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Destabilising compact warped product

Einstein manifolds

WAFAA BATAT, STUART HALL, AND THOMAS MURPHY

The linear stability of warped product Einstein metrics as fixed
points of the Ricci flow is investigated. We generalise the results
of Gibbons, Hartnoll and Pope and show that in sufficiently low
dimensions, all warped product Einstein metrics are unstable. By
exploiting the relationship between warped product Einstein met-
rics, quasi-Einstein metrics and Ricci solitons, we introduce a new
destabilising perturbation (the Ricci variation) and show that cer-
tain infinite families of warped product Einstein metrics will be
unstable in high dimensions.
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1. Introduction

1.1. Main results
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In 2003, Perelman made spectacular use of Hamilton’s Ricci flow to prove
Thurston’s geometrization conjecture [30], [31] and [32]. Put simply, ge-
ometrization says that three-dimensional manifolds decompose into pieces
that can each be endowed with a canonical geometry. In order to extend
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geometrization to higher dimensions, a crucial step is finding the right set
of canonical geometries in each dimension. One candidate for these geome-
tries are metrics that are the stable fixed points (up to diffeomorphism and
scaling) of the Ricci flow. Fixed points of the Ricci flow are known as Ricci
solitons and clearly include Einstein metrics. Roughly speaking, stability
can be taken to mean that the Ricci flow starting at small perturbation of
a Ricci soliton will return to the soliton.

The study of the linear stability of Ricci solitons was initiated by Cao,
Hamilton, and Ilmanen [6] who considered the second variation of Perelman’s
v entropy, a monotonic quantity for the flow. In the subsequent years, sta-
bility questions for many important classes of metric have been investigated
such as: Einstein metrics admitting parallel spinors [12], compact symmetric
spaces [7], and Kéhler metrics [18].

In this article we take up the study of stability for a class of compact Ein-
stein metrics known as warped products. These are generalisations of ordi-
nary Riemannian products where the underlying manifold M decomposes
as M = B x F for a base B and a fibre F' but the metric on the fibre is
‘warped’ by a factor coming from the base. We refer the reader to Section
for the precise definition of these metrics. There are many important exam-
ples of such Einstein metrics in low dimensions including the inhomogenous
families on S? x §2, S? x §3, and S* x S? due to Bohm [3], and the warped
product Einstein metric on (CIP%@Q x S? due to Lii, Page and Pope [27].
We completely settle the question of stability in low dimensions:

Theorem A. Let (M"™,g) be a warped product Einstein manifold where
n < 6. Then (M, g) is unstable as a fized point of the Ricci flow.

We remark that the proof of Theorem [A] also shows that warped prod-
ucts with three-dimensional base and a four-dimensional fibre are unstable
too. However, this does not account for all possible seven-dimensional prod-
ucts.

Many examples of Einstein warped products are constructed from fami-
lies of Riemannian manifolds (B, g;, fi, m;) where the metrics g; (known as
quasi-Einstein metrics) converge in the C'™ topology as i — 0o to a Ricci
soliton (B, goo, ¢). For example, Case has demonstrated that the metrics of
Lii-Page—Pope have this property [10]. For warped products coming from
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such a family, we prove an asymptotic instability result that shows that the
Einstein metrics are also unstable if the dimension is large enough.

Theorem B. Let (B, g;, fi,m;) be a sequence of quasi- Einstein metrics that
converge in the C™ topology to a non-trivial Ricci soliton (B, goo, @).

Then there exists a K € N such that the associated warped product Einstein
metrics (M*, g) are unstable for k > K.

As discussed in Section [2], the construction of a warped product Einstein
metric requires an Einstein metric § on the fibre F'. The following theorem
makes precise the interaction between the stability of the fibre Einstein
metric and that of the warped product.

Theorem C. Let (M,g) be a warped product Einstein manifold with fibre
(F,g) satisfying Ric(g) = pg. Let o be a divergence-free, trace-free eigenten-
sor of the Lichnerowicz Laplacian of (F, ) satisfying Apo = —ko. If K < p
then the warped product (M, g) is unstable.

This theorem allows us to find a large class of Ricci flow unstable warped
products. We will refer to warped products that are unstable in the manner
of Theorem [(] as fibre-unstable.

Corollary D. The following fibres yield fibre-unstable warped products:
e when (F, g) is a Riemannian product (Fy x Fa, g1 @ g2),
o when (F,§) is a Kihler-Einstein metric with h(M) > 1,

e when (F, g) is a fibre-unstable warped product Einstein metric.
1.2. The stability of generalised black holes

A second motivation for studying stability, which historically preceeds the
Ricci flow, comes from the role compact Einstein metrics play in the the-
ory of generalised black holes. This was the context of the pioneering study
of the stability of Bohm’s Einstein metrics on low-dimensional products of
spheres conducted by Gibbons, Hartnoll, and Pope [15]. In their study they
exploited the fact that the Bohm metrics are invariant under a cohomo-
geneity one action by a compact Lie group. We generalise their results in
low dimensions to arbitrary warped product Einstein metrics without any
symmetry assumptions.
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Theorem E. Let M be a warped product FEinstein metric with three-
dimensional base and two or three-dimensional fibre. Then the associated
Schwarzschild—Tangherlini black hole is unstable in the sense of Proposi-
tion 2.5.

1.3. Relation of Theorem [E| to other works on stability

The construction of Schwarzschild-Tangherlini black holes from Einstein
metrics with positive Einstein constant can itself be viewed as a non-compact
warped product. There are many other methods that build geometrically
interesting manifolds from positive Einstein metrics. For example, in [16] a
stability inequality for Ricci-flat cones over Einstein bases was investigated.
In this setting, as in Theorem [E] the stability of the cone is related to the
spectral properties of the Lichnerowicz Laplacian of the base. The authors
proved that the cones over product manifolds in dimension less than 10 are
unstable (which is somewhat similar to the situation in Theorem [E] in that
the construction over low dimensional ‘products’ is unstable). In [16] au-
thors also discussed the conjectural link, due to [lmanen, between unstable
cones and the non-uniqueness of Ricci flows emerging from them. Kroncke
has made a more extensive study of such non-compact warped product con-
structions in [24] and [25].

The relation between the linear stability discussed in this article and the
dynamic stability of the Ricci flow has been made precise by Sesum in [33].
We refer the reader to Section [2.2] for more details on this relationship.

1.4. Conventions

As the proofs of the theorems rest on certain quantities having a particu-
lar sign, it is important to state exactly the conventions used in the paper
where there is room for ambiguity. On the product B x F', uppercase letters
denote general coordinates, lowercase Roman letters denote the coordinates
on B and lowercase Greek letters denote the coordinates on the fibre F.
We will denote the associated coordinate vector fields by 04, 0, and 0O,.
In order to try and keep coordinate calculations uncluttered, we will often
abuse notation by writing V4T for Vy,T and V4B for Vy,0p.
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The divergence of a tensor T is given by
div(T)(-) = "% (VaT)(0s, )
and the (connection) Laplacian AT is given by
AT = —V*VT = g*B(V} 5T) = div(VT).

With this convention, the spectrum of the Laplacian is non-positive. The
convention we use for curvature is

R(X,Y,2,W) = g(R(X,Y)Z,W) = g(VyxZ = Viy Z, W),
and the curvature operator Rm : s2(TM) — s2(T M) is given by
Rm(h, ) ap = Racpph®?,

for h € s*(TM).

Geometric objects on the base manifold B will usually be denoted using
a bar, for example g for the metric. Geometric objects on the fibre F are
likewise denoted using a tilde, so we have g for the fibre metric. We will set
n = dim(B) and m = dim(F).

Acknowledgements: The initial work on this project was conducted whilst
WB and TM were visiting SH in Dec 2015 and Jan 2016. The visit of WB
was funded by an LMS grant under scheme 4. TM was funded by a Cal.
State Fullerton Startup Grant. We would like to thank the referees for their
careful reading and very useful comments.

2. Background
2.1. Warped Product Einstein metrics

Let M = B x F be a product manifold. Equip M with the metric
9=759® (f omp)*m}g,

where g and g are Riemannian metrics on B and F' respectively, 7 : M — B
and g : M — F denote the natural projections, and f € C°°(B). The Rie-
mannian manifold (M, g) is referred to as a warped product. We shall hence-
forth adopt the standard abuse of notation and drop the references to the
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projections mp and wg. The manifold B is referred to as the base and F' is
referred to as the fibre. By taking the function f to be constant, one recovers
a Riemannian product.

We will be concerned with the case where the warped product is an Einstein
metric with positive scalar curvature. By Myers’s theorem this immediately
implies the manifolds B and F' are compact. If a warped product (M, g) is
an Einstein manifold with Ric(g) = Ag for A > 0, then the following is well
known (e.g. Corollary 9.107 in [2]) :

(F, g) is an Einstein manifold with Ric(g) = pg for some pu > 0,
(2.1) FAf+ (m=DIVIP+ A2 = p,

(2.2) Ric(g) — mf V' f = \g.

Riemannian manifolds (B,g) that solve Equation for some
f € C>®(B) and m > 0 are known as quasi-Einstein manifolds and are stud-
ied in their own right as interesting generalisations of Einstein metrics. A
foundational result of Kim and Kim [22] says that if (B, g, f, m) solve (2.2),
then there exists a p > 0 such that f solves Equation . Hence for inte-
gral values of m > 2, one can construct warped product Einstein manifolds
from a quasi-Einstein metric on the base B.

We also consider Riemannian manifolds (M, g) where the metric g solves
(2.3) Ric(g) + V%¢ = Ag,

where ¢ € C*°(M) and A € R. Metrics solving are called gradient Ricci
solitons. One can view Equation as the formal limit as m — oo of
by setting ¢,, = —mlog f. More detailed results on the sense in which gra-
dient Ricci solitons are the limits of quasi-Einstein metrics can be found in
the work of Case [11].

At the time of writing, there are very few general methods for constructing
of compact, warped product Einstein metrics. Much more is known about
constructions of non-compact warped product Einstein metrics, see for ex-
ample Chapter 9 of [2] where there are examples of quasi-Einstein metrics
on non-compact surfaces with the parameter m € (1,00). As mentioned in
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Section [I], the first compact examples that were found are due to Béhm
[3] and occur on the product S™ x F™ with 2 <m <6 and 3 <n <9 —m.
The second family of examples come from a construction due to Lii, Page
and Pope [27] of quasi-Einstein metrics on CP'-bundles over a Fano Kéhler—
Einstein base. This construction (and its generalisation due to the second
author [17]) produce quasi-Einstein metrics for all m > 1 and hence infinitely
many examples of warped product Einstein manifolds. The lowest dimen-
sional examples of the Lii—Page—Pope construction occur when the base is
the non-trivial CP'-bundle over CP'. In this case one can view the base as
B = CP? ﬁ@z. A very explicit construction of the Lii—-Page—Pope metrics on
this manifold was given in [1]. As mentioned already, Case [10] showed that
the Lii-Page—Pope quasi-Einstein metrics converge as m — oo to the Koiso—
Cao Kahler—Ricci soliton constructed independently in [4] and [23]. The
metrics constructed in [17] should converge to generalisations of the Koiso—
Cao soliton due to Dancer and Wang [13] which are known as Dancer-Wang
Kahler—Ricci solitons.

2.2. Linear stability for Ricci flow

Ricci solitons first arose as the fixed points up to gauge of the Ricci flow

% = —2Ric(g).

In particular, Einstein metrics evolve via homothetic rescaling. Perelman
[30] introduced a quantity v which is monotonically increasing along a Ricci
flow and stationary only at shrinking Ricci solitons and, in particular, at
Einstein metrics with positive Einstein constant A. If the second variation of
v at an Einstein metric is positive, then a small perturbation of the metric
will increase v and the Ricci flow cannot flow back to the Einstein metric.
Hence the Einstein metric will be unstable. The linear stability of Ricci
solitons was considered by Cao, Hamilton and Ilmanen [6], Cao and Zhu [§],
and the second and third authors [I§]. In order to state their theorem we
need to introduce the operators

divy(-) := e~?div(e?-) = div(-) — tvg(-),

and
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Theorem 2.1 (Cao—Hamilton—Ilmanen [6], Cao—Zhu [8]). Let (M, g, ¢)
be a gradient Ricci soliton with potential function ¢ and constant A. Let
h € s*(TM). Then

d? 2\t 4
@y(g + sh)|s=0 = W /M<N(h)7 h)e=?dVy,
where
1 1
(2.4) N(h) = §A¢(h) + Rm(h, ) + dividivyh + §V2Uh

Ju Ric(g), hye=?dVy \ .
a < A{fM scal(g)e=?dV, >R1(:(g),

scal(g) is the scalar curvature of g, and vy, is the unique solution to
Ad)'Uh + Avp, = diV¢diV¢h.

As Perelman’s v-entropy is invariant under homothetic rescaling and
diffeomorphisms of the metric, we restrict to perturbations given by tensors
h satisfying the gauge-fixing conditions

divg(h) =0 and / (Ric(g), hye=?dV, = 0.
M

In the Einstein case (where the soliton potential ¢ is constant), the stability
operator (2.4]) restricted to these tensors is given by

1
N(h) = §(ALh + 2\h),
where Ay, is the Lichnerowicz Laplacian
(2.5) Aph = Ah+2Rm(h,-) — Ric- h — h - Ric.

Hence we can state a stability criterion for Einstein metrics in terms of the
spectrum of the Lichnerowicz Laplacian.

Definition 2.2 (Linear stability of Einstein metrics [6], [7]). Let
(M, g) be a compact Einstein manifold satisfying Ric(g) = A\g and let —« be
the largest eigenvalue of the Lichnerowicz Laplacian restricted to the space
of divergence-free, g-orthogonal tensors.

1) If k > 2\, g is called linearly stable.
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2) If k =2, g is called neutrally linearly stable.
3) If k < 2, g is called linearly unstable.

Sesum has related the notions of linear stability and the dynamical sta-
bility of the Ricci flow [33]. In particular, an Einstein metric gp is dynam-
ically stable if there exists a C*-neighbourhood (k > 3) U of gy such that
the A-rescaled Ricci flows

0

a% = —2Ric(g) + 2\g
converge to gg for all initial metrics g € U. If no such neighbourhood exists
then we say go is unstable. This article is concerned with unstable metrics
and we note the following result of Sesum.

Proposition 2.3 ([33]). Let (M,g) be a compact Einstein manifold sat-
isfying Ric(g) = Ag. If the Lichnerowicz Laplacian has a divergence-free, g-
orthogonal eigentensor with eigenvalue —k satisfying

Kk < 2,
then g is unstable as a fixed point of the Ricci flow.

It is expected that Einstein metrics which are stable under the Ricci
flow are quite special. In dimension four Richard Hamilton has conjectured
that the only linearly stable examples of positively curved Einstein metrics
(or Ricci solitons) are S* and CP? with their standard metrics. The Fubini-
Study on CP"™ metric is neutrally linearly stable as the eigentensors of the
Lichnerowicz Laplacian achieve the bound —2A. Recent work by Kroncke
[26] showed the surprising result that the Fubini-Study metric on CP" is
not dynamically stable. Various works [12], [16], [18], [19], [20] have pro-
vided case-by-case evidence for Hamilton’s conjecture but as yet, very little
general theory exists. Recent work by Pali has addressed this in the case
of Kéahler-Ricci solitons and Kéhler-Ricci flow [2§], [29] . By looking at
compact symmetric spaces, Cao and He showed that there do exist a wider
variety of stable Einstein metrics in higher dimensions [7].

In the case that function f in Equations and is constant,
we recover the usual notion of a product Einstein metric. It is well-known
that ordinary products can be destabilised by ‘inflating’” one of the factors.
The destabilising perturbations we use to prove the main theorems follow a
similar idea but of course the presence of the non-constant warping factor
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f complicates this procedure.

We end this section with a lemma that will prove useful in subsequent cal-
culations.

Lemma 2.4. Let (M", g) be an Einstein manifold with Einstein constant
A >0 and let h be a divergence-free tensor. Then:

1) The tensor h + cg satisfies

/ (h+cg,g) dVy =0,
M

where
B — [y tr(h)avy
‘= nVol(M)
2) The stability integral for h + cg is given by
2
1 ([ tr(h)dVy)
N(h h 2(9) = ( =Ah+Rm(h, "), h — M
(N(h+cg), b+ cg)2(g) <2 +Rm(h, ), >L2(g) Vol(AT)

Proof. (1) is a trivial calculation. To see (2) note that by Equation the
stability operator N is given by

1
N(h+cg) = §A(h +cg) + Rm(h + cg, -).
Hence we see

1
(N(h+cg),h+cg)r2(g) = <2A(h +cg) + Rm(h +cg,-), h + cg> "
L3(g

Using the fact that A(cg) = 0 and, as g is an Einstein metric,

(Rm(h +cg,),cq)12(g) = C/\/ tr(h + cg)dVy =0,
M
we obtain
1
(N(h+cg)h+cghrag = <2Ah +Rm(h, -), h> + (Rm(cg, "), h) L2 (g)-

L2(g)

The claim follows by noting Rm(cg,-) = cRic(g) = cA\g and the value of ¢
from part (1). O
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2.3. Black hole stability

In [I4] the authors developed the stability theory of generalised
Schwarzschild—Tangherlini black holes. These are metrics of the form
dr?

ds? = — [1 - (i)dl m

where [ is a constant and ds?l is the metric on a d dimensional compact Ein-
stein manifold normalised so that its Einstein constant is d — 1. They found
a stability criterion involving the spectrum of the Lichnerowicz Laplacian
restricted to the divergence-free (called transverse in the physics literature),
trace-free tensors on the Einstein manifold. We state their stability crite-
rion with respect to our convention that the ordinary Laplacian has a non-
positive spectrum (this is the opposite convention to that taken in [14]).

dt* + + r2ds?,

Proposition 2.5 (Black hole linear stability [14]). Let (M™,g) be
a compact Einstein manifold satisfying Ric(g) = Ag. Then the associated
Schwarzschild—Tangherlini black hole is linearly unstable if the Lichnerowicz
Laplacian has a divergence-free, trace-free eigentensor with eigenvalue —k
satisfying

K<

nil <4_(5—4n)2> _ (9—4n))\'

Note that if an Einstein metric is unstable in the black hole sense, then
it is unstable as a fixed point of the Ricci flow. We also note that we require
genuinely trace-free perturbations in this definition rather than perturba-
tions which are L?-orthogonal to the metric (i.e. the integral of the trace of
the perturbation is zero).

In [15], Gibbons, Hartnoll and Pope investigated the linear stability of the
Bohm warped product metrics. They proved that the Béhm metrics (or
rather the associated Schwarzschild-Tangherlini black holes) on S? x S™ for
m = 2,3 are unstable. Their proof used the cohomogeneity one symmetry
that the Bohm metrics exhibit. Our Theorem [E] is a generalisation of this
result to an arbitrary warped product metric on these spaces.
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2.4. A heuristic for destabilising one parameter families of
warped products

The methods for proving the Theorems [A] and [B] are inspired by considering

how to destabilise a product gradient Ricci soliton. Let (B, g, ¢) be a gradient
Ricci soliton satisfying

Ly =2 _

Ric(g) + V79 = Ag,

and let (F,g) be an Einstein manifold satisfying
Ric(g) = Ag,

where A > (0. Then the metric g =g@® ¢ is a gradient Ricci soliton on
M = B x F with potential function ¢ o g (as usual, we will drop the ref-
erence to the projection from now on and also denote this function ¢).
As mentioned previously, it is natural to use gauge-fixed tensors to desta-
bilise. For a Ricci soliton, this means choosing tensors which are divg-free
and L?-orthogonal, with respect to the weighted volume form e*‘i’dVg, to the

Ricci tensor. On a product soliton there are two natural tensors satisfying
the gauge-fixing conditions. The first is the tensor

hy = e? (g 2 —1§> .
n m
The second is the tensor
ha = Ric(g) @ cg,
with the constant c chosen so that
/M<Ric(g), ha)e™?dVy = 0.

One can compute the stability integral in Theorem [2.1] for each of the per-
turbations.
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Proposition 2.6. Let (Bx F,g=g® g,¢) be a gradient product Ricci
soliton and let h1 and hy be as above. Then

(N(h1), h1) 2(e-2av,)

1 1 1 1
-V = 4 = — ) |IVe?|? — ) A\e2? P4V
ol(F) /B ( (2n 2m > Vel + (n m> ¢ ) ¢ 7

(N(h2), ha) L2(e-sav,) = Allh2l| 72 (- oav,)-

and

Proof. As hy satisfies the gauge-fixing conditions
diV¢(h1) =0 and <Ric(g), h1>L2(e—¢dVg) = 0,
Equation ({2.4]) reduces to
1
N(hl) = §A¢h1 + Rm(hl, )

As we are working with the rescaled volume form e*‘ﬁd‘/jq we can integrate
the first term by parts and get

1 1 B
7<A¢>h17h1>L2(e—¢dV) = / —*‘V}Ll’Ze ¢d‘/;].
2 9 v 2

We then compute

q 1
2 = (Ve d & I = Terp ( )
m m

Hence
1 A Vol s o2 1 1 ~64
§< ¢h17h1>L2(e*¢dVg) = Vol(F) i —|Ve?| o + m e ?dVy.
The curvature operator term is given by
Ric(a -
Rm(hy, ) = e? <1C(9) @ _)\g> 7
n m
thus, using the fact g is a gradient Ricci soliton,

(Rm(hy,-), h1) = <—A¢ +A <n 1)) e2?.

m
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We note the identity |[V¢|%e? = |Ve?|?e~? and so integrating by parts yields

Ve?|? 0 (1 1 N
(Rm(h1,~),h1)L2(6_¢d‘/_q):Vol(F)/B(nZ—|—)\e¢ —t—))e 2dVj.

Combining the Laplacian and curvature operator terms yields the identity
for the h; tensor.

For the variation hs we note that the results of Cao and Zhu [§] show that

hs is divg—free and of course, from the choice of ¢, is L?(e~?dV})-orthogonal
to Ric(g). Hence we compute as with the tensor hq;

%AW + Rm(hz, -)
= <;A¢(RiC(9)) + Rm(Ric(g), .)> G Gﬁ(é) + Rm(g, -))) :

We again use the results of Cao and Zhu [§] who show that (as g is a gradient
Ricci soliton)

S8, (Ric(7)) + Rin(Ric(3). ) = ARic(3).
Finally, as ¢ is Einstein,
1~ .0 =— -
5A(9) + Rm(g, ) = Acg,
and we see N (hg) = Ahg. The result follows. O

While it is clear from Proposition that the perturbation ho always
destabilises, it is not clear that this is true for hq. Note that

_ _ 1 =, = _
/B|Ve¢\26 2dV; = 2/B<V¢), Ve*?)e=?dV;.

It is well-known [5] that it is also possible to normalise ¢ so that
App = —2)¢.

In this case
/ [Ve?|2e™?dV; = A / pe?dVy,
B B
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and the perturbation hy is destabilising if

2n(m 4+ n)
¢d dvy.
/ getdlg < n2+mn—2m Jg ¢"dVy

Such an inequality does not in general hold for functions 1 satisfying

/B Ye VdV; = 0,

and so it is not possible to conclude that h; is a destabilising perturbation
of a product Ricci soliton.

Suppose that there is a sequence of quasi-Einstein metrics (M, g;, fi, m;)
solving Equations (2.2) and (2.1]) for some fixed A\ and u; (we are always
free to fix A by rescaling the g;). Setting ¢; = —m;log f;, Equation ({2.2)

becomes
do; @ do;

)

- =2 _
Ric(g;) + V¢ — = \Gi
If as i — 0o, m; — 00, the metrics g; and the functions ¢; converge (as we
are only outlining some heuristic reasoning we do not make this notion of
convergence precise), then the limiting metric g, and function ¢ solve the
gradient Ricci soliton equation

Ric(Goo) + V¢ = AJoc.

For large values of m;, we can make the following approximations

Gi ® Joo, fim1l, and fi" me ¥
Hence the warped product Einstein metric g; & fz2 g can be approximated by
the metric goo & g. We shall see in Section [p| that p; =~ A, and so, for large
values of m;, the metric g; ® g is almost a product Ricci soliton.

In Sections M and B we define two different tensors. The first are the GHP
variations (Definition which are the analogues of the tensor h;. The fact
that hy is not obviously universally destabilising goes some way to explain
why using GHP variations fails to destabilise warped products in all but the
lowest dimensions. The Ricci variation (Definition is the analogue of ha
and Theorem [B] could be paraphrased as saying that, providing the metrics
g; and g are close to each other, the fact that ho is universally destabilis-
ing means the Ricci variation also destabilises the warped product for large
values of 1.
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3. Geometric operators for warped products

In this section we collect some useful identities that are used in the proof
of the main theorems. All of the theorems involve choosing a potentially
destabilising tensor h € s?(TM) and then computing the Rayleigh quotient

[y (ALh, B)av,
Ju lhP2dvy

which provides a lower bound for the least negative eigentensor of Ay. The
class of destabilising tensors that we consider can be written in the form

(3.1) h="ha®yh,
where h € s>(TB), h € s*(TF) and 1 € C®(B).

One fundamental calculation is that of the Christoffel symbols for the Levi-
Civita connection of a warped product metric.

Lemma 3.1 (Christoffel symbols of ¢g). Let M = B X F be a product
manifold and let g =G @ f2§ be a warped product metric on M. Then the
Christoffel symbols for the Levi-Civita connection of g are given by:

¢ _ TC
ab — I-‘abv

IS = —Gapf7"(Vaf),
FZﬁ = (Valog f)5g7
7, =17,

All other symbols are zero.

It will also be useful to know an explicit form of the curvature tensor.

Lemma 3.2 (Curvature tensor of g). Let M = B x F be a product man-
ifold and let g = G ® 2§ be a warped product metric on M. Then the cur-
vature tensor for g can be described by:

Rabcd = Rabcd )
~ =2
Ragrya = f38v(V" f)ads
Ra,B’yé = fQRma,B’yé - f2|vf’2(§a'y§65 - §a5§6~/)-

All other components are zero.
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As mentioned in Section [2] one need only check stability on divergence-
free tensors. The next lemma computes the divergence of tensors of the

form ({3.1]).

Lemma 3.3 (Divergence of h). Let (B x F™, g @ f2§) be a warped prod-
uct manifold and let h be of the form . Then

div(h)(+) = div(h)(-) + mh(Vlog f, ) N
— f72p(tr(h))dlog () + f2apdiv(h)(:).

Proof. In coordinates, as g°? = 0, we have

div(h)c = gAB(VAh)(aB, oc)
= 3"(Vah)(9y,00)) + f 25 (Vah) (95, 0c).

Using Lemma [3.1] and the fact h,g = 0 we see
(Vah)(0p, 0y) = 0.

Hence g% (Vh)(y, 0c)) = div(h)(dc). For the next term we again use the
Christoffel symbols of Lemma [3.1

257 (Vah) (08, 0c) = f 23 (Vahge — T ghea — T0.hps),
which as, hg. = 0, T3 = —Gapfg%(Vef), and TS, = (V. log )35, yields
F725°%(Vah)(95,0c) = mh(V log f,8:) — f~*tr(h)(Velog f).
Finally, we consider
F25%(Vah)(05,0) = £ 25 (Vahpy — Toghas — T hgs).
Hence as hog = wfzalg,
I3 (Vah)(93,0,) = |2 4bdiv(R)(D,).

Combining each piece finishes the proof. O

To break down the calculation of the Lichnerowicz Laplacian, we first
compute the connection Laplacian of the tensors h.
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Lemma 3.4 (Connection Laplacian). Let (B x F™ g ® f23) be a warped
product manifold and let h be of the form . Then

Ah = Ah + 2f~2tr(h)(dlog f @ dlog f)
—m(dlog f ® Lﬁlogfﬁ + Lﬁlogfﬁ ®dlog f — (ﬁﬁlogfﬁ))
+ (A — 2pAlog f + (m — 4)g(Vep, Viog f) + 2(1 — m)y|V log f*)h
+ F2p AR+ 20(V £,V [)§
— 2 f2(dlog f ® div(h) + div(h) @ dlog f).

Proof. We begin by noting that, for any tensor T, V,%},BT =VaAVpET —
Vv ,BT. We need to compute

Ah = g"PV% ph = g*V2 b+ f2G°PV2 gh.

The proof proceeds by using the coordinate description of the connection
given in Lemma We will compute each separate part of Ah.

We begin by computing (Ah).q. We can easily verify that

(3.2) (VaVih)ed = (VaVih)ed
and
(3.3) (Vv.oh)ed = (Vg,ph)cd-

To compute the (V2 3h).q terms, we expand
(VaVgh)ed = Va(Vgh)ea — (Vh)(Vac, 0a) — (Vh)(Oe, Vad),
which yields
(VaVh)ed = Va(Vsh)ed — (Velog £)(Vsh)ad — (Valog f)(Vh)ea-
A straightforward check shows
(Vgh)eq =0,
and, for example,

(Vﬁh)ad = gaﬁfﬁ(ﬁfy dq) — w(vd log f)ilaﬁ'
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Putting all this together we obtain

(34) (VaVh)ed = 2hap(Velog fV4log f)
- gaﬁf ((ﬁc log f)il(vf, 8d) + (vd log f)?l(Vf, 80)) .

In a similar manner we see that
(3.5) (Vv.sh)ea = =Gapf (Vs ph)ea

Combining Equations (3.2)) and (3.3)), and (3.4)) and (3.5]), then taking traces
yields

(Ah)eq = (Bh)eq +2f¢tr(h)(dlog f @ dlog f)e
—m(dlog f ® LVIogfh + LVlngh ®dlog f — (V Vlngh))
We now compute (Ah).s. The term
(VaVsh)rs = Va(Veh)ys — (Voh)(Vay, 85) — (Voh)(Ds, Vad),
is given by
(VaVph)ys = Va(Veh)ys — 2(Valog f)(Voh)ys
We expand

(Voh)rs = (Vb — 29V, log f)hys,
which yields

(3.6) (Vavbh)ws = (ﬁﬁbd) — 2(?@?;) log f + ﬁ[ﬂbﬁa log f)
— 20V, Vylog f + 4V, log [V, log f)h.s

Similarly, we obtain

(3.7) (Vo.bh)rs = (Ve b — 20V, log ) hys
To compute (V,Vgh)s, we expand,

(VaVh)sy = Va(Vgh)ys — (Vﬁh)(Ya% 9s) — (Vgh)
= Va(Vsh)ys — (Vsh)(Vay, 9s) — (Vh)

(0, Vad)
( v
+f§ow(vﬁh)(ﬁf7 86) +f§a6(vﬁh)( v )

V5h)(0y, Vab
V5h) (85, Vad)
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Noting that (Vgh)sy = 1#(65%)57 and, for example,
(Vsh)(Vf,05) = — £V log f[*bhss + fiash(V £,V [),
we obtain

(3.8) (VaVsh)ys = ¥V a(Vh)ys + f2(§/c37§/35 + §oi5§m)7b(ﬁf, V)
- f2|§10g f‘zw((gawhﬂd + gaéh,@”/)'

In a similar manner we see that

(3'9) (Vvaﬂh)w = ¢(V€a5h)~/6
+Japf? (20[V log fI? = §(Vlog f, V) .

Combining Equations (3.6)) and (3.7)), and (3.8]) and (3.9)), then taking traces
yields

(AR)y5 = (A — 29Alog f + (m — 4)g(Vep, Viog f)
+2(1 — m)y|Vlog f\Q)iNst
+ F2(AR) s + 2RV F, Y ).

Finally, we calculate (Ah)ss. As (Viph)es = 0, we find
(vavbh)ctS =0 and (vvabh)cd =0.
Expanding (V4 Vgh)s yields

(vavﬁh)cé = va(vﬁh)cé - (ﬁc log f)(vﬁh)aé
- (Vﬁh)((?c, 6115) + fgaé(vﬂh)(aaﬁfj-

Computing each term yields

(Vgh)es = —Velog fiohgs + fGash(0e, V),
(VBNh)acS = 1h(Vgh)as,

(Vsh) (0, Vf) = 0.
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We also have

(Vo.sh)es = —(Velog H)Yh(VaB, 85) + [3(Val, 95)h(0e, V).

Putting this all together, we have
(V2 5h)es = =(Velog 1) (Vah)as + (Vah)as) + FR(V .0 (Vad)ss.
Taking traces and noting that %g =0 gives
(Ah)es = =200 f (Ve log f)div(h)s. -

The other component of the Lichnerowicz Laplacian is the curvature
operator.

Lemma 3.5 (Curvature operator). Let (B x F™ g® f23) be a warped
product manifold. and let h be of the form . Then

Rm(h, ) = Rm(h,) = 20t (R)(Vf) + f0Rm(h, )
— 0[Vlog fP(tx(h)g — ) = F(V"f. R)gd.
Proof. The curvature operator is given by
Rm(h, ) ap = Raceph®?,
which, given the form of h, can be written

Rm(h, ) ap = Racpah® + ¥ f ™ Raypsh?°.

(The factor of f~* appears as we are raising two indices of iL) We now use
the explicit components of the curvature tensor given in Lemma (3.2

As Ragyd = Rapes = 0 we see that {A, B} = {a,b} or {4, B} = {a,3}. For
the former set we obtain
Rm(h> ')ab = Racbd?LCd + wf_4Ra'yb5iL76
= Racbah® — 0 f " f9,5(V )aph?®
S a2
=Rm(h, Vo — [ 20tr(h) (V" f)ap-
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For the latter set we obtain

Rm(h, ')aﬁ = Racﬁd?LCd + ¢f_4Ra%35f~lw5,
= —fGas (V" Feah™ + 0 f 2 Rog5h ™
— 0 f 2V 12 (Gapiys — Garydss) R’
This gives
R(h, Yo = = f (V" F,B)giias + . “2Rm(h, -)ag
- wﬁlog f|2(t~r(l~l)§aﬁ - BO&B)a

and the result now follows. O
4. The proofs of Theorems [A], [C| and [E]

In order to prove Theorems [A] and [E| we consider a generalisation of the
variation considered by Gibbons, Hartnoll, and Pope in [I5]. Using the ter-
minology of [I5], the perturbation is a ‘balloning mode’ which generalises
the manner one destabilises an ordinary Riemannian product by changing
the relative volumes of the base and fibre.

Definition 4.1 (GHP variations). Let (B x F™,g® f2§) be a warped
product manifold. The GHP variations are the tensors

(4.1) h = <fkg> ® <(m+k)fk+2§> ;

n mn

where k € R\{0}.

Proposition 4.2. Let (B" x F™,g® f%3) be a warped product Einstein
manifold. Then any GHP variation h is divergence-free. Furthermore if ¢ is
the constant defined in Lemma then

(N(h+ cg), b+ cg)pag) = Co i /B P2 £ 2V,

A <HhH2 _ (fM tr(h)dvg)2> ,

g1l

where

ol Vol(F) <k2(4k‘—|—2m—|—mn—|—(m—|—k)2)>
nm,k — :

n2m
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Proof. Consider a variation
h= Affg @ Bff+2g.
A routine calculation using Lemma yields
div(h) = ((m + k)A — mB) f*1df.

Hence if the constants A and B are chosen so that

_m_
m -+ k

then h is divergence-free. The GHP variation (4.1) has A =1/n and B =
(m 4+ k)/mn and so it is divergence-free. Using Lemma |3.4] with

_ k 5 k) £R+2
h=Lg h—g and y= IR
n mn
we obtain
JEAFE (m+k)? o rio
Ah,h) = AfFT
(b, h) I pioag
m+k -
—Q(m)f%Alogf+ Crim ,kf% IV fI%,
where
2 _ Em2—4km2—8k2m—8km+k>m—6k%2—4k%—4m>2+2k>m2+Ekm’n

n,m,k mn?

Integrating by parts yields

k?(k? 4+ 2km +m? +nm + 2)>
2

/ (AR, h)dV, = —Vol(F) (
M
% /Bf2k+m_2‘vf|2d%-

mn

Using Lemma [3.5| (and simplifying using Equations (2.1]) and ( . we ob-

tain

<Rm(h,.),h>:((m+k) m”’“)f?’f 1Af+)\f2’“<n M)

mn?2 n? mn?2
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Integrating by parts yields

mmn?

/M<an(h, 3, YAV, = Vol(F) (

x /B P2 AV, + A

—k2(2k +m — 1))

The result follows immediately using the simplication given in Lemma [2.4]
O

The proofs of Theorems [A] and [E] now follow by taking special values of the
parameter k.

Proof of Theorem[A] As k # 0, no GHP variation is a multiple of the metric
g and the Cauchy-Schwarz inequality applied to (h, g) -

() implies that
2
HhH2 _ (fM tr(h)dv;?)
lgl1?

Hence we wish to select k such that the term C’Tll m., in Proposition is
non-negative. Clearly this can only occur if

(4k 4 2m 4+ mn + (m + k)?) < 0.

Viewed as a quadratic in k, (4k + 2m + mn + (m + k)?) is minimised when
k = —(2 +m) giving a value of ((n — 2)m — 4). Hence the coefficient C}hm’k
is only non-negative when (n — 2)m < 4. The result follows noting that ei-
ther n =3 and m € {2,3,4} or n =4 and m = 2. This covers all possible
six-dimensional products as if the base has dimension 2 then, by the rigidity
theorem of Case-Shu—Wei [9], the function f is constant and the product
is trivially unstable. The fibre of a warped product Einstein manifold with
positive Einstein constant must be at least two-dimensional, as, by Myers’s

theorem the product cannot have infinite fundamental group. O

Proof of Theorem [E]. We take k = —(m + n) in Proposition In this case
the GHP variation h is divergence-free and trace-free. This means that the
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constant ¢ = 0 and so
1
(N(h), h>L2(g) = §<ALh + 2)\h, h)Lz(g).

Computing using Proposition [£.2] and rearranging yields

m n2 n m—nQ—mn
<ALh,h>Lz(g):Vol(F)<( ) (4n + 2 )>

n2m
< [ pEERay,
B
This is manifestly non-negative when n =3 and m =2 or m = 3. Hence
the Lichnerowicz Laplacian, when restricted to divergence-free, trace-free

tensors, has a non-negative eigenvalue —x for some x < 0. The instability
follows from Proposition [2.5] as

when m = 2 or m = 3. O
We use a similar method to prove Theorem [C]

Proof of Theorem[C] We consider the perturbation
h=0®o.

Decomposing the variation h in the manner of (3.1) we see that

h=0, h=0¢ and v =1.

This immediately yields div(h) = 0 by Lemma [3.3| and it is clear h is trace-
free as o is trace-free. Using Lemma [3.4] and Lemma [3.5| we obtain

Ah = f2Ac + (2(1 — m)|Vlog f|> — 2A1log f)o,

and
Rm(h,-) = f~*Rm(a,-) + [V log f|?0.
Hence
<ALh7 h>g = f_6<£L0—7 U>§
+2uf = AT 2 =m) VP = f A Log f)|o]3.
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Integrating by parts and using the fact A L0 = —ko we obtain

(4.2) /M(ALh, B v,
K m— m— m—0 |7
=2H0Hf~;/3(u—2)f 6 afmt =2 MOV 124V,

Multiplying Equation (2.1) by f™~° and integrating we see that
o p— A _
/2fm 6_2fm GIVdeVg:2/fm 4d‘/;7.
B B

Hence if k < u, we can substitute into Equation (4.2)) and get the inequality

@) [ @uhmavy> Mol [ gmtdv; = -Alnl,
M B

Hence the result follows. O
We can now prove Corollary

Proof of Corollary[D. Einstein products and Kéahler-Einstein metrics with
hY! > 1 (all with Einstein constant p > 0) admit divergence-free, trace-free
eigentensors of the Lichnerowicz Laplacian with eigenvalue 0 (see [6], [8],
and [18]). Equation shows that a fibre-unstable warped product must
also have a divergence-free, trace-free eigentensor satisfying the destabilising
conditions and so must be unstable as a fibre. ]

5. The proof of Theorem

In [21I] He, Petersen, and Wylie introduced the following function p and
symmetric (0, 2)-tensor P associated to a quasi-Einstein metric (B", g, f,m)

solving Equation ([2.2)):

1
P=""7 ((n —1)A —scal(g)) ,
P = Rlc(g) - pga
where scal(g) is the scalar curvature of g. Using the fact that

Ric(g) = mf V" f + Ag,

and
scal(g) = mf YAf + n),
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we can write the tensor fP as
FP=mVf + %(Zf )7

If the quasi-Einstein metrics appear as a family (B",g;, fi,m;) with
Ji — Joo and m; — 00 as i — oo, then the tensors P; — Ric(gso). As we
saw in Proposition 2.6, the Ricci tensor of a gradient soliton plays an impor-
tant role in the destabilising of product solitons. Hence we expect the tensor
P to play a similar role for warped product Einstein metrics. As we shall
see, it is the tensor fP that is divergence-free and so we have the following
definition.

Definition 5.1 (Ricci variation). Let (B" x ™, g @ f2§) be a warped

product Einstein manifold with Einstein constant A. Then the Ricci variation
is the tensor

(5.1) h—(mv7+;JfﬂAf+Aﬂ{)@&

Lemma 5.2. The Ricci variation is divergence-free.

Proof. We begin by noting if 7 € s?(T'B) satisfies div(f) = 0, then using

Lemma [3.3]

n=[f"noo,
satisfies div(n) = 0. In Proposition 5.4 of [2I], the authors showed that
div(fmT1P) =0 and so h = fP @ 0 satisfies div(h) = 0. O

The hypothesis of Theorem [B]will be used to guarantee that the functions f;
have certain limiting behaviours. We collect what we will need in a lemma.
Note that (B, gi, fi, m;) converging the C* topology to a non-trivial Ricci
soliton (B, goo, ) Means g; — goo, f;* — €~ %, and m; — 0o as i — oo where
the convergence is uniform with respect to any C*-norm.

Lemma 5.3. Let (B, g;, fi,mi) be a one parameter family of quasi-Einstein
metrics that converge in the C°° topology to a non-trivial Ricci soliton
(B, Goos ) as in Theorem[B, Then

1) The functions f; — 1 as i — oo.

2) The one-forms mil/leog fi—=0asi— oo.

3) The associated constants p; from Equation satisfy pu; — A as
1 — 00.
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Proof. The first two items follow trivially from the requirement that
fi"" — e~%. Item (3) is proved by Case in [10] Proposition 4.11. O

We remark that the normalisation of the limiting soliton potential ¢ is actu-
ally fixed by lim;_,oo m;(A — p;). This is also proved by Case in Proposition
4.11 of [10]. Next, we compute the stability operator N applied to the Ricci
variation.

Lemma 5.4. Let (B" x F™, g @ f23) be a warped product Einstein mani-
fold with A and 1 as in equation and let h be the Ricci variation .
Then

1
<2Ah + Rm(h, -), h>
L2(g)

1

+mu(f3df ® df), h> ) .
L2(fmdVy)

m 1 _

Proof. For an arbitrary function ® we recall that in coordinates

0*® o 09

Vo p=———— — —_
AB 0z A0z AB orc

Hence we can use the formula
Lo = —Gas /7 (Val),
from Lemma [B.1] to obtain
V20 =V 0 & f(VD, V)i

Using this, and the fact that ¢ = § ® f2§, we can write the tensor A in the
following manner,

h=mVf + o (Af +Af)g = = (FPAf + A+ (m = D)fIVf)3.

Thus Equation yields f2ZAF + Af3 + (m — 1) f|Vf|? = fu and so

h=mV2f + %(Zf—i—)\f)g— n‘fLL_flg.
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We will now compute the integral (3Ah+ Rm(h,-), k) 12(g) term-by-term.
Let

Ti=mV, To= (& +ANg amd T =g

We begin by computing (N (71), h)r2(g). For an arbitrary function @, we
note the identity

(V2®, H) 12y = (divV*(V®), H) 12(g) = (V®,div(H)) 12(y),

for any H € TM* ® TM*. Hence, as it is divergence-free by Lemmal5.2] h is
Lo—orthogonal to the Hessian of any function. In the proof of their Lemma
3.5 in [7], Cao—He show that for an Einstein metric

1
5Av2<1> +Rm(V2®,.) = VZAD + \V?®
for any function ®. Applying these two identities to 7; we obtain

<1A(mV2f)  Rm(mV?f,"), h>
2 12(g)
<mv2(Af + )‘f) >L2 (9) — 0= <mv2f7 h>L2(g)

Thus .
<§A7—1+Rm(7-17')7 >L2(g _/\<7-17 >L2(9

To compute the integral for the second term 7> we note that
A(®g) = (AD)g,

for any function ® and any Riemannian metric g. We also have
Rm(®g, ) = Ay,

for any function ® any Einstein metric g with Einstein constant A. Hence
we conclude

(30T RiTo ) b) = ATabhiagy + 0 (3GT A1) g
LZ(g)

To deal with the final term 73 we note that pointwise (g,h) = 0 = (T3, h).
This is clear using the original definition of h in Equation (5.1)). Using
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Lemma [3.4] and Lemma [3.5 we obtain

(5AU0)+ (3. 0u0) = (s~ 0~ 727 )W)

L2(g)

Hence

1
L2(g)
mi _ _o=2
= )‘<7§7h>L2(g) + m (<m(f 3df @df — f QV f)?h>L2(g)> .
Putting the three calculations for the 7; together we see that h is almost a
A-eigentensor for the stability operator N.

(5.2) <1Ah + Rm(h, ), h>
2 L2(g)

1
= Alhll72 () + mni1<2A(Af +Af)g
— mu(f3df @ df — F2V°), h>

L2(g)

We now observe two further identities for an arbitrary function ® €
C>(B), firstly the general identity

1 2
Vel = —@v% + @d@ ® dP.

The second is that, as h is both divergence-free and pointwise orthogonal to
tensors of the form 0 @ h, we have

=2 S e =2
0=(V2®,h)12() = (V' Q@& VO, V)G h)r2(g) = (V @, h)12(g)-

Hence Equation (5.2)) becomes

<1Ah+Rm(h,-),h>
2 L2(g)
= \Ihll%, _m_
1llZ2(g) + —

" <;A(Af +AS)g + mu(f 0 df © df), h>

L*(g)

The result follows by computing the integrals over the base B and fibre
F. O
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We can now prove Theorem

Proof of Theorem[B. Using Lemma (2.4)), we see that the warped product
(B" x F™i g; @ f2g) is unstable if

Lz(gi) ( + ml)Vol( )

1
<2Ahi+Rm(hi,‘),hi> >0,

where the h; are the Ricci variations defined by the metrics g;, the functions
fi and the constants m;. Thus we consider the behaviour, as ¢ — oo of the
sequence

tr(h;)dV,
a; = VOl(Fz‘)_l <<;Ahi + Rm(h;, ')’hz‘> - A (fM r(h gq) ) .
L2(g:)

(n+ mZ)Vol(M)
The sequence a; does not in fact depend at all on the fibres Fj.

Using Lemma we need to consider the limit as ¢ — oo of

m;
-1

)‘”hi”%ﬂ(gi)‘}' < (Afz+)\fz)gz+m/‘(f 3dfz®df1) z>

L2(g:)

1/2
As Lemma gives fi — 1, dlog f/""  — 0, and p; — X\ we see

1
< (Afz + )\fz)gz + mz,uz(f 3dfz dfi)a hz‘> — 0.
2 LAV, )

We also have

L (o tr(hi)dv, ) (Jp tr(hi) £ dV5.)"
VollE) A Vol (M) _)\(mz—i—n)Vol(B,fm «dV,)

The limit of the a; is thus

MlhoollF2(e-cavg..)s

where hoo = Ric(goo) is the limit of the h; as ¢ — oo (the limit exists as g;
converges in the C'* topology). Hence we see for large enough 1,

¥+ g+ egi) v, >0,
M

and the result follows. O



1092 W. Batat, S. Hall, and T. Murphy

1]

2]

[3]

9]
[10]
11)
12)
13)

[14]

References

W. Batat, S. J. Hall, A. Jizany, and T. Murphy, Conformally Kdhler
geometry and quasi-Einstein metrics, Miunster Journal of Mathematics
8 (2015), 211-228.

A. L. Besse, Einstein Manifolds, Classics in Mathematics, Springer-
Verlag, Berlin, (2008). Reprint of the 1987 edition.

C. Bohm, Inhomogeneous Einstein metrics on low-dimensional spheres
and other low-dimensional spaces, Invent. Math. 134 (1998), no. 1,
145-176.

H.-D. Cao, Ezistence of gradient Kahler-Ricci solitons, in: Elliptic and
Parabolic Methods in Geometry (Minneapolis, MN, 1994). A K Peters,
Wellesley, MA, (1996), pp. 1-16.

H.-D. Cao, Recent progress on Ricci solitons, in: Recent Advances in
Geometric Analysis, Vol. 11 of Adv. Lect. Math. (ALM). Int. Press,
Somerville, MA, (2010), pp. 1-38.

H.-D. Cao, R. Hamilton, and T. llmanen, Gaussian densities and stabil-
ity for some Ricci solitons, arXiv:math/0404165 [math.DG], (2004).

H.-D. Cao and C. He, Linear stability of Perelman’s v-entropy on sym-
metric spaces of compact type, J. Reine Angew. Math. 709 (2015),
229-246.

H.-D. Cao and M. Zhu, On second wvariation of Perelman’s Ricci
shrinker entropy, Math. Ann. 353 (2012), no. 3, 747-763.

J. Case, Y.-J. Shu, and G. Wei, Rigidity of quasi-FEinstein metrics,
Differential Geom. Appl. 29 (2011), no. 1, 93-100.

J. S. Case, Smooth metric measure spaces and quasi-FEinstein metrics,
Internat. J. Math. 23 (2012), no. 10, 1250110, 36.

J. S. Case, The energy of a smooth metric measure space and applica-
tions, J. Geom. Anal. 25 (2015), no. 1, 616-667.

X. Dai, X. Wang, and G. Wei, On the stability of Riemannian manifold
with parallel spinors, Invent. Math. 161 (2005), no. 1, 151-176.

A. Dancer and M. Wang, On Ricci solitons of cohomgeneity one, Ann.
Global Anal. Geom. 39 (2011), 259-292.

G. W. Gibbons and S. A. Hartnoll, Gravitational instability in higher
dimensions, Phys. Rev. D (3) 66 (2002), no. 6, 064024, 17.



Destabilising compact warped product Einstein manifolds 1093

[15] G. W. Gibbons, S. A. Hartnoll, and C. N. Pope, Bohm and Einstein-
Sasaki metrics, black holes, and cosmological event horizons, Phys. Rev.
D (3) 67 (2003), no. 8, 084024, 24.

[16] S. Hall, R. Haslhofer, and M. Siepmann, The stability inequality for
Ricci-flat cones, J. Geom. Anal. 24 (2014), no. 1, 472-494.

[17] S. J. Hall, Quasi-Finstein metrics on hypersurface families, J. Geom.
Phys. 64 (2013), 83-90.

[18] S. J. Hall and T. Murphy, On the linear stability of Kdhler-Ricci soli-
tons, Proc. Amer. Math. Soc. 139 (2011), no. 9, 3327-3337.

[19] S. J. Hall and T. Murphy, On the spectrum of the Page and the Chen-
LeBrun-Weber metrics, Ann. Global Anal. Geom. 46 (2014), no. 1,
87-101.

[20] S. J. Hall and T. Murphy, Numerical approzimations to extremal toric
Kahler metrics with arbitrary Kdhler class, Proc. Edinb. Math. Soc.
(2) 60 (2017), no. 4, 893-910.

[21] C. He, P. Petersen, and W. Wylie, On the classification of warped
product Einstein metrics, Comm. Anal. Geom. 20 (2012), no. 2, 271
311.

[22] D.-S. Kim and Y. H. Kim, Compact Einstein warped product spaces
with nonpositive scalar curvature, Proc. Amer. Math. Soc. 131 (2003),
no. 8, 2573-2576.

[23] N. Koiso, On rotationally symmetric Hamilton’s equation for Kdahler-
Einstein metrics, in: Recent Topics in Differential and Analytic Geom-
etry, Vol. 18 of Adv. Stud. Pure Math. Academic Press, Boston, MA,
(1990), pp. 327-337.

[24] K. Kroncke, Stable and unstable Einstein warped products, Trans. Amer.
Math. Soc. 369 (2017), no. 9, 6537-6563.

[25] K. Kroncke, Stability of sin-cones and cosh-cylinders, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 18 (2018), no. 3, 1155-1187.

[26] K. Kroncke, Stability of Einstein metrics under Ricci flow, Comm.
Anal. Geom. 28 (2020), no. 2, 351-394.

[27] H. Li, D. N. Page, and C. N. Pope, New inhomogeneous FEinstein
metrics on sphere bundles over Einstein-Kdhler manifolds, Phys. Lett.
B 593 (2004), no. 1-4, 218-226.



1094 W. Batat, S. Hall, and T. Murphy

[28] N. Pali, The soliton-Ricci flow with variable volume forms, Complex
Manifolds 3 (2016), Art. 3.

[29] N. Pali, Variational stability of Kdihler-Ricci solitons, Adv. Math. 290
(2016), 15-35.

[30] G. Perelman, The entropy formula for the Ricci flow and its geometric
applications, arXiv:math/0211159 [math.DG], (2002).

[31] G. Perelman, Finite extinction time for the solutions to the Ricci flow
on certain three-manifolds, arXiv:math/0307245 [math.DGI], (2003).

[32] G. Perelman, Ricci flow with surgery on three-manifolds, arXiv:math/
0303109 [math.DG], (2003).

[33] N. Sesum, Linear and dynamical stability of Ricci-flat metrics, Duke
Mathematical Journal 133 (2006), no. 1, 1-26.

EcoLE NATIONALE POLYTECHNIQUE D’ORAN
B.P 1523 EL M’NAOUAR, 31000 ORAN, ALGERIA
E-mail address: wafaa.batat@enp-oran.dz

SCHOOL OF MATHEMATICS AND STATISTICS, NEWCASTLE UNIVERSITY
NEWCASTLE-UPON-TYNE, NE1 7TRU, UK
FE-mail address: stuart.hall@ncl.ac.uk

DEPARTMENT OF MATHEMATICS, CALIFORNIA STATE UNIVERSITY FULLERTON
800 N. StATE COLLEGE BLD., FULLERTON, CA 92831, USA
E-mail address: tmurphy@fullerton.edu

RECEIVED SEPTEMBER 27, 2017
ACCEPTED DECEMBER 19, 2018



	Introduction
	Background
	Geometric operators for warped products
	The proofs of Theorems A, C and E
	The proof of Theorem B
	References

