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Stochastic linear-quadratic optimal
control without time-consistency
requirement

Yuan-Hua NI AND JI-FENG ZHANG

In this paper, linear-quadratic optimal control without time-
consistency requirement is studied for a class of linear discrete-
time systems with multiplicative stochastic disturbances. Both the
open-loop and the closed-loop time-consistent solutions are inves-
tigated. Necessary and sufficient conditions on the existence of the
open-loop time-consistent equilibrium control and the closed-loop
time-consistent equilibrium strategy are obtained, respectively.
Specifically, the existence of the open-loop time-consistent equilib-
rium control for all the initial time-state pairs is equivalent to the
solvability of two coupled constrained linear difference equations
and two coupled constrained generalized difference Riccati equa-
tions; the existence of the closed-loop time-consistent equilibrium
strategy is equivalent to the solvability of another two coupled con-
strained generalized difference Riccati equations. It can be found
that Riccati equations for the open-loop formulation do not admit
symmetry structure, while the ones for the closed-loop formulation
do have symmetric solutions.

1. Introduction

By the Bellman optimality principle, we know that an optimal control for an
initial pair will stay optimal thereafter. This property is also referred as the
time-consistency of an optimal control, according to which one needs only
to solve an optimal control problem for a given initial pair and the obtained
optimal control is also optimal along the optimal trajectory. So, the time-
consistency provides a theoretical foundation of the dynamic programming
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approach. In this paper, a class of stochastic linear-quadratic (LQ) optimal
control problem is considered. Different from our recent works about mean-
field LQ problems [8][9], a new feature of the considered problem is that
the conditional expectations of the state and control appear quadratically
in the cost functional. In this case, the smoothing property of conditional
expectation cannot ensure the time-consistency of the optimal control. A
particular example of this case is the well-known mean-variance utility [2]
[3].

We may ask: How to deal with the time-inconsistent optimal control
problems? Let us take a look. Roughly speaking, finding an optimal con-
trol is a dynamical optimization problem, as time variable is involved. For
a time-inconsistent optimal control problem, we could find an optimal con-
trol for an initial pair, and this control is optimal only viewed at the initial
time or in a static sense. Alternatively, it is more reasonable for a decision
maker to commit to his policy in an infinitesimal manner. In this case, some
kinds of time-consistent equilibrium solutions are concerned with. This is
mainly motivated by practical applications such as in mathematical finance
and economics, and has attracted considerable interest and efforts. Recently,
[4] and [5] studied the non-exponential discounting problems both for sim-
ple ordinary differential equations and stochastic differential equations, and
introduced the notion of time-consistent control, while [3] started with the
problems of general Markovian time-inconsistent stochastic optimal control.
Concerned with the deterministic continuous-time LQ problems, [11] and
[12] addressed it by an essentially cooperative game approach. This line is
followed by a part of [14] to consider the stochastic LQ problem of mean-
field type, which is called the closed-loop formulation there. Different from
[11] [12], [6] studied another kind of time-consistent equilibrium control,
which is an infinitesimally open-loop optimal control. As an application,
a mean-variance portfolio selection problem is considered, and an equilib-
rium control is explicitly obtained. In [14], the author investigated both the
open-loop and the closed-loop time-consistent solutions for general mean-
field stochastic LQ problems; it is shown that the existence of the open-loop
equilibrium control and the closed-loop equilibrium strategy is ensured via
the solvability of certain Riccati-type equations.

In this paper, both the open-loop and the closed-loop time-consistent so-
lutions are investigated for a general time-inconsistent discrete-time mean-
field stochastic LQ problem. Here, we do not pose the definite constraint
on the state and the control weighting matrices. Roughly speaking, the
open-loop time-consistent solution is concerned with the time-consistency
of an open-loop control, while the closed-loop solution is focusing on the



Stochastic LQ optimal control without time-consistency 523

time-consistency of a closed-loop strategy. In Section 2, the open-loop time-
consistent equilibrium control of Problem (LQ) is introduced. It is shown
that the existence of an open-loop equilibrium control for an initial pair is
equivalent to the solvability of a set of forward-backward stochastic differ-
ence equations (FBSAEs) with stationary condition and convexity condi-
tion. Moreover, the existence of the open-loop equilibrium control for all the
initial pairs is shown to be equivalent to the solvability of two coupled linear
difference equations (LDEs) and two coupled generalized difference Riccati
equations (GDREs). In Section 3, the closed-loop time-consistent equilib-
rium strategy is investigated, whose existence is equivalent to the solvability
of another two coupled GDRESs. It is worth noticing that the GDREs for the
open-loop formulation do not have symmetric structure, i.e., their solutions
are not symmetric, although the ones for the closed-loop formulation have
symmetric structure.

A static mean-field stochastic LQ optimal control problem is investigated
in [9], where the expectations of the state and control appear quadrati-
cally in the cost functional. Deeply investigating the results of [9], we can
see that the static mean-field LQ problem is indeed time-consistent. This
is essentially different from what we are considering here. Furthermore, a
time-inconsistent stochastic LQ problem is studied in [7], where the system
equation and the cost functional are depending explicitly on the initial time.

The rest of this paper is organized as follows. Section 2 and Section 3
are considering the open-loop and closed-loop formulations, respectively. In
Section 4, an example is presented and the paper ends with the concluding
remarks in Section 5.

2. Open-loop time-consistent equilibrium control

Let us consider the following stochastic linear system with multiplicative
disturbances

Q) X! = (ApX] + Brug) + (Cr X} + Dyug)wy,
Xl=z, ke{t,....N-1}2T,, t€{0,1,...,N—-1} 2T,

where Ay, Cp, € R™™ and By, D € R™™ are deterministic matrices;
(XL, keT} 2 X withTy = {t,t +1,..., N}, and {ug, k € T;} £ u are the
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state process and the control process, respectively. The cost functional as-
sociated with system (1) is

2

-1
(2) J(tazu) =) Et[ XDHTQrpX! + (B XD TQrE X! + ul Ryuy,
k=t

+ (Etuk)TRkEtuk} +E (X7 GXE] + (B X)) GE XY,

where Q, Qx, Ri., Ry, k € Ty, G, G are deterministic symmetric matrices of
appropriate dimensions.

In (2), E; is the conditional mathematical expectation E[-|F;] with re-
spect to Fy = {xg,w;, 1 =0,1,...,t — 1} and Fy being understood as {0, 2}.
Furthermore, in (1), z is in L%(¢;R™), which is a set of the random vari-
ables such that any £ € L%(t;R") is F-measurable and E|¢|*> < co. The noise
{wg, k € T} is assumed to be a martingale difference sequence defined on a
probability space (€2, F, P) in the sense that

(3) Ers1[wps1] =0, Epa[(wps1)’] =1, k> 0.

Let L2 (T R™) be a space of R™-valued processes such that for any v =
(v, k € Ty} € L%(Ty; H), vy is Fr-measurable and S0, || < oo.

Problem (LQ). Considering (1)(2) and the initial pair (t,x), find a u* €
L%(Ty; R™), such that

4 J(t, x;u” f J(t, x;u).
(@) ()= nt (i)

For the feature of time-inconsistency of Problem (LQ), the notion “opti-
mality” should be defined in an appropriate way. Instead of solving Problem
(LQ) for the static pre-committed optimal control, we adopt the concept of
dynamic equilibrium control, which is optimal in an “infinitesimal” manner
and is consistent with the dynamical nature of Problem (LQ).

Definition 1. Givent € T,z € L%(t;R™), a state-control pair (X5, uh®*)
€ L2 (Tt, R") x L2 %(T;R™) is called an open-loop equilibrium pair of Prob-
lem (LQ) for the 1n1t1al pair (¢, z) if X)™* =z, and

(5) Ik, X555 ub ™ [n,) < J(ky X005 (ug, u™ [p,, )
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holds for any k € T; and any uy € L%(k; R™). Here, ub™*|r, and ub®*
are the restrictions of u*®* on Ty and Ty, 1, respectively, and

T

XN g ke,

Furthermore, such a u®®* is called an open-loop equilibrium control for the
initial pair (¢, x).

Note that u®*|r, , appears in both sides of (5). For any given k € Ty,
we denote J(k, X0 (ug, ub®*|r,,,)) by J(k, Xp"%;up.), ie.,
(7) Ik, Xp™ 5 ug) = J(k, X5 (ug, w7, ).
Hence, (5) implies
(8)  J(k, X" 5ul™*) < J(ky X0™*5up), Vug € L%(k;R™), Vk € Ty

To proceed, review an inner product of LQF(']I}; RP) (p=n,m,t€T)

N-1

<yaZ>Tt — E(ygzk)a Y,z S L%(Tt’Rp)a
k=t

and (y,z); = E(yTz), for y,z € L2f(t; RP), denotes an inner product of
L%(t;RP) (p =n,m,t € T). Then j(k:,X,i’x’*; uy) can be represented as
9) Tk X" u) = QX7 XF)1, + (QELX* B, X")r,
+ (Riug, ug)k + (RiEgug, Bpup)y,
+ <Rut’x’*, ut’x’*>']1‘k+1 + <REkut’x’*, Ekut’x’*>
+(GXN, XN)n + (GELX N, E XN N

Trt1

In (9), X* is the solution of the following equation

XF = (AX] + Bouy™) + (CoXF + Douy™ Ywy, €€ Thy,
Xlﬁl = (AkX,lj + Bkuk) + (CkX;: + Dkuk)wk,

k E— t7 1.
Xk — XkQE *’

(QX*, X*)r, and <REkut’m’*,Ekut’z’*>qyk+l represent, respectively,

N-1 N1
S etront] wa X (Gt Asa]
t=k 1=k+1

and similar meaning holds for other terms.
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To characterize the open-loop equilibrium control, we now calculate
the first order and second order directional derivatives of .J (k,X};’x’*;uk)
at uy™* (when they exist). With the initial pair (k, X;™") and the con-
trol (uy™" + Mg, ub™*|r,.,), the solution to (1) is denoted by X"*, where
iy € L%(k;R™). Then, we have

Xk,A_Xt,w,* Xk,)\ixt,m,* Xk,/\i-Xt,m‘*
e+1>\e+1 :AE ¢ )\z _|_C£ ¢ )\e wy, ge’]I‘kJrl,
ka —Xt,’w’* XI?,)\_Xt,z,* _ Xk,/\_Xt‘,z,* _
% — (Ak% + Bkuk) + (Ck% + Dkuk)wka
Xpr—xbmr
=0
. Ryt
Letting Yek = —t—+—, one gets
YE | =AY+ CYF LeT
(41 Y, Xy Wy, k+1,
(10) VE | = By, + Dytigwy,

v =0,

and Xf’/\ = X;’x’* + )\Yek, le 1~Tk To get the first order directional derivative,
we need some calculations. Note that

(11) lim <Rk(u§€$* + Aug), uffc* + M) — (Rkui’%*, UZI*M
L0 b\

and

lim <Rk(EkU2’x,* + AEgy), Eku}?z,* + AEgtg)r — <RkEkuZ’x’*, Ekufc’x’*m
AL0 :
= 2<RkEkuZ’mv*,Ekﬂk>k = 2<RkU§f’*,ak>k,
L QXRA XM, — (QXtE Xty
A0 Y
= 2(QX5* YR,

lim (QEXPA Ep X )y, — (QERX ™", By X %),
AL0 h\
- 2<QEkXt7x7*7 EkYk>Tk7

k,)\ k7)\ t: o t7 )k
lim (GXN y XN >N—<GXN”6 ,XN’” )N
L0 A
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= 2(GX, YR N,

lim <GE]€X]’<\:;A7 ]EkX]]if/\>N — <G]EkX]t\}x’*, EkX}:\’/x’*>N
ALO A
= 2(GEL XN ErYR) N

927

Then, we have the first order directional derivative of J(k, X} ", ug) at u;™

with the direction 1y

(12) A (ky X35% 5 uy ™ )
. J(ij;;z* tx,*+)\uk) j(k Xta:* tx*)
© AL A

_ 2<QXt,LE,* Yk>ﬂ'k + 2<QEkXt,x,*’ Ekyk>1‘k
+ 2<(Rk + Rk) bz x ka>k
+2GX N YR N + 2(CGE X3 B YR v

Another round of lengthy calculations yield the second order directional

derivative with the directions @ and

A>T (k, X055 ul ™ s i)
, dJ(k;,X;;“ SE 4 Bl ag) — dJ (k, X0 ul s )
= 111m
810 B
=2QY*, Y*Vr, + 2(QELY* ErY )1, + 2((Ry, 4 Ry )iy, g )n
+2(GYR, YR N + 2(GE YR, ExYR) N,

where

y k S AKYk + Cfffgkw& te Tk‘-f—l?
Yk+1 = By + Dytpw,
vE=o.

If 4, = g, then

(13)  d®J(k, X" 5 uy™ g ) = 2(QY*, Y™)p, + 2(QELYF EpY*)r,
+ 2((Rx + Rk)ﬁk, U )k

+2(GYR, YE) N + 2(GE YR, Ey Y v
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Note that the right side of (13) is independent of uzx* Then, for any uy €
L% (k; R™) we have

(14) dzj(k‘, X]i’x’*; Uk Uk Hk) = 2<ka, Yk>1rk + 2<QEkYk, EkYk>11‘k
2((Ry + Ry)u, k)
+2(GYR, YR N + 2(GELY R, ELYR) x

Furthermore, we could show that J (k,X}i’x’*; uy) is infinitely differentiable
in the sense that the directional derivatives of all orders exist. By classi-
cal results on convex analysis [4], we know that the convexity of the map
Up j(k:,X,i’x’*;uk) is fully characterized via d?J(k, th * tx s Uk Ug) >
0. Therefore, we have the following result.

Lemma 2. The followzng statements are equivalent.
(i) The map uy — J(k,X,i’x’*;uk) is convexz.
(i) It holds that

(15) inf  [(QY*, YF)r, + (QEY* B Y ), + (Ri, + Ry)t, )

U €L% (k;R™)
+(GYR, YE) N + (GE YR, ExYN)N] > 0.

Theorem 3. Givent € T,x € L2f(t; R™), the following statements are equiv-
alent.

(i) There exists an open-loop equilibrium pair of Problem (LQ) for the
initial pair (t,x).

(ii) There exists a ut®* € L%(Ty; R™) such that for any k € Ty, the fol-
lowing FBSAE admits a solution (X*1t® ZktT)

Xéf_;_tix _ (A Xk,t,x +B ut,x,*) (C Xk,t,a: —f‘DgU?I’*)’UJ[,
(16) ¢ 2z, = A{Eng "+ CTB(ZE T we) + QuX " + QuER X,
XphT = xhrr g — X ERT L QR XA e Ty

with the stationary condition
(17) 0= (By+ Rpu™ + BIE,ZP0 + DIE(Z)0 ! wy,),

and the convezity condition
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(18) ELiQH(%Rm) (QY*, Y F)p, + (QERY ™ B Y *)r, + (Ri + Ri ), k),
+{(GYR, YR)v + (GERY ERYN)N] > 0.

In the above, X“®* is given by

t,z,*
Xk+1

t,x,*
Xt

In this case, ub™* given in (ii) is an open-loop equilibrium control.

(ApXp™" + Brup™) + (Cr X" + D™ Ywy,,
Z, kETt.

Proof. (i)=(ii). Let (X®** u»**) be an open-loop equilibrium pair of Prob-
lem (LQ) for the 1n1t1a1 palr (t,z). Noting that (14) is independent of uy,
the minimizing point uk’ *of J(k, Xt % uy) is characterized by the first and
second order derivatives: d.J(k, Xt =t uzx * 1) = 0 and d*J (k, Xt s t s
ty; ug) > 0 for any uy, in L% (k; Rm) Due to this and Lemma 2, (15) follows.
The forward SAE about X’“’t’x in (16) is solvable as Z*** does not appear
in this SAE. After obtaining X*»* and substituting it into the backward
SAE in (16), we then have Z*!®. This implies that the FBSAE (16) admits
an adapted solution (Xkt® Zktz)
Taking expectations in both sides of the backward SAE, we have

Zk,t,z Ey, Zk,t,z o Q ( k,t,:v ) th:]c) + AZ (EZ ktz o Ekzéetz)
+Cf (Ee( ZyHrwe) — Ex(Z, ktlxwe))

and
ktax k,t,x T k t x k,t,x
EeZ, ™" = (Qo + Qu)Er X" + AT Bk Z,5T + Cf Bi(Z, 5 wy).

Similarly, we have

ErY)r, = AEYF, €€ Tiy,
EkYkk+1 = Byuy,
E,YF =0,

and

Yelfu EkYé%l = AV} =B Y)) + [Co(Y) — BpY[) + CoELY S wy,
Yk—|—1 EkYk—H = Dpupwy,
VE-EYF=0, (€T
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Furthermore, by (12) one can get

T - T, % Tk, —
(19) 5dJ(k,X,f; Tup™ )
N—-1 T
_ k |:<Q€(Xé€7t7x - EkXéf,tw)) ()/Zk . EkYZk)
l=k

+ (@t QEX) By
+ Ep {(G(leiz’t’x - EkXJIi;’t’x))T(YJI\CI — E,Y¥)
i

_ T 1T
(G + CEXN") EYE] + [(Re+ Bu™ |

= Y [(Quxkt x4 AT - EZE)

~
Il
x>

+ CF (Bo(Z 5 we) — Ex(Z2)75 we)
~ (2w Zl ) (v - By
+ ((Qu+ QERXE" + ATR,ZEL
+ C{Ek( ég_’:ixwg) EkZéc’t’x) Ek)/fk}
T
[(Rk + Rp)ub™ + BB ZE0 4 DIEL(ZE5 w) | .
As dJ(k, X,Z’z’*; uzz*, uy) = 0 for all uy € L%(k;R™), we have the stationary
condition (17).
(ii)=(i). Noting (19) and the solvability of (16) and (17), we have
dJ(k, X705 50y ™ ay) = 0, Vay, € L(k;R™).

Combining this and (15), we know that uy™" is the minimizer of J(k, X"
uy) over L%(k;R™). This means that (8), or equivalently, (5) holds for k 6
T;. Therefore, u>** is an open-loop equilibrium control of Problem (LQ) for

the initial pair (¢, x). This proves the conclusion. O

By [10], for a given matrix M € R™*™  there exists a unique matrix in
R™*" denoted by M such that
(20) MMM =M, MTMM' = MT,
(MMHT = MMT, (MTM)T = = ML
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This M is called the Moore-Penrose inverse of M. The following lemma is
from [1].

Lemma 4. Let matrices L, M and N be given with appropriate sizes. Then,
LXM = N has a solution X if and only if LL'NMM?' = N. Moreover, the
solution of LXM = N can be expressed as X = L'NMT +Y — L'LY MM,
where Y is a matriz with appropriate size.

Theorem 5. The following statements are equivalent.

(i) For any initial pair (t,z), there exists an open-loop equilibrium control
of Problem (LQ).

(i) The coupled constrained LDFEs

Py = Qi + AL Py Ay, + CL Poya Gy,
P = Qi + AL Pri1 Ay + CF Py C,

(21) Py =G, Pv=¢,
Rk + Bl Pry1Bi, + DI Pyy1 Dy > 0,
ke,

\

and the coupled constrained GDREs

(T = AL Tii1 Ak + CL Ti1 Cre
— [AF(Piy1 4 Toy1) Be + CF (Prgr + Tht1) Di| WiH,
T = Al Tep1 Ay + CE T4 Cy,
(22) — [AL Pyt + Tr1) Br + OF (Prsr + Tigr) D] WiHs,
Ty =0, Ty =0,
WiWIH, — Hy = 0,
keT

are solvable in the sense that Ry + BZ;PkHBk + DZPkHD/zC >0,
WiWiHy, — Hi, =0, k € T, hold. In the above, Qp = Qr, + Qr, Ri = Ry +
R, =G+ G, and

Wi = Ry + Bl (Pit1 + Ti1) Be + D (Piga + Tiy1) D,
(23) Hi, = Bl (Pey1 + Try1) Ak + D (Prg1 + Thy1) Cr,
ke T.
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Furthermore, an open-loop equilibrium control for the initial pair (t,x)
s given by

(24) uZm,* = —W;HkXZ’%*, k € Tt,
where X“®* is given in (6).
Proof. (1)=-(ii). For any initial pair (¢, z), let Problem (LQ) admit an open-
loop equilibrium control u>**. By Theorem 3, for each k € Ty, the FBSAE
(16) admits a solution with the stationary condition (17) and the convexity
condition (18). Furthermore, from the forward SAE of (16) and (6), we know
that X,"" = X}™* ¢ € Ty.

Considering Problem (LQ) for the initial pair (N — 1, z) withz € L?(N —
1;R™), we have

N—1,x,% N—1,x,%
O0=Wn_1uy_17 +HN XNy 7

Letting e; be a R"-valued vector with the i-th entry being 1 and other entries
0, we have

0= WN—l(u%j’el’*y ‘e ’U%j’e”’*) +Hn-1(er,... en).

Noting that (61, ey en) is the identity matrix and by Lemma 4, we have
Wy W Hn-1— Hy-1 =0, and

tyxr,x T t,x,%
un = —Wy_HNn Xy .

Considering Problem (LQ) for the initial pair (N — 2,z) with z € L%(N —
2;R™), we can similarly prove

Wr-2Wh_yHn—2 — Hy—2 =0,
and
Uiy = —Wh_yHN o X375

Continuing above procedure backwardly, we then have the solvability of (22)
and (24). Furthermore, by adding and subtracting
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N—

,_.

Ex (V) P Y, — (V) Py
=k
+ (EeYe )T P By YL — (B YF)T PELY/],

we have

(25)  (QY*, YFVp, + (QELY® ELY D, + ((Ry + Ry, Gr )k
+(GYR, YR)N + (GELYR ErYE) N
N—
= Zl Eie (YT QoY + (BeY )T QERYS] + f Rytix
ﬁ:k [(V)TGYR] + (EeYR) T GELYE;
= NleEk (VT QuYE + EeYE)T QERYS + (YA )T Pra Y,

— (YA PYF + ®eYi) T P By YL — (EnYF)T PELY/)

+ ﬂZkaLk
N—-1

= Y Ep[(BaY)(Qe + AL PrirAr + Cf PryaCo — Po) B Y/
{=k+1

+ (V) =B YH) " (Qu+ AL Peya A + CF Py Cp — Po) (Y — By V)]
+ 1}, (Ry + Bl Pri1Bi + Df Pyi1Dy)
= Ut (Rg + B} Pyy1By, + D} Piy1Dy,) .
From (18) and (25), we have Ry, + B{ Py+1By, + DI Pyi1 Dy > 0. Thus, (21)
is solvable.
(ii)=(i). Letting (21) and (22) be solvable, we now prove that for any

initial pair (¢, x), Problem (LQ) admits an open-loop equilibrium pair.
Introduce a dynamics

(26) Xli—fl* (Ak - B:W Hk) t wx (Ak - BkW];er)jZ]i’m’*wka
XM =g ke,

and a control

(27) Ut = —WIHLX, ke Ty
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As the backward state does not appear in the forward SAE, the FBSAE

XJHE = (AX)5 + Bag™) + (CoXpY" + Detiy™* )wy,
7 = AR + T ) s QR+ QL
X}ljyta‘ _ X]i:c*7 Z]k\;[ta: _ GX]k\:[ta: +GEk)?]k\;;t7x, (€T,

admits an adapted solution. We further have
28)  ZpM = (Po+T)) XPV" + (P + To)Ex XM, €€ Tho,

where Py = Py, — Py and Ty = T — Ty. In fact, by (26) and (27), we have

k+1

Xt A (Ak)?i’z’* -+ Bkﬁff’*) + (Ak)?]i’%* + Bkﬁzx’*)wk,
XM =g, ke,

From )?;;tm = )?;;m* it follows that
~k7t7 — ~t7 7*
XK I—XZI , LeTyg.
Hence,
Aﬁ_lEN,lzk’t’x = AT_lEN,1 [sz]’i;t’x + GEk)Z]’%’t’x]
= AL GAN X5 4 AN GAN B X0
+ AN\ GBy WL Hy 1 X5 AN GBy W Hy B X
and
CN 1EN 1(Z§[” WN— 1) = ij\},lGCN_l)?f\:fTi
+Ch_ GDN WL Hy o X5
Therefore, we have
Zk,t,&? [QN 1 + AN 1GAN 1 + CN 1GCN 1:| ]]i\?[,t,ii
+ [@n-1+ AN71GAN—1]EICXJI$E€
— [AL_\GBN_1 + CL_ GDN WY, M X
— AN _\GBy_ WL Hy B XN
= Py X7 + PyoaBh X0 + T X075 + Ty Be X375
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= (Pn-1+ TN—1)§]]%’15_’€ + (Pn-1+ TN—l)Ek)?]}iflfcl-
Similarly, we have

23 = [Qnoo + AR _yPy_1AN—2 + CF_yPn_1On_o] X "%
+ [Qn—2 + AN o Py_1 AN 2] B X3S
+ {A}_yTn_1AN—2 4+ C{_3Tn-1CN—2
— [AN_o(Pn—1+ Tn-1)Bn-2
+ O o (Prv-1+ Tn-1) Do) Wi _yHy—2 } X375
+ [AN_oTn-1AN—2
— AL _,(Pvoa + TN—1)BN—2W}V_2HN—2}EIJ?§\}3£_’§
= Pn_o X3 + Py_oBp X055 4+ Ty o X375 + Ty o B X375
= (Pn—2+ TN_2))~(§/’IZ§ + (Pn—2 + TN*2)Eij]]i;Ez'

By deduction, we can get (28).
From Lemma 4 and (28), we have

Rely™ + BYERZ4Y + DEER(Z w)
= Ruily™ + BL (Pe+ TOBKLLT + DE (P + TEL (X wn)

=0.

From Theorem 3, Problem (LQ) for the initial pair (¢, z) admits an open-loop
equilibrium pair, and (X%%* 45%*) is an equilibrium pair. This completes

the proof. O

3. Closed-loop time-consistent equilibrium strategy
Let L?(T;R™*") be a set of R™*"-valued deterministic processes such that
for any v = {vy, k € T} € L*(T; R™*"), E]kvz_ol lvp|? < co. The following def-

inition is concerned with the time-consistency of the feedback strategy.

Definition 6. ® € L?(T;R™*") is called a closed-loop equilibrium strategy
of Problem (LQ) if for any ¢ € T, k € Ty, € L%(k; R") and uy, € L%(k; R™),

(29) Tk, X7 (@X) ) < T (k, X0T (ug, (@X BP0, ))
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holds. Here, Xtk — {Xz,w,*,k c Tt} and XFus® — {X?,Uk,<1>7£ c ﬁ‘k} are
given by

Xyot = (Ap + Bi®p) X0 + (Cr + Dyp®i) X% wy, k€ Ty,
(30) Xt,w,* o
t =T,
Xy® = (A + Be®g) X% + (Cp + Dy®g) X, Py,
(31) X = (AX" % + Brug) + (CuX™® + Dyuy)wy,,
X]lz o ® XZ’I’*, le Trt1,

and (®XHT*)|p

T, (DX Fue®) are defined by

‘Tk+1

((I)Xt,x,*)’Tk _ ((I)kXt,;t,* (I)N 1Xt,z,*)
(@XFue Py = (ckaX,’jf; s B X,

| k+1

Furthermore, ® is required to be independent of all the initial pair.

Though the notation X%%* is also used in the previous section, through-
out this section X®** will denote the solution of (30). Noting that
(@XE™*) g, = (@ X" (X5 )|, ,,), (uk, (BXF4P)|5,, ) is obtained
from (®X5%*)|r, by not only replacing CIDkX,i’J”’* with uy but also replacing
Xte* in (@X5%*)|r, ., with X%%® This is essentially different from the
case of the open-loop formulation. Briefly speaking, here we will focus on
the property of the strategy instead of the control.

Theorem 7. The following statements are equivalent.

(i) There exists a closed-loop equilibrium strategy of Problem (LQ).

(ii) There exists a ® € L?(T;R™™™) such that for any teT,
T € LQF(’]I};]R") and k € Ty the following FBSAE admits an adapted solu-
tion (Xk®, Zk®)

ngi = (A + Be®) X;® + (Cy + Dy®y) Xy,
70" = QuX)® + QELXP® + 0T R® X, + T Ry® By X J°

+ (Ag -+ ng)g)TEgZe+1 + (Cg + ng’g) E, (Z 1’(Ug)
Xpt = xber o Zh® = gxEY 4 QR XET, teTy

(32)

with the following stationary condition

(33) 0=Ryp®p X, + BIELZS" + DB (25 wy),
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and the convexity condition
(34) inf [<kaﬁkv‘1’, Y2y 4 (QELYRI® By YRy
’lTLk-EL%_-(kJ;Rm)
+ (Ryiy, ug)y, + (ROYF10® oy hun®y,
+ (Ry kBytig, Bxig)g, + (R(ER(®Y1%)), By (@Y P4 P))p,

QYR YR ¢ (GE Y ™ B Y P N} > 0.
Here, Xt®* = {X}i’x’*, ke Ty} and YR are given by

(35) { X,i’_f’l* = (Ak + Bk(I)k)Xli’x’* + (Ck + Dkq)k)X,i’x’*wk, k € Ty,

t,x,*
th ’ _‘7;7

YT = (Art Be@) Y™ 4+ (Co o+ Dyy) Yy ™ P,
(36) YFRe® = By iy, + Dy gitigwy,
VP =0, 0€ Thyy.

In (84), (QYFus® YRu®)\p - represents Zé\;} Ey [(yfﬂk@)TQenk,ﬂk@],
and similar meaning holds for other terms.
In this case, ® in (ii) is a closed-loop equilibrium strategy.

Proof. By some calculations, one can get

(B7) Tk X5 (g, (@X5P) |, )

_ <QXk’uk’q),Xk’uk’q>>’]rk + <QEka’uk’q>,Eka’u’“q)>m + (Rkukz,uk>k
+ (ROXFu® X kP 4 (R Egug, Erug)i
+ (REg(@XF02) By (DX F ),
+(GXE®, X"y + (B B X )

= (QXFu® Xy 4 (QEpXFe® Ep XPUo®) 4 (Rpug, ug )i
+ (ROXFuw® xR ®yy 4 (Ry pEgug, Epug)s
+ (RER(DX 1) By (X))

k41
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+ <GX]]i/luk,q>’X]k\Z],uk,<D>N + <GEkX]}%,uk,q>7EkX]Ii;uk,q>>N’

which is denoted as J. (k:, X,i’x’*; uk.) Similarly, we can get the expression of
I (ky X% (ug, + Mg, (X002 0 ) 2 T (k, X055 uy, + Ady,), where

( k’ 7_ ,)¢7>\ k? 7_ ’¢?>\
XS = (Ag+ Be®e) X,
k Uy, P,
+ (Co+ Dg®g) X, " wy, €€ Thyq,
ket , ®,A ket , ®,A -~
Xt ®t = A Xt 4 By (g, + Mg,
kuk, g, PN _
+ [Cka’u’“uk’ "+ Dy, (uk + )\uk)]wk,
k?“kauk7q}7>‘ — t7x7*
X, =X,

Noting that X,]j’u’“’q) = X:’u’“’uk’@’/\ = XZ’w’*, we have

Xk B BN kg, ® xRk TR B pkiug, @
041 - 041 :(Ag‘i‘BK(I)E) 0 5 L
Xk,uk,ﬂk,fb,k_xk,uk,‘l’
+ (Cp + Dy®y) = m—C U

T P kg, @ g @y @A el ug®

X _
RS S :[Ak - P +Bkuk]

kA g @ ~
+ [Ck k ) — + Dyug | wg,
B P R ®
k b k - O, E S Tk+1.

kg, BA gk, ®

Denote ¢ P— by Yf’ﬂ""‘b, which is independent of w; and .
Then, we can get (36), which implies

EL Y ® = (A + Be®)")Ep v ®

t+1
(38) EkYkkf{k’@ = By,
EY, " =0,
and
(VA B = (A B (T — o)
+ [(Co + Dee) (Y0 — By ™7)

(39) + (Ce+ De@z)Eka’uk’@} wy,

V™ BT = Dy,

yEu® C gy =0, 0 Ny
Noting

k g, P\ k ] kg, ®
XZ,UI«A%, P :nguk, +)\y’£ YUk , gETk,
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we have similarly to (12)

(40)  dJ (k, X7 ups i) = i X M:) AT
= 2(QXPwe® yhu®y, L 9 (QE,XEun® B YRR L 4 2 Ry, g )i
+ 2(ROXFue® Sy Ry 42 Ry Egug, Bk
+ 2(RE (X Fe®) By (BYF TP ))p, |+ 2(GX " Y™ )y

+ 2(GEL X 5T B Y )

and

de(k; X};’x’*; Ups U ak)
. dJ (k, X" + Bl ag) — dJ (k, Xp™* 5 up; )
L0 154
= QY P yhun®y, L 9 (QE, YR B YRUPY L 2 Ry, g )
+ 2(ROY R ® trykte®y 4 o Ry By, Egtig)x
+ 2(RE(BY R 2) By (@Y EP) g 4+ 2GY ™7, V™) y

+ 2(GELY P By Yoy

with ug, g, Uy € LQF(k:;Rm), and Y*%® being similarly defined as (36). If
iy, = Uy, then it holds that
(41) dQJ(kaX;i’z’*;Uk;ﬁk;ﬂk)
= 2<ka’ﬁ’“¢, Yk’ﬁk’(b)'ﬂ*k + 2<QEkYk’ﬁk’q), Ekyk’ﬂk’¢>'ﬂ*k + 2<Rkﬂk, ak>k
+ 2<R¢Y’€,’ak7¢’ (I)t,acyk,ﬁk,{))’EkH + 2<Rk]Ek'L_Lk7 Ekak>k
+ 2(RER (YR ®) By (RY ™)) g, + 2(GY ™, V™) y
+ 2<G’kEYA’§’ﬂk’q}, EkY£’Ek’¢>N.

Letting ug = @kX,i’w’* in (40), we have
L7k, X5 x5 g
5 ( y N )y kAL ,Uk)

_ <QXk’(D, Yk’ﬁk’q)»]l‘k + <QEka,<I>7 Ekyk,ﬂk,‘i’>Tk + <Rk(1)7]5€793X]?x7*7 ﬂk>k
+ <R¢'Xk’q), (I)t,:cyk,ﬁmbmk“ + <RkEk(q)kX1?x’*); Ekak>k
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< ( ( Xk CI’) E (ka,ﬁk,©)>’ﬂ‘ + <GX]]%,¢’Y]<€7,I_LM<I>>N

k+1

+ (GE k(DEquk, "
N-1

=" [( (XEP — B XEP) 4 (@0)T Redy (XP? — XEPRY)
I=k

+ (QEL X + (B0)TRoDEL X, ) Eknk’ﬂk’ﬂ
|:'Rk<1) X o :| U
T _ _
+E KG(X —Ep X% q’)) (v® Ekyj’;»“k’q’)}

[(gEkaq’) EpYime® }

N—
_ Z E {[Qe (X5® _ By XP?) 4 0T R0l (XP? — By x )
(=

,_.

AEJFBE‘I)E) (Z£+1 EkZz 1)
Co+ Do) (Be(Z5we) — Bi (285 wr))

k@ Zk’q)Ek)} (Yk@k,@ _E Yk,ak@)

+ (Co+ D@t B (22 wp) — Eka’q’] Eka’ﬁk’q’}

T

+
+
- (%
+ [ QX + OTRDELXS® + (Ar + Bedy) BRZL
(
+ [Re@f X" + BIEGZE + DIE (255 wn) |

Based on this and the proof of Theorem 3, we can achieve the desired result
of Theorem 7. 0

From above theorem, we can derive a result which characterizes the
existence of the closed-loop equilibrium strategy via the solvability of two
coupled equations.

Theorem 8. The following statements are equivalent.
(i). There exists a closed-loop equilibrium strategy of Problem (LQ).
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(ii). The following coupled difference equations

Sk = Qp + O Rp®p + (Ap + Bk‘bk)TSk+1 (Ak + Bi®y)
+ (Ck + Dkq)k)TSk_H (Ck + DkCI)k),
Sk = Qr + P Rp®p + (A + Bk<1>k)T5k+1 (A + Bp®s),

(42) Sy =G, Sy=aG,
Or >0,
0Ol Ly — L}, =0,
keT

are solvable in the sense that O > 0, (’)k,kOL’ka,k —Lyr=0,ke€T, hold.
In (42), O, Ly and @y, are given by

Ok = Ry + BF (Sk41 + Sk41)Bi + D Sk1Dy,
Ly, = B (Sk11 + Skt1) Ak + DY Si41Cr,
&, = -0l L.

In this case, a closed-loop equilibrium strategy is given by
(43) Oy = 0Ly, keT.

Proof. (i)=-(ii). By Theorem 7, we have the solvability of (32) with prop-
erties (33) and (34). We now characterize ®. Noting that Z]’i,’q) = GX]/%,’(I> +
~ k,®
GrEL Xy, one can get
T
(An—1+ BnN-1®n_1) ]EN—lZ]’i;q)
= (An_1 + BN_1<I>N—1)TG(AN_1 + BN_1‘1>N—1)X§;(I_)1
T — —
+ (An—1+ Bn-1®n-1)” [G(An—1 + By_1Pn_1)
+G(An_1 + BN—l@N—1)]EkX§/’?1,

and

(Cn-1+ DN—1‘PN—1)TEN—1(Z§;’<DWN—1)
= (Cno1+ DN_1‘I>N—1)TG(CN_1 + Dy ®no1) XN
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T — —
+ (Cn-1+ Dn-1®n-1) G(Cn-1 + DN—1(I)N—1)E1€X§;’?1
Therefore, from the expression of Z"® we have

(44) ZE2 = [QN L4+ ®N Ry PN
+ (An_1 4+ By_1®y 1) G(Ax_1 + By 1@y )
+(Cno1 + Dya®n-1) T G(Cy o + Dy1®no1) | X2,
+ [QN,l + 04 Ry 1PN
+ (An-1+4 By 1®x1) G(An 1 + BN_1<I>N_1)]E,€X]’3;?1
= [QN—l + @4 1 Ry_1®Nn_1
+ (An_1+ By 1@y 1) G(An 1 + By 1@y )
+ (Cn-1+ DN_1‘1>N—1)TG(C’N_1 + DN_1<I>N—1)]
x (XR2 —E Xn?)
+ |:QN71 + N 1 RN_1PN_1
+ (An_1+Byn_1®y 1) G(An_1 + By 1@y )
+ (Cn-1+ DN—1‘I>N—1)TG(CN—1 + DN—I‘I’N—I)]EkX]]i;?l-

Furthermore, we have

B%,lEN,lZ]]\\;_l’q) =BY (G+G)(An_1+ BNfl(I)Nfl)ngqu)a
and

Dy Ex1(Zy Pwn-1) = DY 1G(Cn1 + Dy a®n1) Xy 7,
which together with (33) imply

0= [(RN,l +BY_(G+G)By 1+ DY_1GDx_ )Py

+BY_1(G+G)An_1 + D%—IGCN—J XN
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Concerned with Problem (LQ) for the initial pair (N —1,z) and z €
L%(N — 1;R"), we have

0= (Rn-1+ BN_1GBn-1+ Dy_1GDN_1)®N_1
+ B]:’\}_leAN71 + D%_lGCNfl,

as x can be arbitrarily selected. From Lemma 4, it follows that

Oy_1 = —O}Lv,lﬁzv—l,

and
ON1ON_ Ly — Ly-1 =0,
where
{ On-1=Ry-1+B%_(G+G)By_1 + D§_,GDy_1,
Ly_1 =By _(G+G)An_1+ D§_,GCn_1.
Let

(( Sn-1=Qn-1+ P | Ry_1PNn_1
+ (An—1 + BN71‘1>N71)TG(AN71 + Bn_1PN-1)
+ (Cn-1 + DN—1<I)N—1)TG(C'N—1 + Dn_1®Pn_1),
Sen—1=Qn_1+ L | Rnv_1®n_1
L + (An—1 + BN71‘1>N71)TC_¥(AN71 + Bn—1PN—1).

Then, by (44) we have
(45) Z8® = Sn o XuT + Sy ER X5

Repeating the analysis between (44) and (45), we can get the results except
for Op > 0,k € T.
To this end, we prove Oy > 0,k € T. From (34), we have for any uy €
L2 (k; R™) that
0 < (QYFn® YRue®)y + (QERY T E Y M P)r, + (Rytiy, W)
+ <R‘I)Yk7ﬂk7q), q)Y]f,ﬂk,<1>>Tk+l + <RkEkaka Ekﬁk>k

+ <REk(q)Yk,ﬁk,<I>)’Ek(q)ykﬂk,@»TkH + <Gyj$,ﬂk,¢’yj<€[,ﬁk,<b>]v
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+ (GEY ™ By Yy ™ %)y
N-1

:Z{ |: y ko, ® <Qg+‘I’eRZ(I)K+(A€+Bf‘I)Z) Sg+1(Ag+B€(I)E>
l=k

+ (Ce + Dz‘I)e)TS£+1 (C’@ + Dg(I’g) — 5£> Yék,ﬂk@}

Ay + BZ(I)E)T(SZ-H + Se41) (Ae + Be®y)

Cot Do) Sui (Cot D) — (80 + ) Yyt
+ @l [Ry, + B} (Sks1 + Skt1) Bi + DY Spy1 Dy,

= U [Ry + B} (Skt1 + Skt1) B + DY Sj1 Dy g

(
(Ekng’a’“’q))T (Qz + O ROy
(
(

+
_|_
+

= al Oy

Hence, Oy > 0 for any k € T.
(ii)=(i). By reversing above procedure, we can get the results. O

If (42) is solvable, then we have SkT = Sk, S, = Sk, k € T. In this case,
we call (42) has the symmetric structure. Instead, the GDREs (22) for the
open-loop formulation do not have symmetric structure. Let Sj, = Sj, + S,
k€T and G =G + G. Then, (42) can be rewritten as

(46)

where

( Sp = Qp + ALSpi1 Ay + CL 81 Cy, — LEOLL,
—LTOl Ly, + LTOl 0,0l £y,

Sk = Qi+ ALS 1Ay + CF 81O — LT O Ly,

Sy=G, Sn=0,

O >0,

OO Ly — L1 =0,

ke,

O = Ry + BZ;SkJrlBk + DZ;S]{H,le,
Li, = Bl Spi1Ay + D Si1Ch,
O, =Ry + B£8k+1Bk + Dgsk+1’Dk,

Ly, = Bl Sk41 Ak + D} Spy1Ch,
ke T.
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Let us review a static mean-field stochastic LQ problem, denoted as
Problem (sLQ), whose system equation is (1) and the cost functional is

N—-1
(47)  J(t, z3u) = Z E[(X/)T QuX}| + (EX[)T QuEX} + uf Ryuy
k=t
+ (Eug)" ReBuy) + E[(XN)TGXY] + (EXK) GEXY.

So, the expectations in (47) are different from those in (2) that are the con-
ditional expectations. This is why we call Problem (sLQ) a static problem.
From [9], the existence of optimal control of Problem (sLQ) for all the initial
pairs is equivalent to the existence of the closed-loop optimal strategy and
is also equivalent to the solvability of the following equations

P = Qp + ALPe1 A + CL P Oy — HI W HY,
Prp = Qi + Al Prs1 A + CF Py Cp — wa,iﬂk,
Py =Gy, Pnv=G+G,

(48) :
Wi, Wi 20, Wi W, Hy, — Hy =0,
WWEH, — Hy = 0,
| k€T,
where

Wi = Ry + B}, Pxy1 By + D Py1 Dy,
Hy, = B Pyy1 Ay + D P11 Cy,

Wy, = Ri, + Bl Py11Bg + DI Py iy Dy,
Hy, = Bl Pry14k + D} Py Ch,
keT.

\

Here, (48) is called solvable if Wy, Wy > 0, WkW,IHk — H;, =0, WkaT’Hk -
Hi =0,k € T, are satisfied. Note that the GDREs (48) differs (46) and (21)-
(22). This reveals the essential difference between the static mean-field LQ
problem (Problem (sLQ)) and the dynamic mean-field LQ problem (Problem

(LQ)).
4. Example

In this section, an example is presented to illustrate the theory developed
in above sections.
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Example 1. Consider a Problem (LQ), whose system matrices and weight-

ing matrices are given below

e 20 58] a2 )
A il
NE |
S S e
o b bt ]
b2 em] e[ 8]
QO:_1675 1(.)5]’ Ql:[g (1)]
o- 32 12] o [1 5]
o-[3 8] e-[ 8 0n],
Ro__o2 —01}’ Rl:[(l) (1)}

R2_-(1) 0(.)5]’}?0_[—(1).5 _—015]’
Rl—__8'5 (1)} Rzz[_8'5 (2)]
o=|5 1) o= 1]

Considering the open-loop equilibrium control, from (21) and (22) (with

N = 3) we have

Ro + BIPsBy + DI

27.7591

FsDa = [ ~3.0114

-3.0114
68.1710

>0
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492.431 —162.4572
R1+B§FP2B1+D{P2D1:{ 924316 -~ —162.457 } 0,

—162.4572  896.5842

. s [ 10650 3113
Ro + BO P1By + DO PDy = [ 3113 134792 0,

[ 27. —-3.
Wy — 7.7591 3.0114 }

| —3.0114  68.1710
Wh — [ 473.2906  —151.3192

Y7 -140.8696 7717742 |
[ 7133.6 2471.9 }

Wo=1 20462 78758

Note that the set of eigenvalues of Wh, W; and W, are, respectively,
{27.5359, 68.3942}, {413.7517,831.3131} and {5.2253,9.7841}. Then, the cor-
responding (21) and (22) are solvable. Therefore, for any initial pair ¢ €
{0,1,2} and any x € L%(t;R") the corresponding Problem (LQ) admits an
open-loop equilibrium pair; for the initial pair (0,z) with € L%(0; R"), an
open-loop equilibrium control is given by

uO,a:,* — _WlinXg,%*’ k - {0, 1, 2}3

where
T |
i = | o o],
o A
and

Xl = [+ Bry™] + [CeX™ + D™ o,
X =g, ke{0,1,2}.

On the other hand, concerned with the closed-loop equilibrium strategy,
from (46) (with N = 3) we have

o, [ 277591 —3.0114 ) _
27| —3.0114 68.1710 ’
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o _ [ 490.5035  —178.4499 0
L= 1 178.4499 830.3166 '

O — 6120.2 1693.2 0

07 | 1693.2 7576.2 '
Therefore, the corresponding (46) is solvable, and a closed-loop equilibrium
strategy is given by

B0 — [ 0.0614  0.4228
7| —0.0317 —0.0432 |’
o, _ | 0-0290 0.3654
7| 02508 0.0124 |

B0 — [ —0.6344  0.1815
7| 02718 -0.5565 |

5. Conclusion

In this paper, the open-loop equilibrium control and the closed-loop equilib-
rium strategy of a time-inconsistent mean-field stochastic LQ optimal con-
trol are investigated. Necessary and sufficient conditions are, respectively,
presented for these two cases. Concerned with the existence of the open-
loop time-consistent equilibrium control for all the initial pairs, two coupled
constrained LDEs and two coupled constrained GDREs are introduced. On
the other hand, the existence of the closed-loop time-consistent equilibrium
strategy is equivalent to the solvability of another two coupled constrained
GDRESs. Interestingly, GDREs for the open-loop formulation do not have
symmetry structure, while the ones for the closed-loop formulation do have
symmetric solutions. For future researches, we would like to study time-
inconsistent stochastic LQ problems with other types of time-inconsistency.
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