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In this paper, We define a F-functional and study F-stability of
A-hypersurfaces, which extend a result of Colding-Minicozzi [6].
Lower bound growth and upper bound growth of area for complete
and non-compact A-hypersurfaces are studied.
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1. Introduction

Let X : M — R™*! be a smooth n-dimensional immersed hypersurface in
the (n + 1)-dimensional Euclidean space R™™!. A family X (-,t) of smooth
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immersions:
X(-,t): M — R
with X (-,0) = X(-) is called a mean curvature flow if they satisfy

0X (p,t)

o ),

where H(t) = H(p,t) denotes the mean curvature vector of hypersurface
M, = X(M™,t) at point X (p,t). Huisken [9] proved that the mean curvature
flow M; remains smooth and convex until it becomes extinct at a point in
the finite time. If we rescale the flow about the point, the rescaling converges
to the round sphere. An immersed hypersurface X : M — R"*! is called a
self-shrinker if

H+ (X,N) =0,

where H and N denote the mean curvature and the unit normal vector
of X : M — R"! respectively. (-,-) denotes the standard inner product in
R™*1 It is known that self-shrinkers play an important role in the study of
the mean curvature flow because they describe all possible blow ups at a
given singularity of the mean curvature flow.

Colding and Minicozzi [6] have introduced a notation of F-functional and
computed the first and the second variation formulas of the F-functional.
They have proved that an immersed hypersurface X : M — R**! is a self-
shrinker if and only if it is a critical point of the F-functional. Further-
more, they have given a complete classification of the F-stable complete
self-shrinkers with polynomial area growth.

In [3], we consider a new type of mean curvature flow:

(1.1) 8);(’5) — _a({)N(t) + H(1),

with
1x)2

o _ Do HOWN @), Ne ™ dy
[ (N(t), Nye

2 du
where N is the unit normal vector of X : M — R**!. We define a weighted
volume of M; by

We can prove that the flow (L.1)) preserves the weighted volume V'(¢). Hence,
we call the flow (1.1} a weighted volume-preserving mean curvature flow.
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From a view of variations, self-shrinkers of mean curvature flow can
be characterized as critical points of the weighted area functional. In [3],
the authors give a definition of weighted volume and study the weighted
area functional for variations preserving this volume. Critical points for the
weighted area functional for variations preserving this volume are called \-
hypersurfaces by the authors in [3]. Precisely, an n-dimensional hypersurface
X : M — R™ ! in Euclidean space R"*! is called a \-hypersurface if

(1.2) (X,N)+ H =\,

where ) is a constant, H and N denote the mean curvature and unit normal
vector of X : M — R"t1 respectively.

Remark 1.1. IfA =0, (X,N)+ H =\X=0, then X : M — R"*! is q self-
shrinkers. Hence, the notation of A-hypersurfaces is a natural generalization
of the self-shrinkers of the mean curvature flow. The equation also
arises in the Gaussian isoperimetric problem.

In this paper, we define F-functional. The first and second variation
formulas of F-functional are given. Notation of F-stability and F-unstability
of A-hypersurfaces are introduced. We prove that spheres S™(r) with r < /n
or r > +/n+ 1 are F-stable and spheres S™(r) with \/n <r <+y/n+1 are
F-unstable. In section 4, we study the weak stability of the weighted area
functional for the weighted volume-preserving variations. In sections 5 and 6,
the area growth of complete and non-compact A-hypersurfaces are studied.

We should remark that this paper is the second part of our paper
arXiv:1403.3177, which is divided into two parts. The first part has been
published [4].

2. The first variation of F-functional

In this section, we will give another variational characterization of A-
hypersurfaces.
The following lemmas can be found in [3].

Lemma 2.1. If X : M — R""! is a A\-hypersurface, then we have
(2.1) L{X,a) = X(N,a) — (X, a),
E(N,CL> = —S(N,CL>,

S LX) = n— X+ (X, N),
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where L is an elliptic operator given by Lf = Af —(X,Vf), A and V de-
note the Laplacian and the gradient operator of the A-hypersurface, respec-
tively, a € R™ is constant vector, S is the squared norm of the second
fundamental form.

Lemma 2.2. If X : M — R""! is a hypersurface, u is a C'-function with
compact support and v is a C?-function, then

(2.4) /M u(ﬁv)e‘ﬁdu =— /M(Vu, VU)@‘lXTdu.

Corollary 2.1. Let X : M — R"*! be a complete hypersurface. If u, v are
C? functions satisfying

(2.5) / (|luVo] + |Vul|Vo| + ]uﬁv\)e*%du < +o0,
M

then we have

1x2

(2.6) /M u(ﬁv)eflxz‘z dp = — /M<Vu, Vuye™ E dp.

Lemma 2.3. Let X :M — R be an n-dimensional complete -
hypersurface with polynomial area growth, then

(2.7) /M(<X, a) — AN, a))e " dp = 0,

1x|2

(2.8) /M(n—\X|2+)\<X,N>)e > dp = 0,

(2.9) /M<X, )| X [2e= 5 dp

1x2

:/ <2n)\<N, a) + 2MX,a)(\ — H) — \(N, a>|Xy2>e 2 dy,
M
(2.10)
9 _1x2 T2 _x?
X, Fdp = [ (1o + AN, a)(X, 0) ) e d,
M M
where aT = Yo <a,e > e
2 2
(2.11) / <]X\2—n—)\()\2H)> e~ du
M
A2 2 2 2| -
= (——DA—-H)*+2n—H*+ X e =z dpu.
vl 4
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Let X (s) : M — R™! a variation of X with X (0) = X and £ X (s)[s—0 =
fN. For Xy € R™! and a real number tq, F-functional is defined by

Fx.(8) = Fx..(X(s))

_IX()=Xs?

_(47Tt5);/ e 2 dpsg
M

n t 1 7|X—X0|2
o) 3 [ (X)X N)e
M

S

where X, and ¢5 denote variations of Xy and ty. Let

ots 0X, 0X(s)
Sr=hls), Sl =yl 5 = fNG),

one calls that X : M — R"*L is q critical point of Fx, 4. (s) if it is critical
with respect to all normal variations and all variations in Xg and tp.

Lemma 2.4. Let X(s) be a variation of X with normal variation vec-

tor field 6§£8)|S:0 = fN. If X; and ts are variations of Xo and ty with
‘98)25 ls=0 =y and %b:o = h, then the first variation formula of Fx_ ¢ (s) is

given by

/ n X - X _Ix-Xo|?

(2.12) .FXo,tO(O) = (4mty) 2 / ()\ — (H +{ o O,N>)>fe = du
M
_n X — X _1x-xg1?
+amte) [ (00 = MV )e 5
M to

n X — X, 2 h X—Xgl|2

+(47Tt0)2/ <|O—n—)\<X—X0,N>)e . dp.

Proof. Defining

_IX()=Xs|2

(2.13) A(s)—/Me T dps, V(s)—/M<X<s)—Xs,N>e‘ o0 dy,

then
}—;(S’t‘”(s) = (4mts) A (s) + )\(4wto)_%(:)%v/(8)
~ (dmty) ™5 L BAs) — Aldrto) 3 (1) 5 V(s).

2t ts) 2t
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Since

Vi(s) =

we have

(2.14) Fy . (s) = (4mty) "2 /M—(HS +{

If s =0, then X(0)

Fie, 1, (0) = (drto) /M ()\ —(H+

o

Qing-Ming Cheng and Guoxin Wei

X, 0X(s) 00X,

| X(s) — X,

/;[{’_<)((81;_ e et 22

IX(s)=Xs|?

,N(s)>}e—mdus,

1X=xql2

N)e 20

0X (s
0X,
0s’

dp,

X(s) — Xs

s

A(N(s),Nye 20 du
ts M

_n X(s) — X, X ()= X, [?

R e
M s

t |X—Xg|?

O M-y Nye ' dp

ts Sy

[ X (s) = X/?

2t 2t2

t
47Tt0 0/
\/ ts Jur 2t5

:X, XS:X(), tszto and

Yhe™

XS7N> 20

X - Xo

|X—Xg|?

IX—Xg|2

+ (4mtg) "2 /M ((X — Xovy> — AN, y>>6‘2du

+ (47Tt0)7

to

/ <|X — Xo|?
M to

h

MBS

2tg

N (s)fe

|X(s)—Xs|2
2tg

_1x=xg?

,N>>)fe—2du

— AMX = X, N>> — e

h

|X(s)=Xs]?2

2t

dits

dp.

IX-Xg|?
2

dpis

du.

O

From Lemma [2.4] we know that if X : M — R"! is a critical point of
F-functional Fx_ ¢, (s), then

X - X,
to

H + ,N) = A
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We next prove that if H + <X;0X°,N) = ), then X : M — R™"! must be a

critical point of F-functional Fx, ; (s). For simplicity, we only consider the

case of Xo =0 and tp = 1. In this case, H + (X;OXO , N) = X\ becomes

(2.15) H+ (X,N) =\

Furthermore, we know that X : M — R"t! is a critical point of the
F-functional Fx_;_(s) if and only if X : M — R"*! is a critical point of
F-functional Fx, ¢, (s) with respect to fixed X¢ and t.

Theorem 2.1. X : M — R"" is a critical point of Fx_..(s) if and only if

X —Xo
to

H+ ,N) =\

Proof. We only prove the result for Xg = 0 and ¢g = 1. In this case, the first
variation formula (2.12]) becomes

1x2

2dl’l’

(2.16) F0.1(0) = (4m)~2 /M <)\ — (H + (X, N>)) fe~
+ (4m)3 /M ((X, y) — AN, y>>6X2

2 du
_n 2 h _1x2
+ (4m) "2 | X|“—=n—XNX,N) |=e =2 du.
M 2

If X:M — R is a critical point of Fy1, then X : M — R""! should
satisfy H + (X, N) = . Conversely, if H 4+ (X, N) = X is satisfied, then we
know that X : M — R"*! is a A\-hypersurface. Therefore, the last two terms

in (2.16)) vanish for any h and any y from (2.7) and (2.8 of Lemma

Therefore X : M — R™"! is a critical point of Fo . O

Corollary 2.2. X : M — R"™! is a critical point of Fx, +.(s) if and only
if M is the critical point of F-functional with respect to fixred Xy and tg.

3. The second variation of F-functional
In this section, we shall give the second variation formula of F-functional.
Theorem 3.1. Let X : M — R" ! be a critical point of the functional

F(s) = Fx.+.(s). The second variation formula of F(s) for Xo=0 and
to = 1 is given by
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@m) 37 0) = - [ frse” |l + (X
+ /M{2<N, y) + (n+1—|X[*)Ah — 2nH — 2X(X, y>}f€
+Aﬁﬂxﬁ—n—1m&w}m—?wﬂ

242 2 X4
+/ {n +2n n—i— X2+ ] ] +7()\ H)}
vl 4 4

where the operator L is defined by

L=L+S+1-)\.
Proof. Let

n _1x=xg?
+ (Amtg) 24/ — //\f 2o du,

n X X (5) =X 5|2
11(s) = (4mt,) 2/<y>e = dpg

_1X—Xg?
+ (4mtg)~ \ | — / 2o du,

n X (s X 2 X()=Xs|?
1) =t * [ (5 +‘”22’>he— G
M t

_n to _1x-x¢12
+ (47tg) 2 / — X, N)e 20 dp,
M

/

F(s)=1(s)+II(s)+III(s), F (s)=1(s)+II(s)+III (s),

, n nh X(s)— X X)X 2
I (s) = (4rts)" > / g(Hs + <()tS,N(s)>)fe 2 dy
M S s

dp

we have

0X(s) 09X, s) —
wart) s [ (0 (T ) - (RO N

X(s) — Xs dN(s) >> e 1X ()= X512

2ts dus
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;X=X s)2

N f e = dus

X(s) —Xs 0X(s) 8)§3> CH ) e LX) dus

n X X (s) — X,
Arts) " —(H 2\ T s 1AS) = Asl
+ (4rts) /M (Hs + ( T s 2

_IX(s)— XS\Q

t 1X=X0|2

-/ 0/ ——)\ s),N)fe 2o dy

M

_n to _1xX-Xg|%
47Tt0 2 / )\f 2to d/_,&

n [t dN |X—Xg|2
+ (4mtg)~ ulto/ N)e ™ BT du,

S

/ _n, nh X(s) — X, X ()= X, [?
I7(s) = (dmty) "3 (= 70 /M<”,y>e 5 s

h

M\S

+ (4mto)~

21, s
0X(s) 09X,
n “Bs  0s X(s —Xs X (9)—Xs|?
s [ (20 ) - (R e g,
M s s
_n X(s) — Xg /, _1Xe)-x4?
el e
M s
n X(s) — Xs X(s)— Xs 0X(s) 0X;
smty)E [ (T | _
rlam) s [ (GO (- FO=R O O

_ X > Xs|?
—Hsf )e dps

_n X(s)— X X (s X, |? [X(s)=X3|2
2/< ()t S’y>| ()2t2 Lo
M S s

+ (drty) 5 \/%(_2};5)/ N, phe S g

_1x=Xg)?
+ (4mtg)~ \/7/ 2o du,

, n X _Xs2 X (s9)—Xs 2
11'(s) = (rt) 30 [ (7 +’(‘°‘)i’>he e
M

dps

2, 21, 212
0X(s) 0X.
. [ b |X(s)— X2, (X(s) — X, — 55)
+ (47Tt8) 2 / (2—152 — ) h+ 5 Os s )
M S s s

X ()= Xs|?

X he 2t dpg
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_n no | X(s) = X, _xe-x?
+ (4mts) 2 / —— +——F"5—)he " d
a2 [ (g R "

n S) — 2
sant) [ (o4 ) =Xy

o, 212
X(s) = Xs 0X(s) 0Xs,| —1xeo-x.p
~ ts T ds  0Os e o A

_n no X (s) = Xs?,, | X(s) — X|?, _ixe-x.?
+ (4mts) 2/M(_2ts+ 212 )h 22 he™ 2t dusg

t h h _1x=Xg|?
+(anto) 32— 50) / —gMX(s)—XS,Me o dp
s M
_Ix—x¢l?
+ (dmtg) 10 / X Ny dy
M
+ (4rto)” ,/ / 2t2 ~ X, N)Mh

1 ,0X( ) 0X, _Lex

Since X : M — R+ is a critical point, we get

X — X
O>N>:)\7
to

_ 2 X—Xgl|2
/(n—i—)\(X—XO,N)—XXO‘ e
M

H +

Jeo 2o du=0,

to
X —-X |X— Xo\z

| o) - e o

M lo

On the other hand,
H =Af+Sf, N =-V/.

Using of the above equations and letting s = 0, we obtain

(drto)3 / e

2h X — X -1
+/( (N,y) + 22 O Ny +
M\ to to to to

X — Xo|? X - X _IxX=xgl?
_ %)\h —oNE—2 ) Y feT T e dp
2 to
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n+2 X — X, A
b [ (FEERETR s 2

to to
X—X 2 ,\X—XUP
’ 0’ )he

X - X,
) 20
+ < to y) t(z) 0 o

2 4

o k2 XX

TR - X _ X2y 1~ Aol
/M<4t3 22 283 | ol 4

BN X = X0 Y o, e
+4t0< o >>h du

1 X—XO 1x-xg|2
(o + w)e L,
M\ to to

where the operator L is defined by L = A+S+——<X Xo V) — A2, When
to=1,Xo=0,then L=L+S5+1— )\

(4m) 3 F'(0) = /M —fLfe 5 du
+f <2<N, y) + 2\ + (0 — 1)Ah — 2 H
M

— [X[PAh = 2M\(X, y>> fe~ % dp

+/M< = (n+2){X,y) + <X7y>|X|2>he'X;d’u
Jr/M(n o n+2‘X|2 |X4|4+4< ,N>>
/ (ol — (X, )%

M

fo€ 2 ,U

Ix—12

" [2<N’ y) + (n 41— |X[))Ah — 2hH — 2M\(X, y>] fe T du

i
E\E\

+ [ {0 —n - e bre o

242 2 X4 e
+/ n° + 2n n+ |X|2+u+ ()\ H)h Ud#
M 4 4
_1x12
" /M<—|y12+<x,y>2>e =N
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Definition 3.1. One calls that a critical point X : M —R" of the F-
functional Fx_ ¢ (s) is F-stable if, for every normal variation fN, there
exist variations of Xo and to such that F" x,+,(0) > 0;

One calls that a critical point X : M —R" 1 of the F-functional Fx, 1. (s)
is F-unstable if there exist a normal variation f N such that for all variations
Oon and ty, F//Xo,to(o) < 0.

Theorem 3.2. Ifr < /n orr > +/n+1, the n-dimensional round sphere
X : S"(r) =R s F-stable; If /n < r < v/n + 1, the n-dimensional round
sphere X : S™(r) — R is F-unstable.

Proof. For the sphere S™(r), we have

H2
X:—’]”N, H:ﬁ’ 527:%7 )\:H_T:E—T'
r n T r
and
(3.1) Lf=£f+(S+1—)\2)f:Af—|-(?%+1—)\2)f,

Since we know that eigenvalues py of A on the sphere S™(r) are given by

K+ (n—1)k

(32) /’Lk 2 ’

r

and constant functions are eigenfunctions corresponding to eigenvalue
po = 0. For any constant vector z € R"*!, we get

(3.3) CA(zN) = Az, §> _ (s, %Hm = S,

that is, (z, N) is an eigenfunction of A corresponding to the first eigenvalue
p1 = ;5. Hence, for any normal variation with the variation vector field fN,
we can choose a real number a € R and a constant vector z € R"*! such
that

(3-4) f=Jfo+a+(zN),
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and fp is in the space spanned by all eigenfunctions corresponding to eigen-
values py, (k> 2) of A on S™(r). Using Lemma [2.3] we get
(3.5) .

(4m)zeT F(0)

_ /S —(fo+a+ (= NNL(fo +a + (z, N))du

+/ 2(N, ) + (0 +1 = 1)\ = 22+ 2NN, )] (fo + a+ (2 N))dp
Sn(r)
+/ MN, y)(r? —n — 1)hdp
S (r
n?+2n n+2, ™ 3, 3 .,
“Jo

(—lyl* + (X, y)*)dp

{ ntZ a2 (%3 1—)\2)a2+()\2—1)<z,N>2}d,u

Sn

+/ (){2(1+>\r)(N,y><N,z>+[(n~|—1—r2))\—2:]ah}d,u
17“4— on + 1)r? + n(n — 1)]h%d

# Ll e e

+/(¢ﬁm%waVmM
From Lemma [2.3] we have
(3.6) /(ywﬁ+awﬂw——/(;uwmmw%w

Putting (3.6) and A = % — r into (3.5)), we obtain

n ﬁ 1 1 2 1 2 7 2
(3.7) (4m)zez F (O)Z/SR(T)TQ{(T —n—§) +4}f0du
[t @ e - D)+ 5 P
(r)

+/ %[7‘4 — (2n+ 1)r* + n?)(z, N)?du
n( ) T
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+/ 2(1+n —r*)(N,y){N, z)du
S (r)

4 / (14— )N, y)%dp.
Sn(r)

If we choose h = —27‘1 and y = kz, then we have
(3.8)
n ﬁ " 1 2 1 2 7 2
(471')262./—" (O)ZLH(T)’]”Q{(T —n—ﬁ) +4}f0d,u

+ / {)\2 — 1421+ M)k — (1+ Ar)k2}<z, N)2du
Sn(r)

1 1 7
= /Sn( )ﬂ{(r2 —-n- 5)2 + 4}fgdﬂ

+ /Sn(r>{A2 A — (14 Ar)(L— k)2}<z, N)2dp.

‘We next consider three cases:
Case 1: r < /n

In this case, A > 0. Taking k£ = 1, then we get

F'(0) > 0.

> 14++/1+4n
- 2 .

Case 2: 7

In this case, A < —1. Taking k = 2, we can get
F (0) >0.

Case 3: Vn+1l<r< 1tvitin V21+4".

In this case, —1 < A < 0, 1+ Ar < 0, we can take k such that (1 — k)% >

A(A+r)
T then we have

F(0) >0.

Thus, if r < y/norr > /n+ 1, the n-dimensional round sphere X : S™(r) —
R™* is F-stable;
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If v/n < r < +/n+ 1, the n-dimensional round sphere X : S™(r) — R**!
is F-unstable. In fact, in this case, —1 < XA < 0, 1 + Ar > 0. We can choose
f such that fy = 0, then we have

2 /1

(3.9)  (m)ierF(0) < / (A2 — 1)(z, N)2dy
")
—i—/ 2(1 4+ Ar)(N,y)(N, z)du
Sn(r)
—(1+ \r){N,y)d
b, A
= (A2 4+ \r 2, N)2d
O an) [

) [N~ V)

< 0.

This completes the proof of Theorem O

According to Theorem [3.2] we would like to propose the following;:

Problem 3.1. Is it possible to prove that spheres S™(r) with r < ./n or
r > +/n + 1 are the only F-stable compact A-hypersurfaces?

Remark 3.1. Colding and Minicozzi [5l] have proved that the sphere S™(y/n)
1s the only F-stable compact self-shrinkers. In order to prove this result, the
property that the mean curvature H is an eigenfunction of L-operator plays
a very important role. But for A-hypersurfaces, the mean curvature H is not
an eigenfunction of L-operator in general.

4. The weak stability of the weighted area functional for
weighted volume-preserving variations

Define

_IX()=Xs|?

(4.1) T(s):(4mfs)§/ e 2 dus.

M

We compute the first and the second variation formulas of the general T-
functional for weighted volume-preserving variations with fixed Xy and tg.
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1074
By a direct calculation, we have
n X(s)—X X ()= X, |2
T(6) = tart) [~ (=R N
M s
7' (6 = (art) [ (o (=R e
M s
n X(s) — X,
—l—(47rts)_2/ (H, +( (S)t (N (s)))
M s
X(s)— X5 0X(s _IX(9)= X412
o (X OXB)y | gy gy e g,
ts 0s
0X(s)

n dH, 5
+ (4rts) z/M—( R , ,N(s))
X(s) = X dN(S)>> portmagms

ts T ds

_1x-xg1?

Lemma 4.1.
f(0)e” 20 du=0.
M

|X—Xg|?
B dp = V(0) for any ¢, we have

2tq

Proof. Since V (t) = [,,(X(t) — Xo,N)e

_1x=Xg|?
F@)N(), Nye =0 du=0.
M
Hence, we get
_1xX—xq|?
2t du

Since M is a critical point of T (s), we have

X - X,
H+ - O Ny =

On the other hand, we have
H =Af+Sf, N =-V{.

(4.2)
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Then for tg = 1 and Xg = 0, the second variation formula becomes

2
[X]

2 d.

(4m) 3T (0) = /M L (S 1= A f)e

Theorem 4.1. Let X : M — R be a critical point of the functional T (s)
for the weighted volume-preserving variations with fived Xo =0 and tg = 1.
The second variation formula of T (s) is given by

1X2

2 dpu.

(4.3) (47r)§’f’(0):/M—f(£f+(s+1—A2)f)e

Definition 4.1. A critical point X : M — R"*! of the functional T (s) is
called weakly stable if, for any weighted volume-preserving normal variation,
7"(0) > 0;

A critical point X : M — R™"! of the functional T (s) is called weakly
unstable if there exists a weighted volume-preserving normal variation, such
that T"(0) < 0.

Theorem 4.2. Ifr < —ltyitdn EIH" orr > 1vitin VQIH”, the n-dimensional round

sphere X : S™(r) — R™1 is weakly stable; If =y 144n V21—M‘" <r< @, the
n-dimensional round sphere X : S™(r) — R" ! is weakly unstable.

Proof. For the sphere S™(r), we have

X=—N, H=", §=2" N=H-r=

n n
— =7
2’ r

T r

and
(4.4) Lf:£f+(S+1—AQ)f:Aer(%Jrl—)\z)f.
Since we know that eigenvalues py, of A on the sphere S™(r) are given by

k4 (n—1)k

(4.5) [k 5 ,

r

and constant functions are eigenfunctions corresponding to eigenvalue pg =
0. For any constant vector z € R"*!, we get

(4.6) —A(z,N) = (z,N),

that is, (z, N) is an eigenfunction of A corresponding to the first eigenvalue
p1 = 7. Hence, for any weighted volume-preserving normal variation with
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the variation vector field fN satisfying

/ fe‘gdu =0,
§n(r)

we can choose a constant vector z € R"*1 such that

(4.7) f:f0+<2,N>,

and fp is in the space spanned by all eigenfunctions corresponding to eigen-
values ug (k> 2) of A on S™(r). By making use of Theorem we have

r2 11

(48) (@3S T O = [ o+ (= ML+ (o N

r2

2
Z/ {(n—|— —1+)\2)f02+()\2—1)<z,N>2}d,u.
S (r)
According to A = T — r, we obtain

(4TF)Z€T;7JI(O)Z/ %{(r —n—7)2+£}fgd,u

sn(r) "

+/ (E—r—1)(Z —r+1)(z,N)2dp >0
sy T "

if
—1+v4dn+1 1++v4dn+1
r < — 5 or r > 5
Thus, the n-dimensional round sphere X : S™(r) — R"*! is weakly stable.

If
—1++V4n+1 1++v4n+1
— <
2 2
choosing f =< z, N >, we have

/ feiédu = 0.
s (r)

Hence, there exists a weighted volume-preserving normal variation with the
variation vector filed fN such that

(4m)3eT T (0) = /Sn( )(: —r =1 —r+ 1){zN)’du < 0.
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Thus, the n-dimensional round sphere X : S™(r) — R"*! is weakly unstable.
It finishes the proof. O

Remark 4.1. From Theorem[3.9 and Theorem[.3, we know the F-stability
and the weak stability are different. The F-stability is a weaker notation than
the weak stability.

Remark 4.2. Is it possible to prove that spheres S™(r) with r < Zlyldin V21H"

or p > 1y ltdn VQIH" are the only weak stable compact \-hypersurfaces?

5. Properness and polynomial area growth for
A-hypersurfaces

For n-dimensional complete and non-compact Riemannian manifolds with
nonnegative Ricci curvature, the well-known theorem of Bishop and Gromov
says that geodesic balls have at most polynomial area growth:

Area(B;(xg)) < Cr™.

For n-dimensional complete and non-compact gradient shrinking Ricci soli-
ton, Cao and Zhou [I] have proved geodesic balls have at most polynomial
area growth. For self-shrinkers, Ding and Xin [7] proved that any complete
non-compact properly immersed self-shrinker in the Euclidean space has
polynomial area growth. X. Cheng and Zhou [5] showed that any complete
immersed self-shrinker with polynomial area growth in the Euclidean space
is proper. Hence any complete immersed self-shrinker is proper if and only
if it has polynomial area growth.

It is our purposes in this section to study the area growth for A-
hypersurfaces. First of all, we study the equivalence of properness and
polynomial area growth for A-hypersurfaces. If X : M — R"*! is an n-
dimensional hypersurface in R"*!, we say M has polynomial area growth if
there exist constant C' and d such that for all » > 1,

(5.1) Avea(B,(0) N X (M)) = / dp < Cr,
B,.(0)NX (M)

where B,(0) is a round ball in R"*! with radius 7 and centered at the origin.

Theorem 5.1. Let X : M — R™" be a complete and non-compact prop-
erly immersed A-hypersurface in the Euclidean space R" L. Then, there is a
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positive constant C' such that for r > 1,

inf H2 H2

(5.2)  Area(B.(0) N X(M)) = / dy < QS
BLO)NX (M)

where 8 = Yinf(\ — H)?.

Proof. Since X : M — R™*! is a complete and non-compact properly im-
mersed A\-hypersurface in the Euclidean space R"!, we have

(X,N)+H =\
Defining f = =, we have

XXX

>3 fINIP =" - = = A
(5-4) Af = %(n+H<N,X>)
= %(n+)\<N X) — (N, X)?)

1 A2 H?

§”+Z—*—f+\vf|2
Hence, we obtain
(5.5) V(- B < (f - B),

2 . 2

(66 AU-H -G -BP+(-f <

Since the immersion X is proper, we know that E: f — B is proper. Ap-
plying Theorem 2.1 of X. Cheng and Zhou [3] to f = f — 8 with k = (§ +
)‘zz - B - %), we obtain

fH2

(5.7)  Area(B.(0) N X(M)) = / dj < Ot -2t
B, (0)NX (M)

where 8 = 1inf(A — H)? and C is a constant. O

Remark 5.1. The estimate in Theorem[5.1] is the best possible because the
cylinders S*(rg) x R"™F satisfy the equality.
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Remark 5.2. By making use of the same assertions as in X. Cheng and
Zhou [5] for self-shrinkers, we can prove the weighted area of a complete and
non-compact properly immersed \-hypersurface in the Euclidean space R™H1
1 bounded.

By making use of to the same assertions as in X. Cheng and Zhou [5]
for self-shrinkers, we can prove the following theorem. We will leave it for
readers.

Theorem 5.2. If X : M — R"! is an n-dimensional complete immersed
\-hypersurface with polynomial area growth, then X : M — R™ 1 is proper.

6. A lower bound growth of the area for A-hypersurfaces

For n-dimensional complete and non-compact Riemannian manifolds with
nonnegative Ricci curvature, the well-known theorem of Calabi and Yau says
that geodesic balls have at least linear area growth:

Area(B;(xg)) > C'r.

Cao and Zhu [2] have proved that n-dimensional complete and non-compact
gradient shrinking Ricci soliton must have infinite volume. Furthermore,
Munteanu and Wang [I2] have proved that areas of geodesic balls for n-
dimensional complete and non-compact gradient shrinking Ricci soliton has
at least linear growth. For self-shrinkers, Li and Wei [I1] proved that any
complete and non-compact proper self-shrinker has at least linear area
growth.

In this section, we study the lower bound growth of the area for A-
hypersurfaces. The following lemmas play a very important role in order to
prove our results.

Lemma 6.1. Let X : M — R*! be an n-dimensional complete noncom-
pact proper A-hypersurface, then there exist constants Cy(n,\) and c(n, \)
such that for all t > Cy(n, \),

(6.1) Area(By4+1(0) N X(M)) — Area(B(0) N X (M))
Area(B:(0) N X (M))

< e(n. M) t

and

(6.2) Area(B:+1(0) N X (M)) < 2Area(B:(0) N X(M)).
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Proof. Since X : M — R™*! is a complete A\-hypersurface, one has
1
(6.3) 5A|X;2 =n+H(N,X)=n+H\— H%

Integrating (6.3) over B,(0) N X (M), we obtain

(6.4) nArea(B,(0) N X(M)) +/ HX\dp —/ H%dp
B, (0)NX (M) B, (0)NX (M)
1
2/ A|X’ dp
1 / 59 Vp
= VIX|* =—do
T2 0)NX (M) XT Vol
= / | X7T|do
0)NX (M))
X - (- 1)
= do
/ M) |XT|
: A—H)?
= r(Area(B,(0) N X(M))) — / %da,
aB.(0)nx () X1
where p(z) = |X(z)|, Vp = ‘XTT| Here we used, from the co-area formula,

(6.5) (Area(B,(0) N X (M))) = /6 s ‘XlT’

Hence, we obtain

(6.6)  (n+ /\Z)Area(Br(O) N X(M)) — r(Area(B,(0) N X (M)))’

2
:/ (H—)\)Zdu—/ Mda,
B, (0)NX (M) 2 aB.(0)nx () | X1

From (6.5)), (H — A)? = (N, X)? < |X|* = r? on (B,(0) N X (M)) and (6.6),

we conclude

— i 2 n )\72 rea
on a3 S (4 ) Asea(B(0) 1 X (1),
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Furthermore, we have

(6.8) / (H — \)%du < / 2[(H - ) + =]du
B, (0)NX (M) B.(0)NX (M) 2 4

< (2n 4 M) Area(B,(0) N X (M)),

2
(6.9) / H2dp < / 2[(H — é)2 + )\—]du
B, (0)NX (M) B,(0)NX (M) 2 4

< (2n 4 A*)Area(B,(0) N X (M)).
implies that

(6.10) (r~"%F Area(B,(0) N X (M)))’

’

_ 1 <r(Area(Br(0) NX(M)))

2
—(n+ %)Area(Br(O) N X(M))>
A2 Md

122
=7 1 o
aB.onx ) X7

el / (H — i)2al,u.
B, (0)NX (M) 2

Integrating (6.10) from r5 to r; (r1 > 72), one has

(6.11) 7{”7§Area(Br1 0)NX(M)) - 7’27717§Area(Br2 0)NX(M))

2
_p—2—2%

=" (H = \)du
B, (0)NX(M)

2
—n—2—22

—ry T (H — \)dp
By, (0)NX (M)

2 Ty \2
+(n+2+ )\—) / s (H — \)*du)ds
rs B.(0)NX (M)

e (H — 2)2dp)ds
ro B.(0)NX (M) 2

2 2
—n—2—2- —n—2—2-

< (7‘1 Tty e )/ (H — \)%dp.
B, (0)NX (M)
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Here we used

! )2
</ (H — )\)zdu) = r/ 7(H T)\) do
B, (0)NX (M) aB.(0)nx (M) X'

and Area(B,(0) N X (M)) is non-decreasing in r from (/6.5)). Combining (6.11])
with , we have

Area(B,, (0) N X(M))  Area(B,(0) N X(M))

1 T2
1 1
2
< (2n+ M)( ey + s )Area(B,,(0) N X (M)).

T 2

Putting ry =t+1, 7o =1 > 0, we get

n 2 n-&-%
(6.13) <1 _ 20 +;+)2(i+ D )Area(BtH(O) A X (M)

t+1
t

< Area(By(0) N X (M))(——=)"t"

For t sufficiently large, one has, from ([6.13)),

(6.14)  Area(By.1(0) N X (M)) — Area(B,(0) N X (M))

1 C(t +1)2+3°4
< Area(Bt(O) N X(M)) <(1 + Z)” -1+ Tt )
where C is constant only depended on n, A. Therefore, there exists some
constant C1(n, A) such that for all ¢ > Ci(n, \),

(6.15) Area(B;4+1(0) N X (M)) — Area(B:(0) N X (M))
< cn, )\)Area(Bt(Ot) N X(M)),
(6.16) Area(Bi4+1(0) N X(M)) < 2Area(By(0) N X (M)),

where c¢(n,\) depends only on n and A. This completes the proof of
Lemma [6.11 O

The following Logarithmic Sobolev inequality for hypersurfaces in Eu-
clidean space is due to Ecker [§],
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Lemma 6.2. Let X : M — R be an n-dimensional hypersurface with
measure du. Then the following inequality

(.17 /M fz(ln fz)e_ ‘X;Q dp — /M fze_ﬁd,u ln(/M f26_ le‘Z dp)

x|2 1 x|2
<2 [ O Edu g [ 4 WP
M 2 u
+Ci(n) / e
M

618 [ Ponfau= [ Fan] i
1
<2 [ (ViPdpg [ HEPdusCown) [P

hold for any monnegative function f for which all integrals are well-defined
and finite, where C1(n) and Cy(n) are positive constants depending on n.

Corollary 6.1. For an n-dimensional \-hypersurface X : M — R 1 we
have the following inequality

(6.19) / P e dp < / Ve S dpt Ly(n) + 12
M M 2 4

for any nonnegative function f which satisfies

(6.20) / P S du=1.
M

Lemma 6.3. ([I1]) Let X : M — R™™! be a complete properly immersed
hypersurface. For any vo € M, r < 1, if |H| < € in B.(X(x0)) N X (M) for
some constant C' > 0. Then

(6.21) Area( B (X (z9)) N X(M)) > kr",

where k = wpe ©.

Lemma 6.4. If X : M — R"" is an n-dimensional complete and non-
compact proper \-hypersurface, then it has infinite area.
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Proof. Let
Ok, ko) = {w € M : 2973 < p(x) < 273},

A(kl, k:g) = Area(X(Q(kl, kz))),

where p(z) =|X(x)|. Since X :M — R""! is a complete and non-
compact proper immersion, X (M) can not be contained in a compact Eu-
clidean ball. Then, for k large enough, Q(k,k + 1) contains at least 221
disjoint balls

Bu(z))={z € M:py(x) <2 3r}, z;€ M, r=27"

where pg, () = | X () — X (z;)|. Since, in Q(k, k+ 1),

(6.22) [H| < [H = X + Al = [(X, N)[ + Al
2
<X+ 2 25VE 4 ) < 2N
r
by using of Lemma [6.3] we get
(6.23) Ak, b+ 1) > g 22k 1k

with k1 = wne_(‘/i‘*")“)T%Q*%.
Claim: If Area(X(M)) < oo, then, for every € > 0, there exists a large
constant kg > 0 such that,

(6.24) Ak, ko) <e and  A(ky, ko) < 2" A(ky + 2, ke — 2),
if ko > k1 > ko.

In fact, we may choose K > 0 sufficiently large such that k; ~ %, ko =
%. Assume (6.24)) does not hold, that is,

A(ky, ko) > 2" A(ky + 2, ko — 2).

If
Ak + 2, ko — 2) < 2% A(ky + 4, ky — 4),

then we complete the proof of the claim. Otherwise, we can repeat the
procedure for j times, we have

A(ky, ko) > 28 A(ky + 2§, ko — 27).
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When j =~ %, we have from ([6.23))
Area(X (M)) > A(ky, ko) > 2" A(K, K +1) > k22571,

Thus, (6.24) must hold for some ks > k; because Area(M) < oco. Hence for
any € > 0, we can choose k1 and kg ~ 3k; such that (6.24) holds.
We define a smooth cut-off function () by

1, 2kts <t <ok3 :
6.25 t) = ’ -, L 0<Y(t) <1, t)] < 1.
(6.25) () { 0, outside [2F172,2F73], S W@l

Moreover, ¥(t) can be defined in such a way that

(6.26) 0< 9 (t) < 2;% te[2hi=3 olt3),
(6.27) 2 <yt <0, te[2ki ok3),

k23

for some positive constants ¢; and co.

Letting
1x2
(6.28) fla) = e (p(@)),
we choose the constant L satisfying
_1x?
(6.29) 1= [ peSFau=et [ )i
M Q(kq,k2)

We obtain from Corollary tint > —% for 0<t<1, |[Vp|<1 and
Y (p(x)) <0 in Q(k; + 2, ko) that

1 1 X2
(6.30) 5Cl(n) + 1)\2 > / 2L (L + |4| + Ine)dp
Qb ka)
, xT
—/ L' Vp + v Pdu
Q1 k2) 2
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2
Z/ €2L1/)2(L—|— ’X’ +ln¢)du

(k1,k2) 4

2

S~

, 1
AP [ PP
(k1,k2) Q(ky,k2)

or o | XTI
e dp
/Q(kl,k2) | X

S R e
Q(kl,kQ) Q 17}92)
1

-3 2Ly | X |dy
Q(k1,k1+2)

1
> L (5 + e Alkr, k) — 216 Ak by +2).

N

Therefore, it follows from (6.24) that
1 Lo 1 2Lo4n
(6.31) 501(71) + 1)\ >L— (% + 14 2¢1)e* 2" A(ky + 2,ky — 2)

1
> L= (5 +1+ 201)€2L24”/ ¥ (p(x))dp
€ Q(ky,k2)

1
=L—(5 +1+ 2¢1)2%m,

On the other hand, we have, from ([6.24) and definition of f(z),
(6.32) 1< e?le

Letting € > 0 sufficiently small, then L can be arbitrary large, which con-
tradicts (6.31). Hence, M has infinite area. O

Theorem 6.1. Let X : M — R™! be an n-dimensional complete proper
A-hypersurface. Then, for any p € M, there exists a constant C' > 0 such
that

Area(B, (X (z9)) N X (M)) > C'r,

for all r > 1.

Proof. We can choose 19 > 0 such that Area(B,(0) N X(M)) > 0 for r > ry.
It is sufficient to prove there exists a constant C' > 0 such that

(6.33) Area(B,(0) N X(M)) > Cr
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holds for all r» > rg. In fact, if (6.33]) holds, then for any zo € M and r >
[ X (zo)l,

(6.34) B(X(20)) 2O Br—|x(20)|(0),
and

(6.35) Area(B,(X(xz0))NX(M)) > Area(Br,‘X(xo)‘(O) NX(M)) >

T,

| Q

for r > 2| X (z0)].
We next prove (6.33]) by contradiction. Assume for any ¢ > 0, there exists
r > ro such that

(6.36) Area(B,(0) N X (M)) <er.
Without loss of generality, we assume r € N and consider a set:

D :={k e N: Area(B:(0) N X (M)) < 2¢t
for any integer t satisfying r <t < k}.

Next, we will show that k € D for any integer k satisfying k > r. For t > rg,
we define a function u by

(6.37)
t+2—p(x), in Biy2(0) N X (M) \ Bi+1(0) N X (M),
u(z) = 1, in Bi+1(0) N X(M)\ B(0) N X (M),
ple)— (t—1), in By(0) N X(M)\ Bi1(0) N X (M),
0, otherwise.

Using Lemma |Vp| <1andtlnt > —é for 0 <t <1, we have
(6.38)
1
-3 / w?dpIn{ (Area(B;12(0) N X (M)) — Area(B;—1(0) N X (M))) }
M

< Cy <Area(Bt+2(O) NX(M)) — Area(B;—1(0) N X(M))>

41 (/ H%dy — / H2dp>,
A\JB i 0)nx (M) B,—1(0)NX (M)

where Cy = 1+ o + $Ca(n), Ca(n) is the constant of Lemma
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For all ¢t > C1(n,\) + 1, we have from Lemma

(6.39) Area(By2(0) N X (M)) — Area(B;—1(0) N X(M))
< c(n,\) (Area(BtH(O) NX(M))

t+1
N Area(B; (O) NX(M)) Area(Bt 1(0)N X(M))>

t—1
1

_l’_

t
Area (0
t Y

1
TN )>Area(Bt(0) NX(M))

+
)

< 02 (7’L, )‘)

where Ca(n, ) is constant depended only on n and A. Note that we can
assume r > C1(n, \) + 1 for the r satisfying . In fact, if for any given
€ > 0, all the r which satisfies is bounded above by C1(n, ) + 1, then
Area(B,(0) N X(M)) > Cr holds for any r > Ci(n,\) + 1. Thus, we know
that M has at least linear area growth. Hence, for any k € D and any ¢
satisfying r <t < k, we have

(6.40)  Area(B2(0) N X (M)) — Area(B;—1(0) N X (M)) < 2C3(n, A)e.
Since

(6.41) /M w?dp > Area(By11(0) N X (M)) — Area(B;(0) N X (M)),

holds, if we choose ¢ such that 2Ca(n, \)e < 1, from (6.38)), we obtain

(6.42) (Area(B;11(0) N X (M)) — Area(B;(0) N X (M)))In(2C3(n, N)e)~*
< 2CH <Area(Bt+2(O) NX(M))— Area(B;—1(0) N X(M)))

s L)
2 \JB, s(0)nX (M) —1(0)NX (M)
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Iterating from ¢t =r to t = k and taking summation on ¢, we infer, from

Lemma and the equation that

(6.43) (Area(Bj.1(0) N X (M)) — Area(B,(0) N X (M)))In(2C3(n, N)e)~*
3

2 JBisa(0)nX (M)

< [600 + g(Qn + A2)] Area(By42(0) N X (M))

< 6CoArea(By2(0) N X (M)) + H%dp

<2 [600 + g(Qn + /\2)] Area(By41(0) N X (M)).

Hence, we get

(6.44) Area(Byy1(0) N X(M))
< In(2C3(n, \)e)~!
- 111(202(71, /\)5) 1 12Cy — 3(2n + )\2)
In(2Cs(n, A)e) ™

¢ Area(B,(0) N X (M)
= n(2Ca(n, o) L — 12Co — 3(2n + 22)

ET.

We can choose € small enough such that

1n(2C5(n, A)e)~! .

(6.45) In(2C5(n, A)e)~1 — 12Cy — 3(2n + A2) =

Therefore, it follows from (6.44)) that
(6.46) Area(By11(0) N X(M)) < 2er,

for any k € D. Since k + 1 > r, we have, from (6.46|) and the definition of D,
that £ 4+ 1 € D. Thus, by induction, we know that D contains all of integers
k> r and

(6.47) Area(By(0) N X (M)) < 2er,

for any integer k > r. This implies that M has finite volume, which con-
tradicts with Lemma [6.4 Hence, there exist constants C' and r¢ such that
Area(B,(0) N X(M)) > Cr for r > r¢. It completes the proof of Theorem|6.1

O

Remark 6.1. The estimate in our theorem is the best possible because the
cylinders S"1(rg) x R satisfy the equality.
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