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Two-species flocking particles immersed in a fluid

YouNG-P1. CHOI AND BONGSUK KwON

We present a new particle-fluid model describing the motion of
two-species flocking particles immersed in an incompressible vis-
cous fluid. The flocking particles are directly affected by the in-
compressible fluid through a drag force, and they are also coupled
with each other via the fluid. On the other hand, the two-species
particles are coupled with each other via the viscous fluid. For this
proposed model, we show the global existence of a unique strong
solution when the initial data is sufficiently small, and we also in-
vestigate the large-time behavior of the solutions under suitable
conditions.

1. Introduction

In this paper, we present a new model for the two-species flocking particles
interacting with an incompressible fluid. The model consists of the Vlasov-
type equations with flocking force terms for the particles and the incompress-
ible Navier-Stokes equations for the fluid. The flocking particles are directly
affected by the Navier-Stokes equations through a drag force, and they are
also coupled with each other via the fluid. For the proposed model, we first
show the existence, uniqueness and regularity of the strong solutions when
the initial data is sufficiently small, and investigate the large-time behavior
of the solutions using a priori estimates.

More specifically, let f; = fi(x,£,t), ¢ = 1,2 be the one-particle distri-
bution function of the flocking particles at the phase-space position (z,€) €
Q x R? at time ¢, and u = u(z,t) be the bulk velocity of the incompressible
fluid. Here Q is either a periodic space T? := R3/Z3 or a whole space R3.
Then the particles and fluid are governed by the following equations:

(1.1)

Oifi+€-Vafi + Ve ((FLUA] + Falu
Oifo+ & Vaufo+ Ve ((F2fo] + Falu
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subject to initial data:

(1.2) (f1, f2,u)|e=0 = (f10, foo,u0);, Vaz-up=0 in Qx R3
and, in the case of Q = R3, the end state condition for u is imposed:
(1.3) u(r) = us as |x| — oo.

Here F! i = 1,2, and F, are the flocking alignment forces and the drag force
per unit mass, respectively:

F;[fi](x7§>t) = / ¢Z($7y)(€* - é)fl(yv‘s*:t)dg*dyv i=1,2,

QxR3
Fd[u](x7£>t) = U(l’,t) - ga

where the communication weight function ; : © x Q — R, is a C!-function
satisfying the symmetric and nonnegative conditions:

For the communication weight functions, there are various possibilities to
adopt. For example, in the case of Q = R3, a regular kernel as in the Cucker-
Smale models can be chosen:

Q;
(L | = 2%

Tﬂz(l‘,y) = o > 07 /31 > Oa 1= 172

Throughout the paper, we assume u = 1 and u, = 0. In fact, a more general
condition on the viscosity coefficient p > 0 does not yield any difficulties for
our analysis, and the assumption on the far-field u,, is reasonable due to
the Galilean invariance for the fluid equations.

The collective behavior of the interaction particle systems such as flock-
ing, aggregation, and synchronization has received a bulk of attention from
various research fields arising in physics, biology, robotics, control theory
and other disciplines [1, 5, 10, 14, 15, 16, 24, 27, 28, 30]. The interaction
between the flocking particles and fluids is first studied in [2]. They con-
sidered the kinetic equation for the Cucker-Smale flocking particles coupled
with the incompressible Navier-Stokes equations, and showed the global ex-
istence of weak solutions. We refer readers to [2] and references therein for
a detailed description of the modeling and the related literature. Later in
[3] they showed the global strong solutions for sufficiently small and reg-
ular initial data, and the large-time behavior of the classical solutions in
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three space dimensions was obtained under suitable assumptions. Concern-
ing two dimensions case, Choi and Lee [11] established the global existence
of weak and strong solutions. Unlike the three dimensions case, the small-
ness assumption on the initial data has been removed to show the global
existence of strong solutions. More recently, the interaction between the
Cucker-Smale type flocking particle and the compressible viscous fluid is
studied in [4]. For the other related particle interacting with fluid, we refer
to [6, 7, 8,9, 13, 17, 22, 26].

We now extend the previous result for the one-species problems to the
case for two particle species. We would like to describe the situation in which
more than one type of flocking particle interacting with each other in the
fluid. Two-species models have many applications such as pedestrian flows
[29], opinion formation between two groups with different leanings [18, 19],
and so on. A mathematical study of existence, stability, finite-time blow up,
and the large-time behavior for two competitive populations of biological
species which are attracted by random diffusion and chemotaxis is another
recent active research area [12, 20, 23, 31]. We also refer to [21, 25] for
nonlocal interaction PDEs with two-species.

Our first result is concerned with the global existence of a unique strong
solution to the system (1.1)-(1.4) when the initial data is sufficiently small
and regular. For this purpose, we do not restrict the communication weight
function to the specific ones. Rather various alignment forces can be adopted
for various physical situations. In particular, as we mentioned before, the
regular alignment force as in the Cucker-Smale model can be considered.

Theorem 1.1. Suppose that the initial data fi9 and fog have a compact
support in position and velocity. For T € (0,00), there exists a positive
constant ey such that if || frollwr. (@xrs) + | f20llw. (xrs) +[uoll #2(0) < €os

the system (1.1)-(1.4) has a unique strong solution (fi, f2,u) satisfying
(@) fi, f2 € WHR(Q X R x (0,7)),
(i3) w € C([0,T]; H*(Q)) N L*(0,T; H*(Q)) and
w € C([0, T); L*(Q)) N L*(0, T3 H' (),
(iii) p € C([0,T); H' () N L*(0, T; H*(1)).
Our second result concerns the large-time behavior of the strong solu-

tions to the system (1.1)-(1.4) for the periodic spatial domain, i.e., = T3.
To this end, we first introduce a total energy-variance function £(¢):

ey =5 ( [ le= i+ I - 2P pdnds
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1
+/ [u— uel*da + Slue — (& +£3)\2>7
T3

where

; f'H‘s <R3 5fld$d£
) =
gc( ) fT3XR3 fzda:dﬁ

Note that £.(t) and u.(t) are the mean velocities for the i-th particles and
the fluid, respectively. For later use, let py, denote a local particle density:

and  wu(t) :—/ udz.
T3

pr(x,t) == /]12{3 fi(z, &, t)dg, i=1,2.

In the following theorem, we find out that the system exhibits the ex-
ponential alignment between the flocking particles and the fluid.

Theorem 1.2. Let (f1, fo,u) be classical solutions to the system (1.1)-(1.4)
satisfying

(@) [ frollzr@xre) = | f20ll L1 (@xrsy = 1,
(i) lim € (fi(z. &, 0) + fo(2,&, 1)) =0, (2,t) € T? x [0,T).

€] =00

Suppose that £(0) < oo, and ||py,
E(t) verifies the decay estimate:

13,0 =12 are sufficiently small. Then

Et) < &)™, t€[0,T] for somec> 0.
Remark 1.1. Theorem 1.2 shows that the system exhibits the exponential

alignment between the particles and fluid. More precisely, since the total
momentum of the system is conserved:

d
o </ESXR3 §(f1 + fo)dxd§ + /11‘3 udx) =0,

we obtain

Juc(t) = (£1(t) + €2(1))| = 2

wlt) 540+ €0) +1l0)

=2

€100+ €2(0) - (€0 + €0+ ul0)).
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This implies that if all conditions in Theorem 1.2 hold for T = oo, then the
sum of particle-velocity and the fluid-velocity both converge to the half of the
iniatial total momentum of the particles and fluid as time tends to infinity.

The paper is organized as follows. In Section 2, we prove the global
existence of the unique strong solution to the nonlinear Cauchy problem
of the quasi-linearized problem (1.1)-(1.4). In Section 3, we construct the
approximation solutions to the original system and provide the existence of
invariant sets for the approximations by employing the results in Section
2. We then derive the convergence of the approximation solutions, and this
yields global existence of the unique strong solution. In Section 4, we provide
the large-time behavior of classical solutions to the system (1.1)-(1.4). This
result implies the system exhibits the exponential alignment between the
flocking particles and fluid. Finally, Section 5 is devoted to summarize the
main results and give our future work in this direction.

Notations. For a function f(z,¢), we denote by || f||» the usual LP(xR3)-
norm, and if g is a function of  only, ||g||z» is the usual LP(€2)-norm, other-
wise specified. For simplicity, we drop z-dependence of differential operators

O, (1=1,2,3), Vy, and Ay, ie.,

i

Oif =05 f, Vf:=V.f, and Af:=A,f.
2. Global existence for the linearized system

In this section, we first linearize the system (1.1) with respect to the fluid
velocity u in the drag forces, and show the existence for the linearized system.
We also provide uniform boundness of the unique solution.

Consider the linearized system:

(2.1)
Ofr+&-Vii+ Ve (Fylfal + Falv]) fr)
Ofo+& Va4 Ve ((F2If2] + Fal]) f2)
ou—+v-Vu+ Vp— Au

:_/zﬁmﬁ+ﬁm§ Vou=0, z€Q, t>0,
R3

0, (2,6 eQxR3 t>0,
0, (2,86 cQxR3 t>0,

where v is a known vector field. For this system, we present the existence,
smallness, and regularity results as follows.
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Theorem 2.1. Let T' € (0,00). Suppose that the initial data (fio, f20,u)
satisfy the smallness, reqularity and compactly supported conditions:

(@) W frollwr= + I f20llwr + fluoll = <,

2.2
(22) (ii) fr0 and foo have a compact support in position and velocity.

Furthermore, v satisfies the smallness and reqularity conditions:
(2.3)
[vlleqo.rm2yHvlizeomsy < € and  lvelleo,ryey Hlvell 2o,y < €% s

where o~ := a — &1 for sufficiently small €1 > 0. Then there exists a unique
strong solution (f1, f2,u) to the Cauchy problem (2.1), (1.2)-(1.4) such that

(@) I fillz=rmwrey, 1f2llL=omwre) < &7,

(2.4) (@) llulleoryme) + lull2o,rme) < € and

lulleo.ry;z2y + lluell 20,781y < &

Here a and B are positive numbers with 1 > 8 > a > 0, and € > 0 is a
sufficiently small constant such that ¢ ~ e OMT .

We first solve the Vlasov-type equations in (2.1). We notice that the
theory of local existence and regularity of a unique strong solution to the
system (2.1); and (2.1), have been well-known when v € C([0,77]; H?). For
the estimate of uniform bound of f; in (2.4), we need to control the propaga-
tion of support of f; in velocity. For this, we introduce new notations here.
Let ¥ (¢) and Eé(t) be the z,&-projections of suppf;(-,-,t), respectively,
i=1,2:

Yi(t) = {zeQ : I(z,8) € Qx R® such that f;(z,&,t) # 0},
Se(t) :={¢€R® : I(2,£) € QxR® such that fi(x,&t) #0}.

Then we define R (¢) and Ré (t) by

R (t) := . RL(t):= .
() xé%%’é)m ¢ (1) €g%a?(ct)lél

We now present the estimates for the support of f; in position and velocity.

Lemma 2.1. Fori = 1,2, let (X;(s),Vi(s)) := (Xi(s;0,2,€),Vi(s;0,2,8))
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be the forward particle trajectories solving the following ODEFEs:

dXi(s) .,

0 i),

d?@:/ Vi (Xi(5),9) (& = Vi(9)) fi(y: & 5)dyds,
S QxR3

+ v(Xi(s),s) — Vi(s)
with initial data (X;(0),V;(0)) = (z,£). Then we have

X (6)] < [Ry,(0)] + (IREO)] + o]l ro,:2)) T

Vi)l < RO + [ollzsormye 0= 1.2
Proof. From the regularity results for f; and v, we find that Rg (t) is a Lip-
schitz function and differentiable with respect to time ¢t almost everywhere.

This enable us to choose V;(t) so that %Ré(t) exists and Ré(t) = |Vi(¢)|.
Then we obtain
dVi(t)

1d i 2 1d N2
5%(}35@)) = 2dt|VZ(t>| = Vi(t) gt

= [ (Xl01.0) (6~ Vi) V0 e
+ 0 (Xi(t), ) - Vit) — |Vi(t)[?
< Jo(t)] | Vi(t)| — [Vi(t) P,
where we used
(& — Vi) - Vi(t) <0 for & € Sg(t).

This implies
|Re(6)] < R (0)] + [[v]| 10,720
and
| R ()] < |RS(0)] + |RE(O)|T + [[vll £ 0,70y T O
For notational simplicity, we set

Ry>® .= sup Ri(t), Ré’oo ‘= sup Ré(t), 7(Ry™®) = vol(Bpi.= ),
0<t<T 0<t<T

and

m(Re™) = vol(Bp.~), for i=12.
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We now establish the estimate of uniform bound of f; in W%*-norm. For
this, we first present the following simple calculations without proof.

Lemma 2.2. Fori = 1,2, let f; be classical solutions to the system (2.1),
(1.4) with compactly supported initial data fio in velocity. Suppose that v
satisfies (2.3). Then the following estimates hold.

(i) — Ve (Falfil + Falv]) = 3/ Vi(@,y) fi(y, &) dyds, — 3

OQOxR3
< 3|3 e Mo,

(i) — 8, (FILfi] + Falo]) = — / Otb4(, 9)(Ex — €) fily, E2)dydés — B0

OxR3
< 2R2’°°||8j¢¢||LwMio + [|0jv] Lo,

(iii) — Ve - 05 (Fif;] + Falv]) = 3/Q . 05i(x,y) fi(y, &) dydEs
< 3||19j%i| L= Mio,

where Mo := [, ps fio(z, §)ded§ < oo.

Lemma 2.3. For i = 1,2, let f; be classical solutions to the system (2.1),
(1.4) with the initial data fio satisfying (2.2). If v satisfies the smallness
conditions (2.3), then we have

HfiHLoo(O,T;leoo) < €ﬁ, 1=1,2.

Proof. Similarly as the arguments in [2], we introduce a nonlinear operator
Ni =0+ &V + (Fi[f;] + Falv]) - Ve which is associated with f;. Then we
employ the estimates in Lemma 2.2 to obtain

Ni(fi) = =Ve - (Falfi) + Falv]) fi < 3||ill = Mo,
Ni(0jfi) = =0 (Fulfil + Falv]) - Vefi = (Ve - 05 (Fulfil + Falv])) fi
— (V- (Filfi] + Falv])) 0;
< (2RE() il L Mio + [|050] ) [Ve fil + 3110540 L Miol ]
+ 3 ([Yill L= Mio + 1) |0; fil,
Ni(8, (f:)) = =05 fi — O¢, (Filfil + Fulv]) - Vefi
— (Ve (Filfil + Falv])) O, f:
<10 fil + (il L= Mio + 1) [Ve fil + 3 (||vbill L= Mio + 1) [V, fil,
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for i = 1,2. We set F;(t) measuring f in W1*>-norm:

F= Y ||vevine)
0<|e+[B|<1

Then using the previous estimates, we obtain

dF;(t)
dt

< C (14 ||Vo|r=) Fi(t), te(0,T).
This yields
Fit) < Fi(0)exp (C (T + VTl 2o ) ) - € (0,7).
Since 1 > 8 > «, for the sufficiently small € < 1, we obtain
| fillw.= < eexp (C' (T+ \/Tea» < el
This yields that for ¢ = 1,2,

sup | fillwr~ < €”. O
0<t<T

Remark 2.1. From the structure of Viasov-type equations, one can easily
check that

fi e W (Q xR3 x (0,T)), i=1,2.
Proof of Theorem 2.1. We first notice that f1, fo € W (Q x R3 x (0,T)),
v € C([0,T); H*) N L?(0,T; H?), and v; € C([0,T); L?) N L?(0,T; H'). Thus
the existence and regularity of the unique solution w can be proved by a

standard method. Then we obtain the estimates of uniform bounds in (2.4).
This proof is a rather lengthy, so we divide it into five steps.

e Step A.- Estimate of ||ul|p~(o,r;z2) + VUl r2(0,r;22): It follows from
(2.1)5 that

1d

2dt

(2.5) _ / (-u—u-&) (fi+ fo)dude
OxR3

=: 11 + I,

H'LLH%z + ”VUH%z = — /Q (v-Vu) - udx
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where I, j = 1,2 are estimated as follows.

1 1 1
n=g / (Vo) Pz < 2|Vl fullzellullzs < 5190l el
Q
< eY|\Vul| L2 ||ul| L2

and
(2.6)

I < [follze Jull 2 / fit fode]| e / (1 + f)de

R3 L R3 L2

2
< | D Iillpem(Re™) | 1ol 2z llull 2
j=1

2
+ | D Ifillem R m (R ) (R™) | ull 2
j=1

Here we used

< | fill p=m(Re™)  and
Loo

y&ﬁ%
| enae

for i = 1,2. Combining (2.5) and (2.6), we get

< | fill e R m (R )m (R),
L2

1d

5@”“”%2 + IVull3: < Cllul| 2 (ga”vu”m L gotB —I—eﬁ)

1 1
< SllullZe + 5[ VullZ: + =

Applying the Gronwall’s inequality for ||ul|?. and integrating over [0, 77, we
obtain
(2.7)

T
sup ||u||%2+/ IVul|2.dt < o(||uouiz +52ﬂ) el < 0(52 +52ﬂ) e < e,
0<t<T 0

e Step B.- Estimate of ||Vul| e (0,7;12)+ HV2uHL2(07T;L2): We differentiate
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(2.1)5 with respect to  and integrate over 2 to find

2
L2 | Gula + |Vl
= —/ V(v-Vu) - Vudx — / V (Fav](f1 + f2)) - Vudzd
Q QxR3
=:J1 + Jo.

We estimate J;,j = 1,2, as follows:

Ji 5/ |VvHVu2dx+/ 0| V2u||Vu|dz
Q Q

< IVollze I Vul ol Vull e + o]l L= V20l 22 | V] 2
< Ce®||V2ul|z2 || Vul 2,

and
Jo < / IVol|[Vul f1 + fo|dzd +/ |v — €| Vu||V f1 + V fo|dzdé
QOxR3 QOxR3
<C <Z | fill Lo ( ’°°)> [Vl L2 ||Vl L2
=1
2 .
+C (Z IIsz-Ilw(Ré’“’)) ]| | Vul| L2
=1
2 .
+C (Z IIVfiIILooRz’“w(R“’") (R“"’ﬁ) [Vl L2
=1
< CP|| V| 2.

Then we obtain

1d

2 dt”quL2 +IV2ulZe < Ce|[V2ulle | Vullze + Ce”|| V|12

< 5IVuls + 5192l + %,

and this implies that

T
@8) s [Vulfa+ [ [VulBadt < (IVuols + )
0<t<T 0

<C (52 + €2ﬁ> el < g2,
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e Step C.- Estimate of ||V2ul|~(o1;12) + [[V3ull 2(0,7;12): We take the
spatial differential operator V? to the system (2.1); and integrate over 2 to
the following equality.

L2 + 9Pl

—/QVQ(U-VU):VQudm—/ V2 (Fav](f1 + f2)) : VPudazde

QxR3

2dt

= Kl + K27

where K, j = 1,2 are estimated as
K < c/ |v%|yvu||v2u|d:c+c/ V||V 2u ]| V2uldz
Q Q

+C/va\v3u|yv2uyda:
< CIV20l 2|Vl V2wl s + Ol 23|92l 5] 92
+ Cllollo~ [ Voul Va1
< Ce (IVullfs + IV2ulli.) V20l 395l 2
< 71Vl + IVl + Ces,
and

K, <C V20| f1 + fol Vu|dzdé +/ V||V f1 + V fo| [ Vu|dzde
OxR3 QOxR3

+ [ oI + TR Tuldedg
QxR

(lelelmﬂ “’O)) V20l 22 V]l 2

+C (ZIIVﬂHLM( “”)) IVollz2 ] Vul 2

=1

2

+C (Z IV fill Lo (R) (IIvHLz + R (m(Ry™)) )) IV%ul| 12
i=1

< Ce™P|V2u| 12 + CP (1 + &%) VPul| 2

1 1
< || V2|2 + Z||V3u|\%2 + e,
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This yields

1
HVQUHLQ + IV3ullZ: < SIIV2ullze + [IVPullz: + C™ + ce*’,

2dt =
and
s V2l + / |yv3u||L2dt<c(\|v2uo\|L2+a2ﬁ+e4a) r
t<
(2.9)

(5 +z—:25+5 ) T

| /\

Combining the estimates (2.7), (2.8), and (2.9), we arrive at
(2.10) 1wl 0,1:m2) + IVull 20,712y < €%

e Step D.- Estimate of [|u|| e (0,r;z2) + lutll £2(0,7;m1): We first multiply
(2.1)53 by Opu and integrate over 2 to find

1 2 d 2 219, |2
5/9[%\ da?—i—E/Q]Vu\ dwg/g\v] |Vu|“dx
2
(211) [ ([ o-eltn+ pie) ao

<C <540‘ +eP(1 4+ 520‘)> .

Then we get

T
/ / |ug|2dxdt < / |Vuo|?dz + C (640‘ + 626> T <&@,
0 Q Q

In order to derive the higher regularity estimates, we next differentiate (2.1)4
with respect to t to obtain
(2.12)

Uy +v-Vur+Vps —Aug = —vt-Vu—/RB ve(f1+f2) dﬁ—/ﬂ@(v—f)(ﬁ-ﬁ-fz)tdﬁ.
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Multiplying (2.12) by u; and integrating over €2, one can obtain

th/ || daz+/ |V |*dx

< el 2 l[vell 2 [[Vull Lo + [Juell 22 |o]| o [| Ve ]| 2
+ el zzllvell 22 (1 frlloe + Nl f2ll o)
+ C|[Vuelzz (1fille= + Il fall=) ([[v]lze + 1)
+ Clluel 2 Vol ez ([ fillze + ([ f2l[ )
+ Cllugl 2 (| f1ll= + [ f2ll =)
+ Clluelze (I filloe + || follz=) ([[v][r2 + 1)

1
< Clug||?2 + 3 /Q |Vug|2da + Ce®¥||Vul|2« + Ce?P.

This implies
(2.13)

/|ut| dw—l—/ /\Vut| dﬂcd7'</]ut| dxeCT+C( 40‘—1—52’3)

On the other hand, similarly as in (2.11), one can have that

/Q|ut\2d:c=/ﬂ(/w<sv)<f1+f2>d5v-w+Au> wds

2
_ 2 2
(2.14) SC/Q (/Rs(f v)(f1+f2)> dx—i—C/Q\v] \Vu|2da
C [ |V2ul?d
+ /Q\ ul“dx
<C (52"‘ —|—52ﬂ> < O,

Hence we combine (2.13) and (2.14) to have

sup /\ut|2dm’+/ |V da:dt<hmsup/ |ug|?(s)dazeT
0<t<T JQ 0 50

+C (54‘" + sQﬂ)

S C€2a S €2CM_

)

and this concludes

el o< o,7522) + llutll 220,701y < G
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e Step E.- (u,u) € C([0,T]; H3()) x C([0, T); L*(£2)): From Step C and
D, we find that

u e L*0,T; H*(Q)) and wu; € L*(0,T; HY()).

Thus, by wusing a standard Sobolev embedding, we obtain
u € C([0,T); H*(2)). Then by this continuity of u in H?(2), we deduce
from the momentum equations that u; € C([0,T]; L?(£2)). This completes
the proof. O

3. Proof of Theorem 1.1

In this section, we give the proof of our first main result. For this, we consider
the following approximated sequences:

(3.1)
O+ & VI + Ve (Falf + Falu™) f741) =0,
(z,6) e QA xR3, t>0,
3tf2n+1 —|—§-Vf§”+1 —|—V§ . ((Fa?[ 5%1] —I—Fd[un]) §1+1) -0,
(z,6) e QxR t>0,

O VT VT At = / Falu"|(f70 + 5 de,
R?)
reQ t>0, V-u"T'=0, z€Q, t>0,

with initial data and first iterate:

(3'2) (f{lo(fﬁvg)»fgo(fbaf)aug(@) = (flO(zaf)vf20($’£)7u0($))7
(£,6) e QxR n>1,

and

(3'3) (f?(x7£>t)afg(x>£vt)vu0($7t)) = (flO(zaf)v f20(x>£)7u0($))7
(z,6,t) € QxR® x [0,7T).

Then the following proposition is an immediate consequence of Theorem 2.1.

Proposition 3.1. Suppose that the initial data (fi0, f20,u) satisfies (2.2).
Then there exists a unique solution (f]', f3,u™) to the system (3.1)-(3.3)
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such that
(@) 1 2o 0. m;wroeys 112 Lo o, msweey < P,
(i2) H7“‘nHC([0,T];H?) + HunHL2(0,T;H3) <e* and
lu lleqo,ry;z2) + g (| L2001y < v,
foralln > 1.

Proof. Since the smallness and regularity condition on the initial data (fio,
f20,up) are assumed, our iteration scheme is well-defined by Theorem 2.1.
O

We now provide the strong convergence of the approximated solutions
(1% f3, u" )1

Lemma 3.1. Let (f{, f3,u™) be the solution to the system (3.1)-(3.3) ob-
tained from Proposition (3.1). Then the approzimate solutions (f7*, f3, u™)
is Cauchy in L®(Q x R3 x (0,T)) x L>®(Q x R3 x (0,T)) x L>=(0,T; H(Q)).

Proof. These estimates are quite similar to the ones in the proof of Theorem
2.1. We postpone its proof to Appendix A. O

Proof of Theorem 1.1. ¢ Ezistence.- From Lemma 3.1, we obtain that (f7,
fMp>1 and (u"),>1 are Cauchy sequences in L>®(Q x R x (0,7)) and
L>=(0,T; HY(Q)) N L2(0,T; H%(Q)), respectively. Then there exist the limit
functions (f1, f2,u) such that

Y= fi, f2—= fo in L®(Q x R3 x (0,T)),

and
u" = u  in L0, T; HY(Q)) N L*(0,T; H*(Q)).

Clearly, (f1, f2,u) is a weak solution to the system (1.1)-(1.4). Thus in order
to complete the proof of existence, it remains to show the limit functions
(f1, f2,u) are actually in L>(0,T; WH°(Q x R3)) x L®(0,T; WHe(Q x
R3)) x C([0,T]; H*(£2)). We briefly give our strategy for this proof.

o (fi,f2,u) € L(0,T;WH>o(Q x R¥)) x L®(0,T; WhHe (2 x R3)) x
L>(0,T; H?(£2)): We first notice from the estimates of uniform bounds
in Proposition 3.1 that for each ¢ € [0,T] there exists a convergent

subsequence (fi", fo'*, u™) such that

(1 (@), £ (), u™ (1)) = (1(D), fo(t), u(t)) as Kk — oo,
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for some (f1(t), f2(t),u(t)) € WHe(Q x R3) x WL (Q x R3) x H2(Q).
On the other hand, the convergence-estimates in Lemma 3.1 yield that

(7 (8), 3 (), u"™ (8)) — (f1(2), f2(t), u(t))
in L(Q x R3) x L®(Q x R3) x HY(Q),

as k — oo. Hence we have

(fl(t)a f2(t)> ﬂ(t)) = (fl(ﬂ? fZ(t)7 u(t))
in WhHe(Q x R¥) x WhHe(Q x R?) x H*(Q),
for each t € [0, 7.

o (u,uy) € C([0,T]; H*(Q)) xC([0,T]; L*(2)): From the previous step, we
have the existence of u € L°(0,T;H*(Q)) N L*(0,T; H3()).
Then it follows from the momentum equations (1.1); that u; €
L>=(0,T; L*(9))NL2(0,T; HY(2)). We now apply the same arguments
in Step E in the proof of Theorem 2.1 to have the desired regularity.

o Uniqueness.- Let (f1, f2,u) and (f1, f2, %) be the two strong solutions ob-
tained in the part of existence proof with the same initial data. We set the
differences between two solutions:

A(t) = |Lfr = Aillie +11f2 = FollZe + [lu— a7
Then it follows from the estimate in Appendix A that
¢
At) < C’/ A(s)ds, A(0)=0.
0
This yields A(t) = 0 for all time ¢ € [0, T, i.e.,
fi=fi mML®QxR3x(0,7)) and u=a inC([0,T]; HY()).
Hence we easily conclude
fi=fi mWh®(QxR3x (0,7)) and u=a inC([0,T]; H*()).

This completes the proof. ]
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4. Large-time behavior of solutions

In this section, we explore the large-time behavior of solutions. In particular,
we consider the periodic spatial domain T3.

Lemma 4.1. Let (f1, fo,u) be the classical solutions to the system (1.1)
satisfying

() [lfrollze, [[f20llze < oo

(i) Jim |6 (fu(w.&0) + fa,6,0) =0, (2,8) € T x [0,T).

|§]—o0

Then we have

O [ seendeds= [ foledede i=1.2

T3 xR3

@n%<4wwaﬁ+ﬁmmayéuw>=o

Lemma 4.2. Let (f1, fo,u) be the classical solutions to the system (1.1)
satisfying

(@) |l fioller = |l faollzr = 1.
(”) lim ’é‘Q(fl(x’€7t) + fQ(CU,f,t)) =0, (1‘,t) S TS X [O,T)

|§|—o0

Then we have

1d
0 5o [ le=€lfuae

<ot [ le-€lpdoder [ (€€ (u)fidud

—— [VuPdr s [ () (@ + f)dnde,
T8 T3 xRS
. 1d
(i) e =€ = €F == [ (=€ =€) (= + fa)dade,
T3 xR3
where 7" is a nonnegative constant defined by

m = inf i\, .
LKA (=,y)
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Proof. Straightforward computations yield the results, so we omit here. [J
Proof of Theorem 1.2. Summing up all of the terms in Lemma 4.2, we obtain

1d
1d / € — A1 + | — 2P fodrde
2dt ']I‘3><R3
1
-/ |u—uc|2dx+—uc—§é—sz|2)
- 2

<=t [ le=glindeds— vy |

T3 x

€ — &2\ fidwdg
Rl}
— |Vu|2dx—/ lu — E2(f1 + fo)dzdé.
T3 T3 xR3
On the other hand, we find
[ u-€P( + fa)dade
T3 xR3
< [ (on+ pr)lu—uelds
T?)
1 1
~lue—g =P =5 [ le- gl i - €l fudodg
T3 xR3
< Cllog, +prllys [ VuPds
1 1
~plue— bR =5 [ e ellfir I - €l aduc
T3 xR3

where we used

H \/ Pt + Pfa (’LL - UC)HLz < H V Pt + pf2HL3 ”U - UCHL6

< Cllps, + ppll? 4l
This yields

1d

12 212
m</w € — &P i+ |6 — P fodade

1
+/ |u—uc|2dm+§|uc—§g— 3]2)
’]I‘3
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< (vrag) [ e glindode - (vpe3) [ e @l

1

Hence if ||pf, + py, |, 3 is small enough, then we conclude the desired result.
O

Remark 4.1. Even if ;" = 0, we still have the exponential alignment
between the particles and fluid. The reason is that the drag forces in particle
and fluid equations play a role as the alignment force between particles and
fluid. On the other hand, we notice that if 1" > 0, then we can expect that
the decay exponent for the alignment becomes large, and it makes them to
align faster.

5. Conclusion

In this paper, we presented a new particle-fluid equations which describes
the interactions between the two-species flocking particles and incompress-
ible viscous fluid. For this model, we proved the global existence of the
unique strong solution for sufficiently small and regular initial data. We also
established the large-time behavior of the classical solutions under suitable
assumptions. It would be an interesting problem if we consider other in-
teraction forces between two-species particle, such as repulsive, attractive,
self-propulsion and friction forces. We will leave these interesting issues to
our future work.
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Appendix A. Proof of Lemma 3.1

In this part, we provide the detailed proof of Lemma 3.1.
e Step A.- Estimate of the bound of ||f7"*(t) — f7(t)||z~: Using the
similar notations in the proof of Lemma 2.3, we find



Two-species flocking particles immersed in a fluid 143

N (f1 = 1) = =Ve - (B + Falu™]) (21 = 1)
+ Ve (FAM = FiL) £
+ (FLfP = FalfTHY) - Ve — (u —uh) - Ve ff

=: ZIJZ

=1

Here I},j =1,---,4 are estimated as follows.

I =3 ( /Q . wi(x,wff“dyd&) (F = 1)

< 3(Iill e Mio + 1) 1L/ = fRI L,
=3[ v (74 - ) duds.) 12

< 3m(Re)m (R = fPlle Wl o 1P e < Ol = £l ees
B= ([ wteae—e) (0 - ) dude. ) Vet

< 2||hil| e R m (R m (R ST = S| Ve f7
< OIFH = e,
I < u™ = u" Mg Ve ] < Cllu™ — u | e

This yields

t
IFFH O = fr Ol < C’I!U”(t)—U”_l(lt)llLooJrC/0 £ () = 171 (s) || L= dls,

in turn, we have
(A.1)
t
£ ) = 7Ol < C/ [u™(s) = u" = (s)|lm2ds  for all ¢ e [0,T].
0

e Step B.- Estimate of the bound of ||u"* —u™||%,,: It follows from (3.1),
that

Op(u™ — ™) — AT —u") + V(p"T —p)

= —u" - V(" —u") — (W — eV

_/ (un o unfl)( {1-‘1-1 _|_f2n+1) df
R3
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- [ - e )

[ - - ) e,
V-t —u")y=0, t>0, zeq.

© Substep Bl.- Zeroth-order estimate: Similarly as in Step A for the
proof of Theorem 2.1, we find

[ A\
< CITu el — sl — s
O (U o + 1 ) o = 0 e =
F O = llm + 1 = A l) (e 4+ 1) [ = s
< O = [V @ — ) s
+ CPl[um — u | pa lu Tt — | e
FO () (U = Sl + 15 = f3 =) ™ = s
< IV =)+ g = s+ Ol — a3
FOIR™ — fl3e + I~ f3 1
This yields

d
Sl =+ IV @ = ) s
(4.2) < Clla™ = w[F + Cllu" — s

+ O = i~ +CIET = £ 1T

¢ Substep B2.- First-order estimate: We again use a similar argument in
Step B for the proof of Theorem 2.1 to deduce

O T RO
= / V(u" T — ") V(u"- V(u" T — u"))dx
Q
— / V" — ™)V ((u" =) - VU de
Q

— / V™ —u™) V(" =) (P ) déda
QxR3
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/ (W) Y (@ P f)) deda
OxR3
n+1

o™
OxR3

= J.

J=1

ut)EQV (T = 1+ fT = f3)dédx

where J;,j =1,---,5 are estimated by

S OO TP P A O I
< Ol [V (™ = w) s < C V@™ = )3,

Jo V(@™ =) s (190 el V@ = ) 2
U2 e = w7
< C=lu g |9 (= ),

J3 < CIV @™ = g (L7 o + 15 ) 190 = w1 1
+ CIV @™ = u)lg (197 e + IV ) ™ = um ) o
< O — g |V @ = ) g2,

Ji < / V2 — R f|dade
OxR3

<O (AT = fllz + 157 = ) V2 =)z [Ju™ ) e
< O (LA = fllzw + 17 = fllo=) V@™ = u™)|lm,

T [V = - R = s
< C (I = il + 157 = f3 =) IV (@ = u®) |
Thus we obtain
5 dtIIV( ut = )| + VA = )|
<OV @™ =" + lllvz(un+1 —u")|[Z
+C (lu" = u" " + ||Jerl e + 157 = Bl

and

d n n
(A.3) V@™ = u)Le + [V " = w2
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< C(IVE™ = u)Ze + u" =i
AT = Al + 12T = fR 1)
We finally combine (A.1), (A.2) and (A.3) to find

d
ol =+ IV @ =) [

< O = ulip + ™ = a7l + LA = 1

+IAET = i)

¢
<C <|u”'H — u"||%{1 + || — u”_lHl%p —i—/o ||lu" — u"_1||%{2ds> )

This implies
t
™+t — a3 + /0 IV (@ — )3 ds

¢ ¢
< C(/ ||u""’1 — un||%{1ds +/ [|u" — u”_IH%{lds
0 0

t s
+/ / |V (u™ —u"_l)H%{ldes).
0 Jo

Applying the Gronwall’s inequality for ||u" ™! —u"||%., and using the iteration

argument for the resulting inequality, we obtain

(A.4)
Hun—&-l (C(T))n+1

for all n > 0.
n!

—u"|| g o,y HIV (W =) 20,1y <

This together with (A.1) also implies that

n+1
(A.5) uf?“—f?||Lm+||f§+1—f§|Lmg% for all n > 0.

Here C(T') denotes the positive constant depending only on 7" > 0. By (A.4)
and (A.5), one can conclude that {u"} and {f]'} are Cauchy sequences in
the desired spaces. This completes the proof.
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