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Global robust adaptive output regulation
for nonlinear systems of
relative degree up to two

ZHIYONG CHEN AND JIE HUANG

In this paper, we study the global robust output regulation problem
for an uncertain nonlinear lower triangular system subject to an
uncertain exosystem. Under some standard assumptions, the prob-
lem can be transformed into a robust adaptive stabilization prob-
lem of a well defined system called augmented system. In order
to deal with the unknown parameter of the exosystem, we con-
struct an internal model consisting of two dynamic compensators.
As a result, the augmented system contains both the static and
dynamic uncertainties and the dynamic uncertainty is not input-
to-state stable. Then, we develop a recursive approach to construct
the controller.

1. Introduction

Consider a lower-triangular system of relative degree two described as fol-
lows,

do = Ko (¢o, q1,v, W)

q1 = £1(q0> q1,v, W) + G2
G2 = K2(qo> 41, G2, v, W) + U
e=q — qa(v,w),

(1.1)

where g, € R™ and ¢; € R are the states, v € R is the input, and e € R is
the output representing the tracking error. The disturbance and/or reference
signal v € R? is produced by an exosystem described by

(1.2) 0= A(o)v, v(0)=wv,.

The unknown parameters w € RP* and o € RP? are assumed to be in some
known compact sets. It is also assumed that all functions in the system (1.1))
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are polynomial in (go,q1,q2,v). We will consider the problem described as
follows.

Global Robust Adaptive Output Regulation Problem: For given V, W, and
S, which are compact subsets of R?, RP*, and RP? containing the origins,
respectively, find a state feedback controller such that, for all v(t) € V, w €
W, and o € S, the trajectories of the closed-loop system, starting from any
initial states, exist and are bounded for all ¢ > 0, and satisfy lim;_, o, e(t) = 0.

Various versions of the problem have been extensively studied for the
case where the exosystem is exactly known in, for example, [IH5]. When the
exosystem contains uncertainty, the signal v represents the combination of
constant and sinusoids with unknown amplitudes, phases and frequencies.
This more practical problem was first studied for a simple nonlinear system
in [6], and was subsequently further pursued for more complex systems in
[7H12], etc. It is worth mentioning that the semi-global output regulation
problem for a class of lower triangular systems was studied in [12] via output
feedback control. Here, we consider the same system as the system studied
in [12]. However, our objective is global output regulation by state feedback.
Even though we only consider the case where the relative degree is two, the
iterative nature of our approach allows it to be extended to a higher relative
degree case with more complicated notation and assumptions.

Typically, the output regulation problem is approached in two steps. In
the first step, an appropriate dynamic compensator called internal model
is found. Attaching the internal model to the given plant leads to an aug-
mented system, and the internal model is such that the stabilization solu-
tion of the augmented system leads to the output regulation solution of the
original plant. As a result, the second step will be centered on stabilizing
the augmented system. When the exosystem is exactly known, the stabi-
lization problem of the augmented system can often be handled by various
robust control techniques. However, when the exosystem contains uncertain
parameters, these uncertain parameters will enter the augmented systems
and they cannot be handled by robust control techniques. Therefore, for this
case, adaptive control techniques have to be further introduced to handle
this type of the unknown parameters.

In all existing papers dealing with the output regulation problem of
nonlinear systems with an unknown exosystem, a common feature is that
only one dynamic compensator corresponding to the input needs to be con-
structed. As a result, the only unknown parameter vector that needs to be
estimated by the adaptive control technique appears in one single equation
containing the input. In contrast, in the present case, we need to construct
r dynamic compensators corresponding to r — 1 measurable states and one
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input where r is the relative degree. Thus, the resulting augmented sys-
tem will also be much more complex in that » unknown parameter vectors
appear in r equations and all these unknown parameter vectors need to
be estimated by the adaptive control technique. Such type of systems has
never been encountered before. In this paper, we will propose a new robust
adaptive design approach to overcome this difficulty. This approach needs to
recursively construct the control law r times, and each recursion necessitates
a dynamic coordinate transformation which leads to a newly augmented sys-
tem with more complex parameter uncertainty. This phenomenon is called
“propagation of uncertainties”. To capture the essential mechanism of our
design method, and avoid tedious notation and assumptions, we only con-
sider the lower triangular system whose relative degree is two.

The rest of the paper is organized as follows. Section 2 provides a typical
construction of an adaptive internal model to deal with uncertain exosys-
tems. Based on the adaptive internal model and a new robust adaptive
control approach, the global robust output regulation problem formulated
in this paper is solved in Section 3. Finally, the paper is concluded in Sec-
tion 4.

2. Problem conversion

To begin with, let us recall from the general framework established in [5]
that the solvability of the robust output regulation problem relies on an
appropriate internal model. To ascertain the existence of the desired internal
model, we will list the following four assumptions.

Assumption 2.1. For all 0 €S, the exosystem is assumed to be neutrally
stable in the sense that all the eigenvalues of A1(o) are simple and have zero
real parts.

Assumption 2.2. There exists q,(v,w, o), a polynomial function in v with
coefficients depending on w and o such that,

0q, (v, w,0)

8’1} Al(o-)v = ,io(qo(v7w7o-)7qd(v7 w)7v7 w)

forallveV, weW, and o €S.

Assumption 2.3. There exists a sufficiently smooth function V(q,) bounded
by some class Koo polynomial functions, such that, along the trajectories of
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(jo = Ko (QO7 qlavvw)f

dV(qo)
dt

(2.1) < —llaoll? + 7 (q1)

for some polynomial positive definite function .

Assumption 2.4. There exist polynomial functions s and 3 in (qo,q1,
q2,v) such that

£2(qos @1, 42, v, W) = 222(qo, q1, G2, W) + 323(Go, 1, V, W).

Remark 2.1. Assumption means that the solution of the exosystem
is a sum of finitely many sinusoidal functions. Typically, o represents the
frequencies of these sinusoidal functions. Under Assumption [2.2] we can
define, for all v € V, w € W, and ¢ € S,

q1(v, w) = qa(v, w)

oqi (v,
qQ(ana 0) - qlg;uj)Al(a)v - Hl(Qo(%U%U)v ql(U,U)),’U, w)
ll(’U,’u),O') = MAl(U)U_KQ(qO(anaU),ql(vvw)an(vvwag)aan)

ov

which constitute the solution of the regulator equations for the system com-
posed of and forallv eV, w e W, and o € S. And the solutions
are polynomial in v with coefficients depending on w and o. Assumption [2.3
implies that the system is minimum phase. Assumption excludes
cross terms between ¢o and v in k2(qo, q1,¢2,v,w) so that the uncertainty
term la(y2, ) in the augmented system satisfies the linear parameteri-
zation condition which is needed for the employment of the adaptive control
technique later.

Since qz2(v,w,0) and u(v,w,o) are polynomial in v with coefficients
depending on w and o, there exist integers 1 and ro, and matrices ®;(o) €
R"*" guch that

Ui = 0i(0)0;, &=[10 -+ 0}, i=1.2
where 9;(v,w, o) = col(ﬁi,éi, . ,f,fri_l)), i=1,2, & =qv,w,o0), &=

u(v,w, o). Moreover, all the eigenvalues ®;(c) are simple with zero real
parts.
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Next, pick any controllable pairs (M;, N;) with M; € R"*™ N; € R'+*1
and M; Hurwitz, and solve T;(o) from the Sylvester equation T;(c)®; (o) —
MZTz(U) = Ni[l 0 --- 0] Let

Pi(o) :=[1 0 07 (o)
and
O(v,w,o0) = col(61(v,w,0),02(v,w, o)),
a(a, 9) = block diag(E1 (0')01, EQ(O’)QQ),
(2.2) B(a, 0) = COI(‘III(U)Ol,\IIQ(U)QQ),

X = block diag(Xy, X3),
X=M,N,T.

Then, it can be verified that the triplet {0(v, w, o), a(o,0), 5(0,0)} satisfies

(v, w,0) = a(o,0), &= p(c,0), = col(&1, &2).

The triplet {0(v,w,0),a(o,0),[(c,0)} is called a steady-state generator of
the system (1.1) and (1.2) with the output col(gz, u). Furthermore, let

(2.3) n = Mn+ Ncol(gz,u), n:=col(ni,mn2)

which defines the internal model for system and with the output
col(ga, u). The composition of the system and the internal model
is called an augmented system.

If o were known, then based on the framework in [5], we could further
perform on the augmented system and the following input and

state transformations

ﬁ:u—\PQ(O‘)nQ, Zizm—ei—Nil‘i, 1=1,2,
(2.4)
To = {qo — qO(U)w70)7 xr1 =e, T2 = q2 — \111(0-)7]1

to obtain a transformed augmented system in the following form:

To = fo('ro,xlad)v 21 =Mz + ’Yl(Xl,d)
(2.5) 1 = fi(C1, x1,d) + x2, 22 = Mozo + 72((1, x2, d)
By = fo(C2, x2,d) + U
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where x1 := col(x,,x1), X2 := col(zo, x1,22), (1 := 21 (2 := col(z1,22), d =
col(v,w, o), and u = col(w, o). Also, the functions f; and ; satisfy f;(0,0,d)
=0 for i =0,1,2,, and 0,d) = 0 and 72(0,0,d) = 0. The system is
in a standard lower triangular form with static uncertainty d and dynamic
uncertainty (x,, 21, z2). It was shown in [5] that it is possible to globally sta-
bilize the system by a state feedback controller u = g, (1, z2) based on
the small gain approach. Moreover, this controller will lead to the following
controller

(2.6)  w=Va(o)m+gule,q2 — Vi(o)m), 7= Mn+ Ncol(zs,u)

that solves the global output regulation problem of the original system.

Unfortunately, when ¢ is unknown, the control law is not imple-
mentable. To overcome the difficulty caused by the uncertain exosystem, we
will instead consider performing on and the following coordinate
transformation:

zi =mn; —0; — Njzy, i=1,2,

(2.7)
To = Qo — Qo(v,w,0), 1 =€, T2=qo.

This transformation leads to the following transformed augmented system:

To = folo,71,d),
Z = Miz1 +v1(x1,d)
(2.8) b1 = f1(Cx1,d) + Ly, 1) + 22,
= Mazo + 72(C1; X2, d) + ha(Y2, 1)
B2 = f2(C2s x2,d) + l2(y2, ) +u

where gl - C01(67 4o, Q1)7 Y1 = C01(67 4o, 41, 771)7 QQ = COI(G, do,41, 492, 771)7 and
y2 = col(e, qo, q1,92,M1,M2). Various functions in (2.8) are described as fol-
lows:

fo(To,21,d) = Ko(o, q1,V, W) — Ko(Qo, q1, v, W)

1 (x1,d) = M1 Niz1 — N1 Ay

fi(Gx1,d) = A1 + Uy (o)m — ¥i(0)bh

Y2(C1, x2,d) = MaNoxg — NoAg + NoWi(0)Er(0)(Nixy + 21)
J2(C2, x2,d) = Az — W1 (0)E1(0)(N1x1 + 21) + V(o) (Noza + 22)
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and
li(yi, p) = =¥1(o)m
ha(y2, ) = —NoB — NoWy(0)Er(o)m
la(y2, 1) = B+ V1(o)Er(0)m — Va(o)n2
where

A1 = K1(Gos q1, v, w) — £1(Qo, q1, v, W)

Az = 529(qo, q1, V1 (0)m, w) — 222(do, A1, 92, W)
+ 23(qo, q1, v, w) — 23(qo, g1, vV, W)

B = 5(g0, q1, 42, w) — 32(¢o, q1, ¥1(0) 1, w).

Remark 2.2. Like the case where ¢ is known, if the system can be
globally stabilized in the sense that the states of the closed-loop are globally
bounded and limy_,~ 21(t) = 0, then the resulting controller will lead to a
controller that solves the global output regulation problem for the original
system with o unknown. Therefore, for the rest of this paper, we only
need to focus on the stabilization of .

Remark 2.3. The system appears much more complicated than the
system in that the left hand side of contains such terms as Iy, la
and ho. Owing to the presence of these terms, ({2, x2) = 0 is not the equilib-
rium point of the system any more. For this reason, we refer to these terms
as equilibrium point perturbing (e.p.p.) terms in what follows. The presence
of the e.p.p. terms greatly complicates the global stabilization of . In
particular, the dynamic uncertainty zo does not satisfy a certain input-to-
state stability condition. Therefore, the small gain approach as employed
in [5] does not apply to . As a result, we need to develop a specific
technique to handle the stabilization problem of in the next section.

Remark 2.4. When using the output feedback control to deal with the
output regulation problem of the system , the control law does not
utilize the state variable g. Therefore, there is no need to construct an
internal model corresponding to ¢s. As a result, instead of using the trans-
formation , one can use the following transformation

u=u—Wy(o)np2, 2z =mn—0;—Niz;, =12,

(2.9)
xOZQO_qO(U7w70)7 T = e, K ZQZ—QQ(%U%U)‘
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Under this transformation, the augmented system and will be
transformed into a system similar to but with the terms [; and Iy van-
ishing. Such a system is still much simpler than . However, even this
much simpler system cannot be globally stabilized by output feedback con-
trol. That is why only semi-global output regulation was considered in [12].

3. Main result

In this section, we will consider the stabilization problem of the system ({2.8]).
First, as seen in [13], under Assumption there exist polynomial functions
a;(+),i = 1,2, such that, under the new coordinate

To=1To, T1=21, T3=x2—01(T1), ¥3=1z3— az(2),
the system ([2.8) with [; =0, Il = 0 and hy = 0 becomes
io = fo(Zo, ¥1,d)
(3.1) z = Mizi + 0i(Gi-1, Xi, )
T; = ¢i(Gis Xis d) + i) + Tipr, i=1,2
for some polynomial functions ¢; and ¢;. Moreover, there exist positive

definite and radially unbounded functions V' ({2) and W(x2) = Z?:o Wi(z;)
with Y2 := col(Z,, Z1, Z2), such that, along the trajectories of the system (3.1)),

d(V () + W(x2))
dt

(3.2) < —k(C2; X2)

for some positive definite function k(-, ).

Next, we will turn to deal with the nontrivial terms [y, I and hy. We
first consider the upper subsystem governing col(x,, z1,z1). To apply the
adaptive scheme, we note the fact that

for a constant matrix W1 and a column function vector wi(u). As a result,
we have the following linear parameterization property of Iy (y1, p):

Ly, p) = =Vi(o)m = p1(y1)wi ()

for a row vector function p(y;) = —n] ¥]. Consider the following coordinate
transformation:

To = x2 + p1(y1)1 — aa (1),
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with the function «j(-) given above, and the vector w; used to estimate
w1(w). In particular, @ is generated by an update law

w1 = P1(y1) = k1 (dWi(a1)/da1)p] (1), K1 > 0.

As a result, the x1—subsystem is in the following form:

&1 = f1(¢1, x1,d) + oa(z1) — pi(y1) o + To
= ¢1(C1, x1,d) + a1 (x1) — p1(y1)@r + T2

with 01 = 01 — wq.

From above, we see that the notation
(3.3) (Xi) — (0, @) — (Gir 8i) — (piywi) — (¥i) — (@)
has been defined for i = 1 with

X1 = col(zo, Z1), T1 =z,
0 €R’, @ eR’, G=z=2, s1€R’

Before moving to the full system (2.8)), we need to define the notations (3.3))
for ¢ = 2 as follows.

e Let o := col(x,, 1, T2).

e Define

Ra (Y2, 01, 1) = 72(C1, X2y d) — V2(C1s oy 1, T2 + 1 (Z1), d) + ho (T, 1)
= —M3Napi(y1)wn + Noso(qo, q1, g2, W)
— Nasa(qo, g1, Vi(o)m, w) — NoWyi(o)Eq(o)m.

Since all functions are in polynomial form, the function hy(y2, w1, 1)
satisfies the following linearly parameterization property:

(3.4) ha (Y2, 01, 1) = 02(¥2, 1) w2 (1)
for a sufficiently smooth function matrix g2 and a column function
vector wo.

° Ijet s9 be a square matrix governed by $o = Masa + 02(y2,w1), and let
(o= COl(El, 52) where zZo = 29 — SQ?DQ(/L).
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e Define py(yo,p) = —7] W] = —(Mym + N1x2)™W]. Then, the deriva-
tive of p1(y1) is dp1(y1)/dt = p1(y2, p1). Let

lo

2

(y2, s2, @1, 1)
(G2, x2,d) = f2 (Cos o, T1, T2 + 1 (Z1), d) + l2(y2, 1)
+ (0a1(21)/0z1) p1(y1)w1 (1) + p1(y2, w)wr () + p1(y1)vr(y1)
= —Wa(0)N2p1(y1)w1 + 22(qos 415 G2, W) — 322(qo> q1, Y1 ()M, W)
+ Wo(o)soma(p) + la(y2, 1) + (O (Z1) /0F1) p1(y1 )1 (1)
+ p1(y2, p)w1 (i) + p1(y1)ir (y1)-

Clearly, the function #5(y2, s2,w1, 1) is linearly parameterized in the
sense that

lo(y2, 52,01, 1) = p2(y2, 52, w1)wa (1)

for a sufficiently smooth row vector function ps and a column function
vector ws.

o Let ¢o(y2, s2,w1) = ka(dWa(Z2)/dZ2)ps(y2, s2,w1), ka2 > 0.

e Let Wy be a vector variable governed by (g = Ya(y2, S2,W1).

With the above notation, the z9-subsystem can be rewritten as follows,

(3.5) 29 = Mazo +v2((1, To, T1, To + a1 (Z1), d) + ha(Ya, 1, 1)
= Mszo + p2(C1, X2, d) + ha(y2, 01, 1).

We can define the following dynamic coordinate transformation
(3.6) Zo = 23 — Sow2(p), $2 = Masa + 02(¥2,@1),

under which, we have

(3.7) Zy = MaZs + ¢2(C1, X2, d).
Furthermore, with the controller u = —pa(ya2, S2,w1)Ws + az(Z2), we have
(3.8) Zo = fa (2, %o, T1, T2 + 1 (Z1),d)

— (a1 (21)/071)(p1(C1y X1, d) + a1 (Z1) + Z2)
+ EQ(yQa 827d}17 ,U‘> +u
= ¢2((a, X2, d) + a2(Z2) — p2(y2, s2,01)@2
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with Wy = W9 — wy. From the above development, the system (2.8)) is put in
the following form:

To = fo(To,x1,d)
(3.9) Zi = Mz + ¢i(Gi—1, Xi», d)
zi = i(Gi, Xir d) + i (T3) — pi(Yis $i, @im1)@i + Tigr, ©=1,2

under the following controller:

u = —pa(y2, S2,W1)W2 + az(T2)
Ty = 22 + p1(y1)@1 — ai ()
w1 = V1(y1), W2 = a(y2, s2,01)
59 = Masa + 02(Y2, w1)

(3.10)

where &, € R?. Now, it is ready to have the main result.

Theorem 3.1. Under Assumptions[2.1] to form any initial condition,
the states of the system (@/ are bounded and limy_,~, x1(t) = 0. Therefore,
the global robust adaptive output regulation problem for the system 18

solved by the controller and .

Proof. Compare the system (3.9) with the system (3.1]), we can define a
function

U(C2, X2, @) = V(&) + W(x2) + %QTK@

where @ := col(@1,@2), and the matrix K = diag(ki, k2) is diagonal and pos-
itive definite which is used to modify the update rate. Using (3.2), it can be
shown that the derivative of U((2, X2, &) along the system (3.9) is

dU(gQ; XQ7 (:))
dt

IW (x2)

< —k(52>)_(2) - mﬁ(y% 827@1)@ +@TK¢(927327@1)

where

p(y2, s2,w1) = block diag(p1(y1), p2(y2, s2,w1))
Y (Y2, s2,w1) = col(1(y1), Y2(y2, 52, w1)).

Now, let the update law be

OW (X2) !

11 0= o) = K| S22 :
(3 ) w ¢(y2,523W1) a[jl’j2]Tp(y2752awl)
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As a result,

dU(E% X25 (Ij)

(3.12) -

< —k(C2, X2)-
Thus, the states (2, X2, and & are bounded. It is easy to verify that s is
bounded. In other words, all states in the closed-loop system are bounded.

Next, let U(t) = U(Ca(t), x2(t), @(t)) and k(t) = k(C2(t), x2(t)). Integrating
on both sides of 1} shows that f; k(T)dr <U(0) — U(t) < U(0), hence,
limg o0 fot k(7)dr exists and is finite. The fact that all states are bounded
implies that

4 ak(é?)i?) = 8k(§2)>€2) -

k(t) = —

(t) 0% G2+ 92 X2

is bounded for all ¢ > 0, hence, k() is uniformly continuous. By Barbalat’s

lemma, lim;_,o k(t) = 0, hence lim;_,o x1(t) = 0. The proof is thus com-
pleted. O

Remark 3.1. The stabilization problem of some special cases of the sys-
tem has been extensively studied over the past two decades. The sim-
plest case where the system involves neither dynamic uncertainty nor static
uncertainty was solved via full state feedback control using the well known
backstepping technique in a series of papers [I4HI6]. When the system con-
tains only the static uncertainty, the problem was also dealt with via state
feedback control using the adaptive backstepping approach under various
assumptions on the uncertainty vector d(t) itself and the way d(t) enters the
system in [I7HI9], to name just a few. For the more general case where the
system contains both static and dynamic uncertainties, a similar problem
was also studied in several papers [13], 20, 21] by under the assumption that
the dynamic uncertainty satisfies a certain input-to-state stability condition.

Remark 3.2. Some features of the proposed controller design approach are
highlighted as follows. (i) As 22 is not available for feedback, the standard
adaptive control technique, e.g., [18], is incapable of handling the e.p.p. term
ho appearing in the subsystem governing zo. We have devised a dynamic
coordinate transformation to overcome this difficulty. (ii) At the sec-
ond step, the uncertainties from the first step enter the e.p.p. terms hs and
l5> and hence induce more complex e.p.p. terms Ay and 5. This phenomenon
is called propagation of uncertainty. As a result, we need to examine the lin-
early parameterization property of these new terms. This examination may
become more difficult if a system with a higher relative degree is considered.
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Remark 3.3. From , it is known that the rate of the parameter
estimate converges to zero since lim;_,~ X2(t) = 0. Moreover, we can give the
condition under which the parameter @; converges to the real value w;(u),
i.e., limy_, o @;(t) = 0. To give that condition, we note that lim;_,~ Z;(t) =
0 and d(t) is bounded, then Z;(t) is bounded, that is, Z;(t) is uniformly
continuous in ¢. By Barbalat’s lemma, lim; . Z;(t) = 0. As a result, we have
limy_, o0 pi(t)@;(t) = 0. Using Lemma 4.1 of [I1], we have lim;_, o, @;(t) =
0 if p](t) is a persistent excitation (PE). For the system (L.I), we note
that p{(t) = —W1n1(t) is a PE if n;(¢) is. Thus, the estimated parameter w;
converges to its true value wy(p) if 01(¢) is a PE.

Example 3.1. We consider the global output regulation problem of the
following system:

Go = —qo +0.2e, ¢ = 0.5¢,sinq1 +w1q1 + g2
(3.13) . )
g2 = waq, +w3qr +u, €e=q —v;

coupled with an exosystem
(3.14) ’[)1 = —0v2, 1}2 = 0oV1.

These equations formulate the control problem of designing a state feedback
regulator to have the output z; of system asymptotically track a sinu-
soidal signal of an unknown frequency with an arbitrarily large fixed ampli-
tude, produced by the exosystem , in the presence of three uncertain
parameters (wi,wa,ws). In this example, we allow a non-polynomial term
sin ¢ in the system to show that the polynomial assumption is not necessary
as long as there exists a polynomial solution to the regulator equations.

It can be verified that Assumptions [2.1H2.4] are satisfied. In particular,
the regulator equations associated with and have a globally
defined solution in polynomial form as follows

o (U,U),O') = 0) q1 (U’U}?U) = U1,

a2 (v,w,0) = —ove —wyv1, u(v,w,o)= —o%v1 + wiove — wsvy.

To construct the internal model, we have the matrices
0 1
®y1(0) = @2(0) = [ 2 0 ]

-1 0 0.2
M1:M2={ 0 _2}, N1=N2=[05}
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Next, we can solve T;(o) and ¥,(0) as

o244 0244
Uy(0) =Ws(0) = —Ho? -5 202438 ].

02 02
T1<a>=T2<a>=[ffi+l il ]

After the introduction of the internal model , we can define an
augmented system and further transform the augmented system into the
form . Next, we will give the detailed calculation on the quantities used
in the controller design. First, we can choose

a1(z1) = —Kiz1, ao(d2) = —Koda(14+33), p1=2, pp=1

where K7 and K5 are determined by the bound of wi, w2, w3 and o. Since
li(y1, ) = —=Vq(0)m, we can verify that

- 5 2
plm) = =¥, = | 23 3] e = cole®, ),

Next, note ¥y (0)E1 (o) = [-1002 — 10,202 + 8]. Since
ha(§a, @1, ) = MaNon{ Wik — NaWy (o) B (o),
we can verify that

02(G2,1) = [ 0 MoNon]Ulay | — Nonj 0],

[—10 2

& _ 2
Uy = 10 8 ] ,  wa(pu) = col(o?,1).

We note the derivative of pi(y1) is p1(y2, p) = =17 U] = —(Mym + Nyz2)"¥],
which is well defined and measurable. A calculation shows

eg(yg, fg,d)l, ,u) = [Au Ao + Ao AQQ]COI(U4, 0'2, 1) + BCOI(O’2, 1) +C
with

A= \11152,
B = —(Nop1(y1)in) 07 + 0] ¥] — n3 0] — (01 (21)/0%1)p1(y1)
C = (0a1(21)/0%1)p1(y1)@1 + p1(y2, w)eor + p1(yi)r (ya)-
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Therefore,

pa(y2,s2,01)=[ 0 B |+[ An Aip+An C+ A |,

wy = col(a?, 02, 1).

In the numerical simulation, we can compare the non-adaptive con-
troller and the adaptive one. The simulation is conducted with the param-
eters wy = —0.4,we = 0.8, w3 = 0.3, v1(0) = 10,v2(0) = 0,,(0) = 5,¢1(0) =
8,¢2(0) = —1, and the initial values of the remaining states being zero. The
simulation condition is listed in Table |1} For the first 100 seconds, the value

time(s) 0 — 100 | 100 — 200 | 200 — 300 | 300 — 400
adaptive law off off on on

o 0.2 1 1 0.2
Table 1: Simulation condition for the system (3.13)).

of o is the same as that used for the controller design, the adaptive law is
off. The desired tracking performance lim;_,, e(t) = 0 is shown in Figure
At t = 100, the parameter o changes its value and the tracking performance
degrades significantly. When the adaptive law is turned on at t = 200, the
tracking error quickly converges to zero. Good tracking performance is main-
tained even after another step change of the parameter at ¢ = 300. The
tracking performance is shown in Figure. [I]in a similar tendency.
Also, we can check that the signal

01(v,w, o) :TI(U)[ o ow ] [ Ul ]

—0 ow1 V2

is a PE if v(¢) # 0. Then, the parameter estimation w; always converges to
its real value wq(i). Since the unknown frequency o is related to wi1, w1,
and Wos by 61 = V@11, 62 = V@1, and 63 = /oo, any one of the three
relations gives the precise estimation of ¢ as shown in Figure

4. Conclusion

A common feature of the existing approaches to handling the adaptive out-
put regulation problem with uncertain exosystems is that the internal model
compensator only consists of a single dynamic compensator corresponding to
the input. In contrast, in this paper, we have to construct an internal model
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Figure 1: Profile of the tracking errors for the plant states and input.
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Figure 2: Profile of the estimated frequencies.

consisting of two dynamic compensators corresponding to the input and the
state qo, respectively. As a result, we have to deal with a much more com-
plicated augmented system. We have proposed a recursive design method
to solve the problem. Even though we have only considered a lower trian-
gular system with relative degree two, the relative degree one case can be
considered as a special case. Moreover, the recursive nature of our approach
allows it to be extended to systems with a higher relative degree at the cost
of more complicated notation and assumptions.
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