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Remark on multi-target, robust

linear-quadratic control problem on

semi-infinite interval

L. Faybusovich and T. Mouktonglang

We consider the multi-target, robust linear-quadratic control prob-
lem on a semi-infinite interval. Using the functional-analytic ap-
proach developed in [3], we reduce this problem to a convex opti-
mization problem on the simplex. The explicit procedure for the
evaluation of the reduced objective function is described.

1. Introduction

In [2] a comprehensive robust optimal control theory has been developed.
Though the linear-quadratic control problem with a finite number of evo-
lutionary scenarios on a semi-infinite interval is a very particular case of
this theory, it is nevertheless an important one from the point of view of
possible applications. It has been considered in detail from the point of view
of robust optimal control in [4]. On the other hand, in [3] the multi-target
linear-quadratic control problem has been considered. In both cases, the ob-
jective function is a maximum of a finite number of quadratic functionals.
To this end, it seems to be quite natural to consider a robust version of
multi-target LQ problem, just combining both approaches together. Track-
ing linear-quadratic control problems are classical and frequently arise in
applications. It is quite natural to formulate them on a semi-infinite interval
(see e.g. [1]). The minimax formulation considered in this paper arises, for
example in case where system parameters are uncertain and the “robust”
performance is sought under various possible scenarios (robust optimal con-
trol). Another source of such formulations is multi-criteria linear-quadratic
control problems (multi-target problems, where one tracks several targets
simultaneously).
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More precisely, we consider the following optimal control problem:

max
i∈[1,s]

∫ +∞

0

[[
x(i)(t)− x̄(i)(t)

]T [
x(i)(t)− x̄(i)(t)

]
+ u(t)TRiu(t)

]
dt→ min

(1)

ẋ(i) = Aix
(i) +Biu,(2)

x(i)(0) = x
(i)
0 , i = 1, 2, 3, . . . , s.(3)

Ai ∈ �ni×ni , Bi ∈ �ni×m, Ri = RT
i ∈ �m×m, i = 1, 2, 3, . . . , s. Here we

assume that the symmetric matrices Ri are positive definite and x̄i(t), t ∈
[0,∞) are given targets. Note that the robust version (in the sense of [2]) of
the target LQ corresponds to the case n1 = n2 = · · · , ns; x̄

(1)(t) = x̄(2)(t) =
· · ·= x̄(s)(t), t∈ [0,∞); x(1)(0) = x(2)(0) = · · ·= x(s)(0); R1 = R2 = · · ·= Rs.
The optimal choice of the optimal control u( ) in (1)–(3) provides the “ro-
bust” behavior of our system under s different scenarios (corresponding to
different choices of Ai, Bi). To address (1)–(3) we will use a functional-
analytic approach developed in [3], [6].For the review of other approaches
see [4]. Note that the robust multi-target LQ problem on a semi-infinite
interval does not formally fit in the approach in [2], since it contains time-
varying linear terms in quadratic functionals. Therefore, the limit procedure
in [2] (see e.g. p.225) will not work. It also cannot be reduced to a semidef-
inite linear programming program (see in this respect [5],p. 150) due to the
same reason (i.e. the presence of linear time-varying terms).

2. Functional-analytic model and duality

Let H1, H2, . . . , Hs, and U be Hilbert spaces. To simplify notations we will
use <,> for the scalar product in each of these spaces. Let H = H1 ×H2 ×
· · · ,×Hs × U , Z be a closed vector subspace inH and c ∈ H. Given h̄i ∈ Hi,
Mi : U → U, i = 1, 2, . . . , s, where Mi are self-adjoint positive definite linear
operators, consider the following optimization problem:

max
i∈[1,s]

(‖hi − h̄i‖2 + 〈u,Miu〉
)→ min,(4) ⎡

⎢⎢⎢⎢⎢⎣

h1
h2
...
hs
u

⎤
⎥⎥⎥⎥⎥⎦ ∈ c+ Z.(5)
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Here ‖h‖ = √< h, h >.
The problem (4)–(5) can be rewritten in the following equivalent form:

t→ min,(6)

‖hi − h̄i‖2 + 〈u,Miu〉 − t ≤ 0, i = 1, 2, . . . , s,(7) [
h
u

]
∈ c+ Z,

where h =

⎡
⎢⎣

h1
...
hs

⎤
⎥⎦ .

Notice that despite the fact that the problem is infinite dimensional, the
usual KKT theorem holds true. (see e.g. [2], page 72). It is also clear that
Slater conditions are satisfied. Consider the Lagrange function

L(λ1, . . . , λs, h, u, t) = t+

s∑
i=1

λi(fi(h, u)− t))

=

(
1−

s∑
i=1

λi

)
t+

s∑
i=1

λifi(h, u)

where

(8) fi(h, u) = ‖hi − h̄i‖2 + 〈u,Miu〉 .

The optimality conditions for (6)–(7) take the form:

λi ≥ 0, λi(fi(h, u)− t) = 0, i = 1, 2, . . . , s,

∂L
∂t = 0 i.e.

∑s
i=1 λi = 1,

[
h
u

]
∈ c+ Z,

s∑
i=1

λi∇fi(h, u) ∈ Z⊥(9)
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where Z⊥ stands for the orthogonal complement of Z in H. In particular (9)
takes the form ⎡

⎢⎢⎢⎣
λ1(h1 − h̄1)

...
λs(hs − h̄s)

(
∑s

i=1 λiMi)u

⎤
⎥⎥⎥⎦ ∈ Z⊥.

The Lagrange dual to (6)–(7):

φ(λ1, . . . , λs)→ max,(10)

λi ≥ 0, i = 1, 2 . . . , s,

s∑
i=1

λi = 1.

where

(11) φ(λ1, . . . , λs) = min{L(λ1, . . . , λs, h, u, t) :

[
h
u

]
∈ c+ Z, t ∈ �}.

The problem (11) obviously takes the form

s∑
i=1

λifi(h, u)→ min(12)

[
h
u

]
∈ c+ Z.(13)

taking into account (8), we can rewrite (12)–(13) in the following form:

s∑
i=1

λi‖hi − h̄i‖2 +
〈
u,

s∑
i=1

λiMiu

〉
→ min

[
h
u

]
∈ c+ Z,

which is the same as:〈
N(�λ)(h− h̄), (h− h̄)

〉
+

〈
u,M(�λ)u

〉
→ min(14) [

h
u

]
∈ c+ Z.(15)
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Here N(�λ) is a linear operator on H1 × · · · ×Hs defined as

N(�λ)

⎡
⎢⎣

h1
...
hs

⎤
⎥⎦ =

⎡
⎢⎣

λ1h1
...

λshs

⎤
⎥⎦ , M(�λ) =

s∑
i=1

λiMi.

3. Functional -analytic formulation of the original problem

The original problem (1)–(3) can be rewritten in the form:

max
i∈[1,s]

∫ ∞

0

[
(x(i) − x̄(i))T (x(i) − x̄(i)) + uTRiu

]
dt→ min

Ẋ = AX +Bu, X(0) = X0,

where

X =

⎡
⎢⎣

x(1)

...

x(s)

⎤
⎥⎦ , A = diag(A1, . . . , As),

B =

⎡
⎢⎣

B1
...
Bs

⎤
⎥⎦ , X0 =

⎡
⎢⎣

x
(1)
0
...

x
(s)
0

⎤
⎥⎦ , X̄ =

⎡
⎢⎣

x̄(1)

...

x̄(s)

⎤
⎥⎦ .

We will assume that H = Ln
2 [0,∞)× Lm

2 [0,∞), where n = n1 + ns + · · ·+
ns and Ln

2 [0,∞) stands for the Hilbert space of �n valued square inte-
grable functions on [0,∞). Notice that if we take Hi = Lni

2 [0,∞), then H =
H1 ×H2 × · · · ×Hs × U, with U = Lm

2 [0,∞). Note that we assume that
X̄ ∈ Ln

2 [0,∞).Let, further,

Z = {(X,u) ∈ H;X is absolutely continuous,

Ẋ ∈ Ln
2 [0,∞), Ẋ = Ax+Bu,X(0) = 0}.

In this way we cast the original problem (1)–(3) in the form (4), (5). Note
that for α, β ∈ Ln

2 [0,∞),

< α, β >=

∫ ∞

0
α(t)Tβ(t)dt

by definition.
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Correspondingly, the problem (14)–(15) takes the form

∫ +∞

0

[
(x− x̄)T Q(�λ) (x− x̄) + uT

(
s∑

i=1

λiRi

)
u

]
dt→ min(16)

Ẋ = AX +Bu, X(0) = X0,(17)

where Q(�λ) = diag(λiIi, λ2Is, . . . , λsIs) with Ii is the identity matrix in
�ni×ni , i = 1, 2, . . . , s.

See e.g. discussion in [6] and references therein. The solution to (16)–(17)
is described in the following theorem.

Theorem 1. Under the assumption that the algebraic Riccati equation

(18) KA+ATK +KL(�λ)K −Q(�λ) = 0,

associated with (16)–(17) (here L(�λ) = BR(λ)−1BT , R(�λ) =
∑s

i=1 λiRi) has

a symmetric solution Kst(�λ) such that the matrix A+ L(�λ)Kst(λ̄) is stable
for all �λ from the simplex

s∑
i=1

λi = 1, λi ≥ 0, i = 1, . . . , s.

there exists a unique solution ρ0 ∈ Ln
2 [0,∞) satisfying the differential equa-

tion

(19) ρ̇ = −(A+ L(�λ)Kst)
Tρ−Q(�λ)X̄.

The optimal solution (X,u) to (16), (17) has the form

Ẋ = (A+ L(�λ)Kst(�λ)) + L(�λ)ρ0, X(0) = X0,(20)

u = R(�λ)−1BT (Kst(�λ)X + ρ0).(21)

The optimal value of (16), (17) has the form:

(22) φ(�λ) = XT
0 Kst(�λ)X0 − 2ρT0 X0 +

∫ ∞

0

[
XTQ(�λ)X − ρT0 L(

�λ)ρ0

]
dt.

Remark 1. In particular, such a stabilizing solution Kst(�λ) to 18 exists
provided the pair (A,B) is stabilizable and λ1, λ2, . . . , λs > 0.

Proof. For the proof see Theorem 2.1 in [6]. �
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4. Discrete multi-target, robust linear-quadratic control
problem on a semi-infinite interval

It is natural to consider the discrete version for the problem (1)–(3). In this
case, the problem can be reformulated as follows:

max
i∈[1,s]

1

2

∞∑
k=0

[(x
(i)
k − x̄

(i)
k )T (x

(i)
k − x̄

(i)
k ) + uTkRiuk]→ min,(23)

Xk+1 = AXk +Buk, X0 = C,(24)

where C is a constant vector and

Xk =

⎡
⎢⎣

x
(1)
k
...

x
(s)
k

⎤
⎥⎦ , A = diag(A1, . . . , As),

B =

⎡
⎢⎣

B1
...
Bs

⎤
⎥⎦ , X0 =

⎡
⎢⎣

x
(1)
0
...

x
(s)
0

⎤
⎥⎦ , X̄k =

⎡
⎢⎣

x̄
(1)
k
...

x̄
(s)
k

⎤
⎥⎦ .

Here we let x(i) denoted a sequence {x(i)k } ⊂ �n for i = 1, 2, . . . , s and
for k = 0, . . . ,∞. We say that x ∈ ln2 (IN) if

∑∞
i=0 ‖xi‖2 <∞ where ‖ · ‖ is a

norm induced by an inner product <,> in �n. If we take Hi = lni

2 (IN), then
we let H = H1 × · · · ×Hs × U with U = lm2 (IN). Hence H = ln2 (IN)× lm2 (IN)
where n = n1 + · · ·+ ns. Note that X = {Xk} and X̄ = {X̄k} ∈ ln2 (IN).

The vector subspace Z now takes the form:

Z = {(X,u) ∈ H : Xk+1 = AXk +Buk, k = 0, 1, . . . , X0 = 0}.
As in the continuous case, we can rewrite the problem (23)–(24) in the

form (4)–(5). Note that for α and β ∈ ln2 (IN)

< α, β >=

∞∑
k=0

< αk, βk > .

Hence, the problem (14)–(15) takes the form

1

2

∞∑
k=0

[(
Xk − X̄k

)T
Q(�λ)

(
Xk − X̄k

)
+ uTk

(
s∑

i=1

λiRi

)
uk

]
→ min(25)

Xk+1 = AXk +Buk, X0 = C,(26)
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where Q(�λ) = diag(λiIi, λ2Is, . . . , λsIs) with Ii to be the identity matrix in
�ni×ni , i = 1, 2, . . . , s and C is a constant vector.

The solution to (25)–(26) is described in the following theorem.

Theorem 2. Under the assumption that the following discrete algebraic
Riccati equation (DARE) associated with (23)–(24)

K = ATKA− (ATKB)(R(�λ) +BTKB)−1(ATKB)T +Q(�λ),

has a stabilizing solution Kst(�λ). where R(�λ) =
∑s

i=1 λiRi, there exists a
unique solution ρ = {ρk} ∈ ln2 (IN) satisfying following recurrence relations

ρk = [AT − (ATKst(λ)B)R̄−1(�λ)BT ]ρk+1 +Q(�λ)X̄k.

The optimal solution (X,u) = ({Xk}, {uk}) has the following form:

Xk+1 = (AT −ATKst(�λ)L)
TXk + Lρk+1,(27)

uk = −R̄−1(�λ)BTKst(�λ)Axk + R̄−1(�λ)BTρk+1,(28)

where R̄(�λ) = (R(�λ) +BTKstB) and L(�λ) = BR̄−1�λBT .
The optimal value of (25)–(26) has the form:

φ(�λ) =
1

2
XT

0 Kst(�λ)X0 − ρT0 X0(29)

+
1

2

∞∑
k=0

[2X̄T
k Q(�λ)X̄k − ρTk+1L(

�λ)ρk+1].

Proof. For the proof see Theorem 4.1 in [6]. �

5. Discussion

Formula (22) provides a value φ(�λ) of the objective function φ of the dual
problem (10). Problem (10) is a convex optimization problem on a simplex.
Given the optimal solution �λ∗ of the dual problem (10) , one can find the
optimal solution (given by (20)–(19)) of the original problem. Comparing
with [3], it is quite obvious that the evaluation of the objective function
of the dual problem is much more difficult in the robust optimization case.
Nevertheless a numerical implementation is quite possible along the lines
of [7].In this respect, it is worthwhile to mention that the original problem
(1)–(3) is a (highly nontrivial) example of second-order cone programming
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problem in (infinite dimensional) Hilbert space. Primal-dual algorithms for
such problems have been developed in [9], [8] and could be considered as an
alternative to the approach described here. The comments above are equally
applicable to the discrete case.
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