' - H give h canonical elements
S1,...,5, € H(R/p). Appealing to Theorem 4.1.4, the Dieudonné module
functor gives us isomorphisms

ap: H(S) = (M(H) @we) Bl (9)*!

and

Qe © fipee (S) = (M (ppee ) @ B ()%~

cris

for any f-semiperfect ring S. We get an element oz;plw (ap(s1)A - -Aag(sp)) of
fipe(S). As R/p is an inverse limit of f-semiperfect rings, we get a morphism
of formal schemes det: H" — fip~ over Speck, and then by rigidity also
over Spf W (k). Passing to generic fibres, we get a morphism of adic spaces

det: (2" — ad
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which is Q,-alternating when considered as a map between sheaves of Q-
vector spaces on CAffgpqw (k)[1/p), W (k))- This morphism makes the diagram

r7 det ~
(Hp)" ——= Ap

qlogl llog

(M(H) ® Ga)" —3o M(pp= k) © Ga

commute.

Theorem 6.4.1. There is a cartesian diagram

det
M —E e ML

L

(HyO" ——= it .

Proof. First, we have to prove that det: M — [L;‘So » factors over ML For
this, suppose that the hA-tuple s1, ..., s represents a section of MZO over an
affinoid algebra (R, RT). Since the matrix (qlog(s1),...,qlog(sp)) has rank
h — 1, we have det(qlog(s1),...,qlog(sy)) = 0, i.e. log(det(sy,...,s,)) = 0.
It remains to show that det(s1, ..., s,)(x) # 0 at all points x € Spa(R, RT).
For this, it is enough to check on geometric points Spa(C, O¢), where it is
readily deduced from Corollary 6.3.10, noting that A\".Z — A" &.

It remains to see that the square is cartesian. For this, let s1,..., sy
represent a section of the fibre product over (R, R'). This means that
det(s1, ..., sp) is a section of V(pp~)a4\ {0}. We have

det(qlog(s1),...,qlog(sy)) = log(det(sy,...,sp)) =0,

meaning that the matrix (qlog(si),...,qlog(sy)) has rank at most h — 1.
Therefore to show that si,..., s lies in M’ | we only need to show that
this matrix has rank exactly h—1, and that condition (ii) in Definition 6.3.5
is satisfied. This can be checked on geometric points Spa(C, O¢).

The tuple s1,..., s, corresponds to a map % — & of vector bundles
on the Fargues-Fontaine curve X, with # = O% and & = &(H). Since the

section s1A- - - Asp of &(up~) vanishes only at oo, we have an exact sequence

0= F =& = isexW — 0,
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where W is a C-vector space equal to the quotient of M(H) @y C by
the span of s1,...,s,. Counting degrees, we get dim W = 1, verifying the
condition on the rank. Taking global sections, one gets the exact sequence

0 — QP L™y fad(0 00) 5 WeaR C =0,
'4 n

verifying condition (ii) in Definition 6.3.5. O

Remark 6.4.2. The space M., = ||, Spa(L,Or) has an obvious integral
model, namely Méo = ||, Spf Or,.. This suggests defining an integral model
M" as the fibre product of ﬁff and M over fip>. On the other hand we

have the integral models MZ of finite level, due to Drinfeld. It is proved
in [Weil2] that M is the inverse limit @Mn in the category of formal
schemes over Spf Z,,.

6.5. EL structures

In this section, we generalize the previous results to Rapoport—Zink spaces
of EL type. It would not be problematic to consider cases of PEL type.
However, the group theory becomes more involved, and the present theory
makes it possible to consider analogues of Rapoport—Zink spaces which are
not of PEL type, so that we will leave this discussion to future work.

Let us fix a semisimple Q,-algebra B, a finite nondegenerate B-module
V, and let G = GLp(V). Fix a maximal order Op C B and an Op-stable
lattice A C V. Further, fix a conjugacy class of cocharacters pi: Gm — Gg,
such that in the corresponding decomposition of Vi, into weight spaces, only
weights 0 and 1 occur; write

Vg, =V ®N

for the corresponding weight decomposition, and set d = dim Vj, h = dim V/,
so that h — d = dim V;. Moreover, fix a p-divisible group H of dimension
d and height h over k with action Op — End(H), such that M (H) @y )
W(k)p~'] 2V @q, W(k)[p~'] as B ®q, W (k)[p~']-modules.

In the following, we write D = (B,V, H, w) for the rational data, and
Dt = (Op, A, H,p) for the integral data. Moreover, let E be the reflex
field, which is the field of definition of the conjugacy class of cocharacters
. Set B = E-W(k).

Definition 6.5.1. The Rapoport—Zink space Mpiw of EL type associated to
D™t s the functor on Nilpp, sending R to the set of isomorphism classes
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of (G, p), where G/R is a p-divisible group with action of Op satisfying the
determinant condition, cf. [RZ96, 3.23 a)], and

p: HRr R/p— G®r R/p

is an Op-linear quasi-isogeny.
Then Rapoport—Zink prove representability of Mpine.

Theorem 6.5.2. The functor Mpu is representable by a formal scheme,
which locally admits a finitely generated ideal of definition.

On the generic fibre, we have the Grothendieck—-Messing period mor-
phism

TGM - (MDint)%d — nyM 5

where the flag variety %¢qm parametrizes B-equivariant quotients W of
M(H) @wy R which are finite projective R-modules, and locally on R
isomorphic to Vy ®q, R as B ®q, R-modules.

For any n > 1, one also defines the cover Mpu ,, of its generic fibre
(M'Dint)%d, as parametrizing Op-linear maps A/p" — G[p”]?,d which are
isomorphisms at every point.

We have the following definition of Mpint .

Definition 6.5.3. Consider the functor Mpin o on complete affinoid (E', O;)-
algebras, sending (R, RT) to the set of triples (G,p,a), where (G,p)
(MDmt)%d(R7 R+), (J//Ld

a: A= T(G)2Y(R,RY)

is a morphism of O g-modules such that for all x = Spa(K, K*) € Spa(R, R"),
the induced map

a(z): A — T(G)Zd(K, K™)
s an isomorphism.
Our arguments immediately generalize to the following result.
Theorem 6.5.4. The functor Mpu o is representable by an adic space

over Spa(E, Op). The space Mpu: o is preperfectoid, and

MDiut700 ~ l'gl,/\/l'pmcm .
n
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Moreover, one has the following alternative description of Mpint oo = Mp o,
which depends only on the rational data D. The sheaf Mp  is the sheafi-
fication of the functor sending a complete affinoid (E, Op)-algebra (R, RT)
to the set of maps of B-modules

V — HX(R,R")

for which the following conditions are satisfied.

(i) The quotient W of M(H) ®wx) R by the image of V ® R is a finite
projective R-module, which locally on R is isomorphic to Vo®q, R as B&q, R-
module.

(ii) For any geometric point x = Spa(C,O¢) — Spa(R, RT), the sequence
0=V = HXYC,00) = WerC —0

15 exact.

In particular, this gives a description of the image of the period morphism
in the style of Theorem 6.2.1 in all EL cases. Finally, let us observe that there
are natural group actions on Mp . Namely, there is an action of G(Qy)
on Mp , through its action on V. Let J denote the group of B-linear self-
quasiisogenies of H. Then J(Q,) acts on Mp o through its action on H.
Recall that this action of J(Qp) is in fact defined on every level Mpint p,
and already on Mpi, contrary to the action of G(Q)), which exists only
in the inverse limit.

Proposition 6.5.5. The action of G(Qp) x J(Qp) on Mp  is continuous,
i.e. for any qcqs open U = Spa(R,RT) C Mp, the stabilizer of U in
G(Qp) x J(Qy) is open, and there is a base for the topology of Mp  given
by open affinoids U = Spa(R, RT) for which the stabilizer of U in G(Q,) x
J(Qp) acts continuously on R.

Moreover, the Grothendieck—Messing period map

TGM * MD,oo — QEGM
is G(Qp) x J(Qp)-equivariant for the trivial action of G(Qp) on Flawm,

and the action of J(Qp) on Flom induced from the action of J(Qp) on
M(H) @y W(k)[p™].
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Proof. The first part is a direct consequence of the continuity of the action
of J(Qp) on each Mpun ,,, and the relation

Mppo ~ @M’Di“t,n .

The equivariance of the Grothendieck—Messing period map is obvious from
the definitions. O

7. Duality of Rapoport—Zink spaces

In this section, we deduce a general duality isomorphism between basic
Rapoport—Zink spaces at infinite level, in the EL case. We keep the notation
from the previous subsection concerning the EL case.

7.1. The Hodge—Tate period morphism

First, we observe that in addition to the usual Grothendieck—Messing pe-
riod morphism, there is a second morphism at infinite level, coming from the
Hodge—Tate map. Let #yr be the adic space over Spa(F, Op) parametriz-
ing B-equivariant quotients W; of V ®q, R that are finite projective R-
modules, and locally on R isomorphic to V; ®q, R as B ®q, R-module. Note
that G acts naturally on #lyr.

Proposition 7.1.1. There is a Hodge—Tate period map
T : Mp oo = Flur ,

sending an (R, R)-valued point of Mp o, given by a map V. — flj;d (R,RT),
to the quotient of V ®q, R given as the image of the map

V®QPR—>M(H) ®W(k)R .

The Hodge—Tate period map is G(Qyp) x J(Qyp)-equivariant for the canonical
action of G(Qp) on Flur, and the trivial action of J(Qp) on Flur.

Proof. Locally, the point of Mp o, corresponds to a p-divisible group G over
an open and bounded subring Ry C R*. Then we have an exact sequence

0— (LieGY)" @ R— M(H) @y R—LieGOR— 0.

Moreover, we get a map V ®g, R — (LieGY)" ® R. We claim that it is
surjective. Indeed, it suffices to check this on geometric points, where it
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follows from Proposition 5.1.6 (iii). As M(H) @wy) R = V ®g, R and
LieG ® R = V) ®q, R locally, it follows that (LieGY)Y ® R = Vi ®q, R
locally, as desired. O

Remark 7.1.2. We caution the reader that unlike mgym, T iS not in
general étale. Also, the fibres are not J(Qy)-torsors in general. However, in
the basic case to be considered in the next section, these statements are true,
and follow by identification from the similar statements for mgy by duality.

7.2. The duality isomorphism

Assume now that k is algebraically closed. Recall the following proposition.

Proposition 7.2.1. The o-conjugacy class corresponding to H is basic if
and only if B = Endi(H) (where End® = End ®Q) satisfies

B &g, W(k)[p™"] = Endpew ) (M (H)lp™]) ,

where the right-hand side denotes the B @ W (k)-linear endomorphisms of
the B W (k)-module M (H)[p~!], not necessarily compatible with F and V.

In the following, assume that the conditions of the proposition are sat-
isfied. In particular, it follows that we have a canonical identification

B &g, W(k)[p™] = Endpamw (M(H)[p™))
= EHdB®W(k)(V ®Qp W(k) [p_l])
— Endp(V) @g, W(k)[p~] .

We define dual EL data as follows. First, B is defined as in the proposi-
tion, with Op = Endo, (H). Moreover, V = B and A = Op, with the left
action by B, resp. Op. It follows that G = J is the group of B-linear self-
quasiisogenies of H, Where g€ G =J C Bacts on V by multiplication with
g~ ! from the right.

Next, we set H = A*®0p,, H, where A* = Homp,, (A, Op). To make sense
of this equation, interpret it for example in terms of Dieudonné modules, so
that

M(H) = A ©®0, M(H) .
As Op acts naturally on H, there is an induced action of Oz on H. One
has an identification

M(H)p~'=V*@p M(H)=(V*®5V) &g, W(k)p~']
= Endp(V) ®q, W(k)[p~"]
= B®g, W(k)[p~'],



Moduli of p-divisible groups 231

as desired. It remains to define the conjugacy class of cocharacters ji: Gy, —
G. Equivalently, we have to give the corresponding weight decomposition of
V. We require that this is given by the decomposition

Vg, W (k)[p~'] = Endp(V) ®@g, W (k)[p~']
= (Hompgw k) (Vo, V) ®qg, W(k)[p~'])
@ (Hompgw ) (V1, V) ®g, W(k)[p )

where the first summand is by definition of weight 0, and the second sum-
mand of weight 1. (We note that we would have to extend the scalars further
to make sense of this equation, as Vi and V; are not defined over the base
field.)

Let us denote by Fley and Flyp the flag varieties for the dual EL data;
we consider all spaces as being defined over Spa(E ,Op) in the following.

Proposition 7.2.2. There are natural actions of G on Flurt and Flc,
and a canonical G-equivariant isomorphism Flyr = Flam. Similarly, there
are natural actions ofG on Flyr and Flam, and a canonical G—equz’variant
isomorphism Flur = Flam.

Proof. Recall that #ly1 parametrizes B-equivariant quotients V@ R — W1
which are locally of the form V3 ® R. On the dual side, #¢q\ parametrizes
Endp(V)-equivariant quotients

M(H) @y ) R =Endp(V) ®g, R = W

which are locally of the form Homp(Vp, V) ®q, R. Starting with 0 — Wy —
V® R — W; — 0, and looking at Hompgr(—,V ® R) gives a sequence

0— HomB®R(W1, V® R) — EndB(V) QR — HomB®R(Wg7 V® R) —0 s

where W = Homp(Wp, V) is locally of the form Homp(Vp, V) ® R. It is
easy to see that this gives an isomorphism of flag varieties, under which the
canonical action of G on %y gets identified with an action of G on Gl

In the other case, recall that .%¢q\ parametrizes B-equivariant quotients
M(H) ® R — W which are locally of the form Vy ® R. On the dual side,
Flyt parametrizes Endg(V)-equivariant quotients

V ®q, R =Endg(V)®q, R — W,
which are locally of the form Homp(V1,V) ®q, R. Again, starting with

0—-W) - MH)®R—-W —0



232 Peter Scholze and Jared Weinstein

and looking at Hompgr(—, V®R) produces a quotient Wi = Hompgr (W1, VE®
R) of Endp(V) ® R which is locally of the form Hompg(V1,V) @ R, as de-
sired. [

Let Mp o be the Rapoport-Zink space at infinite level for our original
EL data, and let MT?, ~ denote the Rapoport-Zink space at infinite level for
the dual EL data.

Theorem 7.2.3. There is a natural G(Qp) x G(@p)—equivam'ant isomor-
phism
MD,oo = M'D,oo )

under which mgm: Mpo — Flam gets identified with Tyt : M@,oo —
Flyr, and vice versa.

Proof. Let (R, R™) be any complete affinoid (E,OE)—algebra. Then recall
that Mp o is the sheafification of the functor sending (R, R™) to the set of
B-linear maps

s:V — HY(R,R")

for which the induced quotient M(H) ® R — W by the image of V ® R is
locally of the form Vy® R, and which give exact sequences at every geometric

point. Similarly, Mz _ is the sheafification of the functor sending (R, R™)
to the set of Endp(V)-linear maps

§: Endy(H) — V* @p HX(R,R")

for which the induced quotient M (H) Ow k) B =Endp(V) ®q, R — W by
the image of Endp,(H) ® R is locally of the form Endg(Vp, V) ® R, and
which give exact sequences at every geometric point. Let us first check that
s and § correspond. Indeed, define

(3(f) () = f(s(v)) ,

where f € Endi(H) and v € V. One readily checks that this defines a
bijective correspondence between s and S.
Now consider the map

Endgz(H) ® R — M(H) @w ;) R =Endp(V) ®q, R

induced by §. We claim that it is the same as Hompgr(—,V ® R) applied
to the map

Vg, R— M(H)®R
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induced from s; this is a direct verification. From here, one deduces that
W is locally of the form Vj ® R if and only if W is locally of the form
Homp(Vp, V) ® R, as well as the compatibility with period maps. Moreover,
the exactness conditions at geometric points correspond. O

7.3. Equivariant covers of Drinfeld’s upper half-space

Fix a finite extension F' of Q,, and let 2 C P"~! denote Drinfeld’s upper
half-space, where we consider everything as an adic space over Spa(C, O¢),
where our field of scalars C is a complete algebraically closed extension of
F. As an application of the duality of Rapoport—Zink spaces, we prove the
following result.

Theorem 7.3.1. Let Q — Q be a finite étale GLy, (F)-equivariant morphism
of adic spaces. There exists an m > 0 such that MDPr 5 Q) factors through
Q.

Proof. Let ./\;llgg be (the strong completion of the base-change to C' of) the
Lubin-Tate space of height n for F' at infinite level, and let MEOY be (the
strong completion of the base-change to C' of) the Drinfeld space of height n
for F' at infinite level. Then both M{;E and MODJ are perfectoid spaces over
Spa(C, O¢). By duality, we have the GL,,(F') x D*-equivariant isomorphism
M{,‘E = ME;, where D is the division algebra over F' of invariant % (We note
that the GL,(F')-action which comes from the general duality statement
differs from the standard GL,(F)-action on the Drinfeld tower by g ~—
(g~ 1)t. This does not change any of the statements to follow.)

Let M2' be the fibre product Q xq M2, Then M2 — M s a
GL,,(F)-equivariant finite étale morphism of perfectoid spaces over Spa(C, O¢).
By the duality isomorphism, it gives rise to a GL,, (F')-equivariant finite étale
morphism MY — MET.

Lemma 7.3.2. The category of adic spaces finite étale over P! is equiv-
alent to the GL,,(F)-equivariant spaces finite étale over ML,

Proof. We can work locally over P* 1. Let us write MT for the generic fibre
of the Lubin — Tate space for F at level 0. As 7: MY — P?~1 admits local
sections, we can assume that we work over an open affinoid subset U C P?~!
which admits a lifting U — M. Let U/, C /\;lI(;OT be the preimage of
UcPr ! andlet Uy C Mgg denote the preimage of U ¢ M| so that
Uso C UL,. Then Uy, — U is a GL,(Op)-equivariant map, and U, — U is
a GL, (F)-equivariant map.
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The action of GL,(F) on UL, gives a disjoint decomposition

geGL,(F)/GL,(OF)

In particular, the category of GL,,(F)-equivariant covers of U/  is equivalent
to the category of GL,(Op)-equivariant covers of Uy, and we can restrict
attention to the GL, (Op)-equivariant map Uy — U.

With the obvious definition of U,, C M%lT, we have Uy, ~ limU,,. In

particular, a finite étale morphism of V,, — Uy comes via pullback from a
finite étale morphism V,,, — U, for some m. We get an induced morphism

F(Vm, Ovm) — F(Voo, OVM) s

where we also recall that all spaces are affinoid. We claim that some open
subgroup of GL,(OF) fixes the image of this morphism point-wise. As
['(Vin, Oy,) is finite over I'(U, Oy ), it is enough to check that any element
x € I'(Vin, Oy,) is fixed by an open subgroup. But x satisfies a monic poly-
nomial equation P(z) = 0 with coefficients in I'(U, O;;), and finite étale in
characteristic 0. Any element g € GL,,(Op) will map x to another solution
gz of P(gz) = 0. But by Hensel’s lemma, if gz close enough p-adically to x,
then gz = z. But as GL,,(OF) acts continuously, we get the claim.

After enlarging m, we can assume that ker(GL,,(Or) — GL,(Or/p™))
acts trivially on I'(V,,, Oy, ). Then V,, is GL,(Or/p™)-equivariant finite
étale over U,,, and by usual finite étale Galois descent, this gives rise to a
finite étale V' — U. It is easy to see that this gives the desired equivalence
of categories. O

But now we recall that by rigid GAGA, finite étale maps to P"~!
are algebraic, and all of these split. It follows that the same is true for
MEL — MLT | and then for MDY — MUEF. In particular, there is a GL,,(F)-
equivariant morphism

MO D Q.
It remains to prove that this morphism factors over MP* for some m.
As GL,(F) permutes the connected components of MP" transitively, it is
enough to check this for one connected component; so fix a connected com-
ponent (MPr)? c MPr of the Drinfeld space at level 0, and denote by

similar symbols its preimage. Observe that {2 modulo the action of GL, (F)
is quasicompact; in particular, it suffices to check the desired factorization
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property locally over €2, so let U C {2 be some open affinoid subset, and let
UcQand Uy C (MDr)O be the preimages. We get a map

F(U, Oﬁ) — F(Uoo, OUOC) s

where the right-hand side is the completion of li l_n}F(Um, Ou,,), with the ob-

vious definition of U,,, ¢ (MP")?, But finite étale algebras over I'(Us, O )
and li IEF(Um, Oy,,) are equivalent, so that we get a map

F(U, OU) — @F(UmaoUm) )

i.e. a map I'(U, Op) = I'(Un, Oy,,) for some m, giving the desired factor-
ization Uy — U,, — U. O
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