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EIGENVALUES AND EIGENVECTORS OF SEMIGROUP
GENERATORS OBTAINED FROM DIAGONAL GENERATORS BY
FEEDBACK*

CHENG-ZHONG XU' AND GEORGE WEISS?

Abstract. We study infinite-dimensional well-posed linear systems with output feedback such
that the closed-loop system is well-posed. The generator A of the open-loop system is assumed to be
diagonal, i.e., the state space X (a Hilbert space) has a Riesz basis consisting of eigenvectors of A.
We investigate when the closed-loop generator AX is Riesz spectral, i.e, its generalized eigenvectors
form a Riesz basis in X. We construct a new Riesz basis in X using the sequence of eigenvectors
of A and the control operator B. If this new basis is, in a certain sense, close to a subset of the
generalized eigenvectors of AKX | then we conclude that AK is Riesz spectral. This approach leads to
several results on Riesz spectralness of AX where the closed-loop eigenvectors need not be computed.
We illustrate the usefulness of our results through several examples concerning the stabilization of
systems described by partial differential equations in one space dimension. For the systems in the
examples we show that the closed-loop generator is Riesz spectral. Our method allows us to simplify

long computations which were necessary otherwise.

Key words: strongly continuous semigroup, eigenvalues and eigenvectors, well-posed linear sys-
tem, static output feedback, characteristic equation, exact controllability, Riesz basis, wave equation,

beam equation.

1. Introduction. In this paper we consider a well-posed linear system X
with input u and output y connected in a feedback loop, as shown in Figure 1. If
the bounded feedback operator K is admissible for ¥, then the feedback connection
u = Ky+w gives rise to a new well-posed linear system with input v, called the closed-
loop system and denoted by %X. We refer to Weiss [42] for the concepts mentioned
above. We denote by A and A¥ the semigroup generators of ¥ and 2. We denote
by G and G¥ the transfer functions of ¥ and ¥, so that

(1.1) G =(I-GK)'G =G(I-KG)™'.

We now introduce some terminology. Denote the state space of ¥ by X. The
operator A and the semigroup T on X generated by A are called diagonal if there
is a sequence (\,) of eigenvalues of A and a corresponding sequence of eigenvectors
(en) (i-e., (AnI — A)e, = 0) such that (e,) is a Riesz basis in X. A nonzero £ € X
is called a generalized eigenvector of A if (A — A)™¢ = 0 for some A € C and some
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v, u 5 Y

K

Fic. 1. A well-posed linear system 3 with output feedback via K. If K is admissible, then this

is a new well-posed linear system X | called the closed-loop system.

m € N. A is called Riesz spectral if there is a sequence of generalized eigenvectors of
A which form a Riesz basis in X, see Dunford and Schwartz [7].

In this paper, A is assumed to be diagonal. The aim of the paper is to find
sufficient conditions for AX to be Riesz spectral. These investigations were motivated
by the study of wave and beam equations with stabilizing output feedback, which have
a rich literature, see for example [2, 3, 4, 5, 24, 27, 31, 44, 45]. If either the control
operator or the observation operator of 3 is bounded and if certain estimates are
satisfied, then the Riesz basis property is preserved by output feedback, see Xu and
Sallet [44]. Here we are concerned with the case where both the control operator and
the observation operator are possibly unbounded. The general framework in which
we look at the feedback system is as in [42]. For easy reference, the formulas needed
from [42] will be written down in Sections 1 and 3.

We denote by U the input space of ¥ and by Y its output space; X, U and Y
are Hilbert spaces. We denote by B and BX the control operators of ¥ and X%, and
by C and C¥ their observation operators. Thus, the state of the feedback system,
denoted by z(t), satisfies both of the equations

i(t) = Ax(t) + Bu(t),  i(t) = A%z(t) + BXo(t),

where v = Ky +v. We have z(t) € X for all t > 0, u,v € L} ([0,00),U), y €
L% .([0,00),Y) and K € L(Y,U). If we denote X_; = D(A*)" and XX = D((AXK)*),
both with respect to the pivot space X, then B € L(U,X_1) and BX € L(U, XX))
(see also Section 3 for other details on $).

If w =0 and 2(0) € D(A), then y(t) = Cz(t) (for all ¢ > 0), while if v = 0 and
z(0) € D(AK), then y(t) = CEz(t) (for all t > 0). If we denote X; = D(A) and
XE = D(AK), both with the graph norm, then C € £(X1,Y) and C¥ € L(XE,Y).
For general u (or v) and z(0), the formula for y is more complicated (see [35]), but in

terms of Laplace transforms we have the simple relationships
9(s) = C(sI — A)~1z(0) + G(s)a(s),
9(s) = OB (sI — AK)=12(0) + GE(s)d(s).
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Our paper [43] is also concerned with the spectral properties of AX, but without
assuming that A is diagonal. The theorem below is taken from [43] and related results
were given earlier by Salamon [33] and Rebarber and Townley [28].

We need the notation o,(A) for the point spectrum (the set of eigenvalues) of A.
Recall that for any A € 0,(A), dim {Ker (A — A)} is called the geometric multiplicity
of A, while sup, .y dim{Ker (A\] — A)*} is called the algebraic multiplicity of X (see
Kato [18]). The transfer function G is extended to p(A), the resolvent set of A, as in
[35, 36], and similarly G¥ is extended to p(A) (see also Section 3).

THEOREM 1.1. We use the notation X, U, X, Y, A, B, C,G for an open-loop
well-posed system, and K, 2K, AKX BE CK GX for an admissible feedback operator
and the corresponding closed-loop system, as introduced earlier in this section (now,
A is not assumed to be diagonal). Assume that Ker B = {0} and A € p(A).

Then the following statements are equivalent:

(1) A€ 0,(AK), ie., X\ = Ker (M — AK) C D(AK) is non-trivial.

(2) Uy =Ker[I — KG(\)] C U is non-trivial.

If the above statements are true, then Xy and Uy are isomorphic, via an invertible

operator Ty : Ux— X . The operator Ty and its inverse T)\_1 are given by
(1.2) T\v = (M — A)"'Bv, T 'z = KCFa.

This theorem enables us to find all the eigenvalues of AX which are in p(A), by

solving the “characteristic equation” (with unknowns A and v)
[I-KGM\)])v=0, v#0,

and then we can find the corresponding eigenvectors of A% using (1.2). For various
related results we refer again to [43].

Systems with a diagonal semigroup have been studied extensively, and many
results about the admissibilty of control (or observation) operators and various con-
trollability (or observability) concepts have been obtained, see for example Avdonin
and Ivanov [1], Hansen and Weiss [12], Ho and Russell [14], Jacob and Zwart [16],
Jaffard et al [17], Rebarber and Weiss [29], Rebarber and Zwart [30] and Russell and
Weiss [32]. Feedback perturbations of diagonal semigroups have been studied in Chen
et al [3], Guo [9], Guo and Chan [10], Lasiecka and Triggiani [20], J.Q. Liu [21], K.
Liu et al [22], Rebarber [25], Xu and Sallet [44] and many others.

Several papers deal with the problem of spectral assignability by state feedback
for systems with a diagonal semigroup: see (in historical order) Sun [37], Liu [21],
Ho [13], Lasiecka and Triggiani [20], Rebarber [25], Xu and Sallet [44], Sklyar and
Rezounenko [34]. They all assume that the input space is one-dimensional (in [20],
also finite-dimensional). They also give various sufficient conditions for the closed-

loop semigroup to be diagonal or Riesz spectral, and in this respect, our results
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in this paper complement their results. Recently, Guo and Luo [11] have studied
systems described by a second order undamped differential equation in a Hilbert
space with a scalar collocated feedback control which adds a damping term to the
differential equation. They have derived sufficient conditions such that (i) the open-
loop system is an exactly controllable regular system and (ii) the closed-loop system
generator is Riesz spectral. They have also derived asymptotic closed-loop eigenvalue
and eigenvector estimates. Unfortunately, one of their assumptions implies that the

open-loop spectrum gap tends to infinity, which is rather restrictive.

2. Statement of the main results. First we recall the concepts of admissible
control operator and exact controllability, in the context of diagonal semigroups. Let
T be a diagonal semigroup on the Hilbert space X, with generator A. Let (\,) be the
sequence of eigenvalues of A and let (e, ) be the corresponding sequence of eigenvectors
(so that (e,) is a Riesz basis). Since (by the definition of a Riesz basis) there exists
an invertible operator H € L£(X) such that (He,) is an orthonormal basis in X, it
follows that A* is also diagonal, with eigenvalue sequence () and the correspondlng

eigenvectors
(2.1) e, = H*He,,.

Recall that X_ is the dual of D(A*) with respect to the pivot space X. If A
is diagonal and the sequence (€,) is as in (2.1), then any B € L(U,X_1) can be

decomposed using a sequence (b,) in U, as follows:

(2.2) Bv=Y (bn.V)v en, by = B¢,
neN

and we have

|bn,v
ZH'A < VveU.

B is called an admissible control operator for T if the X_;-valued equation
(2.3) z(t) = Ax(t) + Bu(t), t>0, z(0)=0,

has a continuous X-valued solution for any u € L?([0,00),U), see for example Ho and
Russell [14] or Hansen and Weiss [12] for details. If B is admissible, then (A, B) is
called ezactly controllable if there exists a 7 > 0 with the following property: for any
x1 € X, u in (2.3) can be chosen such that (1) = z1.

If B is an admissible control operator for T, then there is an M > 0 such that

ba]2 < M (1+|ReXn|) VneN.

This is [32, Proposition 4.1], stated in dual form (and without the exponential stability

condition). The above condition is not sufficient for admissibility. For a detailed
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discussion of various sufficient conditions in terms of the sequence (by,) we refer to
Hansen and Weiss [12]. If B is admissible and moreover, (4, B) is exactly controllable,
then there is an L > 0 such that

(2.4) Ibull?> > L(1+ |ReXn]) VneN.

This is [32, Proposition 4.2], stated in dual form (and without the exponential stability
condition). Condition (2.4) is not sufficient for exact controllability. For various nec-
essary and sufficient conditions in terms of the sequence (b,,) (with finite-dimensional
U) we refer to Jacob and Zwart [16] and Tucsnak and Weiss [39].

With the notation of Theorem 1.1, assume that A is diagonal and (A, B) is ex-
actly controllable. The following theorem tells us how to generate another Riesz basis
for X using A and B. Our motivation is that this new Riesz basis has a good chance
of being quadratically close to a sequence of linearly independent generalized eigen-
vectors of A®. When this happens, then this enables us to prove the existence of a
finite number of additional generalized eigenvectors of A® which, together with the
considered sequence of generalized eigenvectors of A¥, form a Riesz basis for X. The
details of this construction will be in Theorems 2.7 and 2.9.

THEOREM 2.1. Let A be the generator of a diagonal semigroup T on X, with the
sequence of eigenvalues (\,). Let B be an admissible control operator for T such that
(A, B) is ezactly controllable. Then, for each r € R such that sup,.yRe\, < 1/2,

the sequence (fy) defined below is a Riesz basis in X :
(2:5) Jo = [r=X)I = 4] Bb,

where by, is the sequence representing B, as in (2.2).

REMARK 2.2. There is a version of Theorem 2.1 in which we replace admissi-
bility by infinite-time admissibility and exact controllability by exact controllability in
infinite time (as defined in [12] and [32]). In this case, we may take r =0 in (2.5) and
(after a change of sign) we obtain that the sequence (fy,) with fn, = ()\_nI + A)_1 Bb,

is a Riesz basis in X. The proof is similar to the proof of Theorem 2.1.

If we assume that T is invertible, i.e., T can be extended to a group acting on
X, then we can apply Theorem 2.1 to —A. In particular, if T can be extended to a
unitary group, then we obtain the following.

COROLLARY 2.3. Suppose that A : D(A)—X has a sequence of eigenvalues (iwy,)
with w, € R such that a corresponding sequence of eigenvectors (ey,,) is an orthonormal
basis in X (thus, in particular, A* = —A). Let B be an admissible control operator
for T such that (A, B) is exactly controllable. Then the sequence (hy) given by

(2.6) hp = [(iwn, — )] — A" Bb,

(where by, is as in (2.2)), is a Riesz basis in X, for every choice of r > 0.



76 CHENG-ZHONG XU AND GEORGE WEISS

Recall that a sequence in a Hilbert space is called linearly independent if for any
finite linear combination of its elements the following holds: if the coefficients are not
all zero then the combination is non-zero.

THEOREM 2.4. Let A be a densely defined operator in a separable Hilbert space
X, with non-empty resolvent set p(A) and with compact resolvents. Let (¢,) be a
linearly independent sequence of generalized eigenvectors of A and let (zzn) be a Riesz
basis in X such that for some m € {0,1,2,...}

(2.7) 3 ‘
neN

~ 2
wn_"/}n-i-mH < 00.
H

Then there exist m generalized eigenvectors of A, denoted by ¢1,da, ..., om, such that

the sequence

(28) C = (¢17¢25"'a¢maq/}1aq/}2;¢37"')

is a Riesz basis in X (in particular, A is Riesz spectral).

This result is essentially due to B.Z, Guo, see his Theorem 6.3 in [9]. Our state-
ment is slightly stronger, since in our formulation m in (2.8) is known. For the sake
of completeness we include a proof in the next section.

REMARK 2.5. The compactness of the resolvents is essential in the last theorem.
Without requiring it, the theorem is not true, even if 4 is bounded and (¢,,) is a
sequence of eigenvectors of A. Take for example X = [2 with its canonical orthonormal
basis {e,|n € N}. Consider A defined as follows: Ae; = (1, %, %, ...) and Ae, =
n—lc forn=234.. . Then o,(A)= {”T—l ’n: 2,3,4,...}. Hence, A has
a sequence of eigenvectors (1,) with ¥, = e,41 ¥n € N, which satisfies (2.7) with

m = 1. However, A is not Riesz spectral.

REMARK 2.6. With the notation of Theorem 2.4, let (A,) be the sequence of
eigenvalues of .4 which corresponds to (¢,,) (there may be repetitions in the sequence
(An)). Similarly, for j =1,...,m, let p; be the eigenvalue corresponding to ¢;. Then
o(A) =op(A) ={\, | n € N}U{p1, ..., i }, as it is easy to see.

THEOREM 2.7. Let ¥ be a well-posed linear system with semigroup generator A
and control operator B, which satisfy the assumptions of Corollary 2.3 (in particular,
T is unitary and (A, B) is exactly controllable). The sequence (hy,) is defined as in
(2.6). Assume that K is an admissible feedback operator for ¥ such that AX has
compact resolvents. Let A = {0, € C | n € N} denote a subset of o(AX) contained
in p(A). Let (1) be a linearly independent sequence of generalized eigenvectors of
AK corresponding to A. If there are some integer m € {0,1,2,...} and some r > 0
in (2.6) such that

(2.9) D Mk = himllx < o0,
keN
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then there exist m generalized eigenvectors of AX, ¢1, ¢a, ..., dm which, concatenated
with () like in (2.8), form a Riesz basis in X .

REMARK 2.8. From the identity (3.4) in the next section, if U or Y is finite-
dimensional, then AX has compact resolvents if and only if A does. From (3.2)—(3.4),
if B or C is bounded, then again A has compact resolvents if and only if AX does.

With the notation of the last theorem, consider the case U = C. The rank of the
observation operator C' is not important here. In this case, b, in (2.6) is a non-zero

number. We may take v = b,, in (1.2), obtaining the following sequence of eigenvectors
of AK:

(2.10) Yy = (0,1 — A)"'Bb,.

In this case we get a practical sufficient condition from the last theorem:

THEOREM 2.9. With the assumptions and the notation of Theorem 2.7, suppose
that U = C. Let A = {0, € C | n € N} be a subset of o(AX) contained in p(A) such
that oy, # ok, ¥V n # k. If, for some m € {0,1,2,...} and some r > 0, the following
holds:

(2.11) Z |—7 + iwngm — on|* < 00,
neN
then AX is Riesz spectral. Moreover, in this case there exist m eigenvalues of AX,

O1,...,0m, such that

o(AR)y = A | (51,5}

REMARK 2.10. If A, B and w,, are as in Corollary 2.3 and U = C, then the
numbers w,, must have a uniform gap (this is easy to check, see also [16]). This
implies that A has compact resolvents. By Remark 2.8, the same is true for A%, so

that there is no need to verify this condition in Theorem 2.7.

In some applications the set o(AX) may asymptotically approach o(A) shifted
to the left by r (for example, in the stabilization of vibrating systems by collocated
output feedback, see Sections 4 and 5). If the control input is scalar (i.e., U = C),
then Theorem 2.9 can be useful. However, for some feedback stabilized hyperbolic
systems, such as in Rebarber [27], the spectrum of AX may not even approach any
vertical line. Nevertheless o(AX) asymptotically remains in a vertical strip: for large
n, 61 < Re(0,) < 02 with §; < d2. The next theorem has been developed in order to
prove Riesz spectralness for such feedback systems.

THEOREM 2.11. Let ¥ be well-posed with input space U = C, state space X,
semigroup generator A and control operator B. Suppose that A is diagonal, o(A) =
{Fiwn | wn € (0,00), n € N} (in increasing order: w,+1 > wy) satisfying

(2.12) > . 00,

nGN (Wn—i-l B wn)2
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(A, B) is exactly controllable and K is an admissible feedback operator for 3. Let
YK be the corresponding closed-loop system, with semigroup generator AX. Let (o)
be a sequence in o(AX) N p(A) such that Imo, > 0, 0, # o, ¥V n # k and 7, €
a(A®YN p(A). If, for some integer m > 0,

(2.13) Z (Im 6y — Wy m)® < 00,
neN
then AX is Riesz spectral and there are 2m complex numbers G, . ..,0om such that

o(A®) =1{G1,...,0om} U{on | neN}YU {7, | n e N}

We will illustrate the usefulness of these results through several examples con-
cerning the stabilization of systems described by partial differential equations (PDEs)
in one dimension. For these systems we show that the closed-loop generator is Riesz
spectral. Our approach leads to some generalizations of existing results and a unified
treatment of different cases which have been studied separately, see the references
already mentioned. It also enables us to simplify certain computations. The exact
controllability (or the exact observability) condition which needs to be verified in our
approach can be tested by powerful methods such as the multiplier method, see for
example Komornik [19], or the recent criteria of Jacob and Zwart [16]. Our method
is very efficient in dealing with systems governed by PDEs coupled with ordinary
differential equations, leading to positive answers to several open questions in the

literature, see the examples in Sections 4 and 5.

3. Proof of the main results. Throughout this section, X is a Hilbert space
and A : D(A)— X is the generator of a strongly continuous semigroup T on X. The
Hilbert space X is D(A) with the norm ||z||; = ||(8] — A)z||, where 8 € p(A) is fixed
(this norm is equivalent to the graph norm). The Hilbert space X_1 is the completion
of X with respect to the norm ||z||_; = ||(8] — A)~'z||. This space is isomorphic to
D(A*), the dual space of D(A*) and

XiCcXcCX_q,

densely and with continuous embeddings. T extends to a semigroup on X 1, denoted
by the same symbol. The generator of this extended semigroup is an extension of A,
whose domain is X, so that A: X— X_;. We consider a well-posed linear system X
with input space U, state space X, output space Y, semigroup generator A, control
operator B, observation operator C' and transfer function G. Thus, B € L(U, X_1) is
an admissible control operator for T and C € £(X7,Y) is an admissible observation
operator for T. For the various concepts mentioned above we refer to [36, 40, 41, 42)]
and the references therein. B is called boundedif B € L(U, X), and C is called bounded
if it can be extended such that C € L(X,Y).

Denote the growth bound of T by wg(T). Originally, G is defined on the right
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half-plane where Re s > wo(T). For all s, 3 in this half-plane, we have
(3.1) G(s)—G(B) = C[(sI- A" —(BI - A7 '] B.

Using the above formula with Re 3 > wo(T) but allowing s € p(A), we extend G
to an analytic function defined on p(A). Then, this function G satisfies (3.1) for
all 5,8 € p(A). This extension of G has been used in [33, 35, 36] and it may be
different from the extension by analytic continuation, adopted in [41, 42] (see [41,
Remark 4.8]). However, if p(A) is connected, then this extension of G is the same
as its analytic continuation. The function G is well-posed, which means that it is a
bounded and analytic £(U, Y )-valued function on some right half-plane (in particular,
on any half-plane which is strictly to the right of wo(T)).

An operator K € L(Y,U) is called an admissible feedback operator for ¥ (or for
G) if I — GK is invertible on some right half-plane and its inverse is well-posed (here,
I — GK may be replaced equivalently by I — K'G). If this is the case, then the
feedback system from Figure 1 is a new well-posed linear system ©X. We use the
notation AX, BX CX and G¥X as introduced in Section 1, so that in particular (1.1)
holds on some right half-plane. What is less obvious is that (1.1) remains valid for
all s € p(A) N p(AX) (in particular, I — KG(s) is invertible for all such s). Indeed,
this follows from Corollary 5.3 and Remark 5.5 in [36]. Let T denote the strongly

continuous semigroup generated by AX. The following identities, proved in [42], will

be useful:
(3.2) [[ — G(s)K]CH (sT — AK)™1 = O(sI — A)71,
(3.3) (sT — AKYIBE [T - KG(s)] = (s — A)7'B,
(sI —AKYL — (s —A)™! = (sI — A)"'BKCK (s — AK )71
(3.4)

= (sI — AK)"IBEKC(sI — A)~ L.

According to [42], these identities are valid on the right half-plane where Re s >
max {wo(T),wo(TK)}. We remark that, using again [36, Section 5], it follows that
(3.2)—(3.4) remain valid for all s € p(A)Np(AX). Note that (3.3) implies that Ker B =
{0} if and only if Ker BX = {0}. It is worth noting that (3.4) implies (via an easy
computation) that for all z € D(AX) and for all z € D(A),

(3.5) Ay = (A+ BEC®)z, Az = (A" - BXKC)z.

It is not difficult to prove, using (3.2), that C¥ is bounded if and only if C' is bounded.
Similarly, (3.3) implies that BX is bounded if and only if B is bounded.
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An important subclass of the well-posed linear systems are the regular linear
systems, see for example [41, 42]. The system ¥ is called regular if for each v € U,
the limit
(3.6) Dv = AEI}:OOG(/\)V
exists (in V). The operator D € L(U,Y) is then called the feedthrough operator of .
We define the A-extension of C by

(3.7) Caz = lm CAM —4)7'z  VaeD(Ch),

where D(C}) is the space of those € X for which the above limit exists. The system
¥ is regular if and only if (sI—A) ! BU C D(C}) for some (hence, for every) s € p(A)
and, if this is the case, then G(s) = Cr(sI — A)"!B + D for all s € p(A). Moreover,
for a regular system, y(t) = Cpx(t) + Du(t) holds for almost every ¢ > 0 (for every
initial state x(0) € X and every input signal v € L} ([0, 00),U)).

If ¥ is regular, K is an admissible feedthrough operator for ¥ and I — DK is
invertible, then =¥ is also regular and the relationship between the open and closed-
loop systems becomes more transparent. Indeed, in this case AX, BX CK and D¥

can be expressed in terms of A, B, C' and D, see [42], in particular
(3.8) ARz = [A+ BK(I - DK) 'Cy] =, C¥z = (I - DK) 'Cpz,

for all € D(AX). Thus, regularity simplifies matters, and it will be useful in the
examples, however, in general we will only assume the well-posedness of 3.
The following simple facts from Russell and Weiss [32] will be needed.
PROPOSITION 3.1. Let X andY be Hilbert spaces. Assume that A is the generator
of a Co-semigroup T on X and C : D(A)—Y is an admissible observation operator
for T. Then the following statements hold:
1. For any \ € C, the pair (A, C) is exactly observable if and only if the trans-
lated pair (A + M, C) is exactly observable.
2. If T is exponentially stable, then (A, C) is exactly observable if and only if it
is exactly observable in infinite time.
3. If T is exponentially stable, then the observability Gramian of (A,C), defined

by
(3.9) Pz = / T,Cc*CTizdt Ve D(A)
0
can be extended so that P € L(X). P is invertible if and only if (A,C) is
exactly observable.
4. If T is a Co-group on X and (A,C) is evactly observable, there exist some

positive constants « and 3 such that the following holds: For any normalized

eigenvector e, of A,

a < ||Ceklly < 8.
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Proof of Theorem 2.1. We introduce the “shifted” generator A = A — 51, which
generates an exponentially stable semigroup. For simplicity we denote this semigroup
by eAt and similarly for A*. The pair (A, B) is exactly controllable if and only if
(A*, B*) is exactly observable. From our assumptions and point 1 of Proposition 3.1,
(A*, B*) is exactly observable. Hence, (A*, B*) is exactly observable in infinite time.
The observability Gramian P of (A*, B*) is invertible (point 3 of Proposition 3.1).

Hence, applying P to each ¢, we obtain a new basis:

PE, — / M BB eAE, dt = / et 2T, BB*E, dt.
0 0

Using the Laplace transform of T; we get P¢,, = f,, for all n € N. 0

REMARK 3.2. Without assuming that T is exponentially stable, suppose that C
is infinite-time admissible for T, so that t—C T,z is a function in L?(]0,0),Y). By
duality, the infinite-time admissibility of C' implies two facts: (a) For each T > 0, the
mapping P : u— fOT T} C*u(t)dt is continuous from L?([0,00),Y) to X and (b) The
operators 1 converge strongly as T— + oo. Thus, the integral in (3.9) should now
be considered as an improper integral in X, and P is invertible if and only if (A4, C) is
exactly observable in infinite time. As a consequence, if (A, C) is exactly observable
in infinite time (3.2) gives us a Riesz basis with r = 0, see Remark 2.2.

LEMMA 3.3. Let R be a densely defined operator in a separable Hilbert space
X with compact resolvents and let C be the closed linear span of all the generalized
eigenvectors of R. If C is of finite codimension in X, then C = X.

Proof. An operator R as in the lemma is called a discrete operator in Dunford and
Schwartz (7], and C is called the spectral span of R. It is easy to see that o(R) = 0, (R)
and o(R*) = 0,(R*). According to [7, Lemma 5 on p. 2355], the following orthogonal

decomposition holds:
X =o0(R")®C,

where 0o (R*) = {z | Pxx = 0V A € o(R*)} and P, is the eigen-projector of R*
corresponding to A. Hence, C = X if and only if 0o (R*) = {0}. However, by [7,
Lemma 5 on p.2295], 0. (R*) is either {0} or infinite-dimensional. Therefore, the
codimension of C is finite if and only if o (R*) = {0}. 0

A sequence (e,) in a Hilbert space X is called w-independent if the equality
>ren arer = 0 with ap € C implies that ax = 0 for all k (see [8, p. 317]). Here,
the series ), .y arer is supposed to converge in norm, but not necessarily absolutely.
Two sequences (¢r,) and (¢,) in X are called quadratically closeif 3, . |én—n|% <
+00. A sequence (e,) in X called a Riesz basis in X if for each x € X there exists a

unique sequence (ay) € [2 such that z = > keN arer and

cill(ar)lle < llzll < cofl(ar)llez,
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where c¢1,co > 0 are independent of . For another characterization of Riesz bases see
the text before (2.1). We recall Bari’s theorem: an w-independent sequence quadrat-
ically close to a Riesz basis is itself a Riesz basis (see [8, p.317]).

Proof of Theorem 2.4. Let m be as in (2.7). For some integer J > 0 which will
be chosen later, we define the sequence £ = (§,) in X by

§ = ({/;1, By o mtgs Yri1s Yo, ) .

Note that for n > m + J we have &, = ¥,,_m, which is close to {/)Vn by (2.7).

We claim that (&,) is a Riesz basis in X for sufficiently large J. Indeed, define
T : X—X such that Tizn = ¢, Vn € N. It suffices to prove that T is continuous and
invertible. We decompose T' = I + O, where

9%1:{0 B for 1<n<J+m
Yn—m — Un for n>J+m.

1
Since ||© < K (ZkeN ||®1l)vk|\2) * for some constant K > 0, by the quadratic close-
ness condition (2.7) we have © € £(X) and ||O]|zx) < 1 for all sufficiently large .J.
This means that for some J, T is boundedly invertible. Therefore, by the definition
of T, (&) is a Riesz basis in X.

In the sequel, we assume that J has been chosen such that £ is a Riesz basis. Then
it follows that the closed linear space C; spanned by (¢, )n> has finite codimension
in X, equal to J + m. In particular, the closed linear space C spanned by all the
generalized eigenvectors of A has finite codimension in X, so that C = X by Lemma
3.3. Thus, the closed linear span of all the generalized eigenvectors of A is X.

Since the codimension of the closed linear span C; of the linearly independent
subsequence (1, ) is equal to J+m, there must exist J+m generalized eigenvectors
of A which, concatenated with the subsequence (¢, ), .7, form a linearly independent
sequence. In fact, for the first J generalized eigenvectors of A we may take vy,
k=1,2,...,J. The existence of the other m generalized eigenvectors, denoted by
oK, k=1,2,...,m, is guaranteed by C = X, which was proved earlier. Note that by
construction the sequence ¢ from (2.8) is linearly independent. Since A has compact
resolvents, the sequence ( is necessarily w-independent (see Xu and Sallet [44, Section
3]). Obviously, the sequence ( is quadratically close to §. From Bari’s theorem ( is
also a Riesz basis in X. 0

Proof of Theorem 2.9. Denote by, = B*ey. From point 4 of Proposition 3.1 and
the exact controllability of (A, B) there exist v, 3 > 0 such that a < |b| < 3 Vk € N.
We have A C p(A) No,(AK). By (2.10) and o, # o for n # k the sequence (i)

defined below is a linearly independent sequence of eigenvectors of A¥:

(3.10) VY = (0n I — A) " 'Bbyym.
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By Corollary 2.3 the sequence (h,) given in (2.6) is a Riesz basis in X. Recall the
following identity :

(3.11) Yy — b = (iwngm — 7 — 03) (00 d — A) ™ [(iwngpm — )T — Al Bbyyyom .
Because of (2.11) we have lim,, .. Re (0,,) = —r. By 7 > 0 and admissibility of B,

sup |[(op I — A)_l||L(X) < 00, sup H[(an —r)I - A]_lBHX < 0.

neN neN
Thus, the condition (2.11) and (3.11) imply that (2.9) holds. According to Theorem
2.7 and Remarks 2.6 and 2.8, the conclusions of Theorem 2.9 hold. O

A sequence (\,) in C is called properly spaced if

. |)\k_)\n|
Re X, = d f ———>0.
sup Re a < o0 an k}iN1+|Re)\n|>
k#n

Note that if & < 0, then the term 1 in the denominator above can be omitted without
A — Al -

k}:;g\; TRen| > 0. This is how the

concept was defined in [32, Section 4], while investigating exact observability for

affecting the meaning of the condition: inf

systems with an exponentially stable diagonal semigroup. If we write the condition
like this but allow o = 0, as in Jacob and Zwart [16], then the meaning changes (the
points could be very close to each other near the imaginary axis).

PROPOSITION 3.4. Let A be the generator of a diagonal semigroup T on X, with
the sequence of its eigenvalues (A,) properly spaced. Assume that U is finite-dimen-
sional and B € L(U, X_1) is an admissible control operator for T. Let (by,) be the
sequence in U representing B, as in (2.2). Then (A, B) is exactly controllable if and
only if there exists an L > 0 such that (2.4) holds.

Proof. Without loss of generality, we may assume that T is exponentially stable.
Indeed, if it not, then replace A by A — wI for some sufficiently large w > 0. The
admissibility of B for T is equivalent to the admissibility of B for the semigroup
generated by A— w1, and the exact controllability of (A4, B) is equivalent to the exact
controllability of (A —w I, B). Now, with the exponential stability, (2.4) is equivalent

to:
Ibnll?> > LIReA| VneN.

By [32, Theorem 4.4] (which assumes that (\,,) is properly spaced), the above estimate

is equivalent to

1

H !
|Re s|?

I — A%zl + =— |B*z|® > 2
(51 =AYl + = 1B°a1” > ala]
for some ¢ > 0, for all z € D(A*) and all s in the open left half-plane in C. Now

by Theorem 2 in Jacob and Zwart [16] (which assumes that A is diagonal and U is
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finite-dimensional), the last estimate is equivalent to
o * 2 2
(3.12) / 1B* T,z dt > plla]
0

for some p > 0, for all x € D(A*). By part 2 of Proposition 3.1, (3.12) is equivalent
to (A*, B*) being exactly observable, i.e., (4, B) is exactly controllable. 0

As already mentioned, (2.4) is a necessary condition for exact controllability also if
(An) is not properly spaced, and for any Hilbert space U. We suspect that Proposition
3.4 remains valid also for an infinite-dimensional Hilbert space U.

REMARK 3.5. A sequence (\,,) in the open left half-plane satisfies the Carleson

condition if

A — A

>6>0, VkeN.
/\k+/\j

I1

JjeN, j#£k

For sequences (A,) with Re A, < 0, this condition is a little more restrictive than
being properly spaced. Under the assumptions of Proposition 3.4, if T is exponentially
stable and (A, B) is exactly controllable, then (A,) satisfies the Carleson condition.
The outline of the proof of this fact is as follows. By [12, Theorem 1.2], B satisfies
the operator Carleson measure criterion for T, as defined there. Let vy, ..., v, be an
orthonormal basis in U (we have denoted p = dim U). It is not difficult to prove that
for any finite set J c N

1
sup > [{bi,v)[* = p > llbel®

IVII<1 e kcJ

and this implies that the sequence (]|b,||) satisfies the Carleson measure criterion for
T. By the scalar Carleson measure criterion (see Ho and Russell [14]), this sequence
defines an admissible control operator for T, for scalar inputs. By (2.4), the same is
true for the sequence (b)) defined by b; = \/m . Now the claim made earlier in
this remark follows from results in Nikolskii [23], as explained in [29, Remark 2.3].
THEOREM 3.6. Let A be the generator of a diagonal semigroup T on X, with the

sequence of eigenvalues (). Let (i1,) be a properly spaced sequence in C such that

sup |Re (pn — An)| < o0.

neN
Let A" be the generator of a diagonal semigroup T" on X, so that the sequence of
eigenvalues of A* is (uy,) and the corresponding eigenvectors are the same as for
A. Assume that U is finite-dimensional and B € L(U, X_1) is an admissible control
operator for both T and T", such that (A, B) is exactly controllable. Then also (A*, B)
is exactly controllable.

Proof. Since B is admissible for T and (A, B) is exactly controllable, by [32,

Proposition 4.2] (applied to (A* — wl, B*) with w > 0 sufficiently large) we have
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(2.4). The fact that sup |Re (ttn, — An)| < 0o implies that for some Lo > 0,
1bnll> > Lo (1+ [Repn|)  VneN.

Now by Proposition 3.4, (A*, B) is exactly controllable. 0

REMARK 3.7. With the assumptions and the notation of the above theorem, it

follows from Theorem 2.1 that the sequence

fn = [(T_ﬁn)I_AH]71 Bb,,

is a Riesz basis in X. Here, r € R is such that sup,.Rep, < r/2 and (€,) is the
sequence of eigenvectors of A* in the correct order, as in (2.1). If it is possible to take
r = 0 (for exemple, if A* is exponentially stable), then we may consider the Riesz
basis defined by

(3.13) fo = (B, 1+ A")"" Bb,.

It is an unpleasant feature of Theorem 3.6 that we have to check the admissibility
of B also for T". This inconvenience disappears if the eigenvalues are in a vertical
strip. Note that a sequence (u,) in a vertical strip (i.e., ¥ < Re u, < «) is properly
spaced if and only if infyzp | — pn| > 0. The following theorem is a version of
Theorem 3.6 for eigenvalues in a vertical strip.

THEOREM 3.8. Let A be the generator of a diagonal semigroup T on X, with the
sequence of eigenvalues (\,) in a vertical strip. Let (u,) be a properly spaced sequence
in a vertical strip. Let A" be the generator of a diagonal semigroup T" on X, so that
the sequence of eigenvalues of A is (u,) and the corresponding eigenvectors are the
same as for A (in the same order).

Assume that U is finite-dimensional and B € L(U, X_1) is an admissible control
operator for T such that (A, B) is exactly controllable. Then the following holds:

(1) B is admissible for T",
(2) (A", B) is exactly controllable.

Proof. Since B is admissible for T, it follows from [32, Proposition 4.1] (applied
to (A* —wl, B*) with w > 0 sufficiently large) that we have ||b,[|> < M for some
M > 0 and all n € N. Since (uy,) is properly spaced, it follows from [12, Theorem 2.6]
that B is an admissible control operator for T". The exact controllability of (A, B)
follows from Theorem 3.6. O

REMARK 3.9. For A diagonal and skew-adjoint such that Ae, = iw,e,, we
consider the diagonal A* such that A*e, = une, for all n € N. We choose (u,,) such
that

(3.14) Pntm = — iWnim + (0n —iWnim)/2  YneN
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and such that the whole sequence is properly spaced in a vertical strip contained in
the open left half-plane. Let G be the diagonal operator such that A* = —A+ G. By
(3.13) the sequence (f,) defined below is a Riesz basis in X:

(3.15) fo = [E,1+G— A" Bb,.

If we consider (¢,,) as in (2.10), then under some conditions on (o,,) and (iwy,), (fn)
and (1) will be quadratically close. This is the idea behind Theorem 2.11.

Proof of Theorem 2.11. The proof is similar to that of Theorem 2.9. Let (e,)
be the sequence of eigenvectors of A which is an orthonormal basis in X and let
b, = B*e,. By exact controllability § = inf,, 4, |wy, — wg| > 0. By (2.13) the sequence
(0y,) is properly spaced as well as (fn4m). (The proof is elementary but tedious.)
We add to (in4m) m complex numbers g1, ...,y of negative real part such that
(ux) is properly spaced. The sequence (1),,) given by (3.10) is a linearly independent
sequence of eigenvectors of AX. By Theorem 3.8 and Remark 3.9 the sequence (f,,)
(as defined in (3.15)) is a Riesz basis in X. As A and A* commute, the following

identity is easy to prove:

(316) d)n - fn+m = -7:n (ﬁn-ﬁ-ml + A‘u)il aner,
where
(3.17) Fo = (s —on)] +G] (001 — A)7".

Note that sup,cN || (Fpiml + A*) " Bbpym||x < co. It is sufficient to prove that for

some 1 > m,

(3.18) S FalZx) < oo

n>n
Recall that G is diagonal as defined in Remark 3.9:

(1 +iwg)ek, 1<k<m,

Ger =
(Ok—m —iwg)er/2, k>m.
The reader can check that (2.12) and (2.13) imply (3.18) (cf. [44]). So Theorem 2.4
and Remark 2.6 can be applied to complete the proof. O

4. Examples based on the one-dimensional wave equation.

4.1. A 1-D wave equation with boundary feedback. This example is a
homogeneous string with tangential force feedback control. The open-loop system is
described by

Wit (T, 1) = Wwae(x, 1), x €0,1], t >0,
t) =
(4'1) w(o’ ) 0’
wy(1,t) = u(t), (input signal)

y(t) = we(1,1), (output signal)
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where w(x,t) denotes the displacement of the point x of the string at time ¢. Define the
Hilbert space H}[0,1] = {f € H'[0,1] | f(0) = 0}, with the inner product (f,g) =
Ji Fo@)ga ) e, Let X = HL,1) x L2(0,1) and let [(£,0)[3 = [ilfa(@)? +
|g(x)|?)dz. Tt is not difficult to check that (4.1) defines a regular system with input
u, output y (both scalar) and state space X. The open-loop transfer function G is

1— 6—25
4.2 G(s) = ——=.
(12) (5) = 1
We consider the feedback operator K = —k, with x > 0, which is easily seen to

be admissible. The closed-loop generator A% described below is exponentially stable:

DAS) = {Ifs fol" € X | f1 € H2[0,1], fo € HEO,1], fiu(1) = = fa(1)}
and
(4.3) AR = [082 IHﬁ] V f € D(AK).
70z 0 )

We apply Theorem 2.9 for reproving a result of Rideau [31]: for x # 1, AX is
diagonal. As a first step, using the notation t(t) = [w(-, ) w(-,1)] T, we rewrite the

open-loop system in operator form:

{wwzww+&wx
y(t) = Catb(t) + Du(t),

where A is the skew-adjoint operator defined by

(4.4)

D(A) = {[fr f]" € X | fr € H[0,1], fo € HL[0,1], fio(1) =0}

and for all [f; fo] T € D(A), A[f1 f2] " = [f2 fizz] - In (4.4), C € L(X1,C) is defined
by Cf = f2(1), B = C* € X_4, Cy is the A-extension of C (see (3.7)) and D =1
(see (3.6)). We study the two different cases 0 < x < 1 and & > 1, respectively. The
following lemma is contained in the thesis of Rideau [31].

LEMMA 4.1. The open-loop generator A has compact resolvents,
o(4) = {\ =iln—1/2)7 | ne N} J{rn =X | neN},
the corresponding eigenvectors (exy,) form an orthonormal basis in X and the closed-

loop generator AX has for eigenvalues o(AX) with simple algebraic multiplicity:

1+
11—k

o(AX) = {Uin = —o+xiln—1/2)7

1
0'25]11}

, neN}.

We claim that (A4, B) is exactly controllable. Note that this is equivalent to
(A, B*) being exactly observable. To prove this, let © =0 in (4.1). Multiplying both
sides of (4.1) by zw,(z,t) and integrating by parts, we obtain

/OT wi(1,t)dt = /OT /01 [wE (@, t) + w2(x,t))] dedt
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+2/0 [we(z, T)zw, (2, T) — we(x, 0)xw, (x,0)] dx.

Using the conservation of energy and the Cauchy inequality, we get the admissibility
of B together with the exact observability of (A, B*):

2

U)t(', t)
From (3.8), the closed-loop generator is AX = A+ BK(1 — K)~'Cy, which was
defined equivalently in (4.3). The spectrum of AX | given by the zeros of 1 — KG(s),

2

T
(T —2) S.A wi(1,t)dt < (T +2)

w(-,0) ]

’LUt(',t)

X X

is the spectrum of A shifted to the vertical line Re A = —o. Hence, (2.11) is trivially
satisfied with » = o and m = 0. By Theorem 2.9, A¥ is Riesz spectral. In fact, it is
easy to see that the eigenvalues of AX are algebraically simple.

For k > 1 the same reasoning works by inverting the flow of information in the

system, i.e., exchanging the roles of u(t) and y(t) in (4.1). We can see that
o(AR) = {Uin =—oc+inn| ne {0,1,2,...}}.

The spectrum of the closed-loop system, given by the zeros of 1 — K 'G~1(s) is the
spectrum of the open-loop system shifted to the vertical line Re A\ = —o. Hence,
(2.11) is trivially satisfied with r = ¢ and m = 0. Again by Theorem 2.9, AX is Riesz
spectral. In fact each eigenvalues of AX is again algebraically simple. Thus, for all
k > 0 except © = 1, AX is diagonal. For x = 1 the spectrum of AX is empty (and
then Tf =0).

4.2. A 1-D wave equation coupled with a boundary integrator. We
consider a system governed by a partial differential equation coupled with an ordinary
differential equation, with two inputs and two outputs.

The open-loop system X is described by the 1-D wave equation which is cascaded

with one integrator on the boundary:

W (X, 1) = Wee(2,1), x €[0,1], t >0,

(4'5) w(O,t) = f(t), .
&(t) = ur(e), wy(1,t) = ua(t), (inputs)
y1(t) = we(0,t) —w(0,1), ya(t) = —we(1,¢), (outputs)

The system has two inputs u; and ug and two outputs y; and y.. We consider the

closed-loop system obtained by the following output feedback:

t t t 0
(4.6) ) | g | 0@ | | n® e e ki > 0.
u2 (t) Y2 (t) (%) (t) 0 K2
We write L2, H', H? instead of L?[0,1], H'(0,1), H?(0,1). The state of our system

is ¢ = [w w, €] and the state space is

X={lr2g e H' xI* xR | 2(0)=¢},
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with the norm
1
2 €71 = [ [laa() + )] + P

The system X in (4.5) is regular with U = Y = R?. The matrix K in (4.6) is an
admissible feedback operator for . Let AX denote the closed-loop generator (defined
below). We prove that AX is Riesz spectral.

Define the skew-adjoint operator A : D(A)—X such that

D(A)={[z1 22 & € X N (H? x H" xR) | 21,(1) = 0, 22(0) = 0}

and Alz; 22 &]T = [22 2142 0] T. Define Cy,Cy € L(X,R) by

Z1 21
Cl ) = 2’11(0) — 21(0), CQ ¥ = — 22(1)
3 £

and set C' = [gﬂ . By direct computation we can find that B = [B; By € E(RQ, X_1)
and B = —C*. The system (4.5) can be written as

(4.7) { () = Ap(t) + Bu(t),

y(t) = Carp(t) + Duft),

where D = —I. The transfer function of the system (4.5) is given by

ef—e* 1 _ 2

e S+ef S e S+4ef

Gls) = —2 e % —¢f
e S+¢ef e S+¢ef

and the system is regular.
LEMMA 4.2. For s € p(A), (sI — A)~! is compact,

o(A) = {)\in - ii@-%)ﬂneN}U{Ao_o}

and the corresponding eigenvectors (eyy,) form an orthonormal basis of X :

sin (k — 7w
ex(®) = | gn (k— Lyrw | e_p(x) = ex(r), eolz)= 10
0
. -1 Fi
REMARK 4.3. It is easy to check that Ceg = 0 and Ceqp = ( 1)k ,

V k € N. By Proposition 3.4, (4, C) is exactly observable as well as (4, C;). However
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(A,C5) is not. By duality, similar results are true for the exact controllability of
(A, Bl) and (A, Bg)
The operators AX and C¥ are given in (3.8). It is easy to see that

6 = e c1a(1) = —raza(1)
D(AK) = {[1 28]l e (H*xH' xR)nX 22(0)_,.;1(211(0)—5)}’

Z1 z9 Z1
AK Z9 = Zlax v Z9 S D(AK)
3 k1 (212(0) = §) 3

The following lemmas can be proved by direct computation using Theorem 1.1.
LEMMA 4.4. A number A # 0 is in o(AX) if and only if it satisfies

(19 @ =(25) )

By n, = O(&,) is meant that |n,| < C|&,|, V n € N, for some constant C' > 0.
Without loss of generality we study only the case when k1, ke € (0,1).

LEMMA 4.5. Assume that k1, ko € (0,1). Then there exists some integer m > 0
such that oy, € o,(AX) for all k € N, where

(4.9) Uk——ﬂiiak+m+(9< ! >7

Oftm

(o), _ AR+ o)
w=(b-g)m o 1\/(1—m><1—n2>'

Moreover, the eigenvector ¢,, of AX corresponding to o, is

(4.10) Pn(x) = | onfalz) |,
fn(0)

where

fulz) = — {ew + [—(”1 — 1w = ’“””1} e—W} .

iop (k1 4+ Doy + K1

THEOREM 4.6. The closed-loop generator AX is Riesz spectral.
Proof. The sequence (o) is easily computed using Rouché’s theorem for some
large m. Recall that AX = A+ BK (I + K)~'Cx. From (4.10) and using Lemma 4.4

we get easily:

CA¢n:SB*en+m+O< ! )[1‘|7

An+t+m 1
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where

2
K1+ 1 0

0 2(1 — ky)e’
(1 + :‘€1)(1 + Hg)

S:

It follows that

(4.11) bn = (00 —A)'BK(I+ K)™* {SB*en+m +0 ( ! > [ !

an+m 1

} |

The matrix K = K (I+K)~1S being diagonal and positive definite, the pair (4, BK?)
is exactly controllable. Applying Corollary 2.3 to (A4, BK %) proves that the following

sequence (¢y) is a Riesz basis in X :
(4.12) dn=—[(—B+ian)I— A" BKB*e,.

An argument similar to the proof of Theorem 2.9 tells us that the first sequence in
(4.11) is quadratically close to (5n+m). The second one is quadratically close to zero,
because the sequence (||(on, — A) "' Bl|zw,x)) is bounded. Hence there exists some

integer m > 0 such that

2
< 0.
X

gner - an

>

By Theorem 2.7, A® has m other generalized eigenvectors which, concatenated with
(¢n) like in (2.8), form a Riesz basis in X. 0
REMARK 4.7. If ko = 0 then A¥ is Riesz spectral using Theorem 2.9 with r = (.

4.3. Homogeneous string with variable viscous damping. This exam-
ple has an infinite-rank control operator. We consider the homogeneous string with

variable viscous damping:

(4.13) { Wi (1) — wae (2, 1) + 2a(x)wn(a, 1) = 0, x € [0,1], £>0,

w(0,t) = w(1,t) =0,

where a € H'(0,1). The eigenvalues and eigenvectors of this system have been stud-
ied in detail by Cox and Zuazua [6] in the case a(z) > 0 for all z € [0,1] and
ap = fol a(z)dx > 0. One of the open questions in [6] is whether some sequence of
generalized eigenvectors of (4.13) forms a Riesz basis in the state space. They needed
this Riesz basis property to determine an a(-) resulting in the optimal decay rate of the
solutions (see Rao [24] for another result in this direction). Here, using our Theorem
2.4 we prove that the closed-loop generator for (4.13) has a sequence of generalized
eigenvectors which is a Riesz basis in the state space.

Consider H(0,1) = {f € H'(0,1) | f(0) = f(1) = 0}. The natural state space
for (4.13) is X = HE(0,1) x L2[0,1] with || f||% = [y [f2 + f3] dz. Setting (1) =
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[1(t) ¥a(t)]T = [w(-,t) we(-,t)] T, we associate to (4.13) the following controlled and

observed open-loop system:

(4.14)

{ d(t) = AY(t) + Bu(t), $(0) = o,
y(t) = CP(t)

Here, A is the skew-adjoint operator with compact resolvents given by
D(A) = {[fl fQ]T | fl € H2(07 1) N H(%(Oa 1)7 f2 € H&(Ov 1)}

and for all f = [f1 fo] T € D(A), Af = [fo fizz] - The operator B is linear and
bounded from U = L2[0,1] to X, it has infinite rank and it is given by

0
Bv(z) = l () ] .

The observation operator C is also linear and bounded from X to Y = L?[0, 1] such
that C[f1 fo] T (2) = 2a(z)f2(z). Thus, (A, B,C) is regular with D = 0 and every
bounded feedback operator K is admissible. The closed-loop system (4.13) is obtained
from the open-loop system (4.14) via u(t) = Ky(t) with K = —I, and AX = A— BC.
The following result is easy to prove.

PROPOSITION 4.8. The open-loop generator A has the spectrum o(A) = o,(A),

op(A) = { An = Teon

A_p = —iWwy

wp=nm, ¥neN }
and the corresponding eigenvectors (e,) form an orthonormal basis in X :

L e, (x L e, (x
en<x>—[?”] (@) en@c)—[m] w2 LN,

7 \/5’ —1 \/57

where ¢, (z) = V2sin(nrz), n € N, form an orthonormal basis in L2[0,1].

Note that B*e,(x) = isinmnz and B*e_,(r) = —B¥e,(z) for all n € N.
Since (iwyy) is properly spaced, (A, B) is exactly controllable because (||B*e+n|lv)
is bounded from below by a positive number (see [32]). Similarly, we have that
Cein(r) = +iv2a(x)e,. (A, C) is exactly observable if and only if on some interval
[a,b] C [0,1] with b —a > 0, inf,e[q4 |a(x)] > 0. Using Fourier series in (4.14), we

can show that this is equivalent to the existence of a L > 0 such that

2
/0 1B s dt > Ellbol% Vo€ X

In (4.13) the feedback operator is infinite-rank and depends on the space variable
x € [0,1]. To apply Bari’s theorem, we have to construct a Riesz basis with which

we compare a sequence of generalized eigenvectors. However, this Riesz basis is not
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so easy to obtain as in the case U = C. Therefore, some asymptotic estimates of
eigenvalues and eigenvectors of the closed-loop system are necessary.
It is easy to see that A € o(AK) if and only if the following equation has a

non-trivial solution:

(4.15) { Nw(z) — wee(z) + 2Aa(x)w(z) = 0

w(0) = w(1) = 0.
We set

1 x
(4.16) G = /O a(©)de,  £(x) = /0 a(€)dé — apa.

As m is sufficiently large, the closed-loop system has an eigenvalue in each of the
disjoint disks D,, centered at —ag + i(n +m)m, n € N, with radius small enough to
make them disjoint. We denote by o, the eigenvalue in D,, and by o_,, the eigenvalue
in D_,,. Let wy(s) denote the non-trivial solution of (4.15) corresponding to A = oy,.
The eigenvector of AX corresponding to o, is written as
(4.17) dn(z) = l wn () 1 .
Onwy ()

The following result has been obtained in [6].

PROPOSITION 4.9. There exist some positive integer m and some K > 0 such
that the following estimates hold for alln € N:

|Uin - (_ao + Z(TL —+ m)ﬂ')l < ﬁ,
|wing(x) — cosh(ornx + fo”” a()de)| < |0§n| ,
|0 tnwin(x) — sinh(oipz + [ a(€)dE)] < |Ulj§n| _

Using Proposition 4.9 and our Theorem 2.4 we show that some sequence of gen-
eralized eigenvectors of AX forms a Riesz basis in X.

THEOREM 4.10. With the notation of Proposition 4.9, there exists a positive
integer m such that AX has m generalized eigenvectors, denoted by 1,/;1’ {/;2, .. .,{/)Vm,
so that the sequence ({/Jvl, {/;2, ceey i/;m, ¢1,02,...) is a Riesz basis in X. Here, ¢y, is the
eigenvector of AKX defined in (4.17).

Proof. Denote L2[0,1] = {f € L?[0,1] | fol f(z)dz = 0}. Put X = L2[0,1] x
L2[0,1], with the usual inner product. Let Ay : X—X be defined by A{[f g]T =
[fz g]7. Then A; is an isometric isomorphism. It transforms the orthonormal basis

(e+n) in X into the following orthonormal basis in X:

(wtn) = [cos(nmz), +isin(nrz)]", neN.

Define Ay : X—X such that for all f = [f1 fo]T € X,

| cosh{(x) sinh(x) B cosh{(+) |1
- 20 | fomata ]y 1]
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with £(z) defined as in (4.16). We claim that A, is continuous and invertible from X
onto X. Indeed, it is not difficult to check that As is bounded, one-to-one and onto.
Hence, the sequence (1,,) = (A3w,) is a Riesz basis in X. Integrating by parts we

see that the following two sequences are both in ?:

1 1
/ cosh(¢(z)) cos(nmz)dx, / sinh(¢(x)) sin(nmz)dx.
0 0

Note also that || f[|x = [[A1f| 5. By these facts and the estimates in Proposition 4.9,

there exists some integer m > 0 such that

_ 2
neN
Now applying Theorem 2.4 finishes the proof. 0

In Cox and Zuazua [6, Section 6], Theorem 4.10 is proved by a different method,
with the less restrictive assumption that a(x) has bounded variation. However, they
impose a(z) > 0 (which we do not assume) and one step in their proof is unclear

(applying Rouché’s theorem on an unbounded domain).

5. Examples based on the beam equation.
5.1. An Euler-Bernoulli beam with boundary force feedback. Consider

the beam equation with boundary shear force feedback control:

wtt(x7t> +wzzzz(xat) = 07
Weze (1,1) = kwy(1,t), K> 0.

We prove that a sequence of generalized eigenvectors of the semigroup generator
associated to the system (5.1) forms a Riesz basis in the state space. This answers an
open question raised by Chen et al in [4] and studied by Conrad and Morgul [5]. Our
approach gives a complete positive answer to this question.

The associated open-loop system ¥ with input v and output y is described by

Wit ((E, t) + Wezza (x7 t) = U,

w(0,t) = wy(0,t) = we(1,8) =0,
Weae(1,t) = — u(t)

y(t) = we(1,1).

The state of ¥ is [w wy]" and the state space is the separable Hilbert space

X = {1/ gl” € B2(0,1) x L20,1] | f(0) = £.(0) = 0}

(5.2)

with the norm ||[f ¢]"||% = f01[|fzz($)|2 + |g(x)|?]dz. With the notation z(t) =

[w(-,t) we(-,t)]T we write (5.2) as follows:

(5.3)
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where A is the skew-adjoint operator with compact resolvents defined by
9(0) = g2(0) =0,

and for all [f ¢g]" in the domain, A[f ¢]" = [9 — fewus) ', C[f 9] = g(1) and B = C*.
The formulation (5.3) is possible because ¥ is regular, see Rebarber [26]. We
know from [27, Theorem 2.7] that every K = —x, with £ > 0 is an admissible feedback

D(A) = {[f g]" € XN (H*0,1) x H*(0,1))

operator for ¥. The closed-loop generator corresponding to (5.1) is AKX = A+ BKBj
with a suitable domain (see [42]). Notice that (A, B*) is exactly observable. Indeed,
multiplying (5.2) (with u(t) = 0) by 2w, (z,t) and integrating, we obtain

T T 1
/ w?(1,t)dt = / / [w2(x,t) + 3w?, (x,t)]dzdt
0 o Jo

+ 2/0 [we(z, T)zw, (2, T) — we(x, 0)xw, (x,0)]dz.

Since ||z(t)||x is constant, there exist positive constants k1, ko and Ty such that

To
k| (w(-, 0), we (- )% < /0 wi (L, t)dt < ksl (w(-, 0), we(-, 0))]%-

Hence, (A, B) is exactly controllable.
THEOREM 5.1. For all k > 0, the generator AX for (5.1) is Riesz spectral.
Proof. \ € 0,(A) if and only if A = iw? (or —iw?) and w > 0 satisfying

(5.4) f(w) = cosw + =0.

cosh w

A number o € 7,(AX) if and only if o = i72 (or —i7?) and the complex number 7 # 0

satisfies f(7) — g(7) = 0, where
iR

(5.5) g(7) = — | tanh 7 cos T — sin T:| .
T

1+k
Qg

k € N (centered at ay, with radius ri). Both f(z) and f(z) — g(z) are analytic in each
disk Dy, and

Setting o = kw—i—% and rp = we consider the set of open disks Dy, = D(ag, k),

f(z)
9(2)

_1+k
Tk

> 1.

lim sup
k—+oc0 2€0Dy

For k sufficiently large, by Rouché’s theorem, f(z)— g(z) has one and only one zero in
each disk Dy, just as f(z). Let (A\,) be the sequence in C such that o,(A4) = {\y, =
+iwy, | n € N}. Thus there exist an integer m > 0 and a constant K; > 0 such that

(5.6) ’wn—ai}g? Vn>m.

n
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Set 8, = —2k + ia2,,,. Using Rouché’s theorem we prove that for some integer

m > 0, there exists a sequence (0,,) such that A = {o,| n € N} U {7, | n € N} is

a subset of 0,(AX) and such that |0, — 3,| < afﬁm for some constant Ky > 0 and

all n € N. Clearly oy # 0y V k # [. Each 0, n € N is algebraically simple for some
m > 0 (see Conrad and Morgul [5]), but we do not need this fact. It is easy to see
that >, .| — 26 + iwnym — 0p|* < 00. By Theorem 2.9, A¥ is Riesz spectral.

5.2. Coupled beams with a dissipative joint. Consider the following
Euler-Bernoulli beam equation with the stabilizing feedback u(t) = —rwy(d, t) + v(t)
acting at the junction point d € (0,1). The open-loop system is described by

W (X, 1) + Wezee(z,t) =0, = € (0,d) U (d, 1),

w(0,t) = wez(0,8) = 0, wz(1,t) = Wyrw(1,t) =0,
(5.7) w(d™,t) = w(d™,t), wy(d¥,t) = wy(d™,t),

War (AT, 1) = e (d™, 1),

Wz (AT, 1) — Wage (A7, 1) = u(t).

Here, u is the input signal and x > 0 is a constant. We consider also the output
function y(t) = w(d, t).

A necessary and sufficient condition for the exponential stability of the closed-loop
system corresponding to (5.7) has been proved in Rebarber [27], using a frequency
domain approach. In [27] Rebarber asked whether the spectrum-determined growth
condition is satisfied for this closed-loop system. Here, we show that a set of gen-
eralized eigenvectors of this closed-loop system form a Riesz basis in the state space
if d belongs to a certain (dense) subset R of (0,1). This R (which is defined in the
next lemma) is the same set for which the systems (open and closed loop) are exactly
controllable and the closed-loop system is exponentially stable. It follows that the
spectrum-determined growth condition is satisfied for the closed-loop system when
d € R. This gives a positive answer to a question asked in [27].

We consider the system (5.7) in the state space X = H? 5(0,1) x L?[0, 1], where
H2p(0,1) = {f € H0,1]|£(0) = fo(1) = 0}, With p(t) = [r(t) va()]” =

[w(-,t) we(-,1)] T, the open-loop system associated with (5.7) is written as

(5.8) { d(t) = Avp(t) + Bul(t),
y(t) = By (b)),
where
D(A) = {l ; € (H*0,1) x H7 3(0,1)) N X | f2a(0) = fuaa(1) _0}7
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and B*[f g]" = g(d). Recall that A is the generator of a unitary group on X, the
triple (4, B, C) is regular and every K € R is an admissible feedback operator for X
(see [27, Lemma 2.6]).

LEMMA 5.2. Let A and B be defined as above. Then

(5.9) 0(A) = 0,(A) = { A = iwsp | wrn = £(n —1/2)*72, n € N};

and (A, B) is exactly controllable if and only if d € R, where R is the set of rational
numbers in (0,1) with coprime factorization d = g, with p odd.
Proof. Note that A has compact resolvents. Direct computation proves (5.9) and

the corresponding eigenvectors are given by

(5.10) ) —i[i 1]T¢
. +n — \/5 )\:I:n ny

where ¢, () = sin(w,z). The sequence (P4,,) forms an orthonormal basis in X and
|B*®,,| = |sin((n — 1/2)wd)|. From Ingham [15], (A, B*) is exactly observable (or,
(A, B) is exactly controllable) if and only if there is some constant ¢ > 0 such that

|sin((n —1/2)md) |> ¢ VneN.

This is true if and only if d = p/q with odd p (see [27, Lemma 2.9]). 0

Now we take the Laplace transform in (5.7) with respect to time. Using Mathe-

matica the transfer function G(s) is computed with s = i72:

i [cos(d — 1) sindr cosh T — cos T cosh(d — 1)7 sinhdr

G(it?) = —
(&) 2T coshTcosT

The closed-loop system corresponding to (5.8) with the feedback K = —k, i.e., u =
—KY + v, is governed by

(5.11) U(t) = AY(t) + BKBR(t) + Bv = AXu)(t) + B,
where
f H%R(Ov 1) f|(0,d) € H4(07d)7 f|(d,l) € H4(d7 1)5

H%R(Ov 1) fmzw(d+) — fawa(d™) = —£g(d)
and

AX [f g]T =[g - fmcmc]T
From Theorems 1.1, the eigenvalues of AX are the solutions of

1-KG(s) =0.
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The solutions are of the form s = i7%, where

;—K [cos(d — 1)7 sindr cosh T — cos T cosh(d — 1)7 sinh dr]
-

(5.12) +coshTcosT = 0.

THEOREM 5.3. If d € R, then AX has a set of generalized eigenvectors which
forms a Riesz basis in X. Moreover, the eigenvalues of AX are algebraically simple,
possibly with the exception of a finite number of them.

Proof. Tt is sufficient to prove (2.13) in Theorem 2.11 because (2.12) is evident.
Let m € N and let the numbers a,, (n € N) be defined by

Q= iW(nym) — Ksin*(n +m —1/2)dr,

where w4 € 0,(A) Vn € N. Using Rouché’s theorem we can prove that for some
large integer m > 0, there exists a sequence (0,,) such that o, and 7,, are eigenvalues
of AK and such that |, — 0,,| < K/(n +m) for some constant K > 0 (see also Guo
and Chan [10]). Tt is obvious that o; # oy, for | # k when m is large enough. Hence
(2.13) is satisfied. Thus the proof is complete. 0

5.3. Coupled beams with two dissipative controls. The system consists
of coupled beams with both a force and a torque feedback at the coupling joint.
With the simultaneous feedback of force and torque present in action the system
is always exponentially stabilized as proved in Tucsnak and Weiss [38] using the
Huang-Priiss theorem. This prevents the well-known lack of robustness of exponential
stabilization by force feedback or by torque feedback alone (cf. Rebarber [27] and see
also Subsection 5.2). In this subsection we prove that the exponentially stabilized
system is Riesz spectral. As a consequence of our result not only is the system always
exponentially stabilized but also may its decay rate be assigned arbitrarily by means
of a simultaneous feedback.

The system of coulped beams controlled by both force control and torque control
is described by the following PDE:

th + WILI)LEI) = 07 VS (07 1) \ {5}7

(5.13) W(0,t) =W(1,t) =0, Wpe(0,8) = W (1,8) =0, {WL - {WI} =0

where £ is some constant belonging to (0,1) and {WL denotes the jump of W at

&: {W] (" Wt t) — W(E,t). The boundary condition for (5.13) is complemented
by the controls

.
(5.14) HWWL Wzt(ﬁ,t)} = [ur ws]”
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The output measure that we consider is as follows

-
(5.15) o) = Wit —[wa] |-
The exponentially stabilizing output feedback law is given by u = Ky where
0
(5.16) K:—l”1 . ],m,n2>0.
0 %
2

On computing formally the time derivative of the total mechanic energy E(t) =
fol (W2 + W2, )dx we observe that the energy is decreasing in time for the closed-loop

system:

2
Bty = — W6 D) — = ([Wm} ) <o.
K2 4

Let H2(0,1) = {f € H?(0,1) | f(0) = f(1) =0} and let X = HZ(0,1) x L?(0,1)
with the inner product < f,g >x= fol (f1za91azz + f292)dx. The closed-loop system is
exponentially stable for any & € (0, 1) (see Tucsnak and Weiss [38]). The main result
that we will prove in this subsection is concerned with the case £ = 1/2. The general
case is an open question to the best of our knowledge.

THEOREM 5.4. Assume that k1,k2 > 0 and &€ = 1/2. Then the generator AX of
the closed-loop system (5.13)—(5.16) is Riesz spectral in the state space X .

From now on we set £ = 1/2. Define the unbounded operator A by

Xpo,e1/1 € H*(0,€), x(e,11/1 € HY(E,1)
1 eX f2€H3(071), flzz(o):flzz(l)zo ’
[flmmw]ﬁ = 07 f2m(§) =0

h

D(4) = f=[f2

and for all f € D(A), Af = [fo — fizzes) - It is easy to see that A is skew-adjoint
and diagonal. It is the generator of a Cy semigroup on X and has compact resolvents.
Define the observation operator C' : X; — R? such that

(5.17) Cf =1[C1f Caf]" =[f2(&) — [fraale] "

The control operator B : R* - X_4 is collocated: B = C*. As proved in Rebarber

[27] (A, B,C) is a regular triple with the feedthrough operator D = 0 and K in (5.16)

is admissible. Hence the closed-loop generator A% = A + C*KC} is described by
Xo,e1f1 € H*(0,€), X111 € HY(E, 1)

‘| eX f2€H02(071)7 flmm(o):flmm(l)zo 5
[flmmw]ﬁ = _'kalf?(g)a f2m(§) = (1/52)[f1mm]5

fi

D(AF) = { f = [ .
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and for all f € D(AK), AXf = [fo — fieess] . As AX = A for k1 = 1/ky = 0 their
eigenvalues and eigenvectors are computed on the same time.
Indeed X\ € 0,(AX) if and only if A = iw? with Rew > 0 and the following

differential equation has a non-trivial solution:

(5.18) Praze = W2, x € (0,1)\ {€},
(519) 90(0) = 90(1) = @zz(o) = <Pxx(1) =0,
200 = [osle =0 92(0) = (o ) arles [onadle = =1 1 02606)

Moreover, if we approximately normalize a such ¢ in L2[0, 1] such that 0 < |p|72 < oo

then the corresponding eigenvector of AX is given by
(5.21) p=| W

We compute directly eigenvalues and eigenvectors for AX because those of A can
be obtained by taking K = 0.
LEMMA 5.5. For some integer m > 0 the two sequences (iw3,) and (iw3, ) are

in o, (AK), where

~ T 12 1
(5.22)  wa, = 2(n+m)T + 54— T +0 ((n—l—ﬁ@)Q) VneN,

(523) Won41 = (2(TL + ﬁ’L) + 1)7’1’ + 4(nl—flﬁl)ﬂ' + O ((n +1T7L)2> v neN.

Moreover the corresponding eigenvectors are given via (5.21) by

sinhwo,z 1 Sin wop, T
COSh(WQn/2) |:1 + O(Wzn ):| COS((Ugn/2)’ T € (07 1/2)7
020 22N (e~ 1) g (@ — 1)
sinh woy, (x — 1 sin wop (T —
cosh(wa,/2) {1 + O(wzn):| cos(wan/2) z € (1/2,1),
(5.25)
1 sinh wo, 412 1 .
(W2n+l>COSh(w2n+1/2) B [1 + O(w2n+1 )} SN W2n 41T, T € (Oa 1/2)7
P2n+1 (‘T) =

(L >sinhw2n+1(x—1)
w2nt1/ cosh(wapn+1/2)

Proof. General solution of (5.18)—(5.20) is given by

+ sinwap41(x — 1), x € (1/2,1).

c1 sinhwzx 4 g sinwe, x € (0,1/2),
(5.26) o(x) =
czsinhw(z — 1) + egsinw(z — 1), z € (1/2,1),
where the constants ¢;, [ = 1,...,4 satisfy the following linear algebraic equations:

(5.27) ¢y sinhwé + e sinwé — ¢z sinhw(§ — 1) — egsinw(§ — 1) =0,



EIGENVALUES AND EIGENVECTORS OF SEMIGROUP GENERATORS 101

; sinh - ' sinh 1
¢ (Coshw§ _ M) to (Cosw§+ zsmwf) | caisinhw(¢—1)
Wha WHK2 WHK2
(5.28) _aishw(E1)
WK2
—Crsmhel | cplsmet (00shw(§ 1)+ M)
Wk2 WK2 Wy
. L
(5.29) +ecq (cosw(§ —1) - M) —0,
WK

e sinh o
c1 (coshw§ — M) —ca (cosw§ + M) —czcoshw(€ — 1)

w w
(5.30) +egcosw(€—1) = 0.

The solution (5.26) is non-trivial if and only if the determinant of the coefficient

matrix is zero. The determinant is equal to the following:

Ai sinh .
det(w) = {sinh wé cos wé — sin wé cosh wé + M} .

WK2

(5.31) . {4coshw§ cost . IE1(cOSNWE SN WE — coswe sinh we) } |

w

Using Rouché’s theorem we find zeros of det(w) of large module, as estimated in (5.22)
and (5.23).
When w = way, the equations (5.28)—(5.30) are linearly independent for some m

sufficiently large, and the solutions form a one-dimensional linear space:

ca = [14+ O(1/way)] secwan€ coshwané ¢, c3 = [14 O(1/way)] e,

cs = [—14+ O(1/way,)] secwané coshwa,é c.

Taking ¢; = 1/ coshwa, & we get (5.24).
Let w = wap41 and ¢4 = 1. First we solve (5.27) for ¢3 and then sustitute it into
(5.28) and (5.29) to obtain ¢; and cs. This proves (5.25). 0

Proof of Theorem 5.4. The reader proves easily that A is skew-adjoint and has
compact resolvents. A purely imaginary number A is an eigenvalue of A if and only
if A = iw? where w > 0 satisfies (5.31) for k1 = 1/k2 = 0. We denote the sequences
in (5.22) and (5.23) by (W2,,) and (Wap4+1) when k1 = 1/k3 = 0. There exists some
integer m such that all the zeros of det(w) that are larger than 2m are given by these
two sequences. Moreover each eigenvalue A = iws,, or iws, 1 is geometrically simple

as proved above. Since det(w) is analytic, (5.31) has only a finite number of zeros in
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[0,2m], denoted by 21, ..., z,. We order the eigenvalues of A as well as some of A

as follows:
A =iz Y1<k<m, Xon_14m = i@3,,1, Aontm = iws, VneN,
and
Oop—1 = iw§n+1, Oon = iwgn, vneN.

We denote by e,4+m and ¢,, respectively, their eigenvectors ordered accordingly for
n € N as defined in (5.22)-(5.23). Using the trigonometric and hyperbolic function

relations we prove easily the following:

n+m

|en+m<x>—wn<x>|so< ! )

Using (5.21) we check that the condition (2.7) is satisfied. Applying Theorem 2.4
completes the proof of Theorem 5.4. 0

The pair (A, C) is exactly observable but neither (A, C;) nor (A, Cs) is. With the
same notation as in the proof of Theorem 5.4, let ¢, and ¢X be the eigenvectors for

the open-loop and close-loop systems, respectively:

6—712 ‘P_nQ

_ 1w K _ w

(bn - n 9 (bn - n
€n Pn

Remark that AKX = A+ C*KCy and |Cp¢X — Chpim| = O(1/(n +m)). The same
reasoning as in the proof of Theorem 4.6 allows us to prove Theorem 5.4. It seems
that for the beam examples the sequence of eigenvectors of the closed-loop system is
quadratically close to that of the open-loop system. However it is not the case for the

string examples.
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