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biharmonic operator

S. BERHANU

We establish results on unique continuation at the boundary for
the solutions of Au = f, f harmonic, and the biharmonic equation
A2y = 0. The work is motivated by analogous results proved for
harmonic functions by X. Huang et al in and and
by M. S. Baouendi and L. P. Rothschild in and [BR2].
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1. Introduction

The real part of f(z) = eV (use the main branch of the square root defined
on C\ (=00, 0] is a harmonic function on the upper half plane R? which is
smooth up to the boundary and vanishes to infinite order at the origin.

In the works [BR1] and [BR2] Baouendi and Rothschild proved results on
unique continuation at the boundary and a local Hopf lemma for harmonic
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functions. Their papers extended earlier boundary unique continuation re-
sults for holomorphic functions obtained in the works [A2], [HKMP], and
[L]. These latter results were applied to establish unique continuation for
CR mappings between embedded CR submanifolds in the works [A1], [A2],
[ABR], [BL], [BHI], [HK], and [HKMP].

This paper establishes analogues of the main results in [BR1] and [BR2]
for solutions of the biharmonic equation A?u = 0 and the Laplace equation
Ay = f where f is a harmonic function. We believe that the theorems for
the biharmonic operator proved in this paper are the first boundary unique
continuation results for operators of degree higher than two. The biharmonic
equation arises in many areas of continuum mechanics. In solid mechanics it
is used to model elasto-static deformation in the absence of body forces and
the solution u may represent the Airy stress function for a two-dimensional,
isotropic, linear elastic solid or the deflection of a clamped thin plate. In
fluid mechanics, it can be used to describe the motion of an incompressible
viscous fluid at low Reynolds number and its solution represents the stream
function for Stokes flow.

Further extensions of the results of Baouendi and Rothschild in [BRI]
were proved by V. Shklover ([Sh]) and H. S. Shapiro ([5]). See also [B] and
[BH2|. In particular, Shklover showed that Theorem 3 in [BR1] (Theorem A
in this paper) fails if the normal direction is replaced with a transverse di-
rection. Shapiro used convolution transforms as discussed in [HW] to obtain
new proofs and generalizations of the theorems in [BRI] and [BR2J.

The Dirichlet problem for the biharmonic operator has been studied in
numerous papers. In particular, in [DKV], the authors proved that if D is a
bounded domain in R™ with Lipschitz boundary, f € L?(0D), g € L*(0D),
there exists a unique biharmonic function u on D, which takes the boundary
value f and whose normal derivative ‘g—g equals g on 0D, both in the sense
of non-tangential convergence, and such that the non-tangential maximal
function of Vu is in L2(0D).

In a forthcoming article, we will extend Theorems 2 and 3 in this work
to polyharmonic functions of any finite order.

Section 2 contains the statements of our main results and examples.
After some preliminary integral representations in Section 3, the proofs are
presented in Sections 4, 5, and 6.

The author is grateful to the referee for some useful suggestions which
have improved the presentation of this paper.
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2. Statements of the results and examples

We begin by recalling the results of [BRI1] and [BR2]:
We will say that a continuous function u defined on a half ball

Bf ={z=(2,2,) eR" xR : |z| <7z, >0}
is flat at O if for every positive integer N, there is ¢y > 0 such that
u(z)| < enla| ™.
Theorem A ([BR1]). Let u be harmonic on the half ball B;, continuous
on the closure. Suppose
(1) u(s,0) >0 for |s| <r, s € R*1;

(2) the function z, — u(0’, z,) is flat at x,, = 0;

(3) for every positive integer N, the function |s|~Nu(s,0) is integrable on
{s € R"1:|s| <r}. Then, u(2’,0) = 0 on |z'| < € for some € > 0.

The following corollary is an immediate consequence:

Corollary B. Let u be harmonic on the half ball B, continuous on the
closure. Assume that

(1) u(s,0) >0 for |s| <
(2) u(x) is flat at = 0.

Then u = 0.
When n = 2, Corollary B was proved in [HK]. Theorem A was general-
ized in [BR2] as follows:

Theorem C ([BR2]). Let u be harmonic on the half ball B;f, continuous
on the closure. Assume that

(1) for some homogeneous polynomial p(s) in n — 1 variables,
p(s)u(s,0) >0 for |s| <r;
(2) for every multi-index  in n variables, || < d = degree of p,

Ty — 0Pu(0;z,) is flat at x, = 0;
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(3) for every positive integer N, [s|~Vp(s)u(s,0) is integrable on {s &
R™1: |s| < 7}. Then, u(a’,0) =0 on |2'| < € for some € > 0.

Corollary D. Let u be harmonic on the half ball B;", continuous on the
closure. Suppose

(1) for some homogeneous polynomial p(s) in n — 1 variables,
p(s)u(s,0) >0 for |[s| <
(2) u(z) is flat at x = 0. Then u = 0.
Inspired by the preceding results, in this paper we will prove:

Theorem 1. Let u be a solution of the biharmonic equation A%u =0 in
the half ball BY, C* on the closure. Suppose that for some monomial o =

(ala "'7an—1)7

(1) for every multi-index B in n variables with || < d, where d = |a| 1is
the degree of s, the function x, —s (92)u(0,zy) is flat at z, = 0;

(2) for every positive integer N, the functions |s|™Vs%u(s,0) and
|s| =N s%uy, (s,0) are integrable on {s € R"~!: |s| <r}. Then there ex-
ists € > 0 such that if s*u(s,0) >0, then u(x’,0) =0 for |2'| <€ and
if $%ug, (5,0) >0, uy, (2/,0) =0 for |2/| <e.

In particular, if s*u(s,0) > 0 and s%uy, (s,0) > 0, then u extends as a solu-
tion to a neighborhood of the origin.

Corollary 1. Let u be a solution of A%u =0 in B}, C* on the closure.
Assume that for some monomial o = (avy, ..., ap—1),

(1) s%u(s,0) >0 and s%uy, (s,0) > 0 for |s| < r;
(2) |s|™Ns%y (s,0) is integrable on {s € R*~!:|s| < r} for every N.
(3) u(x) is flat at z = 0.

Then, u(xz) = 0.

Observe that if in the preceding corollary, u is assumed to be smooth up
to , = 0, then condition (2) is implied by (3).

Theorem 2. Let u be a solution of A*u =0 in B, C* on the closure.
Assume that
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(1) for some homogeneous polynomial p(s) in n—1 wvariables,
p(s)u(s,0) >0 for|s| <r;

(2) for every multi-index B in n variables with |5| < d, where d is the
degree of p(s), the function z, — (85)u(0, xn) is flat at x, = 0;

(3) for every positive integer N, |s|~Np(s)u(s,0) is integrable on {s €
R s| < v}y

(4) ug, (2',0) = 0.
Then, there exists € > 0 such that u(z’,0) =0 for |2'| < r.

Corollary 2. Let u be a solution of A*u=0 in B}, C* on the closure.
Assume that

(1) for some homogeneous polynomial p(s) in n—1 wvariables,
p(s)u(s,0) >0 for |s| <r;

(2) ug, (2/,0) =0 for |s| <r;

(3) for every multi-index B in n variables with |5| < d, where d is the
degree of p(s), the function z, — (&f)u((), xy) is flat at z, = 0;

(4) u(z) is flat at x = 0.
Then, u = 0.

We next state boundary uniqueness results for a different Dirichlet con-
dition where we no longer assume integrability of |s|~Vu(s,0) for any N.

Theorem 3. Let u be a solution of the biharmonic equation A*u =0 in
the half ball B,F, C* on the closure. Assume that

(1) u(s,0) >0 and Au(s,0) <0 for |s| < r where A is in n variables;

(2) the function x, — u(0, zy) is flat at x, = 0.
Then, u(z',0) = 0 and Au(z’,0) =0 on |2'| < € for some € > 0. In particu-
lar, u extends as a solution to a meighborhood of origin.
Corollary 3. Let u be a solution of A%u=0 on B}, C* on the closure.
Suppose

(1) u(s,0) >0 and Au(s,0) <0 for |s| < ¢

(2) u(z) is flat at x = 0.
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Then u(z) = 0.

Theorem 3 leads to the following generalization of the main result in
[BRI] (Theorem A in this paper) on boundary unique continuation for the
Laplace operator:

Corollary 4. Let u be C* on Fﬁ and a solution of Au = f where [ is
harmonic on B;F. Suppose

(1) u(s,0) >0 and f(s,0) <0 for|s| <r;

(2) the function x, — u(0,xy,) is flat at x,, = 0;

Then u(2’,0) =0 and f(2',0) =0 on |2'| < € for some € > 0. In partic-
ular, u(x) extends as a real analytic function past x, = 0.

Corollary 5. Let u be C* on Biﬁ and Au = f where f is harmonic on B;".
Suppose

(1) u(s,0) = 0 and f(s,0) <0 for [s| <
(2) u(x) is flat at © = 0. Then u = 0.

The following examples show that the theorems above may not hold if
we drop some of the assumptions. In particular, Corollary 5 may not be
valid if the harmonicity of f is replaced by real analyticity.

Example 1. In R? let u(z) = 2% + x122. Then A%y = 0,u(x1,0) > 0 and
Ug, (71,0) = 0. The function xo — u(0, z2) is flat at z9 = 0.

Example 2. Let w(z1) € C*°(R) be flat at x1 = 0,w(z1) >0 for 1 >0
and w(z1) < 0 for 1 < 0. Let v be a harmonic function in the half plane
xg >0 such that v(z1,0) = w(x;). Choose M > 0 large enough so that
M + vy,2,(0,0) > 0 and set u(z) = z10(z) — v4,(0,0)z122 + Ma3ze. Then
A?y(x) =0 for xo > 0, u(z1,0) is flat at 1 =0 and so |z1| Nu(z1,0) is
locally integrable for all N. u(x1,0) > 0 and x2 — u(0, z2) = 0. Moreover,
Ug, (21,0) > 0.

Example 3. Let

exp (—t%) , t>0
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The function f is C*° on R, flat at t = 0 and f’(¢) > 0. Let v(z) be harmonic
on R% such that v(z1,0) = f(z1). Let u(z1,22) = z1v(x1, z2). Then,

A’u(z) =0 on R, w(z1,0) =a1f(z1) >0,

and
Au(x1,0) = 2f'(z1) >0, u(0,23) =0.

The function u(x1,0) is not identically zero in any neighborhood of the

origin. This example shows that Theorem 3 may not hold if u(z’,0) and
Au(z’,0) have the same sign.

Example 4. In R? let u(z,y) = y4em2:rlu2. Then Au = f is real analytic in
B, u(z,0) = Au(z,0) = 0, and u(x, y) is flat at the origin. Thus Corolloary
5 may not be valid if f is merely real analytic in B;'.

3. Integral Representations And Preliminaries

In [Bo], Boggio showed that the Green’s function G2 for A? with Dirichlet
boundary conditions for the unit ball B in R™ is given by

IXY]/lzy] 2 _ 4

GE(z,y) = knlz — yl4_”/1 1

where k,, is a dimensional positive constant, [XY] = ‘\x|y - ﬁ‘ and [zy] =
|z —y|. In [BMZ], by replacing [XY] in Boggio’s formula by |z — 7|, the
authors gave the following formula for the the Green’s function

|z—9|

d—p 1=l 2 -1
Gn(z,y) = cnlz —y| 1 1

of A% on R? with the Dirichlet boundary conditions:
Gn(z,y) =0,0;, Gp(z,y) =0 at z, =0.
Here, ¢, is a constant and for y = (y1,...,Yn), ¥ = (Y1, ..., —Yn). See also the

paper [Be] for Green’s functions for A? on the unit ball for other Dirichlet
conditions.
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We have:
1 _ lz—yl* 2
Cn ((4—N)\x—ﬂl"’4 =) a—g 2 (n—4)(n—2)\x—y|"’4> ’
n & {2,4}
Gn(2,y) = 2 =y |2 _
|l — y| log\ﬁ| + 4xoyo, n=2
%‘(10{;]%2—% }gig}z —1), n=4.

In Green’s identity

/ u(y)Aw(y) dy - / Auy)w(y) dy
B B

= /é)Bi (u(y)?j(y) - gZ(y)w(y)> do,

we plug

w(y) = AGp(z,y) = AyGr(z,y), =€ B}
to get:
(1) u(z) — [ Au(y)AGy(z,y)dy

= ZB (u(y);VAGn(a:,y) — AGy(z, y)Zi(y)) do,

where % is the outer normal derivative and A acts in the y variable. Ap-
plying Green’s identity again, we have:
@ [ AGuw)sut) dy

- | (Guteagrtut) - 8 G ) do

+ / G, y) A2u(y) dy.
B

From 1) and , using Ay = 0, and G, (z,y) = aaci" (z,y) =0, when y,, =
0, we get the following representation formula for u in B;' :

®  wwr== [ (Gt g a0 - 8u) ) do
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where ¥ = {y € 9B;" : y, =0}.
For = € B, define

o) = [ (1) 518G (o) — MG 2. 1) - )) dor

For z€X,y€dBF\ X, since G,(z,y) =0y, Gn(z,y) =0 (because
Gn(z,y) = Gn(y,z)) and %, A in the integrals above act in the y variable,
we have:

0

aAGn(x,y) = AG,(z,y) = 0.
It follows that
ov ou
/ . / gu _du
(4) v(z',0) = u(z’,0) and . (z',0) P («',0).

4. Proof of Theorem 1

We first assume that the multi-index o = 0.

Case 1. Suppose n ¢ {2,4}.

Since % is the outer normal derivative,

ou

/ ! / 8 ! /
)= [ (Aan«c,y (4. 0) =l 0) 5 AG .y >) dy

where A = A, and %AGn(az,y’) = %AyGn(x,y)

Yn=0

We will need certain high order derivative of v(z). We begin by computing
AG,(z,y) and %AGn(m,y) at y, = 0.

Recall that when n ¢ {2,4},

Gn(z,y) =

. 1 B |z — y|? 2
(o= e )

When 1 <j<n-—1,
0

|z —

—14—n
7l
0y,

= (n—4)|z — g|* "(=; — y;),and so

82 —14—n =N —12—n
@\w—y\4 =(4-n) (2-n)z— g™z —y)* + e —g"™),
J
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while

—\x—ﬂ]‘l*" = (4—n)|x—g|27n(a:n+yn), and
H? A - _19-n
aﬁ@*yﬁ =@-n)(@=n)z =g @+ ) + ]z —y*").

n

It follows that

Ayl =g =204 =)z — 5",
and Ay |z —y|*™" = 2(4 —n)|z — y[*™

0 _2-m _i—n
&ﬂx*MQ = (n = 2)|z —g[™"(x; —v5),
0 2] 2 2
&ﬁm—ﬂVﬂ:(?—M(m—ﬂfn—nm—ﬂfm’@j—w)%
J
0

— |z —g* " = (2—n)|lz -y (&n + ya), and
Y e 12— —9 Y e N _ 5lmn—2 2
=gl = —2) (o — g™ —nlz — g1 7" (@0 +yn)?) -
Hence

(6) Aylz—ylPle—gl* " =l —yPVylz — P " + Az — y[)|z —y* "
+ 2<Vy|37 - y|27 vy|x - ?j|2_n>

9 I 2
|z — 9| E]
22 — o2
Nl
From and @,
Dn ’.T/—yl|2
(7) AyGn(z,y) = W — ey <$—§]”

4 de 2 — 2 e 1
“Nle—gl*) n=2\|lg—yl2)

where D, = % + 2¢,,.
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It follows that

2
8cn Ty,

n:O = n
W (g )

(8) AyGn<xv y/) = AyGn(x7 y)

We next compute %AyGn@f, y) at yp, = 0.

0 1 (2—n)z,
Y <\fv - ZJ\"‘2> o (2 —yP+22)3
0 1 —NTy
%(\x—ﬂ\”> Yn=0 (|$ —y2+a2) T
9 <33%— y,%) = Ny, and
Oyn \lz =9l") |, =0 (jo' — /2 +22)"5"
0 1 (n—2)x,
Ay <Ifﬂ - y\"‘2> o (2 —yP+22)3
Therefore,
(9)
0

— A, Gy (x, =
R y n( y)|yn 0
2 —n)D,z, depnxp | —y|? — depnad
— n
(|2 =y +a2)> (| — /2 +22) "5
4enxy
(|2 —y'|? +a2)2
(2 n) Dz, (|2’ —y'|2+2x2)+4c,nx, |z’ —y' |2 —4de,nxd —4e,z, (|2 —y' |>+22)
(o' —y'|2+23) "5

—8ne,rd
(o =y +a3)%
From and @D, for 0 < &, <,

8¢, x> ou 8ne ZL‘S
10) v(0', 2 :/ — T (), 0) + ——— oy, 0) | dy.
(10) o( ) . [(‘y,’2+x%)2 8yn( ) (P +a2) (y',0)

Set w(x) = u(z) —v(z), x € B,F. The function w is a solution of A%w = 0
on B;f | and on ¥, from ,

w(2’,0) =0 and g;;(x 0) =0.
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By the reflection principle for A2 it follows that w(x) extends past z,, = 0

as a solution of A2, and hence as a real analytic function. Indeed, for z, < 0,
the extension which we still denote by w is defined by (see [Hu)

ow

s

(z) — 22 Aw(z).

w(ad', —z,) = —w(z) + 22,

By the local integrability of |y'|~™u(y’,0) and |y’|_N§7“(y’,0) for all N,

formula implies that the function z, — v(0’, z,,) is smooth up to z,, =
0. Therefore,

Zn — w0, 2n) = 0(0', 2,) + w(0', z,)

is also a smooth on [0, 7). Because it is flat at x,, = 0,
% v(0) = —9F w(0) for all k.

Since w is analytic on a neighbourhood of the origin, there exists ¢ > 0 such
that

(11)

€T =

Oknv(O)) < AR

We next estimate the derivatives aﬁnv(()) using formula 1' Let k be a
positive integer, and consider

& 8ncn s
92, \ T a i
(i

= 8ncyk(k — 1)(k — 2)0k—3 %
(Iy']* +a3) =

z,=0

x,=0

To compute the later derivative, we use Faa di Bruno’s formula

" m! T (9PN
Flg(t)) = plmesma) (o
GPla0) =Y o I (%
where the sum is taken over all m-tuples of nonnegative integers my, - - , mm,

that satisfy the constraint

mi + 2msg + - - - + mmy, = m.
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Setting g(t) = |y/'|? +t? and F(s) = —4, the formula leads to
S 2

d m
<> F(g(t)) =0, when m is odd, and
dt t=0
d\* (2N)!
(7)) Fom)| =CFErmwe.
Since
FON) () = (-D)N¥(n+2)(n+4)---(n+2N)
o 9N g5 +N+1 ’
52N+ 8ncyrd
B A7 ) e P
1
= 8nc, (2N + 1)(2N)(2N - )2V 2 ¢ ——
(P +a3) = ) le.=0
(=D 18ne, (2N + D) (n+2)(n+4) - (n+ 2N — 2)
- (N )21\/ L)y [n+2N
()N Mne, 2N DI 4 (32 (BN 1)
B (N = Dlfy/[m+2N '
Thus,
8ncn 8nen, (2N + 1)!
(12) Gyt 2 ““Tﬁiaxf‘l
(|y/|2 + ‘IE'IQ’L) 2 =0 |y ‘

Consider next

ok { 8cnx? }
Ty o
(Iy'1? +a3)>
Faa di Bruno’s formula this time implies that
ok { 8cnr? }
In n
(Iy'1? +a3)>

82N{ 86"‘1’% }
Uy P Had)e ) =

(=) 8, (2N)! n(n+2) -+ (n+ 2N —4)
o (N —1)! 2N-1 |y/|n+2N-2

1
_ Sk — 1)endh {}
(k=L (W2 +22)3

x,=0

=0 when k is odd, and
x,=0

x,=0

13
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and so

8¢, (2N)!

(13) = N2

oON SCnx%
8% /12 2\%
([y']? + a7)>

If u(2’,0) > 0, from , and the fact that the odd order derivatives

z,=0

2
" (‘y,‘Q + m%); z,=0
we conclude that
IN+1 u(y’,0)
‘8:% + 1)(0)‘ > 8ncn(2N+ 1)!/EWde/

and hence using , for any 0 < e <,

/
IN+1 u(y 70) / 8ncy, / /
=Y ly'|<e

Choosing € so that € < %, taking the (2N 4 1)** root and letting n — oo,
we conclude that

u(x’,0) =0, for |2/|<e.

Likewise, if 887“(3:’ ,0) > 0, since the even order derivatives

3
(ly'[? +7) =

using , and , we get

=0,

x,=0

ou (, 1
2N Yn (¥, 0) ' 8ncy, / Q. /
N > 8 /dy > Il Sl 0)dy,
n - ’y/|n+2N—2 En—&—2N—2 ly'|<e ayn

and therefore,

aa—u(x/,()) =0 for |2'| <e.
Yn

Case 2. Assume n = 4. Recall that

_ 12 2
cy x—7 x—y
Gy(z,y) = — <log x—y‘ + ;x—gj;2 —1).

2
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As before, we first compute A,G4(z,y) and

0
a—mAyG4(x,y) at yq4 = 0.

For 1 < j < 3, we have:

9 x_yr_m_y?a w—yr
0y T—y r—y| Oy; \|r—y
2z —y) |z —g* — o —y[?) and
= 3 2 » 2l
|z — gl*|x -y
0? z—-g1* =2z —g)>— |z - yP)
57 108 = 12 2
dy; Tz —y |z — gz -y
Az —y;)*(lz — gI* — |z — y?)
+ |4 2
|z — g|*z -y
Ay —y;)*(lz — g)* — |z — y?)
+ — . .
|z — y|*|z -y
2 gx—yrzlx—yﬁa z—gl*
Oys |x—y |z — g2 0ya \ |z —y
2 Ny —
= (x4 +_y24) (24 y24)7 and
|z — 7| |z —y
0? x—g> 2z —g® — 4(zq + ya)?
Y3 T—y ET]
A(zq —ya)? — 2|z — y|?
+ 4
|z — |
For 1 <j <3,
0 |x—yP _ 2@ —y)(lz—yP—lz—gP) .
. o2 o7 , an
yj v — 7| |z — 7|
82(M—y9>:20m—m2—w—yﬂ
dy; \ |z — g|? |z —g[*

8(z; —yj)* (|z = y|* = = — g]*)
|z — gl '
0 (!x - 2/!2> _ 2(xs —ya)lr = gI* = 2(x4 + ya)lz — y/?
e —g[2) z — gt

+

Y

Oya

and

15
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82<\w—y\2> _ 2 _2’x_y’2+8($4—y4)(x4+y4)
i \le=gP)  Ja—gP  Jo—gl* o — gt
+ 2 .
|z — gl
It follows that
al 2 4 S -y 8- u)
AG4x,y:{ - - Vi AN
v Y) = S T T Te=yE m—aP Py
0 —24 8(wq — 32 I
MGl ) = S 2ot ) S | Bloncx e =
Oya 2 |z — 9 |z — y| Iz — g
16y 32(x4 — ya) (24 + 14)?) }
lz —g|* |z — y|®
Thus,
¢4 8 8la’ —y'|? 82
A,Ga(z,y _a { B .
ol )y4:o 2 llz=yP?  lz—y*  |z—y
C4 16;1@2L
~— 9 d
2 {(Ix’ v EERICY
0 Cq —643{:;’1 }
7A G J}, [ p—— ]
Oyn " ) y=0 2 {(\x’—y’!2+xi)3

It follows that

, 8cyzi  Ou 32c473 , ] ,
0(0,zq) = [ |—oATs T gy 4 2T 0y dy
©20) /J(\ymxz)zayﬁy ) T a0

This formula is the same as when n = 4 and hence we reach the same
conclusions, namely, for some e > 0: if u(z’,0) > 0, then u(z’,0) =0 for
2’| <¢, and if 2% (2/,0) > 0, then 2% (2/,0) = 0 for [2'] < e.

Case 3. Suppose n = 2. In this case the Green’s function

12
c T —
Gatas) = 5 |l =91 = fo = o2~ oy 1og | 2] .
We have )
Ax
A, Go(x, = 2 , and
Y 2( y) - (:171 —y1)2—|—x%
0 Bx3
—A,Go(x, = 2
R W (P e
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for some constants A and B. This means that v(0',z3) has the same form
as in which leads to the same conclusion for u(z1,0) and g—;‘z(xl, 0).
Suppose now a = (7, ...,an—1), |a| > 0, and either

s%u(s,0) >0 or so‘gu(s,()) >0 for |s| <.
Yn

Then there is a multi-index which we will still denote by o = (aq, ..., p—1)
such that

0
s%u(s,0) >0 or so‘—u(s,()) >0 for |s|<r
Oyn,

with each «; € {0,1}. The proof will show that without loss of generality,
we may assume that o = (1,...,1). Recall the formula v(z) from (10 which
we saw holds for all n :

8cp a2 ou , , 8ne, , ,
U(%):/ |: = ﬁi(y70)+ . n 2u(y’0) dy
> L(|2" =y +22)2 Oyn (|2 — /|2 +a2) ™%

We have

(14)  0y,...04, _,v(x)

z'=0

8can(n +2)...(n + 2(n — 2))2? ou
_/ |: ( ) ( %J(rn,1 )) Yi---Yn—1 @(yco)
S (weea)

8ncp(n+2)(n+4)...(n+2(n+ 1))z

T
(|y'|2 +x%)

x’0>
by 3n — 2 , we have:

2
15 aQN{ N }
) P+ azye

e A2N+1 5
while 8:En { W }

y1--Yn—1u(y',0) | dy’.

. From (13) with n replaced

z,=0

We next estimate OF <6zl O, v(x)

(2N)!
= ‘yl‘3n+2N—4

x,=0

=0.

x,=0
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Likewise, implies that

(16) 82N+1{ x731 }

(ly')? +a3)z ™"

(2N + 1)!
0 - ’y/’3n—2—|—2N

Tn

= 0. It follows that if y;...yp—1u(y’,0) > 0,

:):’=0>
o Yn—1u(y’,0

28cnn(n+2)...(n—|—2(n—2))/ ylly;’jgniﬂgi ) ay

>

2N 5
and 0, {(|y+>}

x,=0

1
(17) z N)!agff <<9$1...8xn_1v(x)

x,=0

and if yl...yn_lﬁu(y’, 0) >0,

1
(18) m@%i\]—i_l <8$1 '--8:17”_1 v(x)

x’:O)

> 8ncp(n+2)(n+4)...(n+ 2(n + 1))/
b

z, =0

Y1 Yn-15e(y',0)
‘yl‘3n+2N—2

Estimates (L7),(L8), together with the analyticity of u(z) — v(z) at 0,
and the flatness of x, +— 0y, -+~ 9y, _,u(0',x,) imply as in the case a = 0
the following conclusion:

Je > 0 such that if y1...yp,—1u(y’,0) > 0 for || <r, u(y,0)=0 for || <
€ and if yl...yn,l%i(y’?O) > 0 for |y| <r, then S=(y',0) =0.

ou
OYn
5. Proof of Theorem 2

Let P;(R™) denote the space of homogeneous polynomials of degree d in R™.
Consider the linear map

T: Py(R") — Py(R")

defined by T'(q1) = g2 where for x € R",

1
_ n+2+42d
a(a) = o *2001(0,) (3 ).

and 0, = (6%17 ey a%n). We will show that T is a bijection. Suppose T'(q1) =
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0. Since ‘x'% is homogeneous on R™ \ 0, by Theorem 3.2.4 in [Hol, there is
a distribution S on R" such that

1
S:W on R"™\ 0.

We then have ¢1(0;)S is supported at the origin and hence has the form
0(0:)S = > aad®.
la|<m
Taking the Fourier transform, we get
@ (=i€)S(€) = > aa(—i&)",
la]<m

By the arguments on page 169 in [Ho],

5() = Ui(§) + Ua(§) log [¢],

where Us(€) is a homogeneous polynomial of degree 2 and U;(€) is a homo-
geneous distribution of degree 2 that is C* in R™ \ 0. The function Us(§) is
given by

2

Ux(§) = _/lel j;wjﬁj dw

and hence is not identically zero. Therefore, the equation

@1 (—i&)(U1(§) + Ua(§)log [€)) = Y aa(—i&)*

laj<m

implies that g1 = 0 which shows that the map T is injective and hence a
bijection. A hypothesis of Theorem 2 and tell us that for z € BT,

8ncx
o) = [ty 0)dy
(|2 =y +a3)

Given the homogeneous polynomial p(z') of degree d as in the statement of
Theorem 2, viewing it as an element of P;(R"™), let ¢(x) € P;(R™) such that
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8ncp s
= /2‘ (|y,|2 N ;2 )’n;L+2+2d p(y/)u(y/7 O) dy/
n

Replacing n with n + 2d in (12), we have:

ON+1 8ncnx§l
87"” 2 o\ nt2t2d
(1Y +x3) >

Since |y/|7*p(y/)u(y’,0) is locally integrable for all k, the function
q(02)v(0, zy,) is smooth on [0, r). Therefore, by the analyticity of v(z) — u(x)
and the flatness of u(0, z,) at x,, = 0, for some C' > 0,

8(n + 2d)cn (2N + 1)!

(19) [/ [ 22N

>

x,=0

CQN+d+2(2N+d+1)! Z

9" (q(02)v () |ar=0)

x,=0

p(y )u(y’,0)
’y/‘n—&—Qd—l—QN

> 8(n + 2d)en(2N + 1)! / dy.
2
Hence, using the inequality (2N + 1 + d)! < 22NV +1+d(2N 4 1)1d!, we get:

p(y )u(y',0) a
5 [y/[rr2d TN Y-

C(20)N*dH1q1 > 8(n + 2d)c,
As before, since p(y")u(y’,0) > 0, this leads to u(y’,0) = 0.
6. Proof of Theorem 3

Let n € Cg°(R™™), p(z) =1 for |z| < 5 and n(z) = 0 when |z| > r. Define
v(z) on B by

2 _ Tn / / /
NWy, fE (|Ct/—y’\2+:ci)% n(y ) u(y 70) dy

i s e ) Auly, 0)dy n £ 2

1 |2/ —y'[?+a7) 2
ws m n(y1) u(y1,0) dyy
+45 [ w2 logl(w1 — 1)? + 23] n(yr) Aun, 0) dyr, n = 2;

v(z) =

where w,, = the volume of the unit ball in R". It is clear that

v(z’,0) = lim wv(z) =u(z',0) for |2/| <
Tn—>07F

N3
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We claim that

Av(2',0) = lim  Awv(x) = Au(2’,0) for |2/| < iy
x,—0t 2
To see this note first that —2-——%= s the Poisson kernel in R™ and

o . Wn (|2'—y'|? 427 )2
S0 it is harmonic in x. Next, observe that for n # 2,

1 1
Ax{ n n_2 } = Azaa:,,{ n—4 }
(J2/ —y'|>+a3) = i-n (l2/ —y'|>+a3) =
1 1
SN S
4-n I/ =y P +a3)=
0 1
= 2 { n—2 }
Oxn (|2/ —y/|2+a2)" T

= 2(2 — TL) (|3§'/ — y/|2 i {L‘%)%

Thus,

iz s ) )~ (i)
Sl =2on \ (o 2 +a2)"7 ) L e \(la! =y +a3)

for n # 2, which is the Poisson kernel.
Likewise, when n = 2,

Agy{l(w—?log[(ml—yl)Q_Fx%})}:1<(( - )

Wy wo \ ((x1 —y1)% + 23

which is also the Poisson kernel. It now follows that

Av(2',0) = lim Av(z) = Au(2',0) for |2/] <
x, —0t

N3

Define w(z) = u(z) —v(z) for x € B;f. From the preceding observations,
A%w(z) = 0on B, w(2’,0) = 0, and Aw(z’,0) = 0. We will show that w(x)
extends past x, = 0 as a solution of A?. Let h(z) = Aw(z), x € B,. Then
Ah =0in B, and h(z’,0) = 0 and so h extends to a real anatytic function
h on a ball B,. Let @ be a solution of Aw = h in B, and w(’,0) = 0.
is real analytic on B,. Since A(w —w) = 0 on B;' and w(z',0) — w(2’,0) =
0, W —w extends as a real analytic function past z, =0 and hence w(x)
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extends also past z,, = 0. Using also Lemma 1 below, as before,

I v(0) = —9F w(0),Vk

Tn

and so for some ¢ > 0,

(20)

Oljnv(O)' < KR

We next estimate these derivatives using the integral formula for v(z). From

the steps between and , when n # 2,

1
i) ()
"Ly +ad)s S e—o " Ly R +a3)2

=0, when k is even,

x,=0

and when k£ = 2N + 1,

ey vt

(ly'[>+a2)> Sz =0
1
— N+ 1)a2iV{n}
Ty P +ad): T a0
(-DN@N +Dn(n+1)---(n+2N —2)
NI12N|y/|n+2N

Likewise,

(Iy'[* + 27)

and when k£ = 2N + 1,

=0, when k is even,
z,=0

) an{ )
oWy P+aR) e ) =0
(DYEN+D)I(n—2)(n—1)--- (n+2N —4)
- N!2N|y/|n—2+2N
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We also have

= koy log(yf + a3)

_ {5
= 2kOF 2{ }
T2 |y + 23

=0 when k is even,

ok {1‘2 log(y? + w%)}

CCQZO x2:0

T2 =0

and if k = 2N + 1,

(-1)N-1(2N - 1)12.3...(2N — 2)
(N = DNy 2

(23) %?“{mmgﬁ+x@}

IQIO

Inequality and the estimates ,, imply as before that for

some € > 0,
w(@',0) = Au(2',0) =0 for |2| <e.

As shown already, this in turn implies that u(x) extends as a real analytic
function to B¢(0).
In the preceding proof, we used the following lemma:

Lemma 1. Let u be a solution of A*u =0 in the half ball B;Y, C* on the
closure. Assume that

(1) u(s,0) >0 and Au(s,0) <0 for |s| < r where A is in n variables;
(2) the function x, — u(0, ) is flat at x, = 0;
Then for every positive integer N, |s|™Nu(s,0) and |s|~N Au(s,0) are inte-

grable on {s € R"~1:|s| <r}.

Proof. Suppose first n > 2. Recall that for x, > 0,

v(0, zp 2 Nu(y', 0
Tn nwn Js (|y'|° + 23) >
_ 1 / n(y)Au(y’,0) a
n(n=2wn Js (jy2 +a3) "5
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We will use Taylor’s remainder formulas:

(25) <|y|2+x2% Zw(m)

(1 —t
(N+ 1 AN+1 (/ / |y |2 —|—t{L‘2 nt2N+2 dtdy) 2Nz

2k

and

B ZNjwwn 2<$7>2k

(ly'|? +w2 ly/]

1 —t
+ (N +1)Bys1 (/ / (P 1 22) e dt dy) apNt?
y .fL'

A — (=D*n(n+2)---(n+2k —2)
g 2k ! ’

where for each k,

and
(=D —=2n---(n+ 2k — 4)
By =
2k k)
Let w(x)=v(z)— u(m) Then w(z’,0) =0, Aw(z/,0)=0, and
Aw(z) =0 for = € B , and so as we saw before, w has a real ana-

lytic extension past xn =0 which we still denote by w. Observe that
(ﬁiw(az’,O) =0 for all j.
Since w(0,0) = 0, the function w(gi’j") is real analytic at z,, = 0. Write

O .Z'n Z ck_’EQk

Using the flatness of x,, — u(0,x,), for each N, we get

v(0,z 2k 2N+2
. Z cxs + Oz ).
k=0
‘We have
lim w(0, 2n) =g
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and so since u(y 0) > 0, by the Monotone Convergence Theorem, tells

us that [y/|7"u(y’,0) € Li., |/ " Au(y’,0) € L{ .and
2 Nu /,0 1 Ay /70
) gL [0, JRe R
nWn Jx Y| n(n — 2)w, Jx, 1Y/

Observe next that

(28) lim — <v(0’x”) - c0> =

T, —0+ X2 Tn

Therefore, from , , and , for z,, > 0,
n 2 / /
(29) v(0,2n) _ / n(y )%i(y,O) a
Ln NWn Jx ly'|™
1 / w)Auy0)
2 |y |"

Iy \2 +t:L‘2
<// y)Auly, O) dtdy')xi.
2nwn (|2 + ta2)=

From , , and ,
1 <v(0=fcn) 2 /n(y’)U(y’,O)d,
b

pu— 1' e
C1 1m . e, ’y/ ’n

x,—0* 1’%

1 NAu(y'

. / n(y') :(g ,0) dy,>

2 |y|
= lim ( // n)+2 dt dy’
z,—0T \ Wp ‘y ’2+t$2 >
y' ) Au(

L TR )

" 2, (Jy/|* + tx2)>

Since u(y’,0) > 0 and Au(y’,0) <0, by the Monotone Convergence Theo-
rem, we conclude that

-1 Nu(y', 0 1 "NAu(y',0
—— 77(1/)/75?12 ) ayf + /n(y) fiéy ) ay.
wn Je Y] 2nwn Js Y]
and thus |y/| 7" 2u(y’,0) € L{ . and |y/| " Au(y’,0) € L . Suppose now that

forsome N > 2, |¢/|7""2Nu(y’,0) and |/| "2V *T2Au(y’,0) € L} _and that

loc
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for j > N
oo 24 / n(y’)U(y’,O)dy,_ B /n(y’)AU(y’,O)dy,
T onwn syt n(n— 2wy, Jy  |y/|*t2-2
Then
N+1
U(O n) Z 2% 2k+4
crxy,” + Oz, )
k=0

N
Z 24 / n(y)u(y', 0) dy — By / n(y")Au(y’, 0) dy )2t
nwy Jx |y |n+2k’ n(n_2)wn 5 |y/|n+2k—2 n

N+1)A
( +1)ANn+1 </ / )n+(§/N+?) gt dy’) 22N 42
|y |2 + t332) 2

(N+ 1) BN—H < / / nW)Auy’,0) 4 dy/> 22N+

nn = 2w, |yP+m% :

Using the induction assumption, it follows that

N+1)A )N
S 2(N +1)An11 // | |2 n(y)nfgwg) dt dyf
y 2

nwn +tw2)
(N+1)B Au(y/.0
_ WV N“// ) ff}{v >dtdy’+0(xi).
n{n = 2 ryP+m% :

Since u(y’,0) > 0 and Au(y’,0) <0, we can let x,, — 07 and arrive at

2AN+1/ u(y’,0) dy — Bni1 /Au(y’,())d,
nw, Jy |y|nTRNE n(n —2)w, Jx |y/|"T2N

CN+1 =

Thus [y| 7" 2V "2u(y/,0) and |y/|7" 2N Au(y',0) € L}
proved for n # 2.
The case n = 2 is proved the same way using this time the Taylor formula

) N ]+1 2j
log(y? + a3) = logyi + Z <y1 )
7=0

+(—1)N+2</1 (1L-0% dt>x2N+2.
o (Y3 +taz)N+! 2

ioc and the lemma is
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