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Kahler-Einstein metrics and
eigenvalue gaps

BIN Guo, DuoNG H. PHONG, AND JACOB STURM

The existence of Kahler-Einstein metrics on a Fano manifold is
characterized in terms of a uniform gap between 0 and the first
positive eigenvalue of the Cauchy-Riemann operator on smooth
vector fields. It is also characterized by a similar gap between 0
and the first positive eigenvalue for Hamiltonian vector fields. The
underlying tool is a compactness criteria for suitably bounded sub-
sets of the space of Kéhler potentials which implies a positive gap.

1. Introduction

Starting with the works of Calabi [4] and Yau [28], a central problem in
Kéhler geometry has been determining when a complex manifold admits a
constant scalar curvature Kahler metric in a given Kéhler class. One of the
first obstructions to the existence of a cscK Kéahler metric is the vanishing
of the Futaki invariant, which is a character defined on the Lie algebra of
holomorphic vector fields. The Yau-Tian-Donaldson conjecture [12] [26] [29]
(see also [23] for a review) asserts that the existence of a Kdhler metric with
constant scalar curvature should be equivalent to the algebro-geometric no-
tion of K-stability. Two recent major advances on this conjecture have been
the solution of X.X. Chen, S. Donaldson, and S. Sun [7H9] of the case of
Kahler-Einstein metrics on Fano manifolds, and the more recent works by
X.X. Chen and J.R. Cheng [5, 6], which established the equivalence be-
tween the existence of a Kahler metric with constant scalar curvature and
an analytic notion of K-stability.

The K-stability condition of a Kéhler class is the requirement that the
generalized Futaki invariant attached to a test configuration be non-negative,
and vanish only if the test configuration is a product. It is only one possi-
ble characterization of the existence of a canonical metric, and for both
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geometric and analytic reasons, it may be useful to have other characteri-
zations as well. In the case of Kahler-Einstein metrics, which are the focus
of the present paper, a notion of §-invariant has been proposed by Fujita-
Odaka [13] and Blum and Jonsson [3], and it has been shown by R. Berman,
S. Boucksom, and M. Jonsson [I] that the existence of a Ké&hler-Einstein
metric is equivalent to the d-invariant being greater or equal to 1. In a dif-
ferent and even earlier direction, it had been shown in [21] 23] 30] that the
Kihler-Ricci flow converges if the lowest strictly positive eigenvalue of the 0
operator on vector fields remains bounded uniformly away from 0 along the
flow. It was suggested there [21H23] that it may be possible to characterize
the existence of a Kéahler-Einstein metric in terms of lower bounds for this
eigenvalue, and this is the problem which we solve in the present paper.

More precisely, let X be a compact Kéhler manifold with ¢1(X) > 0.
Fix a reference metric wy € ¢1(X). For any w € ¢1(X), let K, (w) be the
K —energyﬂ of w with respect to the reference metric wy € ¢1(X), and u,, be
the normalized Ricci potential of w, as defined in below. We define A,
to be the lowest strictly positive eigenvalue of the 0 operator on the space
TH0(X) of (1,0)-vector fields, i.e.,

. VI
(11) )‘w = lanETlYO(X),VJ_“,HO(X,TLO) H||V||H2

where the subindex denotes the L? norms taken with respect to the metric
w, and |, indicates the perpendicularity condition with respect to w. Let
R,, be the scalar curvature of w. For each A > 0, we introduce the following
subset of the space of Ké&hler metrics in ¢;(X),

(1.2)
a(X;A4) ={w € a1 (X); luwllco + [[Vouwlco + [[Rullce < A, Koy (w) < A},

and the corresponding eigenvalue gap for the set ¢1(X; A) by

1.3 AX;A)=  inf A,
(1.3) ( ) chllr(lX;A) ©

If ¢1(X; A) is empty, we define A\(X; A) = co. Then we have the following
characterizations of the existence of a Kéahler-Einstein metric:

We refer the readers to [24] for the definition of K-energy and other relevant
functionals.
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Theorem 1. Let X be a compact Kdhler manifold with ¢1(X) >0 and
vanishing Futaki invariant. Then X admits a Kdhler-FEinstein metric if and
only if (X, A) > 0 for any A > 0.

Note that although the definition of the K-energy requires a choice of
reference metric wg, under a change of reference metric, it just shifts by a
constant. Thus the above condition is invariant under a change of reference
metric, as it should be.

To explain the second characterization, we recall the following ob-
servations due by Futaki [14] (see also [2I], Lemma 2). For any metric
w € ¢1(X), the differential operator operating on smooth functions L., f =
—qg¥ 0;0;f + g 0zu, 0;f — [ is non-negative, and its kernel is the space of
functions f with V f a holomorphic vector field. Let p,, be the smallest pos-
itive eigenvalue of L,,. Then the corresponding eigenfunctions f satisfy the
identity

(1.4) /|VVf|2e_““’w":,uw/ IV f2e % w™.
X X

Moreover

fX |VV f|2euewn

(1.5) He = inf rc oo ot g =
fec (X)vfxf 0 fX |Vf]2e_“ww”

We introduce, in analogy with (1.3)), the eigenvalue gap for Hamiltonian
vector fields by

1.6 X;A) = inf  p,.
(1.6) n(X; A) el

Theorem 2. Let X be a compact Kdhler manifold with c¢1(X) >0 and
vanishing Futaki invariant. Then X admits a Kdhler-Finstein metric if and
only if u(X,A) >0 for any A > 0.

For each A > 0, we have the easy bound u(X; A) > cq A(X; A) for some
positive constant c4. Thus the condition \(X; A) > 0 in Theorem [1] implies
the condition u(X; A) > 0 in Theorem However, there does not appear to
be a direct way to show that they are equivalent.

We now describe briefly our approach. One direction in Theorem [I| and
Theorem [2]is known, by combining the work of Perelman on the Kéhler-Ricci
flow with the convergence results of [21I] and [30]. The main problem is to
establish the other direction, namely that the existence of a Kéhler-Einstein
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metric on X implies that the gaps A\(X; A) and u(X; A) are strictly posi-
tive for any A > 0. For each fixed w, the eigenvalues A\, and p,, are positive
by definition. So the desired statement can be interpreted as a compact-
ness statement with respect to a suitable topology. Our strategy for such a
statement is to view the Kéhler potential ¢ of a metric w € ¢1(X, A) as the
solution of a Monge-Ampere equation with right hand side depending on the
Ricci potential u,,. The C* estimates are derived by combining the theorem
of Skoda-Zeriahi [31] with that of Kolodziej [16] following the idea of Gued;
[2]. Then the C3 priori estimates can be obtained by combining methods
for the Monge-Ampere equation together with the recent techniques intro-
duced by Chen-Cheng [5] for the constant scalar curvature problem. Next,
the C*% bounds imply the uniform equivalence of the metrics. This implies
in turn uniform estimates of the corresponding eigenvalues on vector fields,
using the arguments of [19] to handle the orthogonality condition with dif-
ferent metrics to holomorphic vector fields. The desired theorems follow.

2. ChH* estimates for metrics in ¢;(X; A)

First we set up the equation. Let n be the dimension of X. If w is any metric
in ¢1(X), we define its Ricci potential u,, by

(2.1) Ric(w) — w = —i00u,,, / oty — / W
X X

where Ric(w) = —i0dlogw™ is its Ricci curvature form. Fix now a reference
metric wy € ¢1(X), and let Ric(wp) and ug be its Ricci form and Ricci poten-
tial, respectively. We can then write w = wg + i00¢, where ¢ is normalized
to satisfy supy¢ = 0. Since

n

(2.2)  —i00(uy — ug) +i00p = Ric(w) — Ric(wy) = —id0 log %
0

we find that ¢ satisfies the following complex Monge-Ampére equation
(2.3) (wo + 100p)™ = et U PH ey

where c,, is a specific constant, which is determined because ¢, u,, and ug
have all been normalized. It follows from the normalization of u,, and ¢ that
cp, < 0.
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2.1. The C* estimates on potential

The first step is the following C“ estimate.

Lemma 1. Assume that X admits a Kdhler-Einstein metric wkg, which
we take as reference metric wg = wggy. Then there exists a > 0 with the
following property. For any w, € c¢1(X; A), there ezists an automorphism g
of X such that ||t) —supY||ce(wes) < C(A), where g*w, = wkk + i00.
Proof. Since X admits a Kéahler-Einstein metric, we can apply the Moser-
Trudinger inequality. An early form of this inequality was first proved in
[26], a sharp version subsequently in [20] in the case of manifolds without
holomorphic vector fields, and the full sharp and general version in [11]. In
this form, it asserts that there exists an € > 0 depending on X with the
following property: for any w, € ¢1(X; A), there exists a g € G (here G is
the automorphism group of X) such that

1
(2.4) A > Kup(wg) > erKE(g*w@)—g

where Ju, (0) = [ owll, — Bugs(¢) and By, is the Aubin-Yau functional
([24]) with reference metric wkg. Thus if we write g*w, = wkr + 100y we
have

Y —supy € Sa,
= {0 € &1(X,wkr) € PSH(X,wkg) : supf =0 and Jy,, (wg) < Ao}
X

where Ag = (A + e 1)e !, PSH(X,wkg) is the space of plurisubharmonic
functions and & (X,wo) = {¢ € PSH(X,wxkg)|p € L'(X,w])} is the space
of finite energy potentials. We now claim:

1) S, is compact with respect to the weak L'(w]) topology on
PSH(X,OJ())

2) Every element of S4, has zero Lelong number at z for all z € X.

3) For every p > 1 there exists C(p,wq, A) such that
(2.5) / e Pl < C(p,wke, A) forall e Sy, .
X

These follow as in [2] respectively from Lemma 4.13, Proposition 2.13
and Theorem 4.15 (due to Skoda and Zeriahi) of [10]. Next, applying (2.3)
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with ¢ = 1) — supx®, we obtain for w € ¢;(X; A),

(2.6)
(WKE + V-100y)" = e~ Wmswd)tuutesyn < O(A)e~W—su),n

where we have used the fact that |u,| < A and ¢y, < 0. Now if we apply ([2.5)

to (2.6) we obtain that ||t — sup ¥[|ce () < C(A) for some a = a(n,p) €
(0,1) by the theorem of Kolodziej [16]. O

2.2. C3° estimates on potentials

We return to the study of the equation ([2.3), for a general compact Kéhler
manifold X and reference metric wg, not necessarily Kéahler-Einstein. The
goal of the present subsection is to establish the following lemma:

Lemma 2. Let ¢ be a smooth solution of the Monge-Ampére equation .
Assume that ||p]|lco < A, ||uwl|lce + [|Vwtwllco + [|Awtw|lce < A. Then for
any a € (0,1), there exists a constant C = C(n, A,wp, ) > 0 so that

(2.7) lellesa(xw) < C-
It is convenient to set F' = —p + u, — up + ¢y, so the equation can be
written as
(2.8) (wo + 00)" ='Wl supp =0,
X

and note that F' depends on the Kahler potential . To simplify the notation,

we shall denote u,, by just u. Under the assumptions of the lemma, both ¢

and v are bounded, so it follows from the fact that w and wg have the same

volume that |c,| is bounded by a constant C'(A,wp) as well. Thus we have
1

. ——  <ef< .
(2.9) 0< ClA w0) <e" <C(A,wo)

We divide the proof of the lemma into the following steps:

1) Apply Chen-Cheng’s argument [5] to show A, ¢ is in LP (X, wp) for any
p >0, hence ¢ € C1P(X,wy) for any 3 € (0,1) by elliptic estimates.
Here A, is the Laplacian with respect to the reference metric wy.

2) The Holder continuity of ¢ and the assumption ||VUH2(;0( xw SC (A)
implies that u € C%*(X,wp) (see Lemma |§| below).
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3) By a theorem of Li-Li-Zhang [17] (which is an improvement of a result
of Yu Wang [27]), we get the C>% (X, wp) bound for ¢.

4) After we show u € C" (X, wp) by elliptic estimates, we get the C32
estimate for ¢ by differentiating the Monge-Ampere equation (2.3]).

We begin by modifying the arguments in Chen-Cheng [5] to derive the
following estimates:

Lemma 3. There exists a constant C = C(A,n,wp) > 0 with

(2.10) sup [ Vplleo x.u) < C-

Proof. Denote ® = —F — Ap + %(pz with a constant A > 0 to be chosen later.
We calculate

(2.11) A (e®(IVelZ, +3)) = (IVelZ, +3)Aue® +2¢®Re(VE, V|Vl
—I—eq)Aw\Vgoﬁo.

We consider the first term in (2.11]).

Aye? =e? (A, @ + |VO?)
= e? (A = D)Au(—¢) — Avu + Ayug + A + V|2 + [VO|2)
> (A —1— ¢ — Co)trywo — C + |Vl + [VD|2)

where we used the assumption that |A,u| < C(A), and Cy = Cy(wp) > 0 is
a constant satisfying —Cowoy < i00ug < Cowy.

To deal with the third term in , we introduce a normal coordinates
system for wp at the maximum point zg € X of e®(3+|Vyp|2 ) such that
9o = (G;3) = (6ij) and dgo = 0 at the point. Moreover, w = (g;;0;;) is diagonal
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at xg. We calculate at xg,

B 62 =
AwW‘PL%O = gppm(gwwj%)
925 _ _
= 9" 5 5 wiei + 9 eneip + 97 iy
p9%p
2 2
+ g 0 975 O
02,07 ' 02p0%p
_ P . pD ,+pﬁ,4_+pﬁ,.+pﬁ.a2‘pf
= Lpppd PEP; T G PipPip T G PipPip T 7 %azpazp
5 0%
+ 9" i
' 02p0%p

> —Chtrowo| V|2, + 97 ipip + 97 ipip + 2Re(@iFy),

where Rﬁk[ is the bisectional curvature of the metric go, —C7 is a lower

bound of R,j;;, and in the last inequality we have used the equation below
by taking derivatives on both sides of (2.8])

920,
gppiaz g; = Fj, at xo.
pY%p

Therefore, we get
Au(e®(IVel2, +3) = e*{(IVol2, +3)
x (()\ 11— — Co)trowo — C + |Vl + yV@yg)
— Citrowo|Vel2, + 9P @ipeip + 97 0ipPip
(2.12) + 2Re(@;Fy) + 2Re (9" @i (@j05 + ©5707)) }

The last two terms are equal to (note that at zo, v,;; = ¢;0i; = (9 — 1)di5)

2Re( — ®ipr — (A — ) |[Vl2, + " @957 — 1)¢s7)
= —2(A—9)|Vepl2, —2Re((VP, V)s)
> —2(A—@)|Vol3, — [Vel2 — |[V®[2,

the last two terms on the RHS can be absorbed by the corresponding terms
in the first line on the right hand side in (2.12)), while

2Re(g"Dipji055) = —g"0i®ipi05 — 9 pijio5 = — Vel IVRIZ — g% v,
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and the right hand side above can also be absorbed by terms in the first

and second lines of the right hand side in (2.12). So we get by combining
the above that at xg

(2.13)
0>A,(e 4’(\%!2 +3>)
>eq’{ IVeol2,
X ( —1—¢p—Cy—C)trywg —C + *|V<P\ > —2(A— @)fvsé’ﬁo}

>e® [Vl (truwo + 3| Vpl2) — CIVl2, ~ C)
>e®(c(n, 4)| Vel T = Vg, - C)

where we choose A =2+ ||¢||r=~ + Co + C1. In the last step we apply the
1nequahty below which follows from Young’s inequality (i.e. for a,b > 0,
axb s <c(n )(3a + b) for some c¢(n) > 0)

n

1 (W
Ve, < IVeltruw < [Vl (truw)™™ (27
0

2 ne1\ M 1 n
F(]Vgom(trwwg)T) < c(n)eF<§|V<p\i —I—trww0>

1 n
< C(n,A) (§]Vg0|i + trwwo) .

From (2.13) we conclude that at zo, |V¢|2, < C(n, A). Since z¢ is a max-
imum point of e®(|[Ve|2 +3), we see that supy [Ve|2, < C(n,A). The
lemma, is proved. O

We next apply the argument in the proof of Theorem 3.1 of Chen-Cheng
[5]. In our case the functions F' and ¢ are bounded so we can simplify the
proof a little bit.

Lemma 4. For any p > 0, there exists a constant Cp, = C(n, A,wo,p) >0
such that

/X(trwow)pwg < C)p.

Proof. We fix a constant o > 1 which will be determined later. For notational
simplicity, we write ¥ = —aF — A, and calculate A, (e¥tr,,w),

(2.14)  Au(e¥try,w) = e¥tr, w(ALY + |V 2) + 2e¥ Re(VT, Vir,,w).,
+ e‘PAwtrwow
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We use a normal coordinates system of wy, so that wg = (0;5), dgo = 0 and ¢
(i.e. w) is diagonal at a given point. By the standard calculations as in Yau
[28], the last term in (2.14]) satisfies

eWAwtrwow > 6\11( — Chtry,wo try,w + giigjjsoijkgoﬁ,; + Ay F — Rwo)

where —C? is a lower bound of the bisectional curvature of wo, ¢;j, denotes
the covariant derivative of ¢ under V,, and R, is the scalar curvature of wy.
We cannot apply the usual maximum principle here because apriori A, F
is not bounded.

The second term in (2.14])) satisfies

2e¥ Re(VW, Vir,,w)y > —2e¥ |V, |Virg,wl.
elIl |Vtrwow|i

> —eVtr,,w|VY|? — p—
Wo

V

1\ 2 U i 5 _
—e try,w| VYIS — e 6" g7 010 ks

where in the last step we use the inequality belowas in [2§]
2 ) 2 T I
[Virg,wly, = Z gml Z (pkl_ci‘ < tr,w Z g" Z g’ ¥Yj5iPiji
i k i J

< try,wg* g’ PijkP ik

The first term in (2.14)) is
eq’trwow ALY = eq’trwow(aAwap — alAyu+ alAyug — )\aAwgo)
(2.15) > e‘ytrwow(()\a — a— Cp)truwe — C(n, A)a),

where as before Cy > 0 satisfies —Cowg < i00ug < Cowg. Combining the
above inequalities we get

Aw(eqjtrwow) > eV (()\a —a — Cy — Ca)try,wtrywo

— C(n, A)atry,,w + Ay F — Rwo)

IS

>e <0z(trwow)ﬁe_ﬁ — C(n, A)atry,w + Ay F — Rwo)

(2.16) > e¥ <cooz(trw0</.1)n%1 + Ay F —C(n, A)a)

where we choose A = Cy+ Cy + 2, ¢9 = co(n,A,wp) >0 depends on the
lower bound of e »-7, and in the last step we apply Young’s inequality
try,w < e(try,w) =t 4+ C(g) for a suitable choice of small & > 0.
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We denote v := e¥tr,,w > 0 and for any p > 1 we have by (2.16))

AvP = poP LA v 4 p(p — 1)vP 2| Vul?
(2.17) > poP e (coa(trwow)ﬁ + Ay F—C(n, A)a)
+p(p— Do P |Vl
where in the inequality we have applied the observation that v|Vuv|3 =

eVtr,,w|Vol2 > e¥|Vu|? . Integrating the inequality (2.17) over X against
the volume form w™ = e’ wy, we obtain

/ (Upfle\”F (coa(trwow)# + AWOF) +(p— 1)vp73eq]+F|Vv\io>w6L
X

(2.18) < C(n, A)a/ pP eV n,
X

To deal with the term involving A, F, we will apply the integration by
parts. We calculate

/vp_leq]+FAw0ng = /vp_le_(o‘_l)F_M“DAwong
X X

= / ( —(p— 1)vp_2e_(o‘_1)p_)‘a‘P<VU, VF),,
X
+vpfle*(°‘*1)F*)‘a‘p(a — 1)|VF|SJO

(2.19) —i—vpfle*(o‘fl)F*)‘a‘P)\oKVgo,?F}wo)wg.

The second term in the right hand side of (2.19) is good. The first term in
(2.19) satisfies

/ —(p — 1P 2e~(a-DF a0y, TR,
X
> = [ (=102 L VL,
2
> / a— 1,Up—16—(a—1)F—)\a4p|VF|2 - / (p - 1) vp—3e\IJ+F|v,U|2
- 4 wo a—1 wo
X X

a—1
> _/X 1 ,Up—le—(a—l)F—)\aga|VF|io _/va—36\1’+F|vv|30

if we take a = a(p) > p + 2. These negative terms will be cancelled by the
positive terms from (2.19) and (2.18)). Next we look at the third term on the
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right hand side of (2.19). By Lemma [3| we have a bound on supy |V¢|w,,
and thus

/ pPlem (@ DF=Aav ) (Vi V),

X

> — C)\a/ pPlem (D Aae g o
X

_a_l/ pPlem(amDF—dep g g2 Co /vp_le_(o‘_l)F_M‘p
4 X wo a—1 X

> o — 1/ Up_le—(a—l)F—)\a<p|VF|L2uo —COé/ Up—le—(oc—l)F—)\o«p.
4 X X

v

Plugging the above inequalities into (2.18) and re-organizing, it follows that

/ coavP eV T (tr, w) 1wl < C(n, A)a/ Pt T,
b's b's

Note that ¥ and F' are both bounded by C(n, A), so we conclude that there
exists a constant Cp, = C(n, A, wp, p) > 0 such that

(2.20) / (try,w)? TeTwp < ¢, / (try,w)P~Lwh.
X X

When p =2

/ try,wwy = / (n+ Ayyp)wi —n/ wy
X X X

is clearly bounded. Now we define a sequence {px} with pg =2 and p; =
2+ —"7k. Then (2.20)) implies that

/(trwgw)p’“wg < C’k/ (tryw)PEtwy.
X X

Since pr — oo as k — oo, iterating the inequality above gives that there
exists a constant Cy = C(n, A, wq, k) > 0 such that

/ (tre,w)Prwy < Ck.
X

Lemma 4] then follows from this inequality and the Holder inequality. ]

The next step is to establish C* bounds on the potential ¢. This can
be deduced from the result of Theorem 1.6 in [6], but in our special setting
we can provide a simpler and direct proof as follows.
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Lemma 5. For any pe€(0,1), there exists a constant Cg=
C(n, A,wg, B) > 0 such that

lellere(xw) < Cp-
Proof. By Lemma {4 f:= A, ¢ € LP(X,w]) for any p > 0. By the W%P-
estimates for linear elliptic equations (c.f. Theorem 9.11 in [I5]), we have
lellwer(xw) < CUelrxwy) + 1 F e (xwp)) < Cp.

The C'#(X,wp) bound of ¢ then follows from the Sobolev embedding the-
orem (c.f. Corollary 7.11 in [15]) by taking p > 1 sufficiently large. O

Lemma 6. The Ricci potential u of w = wy + 100y satisfies
[ull e (x,we) < Caln, A,wo),
for any o € (0,1).
Proof. Observe that
IVul2, < |Vul2tre,w < Atrg,w.

By Lemma it follows that |Vu),, € W1P(X,wp) for any p > 1. The lemma
then follows from the Sobolev embedding theorem by taking p > 1 suffi-
ciently large. O

To prove the C%-estimate of ¢, we need the following recent result of
Li-Li-Zhang, which weakens the condition of Y. Wang’s result [27] on the
regularity assumption of ¢.

Lemma 7 ([17] Theorem 1.2). Let By C C" be the Euclidean ball with
radius 2 and center 0. Suppose ¢ € PSH(B2) N C(Bz) solves the complex
MA equation

det ;5 = f, in By

with f > XA > 0 for some positive A € R and f € C*(Bs) for some a € (0,1).
If ¢ € CY8(By) for some f>1— m, then ¢ € C>*(By) and the
C**(By)-norm of ¢ depends only on n, o, B, X\, ||¢llcrs(p,) and || fllce(s,)-

We arrive now at the C?® estimates for ¢:
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Lemma 8. Under the conditions spelled out in the statement of Lemma [,
there exists o > 0 with

(221) ||SOHCZ*”‘ S C(nv Aa Oé)
for some constant C(n, A, wp).

Proof. We note that by Lemma [I] and Lemma [6] the function on the right
hand side of has uniform €% (X, wp) estimate. Lemma provides the
CHA(X, wp) estimates of the Kahler potential ¢. Then Lemma [7| proves the
C?(X,wyp) estimates of ¢. O

The following lemma is the key lemma that we shall need later for the
proof of Theorem [1| and Theorem [2| It is an immediate consequence of the
C?%(X,wp)-estimates of ¢, and the fact that the right hand side ef” of the
Monge-Ampere equation is bounded above and below:

Lemma 9. There exists a constant C = C(n, A,wp) > 1 such that
C 'wy < w < Cuy,
and u € CH*(X,wp) for any a € (0,1).

Finally, we can complete the proof of Lemmal[2] By Lemmalg] the metrlc
gj; has uniform C?® norm. By Lemma |§| and Cramer’s rule, its inverse g%
also has uniform C%®(X,wg) norm. The equation that R, —n = A,u can
be written locally in holomorphic coordinates as
- 32

Zj _ _ LOO'
g 02;0%; =Ro-me

Then the C1%(X, wp)-norm of u follows from the W2P-estimates and Sobolev
embedding theorem (c.f. [15]).

Finally, once we have the C1*(X, wp)-norm of u, we can take 8 on both
sides of the equation ([2.3) and apply local Schauder estimates to ‘conclude
that

(2.22) lelles.e(xwy) < Cn, A, wo, ).

The proof of Lemma [2] is complete.
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3. Proof of Theorem 1

One direction in Theorem [I]is a direct consequence of known results. Assume
that A(X; A) > 0 for any A. By the work of Perelman (see [25] for a detailed
account), for any given initial data in ¢1(X), the orbit of the Kahler-Ricci
flow lies in a set ¢;(X; A) for some A > 0. Thus a positive lower bound for
A(X; A) implies a positive lower bound for the eigenvalue \(w) along the
Kahler-Ricci flow. By the results of [21], B0], the flow converges then to a
Kahler-Einstein metric.

The main issue in the present paper is to establish the other direction,
namely that A(X;A) >0 for any A > 0 if a Kédhler-Einstein metric is as-
sumed to exist. But then for any fixed A > 0, and any w € ¢1(X; A), after
replacing w by g*w for some g € G,E| we can apply Lemma [1| to conclude
that these w have potentials uniformly bounded in C'*-norm for some fixed
a > 0. By Lemma EI, they are all equivalent. The desired bound for A\(X; A)
is then a consequence of the following lemma, which was essentially proved
n [19], Lemma 1:

Lemma 10. Letw, @ be two metrics in c1(X) which are equivalent, in the
sense that

(3.1) K lw <@ < kw

for some constant k > 0. Let A, and Ay be the corresponding eigenvalues,

as defined in . Then
(3.2) c(k,n) Ay < Ao < e(k,n) A\
for some constant c(k,n) > 0 depending only on k and the dimension n.

Proof. Since this lemma is essential for our considerations and since its proof
is short, we include the proof for the reader’s convenience. In the definition
for A, and Az, the norms ||V ||,, and |0V ||; as well as the norms ||V ||,,
and ||V]|z are already equivalent, since the metrics w and @ are equivalent,
and so are their volume forms w™ and @"™. The main issue is the difference
in the orthogonality conditions 1, and 1. To address this issue, consider

2Note that A, = Agrw for g € G.
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any vector field V with V' 1, H°(X,T"°%) and decompose it as
(3.3) V=V+E

with V Lz HO(X,T"%) and E € H(X,T"?). Taking inner products with
respect to the metric w gives

(3'4) 0= <‘~/a E>w + <Ev E>w

and hence by the Cauchy-Schwarz inequality,

(35) 1Bl < 1Vl
We can now write for some constant ¢ (&, n)
(3.6) 1OV [IZ, = 1OVIIZ = e1 (k. ) [|0V[IZ

because w and @ are equivalent, and at the same time, by the same equiva-
lence and the triangle inequality,

(3.7) IVIZ <2IV[2+20E|2 < 4|Vl < ca(k,n) V|2
It follows that

10VI2 - erls,m) 10VIE _ el n)

(38) VIE = calmn) V]2 = exlmon)

Ao

and hence A\, > E;EZ "% Aw- Reversing the roles of w and @ gives the inequality
in the opposite direction. The lemma is proved, completing the proof of
Theorem [ O

4. Proof of Theorem 2

Again, one direction of the theorem follows from the results of Perelman and
[20, 30]. To prove the other direction, namely that the existence of a Kahler-
Einstein metric implies a strictly positive gap u(X; A) for any A > 0, we
argue by contradiction. Recall the operator L,, defined for a metric w with
Ricci potential u by L, f = —gjijV,;f —i—gjkV,;iju — f and whose
eigenvalues and eigenfunctions satisfy the identity .

Assume then that X is Kéhler-Einstein, and that there exists a sequence
of metrics wj = wy + i00p; € c1(X; A) such that the eigenvalues u; of the



Kahler-Einstein metrics and eigenvalue gaps 2271

operator L, goesto0asj — oo. For any fixed A > 0, and any w € ¢1(X; A),
after replacing w by g*w for some g € G, we can apply LemmalI]to conclude
that these w have potentials uniformly bounded in C'*-norm for some fixed
a > 0. We take f; to be eigenfunctions of L, with eigenvalues p;, normalized
by ([ il L2 (x,e—vs wr) = L Tt follows from straightforward calculation that for

any holomorphic vector field V € HO(X,T10X)

(4.1) /)(<ij fis V)wje_“jw? =0.

By Lemma@ and Lemma |8, we can apply the elliptic estimates to f;, which
satisfies the linear equation

—95"VoVali + 95"VafiVpuj — fj = 1 f;
to conclude that
I fillcze(xw) < Cln, A), Vi
Up to a subsequence, we may assume the Ricci potentials u; converge in
Ch® to a function us, € CH®, the metrics wj converge in Ch® to a metric
Woo € O and the functions f; converge in C%“ to a function fy € C%<. In
particular, we have || foo||12(x,e-vocwn ) = 1. Passing to the limit, (4.1 gives
that
(4.2) / (Vi foos Ve "=wl =0, VYV e HY(X, T"0X).
X
Observe that the equations (i.e. (1.4))

[ esE e+ [ VhRe e =) [ V5E e
X X X
hold for any j. Since p; — 0, passing to limit we get
/ IVV fool? e ">wl =0,
X
which implies VV foc =0, i.e. V,,__ foo is a holomorphic vector field. From

([4.2) we conclude that [ |V fool?_e “~w? = 0. However, this contradicts
the identity

1:/ fgoe""owgo:/ \Vfoo\z)ooefu""wgo.
X X

The proof of Theorem [2]is complete.
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We observe that this argument could have been used also for the proof
of Theorem (1] However, the argument there is more direct, and provides
more precise information on the bounds for .

5. Further remarks

We note that in Theorem (1, we cannot in general replace the gap A(X; A)
for each A > 0 by the gap A(X) = inf e, (x)Aw over all of ¢1(X). A simple
counterexample is provided by the 2-dimensional sphere, which admits a
Kéhler-Einstein metric, but can be seen to have

(5.1) A(S?) =0

as follows. Let  : R — R be a smooth increasing function such that n = 0 on
(—o00,1/3] and n =1 on [2/3,00). Let a, N > 0 and let f:[0,3N +2] - R
be a non-negative concave function, positive and smooth on (0,3N + 2) such
that

1) f(0)=fBN+2)=0
2) f(z) =afor x € [1,3N + 1]

and let X be the surface obtained by revolving the graph of y = f(x) around
the z axis. Thus X is a smooth manifold (if we choose f so that its tangent
line is vertical at 0 and 3N + 2 and is tangent to the graph to infinite order),
looks like a cigar, is flat between z = 1 and z = 3N + 1 and is diffeomorphic
to S2. Moreover, we can choose a so that the area of X is 1 (so a is roughly
ﬁ) Let g be metric obtained by restricting the euclidean metric in R3.
Let V7 be a smooth vector field on X defined as follows.

0
Vi=mn(z—-1n(N+1 —95)%
so V1 is a smooth vector field on X compactly supported in {(z,y,2) € M :
x € (1, N 4+ 1)}. Similarly we define V5 supported in (N + 1,2N + 1) and V3
supported in (2N +1,3N +1).
Next we let

(5.2) V=c1Vi+coVo+c3V3

where the ¢; € R are chosen so that V is orthogonal to the 3-dimensional
space of holomorphic vector fields and ¢ + ¢3 + ¢ = 1. Now |V;| is roughly
equal to 1 so [|Vil|z2 ~1/3 so V|2 ~ cf|[Vill72 + G3lIV2llZ. + 3l V37 ~
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5. On the other hand VV; =0 for 2 <z < N so |[VV1[3. = O(%) which
implies |[VV||3, = O(%). In particular, A, < O(7). This establishes our
claim.
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