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Uniqueness theorems for non-compact
mean curvature flow with possibly
unbounded curvatures

MAN-CHUN LEE AND JOHN MAN SHUN MA

In this paper, we discuss uniqueness and backward uniqueness for
mean curvature flow of non-compact manifolds. We use an energy
argument to prove two uniqueness theorems for mean curvature
flow with possibly unbounded curvatures. These generalize the re-
sults in [5]. Using similar method, we also obtain a uniqueness re-
sult on Ricci flows. A backward uniqueness theorem is also proved
for mean curvature flow with bounded curvatures.
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1. Introduction

Given an immersion Fy : ¥ — M, the mean curvature flow (MCF) starting
at Fy is a family of immersions which moves along the mean curvature vector.

1475
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The MCF is the negative gradient flow of the area functional, and has been
studied extensively for the past 40 years.

When ¥ is compact, the MCF starting at an immersion F always exists
and is unique up to a maximal time interval [0,7). On the other hand, if
3. is non-compact, the general existence and uniqueness problem is still not
solved.

The first existence result in the non-compact setting is by Ecker and
Huisken [8], where they prove the existence of MCF starting at a hypersur-
face My in R™! with uniform Lipschitz bound. If My is an entire graph,
they also show the long time existence when My is merely locally Lipschitz.

We remark that the minimal Lipschitz cone constructed by Lawson and
Osserman [17] may serve as an obstruction to the apriori estimates in [§] in
higher codimension. Existence of non-compact MCF has only been obtained
for entire graph with assumptions on smallness of Lipschitz norms [3], [4],
[11], [24], [20].

Next we discuss the uniqueness of MCF. Koch and Lamm show unique-
ness of MCF [11] for entire graph with small Lipschitz bound in any codimen-
sion. Chen and Peng prove in [7] that any viscosity solution of the graphical
Lagrangian MCF with a continuous initial data is unique. For general im-
mersions, Chen and Yin show in [5] the uniqueness of MCF among flows
with uniformly bounded second fundamental forms. Together with a pseu-
dolocality theorem, they prove uniqueness of MCF starting from an proper
embedding with bounded second fundamental form and satisfying an uni-
form graphic condition.

The first goal of this paper is to prove the following uniqueness theorem
which generalizes Chen and Yin’s uniqueness result to the case of possibly
unbounded curvatures.

Theorem 1.1. Let (M,h) be a non-compact complete Riemannian mani-
fold with positive injectivity radius lower bound iy such that

(1.1) |R| < By, [VR| < By and |V2R]*> < Lr*™ for r > 1,

where V, R are respectively the Levi-Civita connection and the Riemann cur-
vature tensor of (M, h), r(y) = dy(y,yo) for some yg € M and By, By, L, e >
0. Let Fy : X — M be a smooth proper immersion so that

(1.2) Vols;(Fy ' Bar(yo, 7)) < DeP™

for some constant D > 0 and for all 7 > 1. Let F, F be smooth solutions to
the MCF starting at Fy, which satisfy the following conditions:
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1) F, F are uniformly continuous with respect to t,
2) The induced metric g(t), g(t) on X are uniformly equivalent to go, and
3) the second fundamental forms A, A satisfy

(13) AP(,2) + |AP (0, 2) < T2

~(Fo(x))
for some L > 0.

Then F = F.

The precise definition in condition (1) and (2) is given in Section 2.

If we compare the above theorem to Theorems 1.1 and 1.3 in [5], we as-
sume weaker curvature bounds, while in the expense of assuming the volume
growth of the initial immersions. We do not make any graphic/curvature
assumptions on the initial immersion. We remark that condition (1) and
(2) are both satisfied if |A|, |A| are uniformly bounded. Note that in The-
orem we assume that Fy is smooth and the MCF F and F are both
smooth up to time ¢t = 0. In the next theorem, it is shown that under a
better bound on the second fundamental forms and R, one can relax these
assumptions and drop the volume growth condition.

Theorem 1.2. Let (M,h) be a non-compact complete Riemannian man-
ifold with positive injectivity radius lower bound and uniformly bound on
V'R fori=0,1,2. Let Fy : ¥ — M be a C® proper immersion and let F, F'
(0,T] x ¥ — M be solutions to the MCF so that F, F converges to Fy locally
in C3 as t — 0. If the curvatures satisfy |A] + |A| < L/t* for some o < 1/2
and L > 0. Then F = F.

The proof of the above theorems, like all other uniqueness results in
MCEF, use the parabolicity of the MCF equation. The technical issue is that
the equation is not strictly parabolic - it’s invariant under diffeomorphisms.
In the previous approaches [5], [3], [4], [11], [24], [20], they use the well-known
De Turck trick to construct a family of diffeomorphisms so that the resulting
equation (Mean curvature De Turck flow) becomes strictly parabolic (note
that the use of De Turck tricks are implicit in the graphical case, see for
example p.548-549 in [§]).

Our proof of Theorem and Theorem use directly the parabolic
equation satisfied by the second fundamental form. We employ an energy
argument first performed by Kotschwar in [12], where he proves a uniqueness
result for non-compact Ricci flow. The energy argument was then used again
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for other geometric flows [13], [15], [19], [1], [2], [18], [23]. The main idea is
to consider the quantity

B) = [ Q.

where Q is a quantity so that @ = 0 implies uniqueness. The goal is to show
E(t) = 0 given that F(0) = 0. For example, in the Ricci flow situation [12],
Q contains a term of the form t~#|g — §|? for some /3, where both g, § are
solutions to the Ricci flow.

In our situation, we choose our Q to contain the zeroth order term

(1.4) dy(F(t,z), F(t,x)).

As we will see later, first and second order terms should also be present in
Q in order to obtain a nice differential inequality for E(t). We do not need
higher order quantity though: the parabolic nature of MCF gives a nice
parabolic equation for the second fundamental form A, and an integration
by part give a strictly negative term containing the third order quantities
VA, which cancels all other third order quantities. As we will see later,
cut-off functions are inserted in the energy E to deal with the non-compact
situation.

Let us point out one key technical difference between our works and
those in [12], [13], [19], [, [2], [18]: In their energy arguments, the flows
they consider are intrinsic, as opposed to MCF which is extrinsic. Not only
that both the curvatures of ¥ and M play a role, but also that the geometric
quantities of two a-priori different MCFs live in different vector bundles on
>.. Thus one needs to use a bundle isomorphisms P to identity these bundles
before estimating the difference. In our situation, we construct P using a
parallel transport along the shortest paths between two MCFs. We remark
that the same construction is also carried out in [23], [2I] in the context
of Schrodinger flow. We expect the same argument should work for other
extrinsic geometric flows.

As a by-product, we obtain the following uniqueness result for Ricci flow,
which generalizes results in [6], [12].

Theorem 1.3. Let (M, go) be a smooth complete noncompact Riemannian
manifold. Let g(t),q(t),t € [0,T] be two smooth complete solutions to Ricci
flow with initial metric go. Suppose that g(t),g(t) are uniformly equivalent
to go and

— L
|Rm| + |Rm| < 7
for some constant L > 0. Then g(t) = g(t) for all t € [0,T].
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In contrast with the result in [I8], we do not assume any growth rate
on |Rm(go)|g, and the size of L, while in the expense of assuming the uni-
form equivalence of metrics. The last main result is the following backward
uniqueness theorem for MCF.

Theorem 1.4. Let (M,h) be a complete non-compact Riemannian mani-
fold with positive lower bound on injectivity radius and uniform upper bound
on |[V'R| for i <4. Let F,F:[0,T] x ¥ — M be smooth MCF's with uni-
formly bounded second fundamental forms. If F(T,-) = F(T,-), then F = F
for all t.

The proof of Theorem [I.4] uses again that the second fundamental form
A and its derivatives VA both satisfy strictly parabolic equations. While
the lower order quantities do not, one can show that they satisfy an ordi-
nary differential inequality. These coupled inequalities are sufficient to show
Theorem by a general backward uniqueness Theorem in [16]. The reader
may find more historical remarks in the introduction of [16].

One slight technical issue is that the distance is non-differentiable
when it’s zero and thus we need another zeroth order quantity. We treat F as
a graph of F' and represent F by a section on the pullback bundle F~1TM.
The assumptions on the fourth covariant derivatives of R in Theorem is
used in estimating the parabolic equation for VA, which we do not need in
the proof of Theorem

When the ambient space M in Theorem is Euclidean, the result is
proved in [10] in the co-dimension one case and recently in [25] for arbitrary
co-dimensions.

In Section 2, we fix the notations and prove some elementary results. The
parallel transport P will be studied in Sections 3 and 4. The main estimates
are performed in Section 5. Theorem Theorem [1.2] and Theorem [1.3] are
proved in Section 6 and Theorem is proved in Section 7.

Acknowledgement. The first author would like to thank Professor Luen-
Fai Tam for his constant support and encouragement. The second author
would like to thank Professor Jingyi Chen for the discussions and pointing
out the reference [23]. Part of the works was done when the second author
visited The Chinese University of Hong Kong and he would like to thank
Professor Martin Li for the hospitality.



1480 M.-C. Lee and J. M. S. Ma

2. Prelminary and notations

In this section, we review some definitions and results in basic submanifold
theory and MCF. Let ¥ be a smooth manifold and (M, h) be a smooth
Riemannian manifold. Let

F,F:Yx[0,T] - M

be two families of smooth immersions.

Next we introduce several notations. We write only the notations for
F. A tilde will be added to the corresponding notations for F. We use
(z',...,2") and (y',...,%"V) respectively to denote the local coordinates
on ¥, M. We use i, j,... to denote the indices of ¥, a, 3, ..., and o/, (7, ...
respectively to denote the indices on F~'TM, F~'TM. For each t, let g =
g(t) = F(t,-)*h and V be the Levi-Civita connection with respect to g. We
use the same notation V to denote the induced connection on all (p, g)-tensor
bundle TP9%.

We say that the family of immersions F' is uniformly continuous with
respect to ¢, if for all § > 0 and s € [0,T), there is s5 > 0 so that

(2.1) dy(F(t,x), F(s,z)) <6, Y(t,x) € [s,s+ ss] x X.

We say that the induced metric g(t) is uniformly equivalent to go = F{jh,
if there is A > 1 so that

(2.2) Moo < g(t) < Ago, V(t,z) €[0,T] x .

On the pullback bundle N := F~!TM we have the connection induced
from h, F":

(2.3) VIYe =9,y +T% F'Y?, Y e D(M,N).

Here I'%., denote the Christoffel symbols of the Levi-Civita connection V on
(M, h). Note that '3, is indeed I'g o F', but we suppress F' for simplicity.
We also remark that

V.Y =V,Y,

where F; = 0;F and Y is any extension of Y in M. We use the same notation
V¥ to denote the connection induced by V and V" on any N-valued tensor
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bundle. Thus there could be six notations in total:
VAAZR IR RV

However, for simplicity we use only V and V. It will be clear from the
context which connection we are using.
Next we consider covariant derivatives with respect to time. Define the
covariant time derivative D; on I'(3, TP ® N) by
DY, = oY + ngyz‘?~~ith7'
Note that when acts on vector fields along F', D; is metric with respect to
h. That is,

Oh(Y, Z) = (DY, Z) + h(Y,D,Z), Y,Z €T (Z,N).

Next we introduce several standard geometric quantities from an im-
mersion. For each fixed t, the differential of F'(¢,-) : ¥ — M is denoted F,
thus
OF®
ox’

The second fundamental form A is the covariant derivative of F:

(F)p = Ff =

el'(E,T"2® N).

= Fj — i +T3F)F) e (3, TS @ N)

The mean curvature vector H is the trace of A given by
H* = g A7, € T(3, N).

We say that a family of immersions F' : [0,7] x ¥ — M is a MCF start-
ing from Fy if
(2.4) 88—}; =H, F(0,:)=Fy().
Remark 1. In this paper we use the following convention: We use By, (resp.
Blo¢) to denote the (resp. local) bound on |V*R|. Unless otherwise specified,
we use C to denote constants that depend only on the dimensions of ¥ and
M, constants A in , L in the statement of Theorem and the lower
bound on injectivity radius ¢g. Constants that depend also on By, By, ..., By
(resp. BY<, Blee, . .. ,B,lc"c) are denoted C} (resp. C’,lfc). The explicit values
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of the constants C, Cy, C’,lfc are not important and might change from line
to line unless otherwise specified.

The following simple lemma is used a lot in this paper.
Lemma 2.1. We have |F,|, |F,| < C.
Proof. Note that |F,|? = haggijFiaﬂﬁ = g g;j = n. Thus |F. |2 < C by ||
O
Next we recall the differential equations of the following quantities along
the MCF, the proof can be found in [22].

Lemma 2.2. Under the MCF, we have

Orgij = —2g"h(Apg, Aij),

0rg” = 2g"1g" g h(Apq, Anr),

Opdp = —|H|*dp,

Oy, = —g" (Vih(H, Ajt) + Vh(H, Ay) — Vih(H, Ayj))

~~ o~ —~
@ 3 o Ot
~— — — —

We also need the equation for the higher covariant derivatives of A.
Recall that in the notation of Chen and Yin [5], we have F, = VF, A =
V2F,VA = V3F and so on. Proposition 2.3 in [5] together with Gauss equa-
tion give

k—1
(2.9) (Dy—AWVFF = "V'[h(A, A)x g7 + R+ (VF)" % g "]« VF'F,
=0

where a = 2 or 4, b =1 or 2, % are any contraction of tensors and R include
any contraction of the Riemann curvature tensor on M with h~!.

In [5], the authors derive an apriori estimates for |V*F|? assuming that
the second fundamental form V2F is uniformly bounded. When the second
fundamental form |A|?(¢, ) is bounded by Lr?~¢(Fy(z))/t, one can modify
the proof of Theorem 3.2 in [5] to obtain the following lemma.
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Lemma 2.3. Let L,e > 0 and let (M, h) be a complete Riemannian mani-
fold with

Rl < Bo,|VR| < By, |V’R] < Lr*™,
where r(y) = du(y,v0). Let F be a MCF so that |A|?(t,z) < Lr?=¢(Fy(x))/t.
Then
C1Lr*™(Fp())

(2.10) IVA(t,z)| < .

Sketch of proof. From Proposition 3.1 in [5], we have

(9 — A)|V2FP?
(9 — A)|VPFP

—|V3FP + 1| V2F|* + Oy,
—|VAF2 + O(Cy + |V2F > + V2R |V3F|?
+ C|V3F)? + Co|V2F|? + Oy,

<
<

Write G2 = Lr?~¢. Using the conditions on |V2R| and |A|, we have

(0 — A)|V2F)?
(0 — A)|V3F|?

—|V3F]? + C1G* 2,

<
< —|VAF)? + | V3F)? + C1Go 3,

Thus one can proceed as in the proof of Theorem 3.2 in [5] to conclude. O
3. Writing F as a graph of F': Basic estimates

In this section, we represent F as a graph of F' and provide some basic
estimates. Let

F,F:[0,T]x%— M

be two families of immersions so that F'(0,-) = F(0,).Letd:[0,T] x & - R
be the pointwise distance between F' and F'. That is,

d=d(t,z):=dy(F(t,x), F(t, x)).

For each (t,z), write p = F(t,z) and p = F(t,z). We assume that

1
J2Blee [

Since d < i, for all (¢, z) there is a unique shortest geodesic joining p and p.
Write exp,,(sv), where s € [0, 1], to denote this geodesic. Then p = exp, v,

(3.1) d < min{ 7o, 1, V(t,z) € [0,T] x X.
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|v| = d and v is a smooth section on N. The collection of these geodesics
forms a smooth homotopy

v:[0,T] x B x [0,1] = M, ~(t,z,5) = exp,(sv)

connecting F' and F. We use ¥, Jt and J; to denote the derivative of v with
respect to s, t, and the coordinate z° respectively (the notations are so chosen
since J;, J; are Jacobi fields). Note also that v, F; and F; are the restrictions
of 4, Ji, J; to s = 0 respectively.

Let P :T;M — T,M be the parallel transport along the geodesic —~.
The inverse P~ is the parallel transport along Y

On the endomorphism bundle E~nd(]\~f ,N)=N*® N over X, there is a
connection induced from VvV and V¥. Together with the two connections V
and V defined on TP7% by g and g respectively, there are two connections de-
fined on any endomorphism valued (p, ¢)-tensor bundle T779% ®@ End(N, N),
which again we denote by V and V. Note that the connections satisfy the
Leibniz rule:

V(PZ)=VP-Z+P(NVZ), ZeTI(S,T"S®End(N,N)).

In the following, we will derive estimates for v and d. Since the calcula-
tions might be useful for other geometric situations, we do not assume that
F, F satisfy the MCF equation except for Theorem [3.1| in this section. We
remark that all of the estimates follow from the Jacobl field equation (and
its higher order derivatives).

First we prove a useful lemma.

Lemma 3.1. Let p = p(7),p = p(1) be two curves in M so that

0 < d=dpu(p,p) < minfig, 1/1/2Bk*}

for all T. Let ~,(s) = exp svr), where s € [0,1], be the unique geodesic
p(7)

joining p(T) to p(T). Let J be the Jacobi field given by the variation of

geodesics vr. Then

(3.2) |J| < |0-p| + CK°|0,p|d* + 2| PO, f — .|,
(3.3) Vs J| < CY°|0,p|d? + 2| PO p — Drpl.
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Proof. The first inequality (3.2) follows from the second one using |J| <
|0;-p| + sup |[V4.J|. To show ({3.3)), note that J satisfies the Jacobi field equa-
tion

(3.4) Vi ViJ + R(§,J)y = 0.

Let {e1,...,en} be a parallel orthonormal fields along ~. Write J(s) =
> Ji(s)ei(s), then Vi J =3 J!(s)ei(s). Also

(3.5) 0-p = _Ji(0)es(0) and P 'Op=>) Ji(0)ei(1).
By the mean value theorem, there is ¢ € [0, 1] so that
|PO-p — O-p| = |0-p — P_la‘rp| = |?7J(C)|

Thus by mean value theorem again, for any s € [0, 1], there is (s between ¢
and s so that

V3T ()] < |32 (Hs) = FOeals)| + 1V5T)
< |3 @els)| + 1PO5 — orp
(3.6) = 37 (Geito)| + 1Po5 — orp
= V55 ()| + [Pop — 0rp
< B(l)ocd2|*](<s)’ + [PO:p — Orp
< By*d*(|0-p| + sup | V5. J|) + |PO-p — Orpl,

where we have used (3.4) and |R| < Bl Since Bl*°d® < 1/2 by assumption,
(3.3) is shown with Cy°¢ = 2B} O

Remark 2. Note that in Lemma we assume that d > 0. Indeed the
Jacobi field is not even defined at points where d = 0. Thus in the MCF
setting, the lemma cannot be applied directly when e.g. t = 0. To deal with
this, we first consider the case d > 0 and conclude by letting d — 0 (See the
proof of Proposition for an example).

The first application of Lemma [3.1] is the following proposition.
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Proposition 3.1. Let F,ﬁ be two families of immersions so that (3.1
holds. Then we have

(3.7) |Dyv| < CY°|Fy|d? + 2| PF, — F|,
|Vu| < Cl°d? + 2| PF, — F.|.

Proof. Note that when d > 0, we have

Dy = ﬁFt/y s=0 ?&Jt‘szo’
Viv =VEid|,_y = Vidil g

Thus (3.7)), follows from Lemmawhen d > 0. Assume d = 0 at some
(t,z). Let (t;,x;) be a sequence so that (t;,x;) — (¢t,z) and d(t;,x;) > 0.
Since Div, Vv are smooth, the two inequalities can be shown by taking
1 — oo. If such a sequence does not exists, then v is identically zero in a
space time neighbourhood and so Dyv = Vv = 0. O

Since |v| = d, Proposition gives an estimate for 9;d%. We also use the
following lemma which can also be proved easily (See Lemma 2.2 in [23]).

Lemma 3.2. We have

(3.9) d,d® = 2n(PF, — F,,v),
(3.10) IVd| < |PF, — F,|.

Next we need the following generalization of Lemma [3.1] First we need
a definition.

Definition 3.1. We say that a polynomial @) of k-variables is universal if
it has non-negative coefficients, Q(0) = 0 and the coefficients depend only

on the dimensions of > and M.

Proposition 3.2. Assume the same notations as in Lemma[3.1. Then for
any k=0,1,2,...,

(3.11) |V4V5J| < C°d*PL(|0-pl, |D-0,pl, ..., |DEO,p|)
+ Qi (|1PO:p — 0rp|, |PD-0-p — D:0;p), ..., |PD 0, — DEo.p|),

where Pkl, Q,i are universal polynomials in (k + 1)-variables.
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Proof. We argue by induction. The case k = 1 is shown using (3.3|) with

Pl(z0) = 20, Qi(wo) = 2a0.

Assume that (3.11) holds for all integers strictly smaller than &k . First
we see that

(3.12)  V5Vs3VhJ = —R(%,V5J)y

with 4, < k for all r and

Y =2 > (ky+ D+ Y (lg+ Dl = k.
q q

p

That is, each term has exactly two 4’s and k- J’s. When k = 0, re-
duces to the Jacobi field equation and the conditions on indices are
satisfied trivially. In general, can be proved by induction, using again
the following consequences of commuting covariant derivatives (note that

[J,7] = 0):

Va3V ViT = VsV V5L 4+ Vs (R(3, J)VET) + R(y, )V V5,
?J?va}ﬂ] = ?7?{}1+1J + R(’y, J)?{;J.

Using , |4 = d and |v‘k}”J| < \Dlﬁ” -p| + sup Wﬁ?ﬂ, we have
vy oc j S ke TN S e 71l
ViV VET| < G " di(|DE0-p| + sup |V Vi )M |V VT |l

+ Bod?|Vh 7|,

Using the induction hypothesis (note kq,l; < k —1) and Cauchy Schwarz
inequality, one easily obtains

(3.13) |VsV4VhJ| < C°d? Py y(|105p), ..., |DE10p))
+ 621671(|F)67'13 - aTP’? R ‘PDE_laTﬁ - Df_laq_p’)
+ BOdz‘v{C]JL

where Pj,_1,Qr_1 are universal polynomials in k-variables. Now, as in the
proof of Lemma we use mean value theorem twice to obtain

\?7?§J| < sup ‘?vavﬁﬂ + ‘PDE@Tﬁ — Dﬁ&-p‘



1488 M.-C. Lee and J. M. S. Ma

Finally we use (3.13)), |[VE.J| < |DFo,p| + sup |V;VEJ| and BY“d? < 1/2 to
finish the induction step, with

P]z}(a:O) cee 7$k) = Pk_l(JTO, e wrk—l) + Ly
Qi(@o, ..., 2k) = Qr—1(20, ..., Tp_1) + 2.

This finishes the proof of the proposition. U
Proposition 3.3. Assume the same notations as in Lemma[3.1 Then

(3.14) V5| < CidPi_1(|0:pl, | D7 8rpl, - .., | DF ' 0rp])
+ Qk—l(’Pan - 87—17’, ‘PDTaTﬁ - DTan’7 R
|PDE'0-p — DE0,p)),

2 2 - ; :
where P;_,, Q5 _, are universal polynomials of k-variables.

Proof. By commuting covariant derivatives, we have

k—2
Vi =V V5 T+ ) VYR, J)VE2)
=0
— — 7. ,Z,T =\ g ,kp , _ _ 4
= V4 VELT 4+ (VIR)™ 5 (3)7 # (Vi D)« (V5 V4T)

where Ik, <k —3,4, <k—2forallr,

jHU=1 and > (k+ Dk, + 1@+ 1) =k
p

By Proposition and |?§-pJ| < \D’:" = +Sup]@¢@§‘l}], one obtains
@.14). 0

An immediate consequence is the following theorem, which says that if
F and F are both MCF starting at Fp, then they agree infinitesimally.

Theorem 3.1. Let F, F be smooth MCFs starting at Fy. Then va!tzo =0
forallk=0,1,2,....

Proof. We use an approximation argument as in the proof of Proposition
Let z € X. If v is identically zero in a space time neighbourhood of (0, z),
then Dfv(z) =0 is clear. If not, then there are (7;,x;) — (0,7) so that
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v(7;, ;) # 0. For each (7;,x;), In general, whenever v # 0 at some (t,x),
write p(7) = F(r,z) and p(7) = F(7,x), then

va = vﬁ’ﬂs:o?

where J is the variational vector field of the family of geodesics joining p to
p. From Proposition we have

|Div] < G d* Py (|H|, |DyH|, ..., |DEHI)
+Qk71(‘PH_H|7|PDtH_DtH‘7>|PDfH_DfHD

Thus it suffices to show that

(3.15) lim (PD"H — D H) (73, ;) — 0,

i—00

for m =0,1,2,.... By using 1 , H =gV V?jF and inductively applying
(2.9), we see that for any m € N,

where () is a quantity involving only the spatial derivatives of F', g, h and
the derivatives of Rmy, evaluating at (x,t) and F(xz,t). Since F' and F' are
smooth up to t = 0, for m = 0, we have

lim DtH(Tl,ﬂfz) = lim DtH(Ti,l'i) = Q(g()a h7F07 O)

1—>00 1—00

where the right hand side is the value of @) evaluating at = and Fy(x). Since
P is continuous and P =1Id at ¢ = 0, we obtain (3.15)) for m = 0. We can
argue similarly for all m € N. O

4. Estimates for the parallel transport P

Next we estimate the norm of the parallel transport P. We follow the same
notations as in the previous section. First we prove the following lemma.

Lemma 4.1. Let F,ﬁ be two families of immersions which satisfy .
Then

(4.1) g — gl < C|PF, — F|,
(4.2) |PH — H| < C(|PF, — F,||A] + |[PA — A|).



1490 M.-C. Lee and J. M. S. Ma

Proof. Since g = h(F, Fy), together with Lemma

)
g — gl = |(F., F.) = h(EL, F))
= |h(F, F,) — h(PF,, PE,)|
(

C(

\h PF, — F,, PE,) + h(F,, PF, — F,)|
|F,| + |PE.|)|PF, — F.|.

Using the same argument and H = g% Aij,
[PH—H| < C(lg™" = 37" ||4] + [PA - A)).
Thus (4.2) follows from (4.1]). O

Proposition 4.1. Let F,ﬁ be two families of immersions so that
holds. Then for any p,q, the parallel transport

P:T(S, T @ N) - I'(Z, TS @ N)

satisfy
(4.3) [Pl =[P~ =1,
VP |VPT < Cfed
and
(4.5) |AP| < Cl¢(d - P(|A]) + |PF, — Fy| + |0 —T| + |PA - A])

for some polynomial P. Here AP is the rough Laplacian of P with respect
to the connection V: AP = ¢g'/V,;V;P.

Proof. Since P is given by P(X ® Z) = X ® PZ for all X € I'(X, T79%) and
Z € T'(X,N), one can without loss of generality assume that p = ¢ = 0.

Since parallel transport preserves length, |PZ| = |Z| for all Z € T;M
and thus |P| = |P~!| = 1. To show , note again it suffices to assume d #
0. Let z = (2!,...,2") € %, i€ {1,...,n} and Z € T;M be fixed. Parallel
transport Z along the curve in M with tangent vector F;. Thus V;Z =0
and by the Leibniz rule,

(ViP)(Z2) =Vi(PZ) — P(ViZ) = Vi(PZ).

Let X be the parallel vector field along v with X (1) = Z. Then X(0) =
PZ by definition of P. By the definition of the connection on N, we have
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Vi(PZ) =V, X(0). Lastly, since F; = J;(0), we have V;(PZ) = (V,X)(0).
Differentiating the parallel transport equation gives

ViV X =-R(H,J)X, V5,X(1)=V,Z=0.
By , we have
(4.6) V4V X| < CF°d(|F| + | PE; — Fi))|Z].
Together with Lemma [2.1] this implies
(ViP)Z| = [Vi(PZ)| < Cyd|Z|.
Since this holds for all Z, we obtain . To show , we calculate under
the normal coordinate at z in (X, g;). Thus AP =", V;V;P. Now for each

fixed i and Z € T; M, we again parallel transport Z along the curve in M
with tangent vector F;. Thus

(ViViP)(Z ) Vil(ViP)(Z)] = VP(NVeei, Z) — (ViP)(ViZ)

Vi(Vi(PZ)) = Vi(P(V;Z)) = VP(Vee;, Z) — (ViP)(V;Z)
_V( i(PZ))
=V V;X(0),

where again X is the parallel vector field along v with X (1) = Z. Since
ViV VX = =R(%, i)V 5. X = V5, (R(¥, 1) X),
using , V.,V X(1) =0, we obtain
12R(%, J;)V 1, X| < Ckd?|Z|.

On the other hand, if we trace the induction proof of Proposition [3.2] and
use (4.2)), we have

IV Jil < |VEFE]+ V5V, Ji|
< |Aii| + Cl*d*(P(|F;|,|Ail) + C(|PF. — F| + |PVz F; — Vi, F|)
< |A| + Cled?P(1, |A]) + C(|PF, — F|+\PAH—A“]+|1“ * %))
< CE°(P(|A]) + |PF, — F.| + [T = T| + |PA - A))
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for some polynomial P. This implies

|R(%,V . J)X| < Ci*°d|Z|(P(|A]) + |PF, — F.| + [T —T| + |[PA — AJ).
Thus we have

(ViViP)(Z)] < CY°(dP(|A]) +|PF. = P + |0 = T| + |PA - A])|Z|

and this gives (4.5)). O

The proof of the following proposition is similar to that of Proposition[4.1]
and is skipped.

Proposition 4.2. We have the estimates
(4.7) |D,P| < C§d(|Fy| + |PF, — F).
Next we derive an estimates for higher time covariant derivatives of P.

Proposition 4.3. The k-th time derivatives of P satisfies

(4.8) |DEP| < Cl¢,dPE [ (|Fy|, | DeFyl, . . ., | D1 Fy|)+
+szl(|PFt_Ft|7"'7|PD1]5€71Ft_DfilFtDa

where Plg—lv Qifl are universal polynomials of k-variables.
In particular, we have
Theorem 4.1. Let F, F be smooth MCFs starting at Fy, then
(4.9) DiP|,_,=0
fork=1,2,....

Now we prove Proposition [£.3]
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Proof. As in the proof of Proposition let Z € T;M and extend it to a
parallel vector fields along the integral curve of F;. Then

(DFP)(Z) = Dj(PZ).

Note that Df(PZ) = ?ﬁtX(O), where X is the parallel transport of Z along
~v. We will prove by induction that

(410) V5 X|< ((@ioadPﬁqut, IDFY,...,|DELR))

Q) (IPFy = Fil,....|PDFFy Df‘lFtl)> 2,

where P,S’_l, Qi_l are universal polynomials of k-variables.
When k = 1, one can show as in the proof of Proposition[4.1]the following
estimates:

(4.11) V7, X| < (C¥ed|Fy| + C|PF, — F|)|Z|.

Next we assume that (4.10) holds for all integers strictly smaller then k. by
commuting covariant derivatives, we have

) * (V3 9) % (V1 X).

Il
3
bh.
=

*
3
kls
A

jHitl+m=k—1

Thus the induction step is proved using |?§tJt| < |DFi| 4 sup |?,-lef,t Jil,
Proposition Proposition the induction hypothesis and Cauchy
Schwarz inequality. This finishes the proof of the proposition. O

Next, we prove the following lemma which estimates the difference of
the restriction of ambient tensors to F' and F'. Let S be a (p, ¢)-tensor on
M. Then S| is a section of the bundle N¥7 @ (N*)®7 over ¥. Let P*(S|3)
be given by

P*S|s(a, ... ap,b', ... b9) = S|z(P*ay,..., P*ay, P10, ..., P77

for all a; € N*,b/ € N.
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Lemma 4.2. With the above definition,
[P*(S|z) = S|F| < sup|VS|-d.

Proof. Let a;, b/ be arbitrary and a;(s), b’/ (s) be the respective parallel trans-
port along —v. Then by the fundamental theorem of calculus,

(P*S|z — S|F)(at, ..., ap,b", ..., b7)

= /0 95 (S(ar(s), ..., ap(s),b'(s),...,b%(s))ds

=— /Ol(V&S)(al(s), oy ap(8),0(s), ..., b(s))ds
since a; and b’’s are parallel along —v. Thus
(P*S|p = SIE)(ars s ap, by 09)] < sup VS Jar] - apl b - [57] 31,
Since d = |y, the lemma is shown. O
5. Main estimates

In this section we provide the necessary estimates for the next two sections.
In this section, we assume that F, I’ are both solutions to the MCF starting
at Fy which satisfies and . In particular, by choosing a small 7',
we assume that d satisfies . B

Fjrst we estimate the time derivative of the quantities PF, — F, and
r-r.

Lemma 5.1. We have

(5.1)  |[Dy(PF. — F.)| < Co(|A| + |A])d
+ C|VA||PF, — F.| + C|PVA - VA|.

Proof. Recall that

Dy(PF; — F;) = (D,P)F; + PD,F; — D,F;
= (D¢P)F; + PV, H — V;H
= (D P)F; + (G — g")(PViAw) + g™ (PViAw — Vidw).

Using Proposition Lemma and ([2.2)), the result follows. O
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To estimate the time derivative of I' — I'. From 1) we have
O = g 2« h(A,VA),

Thus |9,(I' — I')| can be estimated as in the proof of Lemma and (4.1)).
We skip the proof of the following lemma:

Lemma 5.2.

(52) [0 —T)| < C|A[[VA||PE. - F.|
+ C|VA||PA — Al + C|A||PVA - VA|.

Next let us consider the second order quantity
(5.3) |PA— AP = g% /' h(PA;j — Aij, PAw — Aw).
Proposition 5.1. We have the estimate

(5.4) atypﬁ AP-%(F&Z AA,PA— A)
|PVA VAP + C((BY)? + Cloc + |A)? + |A]?)d?

+amﬁ+wmﬁuﬁme—ﬂP
+ C(AP + [A]? + G| PA - AP.

Proof. From (j5.3]) and (2.6 and Proposition

0| PA — AP = 8,(¢"* g" h(PAij — Aij, PAy — Ap))
= 2(8,™) ﬂh(PAZ-]- — Ayj, PAy — Ap))
+2¢" g h(Dy(PAy; — Ayj), PAy — Aw)
< CIAPIPA — AP + C{d(JA* + |A])| PA - A]
+ 29 g h(PD; Aij — Dy Aij, PAy — Agp).

Now use (2.9) with k& = 2 to write

PD;A — DyA=PAA— AA+ (I) + (IT) + (II1) + (IV)
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= P(§ 2 h(A, A) x A) — _Z*h(A,A)*A;

) = P(
(II) = P(G 2« h(VA,A) x F,) — g 2« h(VA, A) * F;
) = P(VRI|z* (F)™?g™") - VR\F * ()" x g™,
) (R|ﬁ*( Y)? *« A% g Y —Rlp* (F)*x Axg~°.
Using ﬁ(g, AV) = h(Pg, PZ), one has
(I)= (g =g )« ' «h(PA, PA)x PA
+g % (g7 =G V) « h(PA,PA) x PA
+g %% (W(PA— A, PA) + h(A,PA— A)) x PA
+9 2% h(A, A) x (PA - A)
= |(I)| < C|AP|PF. — Fu| + C(|A]” + |A))| PA - A|.
Similarly we have
|(I1)| < C|A||VA||PF, — F.| + C|A||PA — A| + C|A||PVA — V A|.
For (II11), note
P(VR|p+ (F.)*2 57 = (P*VRIj « (PE)™2 1 7).
Thus a similar calculation and Lemma [£.2] give
(IIT)| < CBY¢d + Cl¢| PF, — F,|.

Similar for (IV') we have

((IV)] < Cl¢|A|d + C¥°| A||PF, — F.| + Cl°|PA — A|.
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Therefore
O|PA— AP? < 2h((PAA — AA),PA — A) 4+ CL°(|A]? + |A]?)d?
+ C(|AP? + |AP)|PA— AP
+ C[(!AHVA! + |A]? 4 Cl°¢ + Cl°| A|)|PF, — F,|
+ (JAP + |AP? + CY°)|PA — A| + |A||PVA — VA
+ (CBY° + C{°C|A|)d} |PA— Al

Now (/5.4]) is obtained using Cauchy Schwarz inequalities. O

6. Proof of Theorem Theorem and Theorem

In this section, we use the energy argument to prove the Theorem [I.1], The-
orem [I.2] and Theorem [L.3

To prove Theorem using the energy method, we introduce the fol-
lowing energy quantity. By [9], we can find p € C°°(M) such that |Vp| < 2
and

dy (- y0) < p(0) < dp(-90) + 1.

Now define
~ 2—¢( | ~ ~
Q:d2+|1“—1“|2+pt(0)\PF* —FEJ*+|PA—-A?, t>0.

Lemma 6.1. Under the assumption of the Theorem there exists Cy
such that on Fy * (B (p,r)), where r > 1,

017“2 €

9,0 < Q + 2h(PAA — AA,PA — A) + \P@A — VAP~
Proof. Recall that from Lemma (4.2) and (1.3]), we have

9,d> < Cd(|A||PF, — F,| + |[PA — A|) <

Cr2—¢
t <
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On the other hand, using (5.1)), (5.2) and (1.3)), (2.10]) give
8T —T> < CF T [|A|\VA||P15* — .|+ |VA||PA - 4|

+|A||PVA - VA@ + CJAPT -T2

017“2 €

< Q+— |PVA VA2

and

2—e ~ 2—e
;(pt |PF*—F*!2) C L9+ |PVA VA%

Lastly, using (BY¢)2 < C(1 +r27¢) for r > 1 and (5.4), we have

- o - 2—e
8|PA — A]> < 2h(PAA — AA, PA— A) + C1 -

1 o~
Q+cIPVA - VAJ?
and the lemma is proved. O

Proof of Theorem [1.1] For each r > 1, let ¢(x) = @P(p(Fp)/r) where go is
smooth, equals 1 on [0,1/2], vanishes outside [0, 1] and satisfies 0 < —¢' <
10. Here p possibly depends on r. Let n(x,t) = [p(FO)] . For t € (0,a/(2b)],
n(z,t) > p?/a. Moreover,

!W\Q

b
o= ra = b)2p = SnA

Here a and b are some constants to be fixed later and \ is a constant such
that g(t) > A"'gg. Now for t € (0,a/2b], define the energy E,(t) as

:/ Qe "¢ du, fort > 0.
b

Note that the above is well defined, since ¢ is of compact support, while
(2.1) and the properness of Fj together imply that F'(¢,-) is also proper.

From Lemma and Oydp < 0 by (2.7)),

d
dt

2—e

ZE.(t / Qe "pdm dp + C + / |PVA — VAPe "pdu
b))

+2 / h(PAA — AA,PA — A)e "¢ dp.
b
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We focus on the term containing the Laplacians. Using (4.4), Lemma
and Cauchy Schwarz inequality,

2 / hPAA — AA,PA — A)e "¢ du
b

_ 2/Z h (Pg"ﬂ'vﬁjA — ¢V, VA PA - A) e du
- 2/Z h (—gif'(vip)%l+ Vi(PGiIV;A) — g1V, VA, PA — A) e dy
< Cy /E d|VA||PA— Ale "¢ du

+2 /E h (vi (P§iV,;A — g1V A), PA — A) e dy

+ 0/E IT —T||VA||PA - Ale "¢ dp

6'17'2_E
<
- t

E,(t) +2 / h (vi (P§7V,;A — g7V, A), PA — A) e ¢ dp.
P

Now we use integration by part to the second term on the right hand side
to obtain

/ ( z(ng’j%ﬂ—giﬂ'vjA),PZ—A) e e du
) h Pg”V A — gV, A, (V;P)A >e " du

-2

m\m\

h <Pg”V A — g1V, A, P(ViA) — VZ-A) e du

—9 h< GV A — gV, A, PA - A) i(e7"¢) dp

+m

(B)+(
For the first two terms, we use again

glt=gl-g g, Vi=Vi-Vi+V,,

Proposition and Cauchy Schwarz inequality to get

() +(B) < ST

<= Er(t)—/ |PVA—VAPZe ¢ dp.
b
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For (C) we have similarly

017“2 €

(C) /yPVA VA|?e M ¢du + E.(t)

2
+C/E|PA—A126—’7[‘ (f' +¢|Vn 12} dy.

Combine all these,

d C 2—e
(6.1) ZE (1) < “" / Qe "¢ [ 0+ C\vm?]
2
+C |PA— A|Qe—”ﬂdu,
Fy Y (Ayy (r/2,7)) ¢

where Ay, (/2,7) C M is the annulus centred at yo and C is a fixed constants
depending only on the dimensions of >, M, A and L. To estimate the last
term on the right hand side of (6.1]), note

|V¢\2
¢

¢1 2/p.

By Young’s inequality, (1.3)), d;dp < 0 and (|1.2), we have

o

5 |PA— Al2e ' 2/Pdy,
T IR Ay (r/2)

o 2/p
< ]29 E; 2/p </ |PA — A|2e—77du>
r Fy ' (Ayg (r/2,r))
2—c CP/2pptp/2-1 A
< —E, + : / AP+ |AP)ed
m rp+(2—€)(p/2-1) Fy ' (Ayy(r/2 r))(‘ A '
T2_€ Cp/Qpptp/Q_Q 2
< E, + € " / e
r rp+(2—€)(p/2-2) Fy Ay (m/2,r))
7“2_6 Cp/Qpptp/2_2 2
<—E + e / ’
t rp+(2-€)(p/2-2) Fy ' (Ayg (r/2,7)) "
92— ¢ 2 2-2
< r E, DOPRprir] e~ a+Dr?

P s | FYE )
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Now we require that a, b satisfy a=* > 2D and b/(8n)) > C. Therefore,
the differential inequality for the energy quantity reduces to

d 017"276
—FE. (1) <
2

< E,(t) + D(V/Cp)Ptp/?=2¢=77/(20)

For each r > 1, from now on we consider C', C as fixed constants and write
a = C1727¢ > 0. Solve the above ode on 0 < s < t < a/(2b):

t
—i—D(\FC’p)pe_rZ/(Q“)/ e

At each 7> 1, choose p =2(2 + ) = 2(2 + C1727¢). For r large (de-
pending only on C, D, ¢, a) we have " /(49 > D(v/Cp)P. Hence,

E.(t) _E(s) | a _2/a)
< Bl
te T s« * 2be

(6.2)

for large enough r. By Theorem [£.1] and the MCF equation, since the conver-
gence F(t,-), F(t,-) — Fy(-) are smooth, Q") (0) = 0 for any m € N. Since
Fy is proper and M is complete, F~ 1(B M (Yo,2r)) is a compact set and we
may apply the dominated convergent theorem to conclude that

im 2r8)

s—0 s¢

Followed by letting r — oo in (6.2]), we have Q@ =0 for all ¢ € [0,a/(2b)], in
particular F' = F' in [0, a/2b]. Extension to the whole interval [0, 7] follows
from an open-closed argument and this finishes the proof of Theorem|[I.1] [

Next we prove Theorem

Proof of Theorem[1.3. In this situation, we observe that conditions (1) and
(2) in Theorem hold since ¢t ~2% is integrable in [0, T]. Thus all the cal-
culations in the Sections 3, 4, and 5 can be applied. Let

Q% =d> + |l —T)? + t 2*|PF, — F.|> + |PA — A

In this situation, one uses an intrinsic cutoff function: Let p = pr € C*°(X)
be an exhaustion of (3, gr) so that for some xg € X,

dgy (2, 20) < p(x) < dgp (2, 20) + 1, [Vp| <2.
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Let ¢, n be defined as in the proof of Theorem with this new p and let
Eo(t) = / Q%M.
b

The assumption |A|+|A| < C/t* implies the estimates |VA|+ |VA| <
1 /t20‘. Arguing as in the proof of Theorem we have for r > 1 and
b/(8n\) > C,

d & / A 2 — ’V¢‘2
—EXt) < =EXt)+C PA— Al*e”T———dp.
G Er () < o B (t) AL /) | | 5

Using the assumption on |A|, |ﬁ|’ 1) and pick p = 2, we have
d C: >
—EMt) < =2 (ETO‘(L‘) + e %" Volg, (Br(l‘o))>.

From the Gauss equation and the assumptions on A, (3, gr) has bounded
curvature, thus the volume comparison theorem gives

Voly, (B, (z9)) < DeP"

for some D = D(n,m,T, By). Choosing a~! > 2D,

d o Cy a —r?/2a
— <
SEN) < o (B + e ).

Since the convergence F(t,-), F(t,-) — Fy(-) is C3, E,(t) is continuous at t =
0 and E,(0) = 0. Integrating the above inequality (note t~2¢ is integrable)
gives

C2 41-2a 2
E.(t) < (elf’mt - 1) e /2

Let 7 — oo gives Q% =0 for all t € [0,a/2b]. Thus F = F in [0,a/2b] and
the theorem follows from iterating the argument. O

Using the above cutoff technique and the argument in the proof of The-
orem we sketch how one can prove Theorem
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Sketch of proof of Theorem[1.3. We argue using similar argument in [12].
Define the energy to be

Eg(t) = / (ﬂyg G YD T2+ |Rm — RTny?) e dyyy)-
M
Here we choose the cutoff function and exhaustion function as in the proof

of Theorem d(x) = ¢(p(x)/R) and n(z,t) = Z(fl); where p is a smooth
function on M such that

do(z,x0) < p(x) < dp(x,z9) +1 and |V9Pp| <2
for some xy € M. By volume comparison and equivalence of metrics, we

know that
Vi(Bo(p, R)) < Vi (Br(p,CR)) < C'e'".

Using integration by part, we obtain a evolution inequality of Er which is
in the same form as before.

L 2 —
ER(t) < —Eg(t) + Cn/ ﬂmm — Rm|*e " dpu
t M @
for some L = L(n,\). We can now employ the same trick in the proof of
Theorem [1.1] to conclude that g(t) = g(t) for all t € [0,T]. O

7. Backward uniqueness

In this section, we modify a general backward uniqueness result in [16] to
prove Theorem [I.4 When the ambient space is Euclidean, similar results
were obtained in [I0] in co-dimension one case and [25] in arbitrary co-
dimension. However, the issue of parallel transport is not addressed in [10],
[25] when the ambient space is not Euclidean.

To start the proof, let F,F : [0,T] x ¥ — M be two MCFs with uni-
formly bounded second fundamental forms [A| + [A] < C and F' = F at time
T. To show backward uniqueness, it suffices to show that F' = F on [1/],T]
for all [ € N. Now consider [ as fixed number. By Theorem 3.2 in [5], we
have

IVEA| 4 |VFA| < Cry1, k=0,1,2,... and t € [1/1,T).

Consider two (time-dependent) vector bundles over X:

X=T"CoN)o (T 2®N), Y=NoT""TeoN)oT"?s o T3y,
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We use the metric induced from g and h and the direct sums are orthogonal.
Define the following time covariant derivatives on X and ) respectively:

DY =Dy@ Dy, DY =D& D@00
Consider the following two sections X,Y on X, ) respectively:

X = (PA—A)® (PVA-VA),
Y =v® (PF,—F,)& ([T -T)aVvI-T),

where v is defined in Section 3. Theorem [1.4] follows from the following

Theorem 7.1. There are constants Cy so that

(7.1) (D = A)X| < Ca(IX] +|VX] +[Y]),
IDYY| < Ca(|X| + VX + [Y]).

Proof. First we estimate 0;(V(I' — I)). We remark that for any (p, ¢) tensors
S on X, we have

(8,5V - V&t)S = ((‘)J‘) * S

Then we have the estimates

V(D —T)| = [V(9,L — §T)| + Co|T — T
_ ]v[g*2 K h(A, VA) — 572« h(A,VA)] ] Oy T
<972 % (W(VA,VA) + h(A,V2A)) — 572« (h(PVA, PVA)|
+ h(PA, PV?A)) + CyT —T|
< Co(|0 =T| + |PF, — F.|+ |PA - A| + |PVA - VA
+ |PV2A - V%A
< Cy(|0 —T| + |PF, — F.| + |PA— A| + |[PVA - VA
+|V(PVA = VA)| +|v])
< Co(|X] + VX[ +[Y]).
The above inequality together with , and give us . To
derive , note that for any k,
(D — A)(PVFA — VFA) = (D, — A)P)VFA — 267 (V,P)(V;VF A)
+ P((Dy — A)\VFA) — (D, — A)VFA.
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The first two terms on the right hand side is estimated using ,
and :
|((De = 2)P)VFA| < Co[VFAI[(1A] + [A] o] + P(|A]lo|
+|PE, — F,|+ |0 —T| + |PA— A|
< Cra (IX]+ Y1),
29 (ViP)(V;VFA)| < Cpyal Y.

To estimate the third term we use

A-A=g VI -D)+g  +@T-D)xV+ (g —g7") V>

((Dy — A)(PVFA — vV A)|
< |P(D; — A)VFA — (D, — A)VF A
+ C[(IVFA] + |VFL A o] + [VFA| V(T - D))
+ (|VEA] + VLA D — T + V24| |PE, - F|]
<|P(Dy = A)VFA = (Dy = A)VFA| + Crys(|X] + [Y)).

From (2.9), one can check that
|P(Dy — A)VFA — (Dy — A)VF A

k

< Chs (|PA —Al+) |[V(PV'A—V'A)|+ T —T| + |PE. — F.| + |v|> .
i=0

Using the above inequalities with the case k = 0, 1 give (7.1]) and the theorem

is proved. 0

Proof of Theorem[1.4. In [16], the author proves a general backward unique-
ness theorem for two sections X, Y in two fixed vector bundles X', ) on X
respectively. We remark that their proof goes through if one assume that X,
Y are both time dependent vector bundle with J; replaced by D;Y , Dty . In
particular, to apply Theorem 3 in [I6] to our situation, let

T=T—t, A7 = g%,

Note VA =0 and b= 0,g,Vb,0:A, Ry are all uniformly bounded, so is
[Dy, V] since
[Dy, V] =0, + R+ H * F,.
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Thus Theorem [7.1{and Theorem 3 in [I6] imply that X =Y =0 on [1/,T].
Thus F = F on [1/1,T]. O
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