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Quasi-local energy with respect to
de Sitter/anti-de Sitter reference

Po-NinGg CHEN, MU-TAO WANG, AND SHING-TUNG YAU

This article considers the quasi-local conserved quantities with re-
spect to a reference spacetime with a cosmological constant. We
follow the approach developed by the authors in [7, 26, 27] and
define the quasi-local energy as differences of surface Hamiltoni-
ans. The ground state for the gravitational energy is taken to be
a reference configuration in the de Sitter (dS) or Anti-de Sitter
(AdS) spacetime. This defines the quasi-local energy with respect
to the reference spacetime and generalizes our previous definition
with respect to the Minkowski spacetime. Through an optimal iso-
metric embedding into the reference spacetime, the Killing fields
of the reference spacetime are transplanted back to the surface in
the physical spacetime to complete the definitions of quasi-local
conserved quantities. We also compute how the corresponding to-
tal conserved quantities evolve under the Einstein equation with a
cosmological constant.
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1. Introduction

In [7, 26, 27], the authors developed the theory of quasi-local energy (mass)
and quasi-local conserved quantities in general relativity with respect to
the Minkowski spacetime reference. In view of recent astronomical observa-
tions, the current article embarks on the study of the corresponding theory
with respect to a reference spacetime with a non-zero cosmological con-
stant. In particular, the quasi-local energy and quasi-local conserved quan-
tities with respect to the dS or AdS spacetime are defined in this article.
The construction, similar to the Minkowski reference case, is based on the
Hamilton-Jacobi analysis of the gravitational action and optimal isometric
embeddings. However, the result, not only is more complicated, but also
reveals new phenomenon due to the nonlinear nature of the reference space-
time. The construction employs ideas developed by the authors in [25] (see
also [23]) for quasi-local mass with respect to the hyperbolic reference.

In the following, we review the definition of the quasi-local energy-
momentum in [26, 27] with respect to the Minkowski spacetime. The main
motivation of this definition is the rigidity property that surfaces in the
Minkowski spacetime should have zero mass. As a result, all possible iso-
metric embeddings X of the surface into R*! are considered and an energy
is assigned to each pair (X, Tj) of an isometric embedding X and a constant
future timelike unit vector field T in R3!.

Let X be a closed embedded spacelike 2-surface in a spacetime. We as-
sume the mean curvature vector H of X is spacelike and the normal bundle
of ¥ is oriented. The data used in the definition of the Wang-Yau quasi-local
mass is the triple (o, |H|, af), in which o is the induced metric of ¥, |H| is
the norm of the mean curvature vector and apg is the connection one-form
of the normal bundle with respect to the mean curvature vector

= (5 )
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where J is the reflection of H through the incoming light cone in the normal
bundle.

Given an isometric embedding X : ¥ — R3! and a constant future time-
like unit vector field Ty in R3!, let X be the projection of X onto the
orthogonal complement of Ty. We denote the induced metric, the second
fundamental form, and the mean curvature of the image by &3, ﬁab, and I ,
respectively. The Wang-Yau quasi-local energy with respect to (X, Tp) is

1 o~
E(S, X, T)) :&r/AHdZ
Y

_81/ (VLT [V cosh0]H]| — V7 - V0 — (V)| d5.
T J%

where 6 = sinhfl(ml\/_ﬁ), V and A are the gradient and Laplacian,

respectively, with respect to o and 7 = — (X, Tp) is the time function.

In [26, 27], it is proved that, E (X, X,Tp) > 0 if ¥ bounds a spacelike
hypersurface in N, the dominant energy condition holds in IV, and the pair
(X, Tp) is admissible. The Wang-Yau quasi-local mass is defined to be the
minimum of the quasi-local energy E(X, X, Tp) among all admissible pairs
(X, Tp). In particular, for a surface in the Minkowski spacetime, its Wang-
Yau mass is zero. However, for surfaces in a general spacetime, it is not clear
which isometric embedding would minimize the quasi-local energy. To find
the isometric embedding that minimizes the quasi-local energy, we study the
Euler-Lagrange equation for the critical point of the Wang-Yau energy. It is
the following fourth order nonlinear elliptic equation (as an equation for 7)

VoVt

JUFIVAP

+ div, LCOShH|H|—V9—aH =0
1+ |VT|?

(1.1)  — (H6% — 676" hy)

coupled with the isometric embedding equation for X. is referred to as
the optimal isometric embedding equation.

The data for the image surface of the isometric embedding X in the
Minkowski spacetime can be used to simplify the expressions for the quasi-
local energy and the optimal isometric embedding equation. Denote the
norm of the mean curvature vector and the connection one-form in mean
curvature gauge of X () in R®! by |Hg| and ay,, respectively. Let 6y =
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sinh~* (77&> We have the following identities relating the geome-
[Ho |/ 14V 7|2

try of the image of the isometric embedding X and the image surface S of
X [6].

V1+ |[V7PH = /1 + [V7|2 cosh 6p|Ho| — VT - Vby — ap, (V)
ViVt

Vr
——————— =div, | ————= coshy|Ho|—Vby — an,
V14 |VT]? ( 1+|V7[? ol ol 0 H)

The second identity states that a surface inside R3! is a critical point of
the quasi-local energy with respect to other isometric embeddings back to
R3!. This can be proved by either the positivity of the quasi-local energy
or a direct computation. We substitute these relations into the expression
for E(X, X,Tp) and the optimal isometric embedding equation, and rewrite
them in terms of a function p and a one-form j with

(AT)? (AT)?
_ Mo + 55 — 1P+

V14 |VT[?
Ja = pVer =V [Sinh1< pAT )] (ry)a + (o)
a — aT — Va - Hy)a H)a-
|Hol|H |

(HAab AaCAbdh )

In terms of these, the quasi-local energy is
1 .
B X.T) = o [ (0+a9%7)
87T »

and a pair (X, Tp) of an embedding X : ¥ < R3! and an observer Tp sat-
isfies the optimal isometric embedding equation (1.1)) if X is an isometric
embedding and

divgj = 0.
In [7], the quasi-local conserved quantity of ¥ with respect to a pair

(X,Tp) of optimal isometric embedding and a Killing field K is defined to
be

1 .
B X T0.K) =~ [ (KTl +3(KT)] a2

where K ' is the tangential part of K to X (X).

The article is organized as follows: in Section 2, we gather results for the
geometry of surfaces in the reference spacetime (dS or AdS). In Section 3,
we derive a conservation law for surfaces in the reference spacetime. The
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conservation law is used in Section 4 to define the quasi-local energy. In Sec-
tion 5, the first variation of the quasi-local energy is derived. In Section 6,
the second variation of the quasi-local energy is computed and we prove that
a surface in the static slice of the reference spacetime is a local minimum
of its own quasi-local energy. In Section 7, we define the quasi-local con-
served quantities and evaluate their limits for an asymptotically AdS initial
data, and compute how these conserved quantities evolve under the Einstein
equation with a cosmological constant.

The definition of quasi-local energy is further generalized in [10] to allow
a general static spacetime such as the Schwarzschild spacetime as a reference.
For the reader’s convenience, the notations and symbols used in this article
are summarized in the following table.

Gap 2 The unit round metric on S2.
V £ Covariant derivative of Ggp.
Y. £ Surface in a physical spacetime.
o 2 Induced metric of X.
V £ Covariant derivative of ogp.
H £ Mean curvature vector of ¥ in the physical spacetime.
{e3,e4s} = An orthonormal frame of the normal bundle of ¥ in the physical
spacetime.
Qe £ Connection form of the normal bundle of ¥ associated to es.
ag £ Connection form of the normal bundle of ¥ associated to \%l
X £ Isometric embedding of ¥ into a reference spacetime.
X 2 Projection of X onto the static slice of the reference spacetime.
y 2 Image of X in the static slice.
b 2 Induced metric of .
V £ (Covariant derivative of .
H 2 Mean curvature of 3 in the static slice.
Aab 2 Second fundamental form of 3 in the static slice.
¢ = One-parameter family of isometries generated by % in the refer-

ence spacetime.

Image of X (X) under ¢;.

Pushforward of the unit normal of & in the static slice by ¢.
Static potential of the reference spacetime.

Covariant derivative of the induced 3-metric of the static slice.

Qo & Q
> 1> > (>

Table 1: Table of notations and symbols.
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2. Geometry of surfaces in the reference spacetime

In this section, we gather results for the geometry of surfaces in the reference
spacetime, which refers to the dS spacetime or AdS spacetime throughout
the article. In a static chart (¢,2!, 22, 23) of the reference spacetime, the
metric is of the form

(2.1) g =—0%t* + gijdz'da’

where g;; is the hyperbolic metric for the AdS spacetime, or the round metric
on S3 for the dS spacetime, and € is the corresponding static potential. The
metric is normalized such that the scalar curvature of g;; is 6x where & is 1
or —1. Denote the covariant derivative of the static slice by V and that of
the reference spacetime by D.

The static equation reads:

(—Aﬂ)gzj + ?16]9 — QRiCij =0

where Ric;; is the Ricci curvature of the metric g;;. In our case, a static slice
is a space form and g;; and € satisfy

(2.2) Vi = —kQg.

Consider a surface ¥ in the reference spacetime defined by an embedding
X from an abstract surface Xy into the reference spacetime. In the static
chart, we denote the components of X by (7, X!, X2, X3) and refer to 7
as the time function. Let o be the induced metric of ¥, Hy be the mean
curvature vector of ¥ and Jy be the reflection of Hy through the light cone
in the normal bundle of ¥. Denote the covariant derivative with respect to
the induced metric o by V.

Given an orthonormal frame {es,es} of the normal bundle of ¥ in the
reference spacetime where e3 is spacelike and e4 is future timelike, we define
the connection one-form associated to the frame

(2.3) Qe (1) = (D(.)e3, €4).

We assume the mean curvature vector of ¥ is spacelike and consider the
following connection one-form of ¥ in the mean curvature gauge

Jo H0>
2.4 )= {(Dy—, ,
24 i) < “1Ho|" [Ho|
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where Jy is the reflection of Hy through the incoming light cone in the
normal bundle. R

Let X be the surface in the static slice t = 0 given by X = (0, X1 X2 X3)
which is assumed to be an embedding. The surfaces ¥ and ¥ are canonically
diffeomorphic. Let 6 be the induced metric of f], and H and ﬁab be the mean
curvature and second fundamental form of ¥ in the static slice, respectively.
Denote the covariant derivative with respect to the metric 6 by V.

The Killing vector ﬁeld ; generates a one-parameter family of 1s0metr1es
¢ of the reference spacetlme and we have from the form of the metric

(2.5) D,

Let C be the image of X under the one-parameter family ¢;. The intersection
of C' with the static slice t =0 is X. By a slight abuse of terminology, we
refer to 3 as the projection of ¥. We consider the following two vector fields
on C. Let v* be a coordinate system on X and consider the pushforward
Xi(55), © +(79%)
to C by the one parameter family ¢, gives a vector field, still denoted by
X*(W) on C. X, (3 a) is perpendlcular to % everywhere on C'. Similarly,
we consider the pushforward of X, ( =) to C' by the one-parameter family
Pt

The function 7 can be viewed as a function on Yo as well. 7, = 861; is
a one-form that lives on X, as well as ¥ and Z through the canonical

diffeomorphism.
As tangent vector fields on C, we have
0 5 0 0

Finally, let €3 be the outward unit normal of S in the static slice ¢ = 0.
Consider the pushforward of €3 by the one-parameter family ¢;, which is
denoted by €3 again. Let €4 be the future directed unit normal of ¥ normal
to €3 and extend it along C' in the same manner. In particular, X,( 8va) is
perpendicular to €3 and €4, and X ( - ) is perpendicular to és and

We derive the formulae for comparing various geometric quantltles on
Y and & in the remaining part of this section. Denote V7 = 0%, 66 and
VT = 6“”@%, thich are identified with the corresponding tangent vector

fields on ¥ and X, respectively.
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We consider ¢ and ¢ as two Riemannian metrics on ¥, which are related
as follows:

(2.7) Oap = Oap — V2 TaTp
QO2verver

2.8 O_ab _ &ab L

(2:8) 1—Q2|Vr|?

On X, V7 and V7 are related as follows:

Ver

(2.9) Vir=_— "
1—Q2|V7|?

This follovvs from a direct computation using equation (2.7)) and (| .

From , we derive
(2.10) (1-2|VrH(1+ Q2| Vr)?) =1

As before, we can extend V7 and V7 along C. Along C,
(2.11) Vr = (V)X 0 and V7= (Vo)X 0
' N *\ ove N “\owe )

Note that along C, V7 is perpendicular to €3 and €4 and Vris perpendicular
to és and %. The following lemma expresses €4 and % along C' in terms of
each other.

Lemma 2.1. Along C, we have

9 .
(2.12) &y =1+ Q2|VrT|? (?Zt + QVT)
0 2 2 2
(2.13) En = Q1+ Q2| V7|2¢4 — QVT,
where VT and VT are given in .

Proof. We ﬁrst prove It 1s easy to see that at + Q2V7 is normal
to both X, ( ) =X, (ava) —|— Ta at and €3, and thus in the direction of é,.
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Moreover, its length is

\/ Q2 — Q4 VT2 =04 /1 - Q2| V72 = e
V1+ Q2| V7|2

where (2.10) is used in the last equality. This proves (2.12)). From (2.12)),
we derive (2, ¢84) = —Qy/1+ Q2V7[2. This together with (5, X.(525))

—7,0? implies (2.13)).

In the following proposition, we derive a formula relating the mean cur-
vature H of & to geometric quantities on Y. All geometric quantities on 3
and ¥ are extended along C by the integral curve of %. For 2 =1, this
reduces to equation (3.5) of [27].

Ol

Proposition 2.2. Along C,
Q

V1+ Q2 V|2

Proof. Note that é3 is the unit outward normal of the timelike hypersurface
C. Denote by 7(-,-) = (D(.y€3,-) the second fundamental form of C' with
respect to €s. The idea of the proof is to compute the trace of 7w along C in

two different tangent frames of C, {X*(a%a), 2} and {X*(%), é4}. Thus

. 0 . 0 1 g 0
~ab _ -
(2.15) or (X* (aw) > X (aw)) 02" <8t’ 8t>
0 0
__ __ab v v
=0 T <X* (87)@) ,X* <8vb>> — 77(64, 64).
By definition,
A 0 A 0 ~
~ab —
o <X* (01}“) , Xy (Gvb>> H and
0 0
ab o
o <X* (61}“) y X <6Ub>> = —(Ho, €3).
On the other hand, by ([2.5))
g 0\  e(9Q) A 0 A 0 i
g <6t at) a7 (X* (8) A (W)) = f
(2.16)
and 9 % (2)) =0
BT o\ Gee e

(2.14) H = —(Hy, é3) — ag, (V7).
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We use (2.12)) and (2.13)) to compute:
1 g 0 1 0 0 Q

2" <8t’ 8t> — (€4, 64) = 2" <6t’ 875) NG PN n QQWT‘QW(VT’@O

0
T+ 2N <8t’e4>

Q 0 =
=— ————(Dv,&3,64) — 7| =, VT |.
1+ Q2[Vr]2 (Dyrés, ea) (875 )
71'(%, V) vanishes by (2.16). O

In addition, we derive an identity for the connection one-form ag, on X
that relates it to the second fundamental form of .

Proposition 2.3. Along C, the connection one-form oz, on ¥ satisfies

(2.17) (az,)a = /14 QL|VT2(QV They — €3(Q)74)

where hqe on the right hand side is the extension of the second fundamental
form of ¥ to C by the one-parameter family ¢;.

Proof. By definition, (ag,)q is

. 1+ 02 2
() ) o () 5 AT

v g ot’ Q ot
+O\1+ QQ|VT|2@T>
= —&3(Q)7a/1 + Q2|VT|2 + Q1 + Q2|V72(VP7) hap.

(2.12)) is used in the first equality, and (2.5)) and (2.9) are used in the second
equality. [l

We have the following lemma for the restriction of the static potential to
surfaces in the static slice.

Lemma 2.4. Let ¥ be a surface in the static slice. Let A be the Laplace
operator of the induced metric, 3 be the unit outward normal, Hy be the
mean curvature, and hyy, be the second fundamental form. We have

(218) (A + QH)Q = —Hoég(ﬂ)
(2.19) Vaf3(Q) = hay VPO
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Proof. Both equations are simple consequences of (2.2)) and the definition
of the second fundamental form. 0

3. A conservation law

Proposition leads to the following conservation law for surfaces in the
dS or AdS spacetime. This generalizes Proposition 3.1 of [27].

Proposition 3.1. For any surface ¥ in the reference spacetime, we have
the following comservation law:

[ofiiE = [ [-0v/TT QTR &) - (Deéa, )] ax.

Proof. Multiply (2.14) by © and integrate over X. By (2.7, the two area
forms satisfy

(3.1) A3 = /14 Q2|V7|2ds. B

To define the quasi-local energy, the right hand side of the conservation law is
rewritten in terms of the mean curvature gauge in the following proposition.

Proposition 3.2. In terms of the connection one-form in mean curvature
gauge o, the conservation law in Proposition [3.1] reads

/Qﬁdi _ / [T 2P o2 + din (229 7)2
+ div(Q2VT)0 — aHO(QQVT)} ds,

where

div(Q2VT)

(3.2) f = —sinh™! .
|Ho|2/1 + Q2| VT2

Proof. Let 6 be the angle between the oriented frames {— A i} and
{é3, 64}, Le.

Hy
——— = cosh fég + sinh 6¢,
|Ho|

J
ﬁ = sinh 085 + cosh 0¢,.
0

(3.3)
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In particular, we have

(Ho,é4> = ‘Ho‘ Sinhe, —(H(],ég) = ‘Ho’COShQ,

(3.4)
and apg, = oz, + db.

To compute (Hp,é4), we start with (Dea%,ea) =0 and then use (2.13) to
derive

Q14 Q2| V7|2(De, é4, eq) = (De, V*VT, €4).

The right hand side is precisely div(Q22V7). As a result,

div(Q2VT)

Q1+ Q2VrP2

and 6 is given by (3.2)). The proposition now follows from a direct compu-
tation. (]

—(Hy, é4) =

4. Definition of the quasi-local energy

Now we consider a surface ¥ in a general spacetime N. As in [27), 28], a
quasi-local energy is assigned to each pair of an isometric embedding X of
Y into the reference spacetime, and an observer Ty (a future timelike Killing
field). Isometric embeddings into the dS spacetime and the AdS spacetime
are studied in [18]. The set of observers is simply the orbit of % under the
isometry group of the reference spacetime. See Section 7.2 for more details
in the AdS case.

Let ¥ be a surface in a spacetime N. We assume the mean curvature
vector H of X is spacelike and the normal bundle of ¥ is oriented. The data
we use for defining the quasi-local energy is the triple (o, |H|, afy) where o
is the induced metric, |H| is the norm of the mean curvature vector, and a g
is the connection one-form of the normal bundle with respect to the mean

curvature vector
J H
_ N
et = (Vi 1)

Here J is the reflection of H through the incoming light cone in the normal
bundle. For an isometric embedding X into the reference spacetime, we write
X = (1, X1, X2, X3) with respect to a fixed static chart of the reference
spacetime. The quasi-local energy associated to the pair (X, %) is defined
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to be

(41) E <Z,X, ;) - ;{/Qﬁdi
Y8

—/ [\/(1+92|V712)]H|292 + div(Q2VT)2

div(Q*VT)
QH|\/14+ Q2| V7|2

— div(Q*V7) sinh ™! — QQaH(vT)] dZ}.

Using Proposition [3.2] we have

42) E <E,X, ;) - ;ﬁ{/ [\/(1+(22|VT|2)|H0|2§22+div(Q2V7)2

div(Q2VT)
Q|Ho|/1 + Q?|V7|?

—/ [\/(1 + Q2|VT|2)|H[202 + div(Q2VT)2

— div(Q*V7) sinh ™! — Q%ay, (VT)] dx

div(Q2VT)
QH|/1+ Q2| VT|?

— div(Q*V7) sinh ™! - QQQH(VT)] dx }

Remark 4.1. For an isometric embedding into the static slice of the AdS
spacetime,

E (Z,X, ;) = /Q(HO — |H|)dS.

Such an expression was studied in [23, 25]. In particular, the positivity of
the above expression was proved in [23] provided the isometric embedding
is convex and |H| > 0.

While the above expression seems to depend on the choice of the static
chart, we can rewrite it purely in terms of the isometric embedding X and
the observer Tp. In fact, 02 = —(Tp, Tp) and —Q2V7 = T, the tangential
component of Ty to X (). Thus
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Definition 4.2. The quasi-local energy F (X, X,Tp) of ¥ with respect to
the pair (X, Tp) of an isometric embedding X and an observer Ty is

SWE(E,X,TO):/ \/_<T0L,TUL>|HO|2+dw(TJ)2

X
div (T,
— div(T)) sinh ™ W) (| ds
| Hol\/—(T5" Tg")
- [ |- e + divir?
= dio(r ) sinn ! — @)y s
|H|\/ (T4 Ty")

where Ty is the normal part of T to X ().

The quasi-local energy is invariant with respect to the isometry of the
reference spacetime if an isometry is applied to both X and Ty. As a result,
in studying the variation of F, it suffices to consider the quasi-local energy
with respect to a fixed Ty = %.

The quasi-local energy is expressed in terms of the difference of two
integrals. We refer to the first integral in as the reference Hamiltonian
and the second integral in as the physical Hamiltonian.

5. First variation of the quasi-local energy

In this section, we compute the first variation of the quasi-local energy. It
suffices to consider the variation of the isometric embedding X while fixing
To=2.
Definition 5.1. An optimal isometric embedding for the data (o, |H|, agr)
is an isometric embedding Xy of ¢ into the reference spacetime (dS or AdS)
that is a critical point of the quasi-local energy F (%, X, %) among all nearby
isometric embeddings X of o.

For the Wang-Yau quasi-local energy with the Minkowski reference, the
first variation of the quasi-local energy is computed in Section 6 of [27].
The computation of the variation of the physical Hamiltonian is straight-
forward and the main difficulty is to evaluate the variation of the reference
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Hamiltonian. In [27], this is done by computing the variation of the total
mean curvature of a surface in R? with respect to a variation of the metric.
This becomes more complicated here since the isometric embedding equa-
tion also involves the static potential when the reference is either the dS or
AdS spacetime. Instead of following the approach in [27], we derive the first
variation by an alternative approach used in [5]. The idea there is to con-
sider the image X (X) in the reference spacetime as a new physical surface
and show that it is naturally a critical point of the quasi-local energy with
respect to other isometric embeddings into the reference spacetime. We first
derive the following result for surfaces in the reference spacetime.

Theorem 5.2. The identity isometric embedding for a surface 3 in the
reference spacetime is a critical point of its own quasi-local energy. Namely,
suppose X is in the reference spacetime defined by an embedding Xo. Con-
sider a family of isometric embeddings X (s), —e < s < € such that X (0) =
Xo. Then we have

d 0
LB (2 x(5),2) =o.
45 =0 ( () 8t>
Proof. Denote d%\szo by ¢ and set
o= [ Qs

and

-

V(14 Q2VT[2)|Ho[2Q2 + div(Q2VT)2

div(Q*VT)
Q|Ho| /14 Q2|VT|?

— div(Q*V7) sinh ™! — Q%ay, (VT)|dS

It suffices to prove that 0$); = 6§)2, where for the variation of o, it is
understood that Hy and ayp, are fixed at their values at the initial surface
Xo(X) and only 7 and 2 are varied. We compute the variation of o, rewrite
it as an integral on the projection ¥, and then compare with the variation
of 1 using the identities in Section 2.
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It is convenient to rewrite $); and $s in terms of the following two
quantities: A = Qy/1 + Q2|V7|2 and B = div(Q*V7). In terms of A and B

9 = /ﬁAdz
4 :/ [ |Ho[2A2 + B2 — Bsinh ™ IHf\A — aHO(QQVT)] dx.

As a result, we have

55522/

-/ [(5B)sinh1|Hf|A MHO((S(QQVT))} .

| Ho[2A B

5A +
(\/|H0\2A2 + B2 Ay/|Ho|2A% + B2

)

=1-1I
By and sinh § = —ﬁ, integrating by parts gives
1= /[53(—9) + g, (6(Q2VT))]dY
= / [6(Q2VT) - VO + ap, (§(Q*VT))] dS
= /a53 (6(Q*VT))dY.
On the other hand, we simplify the integrand of I using ,

Hyl2A B2 /| Hp|2A2 + B2
| Ho| [HoPA® + = —(Ho, €3).

+
V|Ho|?A2+ B2 A\/|Hy|?A? + B2 A

Therefore, by (2.14]), I is equal to

/(—<1L-’0,f§3>)5AdE

0AdY

:/ 7 Qag, (VT)
1+ Q2|Vr|?

[ (S| V7|2 + QVTViT
_ / Ao AdS + / [ e (06, (V7)) + (69) 00, (V1) 43
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and
~ SO)B|IVT|2 + QVrVT
— ag, (VT + Q2v57)] .

~ w SBVerver 9

_ / FSAdS + / (0, )aB" (267, + O257,)dS.

Applying Proposition[2.3] the second integral in the last line can be rewritten
as

/ V14 Q2| VT 2(83(Q)7 — QVOThey)59(Q6Q7, 4+ Q267.)dY

_ / (25 ()6 — Q] (007, + O2radry)dS)
1

-1 / [E5(Q)6% — QR (56) S

On the other hand, as QdY = AdY and §dY = 0,
(5.2) 559, = / HSAdS + / QS HdS.

To prove 91 = 692, by (5.1) and (5.2)), it suffices to show

~

(5.3) / Q [5ﬁ+ ;iﬂb(a&)ab} s = % / [ég(ﬂ)&ab(é&)ab 3.

We decompose §X into tangential and normal parts to 3. Let

~

N X
0X = a“a— + Bv.
ov®

For the first and second variations of the induced metric (see [27, Section 6]
for the Euclidean case), we have

(5.4) (66)ap = 2Bhap + Va(a60) + Vi(a6eq)
SH = —ﬁab(é&)ab — ﬁﬁ — 268 + heeVa©
+ B&ab&dcﬁacﬁbd + ﬁb(acﬂbc)-
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We derive from (5.4)) and (5.5)
(5.6) §H + iiﬂb(a&)ab = —AB = 2B + VP (aChy).
is thus equivalent to
/ Q[-AB — 208 + ¥ (a%hey)dS = / Ex(Q)BH + V(0 6))dS.
The above equality follows from the following two identities:
(5.7) /ég(Q)ﬂfIdfl = /Q[—M — 2kA]dS
(58) [ @@ oS = [ 9V (atha)dE.

which can be derived by integrating by parts and applying (2.18)) and (2.19 -

Definition 5.3. The quasi-local energy density with respect to (X, Tp) is
defined to be

(divQ2VT)? (divQ2VT)?
(5.9) \/’H‘)’2 + Q2+Q4|VT|2 \/‘H’2 + Qz+ﬂ4lvf\2
Q1+ Q2| V|2

We derive the following formula for the first variation of the quasi-local
energy.

Theorem 5.4. Let ¥ be a surface in a physical spacetime with the data
(0,|H|,am). Let Xo be an isometric embedding of o into the reference space-
time and let (|Ho|, o) be the corresponding data on Xo(X). Consider a fam-
ily of isometric embeddings X (s), —e < s < € such that X (0) = Xo. Then we
have

(5.10)

oo (2,30 57

. 2
_ 1 / (67)div {szmhl pdiv(QVT)
87T »

— o4 0? — dy;
Hol[H| PV + Q% (g, — ap)

pdiv(Q2VT)

1 L
+ — 5X1vm[ Q1 + 202|V7]?) — 20V 7V sinh ™!
). AU+ 2V Hy [ H]

+ (g — OéHO)(QQVT)] dy,

where dT = d%\s:m'(s) and 6 X' = %|520Xi(s).
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Proof. Let A = Q+/1+ Q2|V7|?2 and B = div(22V7). In terms of A and B,

VAH 1 B — /AH] + B
p= :

A2
Write
8TE <Z,X(s), i) —87E <X0(Z),X(s), ;)
- [ |V 5
— B(s)sinh™! B(S) — 02%(s) T(S
Blssinh ! P (s, (Vr(s) a3
- [ VRS G
B
— B(s)sinh™! THAG) —92(8)()6H(V7'<8)):| dx,

where A(s) = Q(s)y/1+ Q2(s)|V7(s)]2 and B(s) = div(Q*(s)V7(s)). By
Theorem 6E(X0(E)7X,%) = 0. Therefore, in terms of A and B,

8TIE (X, X, ;) is equal to

A

B B
+ [ (6B (sinh_l—sinh_l )
/ (9B) H|A HolA

+ (ag — ag,)(2Q0QVT + Q*Vir)dY

/(M) <\/A2\H02 B2 — \JA2[H]P? + 3)2) .

A direct computation shows that

B B
sinh™' —— —ginh ™!

[HIA [Hol A

B
=sinh™! | —————(\/A2|Hy|2 + B2 — \/A2|H|? 4+ B2?)| .
™ | b (VAR B — /AT 52)
On the other hand,
1+ 2Q2|Vr|? 03
5A = (59) + 2Q°| V]| VrVor

V1+Q2[Vr2 1+ Q2| V)2
6B = div(2Q0QV T + Q*Vir).
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The theorem follows from integration by parts, collecting terms, and 62 =
0X'V, Q. O
§X" and 07 are constrained by the linearized isometric embedding equation

SXV, %1, + QQ(TG(ST;, + Tp07q) = ginZ(SXg + 5Xk8kginéXg.

6. Second variation and local minimum of the
quasi-local energy

First, we prove the following lemma about surfaces in the static slice of the
reference spacetime. A similar and related inequality was obtained in [16].

Lemma 6.1. Let X be a convex surface in the static slice of the reference
spacetime. Let Hy and hgy be the mean curvature and second fundamental
form of X. Then for any smooth function f on X, the integral

iv 2 2
o [ gt gy 9 P a

is non-negative and vanishes if and only if f can be smoothly extended to a
smooth function f in the region enclosed by X that satisfies

(6.2) V2(fQ) + A(f2)g = 0.

In particular, fQ is another static potential ([2.2)).

Proof. Let f = g and Vf = % — FQZQ. We compute

(6.3) /[WW dE:/[l(QAF—FAQ)2] ds.

Ho Ho

On the other hand,
F2
—Bh®f, fy = —QhPE, Fy + h*Q, <—QQa + 2FFa> .
Using ([2.19), h?*€), = Vye3(Q), and integrating by parts on ¥, we obtain
©a) [ p)

2
= / {—QhabFan+e3(Q)div <F v

—2FVF>}dZ.
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Let M be the region on the static slice enclosed by 3. We need the
following Reilly formula with static potential Q from [24] (see also [17]):

/ QUAF +36F) — [V2F + nFgl?]
M
- / {9(263(F)AF + Hoes(F)? + h°F, Fy
+ dkFes(F)) + es(Q)(|VF|? — 2/@F2)}d2,

where F is a smooth extension of F' to M. Extending F' by solving the
elliptic PDE AF + 3xF' = 0 with boundary data F on ¥ = OM (see [16] for
the solution of the Dirichlet boundary value problem), we have

— / (QLPE, Fy)dY > / {Q[2e3(F)AF + Hoes(F)?
+ 4k Fes(F)] + e3(Q)(|VF > — 25F?) }dS.

Plugging this into (6.4) and expanding Q2|V f|?e3(Q2) by replacing f =
%, we obtain

(6.5) [ {08 a4 @21V Pes( }

Z/{Q[H0€3(F)2 + 2e3(F)(AF + 25F)]
T es(Q) [f;(m ~2kQ) — 2FAF} }dZ.

Replacing e3(Q2) by —%{?”Q by (2.19), we arrive at

2
e3(Q) [g(m — 26Q)) — 2FAF}
B ﬁ[—ﬁ(m)? +4R7PF? + 2FQAFAQ + 4 FAF).
0

Plugging this into (6.5)) and recalling (6.3]), the integral in question, after
completing squares, is equal to

/ I?O[AF + 2kF + Hoes(F))?d%
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which is non-negative. It is clear that when the equality holds,

VA(F) + 5(F)g =0,

[~

and f = g 1s a smooth extension of f. O

We prove that a convex surface in the static slice of the reference spacetime
is a local minimum of its own quasi-local energy.

Theorem 6.2. Suppose X (s) = (7(s), X*(s)), s € (—¢,¢€) is a family of iso-
metric embeddings of the same metric o into the reference spacetime such
that the image of X (0) is a convex surface X¢ in the static slice, then

d? 0
— | — | >0.
d82\5_0E (EOaX(S), 8t> >0

In addition, the equality holds if and only if f = %|5:0T(S) can be smoothly
extended to a smooth function f in the region enclosed by g that satisfies

VA(fQ) + x(fQ2)g = 0.

Proof. Let Ho(X(s)) and ap,(X(s)) be the mean curvature vector and
the connection 1-form in mean curvature gauge of the image of X (s). For
simplicity, set §|Hy| = %‘szo‘ﬂo(X(S)ﬂ and dap, = %|5:0aHO(X(s)). Let
X(s) = (0, X*(s)) be the projection of X (s)(X) onto the static slice. )A((s) is
an isometric embedding of the metric

6(8)ab = Tap + Q2(5)7a(s)T(5)

into the static slice and 06 = d4'ls|s:06(s) =0, as 7(0) = 0.
From the infinitesimal rigidity of the isometric embeddings into space
forms [22] , there is a family of isometries A(s) of the static slice with

~

A(0) = Id such that
JA =6X
along the surface Xg. Here we set §A = %lszofl(s) and X = %]szo)?(s).

Moreover, there is a family A(s) of isometries of the reference spacetime
whose restriction to the static slice is the family A(s). Consider the following
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family of isometric embeddings of ¢ into the reference spacetime:
X(s)=A"Ys)X(s).

Suppose X (s) = (#(s), X’(s)) in the fixed static coordinate, we have
(6.6 lomoX'(s) =0
’ ds'*=° e

We claim that

d? 0 d? 9 0
(67) @‘SZOE <EO,X(S), at) = @ISZOE <20,X(S), 8t) .

9] ¥}

Let Ho(X (s)) and ap, (X (s)) be the the mean curvature vector and the
connection 1-form in mean curvature gauge of the images of X (s).

[Ho(X(s)) IHo(f{(S))I

(6.8) =
o, (X (s)) =, (X (s))

since both are invariant under isometries of the reference spacetime. By

, is easy to see that
(6.9 4 | emolito(s)] = 0
' s 15=01110 =0.

Moreover, while 7(s) is different to 7(s), we have

d d

(6.10) i) = lemor(s) =

since 7(0) = 0, A(0) = Id and the static slice is invariant under the action
of A(s).

We apply Theorem to each of X(s)(X) and X (s)(X) and use (6.8),
and to differentiate one more time. Only the derivative
of the term g [;,(67)div(Q2ap, )dY survives after the evaluation at s = 0.
We thus conclude that both sides of are the same as

—% /((504H0)(92Vf)d2.

It suffices to evaluate the second variation with respect to the family
X (s). Equivalently, we may assume, for simplicity, that 6.X = 0. We follow
the computation of dayy, from [4].
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Let e3 = —‘g—g‘ and e, = 2. From (3.2), (3.3) and 6X = 0, we derive

| Hol
d div(Q2V f) 0
11 O Hy = BV 9
(6.11) gs =0 Ho 2 ot
d div(Q2V f) 0
12 B ey = _VEEV]) O
(6.12) 4 1+=0°3 Q2[Hy| ot
d 0 0
(613) £’S:0X* <8'l)a> - faa-
As a result, we have
d B div(Q2V f)
(614) $’5:064 = QVf — We:;

which follows from solving the linear system

d 0
%’5:0 <€47X* <ava>> =0

d
%|5:0<64,€3> =0

along with (6.12]) and (6.13]).

We are ready to compute the variation of ag,, which is denoted by o in
the remaining part of the proof.

(5a)a = 5<Da63, €4>
= <D%63, 64> + <Da(563), €4> + <Da63, (564).

By (6.12)) and (6.14)), we get

(02
(dar)q = (Dfa%eg,&l) + <Da <_dw§§z|gf)> 64,e4>

div(Q2V f)
[Ho[O) “>

+ <Da€3, QVf -

_v, (d’w(QQVf)

b
S ) + WS fuea(9).
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As a result,
— /(504H0)(£22Vf)d2
. Q2
- [, (M) UV f — faes(Q)dS
Q|Ho|
2 2
- [ {1 - oot 0219 e b
| Ho|S2
The theorem follows from Lemma [6.1] O

Finally, we evaluate the second variation of the quasi-local energy and
show that for surfaces with spherically symmetric data, namely

o=r“6, |Hl=c>0 and apyg=0,

there is an isometric embedding into the hyperbolic space H? which mini-
mizes the quasi-local energy with AdS spacetime reference.

Theorem 6.3. Let ¥ be a surface in spacetime N with data (o, |H|, o).
We assume the mean curvature vector H of ¥ is spacelike and ag = 0.
Furthermore, we assume that the image of an isometric embedding of o into
H? is convex.

(i) Suppose the mean curvature Hy of the isometric embedding into H? sat-
isfies Hy > |H|. Then there is an isometric embedding into H? which is
a critical point of the quasi-local energy with AdS spacetime reference.

(ii) Suppose the data on X is spherically symmetric. Then the second varia-
tion of the quasi-local energy at the above critical point is non-negative.
Moreover, the second variation is positive if Hy > |H|.

Proof. For an isometric embedding into H? as a static slice of AdS, 7 =0
and the quasi-local energy (4.1]) is simply

(6.15) % /Q(Ho | H|)dS.

The isometric embedding into H? is unique up to an isometry of H3. If
Hy = |H| everywhere, then the integral vanishes for any choice of static po-
tential. Otherwise, the integral depends on the isometry which may pick
up a different choice of the static potential 2. The choice of the static po-
tential corresponds to choosing a base point on H?. Hence, the integral
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[ Q(Hy — |H|)dY becomes a function on H3. Assuming Hy > |H| and they
are not equal everywhere, this function is positive, proper and convex since
the static potentials approach infinity at the infinity of H®. Hence, there is a
unique choice of {2 that minimizes the quasi-local energy among all the static
potentials. Equivalently, if we pick a fixed static potential, then there is a
unique isometric embedding X such that for any other isometric embedding

X into H3, we have
0 0
El(YX,—)>F (X Xy, — ).
< ) 7at> = < s 205 8t>

In particular, for any family, 121(3), of isometries of H? with 121(0) = Id, we
have

/521(9)(1{0 — |H|)dx =0
(6.16)
/52A(Q)(HO — |H|)d% >0

where §A = %lszofl(s) and 62A = CZL;’S:()A(S) are vector fields on H3.
Consider a family of isometric embeddings X (s) = (7(s), X*(s)) of X into
AdS where X(0) is the above isometric embedding into HP®. Let
Hy(s) and ap,(s) be the mean curvature vector and connection 1-form
in mean curvature gauge of the image of X(s). For simplicity, let 7 =
%‘SzoXO(S), 0|Ho| = %’5:0’1‘.’0(8)‘ and dap, = %ISZOQHO(S). Similarly, set
00 = 4|_0Q(s) and 3°Q = L, |,oQ(s).
 Let X(s) = (0, X(s)) be the projection of X (s)(Z) onto the static slice.
X (s) is an isometric embedding of the metric

5(8)ab = Tap + Q2 (5)7a(5)T0(5)
into H3. Set 66 = %Lg:g&(s) and 626 = %\szo&(s). We have

06 =0

6.17
(6.17) 8264 = Q2(0)67,07.

The first variation of the quasi-local energy is

oo (20X, ) = o [ @)t - 117D + 6 ).
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From (6.17) and the infinitesimal rigidity of isometric embeddings into H3,
there is a family A(s) of isometries of H® with A(0) = Id such that

(6.18) §A =6X.

We conclude that the first term vanishes from . We conclude that
d|Ho| = 0 as in the proof of Theorem [6.2| This proves part (i).

For part (ii), it is easy to see that for surfaces with spherical symmetric
data, the mean curvature of the image of isometric embeddings into H? is
constant and the critical point obtained in part (i) is precisely such that
is constant on the image.

As in the proof of Theorem [6.2} we consider the family A(s) of isometries
of the AdS spacetime whose restriction to the static slice is the family A(S)
and consider the following family of isometric embeddings of ¢ into the AdS
spacetime:

X(s) = A"Y(s)X(s).

As in the proof of Theorem [6.2] we apply Theorem [5.4]to each of X (s)(X)

and X (s)(2) and use (6-8), and to differentiate one more

time. In this case, Hy # |H| at s = 0, and we derive that

d? 0 d? v 0

1 A
+ 3 /52A(Q)(Ho — |H|)d%

and

(6.20)
d? . 0
d82 ‘SZOE <207 X(8)7 8t>

1 i 1
=3 /(52XZVZ-Q)(H0 — [H[)dZ + o~ /93(1{0 — |H|)|Vor|2ds

L L [(Ho—H]
st ) \ QH,|H|
From (/6.16)), we conclude

/52A(Q)(Ho — |H|)d% > 0.

) [din(Q2V57) S — 8% / (o, ) (Q2V57)dS.

The second and third term on the right hand side of (6.20)) are manifestly
non-negative since Hy > |H|. The last term is non-negative as in the proof
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of Theorem It suffices to show that the first term is also non-negative.
We decompose 62X into its tangential and normal parts to X (0)(X). Let

L0X7(0)
ov®

32Xt =q +ﬁl/i.

Since () is a constant on the image of X , integrating over % gives
J@xv) - 1)z = [ o), - |z

In terms of « and S, the second variation of the isometric embedding
equation is

(6.21) 2Bhap + Vaap + Vo, = 2Q257’a57'b.

Taking the trace of (6.21)) and integrating, we conclude that
/ BHodS > 0.

In particular, [ 3dY > 0 since Hy is a constant. It follows that

/ Bu(Q)(Ho — |H|)dS > 0

since v(2), Hy and |H| are all positive constants. This shows that the second
variation is non-negative. It is also easy to see that the second variation is
positive if Hy > |H]|. O

7. Quasi-local/total conserved quantities

The reference spacetime admits 10 dimensional Killing fields. In addition to
the quasi-local energy corresponding to observers, a quasi-local conserved
quantity corresponding to each Killing field is defined. We follow the ap-
proach in [7] to use an isometric embedding to transplant Killing fields of
the reference spacetime back to the 2-surface of interest in a physical space-
time. The quasi-local energy can be written in terms of the quasi-local energy
density p in and the quasi-local momentum density j, see below.
In the second subsection, we evaluate the limits of the quasi-local conserved
quantities on an asymptotically AdS initial data set and prove that the lim-
its agree with the total conserved quantities of such an initial data. In the
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third subsection, we show that the limit of the quasi-local energy is the linear
function dual to the total conserved quantities and in the last subsection, we
compute the evolution of the total conserved quantities under the Einstein
equation.

7.1. Quasi-local conserved quantities

We rewrite the quasi-local energy in terms of p using the expression
. This is a straightforward computation involving only basic identities
of the inverse hyperbolic functions. For the case {2 = 1, this is carried out in
details in Section 4 of [5] for the Wang-Yau quasi-local energy. After some
simplifications, the quasi-local energy in terms of p is

1
B X1 = o [ [0+ 2tvr
b

(02
+ div(Q*V7) sinh ™! (,mdw(ﬂVﬂ)

|Ho||H |
—ay, (BPVT) + OéH(Q2V7')] dx

Let j be the quasi-local momentum density one-form:

, o div(Q2VT)
1 = o0%dr — d h! pATURRE VT) — .
() d=pdr [Sm < | Hol | H]| )] OHo + OH

We are ready to define the quasi-local conserved quantity with respect
to a pair (X,7p) and a Killing field K.

Definition 7.1. The quasi-local conserved quantity of 3 with respect to a
pair (X, Tp) and a Killing field K in the reference spacetime is

(7.2) B(S, X, Ty, K) = —8% i (K. To)p + (5] dx

where KT is the tangential part of K to X (X), and p defined in (5.9) and j
defined in ([7.1]).

In particular, when K = Ty, E(3, X, Ty, Tp) recovers the quasi-local en-
ergy FE(X,X,Tp) since the tangential part of Ty to X(X) is —Q2V7 and
(Ty, Tp) = —2.
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7.2. Total conserved quantities for an asymptotically
AdS spacetime

In this subsection, we evaluate the large sphere limit of the quasi-local con-
served quantities for asymptotically AdS initial data sets and show that
their limits recover the total conserved quantities for asymptotically AdS
initial data sets considered by previous authors. See for example [TH3] 11+
151 19, 29] 30].

We first review the AdS spacetime and its Killing fields. Take R%? with
the coordinate system (3%, y', %2, 9%, y*) and the metric

3
—(dy")? + ) (dy")? — (d°)*.

=1

AdS can be identified with the timelike hypersurface given by

Note that the group SO(3,2) leaves this hypersurface invariant and thus the
isometry group of AdS is SO(3,2), which is 10 dimensional.
The static chart of AdS comes from the following parametrization:

y =+ 1+r2sint

rit
yt = /14 r2cost.

We have the following basis for the Killing vector fields: the time translating
Killing field 2 5= =yt ay — Y 8‘;4, the first set of boost fields

<

0 0 O
(7.3) p' —yﬁ+y oy’
the second set of boost fields

0 4 0
7.4 —
(7.4) =y 91 TV g

and the rotation Killing fields j* = eijkyia%j.
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In the static chart of AdS, the metric is of the form

—(1 +r?)dt* + 2(d6? + sin? 0d¢?).

1+ 72
The static slice t = 0 is totally geodesic and the induced metric is the hy-
perbolic metric. We consider asymptotically AdS initial data sets as follows:

Definition 7.2. An initial data (M, g, k) is said to be asymptotically AdS
if there exists a compact subset K of M such that M\ K is diffeomorphic to
a finite union of ends U(H?3\ B,) where each B, is a geodesic ball in H?. On
each end, under the diffeomorphism, the metric g takes the form:

g = grrdr2 + 2gpqdrdu® + gabduaduba

where
(=5)
1 1 grr
Grr = 2 A + +O(r~ )
g(—l)
Gra = O(T_3)a Gab = 7’25'ab + % + O(r—2)’
and

ke = O(r®) ko = kD 007, kay = kY +0(72).

Let X, be the coordinate spheres on an end of an asymptotically AdS
initial data set. In the following theorem, we evaluate the limit of the quasi-
local conserved quantities in terms of the expansion of g and k.

Theorem 7.3. Let (M,g,k) be an asymptotically AdS initial data set as
in Definition[7.3 and 2, be the coordinate spheres on an end. Let X, be the
isometric embedding of X, into the static slice t =0 of the AdS spacetime
such that y*(X,) = rz* + O(1) and Q(X,) =r + O(1). We have

1 _
(7.5)  lim E <EraXr7 gt, ;) = / [gﬁﬁ’) + gtrszg((lbl)] ds>

(7.6) lim £ (EX ) = 1/x [gﬁf’) + Straagly )] s>
r—00 1
(7.7) lim E (2, X, 9 ¢) = _1/@2@%(3)(132
. oo T 8 b 87‘(‘ ra
- 9 _ (i 1 (03)) 2
(7.8) lim E (ET,X 8,;) - (e Vpk( )ds
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Proof. First, we compute the expansion of (o, |H|, ap) on 3, in the following
lemma.

Lemma 7.4. On X, we have the following expansions:

(=1)

(7.9) Oap =% + P + O(r )
(=5) | 3 (-1
1 grr + *trSZ‘qa _
(7.10) H| =2+ — - ig b0
o
(7.11) (0r)a == =5+ o(r=3).

Proof. The computation of |H| is the same as in Lemma 3.1 of [§] for an
asymptotically hyperbolic initial data set. The only difference is that, in the
asymptotically AdS case, (H,e4) = O(r~3) and does not contribute. For a,
we recall from [28] that

(aH)a = _k(€37 aa) + V.0

where (H. o)
. - , €4
sinh(f) = ————.
|H|
The formula follows since the leading term of e3 is r%. ([l

We are now ready to evaluate the limits of the quasi-local conserved quanti-
ties. The static slice ¢t = 0 corresponds to the hypersurface y° = 0. We have
yt=9Q,
_Ho— I L0 i=a

p 19 H-
For the conserved quantities corresponding to % and p’, we observe that
they are normal to the hypersurface and the term in (7.2) that involves the
quasi-local momentum density j vanishes. As a result,

lim E <ET,XT, 0 8) L im [ o, - H|)dz,

r—00 E’a 8 r—oo
im B (5, %, 2 p) = L (Hy — |H|)d%
Ti{go Ty T atap - 87T Tl)nolo y 0 T

since
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From (7.9) for o4, and the linearized isometric embedding equation, we
conclude that

1
Hy=2+ =+ 0.
0 +7"2+ (r=%)

(7.5) and (7.6)) follow from ([7.10).

On the other hand, ¢* and j* are normal to %. As a result, for the
conserved quantities corresponding to these vector fields, the term in (|7.2))
that involves the quasi-local energy density p vanishes. Hence,

. 1 o
lim F (ET,XT, 9 c2> =—— lim [ ag(QVy' —y'VQ)dE,

r—00 ot’ &7 r—oo

. 1 .
lim F (zr,xr, 9 j2> = —— lim [ ag(Qeiy*Vy))d,.

r—00 ot’ &7 r—oo

(7.7) and (7.8)) follow from ([7.11]),

T T
0 . = Vy' and 0 = —VQ.
oyt oy* 0

This leads to the following definition for the total conserved quantities for
an asymptotically AdS initial data set.

Definition 7.5. For an asymptotically AdS initial data set in the sense
of Definition the 10 total conserved quantities E, P*, C* and J* corre-
sponding to %, p’, ¢ and j’, respectively, are defined to be

(7.12) E= ;T/ { G5+ ZtTS2g((1bl)] ds?
(7.13) P = 8% Fg " + gtrszgiil))d52
(7.14) 0 = & [ #Yas?

(7.15) Ji= o [ () as?

Total conserved quantities (or global charges) of asymptotically AdS ini-
tial data sets have been studied extensively using the Hamiltonian of asymp-
totically Killing fields [IJ, 2, TTHI5], [19] 29, B0]. We review the construction
below and prove that they are the same as the total conserved quantities in
Definition [7.5] under the asymptotic assumptions in Definition [7.2
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Let K be a Killing field of the AdS spacetime. Let V and Y be the
normal component and the tangential component of K to the static slice of
the AdS spacetime, respectively. The Hamiltonian H(V,Y) corresponding
to K is

(7.16) H(V,Y) = lim 1/ [U;(V) + V(Y] /hd,
hI

where

Ui(V) = Vg'digu + DIV (gij — g5 ),
Vi(Y) = (kij — trk gij)Y7.

Proposition 7.6. For asymptotically AdS initial data sets with expansion
gwen in Definition[7.3, the total conserved quantities in Definition agree
with the total conserved quantities (global charges) in (7.16)).

Proof. In [20], Miao, Tam and Xie compute the limit of the Brown-York
mass and prove that

1. 0 0

L i ri'(Ho — h)dS, =H(V(p*), Y (p"))

&7 r—oo

where h is the mean curvature of X, in M. We conclude that

e (v(3)(3)

Pt =H(V(p"),Y(p"),

since h — |H| = O(r~9).
For C* and J*, we observe that ¢ and j* are tangent to the static slice
t = 0 and it is easy to see that

C'=H(V(),Y()  J'=HV({),Y(). O

We compare the conserved quantities for asymptotically AdS initial data
sets to the conserved quantities for asymptotically hyperbolic initial data
sets we studied in [8]. and resemble the total energy-momentum
for the hyperbolic case (see Definition 1.4 of [§]). However, the second fun-
damental form k£ does not contribute to them in the AdS case. The total
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angular momentum in is the same as the total angular momentum for
the hyperbolic case (see Theorem 7.3 of [§]). The total conserved quantity
C' does not seem to have a good analogy in the hyperbolic case; It is rather
different from the center of mass in Theorem 7.3 of [8].

7.3. Limit of the quasi-local energy

In this subsection, we evaluate the limit of the quasi-local energy at the
infinity of asymptotically AdS initial data sets and show that it converges
to the linear function dual to the total conserved quantities. First, we derive
an expression for the limit of quasi-local energy E(X,, X,., Tp) for a family of
surfaces ¥, and a family of isometric embeddings X, of ¥, into the reference
spacetime. Then we apply the result to the family of coordinate spheres at
the infinity of an asymptotically AdS initial data set.

Theorem 7.7. Let X, be a family of surfaces and X, be a family of iso-
metric embeddings of 3. into the reference spacetime. Suppose the mean
curvature vectors H of ¥, and Hy of X, (3,) are both spacelike for r > Ry
and

Then the limit of E(X,, X, Ty) is the same as the limit of

L= (s 22N (| — 1H) + (@, — e (@) | 4,
8 |Ho|

as long as the limits exist.

Proof. Let x = Ul and

| Hol
v — div(Ty ) '
| Hol\/ —(Ty, T5")

In terms of x and Y, the quasi-local energy is

1
E(ET,XT,TO):SW/E |Ho|\/ — (T, T5-)

T

Y
X [\/1 Y2 - /224 Y2~ Ysinh 'Y + Vsinh ! — | d%,

1
+ o ET(oéHo —ag)(Ty )d%,.
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Let

Y
z) = Va2 +Y2 - Ysinh ' —

T

For x close to 1, we have
f) = f(@) = (1= a)V1+Y2+0((1 - 2)?).

We compute

1
i i _ /7L L
tim o ol 75

Y
X [\/1 +Y2- 224+ Y2-Ysinh 'Y + YVsinh ™' = | d%,
X

1
— lim / [Hol\/—(Ti, TiH) (1 — 2)V/1 + Y245,
div(Ty
= Jim | (Hol = [HDY =T T3) LLICHD S
ryoo — (15", Tg-) [ Hol?

Recall that

Ty =/ (T3 T e

Jo . Jo
<T°’ Ho \> ~Ti ) < Ho r>
div (T, )?
1 1
“Ve TO’T\/ UL T [ HoP

where (3.2]) and (3.3]) are used in the last equality. This finishes the proof of
the theorem. O

and

We are ready to show that for an asymptotically AdS initial data set, the
large sphere limit of the quasi-local energy is the linear function dual to the
total conserved quantities in Definition

Theorem 7.8. Let (M, g, k) be an asymptotically AdS initial data set and
Y be the coordinate spheres. Let X, be an isometric embedding of X, into
the static slice t =0 of the AdS spacetime such that y*(X,) = rz* + O(1)
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and Q(X,) =7+ O(1). Consider the observer

8 0 0 0
To=A(y"=— —y*— B (o L0 2
0 0 0
+Dk< 84+yak>+Fk€kay8J
We have

lim E(%,,X,,Ty) = AE + B, P* + D,,C* + F,J*.

r—00

where E, P*, C* and J* are the total conserved quantities.

Proof Recall that the static slice t =0 is the same as the hypersurface
y° = 0. The Killing fields y —yt ayo and y* 8y0 + y k are normal to the

hypersurface. On the other hand emky W and 7" 8y4 + v 82 are tangent
to the hypersurface. As a result,

Jo \ _ 1 Jo\ i
<T0, |HO|> <T0 , 1H0|> (A + Bii) + 0(1).

It is also easy to verify that

(TO ) (Dkac + erl]kl‘ z ) + O( )
The theorem follows directly from Theorem [7.3] and Theorem O

7.4. Evolution of the total conserved quantities under the
Einstein equation

In this subsection, we study the evolution of the total conserved quantities
for asymptotically AdS initial data sets under the Einstein equation.

We assume that the initial data set (M, g, k) satisfies the vacuum con-
straint equation (with cosmological constant k = —1)

R tryk)? — |k|? = —
717 (9) + (trgk)? — K
VZ/{?U —Oj(trgk:) =0

where V is the covariant derivative with respect to g.
We shall fix an asymptotically flat coordinate system on M with respect
0 (9i5(0), ki;(0)) and consider a family (g;;(t), ki;(t)) that evolves according
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to the vacuum Einstein evolution equation (with cosmological constant k =
~1)

Orgij = —2Nkij + (L49)i

(7.18) . l
8,5]%]' = —VZ'V]'N + N (Rij + Gij + (tTkJ)kij — Qkilkﬁ j) + (,C’yk?)ij

where N is the lapse function, «y is the shift vector, and L is the Lie derivative.

Theorem 7.9. Let (M,g,k) be an asymptotically AdS initial data set.
Let (M,g(t),k(t)) be the solution to the vacuum FEinstein equation with
9(0) =g and k(0) = k, and with lapse N = /r>+1 and a vanishing shift
vector. Let E(t), P'(t), C'(t) and J'(t) be the total conserved quantities for
(M, g(t),k(t)) defined in Definition[7.5 We have

E(t) =0
O P (t) = —C'(t)
i C(t) = P'(t)
o JH(t) =0

Remark 7.10. The evolution equations for E and P? are proved previously
in [3, Theorem 5.1] with a different convention for C".

Proof. Let h(t) be the mean curvature of ¥, in the hypersurface (M, g(t))
and H(t) be the mean curvature vector of 3, in the spacetime. We have
|H(t)| = h(t) + O(r=*) and the following formula for h(t) (see for example

[, 28]) :
h(t) = Or Iny/det(oap) — VGra
V Grr — Uabgragrb

where g, is viewed as a 1-form on >, and V is the covariant derivative with
respect to the induced metric of X,.
From the Einstein equation ([7.18)), we derive

(‘)tgab = —2\/ r2 + Ufab.

As a result,

Oi[H| = 8;h(t) + O(r™)
= =213k, — r0®kyp + 1200, ko — 22V %y + 0(7“_4)-
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From the vacuum constraint equation, we derive
(7.19) 99V ki = 0y (trgk).
The left hand side of is

gijvikjr =g"Vykyr + gabvakbr + O(T_G)

= 120Ky + 4rkrr + Vg — %aabkab +0(r %
On the other hand, the right hand side of is
O (trgk) = 120, kpr + 2rkpy 4+ 00, kap — 270k, + O(r~°).
As a result, implies
Var = =21k 4+ 00, kay — 10k, + O(r~°)

and
Oth(t) = —1r*V%eqr + O(r™1).
This proves the evolution equations for F and P’.

To evaluate 9;C* and 0;.J, we start with the evolution equation of the
second fundamental form ((7.18)), which implies

Oikgr = rRicy, + O(r_4).

Let A be the traceless part of second fundamental form of the surface ¥, in
the hypersurface (M, g(t)). The Codazzi equation reads

. 1
vaAab - §Vah == Ricar.

The evolution of C? follows from taking the divergence of the above equation,
multiplying with r2z?, and integrating over X,. For the evolution of J?, we
take the curl of the above equation instead. U

From the above theorem, it follows that the rest mass of asymptotically
initial data defined by the authors in [J] is invariant under the Einstein
equation.

Corollary 7.11. Let (M, g, k) be an asymptotically AdS initial data set. Let
(M, g(t), k(t)) be the solution to the vacuum FEinstein equation with g(0) = g
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and k(0) = k, and with lapse N = /72 + 1 and a vanishing shift vector. Let
m(t) be the rest mass of the data (M, g(t),k(t)). Then we have

Proof. Let = (P!, P2, P3), ¢=(C',C?,C%) and j=(J',J?, J%). From
Theorem 6.7 of [9], the rest mass m in terms of the total conserved quantities
is

m = S(a+/B)

where
a=E*+j|* —[p* |
B = (B~ |j]* — | — |a*)?
— 4)] x P — 4lp x 2 — 48 x ]2 + 8B (5 x ).
The corollary follows from Theorem by a direct computation. g
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