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Mean curvature flow of star-shaped
hypersurfaces

LoNGzHI LIN

In the last 15 years, the series of works of White and Huisken-
Sinestrari yield that the blowup limits at singularities are convex
for the mean curvature flow of mean convex hypersurfaces. In 1998
Smoczyk [20] showed that, among others, the blowup limits at
singularities are convex for the mean curvature flow starting from a
closed star-shaped surface in R3. We prove in this paper that this is
still true for the mean curvature flow of star-shaped hypersurfaces
in R™*! in arbitrary dimension n > 2. In fact, this holds for a
much more general class of initial hypersurfaces. In particular, this
implies that the mean curvature flow of star-shaped hypersurfaces
is generic in the sense of Colding-Minicozzi [6].

1. Introduction

A family of hypersurfaces evolves by mean curvature flow if the velocity at
each point is given by the mean curvature vector. Mean curvature flow has
been extensively studied ever since the pioneering work of Brakke [3] and
Huisken [I4]. While the theory was progressing in many fruitful directions,
there was one persistent central theme: the investigation of singularities, and
the development of related techniques. In the last 15 years, this culminated
in the spectacular work of White [23| 24 26] and Huisken-Sinestrari [I5-
17] on mean curvature flow in the case of mean convex hypersurfaces, i.e.
hypersurfaces with positive mean curvature. Their papers give a far-reaching
structure theory, providing a package of estimates that yield a qualitative
picture of singularities and a global description of the large curvature part
in a mean convex flow.

In a recent paper [12] (see also [I3]), Haslhofer-Kleiner gave a new
treatment of the theory of White and Huisken-Sinestrari. A key ingredi-
ent in this new approach is a new preserved quantity under mean convex
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mean curvature flow discovered by Andrews [I] (see also [19] 23]), called
a-noncollapsing. A mean convex hypersurface M C R"! is a-noncollapsed,
if each point p € M admits interior and exterior ball tangent at p of radius
at least a/H(p), see Sheng-Wang [19]. The definition and preservation of
a-noncollapsing crucially depends on the fact that the the mean curvature
is positive (H > 0).

If the initial hypersurface My is not mean convex, then the theory of
mean convex mean curvature flow is not applicable. It is thus a very inter-
esting question, whether the results can nevertheless be extended to some
situations where the mean curvature changes sign. As observed by Smoczyk
[20], a good situation to look for such extensions is the setting where the
initial hypersurface is star-shaped, i.e. where M satisfies (X,v) > 0, with v
denoting the outward unit normal. In this setting, the relevant quantity to
consider is F' = (X, v) + 2tH, which is nondecreasing and positive along the
flow. Smoczyk proved that the Huisken-Sinestrari convexity estimate holds
for the flow of star-shaped surfaces in R3 [20, Thm. 1.1], and it was pointed
out (without proof) by Huisken-Sinestrari [I7, Rem. 3.8] that their proof of
the convexity estimate in fact goes through for star-shaped hypersurfaces in
arbitrary dimension, see also Remark Moreover, it has been observed
by Andrews [1] that a variant of his a-noncollapsing condition, where H is
replaced by F, is preserved for mean curvature flow with star-shaped ini-
tial condition. It shall be remarked also that the work of White [23] and
Haslhofer-Kleiner [12] (and the non-collapsing result of Sheng-Wang [19]
and Andrews [I]) applies to embedded flows, whereas the work of Huisken-
Sinestrari [16, [I7] applies more generally to immersed flows.

In this paper, we will prove analogous estimates and structural results
for the star-shaped mean curvature flows, which hold in all dimensions. In
fact, our results hold for a much more general class of initial hypersurfaces,
see Remark In Section we collect some preliminaries on (star-shaped)
mean curvature flow and recall the variant of Andrews’ noncollapsing result
for the star-shaped case (Theorem . In Section |3 we prove three main
estimates for the mean curvature flow with star-shaped initial condition. The
local curvature estimate (Theorem gives curvature control in a parabolic
neighborhood of definite size assuming only curvature control at a single
point. The convexity estimate (Theorem gives pinching of the principal
curvatures towards positive. The blowup theorem (Theorem allows us
to pass to blowup limits smoothly and globally. In Section [l we explain
that our three main estimates still hold beyond the first singular time if the
mean curvature is interpreted in the viscosity sense (Definition . As a
consequence, we obtain a structure theorem (Theorem, which says that
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all tangent flows in the star-shaped case are either planes or shrinking round
spheres or cylinders, and a partial regularity theorem (Theorem, which
says that the parabolic Hausdorff (and Minkowski) dimension of the singular
set S ¢ R"11 in the star-shaped case is at most n — 1. In particular, we
see that the star-shaped case provides a setting where all mean curvature
flow singularities are generic in the sense of [6]. Thus, applying recent results
of Colding-Minicozzi [7, 8] we can also conclude that all tangent flows are
unique and that the (n — 1)-dimensional parabolic Hausdorff measure of S
is in fact finite.

The proofs of the local curvature estimate, the convexity estimate and

elliptic regularization for star-shaped flows are quite different from [12] and
require a number of novel ideas. E.g. we have to relate bounds for F' (which
appears in the definition of noncollapsing) and bounds for H (which we get
by comparison with spheres), and we have to overcome the difficulty that
for star-shaped flow the speed H doesn’t have a sign, i.e. that the motion
in general doesn’t produce a foliation.
Acknowledgement. The author would like to thank Robert Haslhofer for the
continued stimulating discussions. We would also like to thank the referees
for the thorough careful reading and the suggestions which helped improve
the presentation of the paper.

2. Preliminaries
2.1. Notation and terminology

A smooth family {M; C R""!},c; of closed embedded hypersurfaces, where
I CR is an interval, moves by mean curvature flow if My=X,(M)=X (M, t)
for some smooth family of embeddings {X; : M — R" "1}, satisfying the
mean curvature flow equation

0X:

94 _ g
ot v

where H denotes the mean curvature and v is the outward unit normal at
X:. Instead of the family {M,} itself, we will think in terms of the evolving
family {K;} of the compact domains bounded by the M,’s.

Space-time R™ 11 is defined to be R™*! x R equipped with the parabolic
metric d((z1, t1), (xe, t2)) = max(|z1 — x2|, [t1 — tg‘%). Parabolic rescaling by
A € (0,00) at (zo,tp) € R is described by the mapping

(z,1) = Mz — 20), \2(t — t0)).
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The parabolic ball with radius r > 0 and center X = (z,t) € R""b! is the
product

P(x,t,r) = B(z,r) x (t —r?,t] c R""1L,

When we talk about a flow in a parabolic ball P(x,t,r) we in particular
include the assumption that the flow existed at least since t — 2.

Given a family of subsets {K; C R"*1},c; its space-time track is the set
K = Uper Ky x {t} C RMTLL
Given a subset I C R"*11 the time t slice of K is
Ky ={z e R""|(2,t) €K}.

Given a smooth compact domain Ky C R™*! we write K; for the evolu-
tion of Ky by mean curvature flow. In technical terms, this is the level set
flow {K, C R""1} starting at Ky, see [10], [5] and [I8]. The level set flow
can be defined as the maximal family of closed sets {K;}+>¢ starting at Ky
that satisfies the the avoidance principle

KtoﬂLtU:®:>KtﬂLt:@ for all te[t(),tl],

whenever {L;} e[y, +,] 1S @ smooth compact mean curvature flow. The defini-
tion is phrased in such a way, that existence and uniqueness are immediate.
Moreover, the level set flow of Ky coincides with smooth mean curvature
flow of K for as long as the latter is defined.

We suppress the dependence on n in the notation, and we always assume
that the initial domain Ky C R™! is smooth and compact.

2.2. Star-shapedness and a-noncollapsing

A smooth compact domain Kg C R"! is called star-shaped (around the
origin) if (X,v) > 0 for all X € 0Kj.

Proposition 2.1 ([20, Prop. 4]). The quantity F = (X,v) + 2tH satis-
fies the evolution equation

(2.2) OF = AF + |A]*F,

In particular, if Ko is star-shaped, then F is positive for allt > 0 as long as
the flow exists.
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Proposition 2.3 (c.f. [20, Lem. 1.1]). If K; is a smooth mean curvature
flow starting at a star-shaped domain Ky C R"', then H > —C, where C
only depends on = max{maxyg, |A|, Diam(0Kjy)}.

Proof. Using the evolution equation for | A|?,
O A* = AJAP? - 2|VA]® + 2[A[*,

and the maximum principle, there exists some small o > 0 depending only on
maxy, |A|, such that for all ¢ € [0, 0] we have maxyg, |4| < 2maxyk, |4] .
This gives C' such that H > —C for all t € [0,0]. For t > o, since F =
(X,v) + 2tH is positive we have H > — Diam(0Ky)/o. O

Remark 2.4. In fact, the quantity F' = a;(X,v) + (a2 + 2a1t)H, where
a1 + ag > 0, also satisfies equation (2.2). Therefore, with minor modifica-

tions (cf. (3.10]) - (3.12))), our proofs generalize to the class of initial hyper-
surfaces that satisfy the condition a1 (X,v) + asH > 0. Such class of initial

hypersurfaces include mean convex hypersurfaces (a; = 0,a2 = 1) and star-
shaped hypersurfaces (a1 = 1, a2 = 0) and more, cf. [20].

The following non-collapsing notion was due to Sheng-Wang [19].

Definition 2.5 (c.f. [19], [1]). Let o > 0. A smooth compact domain
K c R*"! with F > 01is a-noncollapsed if each point p € 0K admits interior
and exterior balls tangent at p of radius at least o/ F'(p).

By compactness, each star-shaped domain Ky C R™! satisfies the a-
noncollapsing condition for some o = a(Ky) > 0. The following theorem
shows that a-noncollapsing is preserved along the mean curvature flow.

Theorem 2.6 (c.f. [19], [1I, Rem. 7], [2, Rem. 3]). If Ky is a-non-
collapsed and Ky is the smooth mean curvature flow starting from K, then
K is a-noncollapsed for the same constant a.

Proof. The proof follows from a similar computation as in [I] and [2]. For
the convenience of reader, we include it here. Consider
2<X(y7 t) — X(.%’, t)? I/(ZL‘, t))

||X(y7 t) - X(l‘, t) ||2

Z(x,y,t) =

and

Zo(x,t) = inf Z(x,y,t), Z*(x,t) =supZ(z,y,t).
y#x y#x
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By a simple geometric argument, interior and exterior a-noncollapsing is

equivalent to the inequalities % > —é and % < é, respectively.
Computing various derivatives of Z, Andrews-Langford-McCoy derived

the evolution inequalities (in the viscosity sense),

(2.7) NZe> NZu + AP Z., 0Z* < AZ* +|APZ",

see [2, Thm. 2]. Combining this with (2.2) we obtain

Z, (0 —D)Z. Z.0—A)F Z,
(0% A)F— 2 2 +2 VlogF,VF
(2.8) > 2 <V10gF,ViT> .

By the maximum principle, the minimum of % is nondecreasing in time.
In particular, if the inequality % > —é holds at ¢ = 0, then this inequality
holds for all . Arguing similarly we obtain that

zZ* zZ* z*
: Z <A =
(2.9) 8tF_AF+2<V10gF,VF>,

and thus that the inequality % < = is also preserved along the flow. O

1
(0%
Remark 2.10 (parabolic rescaling). If {K;}:c; is an a-noncollapsed
flow and if {Kt} +ci denotes the flow obtained by the parabolic rescaling
(z,t) — (A, \%t), A € (0,00), then {Kt}tef is (A\2a)-noncollapsed. This is
because the quantity F' is scaled by A so that the noncollapsing constant
should be scaled to A%« in order to match the scaling of the radii of the
interior and exterior balls at a point.

3. Main estimates and consequences

Throughout this section, we consider mean curvature flows {K;} starting
at a smooth compact star-shaped initial domain Ko C R"*!. We denote
by a = a(Ko) > 0 and 8 = $(K) > 0 the constants from Definition [2.5]and
Proposition[2.3] respectively. In this section, we give the proofs in the smooth
setting; we refer to Section 4] for the extension of the results to the setting
of weak solutions (level set flow).
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3.1. Local curvature estimate

Our first main estimate gives curvature control on a parabolic ball of definite
size, from a bound on the mean curvature H at a single point.

Theorem 3.1 (Local curvature estimate). There exist p = p(a,3) > 0
and C; = Cj(a, B) < 0o with the following property. If K is a smooth mean
curvature flow starting from a smooth compact star-shaped domain Ky, de-
fined in a parabolic ball P(p,t,r) centered at a boundary point p € OK; with
H(p,t) <r~!, then we have

(3.2) sup |V'A| < ()
P(pit,pr)

As an immediate consequence of Theorem we obtain:

Corollary 3.3 (Gradient estimate). Suppose K is a smooth mean cur-
vature flow starting from a smooth compact star-shaped domain Kg. Then
we have the gradient estimate

VA < CH?,
where C' = C(Kp) < o0.

Proof of Theorem[3.1]. Fix o and 3. We will show that there exists a p’ > 0
such that the estimate holds for I = 0 with Cy = %; the higher order
derivative estimates then follow immediately from standard interior esti-
mates (see e.g. [9, Prop. 3.22]).

Suppose this doesn’t hold. Then there are sequences of a-noncollapsed
flows {K7}, boundary points {p; € OK;,} and scales {r;} — 0, such that K7
is defined in P(pj,tj,7;) and H(pj,t;) < rj_l, but

sup 4] 2 g
P(pj,tj,j=try)

After parabolically rescaling by jrj_l and applying an isometry, we obtain a
sequence {K7} of mean curvature flows defined in P(0,0, j) with H(0,0) <
1

J~, but

(3.4) sup |A]>1.
P(0,0,1)
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Moreover, we can choose coordinates such that the outward normal of Kg
at (0,0) is e, 1. Roughly speaking, we have

Fj(pj.t5) = (X;(pj. tj), v(pj. tj)) + 2t H(pj, ;) < Mr;

for some M > 0 depending on the diameter of 0K, which yields that the in-
scribed curvature at X;(pj;,t;) is bounded from above by M oflrj_l. Rescal-
ing by A := Jry then yields that the inscribed radius at the rescaled point
is greater than M~'aj — oo. Intuitively, we have

Claim 3.5 (Halfspace convergence). The sequence of mean curvature
flows {K7} converges in the pointed Hausdorff topology to a static halfspace
in R" x (—o0,0], and similarly for their complements.

Proof of Claim[3.8. For R < co,d > 0let Bgq = B((—R + d)ent1, R) be the
closed R-ball tangent to the horizontal hyperplane {x,+; = d} at the point
dent1. When R is large, under the mean curvature flow it will take time
approximately dR for B R.d to leave the upper half space {x,41 > 0}.

Since 0 € 8K J for all j, by the avoidance principle it follows that Bp 4
cannot be contained in the interior of K7 for any ¢ € [T, 0], where T ~ dR.
Thus, for large j we can find d; <d such that BRd has interior contact
with K7 at some point ¢;, where (g, ent1) < dand [|g;]| < VdR.

The mean curvature of GKZ satisfies H (4j,t) < &, and therefore for OK; J
we have H(gj,s) < 1%7. where s = (j71r;)%t +t;. Moreover by avoidance
principle for the mean curvature flow it is clear that

D2
(3.6) s < o
where D is the diameter of 0Kjy. Thus
3D2 25 D?

3.7 F(q; <D+ —

provided R < jrilD Since Kg satisfies the a-noncollapsing condition, there
is a closed ball BJ o with radius at least

5; ]; making exterior contact with
KI at qj. Therefore, after rescaling, there is a closed ball B with radius
at least QO‘DRQ making exterior contact with KO at ¢;. By a snnple geometric
calculation, this implies that Kt] has height < D D%d i the ball B(0, R') where
R’ is comparable to vdR. As d and R are arbrtrary (in fact, R is allowed

to be larger and larger as j increases provided R < jrj_lD; also note that



Star-shaped mean curvature flow 1323

rjz < D?/2n), this implies that for any T > 0, and any compact subset Y C
{zx > 0}, for large j the time slice K7 is disjoint from Y, for all t > —T.
Likewise, for any 7' > 0 and any compact subset ¥ C {zy < 0}, the time
slice f(t] contains Y for all ¢ € [T, 0], and large j, because K7 o will contain
a ball whose forward evolution under mean curvature flow contains Y at any
time ¢ € [T, 0]. This proves the claim. O

To finish the proof of the theorem, we need a variant of the one-sided
minimization theorem, cf. [23, Thm. 3.5], [12| Rem. 2.6].

Claim 3.8 (One-sided minimization for Kg) For every € > 0, every
t € [-T,0] and every ball B(x,r) centered on the hyperplane {x,+1 = 0}, we
have

(3.9) 0K7 N B(z,7)| < (14 &)wnr”,
for j large enough.

Combining Claim Claim [3:8 and the local regularity theorem for the
mean curvature flow (see e.g. [25], [22]), we see that {K7} converges smoothly
on compact subsets of spacetime to a static halfspace. In particular,

limsup sup |A|=0;
j—oo  P(0,0,1)

this contradicts (3.4)). Modulo the proof of Claim which we will give
below, this concludes the proof of Theorem O

To prove Claim we will rescale the flow and prove a weighted version
of the one-sided minimization result for the rescaled flow, and then convert
it back to the original flow. The key is to make use of the fact that F' =
(X,v) + 2tH > 0 along the flow. We first perform the continuous rescaling:

(3.10) X(r) = \}%X(-,t), = logt.

Then X (+,7) satisfies the rescaled mean curvature flow equation

L =
(3.11) (;X) :—<ﬁ+<X2’V>>17, T € (—00,logT).
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Note that the speed function on the right-hand side of (3.11)) is negative:

(3.12) <ﬁ+<)~(’ﬂ>>:\/£<H+<X’”>><0.

2 2t

Let {K;=KJ} be the sequence of flows from the proof of Theorem
and denote by {K,} the associated rescaled mean curvature flows (we sup-
press the index j in the notation). Using and , we see that the
boundaries of the { K} c(_o10g7) form a foliation of R\ Kjog 1 for any
T > 0 as long as the flow exits.

Now we define the weighted boundary area of a compact set S with
sufficiently regular boundary to be

]2

Area,, (05) :/ e du.
as

Note that if S minimizes the weighted boundary area, then on 95 we have

X,v)
2

H + =0.

Claim 3.13 (Weighted one-sided minimization for rescaled flow).
The weighted boundary area of K is less than or equal to the weighted
boundary area of any smooth compact domain S O K.

Proof of Claim[3.13 Recall that {0K, }, <, foliates R*1\Int(K,). Let &
be the vector field in R"!\Int(K,) defined by the outward unit normals
of the foliation. If § D K, is any smooth compact domain, then using the
divergence theorem we can compute

|z

Area, (8S) — Area,, (0K, ) 2/ (D, Dyg)e 1 du—/~ (13,178[()6‘11 du
oS

- X. 0 e
:/ H+M e‘iduZO.
S\K, 2

This proves the claim. O

Proof of Claim[3.8 Note first that there exists a uniform constant o =
o(a, B) > 0 such that F = (X,v) + 2tH > o for any ¢ € [0, 0] and such that
t; > o for j large (since supp(, 4 -1,y |A] = 00).

Since {8[~(T}T€(_oo,10g;p) foliates R"*1\ Kjog7 for any T > 0 as long as
the flow exits, there is some © = O(a, §) < oo such that K is contained in
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Bg for any 7 > log 0. Moreover, by Claim K. is one-sided minimizing
for the weighted area. Also note that the rescaling factor between K, and
K is uniformly controlled for 7 > logo.

For any £ > 0 there exists a constant § = d(¢,0) > 0, such that at any
point p € K, (1 > logo) we have

egArea((?R} N B(p,9))
Area,, (0K, N B(p,9))

(3.14) 1—¢/2 < < 14¢/2.

Now at p; € 8Ktj , using the facts that X7 is a-noncollapsed and that the
parabolically rescaled flow Kg has height < %zd in the ball B(0, R") where
R’ is comparable to v/dR, we conclude that for any r sufficiently small and
j sufficiently large:

(3.15) Area(dK7 N B(pj, 7)) < (1+€)w,r™.

Here, we used the estimate (3.14) and Claim with S obtained from KZ
by attaching a short solid cylinder over the approximate disk. Rescaling to
IC7 this completes the proof of Claim O

Remark 3.16. One may obtain a variant of the curvature estimate by
considering flows which are defined in B(p,r) x (t — r%,t 4+ 7r?] for some
fixed 7 > 0, in which case the curvature bound holds in a suitable parabolic
region extending forward in time. The proof is similar.

3.2. Convexity estimate

In this section, we prove the following convexity estimate for mean curvature
flow with star-shaped initial data.

Theorem 3.17. For alle > 0, there exists n = n(e, a, ) < oo with the fol-
lowing property. If IC is a smooth mean curvature flow starting from a smooth
compact star-shaped domain Ky, defined in a parabolic ball P(p,t,nr) cen-
tered at a boundary point p € OK; with H(p,t) < r~!, then

Kfl(p’t) Z _Eril,

where k1 s the lowest principal curvature.

Theorem [3.17 immediately implies the following corollary.
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Corollary 3.18. If K is a smooth mean curvature flow starting from a
smooth compact star-shaped domain Ky, then for all € > 0 there exists 0 <
Hy = Hy(e, Ko) < oo such that if H(p,t) > Hy then % (p,t) > —¢.

Remark 3.19. As mentioned in the introduction, a similar convexity esti-
mate has been proved by Smoczyk [20, Thm. 1.1] for n = 2.

Proof of Theorem[3.17. Fix o and . We first show that the theorem holds
for e > % > %, where D is the diameter of K. To see this, we choose
n = y/n/2 and note that since the flow existed in the parabolic ball P(p, t,7r)
we have (nr)? <t < ?—;, c.f. (3.6). Now the a-noncollapsing (Theorem *
gives interior and exterior balls of radius at least ao/F(p,t) and thus

F(p,t D +n~tD?*!
(3.20) pi(pt) > — LWt DHnT DT
o o
where we used that € > 2[; and r < 2 by our choice of 7.

Let g9 < 25 be the infimum of the ¢’s for which the assertion of the
theorem holds and suppose towards a contradiction that g > 0.

It follows that there is a sequence {K7} defined in P(pj,tj,n;rj) with
H(pj,rj) <rj Uand n; — oo, but k1 (p;,tj)r; — —co. Now since

2
IR ] ﬁ
(77]7"]) <t =9, <

l\D

is uniformly bounded, we have r; — 0. It follows that x1(p;,t;) = —oo. Let
I :=liminf; o H(pj,t;). If I < oo, then by the a-noncollapsing condition
we have

F(pj,tj)> D]+D?I/n>_5+52]/n

P ) > M 7 —_
1(p]7 ])— a - a - P

for some arbitrarily large integers j; a contradiction. Thus, I = oo
Parabolically rescaling by 7“]71 and applying an isometry, we obtain a
sequence {K7} of flows defined in P(0,0, n;j) with (0,0) € OK7,0 < H(0,0) <
1 for all 7, but x1(0,0) — —ep as j — oo. After passing to a subsequence,
{I@j } converges smoothly to a mean curvature flow K in the parabolic ball
P(0,0, p), where p = p(«, B) is the quantity from Theorem . For K> we
have x1(0,0) = —eg, and thus H(0,0) = 1. By contmulty H > 5in P(0,0,p)
for some p’ € (0, p). Since &g is the infimum of the &’s for Wthh the assertion
of the theorem holds and since I = oo, it follow that % > —& in P(0,0, p').
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Thus, % attains a negative minimum at (0,0); this contradicts the strict
maximum principle (see e.g. [12, App. A], [11, Sec. 8] or [24, App. A]). O

3.3. Blowup theorem

The next theorem shows that for mean curvature flow with star-shaped
initial condition, we can pass to blowup limits smoothly and globally.

Theorem 3.21 (Blowup theorem). Let K be a smooth mean curvature
flow starting from a smooth compact star-shaped domain Ko. Let {(p;,t;) €
0K} be a sequence of boundary points with \j := H(pj,t;) = oo. Then, after
passing to a subsequence, the flows K7 obtained from IC by the rescaling
(p,t) = (Ni(p — pj), /\Jz(t —t)) converge smoothly and globally:

(3.22) KI—= K> in C2 on R™! x (—o0,0].

The limit K is a mean convex &-noncollapsed flow for some & = &(a, §) >
0, and has convex time slices.

Proof. Since \j = H(pj,t;) — oo, w.l.o.g. we have that t; > o > 0, for some
uniform constant o > 0. By comparison with spheres, t; < T'() < oo where
B is from Proposition

Note also that there is a sequence 7; — oo such that the rescaled flow
K7 satisfies H(x,t) > 0_16)\;1 in P(0,0,7n;) for all sufficiently large j. To
see this, suppose otherwise that there exists jo € N sufficiently large such
that for any i € N there exists (z9,t) € K% N P(0,0,4) such that

IA{(.’E[), to) < O'_IB)\;Ol .

Then Remark [B.16] tells us that a version of the local curvature estimate
Theorem [3.1] that is valid in the region B(wg,i) x (to — i2,to + i%] yields

H(0,0) < Co ' <1

for such jo sufficiently large; a contradiction to H (0,0) =1 for all KJ. Rescal-
ing back, we know that in a sequence of increasing parabolic neighborhoods
of the base points (pj,t;) for j sufficiently large we have

0<p<(X,v)+2tH<[+2TH < (0c+2T)H.

Therefore, K7 is mean convex é-noncollapsed (i.e. admits interior and ex-
terior balls of radius &/H (p)) in P(0,0,n;), where & = &(a, ) > 0. We can
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now apply the global convergence theorem [12, Thm 1.12] to get a limit £,
which is a mean convex &-noncollapsed flow with convex time slices. O

4. Estimates for weak solutions
4.1. Elliptic regularization and consequences

Let Ko C R"*! be a star-shaped domain and let {K;};>o be the level set
flow starting at Ky, see Section [2| By a result of Soner [21] Sec. 9], the flow
is nonfattening. As in Section we consider the rescaled flow f(T =t 12K,
where 7 = logt and t € [0, T].

We will now adapt the elliptic regularization from Evans-Spruck [0,
Sec. 7] to our setting. The rescaled level set flow {Kf}logUSTglogT can
be described by the time of arrival function v : f(logg — R defined by
(21,...,Zny1) = x € K, < v(x) 4 logo = 7. The function v satisfies

Dv 1 Do 1
4.1 Cdiv 20} - ik, 2N =
4.1 W(\Dv!) 2<X’|Dv\> o]

in f(logg with v =0 on 8I~(bga in the viscosity sense. The solution v arises
as uniform limit of smooth functions v* : Kjos, — R solving the regularized
equation

(4.2)
g _ 3 g _
_ div (Dve, —¢) 1 (x, v) 7 (Dve, —¢) _ 1 7
Va2 + |Dve|? 2 € /) /€2 +|Dve|? V€2 + |Dve|?

with Dirichlet boundary condition v* = 0 on af(logg. Geometrically, equa-

tion (4.2)) says that Nﬁ)gg = graph (%) satisfies

(4.3) 7

L x4t 1,
2 €

or equivalently that Nf = graph (% ,T > log o, is a translating so-
lution of the rescaled mean curvature flow (3.11)). Using a barrier argument
(see e.g. [10, Sec. 7] for details) we obtain the C*-estimate

(4.4) Ol dist(x, 0Kog0) < v°(x) < O dist(x, 0Klogo) »
for some uniform constant C' > 0. Observe that (4.4) yields

(4.5) |Dv¥| < C on 9Kjeg, -
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Multiplying by /€2 + |Dv¢|? and taking the first partial derivative Dy,
(where I =1,...,n + 1) on both sides of equation (4.2)), we get

vE vE 2(vE ), VE
(46) - (67,] AN )( : ):m:nj + ( xl)% a E

DUEP 2 + |D1)5’2 1’1%
_ QU;ﬂ}xjvxk (vxl)ﬁ?l« e _ wk(vil)xk —0
(2 + |Dvf|2)? 2 '

Thus, v;, satisfies a uniformly elliptic PDE where the maximum principle is
applicable directly and any derivative vz, achieves its maximum and mini-
muim on af(log o. Combing this with we therefore obtain the uniform
gradient estimate

(4.7) IDv¥| < C in Kiogo -

Therefore, as € tends to zero the functions v* indeed converge uniformly to
v, and v is Lipschitz.

Now for (x, &, 9) € NE we have 7 = v°(x) + logo — e, 2. Thus, the
time of arrival function of {N¢} is given by

(4.8) VE(X, Tpy2) = v°(x) +logo — ez 0

For ¢ — 0 it converges locally uniformly to V(x, z,12) = v(x) + log o, which
is the time of arrival function of {8K x R}. Thus, for ¢ — 0 the space-time
tracks N¢ Hausdorff converge to K, and similarly for their complements.
Together with Lemma “ below, we can now finish the argument as in [12]
Sec. 4.3] to conclude that the estimates from Section [3| hold for the level
set flow with star-shaped initial condition, provided the mean curvature is
interpreted in the viscosity sense:

Definition 4.9 ([12], Def. 1.3]). Let K C R™"! be a closed set. If p € 0K,
then the viscosity mean curvature of K at p is

H(p) =inf{Hpx(p) | X C K is a compact smooth domain, p € 90X},

where Hyx (p) denotes the mean curvature of 0X at p with respect to the
inward pointing normal (here inf () = 400).

Lemma 4.10 (c.f. [I2, Thm. 4.6 (1)]). The elliptic approzimators N&
admit interior and exterior balls of radius at least $=+/e? + |Dve(x)|? at

Xe(x,7) = (x, w> € N¢, and liminf. o a. > a.
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Proof. As in the proof of Theorem consider

2(Xe(y,7) = X=(x,7), 7 (x,7) )
IXe(y, m) = X=(x,7)2

Z5(x,y,7) =

and

Zi(x, T) = 1nf Zs(x Y, T), Z:(X, T) = sup ZE(X,y,T),
y#x y#x

where x € Kjog . Here

(4.11) Uf(x,7) = (—Dv®(x),e)/\/e2 + | Dve(x)|?
and
(4.12) Xo(x,7) = <x, V(%) +ioga - T) e Ne.

Since N ¢ is a translating solution of the rescaled mean curvature flow (3 ,
we denote N: = =7/ 2N ¢ the mean curvature flow corresponding to N £ and
Xe(x,t) = eT/QXE(x 7') where 7 = logt. Let

Xe X, 7),05(X, T
o) = (R ) = R O . )

and

(4.13)  F(x,t) = 2e7/2F5(x, 1) = 2tHE(X(x, 1)) + (X°(x, 1), v5(x, 1))

of. (B13).

Similarly, we define
(4.14) ZE(x,t) = e 225 (x,7) and ZX(x.t) = e /22 (x,7)
according to the rescaling. Then we have
z: _ Z
Fe 2eTFe
Now note that equation is equivalent to

(4.15)

(4.16) Fe(x,logo) = 1//e2 + |Dve(x)|2 for V x € Kiogo -

Moreover, since NTE is a translating solution of the rescaled mean curvature
flow (3.11]) (so that for fixed x we know that ZZ(x, 1), Z*(x,7) and H®(x, T)
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are independent of 7), using and ( we have

d -~
%Zf(X,T):O
and
d - 1d - -1
4.17 —F* =—— (0% X° = .
@ EF ) = 5 (50X o) = e

Therefore, integrating (4.17)) w.r.t. 7 and using (4.16]) we have

(4.18) FE (x,7) = <2+10g20—7> /22 + |DvE (%) 2
Therefore
(4.19) 0= di <(2 + loi;; ) Zi) (x,7)

—o (BB

~ 2+1 —7)Z¢ el
+ \V4 ( + 0og O;E T) * , nr;r2 (X, 7_) ’
2F E‘en-&—Z‘

(2+logo—7)2Z°
2F¢

where e, is the tangential part of e, at X¢(x,7) and 8, (

is the time derlvatlve of M along the normal motion.

Now using and we obtain

Ze ZE - o ZE A
(420) 87- ~* > A VIOgFE, Vf* + ..7* s
Fe Fe Fe Fe

in the viscosity sense. Combining (4.19)) and ( we obtain

2+logo —1 [« Z° - T - ZE
(421) 0> 0BT (RZe ol GlogFey 2 g2t
2 Fe 2€|en+2| Fe

n (1+logo —7)Z¢
2[

)

if <2+ logo. Note that 2+logoc —7>0 and 1 +logo —7 <0 if 7 €
[1+logo,2+logo).
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Therefore, by (4.19), the quantity

7e
(4.22) I.(7) :== min -
Ne 2F¢/(2+logo —T)

and the value of the optimal noncollapsing constant a. of Nﬁ (with respect
to the radius m) are independent of time 7 > log o. Moreover,
at any time 7 € {1 +logo,2 +logo) we can apply the maximum principle
to equation so that we know I.(7) is attained at the boundary of
Nf Since {N:} >log0 converges locally uniformly to {f(} X R}r>log0 a8
e — 0 (and the convergence is smooth at least until 7 =2 +logo if o is
chosen sufficiently small), to find the limiting behavior of the noncollapsing
constant as € — 0, we can simply look any time 7 =1 +logo to conclude

that (note also that Koo admits interior and exterior balls of radius at
- ~ 8 .
least a/(2ecF') where F = H + %)
eo

(4.23) liminf [, > ——
e—0 a’

Therefore, using (#.16)) and (#.18) we know that N¢ admits interior balls
of radius at least

(4.24) a:/(eo) B Qe _aen/e? 4 |DvE(x)[2
' 2Fe(x,7)/(2+logo —7)  eoFe(x,logo) eo

at Xs(x 7) for all x € f(logg and all 7 > log o. Moreover, liminf. ,ga. > a.
Arguing similarly for Z*, this proves the lemma. O

Remark 4.25. To see that [N(Hlogg admits interior and exterior balls of
radius at least a/(2ec F) where F' = H + <X’D> = ¢/2N,
admits interior and exterior balls of radlus at least a/F at X(x,t), then
by the rescaling X (x,7) =t~ /2X (x,t) (cf. (4.13)) we know that N, admits
interior and exterior balls of radius at leabt a/(2¢7F) at X (x,7).

Remark 4.26. From (4.22)) and (4.24) we see that the noncollapsing con-
stant of NZ, with respect to the radius

1
2F/(2+1logo — 1)

&2+ |Dv*(x)|?,

is at least a/(ec) = 22?1/;, for all 7 > logo.
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Therefore, using (4.13]), (4.14) and (4.22)) we know that

tze

4.2 I.(t) := mi
(4:27) () HJ&?FE/(2+IOgJ—logt)

is independent of ¢ > o. Namely, the noncollapsing constant of N; = e/ 2N$,
with respect to the radius

! — ViV DrEE,

F¢/(2+logo —logt)

is independent of t.

Now take ¢t = o. Since the noncollapsing constant of Nﬁ)go (w.r.t. 1/F¢)
is at least «/(ec), by the same rescaling as in Remark [4.25 we know
that the noncollapsing constant of N5 (w.r.t. v/o\/e% 4+ |Dve(x)|? = 20/ F?)
is at least 2a/e, and thus the noncollapsing constant of N (w.r.t.

Vit\/e2 + |Dve(x)[?) is at least 2a/e for all ¢ > o since it is independent
of t.

Remark 4.28. Applying Lemma to {N¢ }r>log o and by Remark
we know that the noncollapsing constant of {Nf}i>o (w.r.t. it x

£2+|Dve (x)[?) is at least 2a/e for all t > 0. Since {NZ}, 5100 and {Nf }i>0
converges locally uniformly to {KT X R}r>10g0 and {K; X R};>4, respec-
tively, as € — 0, we get that the noncollapsing constant of K; (w.r.t.
lime—0 VE/e2 4+ [DoE(x)]> = ™2/ F = p7i55 = Arwyen > 0) s at least

2a/e for all t > o.

4.2. Size and structure of the singular set

In this final section we describe the size and the structure of the singular
set for the mean curvature flow with star-shaped initial condition.

Theorem 4.29 (Tangent flows). Let K be a mean curvature flow with
star-shaped initial condition. Let (po,to) € OK (to > 0) and let A\j — oo.
Then, the flow K7 obtained from K by the parabolic rescaling (p,t) — (A\j(p —
P0); )\?(t —tg)) converges smoothly and globally:

(4.30) KI = K> in O on R™™ x (=00, 0].

The limit K> is either (i) a static halfspace or (ii) a shrinking round sphere
or cylinder.
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Proof. Let Qj :=supginp,0,1) H. If there is a subsequence such that
Qj)\j_l — 0, then by the local curvature estimate (Theorem we have
convergence to a static halfspace. Assume now liminf; o, Q;A; " > 0. Then,
arguing as in the proof of the blowup theorem (Theorem we see that
K7 is mean convex é-noncollapsed in P(0,0, n;) for some sequence 1; — oo.
Applying the structure theorem [12, Thm. 1.14] we conclude that a subse-
quence converges to a round shrinking sphere or cylinder. Finally, by a recent
result of Colding-Minicozzi [7] the limit is unique, i.e. we have convergence
even without passing to a subsequence. [l

Theorem 4.31 (Partial regularity). Suppose K is a mean curvature flow
with star-shaped initial condition. Then the parabolic Hausdorff dimension
and Minkowski dimension of the singular set S C R"*Y1 are at most n — 1.
Moreover, H2,H(S) < .

par

Proof. The estimate for the parabolic Hausdorff dimension is a quick conse-
quence of the tangent flow theorem (Theorem. Namely, if the parabolic
Hausdorff dimension of S where bigger than n — 1, then blowing up at a den-
sity point we would obtain a tangent flow whose singular set has parabolic
Hausdorff dimension bigger than n — 1, contradicting the classification of
tangent flows. The stronger estimate for the parabolic Minkowski dimen-
sion and the finiteness of H/%; ' (S) can be obtained by combining Theorem
with the work of Cheeger-Haslhofer-Naber [4] and Colding-Minicozzi
[8], respectively. O
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