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Gradient steady Kahler Ricci solitons
with non-negative Ricci curvature and
integrable scalar curvature

PAK-YEUNG CHAN

We study the non Ricci flat gradient steady Ké&hler Ricci soliton
with non-negative Ricci curvature and weak integrability condi-
tion of the scalar curvature S, namely lim, , r~! [ g, o =0, and
show that it is a quotient of ¥ x C*~1=F x N* where ¥ and N de-
note the Hamilton’s cigar soliton and some compact Kéhler Ricci
flat manifold respectively. As an application, we prove that any
non Ricci flat gradient steady Kéhler Ricci soliton with Ric > 0,
together with subquadratic volume growth or limsup,_,. rS <1
must have universal covering space isometric to ¥ x C*~1=F x N¥.

1. Introduction

Let (M™,g) be a real m dimensional Riemannian manifold and X be a
smooth vector field on M, the triple (M, g, X) is said to be a Ricci soliton
if there is a constant A such that the following equation is satisfied

1
(1) Ric + §LXg = Mg,

where Ric and Lx denote the Ricci curvature and Lie derivative with respect
to X respectively. A Ricci soliton is called shrinking (steady, expanding) if
A>0 (=0,<0). It is said to be gradient if X can be chosen such that
X = Vf for some smooth function f on M. The soliton is called complete
if (M, g) is complete as a Riemannian manifold.

Ricci soliton is a self similar solution of the Ricci flow and often arises
as a blow up limit of the Ricci flow near its singularities. It is closely related
to the singularities models of the Ricci flow introduced by Hamilton [22].
The classification of Ricci soliton would give us a better understanding on
the singularities formation of the Ricci flow.
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Ricci solitons can also be viewed as an extension of the Einstein metric
Ric = Ag. Bakry and Emery first introduced the Bakry Emery Ricci cur-
vature Ricy := Ric+ V2f in [I]. The Bakry Emery Ricci curvature is one
of the most important geometric quantities in the theory of smooth metric
measure spaces and appears in other branches of mathematics like probabil-
ity (see [29]). Together with the fact that Ly ;g = 2V2f, the gradient Ricci
solitons equation can be rewritten as

(2) Ric; = Ric+ V?f = Ag,

which is a natural generalization of the Einstein metric.

In [18], Deruelle proved that any complete non-flat gradient steady Ricci
soliton with non-negative sectional curvature and scalar curvature S €
LY(M, g) is isometric to a quotient of ¥ x R™~2 where ¥ denotes the Hamil-
ton’s cigar soliton. Later Catino-Mastrolia-Monticelli [I0] weakened the in-
tegrability condition of S to

(3) lim inf 1/ S =0,
Br(Po)

r—oo T

for some py € M (see also [30] by Munteanu-Sung-Wang for a different
proof). Since S >0 (see Section 2), It is clear that the above condition
is true independent on the base point pg, i.e. holds for some py in M if
and only if it holds for all py in M.

Theorem 1. [18], [10], [30] Let (M, g, f) be a real m dimensional non-flat
complete gradient steady Ricci soliton with non-negative sectional curvature.
Suppose in addition that the scalar curvature S satisfies (@, then the univer-
sal cover of (M, g) is isometric to ¥ x R™~2 where . denotes the Hamilton’s
ctgar soliton.

Remark 1. It is not difficult to see from the proof of Theorem [I| that Any
non-flat gradient steady Kahler Ricci soliton with non-negative bisectional
curvature and S satisfying is a quotient of 3 x C"~ L.

It was shown by Hamilton [22], Ivey [24] and Chen [I3] that any real 3
dimensional complete gradient shrinking or steady Ricci soliton must have
non-negative sectional curvature. However, this significant feature doesn’t
hold true for higher dimensions, Feldman, Ilmanen and Knopf [19] con-
structed some shrinkers with Ricci curvature being negative in some direc-
tions (see also [5] by Cao who constructed a steadier on anticanonical line
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bundle on CP" which doesn’t have non-negative bisectional curvature). It
is natural to ask whether we can classify steady Ricci soliton under weaker
curvature condition. Deng and Zhu [I5] showed that any complete Ricci
non-negative gradient steady Kahler Ricci soliton with average of scalar
curvature over large ball decaying faster than linear rate must be Ricci flat.
It would be interesting to know more about the Kahler steadier with non-
negative Ricci curvature. In [I8], Deruelle proved the following local splitting
theorem:

Theorem 2. [18] Let (M, g, f) be a real m dimensional complete gradient
steady Ricci soliton with Ric > 0 and S > 0. Suppose the following conditions
are satisfied:

1) S is integrable, i.e. S € L*(M, g);
2) [Rm| — 0 asr — oo;
3) [VFI?S > 2Ric(V £,V f),

then M \ A is locally isometric to ¥ x R™~2 where A := {Vf = 0} and
> is the Hamilton’s cigar soliton.

Remark 2. Condition 3 in the above theorem is automatic if (M, g, f) is
a gradient Kahler Ricci soliton with Ric > 0.

We shall generalize Theorem |1} and Theorem [2| under the Kéahler condi-
tion. Here is the main result of this paper:

Theorem 3. Let (M,g, f) be a complex n dimensional complete non Ricci
flat gradient steady Kdhler Ricci soliton with Ric > 0 and n > 2. Suppose
the scalar curvature S satisfies (@, i.e.

1
liminf/ S =0,
r=oo T Jp

then it is isometric to a quotient of ¥ x C* 1% x N* where ¥ and N de-
note the Hamilton’s cigar soliton and some simply connected compact Kdhler
Ricci flat manifold of complex dimension k respectively.

The result is no longer true if one allows lim infr_mo% f 5. 5 >0. In-
deed, let X9 be the positively curved U(2) invariant soliton on C? con-
structed by Cao [5] and T"~2 be any flat Tori of complex dimension n — 2.
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liminf, % f B. S > 0 for 9 x T2 but its universal cover is not isometric
to X x CP 1=k x NF,

One difficulty we encounter is that in real dimension m > 4, the strong
maximum principle for the Ricci tensor of Hamilton [20], Cao [6] and the
splitting theorem of soliton by Guan, Lu and Xu [23] are not available in the
absence of non-negative sectional or bisectional curvature condition. More-
over, the classical Cheeger Gromoll splitting theorem ([I2] and [28]) cannot
be applied directly as the soliton under consideration has no line. Thanks
to the observation by Deruelle in [I8], in order to split the manifold, one
suffices to show that V f is an eigenvector of the Ricci tensor. Motivated by
the arguments in [I0] and [30], we will prove this by an integration by part
argument.

In view of Theorem |1} one may ask when C*~1=% x NF is flat, i.e. k = 0.
Under the assumptions of the previous theorem, we give a necessary and
sufficient condition for the flatness of C*~1=% x N,

Corollary 1. Let (M", g, f) be a complezx n dimensional complete non Ricci
flat gradient steady Kahler Ricci soliton with Ric > 0 and n > 2. Suppose

that
1
liminf/ S =0.
r—oo T BT

For n=2, it is isometric to a quotient of > x C. Forn > 3, M is isometric
to a quotient of ¥ x C*~1 if and only if |[Rm| — 0 as r — oco.

The integrability condition is closely related to the volume growth of
the manifold. Indeed, it was shown in [18] (see also [10]) that for a complete
gradient steady Ricci soliton with Ric > 0 and scaling convention , the
scalar curvature S must satisfy

1 m
@) VB0) /BT@) 5=

for all » > 0 and p € M™. With the above inequality, Catino, Mastrolia and
Monticelli [I0] showed that any non-flat complete gradient steady Ricci soli-
ton with non-negative sectional curvature and subquadratic volume growth
is a quotient of ¥ x R™~2. Motivated by their result, we prove an analog in
the Kahler case with Ric > 0 using Theorem

Corollary 2. Let (M", g, f) be a complex n dimensional complete non Ricci
flat gradient steady Kdhler Ricci soliton with Ric > 0. Suppose the volume of
geodesic ball is of subquadratic growth, i.e. V(B,) = o(r?), then the universal
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covering space of M is isometric to ¥ x C" =% x N* where N is a simply
connected compact Kahler Ricci flat manifold of complex dimension k.

Recently, there have been lots of researches about the classification of
Ricci solitons according to the decay rate of the scalar curvature. For ex-
ample, Brendle [3] showed that any real 3 dimensional complete non-flat
and non-collapsed gradient steady Ricci soliton is the Bryant soliton (see
also []). Deng and Zhu [16],[17] later generalized Brendle’s result and clas-
sified real 3 dimensional complete gradient Ricci steadier under S < Cr—1.
Munteanu, Sung and Wang [30] proved that any real m dimensional non-
flat gradient steadier with non-negative sectional curvature and decay rate
of the scalar curvature faster than linear rate is isometric to a quotient of
¥ x R™~2, Lately, Deng and Zhu [17] generalized the result in [30]:

Theorem 4. [17] Let (M, g, f) be a real m dimensional complete non-flat
gradient steady Ricci soliton with non-negative sectional curvature and the
scaling convention (@ There exists a constant € = e(m) > 0 depending only
on m such that if S satisfies

rS <e

near infinity, then the universal covering space of M is isometric to X X
R™—2,

Using a result by Catino, Mastrolia and Monticelli [10] and Corollary
we can have a sharp dimension free bound for the ¢ in Theorem

Theorem 5. Let (M, g, f) be a real m dimensional complete non-flat gradi-
ent steady Ricci soliton with non-negative sectional curvature and the scaling
convention @ In addition, we assume that

limsuprS < 1.

r—00

Then M is isometric to a quotient of ¥ x R™™2 and limsuprS = 0.
r—00

Theorem 6. Let (M,g, f) be a complex n dimensional complete non-Ricci
flat gradient steady Kdhler Ricci soliton with non-negative Ricci curvature
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and the scaling convention (@ In addition, we assume that

limsuprS < 1.

r—00

Then M s isometric to a quotient of ¥ x C*~17% x N* gnd limsuprS = 0,
r—>00
where N is a simply connected compact Kdahler Ricci flat manifold.

If one allows limsup,_,,, S < 1, then both Theorems [5] and [6] will not
be true. The counter example for the real case is the 3 dimensional Bryant
soliton and for the Kéhler case is the positively curved U(2) invariant exam-
ple constructed by Cao on C? [5], both satisfy lim, ,o, 7S = 1 but they are
not the quotient of ¥ x R or ¥ x C. Higher dimensional counter examples
can be obtained by taking product with flat torus of suitable dimensions.

The paper is organized as follows. In Section 2, we introduce the ba-
sic preliminaries needed in the subsequent sections. In Section 3, we prove
Theorem [3| assuming a proposition in Section 4. In Section 4, we study the
geometry of ¥ x N (N is complete Ricci flat) with quotient satisfying
and prove a proposition needed in the previous section. Lastly, we show
Theorems [B] and [ in Section 5.
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agement. The author is also grateful to Prof. Huai-Dong Cao, Prof. Ovidiu
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over the last several years. Part of this work was written while the author
was visiting Yau Mathematical Sciences Center of Tsinghua University. He
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2. preliminaries and notations

Let (M, g) be a connected smooth Riemannian manifold and f be a smooth
function on M. (M, g, f) is said to be a gradient steady Ricci soliton with
potential function f if

(5) Ric 4+ V2f = 0.

A Kahler manifold (M, g, J) is a gradient steady Kahler Ricci soliton if M
satisfies for some smooth function f and complex structure J on M
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(see [14]). A steady soliton is complete if (M, g) is a complete Riemannian
manifold. We fix a point pg € M and denote the distance function w.r.t. g
from pg by r = r(x) = d(x,po). A normalized geodesic v : R — M is called a
line if for all real numbers a and b with a < b, ~ ][a’b] is distance minimizing.
Given any Riemannian manifold (]v ,95), Sy refers to the scalar curvature
of N w.r.t. g5 - For simplicity, we omit the subscript N in S5 when N=M
and g5 = g. Let 8 € R and h be any function on M, h = o(r?) means that
lim, 00 7 ?h = 0. We also adopt the Einstein summation convention in this
paper, i.e. any repeated index is interpreted as a sum over that index.

Ricci soliton is a self similar solution to the Ricci flow. Given a complete
gradient steady Ricci soliton, let g(t) := ¢} g, where t € R and ¢, is the flow
of Vf with @9 = id. Then ¢(t) is a solution to the Ricci flow:
. D amic(o(n)

9(0) =g

It was shown by Chen [I3] that any complete ancient solution to the
Ricci flow must have nonnegative scalar curvature. Using strong maximum
principle, we see that any complete gradient steady Ricci soliton must have
positive scalar curvature S > 0 unless it is Ricci flat (see also [32]). It is also
known that any compact steady Ricci soliton is Ricci flat [I4] and hence any
non Ricci flat complete gradient steady Ricci soliton is non-compact.

Hamilton [22] showed that for a complete gradient steady Ricci soliton,
there exists a constant ¢ such that |V f|> + S =con M (¢ > 0 since S > 0).
When ¢ > 0 (in particular if ¢ is not Ricci flat), upon scaling the metric by
a constant, we have

(7) IVf?4+S=1.

We shall adopt the above scaling convention throughout this paper. The
following identities are well known for gradient Ricci steadier (see [22], [14],

[7):

(8) Af+S=0,
(9) AS — (Vf,VS) = —2[Ric|?
and

(10) 9MRic(Vf) = VS.
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The earliest non-Einstein gradient Ricci soliton > was constructed by
Hamilton in [2I]. It is called cigar soliton and is a real 2 dimensional com-
plete gradient steady soliton defined on R?. ¥ is rotationally symmetric with
positive sectional curvature. In the standard coordinate of R?, its metric is
given by (see [7])

4(dz?* + dy?)
9x = 2 .20
1+z+y

together with the function f(z,y) = —log(1+ 22 + y?) and the complex
structure on C, (X, gx, f) is a complete gradient steady Kéahler Ricci soli-
ton. It is also the unique (up to scaling) real 2 dimensional non-flat complete
gradient steady Ricci soliton (see [14], [2] and ref. therein). See [7] and [14]
for more properties of ¥ and examples of Ricci solitons.

It was shown in [§] and [9] (see also [18]) that for a complete gradient
steady Ricci soliton with Ric > 0 and S attaining maximum ( or Ric >0
with limsup,_, S < maxjs S), then there exist a € (0,1) and D > 0 such
that

r+D>—f>ar—D on M.

We first prove a similar bound for f under different conditions which suffice
for the arguments in later sections. Similar estimate was also obtained in-
dependently by Deng and Zhu [I7] without non Ricci flat condition, instead
Ric > 0 on M and —f being equivalent to r are assumed.

Proposition 1. Let (M, g, f) be a real m dimensional complete non-Ricci
flat gradient steady Ricci soliton with Ric > 0 outside some compact subset
of M. Further suppose that S — 0 as r — oco. Then for all a € (0,1), there
exists D > 0 such that

(11) r+D>—f>ar—D on M,

where r is the distance function from a fized reference point pg € M. In
particular, lim L =1.
r—oo T

Proof. The upper bound of — f follows from (7)) and |V f| < 1. For the lower
bound, let § be a small positive constant to be chosen. Since |[Vf|? + S =1
and S — 0 at infinity, there is a compact subset K of M such that pg € K
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and on M \ K, Ric > 0 and

1
(12) Vfl > 1535

Let 14 be the flow of vviffp with 19 be the identity map. Let ¢ € M \ K and
for small t > 0, by ,

(13) d(W(g). q) < / L __gs< o

o IVFI(4s(q))

By short time existence of O.D.E., ¥1(q) exists as long as it is in M \ K.
Therefore we can define T as follows

(14) T :=sup{a:Y(q) € M\ K for all t € [0, a]}.

Obviously, T'= T'(¢q) > 0 by compactness of K. For 0 <t < T

t
0

(15) (@) — 1) = / (V£ 4b(g))ds = / lds = 1.

We first show that T' < oo. Suppose not, then T' = oo and by , there is
a sequence of t; — oo such that vy, (¢) — oo as k — co. But by

S (9)) — 5(q) = /0 (VS d(q))ds

[ s, ),
= [ s Mg

_ /tk 2Ric(Vf,Vf)
0

d
M

> 0.

Hence S(¢r, (q)) > S(¢g) > 0 and limy_,~ S(¢¢,(q)) # 0, contradicting to our
assumption that S = o(1). We proved that T' < oo and ¢r(q) € K. By (13),
d(¥r(q),q) < (1+0)T.

r(q) = d(po, q) < d(¥r(q),q) + d(Wr(q), po) < (1+6)T + diamK,
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where diamK is the diameter of the subset K. We have

—flq) =T — f(¥r(q))
>T — sup | f]

1 diamK

> _ - _
ST L e

—sup|[f].
K

follows by choosing § > 0 small enough such that %—F& >a. —rtf =51
as r — 00 is now a consequence of . [l

3. Proof of theorem [3

To start with, we recall a result on the kernel of the Ricci tensor of steady
soliton satisfying . It was proved in [30] in the real case with non-negative
sectional curvature. However, the argument also works well in the Kéahler
case with non-negative Ricci curvature. For the sake of completeness, we
include the proof of the result here.

Proposition 2. [30] Let (M,g, f) be a complex n dimensional complete
non Ricci flat gradient steady Kdhler Ricci soliton with Ric > 0. Suppose

that
liminfl/ S =0.
r—>00 T B'r

Then S? = 2|Ric|? and the null space E of the Ricci tensor is a subbundle
of the tangent bundle T M with real rank 2n — 2.

Proof. The argument is essentially due to [30]. Let \;,i =1,2,...,2n be
the eigenvalues of the Ricci tensor. By J invariance of Ric, we may assume
)\i:)\n+i7i: 1,2,...,n and0§ )\1 S )\2 S S)\n Hence

S—=2\=8—-2\+;
2n
= (D M)~
i
2n
= (D N) = Aawi

JF

2n
= > A=

JFin+ti
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From this, we know that
2n 2n
2Ric* =) "2)7 <) N8 =57,
j=1 j=1

with equality holds at a point p iff A\, = Ao, = % at p iff the dimension of
the null space of Ric at p is 2n — 2. We are going to show 2|Ric|? = 5% on M.
Let ¢ be a non-negative cut off function which =1 on Bg(po), = 0 outside
Bagr(po) and |[Ve| < 5. We know that by the contracted second Bianchi
identity 2div(Ric) = V.S,

0< [ s~ 2lRicP)
M

:/ ©*(—SAf + 2R;; i)
M

:/ (VS Vf) — 2Ri; 1 f3)
M

+/ 208(Vp, V) —/ 4pR;; fip;
M M

<L S.
R By (po)
By condition , one can pick a sequence of Ry — oo such that R.H.S. goes
to zero as k — 0o, we show that S? = 2|Ric|? everywhere. It is not difficult to
see from the previous argument that Ric only has two distinct eigenvalues,
one is 0 with multiplicity 2n — 2, another one is % with multiplicity 2, result
follows. 0

Since we do not impose any condition on the sign of bisectional curvature,
the non-triviality of the kernel of the Ricci tensor doesn’t suffice for the
splitting. Motivated by the local splitting result in [I8] (see Theorem , we
show that V f is always an eigenvector of Ric which eventually leads to the
splitting of M.

Proposition 3. Let (M, g, f) be a complex n dimensional complete gradient
steady Kdhler Ricci soliton with Ric > 0. Suppose that

1
liminf/ S =0,
r=oo T Jp

then |Vf2S = 2Ric(Vf,Vf) on M. In particular if M is not Ricci flat,
then it is isometric to a quotient of X X N, where ¥ and N denote the
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cigar soliton and some simply connected complete Kdihler Ricci flat manifold
respectively.

Proof. We are done if g is Ricci flat, so we can assume Ric is not identi-
cally zero. Since Ric > 0 and the curvature tensor is J invariant, we have

IV £|2S > 2Ric(Vf,Vf). Let Q := \/f24+1>1. Then VQ = Q' fVf. Let
¢ € C°(M) be any smooth compactly supported function on M.

0< /M $Q (V28 — 2Ric(V 1,V f))
- / Q7 fifiS — / 26°Q Ry i
M M
=:(I)+ (I1)
Using integration by part, we have
()= /M 206:Q 1135 + /M SQ 1.1 1S
- / O£ — / Q1S
M M
. / 266:Q " £ 1,5 + / QL2115
M M
21—1 SQ o 21—1 7:517:7
+/M¢Q ! /Mch %
where we use the fact that Af+ S5 =0. Similarly, using VS =
2Ric(V f) and the contracted second Bianchi identity 2divRic = V.S, we see
that
(1) = / 466:Q" ffRij — / 20°Q 7 ffif iRy
M M
+ /M 262Q "V fRijif; + /M 262Q "V fRy; s
- / 266:Q1 5, - / 26°Q 5 21, R
M M
4 /M SQVL;S, /M 262Q " f[Ric]?
- / 266:Q1 5, - / 26°Q 5 f2 1, R
M M
+/M ¢2Q_1ffjsj—/M¢2Q_1f52,
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we also use the identity S? = 2|Ric|? (see [30] and Proposition [2). Hence, we
have

/M $*Q LV 28 — 2Ric(V £,V f))
. / 206:Q 11,5 + / 266:Q1£5;
M M
+ /M QP2 (fifiS — 2f:fiRiy)
. / 206:Q 11,5 + / 266:Q1£5;
M M
4 /M SQ (V28 - 2Ric(V 1,V f)).
Since Q7' — Q73 f%? = Q73, we know that
/M $*Q (V28 — 2Ric(V S, V)
. /M 266:Q 1 F 5 + /M 266:Q71 15,

Now we take 0 < ¢ <1 be a cut off function = 1 on Bg, vanishes outside
Bsg and |V¢| < 5.

2c

[ 2osa s [ Zoss
M B2r\Br
2c
< = S.
T R Jp,p\Bs
Since Ric > 0, |VS| < 2|Ric| < ¢S.

O-lra 2¢ 1
[ eoetysis [ Zainvs)

C
<3 S.
B>r\Br

All in all, there is a positive constant ¢ independent of R such that

Og/ Q- 3(|Vf2S — 2Ric(Vf, V1))
MNBgr

2
<@ s
R B:>r\Br
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Using the condition lim inf, oo & f B, S = 0, we may pick a sequence of R —
oo such that R.H.S. goes to zero as k — oo, we conclude that |V f|2S =
2Ric(V f, V f) on M. We now proceed to prove the splitting of M. By Ric > 0
and J invariance of Ric, we have for any tangent vector v with |v|, = 1,

2Ric(v,v) = Ric(v,v) + Ric(Jv, Jv) < S.

\Vf\ |V |) S, we deduce that Vf is an

Hence whenever Vf # 0, 2Ric(mak:
eigenvector with eigenvalue equal to g and thus Vf is always perpendic-

ular to the nullspace of Ric. Let E be the nullspace of Ric, it is a smooth
subbundle of the tangent bundle of real rank 2n — 2 ([30] and Proposition
. Suppose at p, Vf # 0, the tangent space at p decomposes orthogonally
as TyM = E, &, span{V f,JV f}. Let X be a smooth section of E defined
locally near p and Y be any smooth vector field defined near p, then JX is
also a smooth section of E. At p

<VYX7 Vf> = Y<X’ Vf> - <X7 vaf>
= Ric(X,Y)
= 0.

Similarly, VyJX L Vf, thus VyX(p) is in E,. If Vf =0 at p, by real
analyticity of g (see [27] and ref. therein), {Vf =0} = {S =1} has no in-
terior point in M (indeed if p is an interior point, then by (@) 0 = AS(p) —
(Vf,VS)(p) = —2|Ric|?(p), which is absurd). We may find a sequence pp —
p with V f(px) # 0,

Ric(Vy X)(p) = lim Ric(Vy X)(px) = 0.
k—o00
From this, we conclude that F is invariant under parallel translation. By de
Rham splitting theorem (see [26]) and the classification of real 2 dimensional
complete gradient steady Ricci solitons (see [14], [2] and ref. therein), the
universal cover of M splits like ¥ x N for some Kéahler Ricci flat V. [l

Proof of Theorem[3 By Proposition [3] the universal covering space of M
splits isometrically as ¥ x N for some simply connected complete Kéhler
Ricci flat N. By de Rham decomposition theorem (see [26]), N is isomet-
ric to C"17% x N; with N; being a product of irreducible Kihler Ricci
flat manifolds. It remains to show Nj is compact. By Proposition [4| (will
be proved in the coming section), R20=2-2k o Ny 2 R x Q, for some
simply connected compact Ricci flat manifold Q. Since both N1 and @Q have
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no line, we conclude that 2n — 2 — 2k =1 and N; is diffeomorphic to the
compact Q). O

4. Geometry of ¥ X N/ ~

In this section, we study the geometry of the quotient manifold M = ¥ x
N/ ~ with scalar curvature S satisfying , where > and N denote the
cigar soliton and some real m — 2 dimensional simply connected complete
(not necessarily Kahler) Ricci flat manifold respectively. The main goal of
this section is to prove the following:

Proposition 4. Let M™ =% x N/ ~, for some simply connected complete
Ricci flat manifold N. Suppose that on M

liminfl/ S =0,
r—oo 7T B,

then there exist positive constants C and « € (0,1) such that
Cle s <8< Ce™™ on M.

Moreover, N is isometric to R™27% x QF, where Q is some simply con-
nected compact Ricci flat manifold.

Remark 3. It can be seen from the above proposition that M must have
bounded curvature and S is integrable. Using an estimate in [I§], the level
sets of f (function constructed in Lemma (1) have uniformly bounded di-
ameter, hence « in the above proposition can indeed be chosen to be 1.
Alternatively, a =1 also follows from the curvature estimates in [11] and
[30].

To prepare for the proof of Proposition 4 we recall some basic properties
of ¥ (see [14]). Let 7 and f be the distance function of ¥ from its origin
and the potential function respectively. In the geodesic polar coordinate, the
metric is given by

7

gs = di* + 4tanh2(§)d92.

We also have f = f (r) = —2log coshg and the scalar curvature

1 ~
(16) > cosh?(%) ‘
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Let p: X XN — M and m: X X N — X be the Riemannian covering and
the projection into the first factor respectively. 7 o m and f o7 are functions
defined on ¥ x N. By abuse of notation, we shall not distinguish 7 o 7 from
7, f om from f, namely for all (a,b) € ¥ x N, 7o m(a,b) and f o n(a,b) will
be written as 7(a,b) and f(a,b) respectively.

Lemma 1. Let M be the manifold as in Proposition[f. There is a smooth
function f on M such that fop= f. With this f, (M,g, f) is a complete
gradient steady Ricci soliton.

Proof. Let (a,b) and (c,d) € ¥ x N such that p(a,b) = p(c,d). Since N is
Ricci flat,

Sy(a) = Syxn(a,b) = Suxn(c,d) = Sx(c).

By , we conclude that 7(a,b) = 7(a) = #(c) = 7#(¢,d) and f(a,b) =
f(c, d). f respects the quotient map p and thus induces a map f: M — R
such that fop= f . (M, g, f) is a gradient steady Ricci soliton then follows
from the facts that p is a local isometry and f is a potential function for the
steady soliton X x N. ([

Lemma 2. Let f be the function as in Lemma . The level sets ¥ = {f =
t} are connected compact embedded hypersurfaces in M for all t < 0.

Proof. 1~\Tote that 0 = max); f = maxyxn f M has Ric > 0 and thus both
f and f are concave functions with

{f=0}={Vf=0}and {f =0} ={Vf=0}.

For t <0, ¥y := {f =t} are embedded hypersurfaces and complete w.r.t.
the induced metric from (M, g). Since p~'(%;) = {f =t} is diffeomorphic
to S x N, %, is connected for all ¢ < 0. Let v, be the flow of % with g
be the identity map. Using the level set flow v, we see that ¥; = {f = t}
are diffeomorphic to each other for all t < 0. Moreover, ¢(X_2) = ¥;_o, for
t € [0,1]. Therefore, it suffices to show that ¥_5 is compact. Assume by
contradiction that ¥_o is not compact. On {f < -1} C ¥ x N, by and

(16)
IViP=1-e/>1-¢L.

Using p,Vf = Vf, there exists § > 0 such that on {f < —1}

(17) IV f] > .
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Let v € TY 5, then

0
5079(0,0) = Ui (L 51 9)(v,0)
= 2V f (10, 10|V f] 72

= —2Ric(Ypv, Yuuv)| V|72
<0.

Since the Ricci curvature of M is bounded, there is a constant C' > 0 such
that for ¢ € [0, 1]

(18) Cgo < gt < 9o

where g; := 1} g on £_4. Let B%(q) be the intrinsic ball of (X, g) with radius
R centered at ¢. It is not difficult to see that for ¢ < 0

(19) Bb(q) € %N Br(q), for g € %y,

where Bg(q) is the geodesic ball in the ambient manifold (M, g). Fix any ¢
in X_o. Let ro = 7(q0) := d(qo,p0), po € M is a fixed reference point. Hence

by for t € [0,1]
¢ 1

(20) d(¥1(q0), q0) < /0 mds < g

Next we show that for large R > 0,
(21) Br_1(4t(q0)) € BRir,(P0)-
For all z € L.H.S.

d(z,po) < d(z,%+(q0)) + d(¥(g0), q0) + d(qo, Po)

1 ¢
<R—g+g+ro

§R+T07

we proved the inclusion . To proceed, we also need the following inclu-
sion: for ¢ € [0,1]

(22) wt(B§3§ (90)) € 35;2% (¥1(q0)),

where Bl (q) is defined before 1' Let z € B;ﬁl(qo) and o C ¥_9 be an
intrinsic minimizing geodesic w.r.t (X_s,g) joininsg z and qg. The length of
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i o v is given by

where we use in the last inequality and follows. From , we see
that there is a positive constant Cj such that on {—2 < f},

(23) S > Cy.

We are going to derive a contradiction using the weak integrability con-

dition of S. By , coarea formula, (21]), (19)), ,

/ S > / s
Briry(po) Bryrg(po) {—2<f<~1}
> C'o/
Brrg (po)N{—2<f<~1}

1
1
= Co/ / ——dodt
0 BR+TO(p0)ﬂEt,2 ‘vf| !

1

Z CO/ / dO’tdt
0 By (hu(@)NEi-
1

Z Co/ / ddtdt
0 ;,2% (¥+(q0))
1

Z C()/ / thdt
0 Juu(B.? ) (@)
1

= Cy / / Vi doydt

372 1 (g0)
> C()Cl/ / dogdt
B 2 1(q0

= CoC1 A(B, ( 0))s

where we also use (|18)) in the last inequality, doy and A(B % (qo)) denote
the volume element of ¥; 5 and the volume of the intrinsic geodesm ball
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B;ﬁl(qg) in (X_o, g) respectively. One can check readily that the induced
3 ~
metric on {f = —2} is given by

4(1 — e~ 2)db? + gy,

where gy is the metric on N. {f = —2} is obviously Ricci flat. p () =
{f = —2} and thus ©_5 is covered by {f = —2}. Hence ¥ _j is also Ricci flat
(in particular Ric > 0). If ¥_5 is noncompact, then by Yau’s lower volume
estimate on noncompact manifolds with Ric > 0 (see [31] and [2§]), there
exists positive constant Cs independent on all large R such that

A(Bﬁ%(%)) > Ca(R — %)-

From this we see that for all large R

1 A(BR? 1 (@0))

S>CCh———
R+r0/BR+ro(Po) - R+ 1o
1

R—i—o

> CyC1Cy

contradicting to the weak integrability condition of S. We proved that
Y_2 and hence ¥; are compact as long as t < 0. g

Lemma 3. Let f be the function as in Lemma [ {f > —A} is compact
subset of M for all A >0

Proof. Suppose it is not true for some A, then by the completeness of M,
{f > —A} is unbounded and there exists a sequence x; — oo with f(zx) >
—A. Pick a sequence yy, with f(yr) — —o0, let 7% be a normalized minimizing
geodesic joining xj to y, then v, N¥_4_1 # ¢. By Lemma Y41 is
compact and it implies that after passing to a subsequence, 7y, converges
to a line 7. By Cheeger Gromoll splitting theorem (see [12] and [28]), M
splits isometrically as M; x R for some complete manifold M. Let («, 8) €
M x R, then Sy, xr(av, ) = S, (o) > 0. Moreover, one have for all R > 0

Bg(a,8) 2 By (a) x B (B).

V2 V2
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Then

Fren®® o
Br(o,B) B} (a)xB%, (B)

R
V2 V2

Z\@R/ S,

B (o)

V2

Z \/iR/ SM17

B"!(a)

V2

again contradicting to the integrability condition of S. O
Lemma 4. S decays exponentially.

Proof. We first show that S — 0 at infinity. Let z, € M — oo as k — oo,
(ak,bx) € ¥ x N such that p(ag, bx) = zx. Then 7 := 7(ag, by,) — oo, where
7(ag,br) is understood as 7o m(ag,by) = (ax) as in the discussion right
before Lemma [I} Otherwise, it is bounded for some subsequence k;, then
f(xkj):f(akj,bkj) = —2log cosh(%j) is bounded, by Lemma ry, has con-
vergent subsequence, which is impossible. Hence 7, := 7(ag, by) — oo. Then
by (16), S(zx) = 1/ cosh?(Z) — 0 as k — co. We deduce that lim,_, S = 0.
By Proposition |1| (see also [9]), there exist « € (0,1) and D > 0 such that,

(24) r(x)+ D> —f(x) > ar(x)— D on M
and
(25) #(a) + D > —f(a) > af(a) — D on X.

By the above two inequalities, we have for x € M and (a,b) € ¥ x N with
pla,b) =z,
() +2D

ar(z) —2D < 7(a) < ! "

and hence for some positive constants C; and Cy

1 -

coshQ(F(Qa) )

S(z) =
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similarly for the lower bound,

S(x) > e @

_r(=)
> Che™ "o .

O

To finish the proof of Proposition 4] it remains to show N is isometric
to R! x @Q, for some compact simply connected Ricci flat manifold Q.

Proof of Proposition[}. Fix any t < 0, the induced metric on {f =t} C ¥ x
N is equal to

4(1 — e")db? + gn.

We see that { f= t} is isometric to S! x N and universally covered by R x N.
By de Rham decomposition theorem (see [25]), N is isometric to RY x N,
where ¢ > 0 and N = Nj X Ny X --- x N; is a product of irreducible sim-
ply connected Ricci flat manifolds N; with dimg/NV; > 2 Vi. N has no line
otherwise NV; splits for some i, contradicting to its irreducibility.

Since p is a Riemannian covering map, ¥; is covered by { f= t} and is
compact Ricci flat. We have by Cheeger Gromoll splitting theorem (see [12]
and [28]) and the uniqueness of universal Riemannian covering space that

(26) R X N 2 iom R X N 2 i0n RF % Q,

for some simply connected compact Ricci flat Q. Both N and @ do not have
a line, we must have ¢ + 1 =k and N is diffeomorphic to the compact Q.
We are done with the proof of the proposition. O

5. Proof of Theorems [5l and

In this section, we will show Theorems [5|and [6] They essentially follow from
the volume estimate on large geodesic balls:

Proposition 5. Let (M,g, f) be a real m dimensional non Ricci flat com-
plete gradient steady Ricci soliton with Ric > 0. Suppose there is a finite
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positive constant | such that

(27) limsuprS <.

r—00

Then for all pg € M and & > 0, there exists positive constant C' such that
for all large R,

V(Br(po)) < CRFME,

In particular if I < 1, then M has subquadratic volume growth.

Proof. By Proposition [1] (see also [9]), there are o € (0,1) and D > 0 such
that

(28) r+D>—f>ar—D.

Hence f attains maximum, adding a constant if necessary, we may assume
maxys f = 0. Since f is concave, we have

{Vf=0}={f =0}

By , {—f =t} are compact embedded hypersurfaces and diffeomorphic
to each other for all £ > 0. Let 0 be a small positive number to be chosen
later. By S — 0 and , for all large r,

(29) V2> (1 +6)7N

VI be the normal of {—f = t}, the second fundamental form

il .
of {—f =1t} wr.t. nis given by %. We consider the flow of —% and

denote it by ¢ with ¢¢ = id, then

Let n:=

¢s({=f=1}) ={-f=1t+s}.
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Let A(t) be the area of the level set {—f = t}. By the first variation formula,

29, and (see [18]), for all large t,

fon S — Ric(n,n)
Al = /{f:t} IV f]?

/ :
S 3
(—r=ty IV [

< (1+96) / s
{-r=1)

(1+ 5)2lA(t),

<
o t

we used Ric > 0 in the first inequality. The above differential inequality
implies that there is a t1 such that for ¢ > t;

Alt1) L (11e)u
(30) At) < t(1+5)2zt( )L,
1

Integrate the above inequality w.r.t ¢, together with and , we see
that for all large R,

V(Br(po)) < CRIFOHL

Result then follows by choosing § > 0 small enough such that (1 + §)%] <
l+e. 0

Proof of Theorems [ and[6 By Proposition [5] M has subquadratic volume
growth. Theorem [5] then follows from [I0]. Theorem [f] is now a consequence
of Corollary [2| By , we know that S satisfies . By Proposition {4}, S

decays exponentially and thus limsuprS = 0. 0
r—00
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