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We give a detailed account of the gauge-theoretic approach to Lie
applicable surfaces and the resulting transformation theory. In par-
ticular, we show that this approach coincides with the classical
notion of - and Qg-surfaces of Demoulin.
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1. Introduction

In [I) Section 85], Blaschke studies surfaces in Lie sphere geometry using the
hexaspherical coordinate model introduced by Lie [26]. By using an adapted
frame, Blaschke studies the compatibility conditions of such surfaces and in
so doing finds that there are two 1-forms w; and wy that generically deter-
mine a surface up to Lie sphere transformation (one can alternatively use
the quadratic form wjws and the conformal class of the cubic form w? — w3).
Blaschke showed that there exist surfaces that are not determined by these
forms. Following the terminology of [29] we shall call these Lie applicable
surfaces. In [29] it is also shown that these surfaces are the deformable sur-
faces of Lie sphere geometry, that is, the only surfaces in Lie sphere geometry
that admit non-trivial second order deformations.
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1408 Mason Pember

The class of Lie applicable surfaces consists only of Q- and Qg-surfaces,
the theory of which we shall now recall. Originally discovered by Demoulin
[T6-18], Q-surfaces in R? are characterised (using standard notation) by the
equation

(1) K@ Flu + €2 g@ R2w —0
UG K1 — K2 . V VE k1 — K2 u_

given in terms of curvature line coordinates (u,v), where U is a function of u,
V is a function of v and € € {1,4}. Demoulin showed that 2-surfaces envelop
a pair of isothermic sphere congruences and gave an alternative characteri-
sation in terms of the existence of an associate {2-surface, analogous to the
Christoffel transformation of isothermic surfaces. Furthermore, it is shown
that isothermic, Guichard and L-isothermic surfaces are examples of €)-
surfaces. Eisenhart [19, 20] later developed a Bécklund-type transformation
for these surfaces. (2p-surfaces, the Lie geometric analogue of Rg-surfaces,
are the surfaces satisfying with € = 0 and are envelopes of a curvature
sphere congruence that is isothermic.

Recent interest in integrable systems has sparked a renewed interest in
Q- and Qp-surfaces [8, 9, 13, 22], 23] 29]. Since isothermic surfaces [2] [4] 5]
11}, 24, 34], Guichard surfaces [2} [4], 24, 25] and L-isothermic surfaces [27] 28,
30, B3}, B5] have all been shown to constitute integrable systems, it comes as
no surprise that - and Qg-surfaces constitute such systems as well. In [I3]
Chapter 4], Clarke develops a gauge-theoretic approach for Lie applicable
surfaces (and, more generally, l-applicable maps) analogous to the approach
used for isothermic surfaces, that is, they are characterised by the existence
of a certain 1-parameter family of flat connections. This approach lends itself
well to the study of transformations of these surfaces:

e local trivialising gauge transformations of these connections give rise
to a spectral deformation,

e parallel sections give rise to Backlund-type transformations, and

e analogues of the well known permutability theorems for transforma-
tions of isothermic surfaces [5 24] hold for these transformations.

Furthermore, certain well known examples of Lie applicable surfaces (e.g.,
linear Weingarten surfaces, see [8, [9]) can be characterised in terms of poly-
nomial conserved quantities of this family of flat connections.

The purpose of this paper is to give a detailed account of the gauge theo-
retic approach for Lie applicable surfaces, revisiting and elaborating further
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on the work of Clarke [I3]. Particular attention is given to making clear the
equivalence of this approach and the classical definition of Demoulin [T6HIg].

In Section [2] we recall the Lie sphere model of [26]. In this setting we
study the Legendre lift of a front in a three dimensional space form. We
recover the invariants of such a lift introduced by Blaschke [I] and recall the
modern approach to Ribaucour transforms of [7].

In Section [3| Lie applicable surfaces are studied from the gauge-theoretic
viewpoint, that is, by the existence of a non-trivial closed 1-form taking
values in a certain vector bundle. Such an approach is less straightforward
than in the case of isothermic surfaces as, given such a closed 1-form, we
obtain a set of uncountably many such closed 1-forms. This ambiguity is
dealt with by using the middle potential - a unique 1-form in this set with
a certain geometric property. This is analogous to the potential used in [13]
§2.4.1] for the study of projectively applicable surfaces. We show that this
approach yields the classical notion of - and Qg-surfaces [I6HI8] in space
forms.

In Section 4] we recall from [I3] the transformation theory of Lie appli-
cable surfaces. In contrast to [13], we give some consideration to umbilics.
For example, we see that the appearance of umbilics on Darboux transforms
is attributed to the enveloping sphere congruence between the two surfaces
coinciding with one of the isothermic sphere congruences.

In Section |5| we recall the classical notion of associate Q2-surfaces [16],
i.e., two Combescure transformations such that a certain relation between
the principal curvatures of the two surfaces is satisfied. We show that such
surfaces give rise to a system of O-surfaces, see [25].
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2. Preliminaries
2.1. Notation

Let 3 be a manifold and, as usual, let T'> denote the tangent bundle of X. For
a vector bundle F over ¥, I'E shall denote the space of smooth sections of E.
Given a vector space V', we shall denote by V the trivial bundle ¥ x V. If W
is a vector subbundle of V, we define W to be the subset of V. consisting
of the images of sections of W and derivatives of sections of W with respect
to the trivial connection on V and call W the derived bundle of W. In
general WO will not be a subbundle of V., however, in many instances, we
may assume that it is.

Throughout this paper we shall be considering the pseudo-Euclidean
space R*2, ie., a six dimensional vector space equipped with a non-
degenerate symmetric bilinear form (, ) of signature (4,2). Let £ denote
the lightcone of R*2. The orthogonal group O(4,2) acts transitively on L.
We shall denote by P(L£) the projectivisation of L, i.e., the set of null 1-
dimensional subspaces of R%2.

We shall recall in Subsection that, under Lie’s [26] correspondence,
points in P(L£) correspond to spheres in any three dimensional space form.
Therefore given a manifold ¥ we have that any smooth map s: ¥ — P(L)
corresponds to a sphere congruence in any space form. We shall thus refer
to s as a sphere congruence. Such a map can also be identified as a smooth
rank 1 null subbundle of the trivial bundle R*2.

Remark 2.1. It is well known that the exterior algebra A2R*? is isomor-
phic to the Lie algebra o0(4,2) of O(4,2), i.e., the space of skew-symmetric
endomorphisms of R*2, via the isomorphism

aNb— (aAD),
where for any ¢ € R%2,
(a Ab)e = (a,c)b— (b,c)a.

We shall make use of this identification (without warning) throughout this
paper.

Given a manifold X, if wy,wo € QI(B4’2), that is wy and wy are 1-forms
on X with values in B4’2, then we define w; A wy to be the 2-form with values
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in A2R*? defined by
w1 A WQ(X, Y) = wl(X) A O.)Q(Y) — wl(Y) VAN (A)Q(X),
for X, Y € I'T'Y. Notice that w; A wo = wo A wi.

2.2. Legendre immersions

The maximal isotropic subspaces that exist in R*? are 2-dimensional. Let
Z denote the Grassmannian of such isotropic 2-dimensional subspaces. Of
course, we can identify this space with the space of lines in the projective
lightcone P(L). We shall recall in Subsection [2.3|that under Lie’s correspon-
dence [26] such lines correspond to parabolic pencils of spheres.

Suppose that 3 is a 2-dimensional manifold and let f:3 — Z be a
smooth map. We may view f as a 2-dimensional subbundle of the trivial
bundle R*2. Then we may define a tensor, analogous to the solder form
defined in [3| 10],

B:TS — Hom(f, fYV/f), X (0~ dxo mod f).
In accordance with [12, Theorem 4.3] we have the following definition:

Definition 2.2. f:% — Z is a Legendre immersion if f() = f1 and
ker 8 = {0}.

Note that f1/f is a rank 2 subbundle of R*?/f, inheriting a positive
definite metric from R%2.

Using the terminology of [7] we say that f envelops a sphere congruence
s: ¥ —P(L) if for all p € 3, s(p) C f(p), i-e., s is a rank 1 subbundle of f.

Definition 2.3. Let p € ¥. Then a 1-dimensional subspace s(p) < f(p) is
a curvature sphere of f at p if there exists a non-zero subspace Ty(,) < T,%
such that 3(Ty)s(p) = 0. We call the maximal such Ty, the curvature
space of s(p).

It was shown in [32] that at each point p there is either one or two cur-
vature spheres. We say that p is an umbilic point of f if there is exactly
one curvature sphere s(p) at p and in that case Ty, = T,%. Away from
umbilic points we have that the curvature spheres form two rank 1 subbun-
dles s1,s9 < f with respective curvature subbundles 77 = Upez Tsl(p) and
T = Upez T, (p)- We then have that f = s1 ® sg and TS =T1 @ Tb.
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Suppose that f is umbilic-free. Then for each curvature subbundle T;
we may define a rank 3 subbundle f; < f* as the set of sections of f and
derivatives of sections of f along T;. One can check that given any non-zero
section o € I'f such that (o) N's; = {0} we have that

fi=[f®do(T;).

Furthermore,
FHIf=hifeLf/f,

and each f;/f inherits a positive definite metric from that of R%2.

Let 01 € I'sy and o9 € I'se be lifts of the curvature sphere congruences
and let X € I'Ty and Y € I'T;. Then from Definition it follows immedi-
ately that

dxol, dyUz S Ff.
Let

Sy = <01,dy01,dydy0’1> and Sy := <0'27dX0'2adXdXUQ> :

It was shown in [I] that S; and Sy are orthogonal rank 3 subbundles of
R*? and the restriction of the metric on R*? to each S; has signature (2,1).
Furthermore, S7 and S5 do not depend on choices and we have the following
orthogonal splitting

R =53, 5

of the trivial bundle. We refer to this splitting as the Lie cyclide splitting of
R*? because it can be identified with the Lie cyclides of f, i.e., a congruence
of Dupin cyclides that make “the most contact” with f at each point.

This splitting now yields a splitting of the trivial connection d on R*?:

d=D+ N,
where D is the direct sum of the induced connections on S; and Sy and
(2) N =d—D e Q' ((Hom(Sy,Ss) @ Hom(S2,S1)) No(4,2)).

Since S1 and Ss are orthogonal, we have that D is a metric connection on
R*? and N is a skew-symmetric endomorphism. Hence, N’ € Q'(S; A Sy).

Lemma 2.4. Nf < QY f) and N(Tz)s1 = 0 = N(T1)s2.
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Proof. Suppose that o; € I's;. Then for any Y € I'T,, dyo; € I'Sy and thus
Ny o1 = 0. Furthermore, since s is a curvature sphere, dxo; € I'f. Hence,
Ns1 < QY(f). A similar argument can be used for ss. O

2.3. Symmetry breaking

Suppose that q,p € R*? are non-zero vectors such that q L p and p is not
null. Then we may define a quadric

Q3 = {y S (yaq) = _1’ (y’p) = 0}

One can show that (see, for example, [24, 34]) Q3 is isometric to a three
dimensional space form with constant sectional curvature x = —|q|2. Lie [26]
showed that each s € P(£) can be identified with an orientedm sphere in this
space form, namely the sphere determined in Q3 by the set of points

st N Q3.

Furthermore, in this correspondence, two spheres are in oriented contact
with each other if and only if their representatives in P(L) are orthogo-
nal. Thus, lines in P(L) correspond to parabolic pencils of spheres, i.e.,
I-parameter families of mutually touching spheres. If |p|?> = +1, then

P o={yeLl: (y,9) =0, (y,p) = -1}

can be identified with the space of hyperplanes (complete, totally geodesic
hypersurfaces) in this space form.

Lie sphere transformations are the transformations of space forms that
map spheres to spheres and preserve oriented contact. Conveniently, in this
model these are represented by the orthogonal transformations of R*2. In
fact O(4,2) is a double cover for the set of Lie sphere transformations. A
modern account of this correspondence is given in [12].

Given a Legendre immersion f : Y — Z, we generically obtain a space
form projection §:= fN Q3 and a tangent plane congruence t:= f NP3,
The condition that f is a Legendre immersion, ensures that § is a front, i.e.,
a smooth map into Q3 admitting a unit normal vector such that the pairing
of surface and normal is an immersion. Conversely, given a front f: ¥ — Q3

1Unless s € (p)+, there exists exactly one other point § € P(£) such that st N
Q3 = 51 N Q3. Therefore, each sphere in Q3 is represented by exactly two points
in P(£) and this gives rise to a notion of orientation (see [12], for example).
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with tangent plane congruence t : ¥ — 33, we obtain a Legendre immersion
by taking the span, f = (f,t).

Suppose that § is an immersion. Then away from umbilic points of | we
may choose curvature line coordinates (u,v). By Rodrigues’ equations one
has that

tu‘{'/{lfu :Oztv+/{2fm

where x1 and k9 are the principal curvatures of §. Therefore,
s1:=(t+ k1f) and s2:= (t+ Kof)

are curvature spheres of f with respective curvature subbundles T} := <a%>
and Th := <%>.

2.4. Invariants of Lie sphere geometry

We will now recover the Lie-invariant metric and conformal class of the cubic
form used in [I], 22]. These invariants genericallyﬂ determine a surface up to
Lie sphere transformation.

Let f: ¥ — Z be a Legendre immersion.

2.4.1. Conformal structure. Define a tensor ¢ € ['(S?’T*Y ® (A2f)* @
N (f+/1)) by

(XY )6 A& = S(B(X)E A BY)E + B A BX)E),

for any X,Y € I'TY and £, & € T'f. Since the rank 2 bundle f1/f inherits
a non-degenerate metric from R*2, the rank 1 bundle A?(f*/f) inherits a
definite metric and thus A2(f+/f) is a trivial bundle and we can view ¢ as
a tensor in S?T*Y ® (A2f)*. Now suppose that s(p) is a curvature sphere
of f at p with curvature subspace Ty,). Then 3(Ty)s(p) =0 and since
we may write any 7 € ['(A2f) as 7 = o A&, for some 0,5 € I'f such that
o(p) € s(p), we have that

(Tsp), To(p))7p = 0.

Hence, ¢(T, 5(p)» Ts(p)) = 0. Therefore, at umbilic points p € ¥ of f, ¢, = 0 and
away from umbilic points, for any nowhere zero 7 € I'(A2f), g := ¢ 7 defines

2Blaschke [I] showed that those surfaces that aren’t determined are the Lie ap-
plicable surfaces. We shall explore this further in Subsection
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an indefinite metric on ¥ whose null lines are the curvature subbundles
T1 and T5. We shall refer to g as a representative metric of ¢ and, since
c is tensorial in A?f, we have that any other representative metric of c
is conformally equivalent to g. We shall thus refer to ¢ as the conformal
structure of f.

In the case that f is umbilic-free, the conformal structure c gives rise to
the Hodge star operator x which acts as id on T} and —id on T5.

2.4.2. Lie-invariant metric. Now suppose that f is an umbilic-free Leg-
endre immersion. Recall from that the Lie cyclide splitting induces
a skew-symmetric endomorphism N € Q!(S; A S3). By Lemma Nf<
QL(f). Therefore, we may define a tensor g” € I'(S?T*Y ® End(A?f)) called
the Lie-invariant metrid| by

(3) ¢H(X, V)6 A& = SV (X ANV )+ N(V)n AN(X)En),

for any X,Y € I'TY and &1,& € I'f. Since A%f has rank 1, End(A%f) is
canonically trivial and so we identify ¢* with a quadratic form. By
Lemma the curvature subbundles T and T» are isotropic with respect
to g% and thus, away from points where it vanishes, ¢g” is a representative
metric of c.

Remark 2.5. Unlike the conformal structure ¢, g may vanish at certain

points. For example, if f is a Dupin cyclide then ¢” = 0.

Recall that given a space form 3 and space form projection f : ¥ — Q3
of f with tangent plane congruence t: ¥ — B3, we have that

t+ w1 and t4 Kof

are lifts of the curvature spheres s; and so, respectively. Now we may split
the trivial connection d = d; + da, where d; denotes the partial connection

3In [6], the Lie cyclides are shown to define a conformal Gauss map for f. One can
show that the induced metric of this conformal Gauss map is a non-zero constant
scalar multiple of the Lie invariant metric.
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along T;. Then one can check that

dy1k1

(t+ kof) and N(t+ kaof) = datiz

R1 — K2 R1 — kK2

N(t+ rif) = — (t+ Kaf).

Hence, in terms of curvature line coordinates (u,v),

L -2
g = (/'431 - 52) R1,uR2v dudv,

and thus g% coincides with the Lie-invariant metric of [22, Theorem 1].

2.4.3. Darboux cubic form. Suppose that f is an umbilic-free Legendre
immersion. For XY, Z € I'TY and &1,& € I'f, define a map

C(X,Y, 2)& A& = (DxDy&1,NzE&) — (DxDy&a, Nz&1).
We call C the Darbouz cubic form of f.
Lemma 2.6. C is a tensor taking values in ((T})3 @ (T3)3) @ (A2 f)*.

Proof. The tensorial nature of C follows from the fact that for any X,Y, Z €
I'Ty, € e I'f and any smooth function A,

DxDy (A) = DxDyy€ = DaxDy& = ADx Dy mod f+

and by Lemma 2.4 N, f < f.

Let Z € I'Th, 01 € I'sy and o3 € I'sy. Then by Lemma 2.4 Nzoy =0,
and thus for any X, Y € I'T'Y,

C(X, Y, Z)O'l Nog = —('Dxpyag,/\/zal).
If either of X or Y lies in T then DxDy oy € I'f and, since Nz f < f, this
would imply that C(X,Y, Z) = 0. A similar argument shows that if Z € I'Ty
and either of X and Y lies in 73 then C(X,Y, Z) = 0. Hence,
CeT((T)° & (T3)%) @ (A*f)7)

as required. O
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Remark 2.7. By evaluating the Darboux cubic form C on 7 := (t + k1f) A
(t + kof) one obtains

Ct = (k2 — K1) (K1uE du® + koG dv3),

in terms of curvature line coordinates (u,v). Hence, Ct is in the same con-
formal class as the cubic form used in |22, Theorem 1].

2.5. Ribaucour transforms

In [7], a modern treatment of Ribaucour transforms was developed in the
realm of Lie sphere geometry. In this section we shall recall this construction
and prove some results that will be useful to us later in Subsection when
considering Darboux transforms.

Suppose that f, f : 3 — Z are pointwise distinct Legendre immersions
enveloping a common sphere congruence sg := f N f . Then 30l /S0 is a rank
4 subbundle of R%? /sy that inherits a non-degenerate metric with signature
(3,1) from R*2. Let

Nf,f = (f + f)/s0

Then N 7fisa rank 2 subbundle of sg/sp and the induced metric (.,.) on
N 7. is non-degenerate with signature (1,1). We then have a well-defined
orthogonal projection 7 : s& /so = N . From the contact condition on f

and f , one quickly deduces the following lemma;:
Lemma 2.8. s(()l) <(f+ )t and (f + )V < sz
We now define a metric connection on A/ I for e T'(f + f )
VI (€4 s0) = m(dE + s0)
and make the following definition:

Definition 2.9. If V// is flat then we say that sg is a Ribaucour sphere
congruence and that f and f are Ribaucour transforms of each other.

Now f + f is a rank 3 degenerate subbundle of R*2 If we let I < f + f
be a rank 2 subbundle of f 4+ f such that [N sy = {0}, then the induced
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metric on [ has signature (1,1). This yields a splitting
R =lat
and the trivial connection splits accordingly as
d=D'+D" + N,

. . . L . . .
where D! is the induced connection on [, D' is the induced connection on

[+ and

N = d — (D' + DY) € QY (Hom(l,1*) @ Hom(I+,1)).
Proposition 2.10. The vector bundle isomorphism
Vil Npp £ 8+ 50
preserves the metric and connection on l, i.e., v*(.,.) = (.,.)|ix; and vhifo
Y =1 oD
Proof. Suppose that &1,& € I'l. Then

(¥(&), ¥(&2)) = (&1 + 0. & + s0) = (&1, &)
Hence, the induced metric on [ is isometric to (.,.) via . Furthermore, for
& el
VH (5(€)) = m(d€ + s0) = D' + 50 = Y(D'E).

Hence, 9 is connection preserving. [l

This gives rise to an alternative characterisation of Ribaucour transforms:

Corollary 2.11. f and f are Ribaucour transforms of each other if and
only if the induced connection D' is flat for some (and hence all) | < f + f
of rank 2 such that I N sy = {0}.

Remark 2.12. Suppose that [N sy = {0} and let s := [N f and § := 1N f.
Then the condition that D! be flat is equivalent to requiring s and § to be
parallel subbundles of D!. In fact, s being a parallel subbundle of D! implies
that § is parallel as well, and conversely.
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It was shown in [7] that Definition is equivalent to the classical defi-
nition of Ribaucour transform [1} 14} 15l 2], 36], that is, that the curvature
directions of f and f correspond. Suppose that f and f are umbilic-free and
let s1, 89 < f denote the curvature sphere congruences of f and let §1, §5 < f
denote the curvature sphere congruences of f . Then we may assume that T;
is the curvature subbundle of s; and §; for i € {1,2}. Let

l; : = 5; D §;.
Then for any ¢ € I'l; we have that d&(T;) < (f + f) Now let
Soo := 11 Ns.

Then for any oo € I'so, We have that dooo(T1) < f + f, since oo € Tly
and daoo(Tg) < f+ f, since 0o € I'ly. Therefore, as TS = Ty & Th, dos €
QL f + f) In fact so is the unique point map in P(f + f) with the property
that

s <f+f

and this motivates the following definition:

Definition 2.13. We call s, the enveloping point of f + f.

3. Lie applicable surfaces

In this section we shall adopt the gauge theoretic viewpoint of Lie applicable
surfaces laid out by Clarke [I3]. From this viewpoint, Lie applicability cor-
responds to the existence of a vector-bundle valued 1-form. The existence of
such a 1-form gives rise to a set of uncountably many such 1-forms. In order
to work with such a set, we geometrically derive a unique member called
the middle potential. This is analogous to a potential used in [13, §2.4.1] for
studying projectively applicable surfaces.

Given a Legendre immersion f : ¥ — Z we may consider the subbundle
f A ftof A2RM2. Now suppose that n € QY(f A f1), i.e., 7 is a 1-form taking
values in f A f+. Then for any section o € T'f, since do € Q(f+), we have
that n(X)dyo € I'f, for any X,Y € I'T'Y. Furthermore, since nf =0, we
have that n(X)dyo is tensorial in o. Thus, for given X,Y € I'TY, we have
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an endomorphism on f defined by
o n(X)dyo.

Therefore we may take the trace of this endomorphism and this gives rise
to a 2-tensor ¢ defined by

q(X,Y) =tr(c — n(X)dyo).
We are now in a position to state the main definition of this section:

Definition 3.1. We say that f is a Lie applicable surface if there exists a
closed € Q'(f A f+) such that [y An] = 0 and ¢ is non-zero.

Furthermore, if ¢ is non-degenerate (respectively, degenerate) on a dense
open subset of ¥ we say that f is an Q-surface (Qp-surface).

Suppose now that n € Q'(f A f*) is closed. Then for any 7 € T'(A2f),
) :=n — dr is a closed 1-form with values in f A f*. In this case we say that
n and n are gauge equivalemﬁ This yields an equivalence relation on closed
1-forms with values in f A f* and we call the equivalence class

] :={n—dr : 7€ T(A*f)}

the gauge orbit of 1. Of course, any Legendre immersion admits 1-forms
with trivial gauge orbit, namely, dr for any 7 € T'(A?f). However, assuming
that the quadratic differential ¢ is non-zero in Definition [3.1] ensures that
the associated 1-form is non-trivial:

Lemma 3.2. If[n] =1[0] at p € ¥ then ¢ =0 at p.

Proof. Suppose that s(p) is a curvature sphere congruence of f at p with
associated curvature space T,). Then, for o € I'f and X,Y € I'T'Y such
that X,,Y), € T, one has that (dxdyo), € s(p). Therefore, for any 7 €
L(A%f),

(dx,7)dy,0 = —7(p)(dxdy o), € s(p).
Furthermore, if o(p) € s(p) then (dxdyo), € f*(p) and so (dx,7)dy,o van-
ishes. Hence, ¢ = 0 at p. (]

4In Section [4] we shall see that each closed 1-form 7 gives rise to a I-parameter
family of flat connections. Moreover, we shall see that if two 1-forms n and 7 are
gauge equivalent then the resulting flat connections are related by a gauge trans-
formation.
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Corollary 3.3. q is well defined on gauge orbits, i.e., if 1 € [n] then ¢ = q,
where ¢ is the quadratic form associated to 7.

Proof. This follows from the fact that 7j —n = dr for some 7 € T'(A%f). O

Now suppose that f is umbilic-free. That is, there are two distinct cur-
vature sphere congruences s; and sy such that s; Nse = {0}. Let T; <TX
denote the corresponding rank 1 curvature subbundle for s;, i.e., for any
X; €eI'T; and o; € I's;,

d X, 05 € Ff.
Recall that each curvature subbundle 7; induces a rank 3 subbundle f; of

f*. The following proposition shows that in the umbilic-free case, we may
drop the condition that [n A n] = 0 in Definition

Proposition 3.4. 1 is closed if and only if n satisfies the Maurer Cartan
equation. In this case, n(T;) < f A fi and [n An] = 0.

Proof. Since nf = 0, we have that

(dn + %[n A n]) f=(dn)f.

Let X; € I'T; and X; € I'T) for ¢ # j and o; € I's;. Then

dn(Xi, Xj)oi = (dx, (1(X;)) — dx,(n(Xi)) — n([Xi, X;]))o
= dx,(n(Xj)oi) — n(X;)dx,0i — dx, (n(X:)oi) + n(Xi)dx, 0
= —n(Xj)dx,0i + n(Xi)dx, 04,
using again that nf = 0. Since s; is a curvature sphere, dx,0; € I'f and
thus 7(X;)dx,0; = 0. Therefore assuming that 7 satisfies the Maurer-Cartan

equation or that it is closed implies that for all i # j, X; € I'T;, X; € I'T}
and o; € I's;,

0= ﬁ(Xi)deO'i.
Thus, n(X;) € T'(f A fi) and

Thus,
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Therefore, since X; and X5 form a basis for T3, we have that [p A n] = 0.
Hence,

1
dn+§[nm7}=dn

and the result follows. O

Corollary 3.5. ¢ is symmetric with q(T1,T>) = 0. Hence, q is a quadratic
differential with respect to the conformal structure c.

In order to work with the gauge orbit of closed 1-forms that arises from
Lie applicability, we shall derive a unique member of this orbit using the Lie
cyclide splitting

RY =51 @ 5.

This then induces a splitting
A2R4,2 _ h @ m,

where

h:= (Sl A 51) &>, (SQ A Sg) and m:=S] A Ss.

Thus, given a closed 1-form n € QY(f A f1), we may write 7 = 15 + N,
where 7, € QYN (f A f1)) and 7w € QL (m N (f A FH)).

Proposition 3.6. 17y is well-defined on gauge orbits.

Proof. This follows from the fact that dr € Q'(m N (f A f1)), for any 7 €
L(A2f). a

Proposition 3.7. Modulo Q' (A2f), nm = dr for some T € T(A?f).

Proof. Let o1 € I's; and o9 € I'sy be lifts of the curvature spheres. Then we
may write

n = (o101 ANdoy + ag o9 Adog + 101 Adog + P2 09 A doy) mod Ql(/\2f),
where aq, ag, 51, B2 are smooth functions. In this case

Nm = (B101 Adog + B209 A doy) mod Ql(/\Qf).
Now doy A doy,dog A dog € Q?(f A f+) and thus

0 =dn = By doy A doy + B doy A doy mod Q(f A f1).
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Therefore By = —(1 and
N = d(B101 A 02) mod QY (AZf).

Hence the result is proved. O

From Proposition [3.7 one can deduce that there exists a unique gauge
potential of [] with n, € QY(A%f), thus motivating the following deﬁnitionﬂ

Definition 3.8. We call the unique gauge potential in [] with 7, € Q' (A2f)
the middle potential and denote it 5™

Since ¢ is well-defined on gauge orbits, we may compute it using the
middle potential. Then it is clear that ¢(X,Y) = tr(o — ny(X)dyo), since

(Nf)f+=0.

Remark 3.9. It should be noted that it is possible for a Legendre immer-
sion to be Lie applicable in more than one way, i.e., for there to exists more
than one gauge orbit of non-trivial closed 1-forms with values in f A f*.
The case that a Legendre immersion is Lie applicable in three parameters
worth of ways has been studied in [23, [29].

3.1. Invariant approach

We will now obtain a characterisation of Lie applicability by the existence
of a certain quadratic differential. So let us assume that ¢ is a quadratic
differential with respect to the conformal structure c, i.e., ¢ € T((T})? @
(T3)?). For the rest of this section we make the assumption that the signature
of g is constantﬁ over Y. Thus, up to rescaling ¢ by +1 and reordering T}
and 75, we may assume that

q=—€q + g,

where € € {0,1,i}, and ¢, € T'(T7)? and g2 € T'(T5)? are positive definite
quadratic forms. Then ¢; and ¢» determine unique lifts o1 € I'sy and o9 €

>This potential also has a characterisation in terms of Lie algebra homology,
analogous to the characterisation given in [I3] §2.4.1] for projectively applicable
surfaces.

6Tn order to establish a global theory of Lie applicable surfaces we will have to
weaken this assumption.
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I'sg (up to sign) such that
q1 = (dog,doy) and qo = (doy,doy).
Thus, ¢ determines a unique 1-form n, € QY(h N (f A f1)) such that
¢(X,Y) =tr(o — ny(X)dyo),

namely,

Ny = —01 N\ doot + 620'2 ANdyoo,

where we recall that each d; denotes the partial connection of d along T;.
Let w := wy 4+ wy be a 1-form, with wy € I'T} and we € I'Ty, and define

nmid = —01 Adoy + €209 A dos + woq A 0.

Then 7™ is closed if and only if
(4) 0= —doy Adoy + e2doy N doy + dwoy Aoy —w A d(oq A 03).
Now let «, 5 € I'T} and v, 6 € I'Ty such that

dioy = o1 + Bos  and  dooy = yo1 + dos.

Remark 3.10. Obviously, in the case that e = 0, ¢; and thus our lift oy of
s9 may be chosen arbitrarily. To simplify the following analysis, we will fix
g1 by choosing a lift oo so that 6 = 0. Note that this choice is unique up to
multiplication by a smooth function g such that dog = 0.

Therefore, is equivalent to

0=—2aA (0] Adyoy) + 2625 A (03 A diog) + (2627 — wa) A (01 A dyo)
+ (—Qﬁ —i—wl) A (02 VAN dgo‘l) + (dw — w1 AJ — wo /\05)0'1 N 0o9.

Hence, 1™ is closed if and only if the following two conditions hold:
(a) a =9 =0, that is, dio; € I'T} ® s9 and daog € I'T5 ® s1.
(b) w=2(B + €?v) and w is closed.

These two conditions can be reformulated as conditions on ¢. In Lemma [A.3]
we show that the first condition is equivalent to ¢ being divergence-free with
respect to the conformal structure ¢ on TX. In other words, in terms of



Lie applicable surfaces 1425

conformal curvature line coordinates (u, v), there exist functions U of u and
V' of v such that

q = —U%du? + V2ido?.
The second condition can be equated to a condition on the Darboux cubic

form. Recall that we defined the Darboux cubic form C € T'S3T*Y ® (A%f)*
as

C(X, Y, Z)O' ANV = (Dx’DyO',Nzl/) — (DXpyl/,Nzo'),

where o,v € I'f and X,Y,Z € I'T'SY. Then in terms of the special lifts oy
and o,

(5) C(X,Y,Z)or Noy = —y(Z)(dyoy,dxo1) + B(Z)(dyoa,dxo2)
= —(2)@2(X,Y) + B(Z)qnn(X,Y).

Now let X € I'T1, Y € I'T5 such that
q(X, X)=q¢Y,Y)=1.
Then we may define a 1-form
C?:= (C(X,X,.) = C(Y,Y,.))o1 A oo.

It is then clear from Equation (5)) that C? = 3 + €?v and therefore condi-
tion (]EI) is equivalent to the closurdﬂ of C4. We have thus arrived at the
following theorem:

Theorem 3.11. An umbilic-free Legendre map f is an Q-surface (Qo-
surface) if and only if there exists a non-zero divergence-free, non-degenerate
(degenerate) quadratic differential (with respect to the conformal structure c
induced by f) q such that C? is closed.

Remark 3.12. In [13, §2.4.1], by using Lie algebra homology, an elegant
characterisation of projectively applicable surfaces is given in terms of a
quadratic differential and the Darboux cubic form. An analogous homolog-
ical characterisation can be obtained for Lie applicable surfaces, however,
this is beyond the scope of this paper.

"In the case that e = 0, X and thus C? are determined by our choice of lift of so
in Remark A different choice of such a lift scales C? by a function ¢ satisfying
dog = 0. Therefore, the closure of C? is not affected by this choice.
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Condition (]E[) also tells us that the middle potential is given by
(6) ™ = oy Axdoy + 203 A *doa,

where * is the hodge star operator induced by the conformal structure c.

3.2. Demoulin’s equation

Now suppose that f is the lift of an umbilic-free space-form projection f with
tangent plane congruence t, i.e., f = (f,t). Then, from Subsection

t+ r1f and t+ Kof

are lifts of the curvature sphere congruences s; and ss, respectively. Thus,
there exists functions A and p such that our special lifts o1 and o9 are given
by

o1 = At+ k1f) and o2 = p(t+ Kaf).

Since q is divergence-free, in terms of arbitrary curvature line coordinates
(u,v), there exist functions U of u and V' of v such that

q = —U%du® + V2ido®.

Thus,
V? = (010,010) = N (b + K1fo, ty + K1fs) = N2 (k1 — K2)*G.
Hence,
\%
A==+
\/é(m — HQ)
Similarly,

On the other hand, we have that
d101 = 50’2 and dgdg = Y01.

Therefore,
Bu(t + kof) = diA(t + £1f) + Adikaf
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and
ﬂ _ _é dlfﬂ .
HR1— R2
Similarly,
_p daka
T NKy — ko
Thus,

UVG K1 — K2 VVE K1 — K2

Hence, C'? is closed if and only if

0 o V\/E HLU + 62 U\/a K:Q’U
UVG K1 — K2 ) VVE K1 — K2 u'

Thus, f is an Q-/Qg-surface if and only if the space form projection f is an
Q- /Qp-surface in the sense of Demoulin [I§].

3.3. Isothermic sphere congruences

We will now see how Lie applicable surfaces envelop isothermic sphere con-
gruences. We say that a sphere congruence is isothermic if it is isothermic as
a surface in the Lie quadric (with respect to the natural conformal structure
on the Lie quadric). Equivalently, we have the following definition:

Definition 3.13 ([5,/124]). A sphere congruence s : ¥ — P(£) is isothermic
if there exists a non-zero closed 1-form n, € Q'(s A st).

Now suppose that f is an umbilic-free Lie applicable surface with middle
potential

nmd = 01 A xdoy + €209 A xdo.

Then we may gauge 7™ by +eoq A o9 to obtai

nt = nmid + d(£eo1 A oa) = (01 £ €02) Axd(01 + €02) € Ql(si A (si)l),

+ +

where s := (01 & €03). Hence, s* are isothermic sphere congruences. In the
case that € # 0 we have that s* are a pair of isothermic sphere congruences

8Notice that n™d = %(77“‘ +mn7). This is our justification for calling n™ the
middle potential.
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separating the curvature sphere congruences s; and sg harmonically. If e = 0
we have that the curvature sphere congruence s; is isothermic.

Theorem 3.14. If f is an umbilic-free Q-surface then f envelops a pair
of isothermic sphere congruences that separate the curvature sphere con-
gruences harmonically. Furthermore, if q is indefinite then the isothermic
sphere congruences are real and if q is positive definite then they are com-
plex conjugate.

If f is an umbilic-free Qo surface then f envelops a curvature sphere
congruence that is isothermic.

Lemma 3.15. Let s < f be a sphere congruence enveloped by f and suppose
that there exists n € [™%) such that at a point p € ¥

mp € TyE @ (s(p) A f(p)™).

Then s coincides with one of the isothermic sphere congruences enveloped
by f at p.

Proof. Since n € [™9], there exists a smooth function A such that

n = ﬁmid + d(A\oq A 02).

Now using that

nmid = o1 A xdoy + €209 A xdos

we have that
n=o1 A ()\dlag - d20'1> + o9 A (62d102 — )\dgdl) mod Ql(/\2f).

Since dioe and doop are linearly independent, 1 nowhere takes values in
so A f1, for all smooth functions . Therefore, let u € R such that o(p) =
o1(p) + poa(p) is a lift of s(p). Then

np € T, 2 @ (s(p) A f(p)™)
if and only if
p(A(p)dioe — dooy) = €2dyog — A(p)daory.
Since dyog and dooq are linearly independent at p, this is equivalent to

p=Ap) and A(p)®=é.
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Thus, o(p) = 01(p) + eo2(p) € 5™ (p). O
3.3.1. The A, operator. Let X € I'T} and Y € I'T, such that

(X, X)=1 and ¢(Y.Y)=1
Then we define an operator
A, = dxdx — Edydy.
Using A, we define amap (,: f ® f — R by
(1, §) = (Bgv, §).

Then (, is a symmetric tensor and identifies the isothermic sphere congru-
ences:

Proposition 3.16. Let s < f. Then (4(s(p),s(p)) =0 if and only if s co-
incides with one of the isothermic sphere congruences at p.

Proof. Let o1 and o9 be the special lifts of the curvature spheres s; and so,
respectively, such that

q1 = (doz,doz) and g = (doy,doy).
Since s1 and s are curvature spheres, we have that
Ayo1 = —2dydyo; mod f+ and Ayoy = dxdxos mod fr.

Let 0 € I's and let a and 8 be smooth functions such that ¢ = ao1 + Soos.
Then

(glo,0) = B (dxdxoy,00) — €20 (dydy oy, 01) = —B% + €.

Thus, ¢,(0,0) = 0 if and only if B = +ea, which holds if and only if o € I's*.
Since (4 is tensorial, this is a pointwise condition. ]

3.3.2. Christoffel dual lifts. Suppose that € # 0. Recall that C? is a
closed 1-form. Thus, there exist non-trivial functions ¢ such that

¢t = Fe ' CIc*.

Now, £T¢™ is constant, and, without loss of generality we will assume that
£t¢~ = —1. We may then define unique (up to reciprocal constant rescaling)
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lifts oF of the isothermic sphere congruences s* by
ot =5 (0) £ eo).
A straightforward computation shows that:
Proposition 3.17. n* =o* AdoT and dot A do~ = 0.
We call these lifts the Christoffel dual lifts of s*.

4. Transformations of Lie applicable surfaces

In this section we shall review and expand on the transformation theory of
Lie applicable surfaces presented by Clarke [13]. In particular we shall show
how the middle potential behaves under such transformations.

Suppose that f is a Lie applicable surface with closed 1-form 7.

Theorem 4.1 ([13, Lemma 4.2.6]). {d+ tn}icr is a 1-parameter family
of flat metric connections.

Proof. The curvature of the connection d + t7 is given by

2

t
R — tdn + A =0.

The fact that d + tn is a metric connection follows from the skew-symmetry
of 7. O

Our choice of 7 in the gauge orbit was arbitrary, so it is prudent to
examine how these connections change when we use a different member
of the gauge orbit. Suppose that 7 = 1 — dr for some 7 € I'(A%f). Then a
straightforward computation shows that:

Lemma 4.2 ([13, Lemma 4.5.1]). d+ tn = exp(t7) - (d + tn).

4.1. Calapso transforms
Since {d! := d + tn}ier is a 1-parameter family of flat metric connections, for
each t € R, there exists a local orthogonal trivialising gauge transformation

T(t): ¥ — 0(4,2), ie.,

(7) T(t)-d' =d.



Lie applicable surfaces 1431

Definition 4.3. f!:=T(t)f is called a Calapso transform of f.

Now suppose that 7 =n —dr, and let Tv(t) denote the corresponding
local orthogonal trivialising gauge transformations. Then from Lemma
it follows that

T(t) = T(t) exp(—t7).

Since (A2f)f = 0, it follows that the Calapso transforms are well defined on
the gauge orbit [n].
Let o := T(t)o be a section of ft. Then by Equation ,

do' = d(T(t)o) = T(t)(d + tn)o = T(t)do.

From this one can easily deduce that the contact and immersion conditions
hold for f! and thus f! is a Legendre immersion. Moreover, we can deduce
that if s(p) is a curvature sphere of f at p then s'(p) := T'(t)s(p) is a curva-
ture sphere of f! at p and the corresponding curvature spaces coincide.

Theorem 4.4. n' := Adpy - m 1 a closed 1-form with values in QL (fE A
(fH%) with [nt Ant] =0 and ¢* = q. Hence, f* is a Lie applicable surface.

Proof. The closedness of n' follows from
dn’ = (T(t) - d')Adpgy -n = T(t) - d'n = T(t) - (dn + t[n An]) = 0.

Furthermore,
0" An'] = Adpgy - [n An) = 0.
Finally, for ot := T'(t)o

' (X)dyo' = (Adpg) - n(X))(T(t) - (d+tn)(Y))o" = T(t)n(X)dyo.

Thus,
¢ (X,Y) =tr(c! = n'(X)dyo?)
coincides with ¢(X,Y) for all X, Y € I'T¥. O

We will now see how the 1-parameter family of flat connections of a
Calapso transform are related to those of the original surface:
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Proposition 4.5. For any s € R,
d+sn' =T(t) - (d+ (s +1)n).

Therefore the local trivialising orthogonal gauge transformations of d + sn'
are

T'(s) = T(s + )T~ (t).
Proof. Using Theorem [£.4] we have that
d+sn' = d+sAdpy - =T(t) (T7(t) - d +sn) = T(t) - (d+ (s + )n),

and the result follows. O

From Proposition we can quickly deduce the analogue of the per-
mutability result of Hertrich-Jeromin [24], §5.5.9] for Calapso transforms of
isothermic surfaces:

T'(s)T(t) = T(s +t).

Now let us assume that f is umbilic-free and we are using the middle
mid

potential, i.e., n =7
Lemma 4.6. The Lie cyclides of f! are given by
St =T()S, and S4=T(t)Ss.
Hence, the induced splitting of the trivial connection d = Dt + Nt satisfies
D' =T(t) - (D+tny) and N'=T(t) (N + tnu).

Proof. Let Y € I'Ty and o} = T(t)o1 be a lift of the curvature sphere s.
Then

dyot = dy(T(t)or) = (T(t) - ds)T(t)or = T(t)(dyo1) = T(t)dy oy,
since ™ f = 0. Thus, dot(Ty) = T(t)do1(T). Furthermore,
dydyo{ =dydy(T(t)or) = (T(t) - dgx)(T(t)dij) = T(t)dg/dyal.

Now, since we are using the middle potential, n™(Y )dy o, € I's;. Thus,
dydyO’% € FT(t)Sl and

Sf = Stl D dO"i(TQ) D <dydy0’§> = T(t)Sl.



Lie applicable surfaces 1433
Similarly, S§ = T'(t)S2. From
d="T(t)-(d+tn™) =T(t)- (D + N +tny + t1m),

one can deduce the remainder of the lemma. O

Blaschke [I] showed that Lie applicable surfaces are the only surfaces
that are not determined by the Lie invariant metric and Darboux cubic
form. Therefore the following corollary comes as no surprise:

Corollary 4.7. The Lie-invariant metric g* is preserved by Calapso trans-
form and the Darbouz cubic form C' € T'(S3T*Y ® (A2f)*) of f! satisfies

(8) C'oT(t) =C,
that is, for 7 € T(A%f) and X,Y, Z ¢ I'TYX,
CHX,Y,Z)(T(t) 1) =C(X,Y, Z)T.

Corollary 4.8. The middle potential of f* is (nt)™® = Adrp g,
Proof. In Section |3 we had a splitting 0(4,2) = b + m induced by f, where
h=(S1AS1)®(S2AS2) and m= 5] ASs.

By Lemma f! induces the splitting 0(4,2) = b* + m’, where
b'=T@{)-h and m'=T(t) m.

We then split 7™ = ng + 1m, where 7, € Q1(h) and 7, € Q' (m). Now split-
ting Adp) - 1™ with respect to the splitting induced by f? yields Adpy -
W™ = e+ e with

My = Adpgy -y and - nie = Adrp(y - .
Since 7™ is the middle potential, n, € Q'(f A f). Hence,

T = Adpgy - nm € X (fC A fY).

Therefore Adpy - ™ is the middle potential of f*. O
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Proposition 4.9. Suppose that s is an isothermic sphere congruence of
f with isothermic gauge potential n° € Q'(s A s*). Then st := T(t)s is an
isothermi(ﬂ sphere congruence of ft with isothermic gauge potential (n')® :=
AdT(t) . ’I’]S.

Proof. From the orthogonality of T'(t) we have
T(t)-sAst=s"A(s)t
Hence, (n*)* € Q'(s A (s)1) and st is isothermic. 0
4.2. Darboux transforms

Fix a non-zero m € R. Since d" = d + mn is a flat connection, it has many
parallel sections. Suppose that § is a null rank 1 parallel subbundle of d™
such that § is nowhere orthogonal to the curvature sphere congruences of f.
Let sg := §- N f and let f =80 D S.

Definition 4.10. f is a Darboux transform of f with parameter m.
Now for any section og € I'sg and any parallel section 6 € I'§ of d™
(9) doo, di € Q'((f + )*).

It is then clear that f satisfies the contact condition. It remains to check the
immersion condition of f : let p € ¥ and suppose that there exists X € T,2
such that dxog € f(p) for some lift oy € T'sp. Then as dog € QU((f + f)1),
we have that dxog € so(p). Then it follows from the fact that sg is nowhere
a curvature sphere of f that X = 0. Therefore, f is a Legendre immersion.

Recall from Section [2.5| that we defined Ribaucour transforms of Legen-
dre immersions.

Lemma 4.11. f is a Ribaucour transform of f.
Proof. By Equation @D, for a parallel section 6 € I'§ of d™,
do € Q'((f + )

Therefore, ¢ mod sp is a parallel section of the induced connection on (f+
f)/so. Hence, this connection is flat. O

95! is in fact the Calapso transform of the isothermic sphere congruence s, see [,
o).
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Suppose that s < f is a rank 1 subbundle of f such that s N sy = {0} and
define [ := 5 @ 5. Then [ defines a (1,1)-subbundle of R*? and we have the
following splitting of R*?:

K4,2 S e lL.

We can then use this splitting to split the trivial connection d on R*? into
LI+ 1,1+
d=D"" + N,

where D4 is the sum of the induced connections D! and D' on [ and I+,
respectively, and N € QLI A 1Y), By Corollary D' is a flat connec-
tion on [ and if 6 is a parallel section of d™, then & is a parallel section of
D!. We may further split N4 = —3 — 3 where

BeQ(5AIY) and BeQl(sAlh).
Moreover we may use our splitting to split n = 19 + 1, where
m € Q(so AlL) and 7y € Qs ALY,

Recall from [5, 11}, 13, B34] that for v,w € L such that (v,w) # 0 and
non-zero t € R we have an orthogonal transformation

tu for u=w,
o (tu= ¢ tu foru=w,
uw  for u e (v,w)t.

We are now in a position to state the following proposition:

Proposition 4.12. There exists a closed 1-form 7j € QL(f A fL) with [ A
I = 0 such that

d+th=T51—t/m)- (d+tn).

Furthermore, s is a parallel subbundle of d + m%n and the quadratic differen-
tial ¢ of  coincides with q.

Proof. The first part of this theorem was proved by Clarke [I3, Theorem
4.3.7] and is analogous to [, Proposition 3.11]. For the purpose of proving
the latter part of this theorem, we shall repeat the arguments of those proofs
here.
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Firstly, for a parallel section & € I's of d", we have that d6 = —mngo.
Therefore —56 = —mmns6. This implies that 8 = mns. Now we may write

d+tn=D"" — B — B+t + tns.
Therefore,

TS(1—t/m) - (d+tn) = T5(1 = t/m) - (D" = B— (1 —t/m)B + tm)
=D — (1= t/m)B— (1 —t/m)/(1 —t/m)B + tny
=DM — B =B+ t(no + (1/m)B),

Then letting n; := (1/m)S3 and 7 := 0o +n; € Q' (f A f1), we have that
d+th =T351 —t/m) - (d+tn).

Since d + tn is a 1-parameter family of flat connections, we must have that
d+t7 is a l-parameter family of flat connections. The curvature of this
family is given by

. +2
R™ — tdp + 5[77 A7

Thus, 7 is closed and [5; A 7] = 0.
Suppose that o € T's is a parallel section of D'. Then do = —fo and

(d+mn)e = —po+m(l/m)Bo = 0.

Hence, s is a parallel subbundle of d + m#.

We shall now show that the quadratic forms of 79 and n coincide: let
oo € I'sp and assume that (0,6) = —1. Now, {0¢,0} is a basis for f and
{00,6} is a basis for f. Since 7 = g + 13 and 17 = 19 + 71, we have that, for
X, Y eI'T%,

[(X)dyaols, = [n0(X)dyools, = [n(X)dy0o]s,-

Therefore, with respect to our bases defined above, the sy component of
N(X)dyop coincides with the sy component of (X )dyog. Furthermore, the
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§ component of N(X)dyd is given by

—(H(X)dy6,0) = (1/m)(B(X)B(Y)s,0)
= (1/m)(6,B(Y)B(X)o) = —(6,n(Y)dx0),

by the skew-symmetry of 8 and j3. Therefore, the § component of N(X)dyo
coincides with the s component of n(X)dyo. It follows then that

qX,)Y)=tr(v—n(X)dyr) and §(X,Y)=tr(@— q(X)dy?)

are equal. O

As a corollary to Proposition we have the following theorem:

Theorem 4.13 ([13, Theorem 4.3.7, Proposition 4.3.8]). f is a Lie-
applicable surface and f is a Darboux transform of f with parameter m.

An obvious question to ask is what happens if we use a different gauge
71 = n — d7 to compute our Darboux transforms. However, by Lemma [4.2
exp(mr)s < f is a parallel subbundle of d + m7. Hence, we obtain the same
Darboux transforms.

Now exp(A2f) acts transitively on f\so and, analogously, exp(A2f) acts
transitively on f\so. Thus, given s’ < f and § < f such that ' N sy = {0} =
§ N so, there exists 7 € D(A2f) and 7 € D(A2f) such that

s’ =exp(m7)s and & = exp(mT)s.

By letting ' := n — d7 and 7 := 7) — d7 we have that s is a parallel subbun-
dle of d +m7n and § is a parallel subbundle of d + mn’. We therefore have
the following proposition:

Proposition 4.14. Suppose that f is a Darbouz transform of f with pa-
rameter m and let | be any rank 2 subbundle of f+ f with 1N sy = {0}.
Then there exist gauge potentials n € Q' (f A f*) and 7 € Ql(f A fL) such
that s := f N1 is a parallel subbundle of d + mn and 5 := fﬂl s a parallel
subbundle of d + mn.

4.3. The enveloping sphere congruence

In this subsection we will show that the nature of the enveloping sphere
congruence sg determines when umbilics appear on a Darboux transform.
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Furthermore, we will see how we can determine the middle potential of a
Darboux transform.

Suppose that f is an umbilic-free Lie applicable surface and as in Subsec-
tion [3.1] we make the assumption that the signature of ¢ is constant over 3.

Proposition 4.15. p € ¥ is an umbilic point off if and only if sy coincides
with one of the isothermic sphere congruences at p.

Proof. Suppose that sg coincides with an isothermic sphere congruence s < f
at p. Let 6 € I'f be a parallel section of d +mn, where n € Q (s A f1) is
the isothermic gauge potential associated to s. Since sy coincides with s at
p, we have that 6(p) € s(p)*. Then

(d6)p = —mnyo(p) € T2 @ so(p).

Therefore, p is an umbilic point of f .

Conversely, suppose that p is an umbilic point of f . Then there exists
§ < f such that (dé), € T,X @ f(p) for all & € T'4. Since we assumed that s
is never a curvature sphere, we have that $ N sy = {0}. Now we may choose
n € QY(f A f1) such that § is a parallel subbundle of d + mn. Let & € T's be
a parallel section of d +mn. Then at p

mny6(p) = —(d6), € T,2 ® f(p).

Moreover, since n € QL(f A f1), n,6(p) takes values in f(p)*. Thus, 1,6(p)
takes values in so = f N . Now for some complementary sphere congruence
s < f to sg, we may write

n=o9gANwo+0Aw,
where wo,w € QL(f1), 0g € T'sg and o € T's. Thus

npo(p) = (o(p),6(p))wp mod T;¥ @ f(p).

Since s is complementary to sp, we must have that (o(p),d(p)) is non-zero
and thus w, € T,% ® f(p). Therefore, n, € T,X ® (so(p) A f(p)1). Hence, by
Lemma [3.15] s¢ coincides with an isothermic sphere congruence at p. U

Recall in Subsection that we defined A, and (; associated to a Lie

applicable surface. Using Proposition [3.16| we obtain the following corollary:

Corollary 4.16. p is an umbilic point of f if and only if Cq(s0(p), s0(p)) =
0.
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Now suppose that f is umbilic-free. Then by Corollary Cq(s0, 50)
is nowhere zero, i.e., (A,00) N sg = {0} for any lift oo of sp. We may then
define a rank 4 subbundle of R*? with signature (3,1),

‘/q =89 D dO’o(TE) D <Aq0'0>.

Recall in Definition [2.13] that we defined the enveloping point s in the
plane f + f of two Ribaucour transforms as the unique point map in f + f
satisfying s&) <f+ f . Taking lines between the corresponding curvature
spheres of f and f , we obtain s, as the intersection of these two lines.

Proposition 4.17. Let n™¢ denote the middle potential of f and 7™ the
middle potential of f Then V;]J- = 5@ 8§ where s < f is a parallel subbundle
of d+mi™? and § < f is a parallel subbundle of d + mn™<. Furthermore,
Soo < VqL.

To prove Proposition [£.17] we shall use the following lemma:

Lemma 4.18. Suppose that n™¢ is the middle potential. Let T € T'(A2f).

Then,

2 mzd

mid(XVdxT — ™Y )dy T = —€T,

n
where X € I'Ty, Y € I'Ty such that ¢1(X,X) =1 and ¢2(Y,Y) = 1.

Proof. Let 01 € I's1, 09 € I'so be the special lifts of the curvature spheres
such that

qg= —62(d0'2,d0'2) + (doy,doy)

and let 7 = o1 A oy € T(A2f). Recall from @ that the middle potential is
given by
nmid = 01 ANxdoq + 620'2 A *dos.

Thus, for v € I'R*2,

(nmid(X)dXT)v _ (6202 A d)(O'Q)(O'l A dxog)v
= —*(dx02,dx02)(01,v)02

= —€(01,v)09.
Similarly, (n™(Y)dy 7)v = — (02, v)01. Hence,
(nmid(X)dXT — €2nmid(Y)dy7')v = —€(01,v)09 + €2(02, V)01 = —€>TV

and the result follows. O
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Proof of Proposition[{.17 Let & € T's be a parallel section of d + mn™¢ and
let og € I'sg. Then,

(Ay00,6) = (dxdxoo — 2 dydy g, &)

—(dx00,dx6) + € (dy oo, dy &)

= m((dxo0,1™"(X)&) — € (dyao,n™(Y)5))
= —m(n™(X)dxoo — ™Y )dy 09, 6).

Now, there exists 7 € ['(A2f) such that o9 = 76. Hence,
(Ag00,6) = —m((™(X)dxT — €™ Y)dyT)5,6) = me*(16,6),

by Lemma By the skew-symmetry of 7, (A400, ) vanishes.

By a symmetric argument, (A,00, o) vanishes, where o is a parallel sec-
tion of d + ma™<,

Now let 0o € I'sso. Then dos, € Q(f + f) Then using that dog €
QU(f + f)1) for any g € I'so, it is clear that s < (so @ doo(TE))*, from

which it follows that (A0, 0 ) vanishes. O

As a corollary to Proposition we obtain the following theorem that
tells us how to determine the middle potential of f:

Theorem 4.19. Suppose that f cmdf are umbilic-free Darbouz transforms
of each other with parameter m. Let § < f be the parallel subbundle of d +
mn™e. Then

d+ 7™ = T3(1 — t/m) - (d + tn™?),

for s := f NI, wherel is the line spanned by § and Soo.
4.4. Isothermic sphere congruences

Let f and f be umbilic-free Darboux transforms of each other with pa-
rameter m and suppose that we are working with the isothermic potential
n* associated to the isothermic sphere congruence s*. Then if § < f is the
parallel subbundle of d + mn™ then by Proposition 7 defined by

d+th=T%(1—t/m) (d+tn")
is a closed 1-form. Recall that we split n = 19 + ns+ and 7 = 7o + 7z, where

N0, M0 € Q' (sg A1), ner € QY(sT ATH) and 7 € QY(5ALY). Now, in the
proof of Proposition [4.12| we saw that ng = 7y and since we are working
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with the isothermic potential n € Q!(s* A f1), we have that 9 = 0. Thus,
i € Q' (5 Al1). Hence, 5 is isothermic and we shall denote it 57. A symmetric
argument yields an analogous result for s™.

Proposition 4.20. We may label the isothermic sphere congruences st
and 5= of f such that 3% is a parallel subbundle of d +mn*. Furthermore

d+ti* =T (1 —t/m) - (d + tn).

Proposition shows that Darboux transforms of Lie applicable sur-
faces are induced by the Darboux transforms of their isothermic sphere
congruences [5, 24]. On the other hand, given a Darboux transform st of
one of the isothermic sphere congruence, say s, we have that f =50 D 8T,
where so = f N (87)", is a Darboux transform of f. This is our justification
for using the term “Darboux transform” instead of “Bécklund transform”.

We now give a result concerning the lines joining “opposite” isothermic
sphere congruences:

Proposition 4.21. Letli =sT @5 andlo =5 ®5T. Thenli Ny = 54.

Proof. By Proposition n~ =0~ Adot, where oF are Christoffel dual
lifts of s*. By Proposition there exists 6 € I's~ such that & is a parallel
section of d + mn~. Thus,

dé = —m(c~,6)dot mod QL(f).

Hence, 04 := 6 +m(0~,6)0" € I'l; and satisfies dos, € QN(f + f) Since
Seo 18 the unique point in f + f satisfying s&) < f+ f, we have that o, €

I'soo. Therefore, so < Iy. Similarly, s < Il and the result follows. O

5. Associate surfaces

Let us recall the definition of O-surfaces given in [25]: suppose that x!, ...,
2" : % — R3 are Combescure transformationdt] of each other and let the
subbundles 17,75 < T denote the induced curvature subbundles on TX.

10That is, the curvature directions of z* are parallel to the curvature directions
of 27 for all 4,5 € {1,...,n}.
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Let s} and k% denote the principal curvatures of % along Ty and T, respec-
tively, and define row vectors

K; = (1/,%]1-,...,1//1?),

for j € {1,2}. Then we say that {z',...,2"} is a system of O-surfaces if
there exists a constant symmetric n X n matrix S such that

K1SKL=o.

In this section we shall see how a system of O-surfaces arises from an €2-
surface.

In [16], Demoulin defines an associate surface of an umbilic-free Q-
surface: suppose that = : ¥ — R3 is an Q-surface and in terms of curvature
line coordinates (u,v) the third fundamental form of = is given by IIT =
p2du? + r2dv?. Then there exists a Combescure transformation z” : ¥ — R3
of x and there exist functions U of u and V of v such that

2 2
w () (Fp) e
K1 K2 KT Kj D T
where x1 and kg denote the principal curvatures of z, kK and k2 denote
the principal curvatures of z” and e € {1,4}. Conversely, if two surfaces are
in such a relation then they are Q2-surfaces.
Suppose that f : ¥ — Z is an umbilic-free (2-surface. Then there exists a
closed 1-form n € Q'(f A f1) such that the quadratic differential associated

to n is non-degenerate. Let g~ and p be a space form vector and point sphere
complex with |qoo|? =0 and |p|? = —1, i.e.,

QS = {y cL: (y7q00) = _17(y7p) = O}

has sectional curvature x =0 and Q3 =2 R3. Then we may choose a null
vector qg € (p)* such that (qo,qeo) = —1. Thus (qeo, b, qo)" = R3 and we
have an isometry

1
¢: <q007p7q0>L_>Q3’ CU'_>$+CIO+§($71‘)%O
We can use this to identify § := f N Q3 with z : ¥ — R3. We then have that
df = dx + (dz,r)qs and t = n + (n, 2)qe0 + Pp.
Now (np,dec) is a closed 1-form, so there exists (up to addition of a
constant) A : X — R such that d\ = (7p, ). Then we may gauge n by
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7:= —Af At to obtain 77 :=n —dr with (7p,qs) = 0. Therefore, we shall
assume that (7p, o) = 0. From this we can deduce that 7 is of the form

n=fAdfo A+ tAdto B,

for some A, B € 'End(TY). The closure of n implies that ngqe = —dfo A
and np = —dto B are closed and that

(11) df Adfo A+ dt A dtoB =0.

The closure of dfo A implies that dz o A is closed. Furthermore, by Lemma3.4]
we have that n(7;) < f A f; and thus

AcT(TF T & T @ Ty).

Therefore, locally there exists z” : ¥ — R3 such that dz” = dz o A and z”
has parallel curvature directions to z. Similarly there exists # : ¥ — R3 such
that d& = dno B and B € I'(T} ® Ty ® Ty ® Tz). Thus, & also has parallel
curvature directions to x. From Equation and Rodrigues’ equations, we
can then deduce that

1 1 1 1
12 —_—t— - — — — =0.
( ) Kllﬁg K2 I<&1D K1 K9

Conversely, given Combescure transformations ” and & of x such that
(12) is satisfied we may define a closed 1-form

n=FA(dz” + (dz”, 2)q00) + t A (dZ + (dE, 7)qo0).-
Hence, we have arrived at the following result:

Theorem 5.1. An umbilic-free surface z : ¥ — R3 is an Q-surface if and
only if there exists an associate surface P : ¥ — R? and an associate Gauss
map &: X — R3 that are Combescure transformations of x such that the
principal curvatures of x, xP and & satisfy .

Remark 5.2. We shall assume that zP and # are oriented so that the
Gauss map of these surfaces is —n.
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Remark 5.3. The addition of a constant ¢ to A sends

2P s 2P +en and 3 & — cx.

Thus we get a parallel surface to 2. The behaviour of # under this change
is our motivation for calling & an associate Gauss map.

By letting
01 00
1 0 0 O
5= 0 0 01
0 010

one can see that condition shows that {x,:cD ,&,n} is a system of O-
surfaces, where we consider the Gauss map n to be oriented so that its
principal curvatures are both —1.

We have that the quadratic form of 7 is given by

q = —(dz, dz?) — (dn, di).

On the other hand, in terms of curvature line coordinates (u,v), we have
that

q = —U%du? + V2do?,

for some functions U of u and V of v. Hence,

1 1 1 1
—U% = ( 5~ A> p? and V2= ( 5~ A> 7
K1K7 K1 Kakj K2

and thus

1 EU? 4 2 v? Lt

— = and —=-——5+—=.

k1 p? k1KY Ro r2  kowl
Then substituting this into yields . Hence, 2P is an associate surface
of x, in the sense of [16].

We may write n as

n= Adexp(m/\qm)(qo AdaP + §Ndi),

where ¢ :=n + p. By the symmetry of Equation (12), 2 is an Q-surface
with closed 1-form

77D = Adexp(xD/\qoo)(qO Ndx — gD A d.@),
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where ¢P := —n + p. Furthermore, the quadratic differential ¢” defined by
nP agrees with ¢.

Theorem 5.4. An associate surface of an Q2-surface is itself an Q-surface.

Appendix A. The quadratic differential

In this appendix we prove some facts about the quadratic differential that
arises in the definition of Lie applicability (see Definition in order to
prove Theorem In particular, we shall characterise the condition that
a quadratic differential is divergence-free in terms of certain special lifts of
the curvature spheres.

Suppose that f: ¥ — Z is an umbilic-free Legendre immersion and let
q € T((Ty)* @ (T3)?) be a quadratic differential. Then for any representative
metric g of the conformal structure ¢, there exists a symmetric trace free
endomorphism @ € I'End(7TX) such that

q(X,Y) = 9(X,Q(Y)),

for any XY € I'T'X.

Now the conformal structure ¢ gives rise to a product structure J which
acts as id on 11 and —id on T5. Since the Hodge star operator x induced by
c acts as id on T and —id on Ty we have, for any o € 'End(7Y),

* = o J.
One then deduces the following lemma:

Lemma A.1. Q € TEnd(TY) is trace-free and symmetric with respect to
c if and only if xQQ = —J o Q.

Corollary A.2. Suppose that Q € TEnd(TX) is trace-free and symmetric
with respect to c. Let g be a representative metric for ¢ with induced Levi-

Civita connection V. Then d¥+Q = 0, i.e., Q is divergence-free, if and only
if d&VQ = 0.

Proof. Since V is the Levi-Civita connection for g, we have that dV.J = 0.
Then, using Lemma and the Leibniz rule,

iV xQ=—(d")oQ~Tod"Q=—T0d"qQ,

and the result follows. O
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We say that q is divergence-free with respect to c if for any representative
metric g, the endomorphism @ € I'End(7'Y) defined by

q(X,Y) = g(X,Q(Y))

is divergence-free.

Assume that the signature of ¢ is constant over . Recall from Subsec-
tion[3.I] that after possibly multiplying ¢ by 1 and reordering the curvature
sphere congruences s; and sg, there exists (unique up to sign) lifts o1 € T'sg
and oo € I'so such that

qg= —62(d0'2, dos) + (do1,doy),
where € € {0,1,1}.

Lemma A.3. ¢ is divergence-free with respect to the conformal structure c
on TY if and only if dioy € I'T}] ® s2 and e2dyoy € I'Ts & s1.

Proof. Let g be a representative metric of the conformal structure c and let
V denote the Levi-Civita connection of g. Since 77,75 are the maximally
isotropic subbundles of this metric, we have that VX € I'T} and VzY €
I'ls forany X € I'Ty, Y €'l and Z € I'TX..

Let Q € TEnd(7'Y) such that

a(X,Y) = g(X,Q(Y)).
Since q € T((T7)? @ (T3)?), we have that Q(T1) < Tp and Q(T2) < T. Hence,
Q@ is symmetric and trace-free with respect to g. Now for X € I'T7 and

Y eIl

dy (¢(X, X)) = —€*dy (dx 02, dx03)
= —262(dydxo'2,dxo'2)
= —262((dXdy0'2,dXo'2) + (d[y}x]O’Q,dXO’Q)).

On the other hand, since V is the Levi-Civita connection we have that
dy (q(X, X)) = dy (9(X, Q(X))) = g(Vy X, Q(X)) + g(X, VyQ(X)).
Furthermore, —eQ(d[quaQ, dxo9) is equal to

Q([Y7X]7X) - g(Q(vYX - VXY)7X) - g(Q(VyX),X),
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since Q(VxY') € I'Ty. Hence,
—2€*(dxdy oy, dxo2) = g(VyQ(X) — Q(Vy X), X).

Therefore, since VyQ(X) — Q(VyX) € I'Ty, —2€%(dxdyos,dxos) =0 if
and only if (VyQ)(X) = 0. One can then check that —2e%(dxdy o2, dxo2) =
0 if and only if €2dy 09 € T'T§ ® s1. Similarly, one can show that (VxQ)(Y) =
0 if and only if dxo; € I'T}' ® sa. Therefore,

(@YX, Y) = (VxQ)(Y) — (VyQ)(X) =0

if and only if €2dyoy € I'Ty ® s1 and dioy € I'T} ® so. The result follows by
applying Corollary O
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