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Deformation theory of (G, conifolds

SPIRO KARIGIANNIST AND JAsoN D. LoTav?

We consider the deformation theory of asymptotically conical (AC)
and of conically singular (CS) Gg manifolds. In the AC case, we
show that if the rate of convergence v to the cone at infinity is
generic in a precise sense and lies in the interval (—4,0), then the
moduli space is smooth and we compute its dimension in terms
of topological and analytic data. For generic rates v < —4 in the
AC case, and for generic positive rates of convergence to the cones
at the singular points in the CS case, the deformation theory is in
general obstructed. We describe the obstruction spaces explicitly in
terms of the spectrum of the Laplacian on the link of the cones on
the ends, and compute the virtual dimension of the moduli space.

We also present many applications of these results, including:
the uniqueness of the Bryant—Salamon AC Gy manifolds via local
rigidity and the cohomogeneity one property of AC Gy manifolds
asymptotic to homogeneous cones; the smoothness of the CS mod-
uli space if the singularities are modeled on particular Go cones;
and the proof of existence of a “good gauge” needed for desin-
gularization of CS Gy manifolds. Finally, we discuss some open

problems.
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1. Introduction

In this paper we study the deformation theory of certain Gs manifolds
that are modeled on cones, which we call conifolds. Specifically, we consider
asymptotically conical (AC) G manifolds, which are noncompact manifolds
of Gy holonomy with one end that is asymptotic (in an appropriate sense) to
a Gg cone at infinity. We also consider conically singular (CS) G2 manifolds.
These are compact topological spaces such that after removing a finite set
of points {z1,...,x,} they are noncompact manifolds of Gy holonomy with
n ends that are asymptotic (in an appropriate sense) to n possibly distinct
Gy cones at their vertices. The precise definitions will be given in Section [3

This paper is a sequel to [24], in which the first author studied the
desingularization of CS Gag manifolds by gluing in AC Go manifolds. We
shall therefore adopt the notation and conventions from [24], but we shall
review and restate the important definitions and results from [24] that are
needed to keep the present paper as self-contained as possible.

The deformation theory of CS or AC manifolds in the context of special
holonomy and calibrated geometry has been studied by Joyce in [19] for CS
special Lagrangian submanifolds, by Marshall [37] and Pacini [48] for AC
special Lagrangian submanifolds of C™, and by the second author [31H34]
for coassociative AC and CS submanifolds and associative AC submani-
folds of G2 manifolds. Nordstrom [45] considered the deformation theory
of asymptotically cylindrical Go manifolds. Finally, Pacini [49H51] has a se-
ries of papers on the analysis of special Lagrangian conifolds, allowing for a
mixture of both AC and CS ends.

It is interesting to compare the study of moduli spaces of conifolds which
are submanifolds, such as special Lagrangian, coassociative, or associative,
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to the moduli spaces of conifolds which are the ambient special holonomy
manifolds themselves. The results in both cases are similar in spirit, but
there are some notable exceptions in the details. One key point is the issue
of gauge-fixing: in the submanifold case this is solved in a trivial way by
essentially considering deformations defined using normal vector fields, but
in the manifold case one has to work much harder leading to numerous
analytic difficulties. Another key point is that in the submanifold case one
can easily identify certain deformations (in the AC case) and obstructions
(in the CS case) in a simple concrete way by using the fact that on the
ends the submanifold may be viewed as a graph over a cone in Euclidean
space, whereas in the manifold setting no such easy interpretation is usually
possible.

Main results and applications. The main theorem we prove in this
paper is the following. The notation and terminology used in this theorem
is defined in Section [l and Section [5.1]

Main Theorem (Theorem Let (M, ) be a Ga conifold, asymptotic
to given Go cones on the ends, at some rate v. Let M, be the moduli space
of all torsion-free Go structures on M, asymptotic to the same cones on
the ends, at the same rate v, modulo the appropriate notion of equivalence
that preserves these conditions. Then for generic v (in a sense made precise
later), we have

e In the AC case, if v € (—4,0), the space M, is a smooth manifold
whose dimension consists of topological and analytic contributions,

gwen precisely in Corollary [5.35,

o In the AC case if v < —4, or in the CS case for any v > 0, the space
M., is in general only a topological space, and the deformation theory
may be obstructed. The virtual dimension of M, again consists of topo-
logical and analytic contributions, given precisely in Corollary[5.35

Here the “appropriate notion of equivalence” is by the action of diffeo-
morphisms which are asymptotic to the identity on the ends. This means
that we consider only deformations of Gy conifolds that fiz the Go cones on
the ends. Note that the link of a G2 cone is a compact strictly nearly Kdahler
6-manifold, also known as a Gray manifold. The infinitesimal deformations
of Gray manifolds were considered by Moroianu-Nagy—Semmelmann [41],
and the deformations were recently shown by Foscolo [14] to be obstructed
in general. Indeed, there are at present only six known examples of simply-
connected Gray manifolds, including the round S® and two inhomogeneous
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examples found recently by Foscolo-Haskins [I5]. Non-simply connected lo-
cally homogeneous examples were also found recently by Cortés—Vésquez
[12]. The known simply-connected Gray manifolds are diffeomorphic to S°,
CP3, SU(3)/T?, and S3 x S3, and the homogeneous structures on the latter
three spaces are described in more detail in Section [3.1

Applications and corollaries. Perhaps even more interesting than our
main theorem are its several applications, which are stated precisely in Sec-
tion [6] In particular, we use Theorem and its ingredients to establish the
following corollaries:

e The moduli space of an AC Go manifold, when it is smooth, is al-
ways at least 1-dimensional because it contains deformations that are
asymptotic to rescaling of the Gy cone at infinity. As a corollary of
this observation and our moduli space dimension formula, we prove
the local rigidity of the Bryant—Salamon AC Go manifolds, not just as
AC manifolds of rate v + ¢, where v is —3 or —4 in these cases, but in
fact as AC manifolds of rate A all the way to any A < 0.

e A consequence of our main theorem is that when v € (-4, -3 4 ¢), the
moduli space M, of AC Go manifolds, which is smooth in this case, is
determined purely by the topology of the underlying Go manifold M.
Moreover, we show that for v = —3 + ¢ this moduli space M _3,. can
be naturally immersed into the vector space H3(M,R) x H*(M,R).

e We prove that an AC Gy manifold that is asymptotic to a homogeneous
Go cone must be of cohomogeneity one. Combining this with work of
Cleyton—Swann [10] and Brandhuber [5] establishes that the Bryant—
Salamon manifolds A2 (S4), A2 (CP?), and $(S3) are the unique AC
Go manifolds asymptotic to the cones over the homogeneous Gray
manifolds CP3, SU(3)/T?, and S3 x S3, respectively.

e We argue that CS Go manifolds with particular types of conical singu-
larities, including those modeled on the Gg cones over CP3 or S3 x S3,
have unobstructed deformations and thus admit a smooth moduli
space M,,.

e We explicitly compare the dimensions of the moduli space M,, of CS
G2 manifolds with one singularity (when it is smooth) to the moduli
space of the compact smooth G2 manifolds obtained by the desingu-
larization construction in [24]. This observation gives evidence of the
likelihood that CS Gg manifolds are the dominant contributor to the
“boundary” of the moduli space of compact smooth Go manifolds.
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e We prove that an appropriate gauge-fizing condition on AC Gy mani-
folds, which is required for the desingularization theorem in [24], can
in fact always be achieved.

To prove our main theorem and describe the deformation theory of
G2 conifolds, we follow in spirit the approach of Joyce [17], who consid-
ered the deformation theory of compact Go manifolds. However, almost all
of the steps in his proof use compactness in a crucial way, so we need to make
nontrivial extensions to establish our results in the noncompact setting of
conifolds.

One technical issue is that we use weighted Banach spaces of sections
that decay at some rate A on the ends of the manifold, but these Banach
spaces are not always subspaces of L?. Indeed, the rate at which the tran-
sition occurs between being in L? or not, specifically A = —%, lies precisely
between the rates —4 and —3 that together encompass all known examples
of AC G2 manifolds. As a result, we need to delicately work right on the
edge of where certain analytic results actually hold, and in several cases we
need to find subtle ways to enable us to extend the range where these results
hold. This is in contrast, for example, to the asymptotically cylindrical case
where one can always essentially work with L? sections. Another issue is that
in the non-L? case, we are forced to use the Dirac operator on Gy manifolds
to prove our “slice theorem”. This is similar to Nordstrom [45]. Finally, the
noncompactness of the manifolds (and thus the nonavailability of classical
Hodge theory) makes it more natural to consider the Fredholm theory of
the operator d 4+ d* rather than the Laplacian A to study the moduli space.
Some of the issues highlighted here are purely analytic technical problems
but others are geometrically relevant.

Remark 1.1. There are at present no known examples of CS Go manifolds.
The first author and Dominic Joyce have a new construction [20] of smooth,
compact Go manifolds that may be generalizable to produce the first exam-
ples of CS Gy manifolds. In these examples the singular cones would all be
cones over the nearly Kihler CP3. This possible generalization is currently
being investigated by the authors of the present paper. The authors are also
aware of a proposed construction of CS Gy manifolds due to Foscolo, Hask-
ins, and Nordstrom, where the cones at the singularities would have link
S3 % 83,

Organization of the paper. We now discuss the organization of our
paper. Section [2| reviews some aspects of Go geometry that we require, in-
cluding the spinor bundle and the Dirac operator for Gs manifolds. More
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details about Gg structures can be found in Bryant [6] and Joyce [17]. Sec-
tion [3|is a review of some of the material from [24] about Gg conifolds. In
Section [4] we begin with a brief review and summary of the relevant re-
sults that we need from the Lockhart—-McOwen theory of weighted Sobolev
spaces on conifolds, including some Hodge-theoretic results in this setting.
We then discuss in great detail many analytic results about Gy conifolds.
In particular, this includes: a special index-change theorem; topological re-
sults about Go conifolds; parallel tensors on Go conifolds; various results
concerning our gauge-fixing condition on moduli spaces of conifolds; and
some material on analytic aspects of the Dirac operator on Go cones that
we require. In Section [5| we consider the deformation theory of Go conifolds,
and prove our main theorem in four steps. Finally, in Section [6] we present
many applications of our results, as described above, and discuss some open
problems.

Conventions. We use single vertical bars |- | or angle braces (-,-) for a
pointwise inner product on sections of some vector bundle, and we use double
vertical bars || - || or angle braces ((-,-,)) for a global (L?) inner product on

sections. Since all of our manifolds are Riemannian, we often use the metric
g to identify vector fields and 1-forms. This will always be clear by the
context.

There are two sign conventions in Gg geometry. The convention we
choose is the one used in Bryant-Salamon [7] and in Harvey-Lawson [16],
but differs from the convention used in Bryant [6] or Joyce [17]. A detailed
discussion of sign conventions and orientations in Gg geometry can be found
in the first author’s note [22].

Acknowledgements. The authors would like to thank Benoit Charbon-
neau, Dominic Joyce, Johannes Nordstrom, Uwe Semmelmann, and Nico
Spronk for useful discussions. The authors are also extremely grateful to
the anonymous referees who made numerous useful suggestions that greatly
improved our paper. In particular, one referee made extremely useful sug-
gestions for improving the proofs of Propositions and provided
the idea for Lemma and its applications, and suggested some ideas for
Section [6.3] Finally, the authors would like to thank Fabian Lehmann for
help in developing the correct statement and proof of Lemma [4.54]
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2. Preliminaries on G, manifolds
2.1. Go structures

A Gy structure on a smooth 7-manifold M is a smooth 3-form ¢ satisfying
a certain “nondegeneracy” condition. Various approaches to describing this
nondegeneracy condition can be found, for example, in [0, [I7, 23] but we
will not explicitly need these. A Go structure ¢ determines a Riemannian
metric g, and an orientation vol, in a nonlinear way. Thus ¢ determines a
Hodge star operator *,, and we let ¢ = *,¢ denote the dual 4-form. When
a Gg structure exists, there is an open subbundle of the bundle of 3-forms
whose space of sections, denoted €3 | consists of nondegenerate 3-forms, also
called positive or stable 3-forms.

Definition 2.1. A Gy manifold is a connected manifold with a Gg structure
(M, p) such that ¢ is parallel with respect to the Levi-Civita connection V
determined by g,. That is, V,_ ¢ = 0. Such a Gg structure is also called
torsion-free. In this case the Riemannian holonomy Holy (M) of (M, g,,) is
contained in the group Go C SO(7).

Remark 2.2. A Gy manifold is always Ricci-flat, and a Go structure ¢ is
torsion-free if and only if it is both closed and coclosed: dyp = 0 and dy) = 0.

On a manifold with Gg structure, there is a decomposition of the bundle
AFT*M of k-forms determined by irreducible representations of Gg. The
space 2 of 3-forms decomposes as

(1) Q=00 o0,
Similarly we have a decomposition of the space Q2 as
(2) 0% = 0 o 0y,

and isomorphic splittings of Q* and Q° given by the Hodge star of the
above decompositions: Qf = *, (Q;_k ). The space Qf consists of sections of a
bundle with fibre dimension [ and these decompositions of Q¥ are orthogonal
with respect to the metric g,. The explicit descriptions of these spaces that



Deformation theory of Go conifolds 1065

we will need are as follows:

(3) O = {x(a A); a € '} ={B € Q% x(p A B) = -2},
(4) O ={8e€ Q% BAY=0}={8€Q% x(pnp) =8},
(5) QF = {fe; f €,

(6) 03 = {x(a A p); a € Q'Y

(7) Q3 ={ne® nAp=0andnA¢ =0}

Moreover, the space (23~ is isomorphic to the space of sections of SZ(T*M),
the traceless symmetric 2-tensors on M, where the correspondence is given
explicitly as

1 . . .
® "= G ligkde’ A di! A de* € Q3 «— hoyde®de® € C(S3(T*M)),

where 7;jx = hipg® gk + Pjpg" Pigk + hipg®!Pijq.-

Remark 2.3. One can thus decompose dy = m1(dy) + m7(dp) + m27(dp)
and dy = w7 (dyp) + ma(dyp) for any G structure. It is a nontrivial but well
known fact that m7(dy) vanishes if and only if 7m7(dy) vanishes. See, for
example, [23] for a direct verification of this fact. In particular, the implica-
tion of this that we will require is that for a closed Go structure, we have
dip € Q3.

Remark 2.4. When the Gy structure is torsion-free, the given decom-
positions of the spaces of forms are preserved by the Hodge Laplacian
A = dd* + d*d. The essential aspect of this fact that we will need is the
following. Suppose f is any function and X is any 1-form on a Gg manifold
M. Then

(9) A(fe) = (Af)ep, A(f) = (A,
(10) AX Np) = (AX) Ay, A(X ANY) = (AX) A

The identities in @D can be proved using just the fact that ¢ and ¢ are
parallel, while the identities in also require the fact that Go manifolds
have vanishing Ricci curvature.

We end this section with a discussion of the nonlinear map © : Qi — 0
which associates to any Gg structure ¢, the dual 4-form ¢ = O(p) = *,¢
with respect to the metric g, and orientation associated to ¢. One result
which will be crucial is the following. This is Proposition 10.3.5 in Joyce [17],
adapted to suit our present purposes.
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Lemma 2.5. Suppose that ¢ is a torsion-free Go structure with induced
metric g,, and dual 4-form ¢ = x,p. Let n be a 3-form which has sufficiently
small CY norm with respect to 9y, so that ¢ + n is still nondegenerate. Then
we have

(11) Op+1n) =1 +xp (;Lﬁ(n) + m7(n) — 7r27(77)> + Qyp(n),

where Ty, is the projection onto the subspace Qz with respect to the Go struc-
ture . The nonlinear map Q, : Q3 — Q* satisfies

(12)  Qu(0)=0,  |Qu(mI<Cll%,  |[VQu(n)| < Clnl|Vnl,

for some C > 0, where the norms and the covariant derivatives are taken
with respect to g, .

We will denote the second term on the right hand side of , which is
the term linear in 7, by L,(n). That is,

(13) Lo = 5o (gmn) + 7r(n) = 7or(0) )

The map Ly, : 03 — Q4 is the linearization of the nonlinear map © at ¢, and
is therefore a key ingredient for understanding the infinitesimal deformations
of torsion-free Go structures.

Suppose that ¢ is a torsion-free Go structure, so that in particular it is
coclosed: diy = 0. Take the exterior derivative of to obtain:

(14) d(©(p +n)) = d(Ly(n)) + d(Qyp(n))
and hence
(15) *p d(©(p + 1)) = =d" xp (Lyp(n)) — d” *p (Qp(n))-

We will use ((15)) in Section when we establish a one-to-one correspon-
dence between torsion-free “gauge-fixed” Gg structures and solutions to a
nonlinear partial differential equation.

2.2. The spinor bundle and the Dirac operator on G2 manifolds

A Gy structure on a manifold M induces a spin structure, and therefore M
admits an associated Dirac operator ID on its spinor bundle $(M). When
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the Go structure is torsion-free this Dirac operator squares to the Hodge
Laplacian, after identifying spinors with forms. These facts are explained in
detail in the first author’s note [22]. Here we only review the facts that are
needed in the present paper. The Gy structure ¢ is always understood to be
torsion-free in this section. Also, we will make repeated use of the identities
relating the interior product, the wedge product, and the star operator for
G2 structures, which can be found in [21, Lemma 2.23]. (Note that since we
are using the opposite orientation convention from [2I], equation (2.13) in
that paper should have a factor of —2 instead of +2.)

Definition 2.6. We define the curl of a vector field X to be the vector
field curl X given by

(16) curl X = x(dX A1)

In other words, up to Gs-equivariant isomorphisms, the vector field curl X is
the projection onto the Q2 component of the 2-form dX. It is easy to check
that in local coordinates we have

(17) (curl X ) = gpigqj(Vqu)wijk.

Lemma 2.7. Consider the vector field X as a 1-form using the metric.
Then dX € 0% = Q2 ® O3,. The Q2 component of dX is given by

1 1
(18) m7(dX) = g(curlX)_t p=3 ((curl X) Aep).
Proof. We know that m7(dX) = W _ ¢ for some vector field W. We compute

curl X = #(dX A ) = *(m7(dX) AN )
=#(Wagp) A) =3+ W) =3W,

as claimed. O

Remark 2.8. We will have several occasions to use relations between gra-
dient, curl, and divergence. Recall that we always identify 1-forms with their
metric dual vector fields. The facts that will be needed are

d*(curlY) =0 for any vector field Y,
curl(df) =0 for any function f,
curl(curlY) = —dd*Y + AY = d*dY for any vector field Y.

These facts are all proved in [22].
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There is a natural identification of the spinor bundle $(M), a rank 8
real vector bundle, with the bundle R & T'M whose sections lie in Qf & Q1.

Definition 2.9. The Dirac operator I is a first order differential operator
from (M) to $(M) defined as follows. Let s = (f, X) be a section of §(M).
Then

(19) D(f, X) = (d*X, df + curl X).
The Dirac operator is formally self-adjoint: )™ = Ip.

We now relate the Dirac Laplacian ') = lD2 to the Hodge Laplacian
A.

Proposition 2.10. Under the identification of the spinor bundle $(M)
with the bundle Q9 @ Q%, the Dirac Laplacian 122 and the Hodge Laplacian
A are equal:

(20) D*(f.X) = (Af, AX).

Proof. Proposition is proved in [22], using the facts from Remark [2.8]
([

For our present purposes, we actually require a slight modification of
the Dirac operator as follows. The spinor bundle $(M) is isomorphic to
0% @ O and hence, via a Ga-equivariant isomorphism, it is also isomorphic
to Q3 @ Q2. Now consider the map

v

Do - Qo0

(F,X) o 5 (df A @)+ msr(d(X )

(21)

where 77 denotes orthogonal projection onto 3 @ Q% This is a first order
linear differential operator. Using a particular Gg-equivariant isomorphism
that iéientiﬁes the codomain of ) with Qf @ Q%, we can compare this oper-
ator I) with the usual Dirac operator I from Definition m Before we can
explicitly describe this identification, we need a preliminary lemma that will
be useful on multiple occasions.

Lemma 2.11. Let X be a vector field, and consider the form X _1p € Q2.
Then
3

(22)  m(d(X0g) = (@ X)g, mr(d(X ) = % « ((curl X) A ).
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Proof. We have
m1(d(X 1)) = he for some h € QY.

Using the fact that Q% &) 937 lies in the kernel of wedge product with 1, we
compute

Ad(Xo)ANY) =d(Xap) AN =71 (d(X39)) A = ho A = Thvol.
Hence, we find that
d(3+ X) =d((X1p) Ap) = Thvol,
and thus h = % xd(xX) = —%d*X. Similarly, we have
mr(d(X 1)) = (Y Ap) for some Y € Q.

Using the fact that Q3 @ 937 lies in the kernel of wedge product with ¢, we
compute

d(Xap) Ap) =d(Xap) A =mr(d(Xap)) A
=Y ANp)ANp=—4xY.

Hence, we find that

—4xY =d(X_1@) A @) =d(—=2% (X))
= —2d(X Ap) = —2(dX) AN,

and thus Y = 3+ ((dX) A¢) = & curl X.. O

Proposition 2.12. The “modified Dirac operator” 1P of equation ,
when considered as a linear operator on Q(l) @ Q% via the Go-equivariant iso-
morphism

Not=0ded

) (1.%) o (205 (xn0)

1s the usual Dirac operator

(24) D:(f,X) (d*X, df +curl X).
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Hence the operator luﬁ @ QL — Q3B Q3 is essentially the same as I :
Nl — N o QL and is in particular elliptic.

Proof. Using Lemma and equation (21]), we have

v 1 3 1
D(f.X)= 3% (df N ) — ;(d*X)SO‘f‘ 3% (curl X A @)
1
= (—:;(d*X)go, 5 * ((df + curl X) A gp)) €0l e 03
which is what we wanted to show. O

Corollary 2.13. Suppose that s = (f, X) lies in the kernel of luD or JVD*
Then Af =0 and AX = 0.

Proof. This is immediate from Proposition D" =1 and lDz(f, X) =
(Af,AX). O

Corollary 2.14. Let p= X _1p = (X A1) € Q2. Then 71 (du) = 0 if and
only if d*X = 0; and m7(du) = 0 if and only if curl X = 0.

Proof. In Lemma we showed that 71 (dp) = —2d* X and that m7(dp) =
% * (curl X A ¢). The result follows since wedge product with ¢ is injective

on 1-forms. O

Notice that Corollary 2.14) demonstrates a relationship between symme-
tries of ¢ and the kernels of the Dirac operators. Explicitly, if Lx¢ = d(X
@) =0 then d*X = 0 and curl X = 0, and thus [)(0, X) = P(0, X) = 0. Of
course, if Lx¢p = 0 then X is a Killing vector field (that is, Lxg, = 0), but
the converse is not necessarily true. We can now see precisely which Killing
fields preserve ¢, which will be useful in studying the kernels of I and Ip.
Recall that for any Killing field X, we always have d*X = 0, which can be
seen by taking the trace of (Lxg)ij = ViX; + V;X;.

Proposition 2.15. A wvector field X on (M, ) satisfies Lxp =0 if and
only if Lxg, =0 and curl X = 0.

Proof. From Corollary we know that m17(Lx¢) = miy7d(X ) =0 if
and only if d* X = 0 and curl X = 0, so it only remains to consider mo7(Lx ).
Recall that QF ® Q3; = C>(S?*T*M) using the map (8). Under this identi-
fication, mi427(Lxp) = %E xge- This is explicitly derived in [23, Equation
(4.7)]. See also [36, Lemma 9.3]. The result now follows. O
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2.3. Identities for 2-forms and 3-forms on Gs manifolds

In this section we collect some results related to the decompositions of 2-
forms and 3-forms in the torsion-free case. In some of the proofs in this
section we use the local coordinate identities for Go structures that can be
found in [23]. In particular we repeatedly use identities for contractions of
© with itself given in the appendix of [23].

Recall that an element 7 € 937 corresponds uniquely to a symmetric
traceless 2-tensor h on M.

Definition 2.16. The divergence div h of a symmetric 2-tensor h is the
1-form given in local coordinates by

(25) (div h)g, = g1V phgp.

This operation is formally the same as taking the divergence of a vector field
to obtain a function, except that we still have a free index, so the resulting
object is a 1-form. It is also formally the same in local coordinates as —d*(
when (3 is a 2-form.

Proposition 2.17. Let ¢ be a torsion-free Go structure and let ¢ € Q3 be
written in the form ( = fo+*x(X N @) +n in terms of the decomposition
03 =03 @ Q2@ O3, where n € QN3- corresponds to a traceless symmetric 2-
tensor h by . Then we have

1
(26)  m(d) = (@ X,
1 1
(27) m7(d¢) =Y A o, where Y = df — 5 curl X — 5 div h,
(28) m7(d*C) = *(W A @), where W = —df + gcurlX — ;div h.

Proof. Note that x( = fi + X A ¢ + *n. Since ¢ is torsion-free, we thus find
that

d¢=df No+dx (X A\y)+dn,

(29) d'¢=—*dx(=—x*(df N) —x(dX Np) +d™n.

We know that 71 (d¢) = A for some function A\. Thus we compute

TA = (M, ) = (mi(dC), )
= ({dC,¥) = {df N+ d* (X ANp)+dn, ).
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The first term on the right hand side vanishes because df A ¢ is of type Q4.
The last term vanishes because (dn,¥)vol = dn A ¢ =d(nA¢) =0 by (7).
Thus we have

TA={d* (X Np), ) = (xdx (X Ap), ) = (d"(X Ap),9)

as * is an isometry and d* = *dx* on 4-forms. Computing in local coordinates
we find

1 * ia c
A= é(d (X A (p))z]k()oabcg gjbgk

1
= _égpqvp(X A Qp)ngkzgpabcg g]bgkc

1

= =59 Vo(Xepijh — Xivgjk — Xjigh — X1Pijq) Pabeg g7 g*¢
1

= _égpq((vaq)SOijk — 3(VpXi)Pgik) Pabeg g g*¢

1 )
= —égpq(42Vqu - 3(VpXi)9w(69qa))

1
= (42— 18)g"V, X, = 4d"X

which establishes .
To derive and , we will need to contract n € Q3 with ¢ on two
indices. A short computation using gives

1
(30) hia 4901jknabcg]bgkc

We have 77(d¢) =Y A ¢ for some 1-form Y. Let Z be an arbitrary 1-form.
Computing as before and using identities from [21, Lemma 2.2.2], we find

WY, Z) =Y Np,Z N )
= (m7(dC), Z A\ )
=(d¢, Z N )
={df No+dx*x (X Np)+dn,Z A )
(31) =4(df, Z) + (d* (X Np), Z Np) + (dn, Z N\ ).
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We can compute the second term on the right hand side of in local
coordinates as follows:

(dx(X N@), Z N p)
= (xdx (X N@),*x(Z N @))

= ("X Ng),=Za7) = —%(d*(X N ©)ije(Z19)abeg™ 99"

1 L
= ggpqvp(Xq‘Pijk — Xigik — XjPigk — X£Pija)Z ™ Vmaneg g g™
1 o
= gzmgpq((vaq)‘pijk - 3(vai)‘quk)wmabcgngbgkc
1 , )
- éZm(O - 3(vai)(_490qma))9pq9m = _QZm(vai)‘anmgpqgm

= —-27"(curl X),, = —2(curl X, 7),

where we have used in the last line. Substituting this result into

gives
(32) ANY, Z) =Adf, Z) — 2(curl X, Z) + (dn, Z A ).
Again, we compute the last term above in local coordinates. We obtain

1 o
(dn, Z N @) = —(dn)ijui(Z A ) abeag™ g’ g™ g™
24

1 L

= ﬂ(vmjkl — Vit — Venjit — Vinei)(Z A 0)abeag™ g7 g™ g™
4 L

= ﬂ(vinjkl)(za@bcd — Zyacd — ZePhad — Zaoea)g g7 g g!?
1

= ggm(vi(ﬂjkz%cdgj v9"4'") Za — 3Vi(NjriPacag™ 9" 97" Z).

Now, using twice and the fact that h is traceless and symmetric, we
find

1. . .
(dn, Z A @) = 6gm (Vi(4hjpg'®) Zo — 3V i(4hja)g"" Z)
1 a 1
— 6g (O — 12gﬂb(Vihja)Zb)
= —2(div h); Zyg?® = —2(div h, Z).

Since Z is arbitrary, substituting the above expression into (32| estab-

lishes .
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Next, from , the decompositions and , and equation , we
find

d*¢ = —x(df NY) + 2m7(dX) — m14(dX) + d*n
2
(33) =—x(df NY)+ 3* ((curl X) Avp) — ma(dX) + d*n
We have 77(d*¢) = (W A ) for some 1-form W. Let Z be an arbitrary

1-form. Computing again with identities from [21, Lemma 2.2.2], using
we find

3W, Z) = (W A1), %(Z AN)) = (mr(d™CQ), %(Z N b)) = (d¥C, %(Z N b))
= (—x*(df NY) + % * ((curl X) A ) — ma(dX) + d*n, «(Z A))
(34) = =3(df, Z) + 2(curl X, Z) + 0 + (d*n, x(Z A 1)).

As before, we compute the last term above in local coordinates, using .
We obtain

(0, 5(Z A )) = (0, Z5) = S (@) (Z0 P "™
= —%gm(vpnqu)Z’“s@mabgmg"b
= _%gpq(Vp(nqijQOmabgmgjb))Zm
= —%gpq (Vp(4hgm)) Z™ = —2(div h, Z).
Since Z is arbitrary, substituting the above expression into estab-
lishes . (]

Remark 2.18. If € Q3., then (since f = 0 and X = 0), we conclude that
m7(dn) = 0 if and only if 77(d*n) = 0, because in this case both conditions
are equivalent to divh = 0 by Proposition This fact was justified in [6]
using representation theory.

Corollary 2.19. Let ¢ be a torsion-free Go structure and consider ( =
fo+*(X ANg)+n as in Proposition [2.17 If d( =0, then d*X =0 and
m7(d*() = (—%df + %curlX)J ©.

Proof. This follows immediately from , , and , by solving for
div h. [
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Corollary 2.20. Let ¢ be a torsion-free Go structure and consider ¢ =
fo+*(X Ap)+n as in Proposition[2.17 If d =0 and 77(d*¢) = 0, then
Af =0 and AX =0.

Proof. From Corollary we have d*X = 0 and df = %curlX . Recall the
relations between d*, curl, and A given in Remark Taking d* of both
sides of df = %curlX gives Af = 0, and taking curl of both sides and using
d*X =0 gives AX = 0. 0

Corollary 2.21. Let ¢ be a torsion-free Gy structure and consider ( =
fo+*(X Ap)+n as in Proposition . Suppose that d( =0. If df =0
and curl X = 0, then m7(d*¢) = 0.

Proof. This follows from Proposition [2.17], noting that the hypotheses imply
that divh = 0. ]

Corollary 2.22. Let (h,Y) € Q@ QL. Consider the modified Dirac oper-
ator ID of equation . Then we have

v 2
(35) md(D(h,Y)) = ?(Ah)z/}.

Proof. From the proof of Propostion [2.12] we have

- 3 1

D(h,Y) = 7?(d*Y)90 + 5* ((dh +curlY) A ).

Also, using Proposition , ify = (fcp, *(X A cp)) € O3 @ O3, then we have
mi(dy) = %(d*X)z/J. Hence, taking X = 3(dh +curlY) and using the fact

that d* curl(Y) = 0, we deduce that md(P(h,Y)) = 2(Ah). O

To motivate the next proposition, consider the following situation. Let
ft be a one parameter family of diffeomorphisms generated by a vector field
X on M. Then ¢; = f{¢ is torsion-free for all ¢ for which f; is defined.
Thus in particular, the dual 4-form vy = *,,¢; is closed. Since %| ot =
Lxe = d(X 1), differentiating the equation diyy = 0 at t = 0 and using
shows that d(L,d(X 1¢)) = 0. Using the identities we have derived, we can
actually give a direct proof of this result, which is instructive. It says that
infinitesimal diffeomorphisms satisfy the linearized torsion-free equations.

Proposition 2.23. Let ¢ be a torsion-free Gy structure and define n =
d(X ) for some vector field X. Then d(Ly,n) = 0.
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Proof. From equations and , we find

4
Lyn= 3 % TN+ HT7) — ]

7
:§*7T177+2*7T777—*7’]

= —(d*"X)¢ + (curl X) A ¢ — *n.
Hence we have
(36) d(Lyn) = —(dd* X) ANy + (deurl X) A — d x 1.
Using and , the third term above can be rewritten as

—dxn=—dxdX1p)=—dxdx (X N)
=dd" (X NY) = (A —d"d)(X NY)
= (AX) A —d*((dX) A1)
= (AX)ANY —d"(xcurl X) = (AX) AN — #(d curl X).

Substituting the above into and using and , we obtain

d(Len) = —(dd*X) AN + (=2 x w7(d curl X) + #mi4(d curl X))
+ (AX) A — (xmr(dcurl X) + smig(d curl X))
= (d"dX) N — 3« m7(dcurl X).

Applying equation to the last equation (for the vector field curl X), we
obtain

d(Lyn) = (d*dX) N — (curlcurl X)) A .
The right hand side above vanishes by Remark[2.8] completing the proof. [

The final result in this section concerns the operator m7d*d from Q% to
itself and will be used many times in the rest of the paper.

Proposition 2.24. Let ¢ be a torsion-free Go structure, and consider the
operator mrd*d : Q2 — Q2. Under the identification Q% =2 QL m7d*d corre-
sponds to the operator A, where AX = dd*X + %d*dX, and 1is therefore el-
liptic.

Proof. Let X _1p € Q2 for X € Q!, where as usual we use the metric g to
identify vector fields and 1-forms. Then AX =Y, where Y _i¢ = m7d*d(X
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¢). We now compute in local coordinates:

(Xa9)jk = X" omji,
(d(X @))ijk = (ViX™)omjrk + (Vi X™)omri + (VeX™)Pmij,
(d"d(X - ‘P))jk = —g"'V, (d(X ‘P))ijk
= —g"(VpViX™omjr — 9" (VpVi X ™) Prki
— " (VpVieX™) omij
= (YI9)jk + Hjk,

for some p € 03,. Contracting both sides of the last equation above with ¢
on two indices, we find

6Yi = (=" (VpViX ) omsi = 9" (V¥ X ™)
- gpi(vpkam)‘pmij) 1apg”’g*°
= —69"(VpViX)) + 20" (Vp Vi X ™) (gmiGia — Gmagit — Ymita)9**
= 6(AX); + 2" (V, VX)) — 2(V,V,; X7)
+ Q(vaan)gpigjagnm¢iaml
= 6(AX); — 2(AX), + 2(dd* X ),
+ (VpViXn — ViV X)) " 6 g hiami-

Using the Ricci identities, the last term becomes — R, X CGPLgI% g M i ml =
—2RmineX g™ = 0, where we have used the fact that the Riemann tensor
is in 2, with respect to its first and last pair of indices, and that the Ricci
curvature vanishes. Thus we conclude that

6Y = 4AX + 2dd* X = 4d"dX + 6dd* X,

which is what we wanted to show. O

3. G conifolds

In this section we discuss facts about Go cones, and asymptotically conical
(AC) and conically singular (CS) Gg manifolds that will be needed in the
present paper. Any results stated in this section without proof can be found
in [24, Section 2].
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3.1. G5 cones

Let X% be a compact, connected, smooth 6-manifold. An SU(3) structure
on X is described by a Riemannian metric gy, an almost complex structure
J which is orthogonal with respect to g, the associated 2-form w(u,v) =
9s(Ju,v) which is real and of type (1,1) with respect to J, and a nowhere
vanishing complex (3, 0)-form 2. The two forms are related by the normal-
ization condition

1 ; ~ 1
vol, = <w® = éQ AQ = JRe(2) A Tm(Q).

A manifold X6 with SU(3) structure is called (strictly) nearly Kdhler if
the following equations are satisfied:

(37) dow = —3Re(Q),  dIm(Q) = 2w

Such manifolds are also called Gray manifolds. The Riemannian metric of a
Gray manifold is always Einstein with positive Einstein constant [52].

Definition 3.1. Let X¢ be nearly Kéhler. Then there exists a torsion-free
Ga structure (¢, e, ge) on C = (0,00) x X defined by

9o = r°Re(Q) — r?dr A w,
w2
Ve = —r3dr ANIm(Q) — r4?

Jo = dr? + 7“2g2,

where r is the coordinate on (0,00). The space C is a Gg cone, and X is
called the link of the cone. We choose the orientation on C so that vol, =
r5dr A vol,. is the volume form on C.

It is known that for a Riemannian cone C' with holonomy contained in
Go, the holonomy is either trivial, in which case X is the standard round
sphere S® and C is the Euclidean R, or else the holonomy is exactly equal
to Gg, in which case the link ¥ is nearly Kéhler, but not equal to the round
S6. (See Bir [3] for more details.) We reiterate that for us, a Gg cone will
always have holonomy exactly Go, thus we will exclude the case where the
link is the round S°.

Remark 3.2. A theorem of Obata [47] states that on a compact Einstein
6-manifold ¥ with positive scalar curvature R, the first nonzero eigenvalue
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of the Laplacian on functions is not less than %, with equality if and only
if ¥ is isometric to the round S®. The Einstein metric on the link 3 of our
Go cones has been scaled so that R = 30 (see [41],[42]) and we always exclude
the case of ¥ = S%, so if A h = ph for some nonconstant h € C>°(¥), then

we must have pu > 6. We will use this result repeatedly in what follows.

The next two results relate symmetries of ¥ to symmetries of C', and
will be useful later.

Proposition 3.3. Let C' be a Riemannian cone, and let X = V‘th +
Y be a vector field on C, where h is a function on ¥, and Y is a vector
field on . Then X is a Killing field for g. if and only if

e cither A=0, h=0, and Y is a Killing field for gs (so in this case

X=Y),
e or A= —1,Y =dsh, and Ly gs = —2hgs. Moreover, A h = nh, where
n = dim X.

Finally, if C' is a Go cone, then only the first case can occur.
Proof. 1t is elementary to compute that
Lxdr = (A + 1)r*hdr + r**dsh,

£r/\+1h%gz = 0,
Loy gs =g + M Hdr @Y +Y @ dr).

Using these results and g. = dr ® dr + r2gs, a short calculation gives

Lxge =2\ + D)r*hdr @ dr + 1’ (dr @ doh 4 dyh @ drr)
+ /\r)"H(dT RY +Y ®dr)+ 202 g + 12 Ly g,

Thus we deduce that Lxg. = 0 if and only if the following three equations
are all satisfied:

A+1Dh=0, dsh+AY =0,  2hgs+ Lygs =0.

If h = 0, then the third equation says that Y is a Killing field for g5, and the
second equation says AY = 0. Then, either A = 0, which yields the first case,
or Y = 0 in which case X = 0 so the value of A is undetermined and can be
taken to be zero. On the other hand, if A # 0, then we must have A = —1,
which forces Y = dyh (where we have identified vector fields and 1-forms
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on ¥ using the metric gy), and Ly gy, = —2hgs, yielding the second case. It
follows easily from a computation in local coordinates that if Y = Vyh and
Lygs = —2hgs, then A h = nh.

Now suppose that C is a Go cone. Then n =6, and the second case
implies A.h = 6h. By Remark we must have h = 0, which excludes the
second case. O

Proposition 3.4. Let 3 be nearly Kihler (with X5 # S%) and let Y be
a nonzero Killing vector field on %, so Lygs = 0. Then the vector field
X =Y is a symmetry of the Gy cone structure o of Deﬁm’tion mn
the sense that Loa-1yp. =0, if and only if A =1.

Proof. In [41l Theorem 4.1] it is shown that, for a nearly Kahler 6-manifold
that is not the round S°, the metric determines the remaining objects J, w,
and €. In particular, since Ly gs = 0, it follows from that

38 Lyw =ds(Y1w)+Y1(dsw) =ds(Y2w) —3Y 1Re(2) =0,
(38) LyRe(Q2) =d (Y _IRe(Q)) = 0.

Now, using Definition and , since do. = 0, we find that

Lor-1ype = dc(r)\ily—‘ Pc)
= do (P dr A (Y aw) + 7 2Y JRe(Q))
= M ldr A (A +2)Y JRe(2) — du(Yaw)) + 72, (Y I Re(92))
=(\— 1)7“)‘+1d7" A (Y_t Re(Q)).

It is easy to check that Y _1Re(2) =0 if and only if ¥ = 0. Therefore,
Lox-1ype = 0if and only if A =1 as claimed. (]

Remark 3.5. There are five known simply connected, compact, nearly
Kihler manifolds (other than the round S%), and thus five known Gg cones
with simply connected links. The three homogeneous examples are discussed
in detail in Bér [3], but we summarize them here. They are all obtained
by taking the bi-invariant metric on a compact Lie group G and descend-
ing this to the normal metric on G/H for an appropriate Lie subgroup
H. In particular, all these examples are homogeneous spaces, and there is
a proof by Butruille [§] that these examples are the only compact, simply
connected, homogeneous nearly Kahler 6-manifolds. The three homogeneous
examples (as smooth manifolds) are: CP? 22 Sp(2)/(Sp(1) x U(1)), the flag
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manifold Fy 2 = SU(3)/T?, and S3 x $3 = (93 x §3 x $3)/S? where we em-
bed S2 into 53 x S3 x S as the diagonal subgroup. We note for later use
some of the Betti numbers for these examples:

b (CP?) =1, b3 (CP?) =0,
(39) W (Fo) =2, b3 (F12) =0,
b2 (5% x §3) =0, b3 (9% x §%) = 2.

In [52, 53] Podesta—Spiro obtain some classification results about compact
examples of cohomogeneity one. Furthermore, it is demonstrated in [15] by
Foscolo-Haskins that on S% and on S® x S3 there is a cohomogeneity one
nearly Kahler structure which is not homogeneous. Locally homogeneous
examples that are finite quotients of S3 x S3 are described in [12] by Cortés—
Vasquez.

For any t > 0, we have a dilation map t : C — C' defined by
t(0) =0, t(r,o) = (tr,o).
It is easy to see that

t"(pc) = tpc, £ (ve) =t
t*(gc) = t°gc, t*(vol.) = t"vol,,

and hence we say that the conical Go structure is dilation-equivariant. Since
t*gc = t2gc, we have

|t*(7) (Ta U)‘gc(r,cr) = tkh/(tra U) ‘gc(tr,o)

whenever « is a contravariant tensor of degree k.
Let a be a (k — 1)-form on ¥ and /3 be a k-form on 3. Then we have

k— k
[ Ldr Ao+ 7 B|§C = \04|§Z + |,6’|§2.

For this reason, we will always write a k-form on C as v = r*~1dr A a + rk3
for some « and 3, which are forms on ¥ possibly depending on the parameter
r. Note that if « and 8 were independent of r, then « would be dilation-
equivariant, as defined above.
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Definition 3.6. We say that a smooth k-form ~ on C' is homogeneous of
order A if

=7 <rk*1dr Ao+ rk5>

where o and 3 are forms on X, independent of . Then we see that

h/(tT? 0)|gc(tr,o) = ’t)\+k7(7‘7 U)‘gc(tr,o) = t)\+kt_k|7(r7 O-)|gc(7“,0)7

which we can write more concisely as

* A
t h"gc =1 h"gca

so the function |v|4, on C is homogeneous of order A in the variable r in the
usual sense.

Let *#, Vs, dy, d¥, and A, denote the Hodge star, Levi-Civita connection,
exterior derivative, coderivative, and Hodge Laplacian on X, respectively.
Similarly *., Ve, de, dF,, and A. will denote the corresponding operators
on the cone C.

For a homogenous k-form ~ = r* (rkfldr ANa+ rkﬁ) of order A, it is
trivial to calculate that:

dory = 1" dr A (N4 K)B — dea) + 7B,

40
(40) dfy = MR 3dr A (—dia) + 2 (N =k + D)o+ dEB),

(41) Aoy =1 3dr A(Ava— A+ k= 2)(A — k4 T)a — 2d%0)
+ P2 AL B = AN+ E) (N =k +5)8 — 2dsa).
The next lemma is a special case of [24, Lemma 2.12].

Lemma 3.7. Let v be a smooth closed 3-form on C. Suppose that either

i) ’7‘90 = 0(7")‘) on (0,e) x 3, for A > =3 or
i) |Ylge = O() on (R,00) X ¥, for A < —3.

for some small € or some large R. Then for each case respectively we have
that

i) v =d( for some 2-form ¢ on (0,e) x 3, or
it) v = d(¢ for some 2-form ¢ on (R,o0) X X.
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We will need to consider the possible order A of a homogeneous k-form
v on a cone C which is in the kernel of A., or of a mixed degree form
N = ZZ:O v, which is in the kernel of d. + d?.

Proposition 3.8. Let vy be a homogeneous k-form of order A which is har-
monic on the cone: Aoy = 0. Then we have:

(42) Fork=0,7, v=01if A€ (=5,0),
(43) Fork=1,6, ~y=0if A& (—4,-1),
(44) For k = 2,5, v=01 A€ (-3,-2).

Proposition 3.9. Suppose that v is a homogeneous k-form of order A which
15 closed and coclosed: d.y = 0 and d},y = 0. Then we have:

(45) Fork=0,7, vy=014f A€ (-7,0),
(46) For k =1,6, vy=01if A€ (—6,-1),
(47) Fork=2,5 ~v=0if A& (—5,-2),
(48) Fork=3,4, ~=0if A& (—4,-3).

Propositions [3.§ and [3.9 use only the fact that we have a 7-dimensional
Riemannian cone. Hovvever the fact that the link %6 is a compact Einstein
manifold of positive scalar curvature allows us to slightly extend the results
of these propositions, for functions and 1-forms. This is the content of the
next several results. These extended ranges of excluded rates for harmonic
functions and 1-forms are used, for example, in Theorem 5.6 to establish that
theorem in the AC case all the way to v < —1, rather than just v < —2.

Proposition 3.10. Let f be a harmonic function on a Ga cone, homoge-
neous of order \. Then

=<K if A=0,
Kr= if\=—

where K is a constant. Let w be a harmonic 1-form on a Go cone, homoge-
neous of order \. Then

w =0, if A € [=5,0].

Proof. As in Definition we can write f = 7*3 for some function 3 on
Y., independent of r. From we have A,f =0 if and only if A 8 =
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A(A + 5)5. Applying the result of Obata from Remark we can say that if
f is nonzero and g = A(A+5) # 0, then g > 6. Thus if X\ # —5,0, then for
f to be nonzero we must have A(A + 5) > 6 which easily implies that A > 1
or A < —6. This proves the result for functions.

Now consider a 1-form w = r*(dr A a + r3), where « is a function on ¥
and S is a 1-form on ¥. From we find that A,w = 0 if and only if

(49) Aca = (A —1)(A+6)a + 2d7 3,
(50) Asf=A+1)(A+4)8+ 2dso

Using and , some easy computation yields

(51) As(dyf+ (A= Da) = A+ DA+ 6)(df + (A = 1)a),
(52) Au(dif — (A +6)a) = (A = 1)(A +4)(d58 — (A + 6)a).

Consider therefore the two functions h = d%f + (A — 1) and W' = d%p —
(A + 6)a. We have that Agh = (A + 1) (A +6)hand A h' = (A — 1) (A +4)K.
Thus, by the Obata result of Remark [3.2] we know that h is constant if
(A+1)(A+6) < 6, which corresponds to A € [=7,0], and A is constant if
(A —=1)(A+4) <6, which corresponds to A € [—5,2]. Hence, for A € [-5,0],
we conclude that both h and A’ are constant. Thus, except possibly when \ =
—3 we find that o is also constant because h — h/ = (2\ + 5)a. But if A =
—5, then (A +1)(A+6) <0 and (A —1)(A+4) <0, so we have h =h' =
dip — %a = 0. Substituting A = —% and dif = %oz into yields Aya =
—24—1(1 and thus a = 0 in this case.

Since dyav = 0 for A € [—5, 0], equation becomes

AsB=N+1)(N+4)8,

and (A4 1)(A+4) < 4. Recall from [41], 42] that for a Gray manifold, we
have Ricy = 5g5. Hence the Bochner formula gives

(ALB, B) = (ViVLB, B) + Ricy(B, B) = (VEVLB, B) + 58|

Integrating the above equation over X, we find that if A8 = uf, then we
must have p > 5 for nonzero . Thus if A € [-5,0], we must have 5 = 0.
Equation with 8 = 0 then gives Aya = (A — 1)(A + 6)a, so if A € [—5,0]
we obtain @ = 0. Therefore w = 0 for all A € [-5,0]. O

In fact, we can say a little bit more about homogeneous harmonic 1-

forms on a Go cone. We will need an additional tool, given by the following
result.
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Lemma 3.11. Suppose that X is a coclosed 1-form on X such that A, X =
uX.

o if 4 < 10 then X =0,
o if 4 =10, then X s metric dual to a Killing field.
Proof. Consider the operation divy, : S?(T*X) — Q!(X) defined in (25). It is

easy to check that the formal adjoint divy : Q}(X) — S?(T*X) of this map
is given in local coordinates by

(v X)ig =~ (T2, + (V2),X) = =5 (Lxon)s

Using this map, together with the Bochner formula on 1-forms, a short
computation in local coordinates yields the identity

AcX = 2divy divi X + 2Rics(X) — dod” X.

Since Ricy, = %gz = B¢y, the second term above is just 10X. Suppose now
that X is a coclosed 1-form such that Ay X = puX. Taking the inner product
on both sides with X and integrating over >, we find that

pl X7 = 2| divy X + 10] X2
which immediately implies the result. g

Proposition 3.12. The sets of homogeneous harmonic 1-forms on a Go
cone C of rate A € (—6,—5) and those of rate A € (0,1) are both in one-to-
one correspondence with the set of scalar eigenfunctions of Ay with eigen-
values in (6,14). Moreover, the homogeneous harmonic 1-forms on C' of rate
A€ (0,1) are exact and coclosed. Ezplicitly, those with rate X € (0,1) are
of the form

1
il dC(TM'la)
where a is a function on X satisfying Asa = (A + 1)(A + 6)a. Finally, the
homogeneous harmonic 1-forms with rate A = —6 or A =1 are given by

1 1
A dr Ao+ §r’\+1d2a - 57)‘+1Y

where a = K + f for some constant K and a function f on % such that
Ay f=14f, and Y is the dual 1-form to a Killing vector field on 3. In
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particular, in the X = 1 case this simplifies to

r2 2
Proof. As in the proof of Proposition we write w = r*(dr A a + 1),
where « is a function on ¥ and f is a 1-form on ¥ satisfying both
and . Let ¢ be a constant, and consider the 1-form p = d.a + ¢ on

the link . We seek a value of ¢ so that Ay(dip) = u(dip) for some pu.
A straightforward computation reveals exactly two values of ¢ that work,

namely ¢ = A +4 and ¢ = —(A + 1). In these two cases we have
when p = dsa + (A +4)8, As(dop) = A+ 1A+ 6)(d5p),
when p=dsa— A+ )8, Au(dop) = (A— 1)(A+ 4)(d2p).

Thus, since Ay (dip) = p(dip) implies dip =0 if p <0 (as dip is coexact),
we deduce that
when X\ € [-6,—1], p=d.a+ (A+4)p is coclosed on ¥,

(53) :
when A € [—4,1], p=dsa— (A+1)5 is coclosed on X.

In each case above we therefore have dfp = didsa + cdif = Ay + cdif =
0. If we assume that both c and ¢ + 2 are nonzero, then using dXf = —%Aza

we can compute from and that

C

Aclds) = —— (A= 1A+ 6)(dsa),
AB=A+1D)(A+4)8+2dsa,
from which it follows that
Asp = As(dsa + cpB)

- (Ciz(x —1)(A+6) + 2c> door+ (A + 1) (A + 4)cB.

Somewhat remarkably, in both of the cases ¢ = A +4 and ¢ = —(A + 1), the
above expression reduces to

(54) Asp= A+ 1)(A +4)p.

Hence, by Lemma if (A+1)(A+4) <10, then p=dya+c¢f=0 in
the two cases above. This inequality is equivalent to A € (—6,1). Note that
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the derivation of breaks down in either case when ¢ =0 or ¢+ 2 = 0.
These correspond to A = —6, —4 in the range [—6,—1] and A = —1, 1 in the
range [—4,1]. However, we already know from Proposition that w =10
if A € [-5,0], so the problems at rates —4 and —1 are irrelevant. Thus, the
new information we have gained so far is that

if A € (—6,-5), then dya + (A +4)8 =0,
if A € (0,1), then dya — (A +1)5 =0.

Thus in both of the above cases § is uniquely determined from «. Moreover,
substituting 8 = —1dga into in each case yields

c

if A € (—6,-5), then Aja = (A —1)(A+4)q,
if A € (0,1), then Aya = (A +1)(A+6)a.

We thus deduce that the homogeneous harmonic 1-forms of rate A € (=6, —5)
or of rate A € (0,1) are in one-to-one correspondence with scalar eigenfunc-
tions of Ay with eigenvalues in (6, 14).

Now, if A € (0,1) then
1

o = dC(T‘)‘Ha),

A
= d E—
w rar+>\+1 ]

which is closed (as it is exact) and coclosed, as claimed.

Finally, we consider the cases A = —6 and A = 1. In both cases, from
equation we deduce that p = dya — 23 is coclosed. The derivation above
of equation does not work here, but we can argue directly as follows.
Again, in both cases, equations and give Ay (dif) = 14(d%p) and
Ay (diB — Ta) = 0, so in particular df 3 — Ta is constant, and thus 2d.di3 =
14d,a. Now and give Aya = 2dif and A5 =106 + 2d,«, and
thus

App = Apdea — 2A8 = 2d.d%5 — 208 — 4dsa
— 10d,0 — 208 = 10p

as before. So by Lemma the vector field metric dual to p is a Killing
field. Then 8 = (dwa — p), so

1
w=7rMdr Aa+rB) =1 dr ANa+ 57’/\+1(d2a - p).

Moreover, we have Ay (d%f3) = 14(d%:f) and Asa = 2d%f together then yield
As(Aza) = 14Aa. Hence o = K + f where A f = 14f. O
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Next, we derive a similar result for the “modified Laplacian” Ac =
ded?, + %dgdc that will be needed later. For technical reasons we can only
deal with the interval [—5, 1] instead of the full [—6, 1] but this will suffice
for our purposes.

Proposition 3.13. Let w be a 1-form on a Ga cone, homogeneous of order
A, satisfying
o 2
Acw =dodiw + gdchw =0.
Then
w=0, ifAe[-50].

Moreover, for A € (0,1), there is a one-to-one correspondence between ho-
mogeneous 1-forms of order \ in ker A and scalar eigenfunctions of Ay
with eigenvalue in (6,14), and the homogeneous 1-forms of order A € (0,1)
in ker A, are all exact and coclosed. Finally, the homogeneous 1-forms with
rate A = 1 in the kernel of A, are given by

2 2
where a« = K + f for some constant K and a function f on ¥ such that
Agf =14f, and Y is the dual 1-form to a Killing vector field on 3.

Proof. The proof is analogous to the proofs of Propositions and (3.12]

First, it is easy to check that if d.d w + %dédcw =0, where w = 7 (dr A
a+ ), then

(55  Ava— %Aza — A= 1)(A +6)a — é(x _ 58,
(56) ALB =dudif + gd;dzﬂ = %(/\ + 1A+ 4)8+ %(/\ +10)dsa.

Using and , some computation yields

(57) Ac((A=5)diB — (A= 1)(A+ 10)a)
= A+ 1)(A+6)((A=5)dEB — (A= 1)(A+10)e),
(58) Ag(d5f — (A +6)a)

=A-1A+4)(dB— (A+6)a).

Note that is identical to but is quite different from . But
the method of proof of Proposition is still valid, with ' = d%8 — (A +
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6)a as before but now with
h=A\A=5)d:8—(A—=1)(A+10)a.

As before, for A € [—5,0], we find that both h and h’ are constant, hence so
is «a, except possibly when A\ = —%, because

h—(A=5)K = —4(2\ + 5)av.

As before, if A = —%, then both h = 0 and A’ = 0, and it is easy to check that
both conditions are equivalent to df/ — %a = 0. Substituting A = —% and
dip = %oz into yields Aga = —%a and thus o = 0 in this case. Because
dya = 0 for all A € [—5, 0], equation now becomes Ay = Z(A+ 1)(A+
4)3, and (A+1)(A+4) < 4. Exactly as in the proof of Proposition
we deduce that S = 0. Now equation with 8 =0 then gives Ay =
3(A=1)(A+6)a, so if A € [5,0] we obtain o = 0. Therefore w = 0 for all
A € [-5,0].

For the second part of the proposition, we proceed as in the proof of
Proposition Let ¢; and ¢ be constants, and consider the 1-form p =
cidsa + co8 on the link X. We seek values of ¢; and ¢y so that Az(d’;p) =
u(drp) for some p, where Ay = d*ds, + 2dzd,, is the “modified Laplacian”
on Y. A tedious computation reveals exactly two solutions, namely when
p=A+10)deax — (AN +4)(A—5)p,

As(dip) = (* +T7A = 6)(dzp),
and when p = dya — (A + 1),
As(dzp) = (A= 1) (A +4)(dp).

We will only make use of the second equation above, which is identical to
the analogous expression in Proposition [3.12] As before, we deduce that

(59) when A € [—4,1], p=dsa— (A+ 1) is coclosed on X.

In this range of rates we therefore have dfp = didsa — (A + 1)d%ip = Asa —
(A +1)d%p = 0. As in Proposition if we assume that both ¢ = —(\ + 1)
and 2c — (A — 5) = —3(X — 1) are nonzero, then using ds3 = —1A,a we can
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compute from and that

As(dsa) = 20_?;_5)(/\ — (A +6)(dsar),

Af=(A+1)

—~

A+ 48+ 5 (A + 10)(dso)

Cc

2¢c— (A=05)

s8]

+ A=D1 (A +6)(dsv),

[N

from which it follows that
(60) Acp=A+1)(A+4)p

exactly as in in the proof of Proposition . Hence, again by using
Lemma [3.11] if (A + 1)(X +4) < 10, then p = dya + ¢ = 0. This inequality
is equivalent to A € (—6,1). Note that the derivation of breaks down
when A = —1,1 in the range [—4,1]. However, we already established in
the current proof that w =0 if A € [-5,0], so the problem at rate —1 is
irrelevant. Thus, the new information we have gained is that

if e (0,1), then dya — (A +1)8 = 0.

Hence  is uniquely determined from a. Moreover, substituting 5 = %Hdza

into yields
if A e (0,1), then Aja = (A+1)(A+6)

exactly as in Proposition The argument from the proof of Proposi-
tion |3.12| now applies directly to show that w is exact and coclosed when
A € (0,1), and to deduce that the homogeneous 1-forms of rate A € (0,1) in
the kernel of A, are in one-to-one correspondence with scalar eigenfunctions
of Ay with eigenvalues in (6, 14).

Finally, the result for A =1 also follows in almost exactly the same
way as the argument in the proof of Proposition . First, equation
is identical to , so p = dsa — 208 is again coclosed. Also, when A =1
the eqvuations and yiel(% Aza = %d’;ﬁ and 2d.d.fS = 14dsa. Now
from A.ds = %dzAE we get that Apdsa = 2d.d% 3. Using all these equations
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together with equation we find

Agp = Adoor — 2A, 8 = 2d,d5 5 — 2A,8

20 11
= 1ddsa —2( 28+ —d.,
dso <35+3da>
20 20
= — = —2 = —
5 (dsa—20) = —p

But since dip =0, we conclude that Agp = did.p = %Azp = 10p, as be-
fore. So by Lemma [3.11] again the vector field metric dual to p is a Killing
field. Moreover, equation gives A, (d:f3) = 14(d%B), and hence exactly
as in the proof of Proposition we conclude that w = r(dr Aa+rg) =
d(% o) — T p where a = K + f with A, f = 14f. O

Remark 3.14. The above result is crucial in the proof of Theorem
because, by Proposition the operator dd* + %d*d can be identified with
mrd*d : Q% — Q2. which is the operator that is related to our gauge-fixing
condition.

The next lemma is similar to [24, Proposition 2.22]. It is more general
in that it is valid for any rate A, but less general in that it is stated only for
forms of pure degree. The method of proof, however, is different and follows
the discussion immediately preceding [33, Proposition 5.6]. This result is
needed to compute the dimension of the moduli space in Section be-
cause the dimension is computed using Theorem and the spaces ()
a priori could involve log terms.

Lemma 3.15. Let m >0, and let v = Zﬁo(logr)l'n be a k-form in the
kernel of d+ d,, where each ~; is homogeneous of order X\, and ~m # 0.
Then necessarily m = 0. That is, v = o has no log terms.

Proof. Each ~y; is homogeneous of order A, so it can be written as
(61) v = A A g+ rFTA B

where a; and ) are (k — 1)-forms and k-forms on X, respectively, indepen-
dent of r. For any k-form +; on C, it is easy to check that

(d+ d%)((logr)'y) = (log ) (de + di )y
+ Logr)=1(@r ) — Logr) ((;m) .
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Using this identity, we see that

(d+d) < (log r)lw) = (logm)™(de + d%)Ym
+

1

S,IMS

. I+1 +1)0
(log 7“)1 <(d +di)v + !dr ANVi+1 — ( ) gJ ’Yl+1>
=0 T T

The above expression must vanish as a polynomial in logr. Setting the
coefficient of (logr)™ equal to zero, and decomposing into forms of pure
degree, we obtain dv,, = 0 and d,v,, = 0, which from can be simplified
to

do, = A+ k) B, dsapm, =0,

(62) B = 0, 5B = (A +7 — k)am

Similarly the coefﬁcient of (log 7)™ ! gives dypm—1 + Zdr A vpm = 0 and that
diYm—1— 7 &_l Ym = 0, which simplify to

doyp—1 = (A + k)/Bm—l + mBm, d*zOém—1 =0,

(63) "
dBm—1 =0, Z}/Bm—l = ()\ +7— k)am—l + mauy,.

Using the systems of equations and on ¥ and taking L? inner
products, we find

mllam|* +m|Bm? = ({(mawm, am)) + (mBm, Bm))
= ({dsBm-1— (A+ 7= k)am—_1,am))
+ ((dam—1 — (A + k) Bm—1, Bm))
= ((Bm-1,dam)) — (A + 7 —k){{am-1, am))
+ ((am—1,d5Bm)) — (A + k) {(Bm-1, Bm))
= 0.

Since v, # 0, we conclude that m = 0. O

Remark 3.16. A generalization of Lemma to mixed degree forms is
possible, using the same techniques, and in any dimension. We do not state
it because we will not have occasion to use it. This means in particular,
that in the published version of [24], the last sentence in the proof of |24,
Proposition 2.23] is incorrect. That is, there are never any “log terms” for
the operator d + d..
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The next proposition is useful for analyzing the critical rates of the
operator d + d7, in Section 4.2

Proposition 3.17. Let v = ZZ:O Y& be a mixzed degree form on the cone,
homogeneous of order X\, and suppose that (d+ d’)y = 0.

o [f \= -3, then vy = [ +dr Aa, where 8 and « are both harmonic
3-forms on 3.

o [f A= —4, then
y=r2dr Aa+ B+ (r 2o —rTidr Ado) + (dr A p — T L),

where a is a harmonic 2-form on %, B is a harmonic 4-form on X,
o is a coexact 2-form on X satisfying Ao = 20, and p is an exact
4-form on X satisfying Asp = 2.

o If A= -2, then
’y:a+r2d7‘/\ﬁ—|—(dr/\a—i—rda)—|—(7“dr/\d;,u—|—r2u),

where « is a harmonic 2-form on 3, B is a harmonic 4-form on %,
o is a coexact 2-form on X satisfying Aso = 20, and u is an exact
4-form on X satisfying Asp = 2u.

Proof. The even-degree case of the first statement is exactly Proposition 2.21
in [24]. The odd-degree case, and the second and third statements, are proved
in essentially the same way. O

Remark 3.18. Proposition [3.17] is used several times in Section .5 to
explicitly describe the change in the space of closed and coclosed 3-forms on
a Go conifold at rates —3 and —4. In fact we will mainly need this proposition
for 3-forms. If ~y is a closed and coclosed 3-form on C, homogeneous of order
A, then Proposition [3.17] says that: when A = —3, then v = § is a harmonic
3-form on ¥; and when A = —4, then v = 7~ 2dr A o where « is a harmonic
2-form on X, because in this case p = 0 implies d*u = 0.

Finally, we need to consider the excluded range of orders of homogeneity
for elements in the kernel of the modified Dirac operator Ip, defined in

equation .
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Proposition 3.19. On a Ga cone, let ZUDC : Q@ QF — Q3 @ Q32 be the mod-
ified Dirac operator. Let s = (f,X) € QY @ Q} be homogeneous of order .
Then D (s) = 0 precisely when

(0, Kr=5dr) if A= —6,
(0,0) if A€ (-6,0),
(K,0) if A=0,
"7V 0,x) if A€ (0,1), where AuX =0,
(0,d(r?h) +72Y) if A=1,
where A h = 14h and Y is a Killing field on X.

Here K s a constant.

Proof. Suppose that ,(s) =0 in Q3 ® Q3. Corollary tells us that
Acof =0 and A, X = 0. Hence, if A € [-5,0] then Proposition shows
that X = 0. Thus by equation (1), in the range [—5,0] the condition that
D.(s) = 0 implies d.f = 0, so f = K is constant and K = 0 unless \ = 0.

Now suppose that A € [—6,—5) U (0, 1]. Since A, f = 0 we have that f =
0 by Proposition This establishes the value of f in all cases in the
statement of the propostion. It remains to establish the value of X when
A € [-6,—5) U (0, 1]. For this range, since f = 0, the condition IP.(0, X) =
(0,0) is equivalent to d- X = 0 and curl.(X) = 0.

If A €(0,1), then by Proposition we know that A, X =0 if and
only if d. X = 0 and d’ X = 0. Since d.X = 0 implies curl,(X) = 0, we have
established the result for A € (0,1).

We can see the result for A € (—6, —5) by the symmetry of the situation
at hand under A — —5 — \. Explicitly, if A € (=6, —5) then because A. X =
0, we saw in the proof of Proposition that

1
X = A dr — /\+1d2
riadr — y—— n 1" a,
where « is a function on ¥ with Aya = (A — 1)(A + 4)«. But then using
and d7, X = 0 we find that
1

which is not possible in this range of rates unless & = 0, and thus X = 0.

Finally we consider the cases A = —6 and A = 1. We have shown so far
that f =0 and that Ip(0, X) = 0 if and only if d* X = 0 and curl.(X) = 0.
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Recall also that if dX = 0, then certainly curl.(X) = 0. Now, since A X =
0, Proposition shows that in these two cases we can write

1 1
(64) X = Krdr + <Mhdr + 27«A+1d2h> + 57“)‘+1Y
=X+ Xo+ Xg,

where K is a constant, h is a function on 3 such that A h = 14h, and Y is
the dual 1-form to a Killing vector field on . We will consider each of the
three terms in separately. It is easy to check using and the fact
that dfY = 0 since Y is Killing that

deX1 =0, i X, =0,
for \=—6, {dcXo=—3r"%rAdh, dt Xy = 5r7h,
doeXs==5r"5dr NY +r75d,Y, d:Xs5=0.

Since X1 is closed (hence curl-free) and coclosed, it is always in the kernel
of ID. For the remaining piece X3 4+ X3 to be in ker I§, we see from above
that we require h = 0, so Xo = 0. From Proposition 2.15 we find that since
d* X3 =0, then curl.(X3) =0 if and only if the flow of X3 preserves .,
which never happens for Y # 0 by Proposition [3.4l Therefore X3 =0 as
well and we have established the result for A = —6.

On the other hand, for A = 1 the term X3 = %TQY is always in the kernel

of ],UD by Propositions and Then, using again we find that

deX1 =0, diX;=-TK,
for A =1, e ot
deX2 =0, d;X2=0.

Thus X also lies in ker]:7) and X never does, unless K = 0, establishing
the result for A = 1. O

3.2. Asymptotically conical (AC) G2 manifolds

Let M be a noncompact, connected smooth 7-dimensional manifold.

Definition 3.20. The manifold M is an asymptotically conical Go manifold
with cone C and rate v < 0 if all of the following holds:

e The manifold M is a Go manifold with torsion-free Go structure ¢,,
and complete metric g,,.
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e There is a Gy cone (C, ¢¢, g-) with connected link X.

e There is a compact subset L C M, an R > 1, and a map h : (R, 00) X
Y — M that is a diffeomorphism of (R,00) x ¥ onto M\ L.

e The pullback h*(p,) is a torsion-free Gy structure on the subset
(R,00) x ¥ of C. We require that this approach the torsion-free Ggy
structure . in a C'*° sense, with rate v < 0. This means that

(65) V(R (0n) = ¢c)lge = OV T7) Vi 20

in (R,00) x X. Note that all norms and derivatives are computed us-
ing the cone metric g.. It follows immediately from and Taylor’s
theorem that the metric on M is asymptotic to the cone metric at the
same rate:

IVZ(h*(9:) = go)lge = O("™7). ¥j =0

It is clear that an AC Go manifold of rate vy is also an AC Gy manifold
for all v > vy.

Remark 3.21. The link ¥ of an AC Gy manifold M must be connected
because M can have only one end. This follows from the Cheeger—Gromoll
splitting theorem, which says that a complete noncompact Ricci-flat mani-
fold with more than one end isometrically splits into a Riemannian product,
and thus the holonomy would be reducible.

Example 3.22. There are three known examples of asymptotically conical
Go manifolds, whose asymptotic cones have links given by the three homo-
geneous nearly Kéhler manifolds (we have excluded the round S%). They are
all total spaces of vector bundles over a compact base. These manifolds were
discovered by Bryant—Salamon [7] and were the first examples of complete
Go manifolds. Specifically, they are described in the following list, where the
metric on the base manifold is the one induced from the Bryant—Salamon
metric by restriction.

e A2(S%), the bundle of anti-self-dual 2-forms over the 4-sphere. This
is a nontrivial rank 3 vector bundle over the standard round S*. This
AC Gy manifold is asymptotic to the cone over the nearly Kihler CP3,
with rate v = —4.

e AZ(CP?), the bundle of anti-self dual 2-forms over the complex projec-
tive plane. This is a nontrivial rank 3 vector bundle over the standard
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Fubini-Study CP2. This AC Gy manifold is asymptotic to the cone
over the nearly Kéhler flag manifold F1 o, also with rate v = —4.

e $(S3), the spinor bundle of the 3-sphere. This is a trivial rank 4 vector
bundle over the standard round S3, hence is topologically S x R*.
This AC G2 manifold is asymptotic to the cone over the homogeneous
nearly Kihler S2 x S3, with rate v = —3.

Remark 3.23. Explicit formulas for these asymptotically conical Gy struc-
tures, as well as the fact that their rates are —4, —4, and —3, respectively,
can be found in Bryant—Salamon [7], and also in Atiyah—-Witten [2]. We will
not have need for these explicit formulas.

3.3. Conically singular (CS) G2 manifolds

Let M be a compact, connected topological space, and let z1,...,x, be a
finite set of isolated points in M. Assume that M = M\{x1,...,2,} is a
smooth noncompact 7-dimensional manifold that we will call the smooth
part of M and {z1,...,x,} will be called the singular points of M.

Definition 3.24. The space M is called a Gy manifold with isolated conical
singularities, with cones C4,...,C, at z1,...,z, and rates vy, ..., v,, where
each v; > 0, if all of the following holds:

e The smooth part M is a Gg manifold with torsion-free Go structure
i and metric g,,.

e There are Gy cones (Cj, ¢c,, gc,) with links ¥; for i =1,...,n.

e There is a compact subset K C M such that M\ K is a union of open
sets S1,...,S, whose closures S1,...,S5, in M are all disjoint in M.
There is an € € (0,1), and for each i =1,...,n, there is a map h; :
(0,e) x X; — M that is a diffeomorphism of (0,e) x X; onto S;.

e The pullback h}(p,) is a torsion-free Gy structure on the subset
(0,e) x X; of C;. We require that this approach the torsion-free Go
structure ¢, in a C* sense, with rate v; > 0. This means that

(66) ’Vgl(h;‘(ﬁpzw) — ¥c,) go; — O(Tyiij) Vj>0

in (0,e) x ¥;. Note that all norms and derivatives are computed using
the cone metric g. . It follows immediately from and Taylor’s
theorem that the metric on M is asymptotic to the cone metric at the
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same rate:

|Vgl(h: (9r) — gc,i) gc, = o(r”=7) Vi >0

It is clear that a CS Go manifold of rate 1 is also a CS Gy manifold for all
v < vg. We also note that M is the closure of M in M. We will often abbre-
viate the phrase “compact G2 manifold with isolated conical singularities”
as conically singular or CS G2 manifold.

There are at present still no examples of conically singular Go manifolds,
although they are expected to exist in abundance. The main theorem in [24]
can be interpreted as evidence for the likelihood of their existence, in the
sense that they should arise as “boundary points” of the moduli space of
smooth compact Go manifolds. Moreover, the discussion in Section [6.5] of
the present paper, which is a corollary of our main theorem, can also be
interpreted as saying that CS Gy manifolds should in fact make up a large
part of the boundary of the moduli space of smooth compact Gy manifolds.
The first author, in collaboration with Dominic Joyce, has a new construc-
tion of compact Ga manifolds [20] that may be generalizable to produce the
first examples of compact Go manifolds with isolated conical singularities,
which would all be modeled on the cone over the nearly Kihler CP3.

4. Analysis on G5 conifolds

In this section we collect a plethora of analytic results, some general and
some specific to Gy conifolds. We begin in Sections and by summa-
rizing the essential aspects of the Lockhart—-McOwen theory for AC and CS
manifolds that we will require. This theory originally appeared in Lockhart—
McOwen [29] and Lockhart [30]. A very detailed exposition can also be
found in Marshall [37]. Then in Section we use this theory to establish
Hodge-theoretic results for weighted Sobolev spaces of forms. These are all
combined in Section [4.4] to establish a special index change theorem for an
operator ® that plays the key role in our deformation theory. In Section [4.5]
we consider some topological results on Gg conifolds. These are important
ingredients in computing the (virtual) dimension of the moduli spaces later.
Finally, in Sections and [£.8 we discuss parallel tensors, gauge-fixing
conditions, and some vanishing results particular to Gy conifolds that will
be needed to prove our main theorem in Section [f]
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4.1. Weighted Banach spaces on conifolds

The essential idea is the following. By introducing appropriately weighted
Banach spaces of sections of vector bundles over an AC manifold or over the
smooth, noncompact part of a CS manifold, one generically obtains a nice
Fredholm theory for an elliptic operator P : V' — W such as the Laplacian or
the Dirac operator. Basically, as long as we stay away from certain “critical
rates”, which form a discrete set, these operators will be Fredholm and we
can write W = im(P) & C for some finite-dimensional complement C' which
is isomorphic to ker(P*). The precise details are explained below.

We will mostly use this theory for weighted Sobolev spaces. However,
it applies equally well to weighted Hoélder spaces, and we will require the
relations between these spaces (the Sobolev embedding theorems) in order to
deal with some regularity issues, in particular to ensure that the sections
are at least twice continuously differentiable.

Throughout this section, we use M to denote a Go conifold, which is
either an asymptotically conical (AC) Gg manifold, as in Definition
or the smooth part of a conically singular (CS) G2 manifold, as in Defini-
tion Many, but not all, of the results are valid for any Riemannian
conifold, although the results are always stated in the particular dimension
7 for convenience.

The analytic results for AC manifolds hold equally well for CS mani-
folds with minor differences. The most significant difference is that all the
inequalities involving rates must be reversed, since the noncompact ends
correspond to r — 0 instead of r — oco. Also, on a CS manifold we can have
n ends as opposed to just one.

In order to be able to define sensible “weighted” Banach spaces on M,
we need the concept of a radius function.

Definition 4.1. A radius function o is a smooth function on M satisfying
the following conditions.

e AC case: On the compact subset L of M, we define p=1. If x =
h(r,p) for some r € (2R, 00) and p € ¥, then set p(x) = r. In the region
h((R,2R) x ¥), the function p is defined by interpolating smoothly
between its definition near infinity and its definition in the compact
subset L, in a decreasing fashion.

e CS case: On the compact subset K = M\ U, S;, we define o = 1.
If x = hi(r,p) for some r € (0, %5) and p € X;, then set go(xz) =r. In
the regions h;((3¢€,€) x %;), the function g is defined by interpolating
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smoothly between its definitions near the singularities and its defini-
tion in the compact subset K, in an increasing fashion.

We can now define the weighted Sobolev spaces on M. Let F be a vector
bundle over M with a fibrewise metric. In all instances in this paper, E will
either be the bundle A¥(T*M) of k-forms on M, or the space of all forms
A(T*M) = @2:0 A¥(T*M) on M, or the spinor bundle $(M) over M,
described in Section [2.2] The fibrewise metric in all these cases is naturally
induced from the Riemannian metric on M, and the Levi-Civita connection
V. naturally induces a connection on E which we continue to denote by V,,.

We want to define the weighted Sobolev space of sections of FE with rate A.
In the AC case, we let A € R. In the CS case, we let A = (A1,...,\,) € R™.
We can add such n-tuples and multiply them by real numbers using the
vector space structure of R™. We also define A+ j = (A +7,...,\, + j) for
any j € R, and we say that A > X if \; > X} for all i =1,...,n. Finally
we define o* to equal o™ on h;((0,e) x ¥;) and to equal 1 on the compact
subset K. Then ¢ is a smooth function on M which equals 7* on the
neighbourhood £;((0, 3¢) x %;) of the singular point ;.

Definition 4.2. Let [ >0, p> 1, and let A be as above. We define the
weighted Sobolev space LY, (E) of sections of E over M as follows. Consider
the space C(E) of smooth compactly supported sections of E. For such
sections the quantity

P

l
Aiwedi (P —
(67) Iz, = |3 [ 107 %inl, o vl
j=0"M

is clearly finite, and is a norm. We define the Banach space L7, (E) to be
the completion of C(F) with respect to this norm.

Remark 4.3. We make a few important remarks about this definition.

(a) As a topological vector space, L} ,(E) is independent of the choice of
radius function p, and any two such choices lead to equivalent norms.

(b) We clearly have Ly, (E) C L], (E) if A < X in the AC case or if A > X’
in the CS case.

(c) An element « in L7, (E) can be intuitively thought of as a section of E
that is [ times weakly differentiable such that near each end, the tensor
V7,7 is growing at most like 7277,
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(d) The space LﬁA(E) is a Hilbert space, with inner product coming from
the polarization of the norm in @ Because of the factor p~7 in ,
we have

12 .(B) = IX(E),

2

where L?(E) is the usual space of L? sections of E. Here and henceforth
it is understood that in the CS case £ denotes the ‘constant’ n-tuple

2
(Z,....50).

Remark 4.4. We will almost always just take p =2 in this paper. The
only time we will need to consider p # 2 is in Lemma which uses the
general Sobolev embedding Theorem [4.6] below.

The following proposition about dual spaces is easy to see from Defini-
tion

Proposition 4.5. There is a Banach space isomorphism

(Loa(E)" = L§ _s_7(B),
given by the L? inner product pairing.

We will likewise have need of the analogous weighted Holder spaces.
Their definition is a bit more involved. See, for example [31, [37] for the
precise definition. However, all that we will require from the weighted Holder
spaces is that elements in them have some degree of differentiability with
control on their growth rate on the ends, and that these spaces are related to
the weighted Sobolev spaces by the embedding theorems, which we will state
precisely. The embedding theorems are used implicitly in the sketch proof
of Theorem [4.10] below to explain why elements in the kernel of a uniformly
elliptic operator are in fact C'*°.

Let m >0 and « € (0,1). Then the weighted Holder space Cy"“(E) is
a Banach space of sections of E, whose elements have m continuous deriva-
tives.

Theorem 4.6 (Weighted Sobolev embedding theorem). Letl,m >0
and let o € (0,1).

o Ifl>m,l— % >m— g, and p < q, then there is a continuous embed-
ding
Lf)\(E) — Lfm/\(E).
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o Ifl— % > m + «, then there is a continuous embedding
Lﬁ/\(E) — C\"(E).

Proof. See Marshall [37, Theorem 4.17] for a proof. We have only stated
some special cases, which are all that we will require. [l

Corollary 4.7. Ifl > 6, then any section v € LZQ/\(E) 1s twice continuously
differentiable.

Proof. This follows immediately from Theorem by taking m = 2. U

We will always assume that [ > 6 without explicit mention, so that in par-
ticular any second order differential operators on such sections are unam-
biguously defined.

4.2. Fredholm and elliptic operators on conifolds

Many standard facts will be stated without proof in this section. The reader
can consult [29, [30} [37] for details. To make some of the equations easier to
read, we will often use the following shorthand notation:

QF \ = LiA(A*(T" M),
Oy = L\(AF(T*M)),  0<k<T,
Bix = LiA(8(M)).

We will be interested in the following three differential operators:

(68) (d+dy)iein: Qo — U
(69) (Au)is2n : Yoy = s,
(70) Do)is1n: Brian = B

They are defined by extending the operators d +d*,, A,,, and I),, from
smooth compactly supported sections to the Sobolev spaces. Note that the
Laplacian A,, preserves the degree k of forms, so strictly speaking we should
include the degree k as an extra label on the left hand side of (69)), but we
will not do this, to avoid the proliferation of notation. We will let r denote
the order of the differential operator, which is 1, 2, and 1, respectively, in
these three cases. Using the symbol P to denote one of these operators, and
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FE to denote the vector bundle on which it acts, the above three operators
can all be written as

(71) Prira: L12+7',/\(E) — LIZ,)\fr(E)'

In fact, we will also be interested in the modified Dirac operator Ip,, defined
in Section as well as in the restriction of d + d7, to the space Qﬁ_l,)\ of
k-forms, which we will denote simply by (QM)ECH, - That is,

(72) OF = (d+d5,)|on-

It is a standard fact that the operators d + dj,, A,,, and ID,, are elliptic, and
in Propositionwe proved that Ip,, is also elliptic. In fact these operators
are also all uniformly elliptic in the sense that near infinity, they approach
the elliptic operators d + d¥, A, D, and I, on the cone C, respectively.
See Marshall [37, Chapter 4] for the precise definition of uniform ellipticity in
this context. We note here that the operator ”D'Ifd, being the restriction of d +
d?, to the space of k-forms, is not elliptic, but for suitable rates A and suitably
redefined codomain, it will be Fredholm. This is discussed in Section [£.4]

The following result is an elliptic reqularity statement for uniformly elliptic
operators.

Theorem 4.8. Let P be a uniformly elliptic operator. Suppose that v and v
are both locally integrable sections of E/, and that v is a weak solution of the
equation P(y) =wv. If v € Lgy/\(E) and v € Lz)\_r(E), then ~ € Ll2+r,)\(E)7
and 7y is a strong solution of P(vy) = v. Furthermore, we have

(73) Mgz, <€ (1POgz, +1lz,)

for some constant C' > 0 independent of ~v. That is, v has at least r more
derivatives worth of reqularity than v = P(7y).

We will need to use some results about the kernels and indices of lin-
ear operators. To this end we must first define the critical rates for these
operators, which depend on the geometry of the links of the cones on each
end.

Definition 4.9. Let C be a Gy cone. Let P, be one of the operators d + d7,,
Ao, Do, D, or DX acting on sections of some vector bundle E over C. The
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set Dp, of critical rates of the operator P. on sections of E is defined as
follows:

(74) Dp, = {\ € R; 3 a nonzero section v of E,
homogeneous of order A, with P.(y) = 0}.

(In the general theory of elliptic operators on C' one has to allow complex
values for the critical rates, but since the operators we consider here are for-
mally self-adjoint, or the restrictions thereof, the critical rates are necessarily
real in this setting.)

The definition of ‘homogeneous of order A\’ for a k-form on a cone was
given in Definition If v is a mixed degree form or a spinor in $(C) (which
from Section consists of a function and a 1-form), homogeneous means
that each graded component is homogeneous. The set Dp, is a countable,
discrete subset of R, and has finite intersection with any closed bounded
interval of R.

In the AC case arate A € R is a critical rate of P if it is a critical rate of
the corresponding operator P, on its asymptotic cone C. In the CS case we
have n ends which are modeled on cones, and a rate A = (Ag,--- ,\,) € R"
will be a critical rate for P if any of its components A; lie in the corresponding
critical set Dp,, for the cone C;. We say that the “interval” [A, X' does not
contain any critical rates for P on M if each interval [A;, \]] contains no
critical rates for P on the cone C;.

Theorem 4.10. The kernel of P4,y is independent of l. Hence we can de-
note it unambigiously as ker(P)y. This kernel is also invariant as we change
the rate A, as long as we do not hit any critical rates. That is, if the interval
[A, N] is contained in the complement of Dp, then

ker(P)y = ker(P)y.

Proof. The invariance of the kernel of P in the absence of critical rates is
explained in [29] 30]. We present a sketch of the proof of the independence
on [. The Sobolev embedding Theorem says that for large enough I,
we can embed the Sobolev space LiA(E) into an appropriate Hélder space
Cy"“(E) having m continuous derivatives. It follows from this theorem and
the elliptic regularity of Theorem [4.8] that elements in the kernel of P are
smooth, and the independence of the kernels on [ follows from this. O

Recall that a linear map between Banach spaces is called Fredholm if it
has closed image, finite-dimensional kernel, and finite-dimensional cokernel.
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The main significance of the critical rates Dp is that they are related to the
rates A for which the operator P4, ) of equation is Fredholm, by the
following theorem.

Theorem 4.11. The map Py, : LZZM’)\(E) — Lz2,,\—r(E) is Fredholm if

and only if X ¢ Dp, where the set of critical rates Dp is as given in Defini-

tion[{.9
Now consider the formal adjoint of the map
Py Ll2+r,>\(E) - LIQ,,\—T(E)-
By Proposition the formal adjoint is a map

(75) Prtz—l—r,—?-i—r—)\ : L371+T,—7+7"—>\(E) - L%n,—?—)\(E)’

where [, m > 0.

Remark 4.12. Here we are being slightly sloppy, in the following sense.
Technically, we really have (le,)\)* = L2—l,— y_7,» but we would like to avoid
having to consider the meaning of Ll% ) for I < 0. Fortunately, we will only
ever be interested in the kernel of the formal adjoint P* on spaces of the
form Lg1 +rx» Which by Theorem is independent of m, so it is safe to
assume that m > 0.

The next result is the version of the ‘Fredholm Alternative’ for conifolds.

Theorem 4.13. Suppose that X is not in Dp, so that by Theorem[[.11], the
map

Priry: L \(B) = L . (E)
1s Fredholm, and also uniformly elliptic. Then:

(a) We can choose a finite-dimensional subspace Wx_, of L?, _ (E) such
that

(76) LZQ,/\fT (E) = P(Ll2+r,)\(E)) & Wi,
such that

(77) W)\,r = ker(P*),pr,«,)\.
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(b) Furthermore, if ker(P*)_74,_x lies in LiA_T(E), then we can take
Wi = ker(P*) _71,_».

By Remark; (b), this happens whenever \ > —% +r in the AC case,
and whenever A < f% + r in the CS case.

Remark 4.14. Equation is a consequence of general Banach space
theory and Proposition [£.5], since whenever a subspace W of a Banach space
V is closed, any direct complement of it will be isomorphic to its annihilator
in the dual space.

Remark 4.15. Because of Remark (b) and equation we see that
ker(P), and coker(P), are always finite-dimensional, even if A is a critical
rate. Thus the failure of P to be Fredholm at a critical rate is due only to
im(P) not being closed.

As we will be using both the Fredholm theory of A,, and that of d + d7,,
we will need to know how elements in the kernels of these two operators
are related. In particular, a k-form which is closed and coclosed is always
harmonic, but the converse will only be true for certain rates. Also, when
a mixed degree form v = ZZ:O v, is closed and coclosed, it will not always
be the case that each graded component 44 is independently closed and
coclosed. Before presenting this result, we give a proof of “integration by
parts” for weighted spaces.

Lemma 4.16. Leta € Qf;l and B € Qfﬂ,#' IfA+p<—6 (AC)or X+ p >
—6 (CS), then we have

({da, B)) = ((a, d, ).

Proof. We give the proof in the AC case. The CS case is identical except
that there are n ends instead of just one, and ¢ — 0 on each end instead of
0 — oo. Let Mg = {x € M;o(z) < R}, and observe that 9(Mg) = {R} x X.
Hence, by Stokes’s Theorem and the fact that da A *,08 — a A *,d%, 3 =
d(a A *,,3), we find

/MR<doz,ﬂ>vo|M - /MR (o, dy,B)vol,, = /{R}Xz(a A%y, [3).

The proof will be complete if we can establish that the integral on the right
hand side above goes to zero as R — 0o. But since |a| < CR» and || < CR*
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on the end, we have

/ (a A xB)
{R}x3%

This goes to zero as R — oo since A + p < —6. O

< / | A *,, Blvoly, < CRMNTHHE,
{R}xX

Proposition 4.17. Lety = ZZ:O Vi € U1 5, where each i € Qﬁ_l’/\, and
suppose (d+d%,)y =0. If X < =3 (AC) or A > =3 (CS), then in fact (d +
d* )y =0 for each k.

Proof. Decomposing the equation (d+ d7,)y =0 into graded components,
we have
dvg—1 = —d\ V11,

where y_1 = 153 = 0. Since v, € 7, and dvy, € €} ; ,_;, the hypothesis on
A and Lemma then give

ldvill* = ({d, dye)) = —({dme, diyyis2)) = — (v, iyt mr2)) = 0,
and hence dv, = d}, i, = 0 for all k. O

Corollary 4.18. Suppose thaty € Q;:_Q,A and that A,y = 0. Then we have:
(78)
For k=0,7, if \<0 (AC) or A\ > =5 (CS), then d},y¥ =0 and dy = 0.

(79)
Fork=1,6, if \<—1 (AC) or A > —4 (CS), then d;,v =0 and dy = 0.

(80)
For k=2,5, if \< =2 (AC) or A > =3 (CS), then d;,y =0 and dy = 0.

Proof. In the AC setting, by Proposition [3.8 we see that in all three cases, as
we decrease A there are no critical rates until at the earliest A = —3. So by
Theorem in all three cases we can say that v actually lies in ker(A,,),
for some p < —%. In particular we conclude that dv and d},v are both in
Ql.+1,u71' Then using Lemma we find

0= ((Awv,7)) = ({ddyy + dydy, 7)) = [ldy ]| + ldy AP,

so d¥,y =0 and dvy = 0.
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In the CS setting, by Proposition [3.8] we see that in all three cases, as
we increase each \; there are no critical rates until at the earliest \; = —2.
Therefore by Theorem [4.10} in all three cases we can say that wy actually
lies in ker(A,,), for some y > —2. The claims now follow just as in the AC
case. O

Recall that the indez of a Fredholm operator P is given by ind(P) =
dim(ker P) — dim(ker P*). In order to compute the dimension of the moduli
space, we will need to understand how the index of P changes as we cross a
critical rate. To this end we require the following definition. Let P, denote
the operator corresponding to P on the cone.

Definition 4.19. Let C be a Ga cone. For A € R, we define the space
K(N\)p. to be
(81)

IC()\)PC :{ Y ijo(ogr) vj; such that P,y = 0, where }

each 7y; is a section of E that is homogeneous of order A

That is, () p, consists of the sections of E over C' in the kernel of P., that
are polynomials in logr whose coefficients are sections of E over C' that are
homogeneous of order . These spaces are all finite-dimensional. This follows
from the ellipticity of P. and is discussed in [29].

The importance of the IC(\)p, spaces is that their dimensions tell us
how the index of P changes when we cross a critical rate. The following
crucial result appears in general in Lockhart—-McOwen [29] §8], and can also
be found explicitly for AC manifolds in |31}, §6.3.2].

Theorem 4.20. Letv < p be two noncritical rates for P. By Theorem[{.11]
the maps

Py Ll2+r,1/(E) - Liufr(E)
and

Prory: Ly (E) = L, (E)

are both Fredholm. The difference in their indices is given by

(82) ind(Pry) —ind(Py) = Y dimK(A)p,. (AC)
AeDp,N(v,u)

(83) ind(Pryy) —ind(Pryry)==> > dimKQX)p,. (CS)

=1 )\GDPCi (Vi)
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That is, the index of P jumps precisely by the dimension of the space K(\)p.
as we cross each critical rate in the interval (v, u). This sum is finite because
the set Dp, of critical rates has only finitely many points in any bounded
interval.

Let K(A)p,, be as in Definition The following result can be deduced
from the Lockhart—-McOwen theory, and appeared in a less general form
in [24, Proposition 4.27].

Proposition 4.21. Let (M,¢) be a Gy conifold of rate v. Suppose that
B1, B2 are two noncritical rates for P, and that f1 > By (AC) or 51 < Po
(CS). Suppose there exists a single critical rate for P between 1 and Pa. This
means that for at least one end of the manifold indexed by i € {1,...,n},
there is a critical rate Mg for P; on the cone C; between [y and (2. Let

’Fﬁl - {7 € Ll2+7“,51(E) : P7 € le,ﬁzfr(F)}

(In particular, if v € Fp, then Py decays faster than expected.) Then there
are linear maps

v:Fg = K(Xo)p,, and 9 :K(Xo)p, — Ll2+r7/\0+u(E i end of M)

such that, on the i end of M, we have

(84) v hz_l(v(ﬁy)) - 0(“(’7)) € Ll2+r,ﬁz(E|i‘h end of M)
for all v € Fp,.

Proposition [4.21] yields an immediate useful corollary describing how the
kernel changes when crossing a critical rate.

Corollary 4.22. Consider the setup of Proposition [{.21 There exists a
linear map

n: IC()‘O)Pci — Ll2+r,)\o+u(E|i”L end of M)

such that for all v, € ker(P)g,, there exists o € ker(P)g, such that, on the
it end of M, we have

(85) 1 —h;(v(n)) = n(v(n)) =12 € ker(P)g,.

Note that the term ~ys, which is in the kernel of P with noncritical rate Bo,
decays faster on the end.
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Proof. If y1 € ker(P)s, then on the i*® end of M we have

Y=~ hi_l(U(’Yl>) - 19(“(’}’1)) S Ll2+r,ﬁ2(E’ith end of M)

for linear maps v and ¥ as described in Proposition The issue is that
P#, is not necessarily zero. We know that ker(P)gs, is finite-dimensional, so

jﬁ2 = {72’1'“‘ end of M * V2 € ker(P)ﬁz} - L12+T,62(E|ith end of M)

is a finite-dimensional subspace and therefore has a direct complement jﬂ’Q.
Let m and 7’ be the projection maps onto Jp, and jﬁlz’ respectively. Then
there is 72 € ker(P)g, such that on the i'" end of M we have

Yo = 7r(’~72) =72 — W,(:ﬁ)
1 17 (o) — ((el) + 7))
=y —h; (v(n)) — 7' (),

where
7' (1) = 9(v(n)) + 7' (11— b (v(n)) = I(v(n))).

We see that n/(v1) is linear in ~; since v, ¥, and 7’ are all linear maps.
Moreover, if v(y1) =0, we have Pj2 = Py =0, so 7/(y1) = 0. Hence, 7/
only depends on v(v;), and thus we can define n(v(y1)) =7'(v1) and the
proof is complete. O

Remark 4.23. Recall Theorem says that the kernel will only change
as we cross a critical rate. The essential content of Corollary is that,
when the kernel does indeed change as we cross a critical rate )\, any section
which is added or removed from the kernel must be asymptotic at the 7!
end to an element of K(\)p,, -

We can now deduce a further corollary to Proposition which will be
crucial for understanding the change in index as we cross a critical rate.

Corollary 4.24. Consider the setup of Proposition [{.21] and suppose fur-
ther that |B2 — o| < |v|. Let xi be a smooth cutoff function on M which is 1
on the i™ end and 0 on all other ends, so that XiK(Xo)p., can be viewed as
a subspace of Ll2+7‘,ﬁl<E)' Define the map P to be the restriction of P to the



Deformation theory of Gy conifolds 1111

subspace Ll+rﬁ (E) + xi(Xo) P le—i—r,B (E). Then the two linear maps

(86) P L?Hﬁl (E) — L;{BI,T(F),
(87) P: Lla% (E) + xiK(Xo)pe, = L} g, (F)

satisfy ker(P) = ker(P) and coker(P) = coker(P).

Proof. We know that if v € (o) p. , then we can bound the rate of P(x;v)
by A9 — r. However, since Pc,(v) = 0 and P is asymptotic to P¢,, we see that
P(x;v) has a bound on its rate by A\g + v — r. The assumption |Fz — Ao| < |V
then ensures that P(x;v) € L7 5, (F), sO P indeed maps into the space
claimed. The assumption |8 — )\o| < |v| also guarantees that L? oty ©
L}, 5, The fact that ker(P) = ker(P) then follows immediately from Corol-
lary

Consider the natural linear map = : coker(P) — coker(P). Let B de-
note the closure in L%,Bz—r(F) of the subspace P(LZQ_Hﬁ (E) + xiK(Ao) P, )-
Since the restriction of ]5 to Ll2+r752(E) is Fredholm, the quotient space
given by L7 y—r(F) /P(L} '\ rp,(£)) is finite-dimensional. It follows that the
quotient Llj,ﬂr (F)/B is also finite-dimensional. Because L? 5, (F) s a
dense subspace of Llﬂl_ (F), we deduce that Ll762_ (F)/B is dense in
Ll2 B _,(F)/B, and since the first space is finite-dimensional, the two spaces
are equal. Hence coker(P) = L2 _(F) /B L2 . (F)/B.1t is now evident
that 7 : L? 5, _r(F)/B — L? 5 77“( )/P( i'r g, (E)) = coker(P) is surjective.
Suppose [£] € kerm. Then & = P(vy) for some v € Ll+r61(E)' This means
that « lies in .7-"51, in the notation of Proposition and thus we have
that ~ lies in Ll+r6 (E) + xiK(Xo)p., - We deduce that [€] = 0 and hence 7
is injective and thus an isomorphism. O

Remark 4.25. The reader should observe that the index change formula
in Theorem actually follows from Corollary

Definition 4.26. Let 0 < k < 7. We define the space H§ to be the space
of closed and coclosed k-forms of rate A on the ends. Explicitly, we have

HY ={v € Yyidy=0,d;,y =0}

This definition makes sense for any I > 0, since H} is a subspace of ker(d +
d;,)» where d +d}, is acting on €2} '»» and thus by Theorem and Re-
mark - 5[ the space 7—[ is 1ndependent of [ and finite- d1mens1onal
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Given a form v € QF, its pure-type components are the components in
the decompositions and into Go representations.

Lemma 4.27. Suppose that A < —3 (AC) or A > —3 (CS). Then the pure-
type components of an element v in /H’f\ are each closed and coclosed.

Proof. An element ~ of ’H'f\ is closed and coclosed, hence harmonic. By Re-
mark the projections onto the pure-type forms commute with the Lapla-
cian, and thus the pure-type components of v are each harmonic. Then it
follows from Corollary [£.1§] that the pure-type components of v are each
closed and coclosed. ([l

For any 0 < k£ < 7, the space Hlf\ is always a subspace of ker(d + d%,)x.
Consider varying the rate A in the direction in which the space ”H'f\ potentially
gets larger. If new elements are added to H’f\, then new elements are added
to ker(d + d%,)x, and thus this can only happen when we cross a rate Ao
which is critical for d 4 df,. The next lemma says that new elements are
added to 7—[’/{ only when there exist closed and coclosed k-forms of rate \g
on the asymptotic cones.

Lemma 4.28. Let Ay be a critical rate for d+ d%,. For € > 0 define

W et o) W[ o),
T - (C8), T lXote  (CS)

Thus in either case Ay is a slower rate of decay and A_ s a faster rate
of decay on the ends. Further choose € small enough so that 2e = |\y —
A_| < |v|, where v is the rate of the Ga conifold, and such that the interval
(Ao — &, A0 +¢€) contains no other critical rates for d+df,. Let vy € H§+.
From equation (85) we know that there exist elements v € K(Xo)dtdz » 1 €

Ll2+7‘,)\o+l/(E i end of M)s and y— € ker(d +dj)x_ such that, on the ith end,

vi = () () = = 7 € ker(d+ djp) -
Then the form v is a closed and coclosed k-form on the cone C;.

Proof. We give the proof in the AC case. The CS case is identical with the
inequalities reversed. Since there is only one end, we drop the index . Let
Y+ € ’H’L. Let vy, and 7, denote the degree m components of v and 7, for
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m # k. Since 7y is a pure degree k-form, we find that
(™5 (V) + 1 i at most O(o™),

and 7,, is at most O(o™ 7). Our hypothesis that A, +v < A_ then allows
us to conclude that vy, is at most O(o*-). However, because the form v lies
in K(Xo)d+dz,, we know in fact that if vy, # 0 then it is at least O(o™), and
Ao > A_. Thus we must have v,,, = 0 for all m # k. Since v € K(Ao)qtaz, we
conclude that v is a closed and coclosed k-form on the cone C. O

Corollary 4.29. Let 0 <k <7. Let A\, be two noncritical rates for d +
dz,. If there are no closed and coclosed homogeneous k-forms on the asymp-
totic cones of M of any rates between \ and u, then HY = ’Hﬁ In particular,
we have

(88) HY =HE

if A, € (—4,-3).

Proof. We observe first that Lemma together with Corollary and
Lemma says that the space ”H'f\ will only change when we cross a
rate Ag for which there exists a homogeneous closed and coclosed k-form of
rate Ag on some asymptotic cone C; of M. This proves the first statement.
Equation now follows from Proposition which says that there are no
nontrivial homogeneous closed and coclosed k-forms of any rate in (—4, —3)
for any Gg cone C. O

4.3. Hodge theoretic results for k-forms

In this section we derive Hodge theoretic results for Go conifolds. Several
of these results are used later in Section [l While we do not need the full
strength of all of these results in the present paper, we nevertheless attempt
to give a comprehensive treatment for the sake of future applications.

In order to avoid the proliferation of too much notation, from now on
all the M subscripts will be dropped. It will be understood that the Hodge
star operator *, the covariant derivative V, the Hodge Laplacian A, the
coderivative d*, the projection maps 7, and the maps L, and @, defined
in Lemma [2.5 will all be taken with respect to a fixed Gg structure ¢ = ¢,,
on M. Furthermore, we often have to deal with sections of a vector bundle
FE that are smooth, but have particular growth on the ends. Therefore we
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use the following notation:
CX(E) = {y € CX(E); [V/s| = 0(e*7) Vj > 0}.

In this section we use Fredholm theory of the operator d + d* to deter-
mine Hodge theoretic results for the spaces of k-forms with specified rates
of decay on the ends. These results are used repeatedly throughout the se-
quel. Recall from Definition that 7—[’/{ is the space of closed and coclosed
k-forms of rate A on the ends.

Lemma 4.30. Suppose A + 1 is a noncritical rate for d+ d*. Then

A ) + Q) SO

is a closed subspace of finite codimension.
Proof. Since A + 1 is noncritical, by Theorem we know that
(d+d")( Q1 a+1) S

is a closed subspace of finite codimension. Since

(d+d) (11 a+1) S A1 at1) T (41 041)5

we see that the latter space must also have finite codimension in €27 ,. There-
fore,

d(QfJ:ll,Hl) + d*(Qﬁ_ll,)\+1) < Qﬁk

has finite codimension. However, the former space is the image of the con-
tinuous map («a, ) — da + d* from the Banach space Q;‘:ll)\ﬂ @ Qﬁ'llAH
to the Banach space Qg‘i , and hence by [28, Chapter XV, Corollary 1.8] it is

closed. 0

We will see in Section [5] that several of the ingredients in the proof of
our main theorem have two distinct flavours, depending on which of the
following two situations we are considering:

e In the L? setting (when v < —% in the AC case or when v > —% in
the CS case), many of the analytic arguments are simple, but this is

precisely the regime in which obstructions occur.

e In the complementary regime (when v > —% in the AC case or when
V< —% in the CS case), we are not in L?, and because of this most
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of the analytic arguments are more delicate. For example, we need
the surjectivity of the Dirac operator to prove our infinitesimal slice
theorem. However, this regime has the nice feature of having an unob-
structed deformation theory.

The Hodge theory results we establish are slightly different for these two
settings, so we state and prove them separately.

We begin with the L? setting. Recall that Qf)\ = ngv)\(Ak’(T*M)) is a
Hilbert space.

Proposition 4.31. Suppose A + 1 is noncritical for d + d*. Let 0 < k < 7.
In the L? setting (when \ < —% for the AC case or when A > —% for the CS
case), there exists a decomposition

(89) Qi,\ = d(Qﬁ:ﬁ,\H) ® d*(QﬁrﬁAH) O HY @ VVZIT)\'

Here Wlk)\ s a finite-dimensional space. Moreover, the spaces d(Qk*1 ),

I+1,2+1
d*(ijﬁ/\H), and H’f\ are L?-orthogonal to each other, and VVlk/\ can be de-
fined as the Ll%)\ orthogonal complement of d(Qf_:l{AH) ® d*(ijﬁ)\H) o HE.

Proof. Since we are in L?, integration by parts is valid so if v € ”Hlf\ we have
that

({da,d"B)) 1> = ((da, 7)) 12 = ((d"0,7)) 12 = 0.

Thus the spaces d(Qf;ll)\H), d*(ijll)\H), and H% are L2-orthogonal to each

other. By Lemma, we know that

d(Qﬁ:ll,/\H) b d*(Qﬁ_ll,)\Jrl) ® H5

is a closed subspace of Qf ,, of finite codimension. Hence a finite dimensional
complement W/f)\ exists. Since Qf y is a Hilbert space, we know that the
orthogonal complement of a closed subspace with respect to the Hilbert
space inner product is a direct complement, so we can uniquely define VVlkA
as claimed. O

Corollary 4.32. Consider the setup of Proposition [{.31 The dimension
of the space T/Vlk)\ s given by

(90) dim Wf, = dimH";_, — dim H}.

In particular, the dimension of T/Vlk/\ 1s independent of [ > 0.
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Proof. By Remark m since the subspace d(Qﬁ:ﬁ,\ L)@ d*(Qﬁ‘:ﬁA 41) of
Qf’A is closed, any direct complement of it will be isomorphic to its an-
nihilator in the dual space. It is trivial to see that this annihilator is the
space H*¥ 7_y of closed and coclosed forms of the dual rate —7 — X, us-
ing the fact that the dual space of Qf \ s Ok LT and Remark
Thus dim(?—[’f\ @ Wllf)\) = dim H* 7_» and hence equation follows im-

mediately. [l

The next result is the analogue to Proposition for the non-L? set-
ting.

Proposition 4.33. Suppose A + 1 is noncritical for d +d*. Let 0 < k < 7.
In the non-L? setting (when X\ > —% for the AC case or when \ < —% for

the CS case), there exists a decomposition

(91) O = Afy @ Bfy @ HE_y = A, @ M5,

where BY, is the intersection of H% with the Banach space d(Qé’:llA_H) +
d*(Qﬁl{)\H), and Af)\ s a topological complement of Bl]f)\ n d(Qﬁ:ll’)\H) +
d*(Qk'H ), and thus a closed subspace. Moreover, the intersection of Aﬁ)\,

1,241
the image of d, and the image of d* is zero.

Proof. We prove the AC case (A > —I). The CS case is identical with all
inequalities reversed. Note first that by Lemma we have that the
subspace al(QfJ:ll,A ) +Hd” (ijll ap1) 18 closed in Qf y- The argument from
the proof of Corollary applies here, so any topological complement
of d(Qf;ll’AH) +d* (Qﬁrﬁxﬂ) will be isomorphic to H*. ,. However, since
A > —% is equivalent to —7 — A < A, we see that Hljp)\ actually lies in Qf»\

and thus we can write
k k—1 * k+1 k
Qn= (d(Ql+1,)\+1> +d (Ql—:—l,M-l)) SHI

Let B;C,A be the intersection of H% with d(QfJ:ll’M_l) + d*(QﬁrﬁAH) and let
A;f » be a topological complement of the finite-dimensional space Bl’fA in the
Banach space d(QﬁfﬁAH) + d*(ijﬁ/\H). We thus have
k k k k
QU =A®BHLOHI, )

with ’H'f\ = Bﬁx @ Hlj7_/\. Finally, suppose n = da = d*§ in Af/\. Then 7 is
both closed and coclosed, and thus lies in H§ Since Af“A ﬂ’Hlf\ = {0}, we
have n = 0. O
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Remark 4.34. In fact, there is an “overlap region” A € (—4, —3) in which
both decompositions and agree. We show this in the AC case.
The CS case is identical with all inequalities reversed. If A € (—4, —%], then
—7T—-Xe€e [—%, —3), and hence Corollary and Corollary tell us that
I/Vl’f/\ = 0. Thus Proposition then says

k— * Yk
OFy = A ) @ d (L) © HS
Similarly, if A € (—%, —3), then =7 — \ € (—4, —%), and hence Corollary
and ”H'f\ = Bl’fA &b 7—[137_)\ tell us that Blk,/\ = 0. Therefore in this case Propo-
sition says Af,)\ = d(Qﬁﬁl,)\H) @ d*(QfJ—:ll,/\H)’ and

QiA - d(Qﬁ:ll,/\H) ® d*(Qﬁ-ll,)\Jrl) @ HY.

Since ’H§ is independent of A € (—4,—3), we have established that in the
interval (—4, —3) the two decompositions and are identical.

We are now ready for the main result of this section, which is a Hodge-
type decomposition for k-forms on Go conifolds.

Theorem 4.35. Let (M, ) be a Go conifold of rate v, and suppose that
v+ 1 is a noncritical rate for d+ d*. Let n € qu.
o In the L? setting (when v < —% for the AC case or when v > —% in
the CS case), we can express the k-form n, in a unique way, as

(92) n=da+d'f+k+7,

k—1 k+1 k .. k
where a € Ql+1,u+17 B e Ql+1,u+1’ K € Hy, and vy is in W[',,. Moreover,

if dn =0, then we can express 1 in a unique way as

(93) n=da+r+6

k—1

k
L1l B E Hy, and

where o € ()

SeUr ={d"B+v;BeQ, 1. veWE, ddB+7)=0}.

Moreover, UF is finite-dimensional and dim U¥ < dim Wlky.
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e In the non-L? setting (when v > —% for the AC case or when v < —%
in the CS case), we can express the k-form n, in a unique way, as

(94) n=da+dS+k,

where da + d* € Afu and r € HE. Moreover, if dn =0, then we can
actually write

(95) n=da+k
for some i € HE.

Finally, in the interval v € (—4,—3), both cases can be applied and they
agree.

Proof. Equations and immediately follow from Propositions m

and Now suppose dn = 0.
In the L? setting, Proposition says that we can write n uniquely as

n=da+d'f+K+~

for a € Qfgl{y+1, B e ij_ll,wrl’ k€ HE and vy € I/Vlky Since dn = 0 and da +
k is closed we see that d(d*S +v) = 0. Moreover, if dd*3 = dd*3 = —dy
then d*(3 — /') is closed and coclosed and thus lies in H%, which implies that
d* = d*3 since d*(ijl{VH) is L?-orthogonal to HX. Thus any v € Wl’fy
can be paired with at most one d*5 so that v+ d*8 is closed. We have

established .
In the non-L? setting corresponding to equation we get d(d*B) =0,
so & = d*B + k is both closed and coclosed, and thus lies in H¥, establish-

v
ing .

The fact that both cases agree for v € (—4, —3) is immediate from the
observations in Remark [£.34 O

4.4. The obstruction space and a special index-change theorem

In our study of the moduli space of Gy conifolds in Section [5] we will need
to consider the operator

(96) Dir = (d+dalgr Q= d(Q)) +d" ().

For simplicity we will often use the symbol ’}Df y to denote this map, which
is just (d + d*);n with domain restricted to Qf y and codomain restricted
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to d(Qf \) + d*(Qf y)- One of the principal results we will need is a refined
version of the “index-change” formula of Theorem [4.20] for the operator D3 A
defined in for k = 3. Note that Theorem [4.20] does not directly apply
to this operator @f’)\, because although (for generic rates \) we show in
Proposition that it is Fredholm, it is clearly not elliptic.

Definition 4.36. Let A = (A1,...,\,) € R™ be an n-tuple of rates, with
n = 1 in the AC case as usual. Suppose there exists a nontrivial closed and
coclosed k-form v; on the cone Cj, homogeneous of order A; for some i =
1,...,n. Then we say A is a critical rate for the operator

Dir = (d+dYialgy + Qi = d(Q) +d™ ()

on the conifold M. The critical rates for D* are thus a subset of the critical
rates for the operator d 4+ d* : Ql‘,/\ — Ql.—l,/\—l' From Lemma we know
that there are no logr terms for the operator d + d* on the cone, so we can
use the notation of Definition [4.19|to define the space K(A;)gr to be exactly
the space of such forms v;. Tha '

s,

K\i)or, = {7 e DANT*Cy)); dy =0, &,y =

(97)

~ is homogeneous of order )\i}.
Example 4.37. Consider the operator @? y on the AC Gy manifolds of
Bryant—Salamon discussed in Example By Remark [3.18] we see that
A = —3 is a critical rate for D} 7 if and only if b?(X) is nonzero, which by ([39)
occurs only for $(53). Slmllarly, A= —4 is a cr1t1cal rate for D3 1) if and only
if b2(¥) = b*(X) is nonzero, which by (39) occurs only for A2 (CP?) and
A2 (S%). Hence, in all three cases the rate v of convergence at infinity to the
asymptotic cone is a critical rate for @i A

The next lemma shows that elements in the space ()4 5 correspond
to solutions to a certain system of eigenvalue equations on the hnk >; of the
cone C;.

Lemma 4.38. Let v = r*dr A ag_1 + 7%ay) be a k-form on the cone
C = (0,00) x ¥, homogeneous of order \, where ax_1 € Q*1(X) and oy, €
QF(X). Then (d+d%)y = 0 if and only if

dz:ak—l — ()‘ + ]C)O[k, d):ak‘ - 07

(98) . .
diag_1 =0, diay, = ()\ —k+ 7)04]6,1.
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Proof. This is immediate from . O

We now proceed to discuss the obstruction space Of ) for our deformation
problem. To simplify notation, we define the linear spaces

Y =d(Q},) +d* (),

(%9) Vo= (d+d)©f,).

Clearly we have Yy C ). We will show that both )y and ) are Banach spaces,
and that there exists a finite-dimensional space Ol’c ysuch that Y = Yy © (9{‘3 \-

Lemma 4.39. In the AC case when A > —4, or in the CS case when \ <
—3, we have Y = Yy, so we can take Olkj)\ = {0}.

Proof. We need to show that d(QﬁA) + d*(QfA) C (d+ d*)(QfA) Let 0,7 €
Qf \- By Remark for such A we can apply the decomposition to

o — 7. Hence we can write 0 — 7 = k + da + d* 8 where in particular xk € ”Hl)’f
But then we find that

do+d't=(d+d)+doc—7)=(d+d)r+d(da+ d*B + k)
= ([d+d)7+d(d"B) = (d+d") (7 + d"B),

which is what we wanted to show. |

Lemma 4.40. In the L? setting (when X\ < —% i the AC case or when

A> —% in the CS case), there exists a finite-dimensional subspace (9{5\ of

the space Qf)\ such that the space Y is the vector space sum of the subspaces
N

Yo and d*(Of)\). That is, we have
(100) Y = Yo +d*(Of).

Proof. Recall the finite-dimensional space W/f)\ given in the decomposition
of Proposition @ Let (VVC);g y be the subspace of I/Vlk)\ consisting of closed
forms, and similarly let (Wee);'y be the subspace of coclosed forms. We have
(W{;)f)\ N (W(':c)ﬁ,\ = {0}. Define @fA to be the L2-orthogonal complement in



Deformation theory of Gy conifolds 1121

VVl’f/\ of the subspace (VVC);“)\ ® (ch)f)\. That is,
(101) Wz’fA = ((Wé)ﬁx ® (ch);c,)\) ® Olk,)\'

The second @ symbol above is an orthogonal direct sum, but the sum
(Wo)F\ @ (Wee)¥y need not be orthogonal. Hence any v € WF, can be writ-

ten uniquely as v = Y¢ + Yec + Vo Where dy. = 0 and d*vy.. = 0 and ~, € @f A
is neither closed nor coclosed. R 7

It is clear that (d + d*)(QfA) + d*((’)ﬁ) C d(Qﬁ/\) + d*(Qﬁ/\). We need to
show the reverse inclusion. Let 0,7 € Qf - Applying the decomposition
to o — 7, we can write 0 — 7 = Kk + da + d* + v where in particular k € 7-[’/{
and v in VV/“)\ But then we find that

do+d't=(d+d )T +d(oc—7)
=(d+d)7+dda+d*B+K+7)
=(d+d)T+d(d* B+7).

By (101) we can write v = ¢ + Yec + 7o for some closed form ., some co-
closed form .., and some form =, € (’)l’f - Therefore we have

do +d*t = (d+ d*)7 + d(d* B + Yec + Vo)
= (d + d*)(T +d'B+ Yee + 70) + d*(_%)
€ (d+d*)(Qf,) +d*(OF,)

which is what we wanted to show. O

Definition 4.41. We define the finite-dimensional obstruction space (’)f}\
for rate A to be a direct complement to Yy = (d + d*)(QF,) in Y = d(QF,) +
d*(QF,). That is,

(102) Y=Y @ Of,.
In particular, we have that (’);f \ is isomorphic to the quotient
(103) Of,\ = (d(Q?,\) + d*(Qf)\»/(d + d*)(QfA)

Recall the operator Dfy = (d +d*)ialgr : QF\ — d(Qfy) + d* (). Thus,
the space Y is the codomain of Z‘Df}\ and the image of @f‘“’/\ is

(104) im (D7) = (d+ d*)(Qf,) = V.
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That is, we have
(105) OF = coker D).

Remark 4.42. By Lemma in the AC case when \ > —4, or in the
CS case when A\ < —3, we have (’)l]‘jy = {0}.

Corollary 4.43. When A < —4 in the AC case or when A > —3 in the CS
case, a finite-dimensional space Ol’fA n Qf‘ \ satisfying erists and can
be chosen to consist of coexact forms.

[Note that the L? setting properly corresponds to \ < —% (AC) or \ >
—I (CS). However, Remark @ absorbs the cases A € (—4,—1] (AC) and
A€ [-1,-3) (CS) into the “non-L*” setting, hence the restriction to X < —4
(AC) and X > —3 (CS) in this statement.]

Proof. We choose Olk,A to be a subspace of d*(@f/\) from Lemma that
is a direct complement to (d + d*)(Qf)\) in d(Qé‘iA) + d*(Qﬁ)\). That is,

d(in)\) + d*(Qﬁ)\) = (d+ d*)(Q;ﬁ)\) D Olk,)\a

with Of‘j)\ - d*(@lk/\) For example, we can choose O;f)\ to be the intersec-
tion with d*(@f)\) of the L?-orthogonal complement in d(QfA) + d*(QﬁA) of
d*(@f)\) N (d+ d*)(Qf)\) In particular, we have that O{f)\ is isomorphic to
the quotient

(106) Olk,)\ = (d(Qf,)\) + d*(fo/\))/(d + d*)(Qﬁ,\)-

From the definition of (5{’“ 4 in the proof of Lemma we know that d* is
injective on Ol’C - It follows that the dimension of Olk ) is no larger than the

dimension of @lk y» Which is finite. ([

Lemma 4.44. For generic rates X\, the spaces Yy and Y = Yy @ (’)2’“A are
both Banach spaces.

Proof. If we assume that A + 1 is noncritical for d + d*, the map
(d+d*)ip1 a1 Y11 = U

is Fredholm, and thus has closed image. In fact, the Lockhart—-McOwen
theory [29] Section 2] says that at a noncritical rate, for any n € Qf , that is
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orthogonal (with respect to the Lﬁ , inner product) to the kernel of d + d*,
we have the estimate

Inllzz, < Cl@+dmly
From this estimate, it is a standard result [I, Corollary 2.15] that )Yy =
(d+ d*)(Qf)\) is a closed subspace of €2} ;\ ;, and thus a Banach space.
By equation ((102]), since Ol’f y is finite-dimensional, we deduce that the space
d(QF,) +d*(QF,) = Yo ® OF, is also a Banach space. O

The next result establishes that generically, ’Df y is Fredholm, and sur-
jective for certain rates.

Lemma 4.45. Let \ be a noncritical rate for d+ d* on M. The map
@ﬁ,\ : Qf,/\ - d(QﬁA) + d*(Qf,\)

is Fredholm. Moreover, ’Df/\ is surjective if A > —4 in the AC case and if
A < =3 in the CS case.

Proof. For any A\, we have ker @f \= H’f\ is finite-dimensional. From (|105|)
and Definition [£.41] we know that coker ;.5 is finite-dimensional. Finally,
if A\ is not critical for d +d* on M, then we proved in Lemma that
’Dﬁ y has closed image. Thus @;f y is Fredholm. The statements about the
surjectivity of ’D;‘i ) are a reiteration of Lemma @ O

Next, we determine a particular characterization of coker @f \E Of A

Proposition 4.46. Consider the setup of Lemma[{.73

(a) The space ker DY, is a subspace of ker(d +d*); , and coker®F, is a
subspace of coker7(d +d*) .z, in the following sense: the topologicdl com-
plement Olkj)\ of im(@f/\) in d(Qﬁ)\) + d*(Qf;/\), which is isomorphic to
coker ZD;“A, is a subspace of the orthogonal complement of im(d + d*); »
mn Ql'_lj;\_l, with respect to the Hilbert space inner product.

(b) The space coker @ﬁ/\ is isomorphic to the quotient of the space ker(d +
d*)_6_xN (=L @ QFH1) of closed and coclosed forms of degree k — 1
plus degree k+ 1 of rate —6 — X by the subspace ’Hligi/\ @Hlfgi)\ of
closed and coclosed (k — 1)-forms plus closed and coclosed (k + 1)-forms
of rate —6 — .
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Proof. For any A\, we have ker CD;“ \= H’f\ is finite-dimensional. We know from
Deﬁnitionthat coker Dy y is finite-dimensional. Finally, if X is not critical
for d + d* on M, then we proved in Lemma that @f‘i y has closed image.
Thus @ﬁ y is Fredholm. Next, we will prove the statements about the kernel
and cokernel of @;“ - The arguments are identical in the CS case (except for
the fact that we have n ends instead of just one, and the inequalities are
reversed) so we prove just the AC case.

It is clear from the definition of @f , that ker @;f ) is a subspace of ker(d +
d*);.n. We need to establish the analogous result for coker ”Df - To simplify
notation, in this proof only, we will use E to denote the éubspace (d+
d*)(§27 ) of @, _;, which is closed if A is noncritical for d + d*. Also, let
F denote the orthogonal complement of F with respect to the Hilbert space
inner product on QZ - Thus we have

Tt = (d+d) () @ coker(d+d* )y =E&F
where in fact by Remark we know that
F = Ann(E) = ker(d + d*) _¢_»

where Ann(E) denotes the annihilator of E in the dual space.
Now consider the orthogonal projection P of E onto the closed subspace
Qf__llA_l P foll/\_l. We have that

P(E) = d(Q3?) + (d+d*)(Q) + d" (1) = F'

is closed in the Hilbert space Qf:ll o1 @ foll y_1- Thus we can write

k—1 k+1 o /
Qe =EerF

where we take I’ to be the orthogonal complement of E’ with respect to
h

the Hilbert space inner product on Qf:ll 1 @ foll y_1- By Remark {4.14) we

have

(107) F' = Ann(E").

It is trivial to compute that

(108) Ann(E') = ker(d 4+ d*)_g_x N (QF~1 @ QF L),

That is, F’ is isomorphic to the space of forms of degree k — 1 plus degree
k+ 1 of rate —6 — X in the kernel of d + d*.
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From Lemma [£.40] and Lemma [1.44] we have that
d(QF ) + d*(QF,) = (d + &) (QF,) + d*(OF) = (d + d*)(Qf ) ® OF

is closed in Qf__ll)\_l &) foll)\_l, and coker ’Df)\ = (’)’/{. Note that (’)’;c is a
subspace of (k — 1)-forms, and is thus always transverse to d*(fo) In
addition, it is transverse to d(Qf;z), because in the L? setting the images of

d and d* are orthogonal, and in the non-L? setting we know that O = {0}.
These observations tell us that we can also write

k—1 k+1 o "
Qa0 =E8F
where

E" = d(Q3%) + d(Qf) + d* () + d* ()
= F' o O},

and F" is the orthogonal complement of E” with respect to the Hilbert

space inner product on Qf__ll 1 P foll y_1- We therefore clearly have

(109) F'=0fa F"
and we note again that by Remark we have
(110) F" = Ann(E").

In this case it is easy to see that

(111) Ann(E") = H" L @ HMEL .

We now observe that equations (107), (108)), (109), (110), and (T11]) together
imply part (b) of the proposition.

Finally, we have that coker ’Df \ = (’)f\, which is a subspace of F’. But we
see that 7

F'={ye Qf—_11,/\—1 ® ijf,,\—ﬁ (Pa,v))ar ,, , =0,Va € E}
= {,Y € Qf—_ll,)\—l ® ijll,)\—l; <<a77>>ﬂf_1,/\—1 = 0’ Vo€ E}
—{y €O api (@ Mar,,_, =0, Vae B}n (7, @0t )
k-1 k1
=Fn (9171,,\71 b Qlj_l,)wl)
CF
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and the proof is complete. O

We pause here to state and prove an important result about homoge-
neous forms on a cone, namely Theorem [4.49below, which relates closed and
coclosed k-forms on C', homogeneous of order A, to a particular subspace of
forms on the cone C of degree k — 1 plus degree k + 1, homogeneous of order
—6 — A, in the kernel of d + d*. Before we can state it, we need to define
several spaces.

Notation 4.47. Consider a form ~ of degree k£ — 1 plus degree k£ + 1 on
the cone, homogeneous of order —6 — \. Using Definition [3.6] we can write

(112) v =752 2dr A Br_g + r* 1Bt + rEdr A By + P Bi)

where each 3, is an m-form on ¥. We will write this form as a 4-tuple

(Bk—2, Br—1, Bk, Br+1). From the equations , it follows easily that ~ is in
the kernel of d + d* if and only if

d;.fr—2 =0,
duBr-1=—(A+k—2)Bk2,
dsBr = —(A =k +5)Br+1,
dsBk+1 =0,
dsfr—2 +dyfr = —(A =k +7)Br1,
dsfr—1+ dyBry1 = —(A + k) Br.

(113)

We will denote by A(\) the space of solutions to the system of equations
(113). Let B(\) denote the subspace consisting of forms v € A(\) of degree
k — 1 plus degree k + 1, homogeneous of order —6 — A, such that each pure
degree component,

Yoo = 10N A Brg +rF T B ),
Ver1 = 1A R dr A B + 7 Brpa),

is independently closed and coclosed. Again using equations , we find
that ~ is in B(\) if and only if, in addition to equations (113]), we also have

(114) dsfr—1 =0, d;fr = 0.

Finally, denote C'(\) to be the subspace of A(\) consisting of forms of the
type (112) with fS;_o = 0 and Sg+1 = 0. That is, v lies in C(\) if and only
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if v = =62 k181 + rFdr A By) with

(115) d;/ﬁk—l — 0) dzﬁkz = Oa
dife = —(A =k +7)Br-1, dsBr—1 = —(A + k) B
Remark 4.48. From Lemma we note that (0, 8x_1, 8k, 0) € C(A) if
and only if the homogeneous k-form r*(r*~1dr A Br_1 — 7¥3;) is closed and
coclosed. That is, the space C'()\) is isomorphic to the space of closed and
coclosed k-forms on the cone, homogeneous of order A.

Theorem 4.49. We have C(—k) C B(—k) and C(k —7) C B(k — 7). Fur-
thermore, if A # —k and A\ # k — 7, then A(\) = B(\) ® C()), where the
direct sum is orthogonal with respect to the L? inner product on forms on
Y. That is, for N & {—k,k — T}, the subspace of forms on the cone of de-
gree k — 1 plus degree k + 1, homogeneous of order —6 — A, in the kernel
of d+ d*, and L?-orthogonal to those forms which are independently closed
and coclosed, is isomorphic to the space of closed and coclosed k-forms, ho-
mogeneous of order .

Proof. Suppose A\ = —k, and that (0, Sx—1, Bk, 0) € C(—k). Then equations
(115)) say that Sx_1 is a closed and coclosed (thus harmonic) (k — 1)-form on
>, which is also coexact. By Hodge theory, we get Sx_1 = 0 and hence fy, is
a harmonic 3-form on . But then (0,0, 8, 0) satisfies the equations
and (114), and thus lies in B(—k). The proof of C(k—7) C B(k—7) is
similar.

Next we show that if A ¢ {—Fk, k — 7}, the subspaces B(A) and C(\) are
L?-orthogonal. Suppose (Br—2, Bk—1, Bk, Brt1) € B(A) and (0, yx—1,7k,0) €
C(X). Then using equations and for (Br—2, Bk—1, Bk, Br+1), and
equations for (0,vx—1,7%,0) we compute that

((Be—1,7-1)) = (=N =k + )" dsBr—z + d5fBr), —(A =k + 7) "' dive))
=\ —k+7)"2{dsBr_2,diy)) =0

and similarly

((Brs ) = (=N + B) "N (dofBror + diBrir), —(A + k) 'doyi1))
= (A + k)2 (% Bk 1, dsYk—1)) = 0.

Thus we indeed have B(A) L C(A).
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Finally, we will complete the proof by showing if (vx—2, Vk—1, Vks Vk+1) €
A()N) is L2-orthogonal to B()), then it is in C()\). This would imply that
A(N) = B(X) @ C()N), as claimed. Define (Bk—2, Sk—1, Bk, Br+1) by

Br—2 = Yk—2, Bro1=—(A—k+7) " dyyp_s,
Br=—(A+ k) diy, Br41 = Vg1

Using the fact that (yx—2,7k—1, vk, Vk+1) satisfies equations (113)), we find
that

Be="+N+k)tdoveor and Broi = o1 + A —k+7) " i

Hence, (Bk—2, Br—1, Bk, Or+1) satisfies equations (113)) and (114]), so we have
(Bk—2; Bk—1, B, Br+1) lies in B(A). Our hypothesis is (vx—2, Yk—1, Yk, Ve+1) 18
L?-orthogonal to the space B(\). We compute

((Vh—2s Br—2)) = ll7e—2%,

(Vo1 Br—1)) = (=1, = (A =k + 7) " duyp—2))
=—(A—k+7) " (dEve-1,%—2))
=—A—k+7) (= +k—2)%—2,k-2))

At k-2 )

= m llvk—2ll%,
(Vs Br)) = (v =N+ k) i)
= —(A+ k)7 (dsVe, Yet1))

= —(A+ &)=\ =k +5)Yrt1, Yot1))
— w [ ||2
T gk MR

((Vit1s Be1)) = v 1%

and thus we find that

k41
Atk -2 ,
(116) m_zk:_Q(Wm,ﬁm» = (1 + )\1ch7> -2l
1+ —— =0.
# (142555 Il =0

We have Ayyg_o = dudivg—o + dideyi—2 = —( A=k + T)divyg—1 =N+ k —
2)(A — k + T)yg—2. Thus by the nonnegativity of the Hodge Laplacian, we
have v,_2 = 0if (A+ &k — 2)(A — k4 7) < 0. On the other hand, if (A + k —
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2)(A—=k+7) >0, then since A\ # —k + 7 we must have 1 4+ if’;;% > 0. Sim-
ilarly we observe that

Asis1 = dediyprr + dideyis1
= —(/\ + k)dz’yk = ()\ + k)(A —k+ 5)’yk+1.

Thus we have v;11 =0 if (A +k)(A — &k +5) < 0. However, if (A + k)(A —
k+5) > 0, then since A # —k we must have 1+ ’\;fk% > 0. Thus we con-
clude that in all cases when A # —k and A # k — 7, equation tells us
that y,_2 = 0 and vx41 = 0. Thus indeed we have that (Yx—2, YVk—1, Vk» Vk+1)

lies in C'(A), and the proof is complete. O

Remark 4.50. Essentially, Theorem and Remark together say
that on the cone, if A ¢ {—k,k — 7}, then

E—1)4(k+1) ~ _
HET Y = w0 (AL, @ HEEL),
where the notation should be self-explanatory.

We now prove the analogue of Proposition for ®. Note that this is
not immediate because D is not uniformly elliptic. Recall that the critical
rates for DF are a subset of the critical rates for d + d*, and both sets of
rates are discrete subsets of R. Hence, given any critical rate \g for ©F,
there exists € > 0 so that if 0 < |5 — A\g| < € then S is not a critical rate for
d+d;,.

Proposition 4.51. Let (M,p) be a Ga conifold of rate v. Let Ny be a
critical rate for % on M, arising from a critical rate for @Iéi, and let 1,
B2 be two noncritical rates for d+d*, on M so that either B1 > 35 (AC)
or f1 < B2 (CS) and so that g is the unique critical rate of d + d%, in the
interval between (1 and Pao. Suppose further that |5y — No| < |v|.

Let
k * k—1 k+1
Fo ={v €W : (d+dy)v € Qg1 Ql,;ﬁ;—l :
(Thus, if v € Fp,, then ”Dﬁrl 87 decays faster than expected.) Then there
are linear maps

(117)  v: Fp, = K(o)oy,  and 9 :K(X)or, — iy agsw

i end of M

such that, on the i end of M, we have

(118) v =hi H (@) = (7)) € Oy g,

it end of M
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for all v € Fp,.

Proof. We cannot apply Proposition to ©F, but we can apply it to
d + d},. Therefore, if we let
’F/Bl - {7 € Ql.+1,ﬁl : (d+ dL>7 € Ql.,ﬁz*l}a

then there exist linear maps

(119) o: ]:—51 — ’C()‘O)der*ci and U : ’C()‘O)d‘i‘déi — QI.JFL)\OJFV

i*h end of M

such that, on the i*® end of M, we have

(120) v —hi N (B(y) = (D7) € Uy,

i*" end of M

for all v € ,7351.

Clearly, Fs, C Fg,, so we can restrict © to Fp, and take v € Fp, in (120).
Observe that v has no components in degrees [ # k and 9(0(7)) € 27, 5, on
the i*! end since we chose |83 — Ao| < v. Thus the components of h; *(0(7))
in degree [ # k must decay at rate 2. However, such components arise from
homogeneous forms of rate Ag on the cone and so the only way this can
occur is if these components are zero. Hence, 0(7y) is a pure degree k-form
on C; satisfying (d + d;, )0(y) = 0. We deduce that the restriction of ¥ to
Fp, yields a linear map v as in .

We now know that for degree [ # k we have that v — h; '(v(y)) is zero
and so trivially lies in QZ'JFL 5, on the ™ end of M. Moreover, recall that

I(v(v)) € Q7,1 p, on the ith end. To complete the proof, if we let 7 denote

the projection from Q° to QF, then ¥ = mz0 is a linear map as in (117)) so
that (118]) is satisfied, as required. O

Given Proposition [4.51] the proof of the following analogues of Corollar-
ies and for ®F carry over verbatim and so we state them without
further proof.

Corollary 4.52. Consider the setup of Proposition |4.51 There exists a
linear map

K )\0 ko — Qk
n ( )@ci HL o+ [ s of M

such that for all v € ker(@ﬂlﬁl), there exists ya € ker(@fﬂ’ﬁz) such that,
on the i end of M, we have

(121) = hit (v(n)) = n(v(n)) =72 € ker(Df 4 4,).
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Note that the term o, which is in the kernel of ®F with noncritical rate (3,
decays faster on the end.

Corollary 4.53. Consider the setup of Proposition[{.51] Let x; be a smooth
cutoff function on M which is 1 on the i™® end and 0 on all other ends, so
that xiK(Ao)or can be viewed as a subspace of Qﬁrl,ﬁl' Define the map

@fﬂ 5, to be the restriction onfH 5, to the subspace Qfﬂ 5, T XiK(Xo)or,
of QF 5, Then the two linear maps '

I+1
(122) Qfﬂ,ﬂl : Qf‘i’l,ﬁl - d(Q;ﬁH,ﬁl) - d*(Q;ﬁHﬁl)’
(123) D1, - Wirg, + Xik(Ao)or,
= (A 15) VYL + (@ (15) N5 0)
satisfy ker(@ﬁrlﬁl) = ker(@fﬂﬁl) and coker(@fﬁrlﬁl) = coker(@fﬂﬁl).

Corollary is not quite the statement that we require because the
right hand side of is not simply the right hand side of with (5
replaced with 5. Whilst this does not necessarily always hold, we now show
that it does hold when Ag is neither —k nor k — 7.

Lemma 4.54. Let 1, B2, and Ao be as in Proposition[{.51] and let x; and
Dﬁrl,ﬁl be as in Corollary . If \o ¢ {—k,k — T} then

(124) Dfi1,6 + Ui, + Xik(do)ps, — d(y1,) + d" (U p,)-

Proof. Let v; € K(Xo)pr, - If Ag # —k then we see from Lemma that

for some a; € QF71(%;). Observe that

ni = xivi — d(xir™®Fag) = —d(xi) AretFo;

is smooth and compactly supported with dn; = d(x;7i). Therefore, for any
v € Qfﬂ 8,0 We have that

d(y + xivi) = d(v +mi) € d(Qy1,,)-
Moreover, we see that if A\ # k — 7 then Lemma shows that

xcy = d(r™ TR ay)
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for some o; € Q57F(%;). Recall that | %y v — *cvi| = O(r* ™) and |Bs —
Xo| < |v|. Therefore,

Pho+T k) — A ot Tk

Cz Xi *M Vi — d( Xz(*M'Yz - *C%) - d(Xz)

lies in Ql7+1kﬁ and satisfies d(; = d(x; *ar vi). We deduce that, for any v €
QH—LBz we have

dxar (v +xiv) = dxary + G) € Q)
Taking the Hodge star completes the proof. ([

We can now deduce our index change formula for the operator @f \» away
from the exceptional rates —k and k — 7.

Theorem 4.55. Let u_ < juy be two noncritical rates for % on M. Sup-
pose that both —k and k — 7 are not in the set Do N (-, pi4) of critical
rates between p_ and py. Then the difference in the indices of @ ~and
@f,M s given by

ind(Df,,) — ind(®7,, ) = > dim K(A) - (AC)

)\EDQk N(p— )

ind(Df,,,) — ind(D, ) Z > dimK(N)os - (CS)
i= 1/\€'D®}é.ﬂ(u et

Proof. This is now immediate by combining Corollary and Lemma [4.54]
O

Remark 4.56. The changes in the index of @l ) at A=—korA=k—-T7
only arise from changes in the kernel. To see thls first notice that Corol-
lary says that ker ’DM can only change at a critical rate for ©*. Now
consider coker @ﬁ y- By Proposition the cokernel will only change as
we cross the rate \ if there exist new elements of ker(d 4+ d*)_g_ that are
in Q1 @ QF but are transverse to the subspace 7-[’1_61_/\ @ ’Hlfgl_/\. Such
elements must be asymptotic at the i*" end to forms of degree k — 1 plus
degree k + 1 on the cone Cj;, homogeneous of order —6 — A\, which are in
the kernel of d + d7, , but which are {ransverse to the spaces of closed and
coclosed (k — 1)-forms and closed and coclosed (k + 1)-forms on C; homoge-
neous of order —6 — A. In the language of Notation this corresponds to
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rates A for which the quotient space A(X\)/B(\) is nonzero for some asymp-
totic cone C;. If A ¢ {—k, k — 7}, then Theorem says that this quotient
A(N)/B(A) is C(A), and thus by Remark such a A is a critical rate of
’Dﬁ)\. For A € {—k,k — T}, Theoremtells us that C'(A) € B(\), so these

rates cannot contribute to changes in coker ’Df“ A\

We will determine the changes in the kernel of @2 y for A= -3 and
A = —4 in Proposition

4.5. Topological results for conifolds

The following proposition (in a general setting) appeared originally in Lock-
hart [30, Example 0.16], but a version in the setting of AC/CS manifolds is
stated in [31, Theorem 6.5.2].

Proposition 4.57. Let HY. denote the subspace of L*(A*(T*M)) consist-
ing of closed and coclosed k-forms. Then in the AC case we have

HE, = HE(M,R), for0<k <3, HE.=HFMR), ford<k<T,
and in the CS case we have
HE, = HE(M,R), for0< k<3, HE.=HEMR), ford<k<T,

where HE (M, R) denotes the degree k compactly supported cohomology group
of M, and H*(M,R) denotes the degree k de Rham cohomology group of
M. The isomorphism H%, = H*(M,R) is given by the natural map o+ [a].
The isomorphism H%, = HF.(M,R) is given by the composition of the Hodge
star * : ’Hl}iz — ’HE} , the natural map ’szk — H™*(M,R), and Poincaré
duality H"F(M,R) = HF (M, R).

Corollary 4.58. We have that

M3 = Ho(M,R)  (AC)

(125) H3 = H3(M,R) (CS)

} for all A € (—4,-3).

Proof. This is immediate from Corollary [£.29] and Proposition O

The next proposition comes directly from [30, Corollary 7.10]. It will be
used in the proof of Proposition below.
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Proposition 4.59. The classes in H3(M,R) that can be represented by
forms in 7-[32 = H3 ., are precisely those classes that lie in the image of the

natural inclusion 0f2Hg’S(M, R) in H3(M,R).

Definition 4.60. Let ¥ = L7 ;3; be the disjoint union of the links of the
n asymptotic cones for the Go conifold M. Of course, in the AC case we
have n = 1. Then H¥(X,R) = @I, H*(%;,R). Also, by embedding each ¥;
in the i*" end of M, we get a smooth embedding of ¥ in M, which induces
a linear map

T*: H¥(M,R) — H*(Z,R).

This linear map is most easily described as follows. Let [y] € H*(M,R) be
a cohomology class, represented by a closed k-form v on M. Then the *®
component of the class T*([y]) € @, H*(Z;, R) is the class represented by
the restriction of v to ¥;. Note that in general Y* is neither injective nor
surjective.

Remark 4.61. The images of the maps Y* for k = 3,4 are related to topo-
logical obstructions to the desingularization of CS Gg conifolds, as discussed
in [24], Section 5.

From [I8] §2.4], any conifold M gives rise to a long exact sequence

(126) o HE(MLR) ZS HE(M,R)

n
X P NS R) L5 HEP (M R) —
=1

where Y*: H*(M,R) — @I, H*(Z;,R) is the map from Definition
and ZF : HF (M, R) — H*(M,R) is the natural map induced from inclusion
of the complex of compactly supported forms into the complex of all smooth
forms. This is the long exact sequence for cohomology of M relative to its
topological boundary X.

Let v* = dim H*(M,R) and b, = dim H% (M) be the ordinary and com-
pactly supported k*® Betti numbers of M, respectively. Note that by Poincaré
duality we have HF(M,R) = H'=*(M,R) and thus b* = b7;*. The next
lemma contains results that will be used to compute the virtual dimen-
sion of the conifold moduli space in Section and for the applications in
Section [6.4
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Lemma 4.62. Let M be a Go conifold. The following equations hold.

(127) b* — dim(im Y*) = dlm(lmIk) = dim(im(HEY, — HY)),
(128) dim(ker T*) = b* — dim(im %),

(129) dim(ker T*) = 6%, — dim(im T77%),

(130) dlm(Hk %,R)) = m(im Y*) + dim(im T57%).

Proof. Equation ((128)) is just the rank-nullity theorem. From ((128]) and the
exactness of ({126)), we find

b* = dim(im T*) + dim(ker T*) = dim(im T*) + dim(im Z*)

from which we immediately obtain .

Using the fact that the Hodge star operator takes compactly supported
forms to compactly supported forms, it is easy to see that the Poincaré
pairing between ker T and ker Y7~* given by [a], [8] — [,,(w A B) is non-
degenerate. Hence dim(ker Y¥) = dim(ker Y7=*). Thus we have

dim(ker Y*) = dim(ker Y7=)
=% — dim(im Y7F)
= bk — dim(im Y7F)

which establishes (129)). For equation ((130)), we apply repeatedly the long
exact sequence ([126]) and rank-nullity, to obtain

dim(H*(Z,R)) — dim(im T*) = dim(H*(Z,R)) — dim(ker 0%)
= dim(im 9%)
= dim(ker Z%T1)
= b — dim(im ZF )
= bFL — dim(ker TFFL)
= dim(im T%)

where we have used (129) in the last step. O

Corollary 4.63. The Hodge star operator x5 on ¥ maps im Y* isomorphi-
cally onto (im Y5=F)L. That is, the harmonic representatives of elements of
im Y% C H*(X,R) are sent by *5 onto harmonic representatives of elements
of (im Y6-k)L C H6-F(Z R).
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Proof. Let [0] € im Y* have harmonic representative o € Q¥(X). Then there
exists a closed k-form ¢ on M such that ([(py.5 = 0. Let [7] €im Yok
have harmonic representative 7 € Q67%(32). Then there exists a closed (6 —
k)-form n on M such that nlip s =7. In the CS case, let Mp = {z €
M; o(x) > R}, and observe that 0Mpr = {R} x . (In the AC case we just
reverse the inequality in the definition of Mp). Now, using Stokes’s theorem,
we find

<<*2077>>Z:i/7/\02iR6/ TAC
by {R}x®

:iRG/aM C/\n:iRG/M d(¢An)=0.

Thus we have [*,0] € (im Y57%)1. Counting dimensions using equation (T30))
completes the proof. O

Let us denote by [y]x the cohomology class in H*(3, R) of a closed form
v on ¥, and by [n]as the cohomology class in H*(M,R) of a closed form 7
on M. The next lemma is used in the proof of Proposition £.65]

Lemma 4.64. Let M be a Go conifold.

e In the AC case, let [y]y, € im Y C H3(X,R). There exists n € H3 4.,
such that Y30y = [y]s.

e In the CS case, let [y]y € im T* C HY(X,R). There exists n € H*, .
such that Y|y = [y]s.

Proof. Consider the AC case. By [37, Corollary 5.9] there exists a smooth 3-
form ¢ on M such that || = O(¢™3) on the ends with d¢ = 0 and Y3[¢]y =
[7]s. Then ¢ € Qi_3+£ for any € > 0 and [ > 0. We are in the non-L? regime
of Theorem and can therefore apply equation to the closed form ( to
deduce that ¢ = n + da for some n € H? 4. Then [(]ar = [n]ar so Y3[n]y =
[v]s as required. In the CS case, we again use [37, Corollary 5.9] to obtain
a smooth 4-form ¢ on M, with |¢| = O(0™*) on the ends, such that d¢ = 0
and Y*[¢]ar = [y]x. This time, ¢ € 937475 for any € > 0 and [ > 0. We can
now apply equation as before to deduce the result. U

We can now use Lemma .64 to establish the main result of this section.

Proposition 4.65. Let \g be a critical rate for d+ df, (understood to be
a “constant” n-tuple in the CS case), and let € > 0 be chosen so that there
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are no other critical rates in (Ao — &, Ao + €). Then for \g = —3 we have

dim#?,,, —dimH?, . = dim(imT3)  (AO),

131

(131) dimH? 4, —dimH?;_, = —dim(im Y?) (CS9),
and for \og = —4 we have

(132) dimH? ., —dimH?,_ . =dim(imY?*)  (40),

dim#?,,, —dimH?,_, = —dim(im Y*) (CS).

Proof. Consider first the AC case. By Lemma m the space Hi changes by
the addition of forms that are asymptotic to closed and coclosed 3-forms in
K(=3)d+az as we cross \g = —3. Also, by Lemma and Remark a
3-form v in K(—3)44 4z, must be of the form v = 3 for some harmonic 3-form
B on X. Explicitly, we have that if v € H_34., then on the end we have

M= (hil)*/g +;§/ +727

where 7+ vo = O(0371) + O(p~37%). If ¢ is sufficiently small so that
-3+ e+ v < =3, then Lemma tells us that the 3-form component of
¥ + 72 is exact on the end. Hence, we find that T3[y1] = [3], so a necessary
condition for 8 to define a 3-form on M which adds to H3 as A crosses
Ao = —3 is that [3] € im T3. Sufficiency follows from Lemma This es-
tablishes .

In exactly the same way, the space ’Hi changes by the addition of forms
that are asymptotic to closed and coclosed 3-forms in K(—4)g44x as we cross
Ao = —4. This time, Lemma and Remark [3.18] says that a 3-form v in
K(—4)4+q;, must be of the form v =1r"2dr A a for some harmonic 2-form
« on X. But >1<M’H§’\ =H4, and *,v = >|<M(r_2dr A @) = #z, a harmonic 4-
form on . Thus the previous argument can be repeated to conclude that
changes in H} (and hence to H3) as we cross Ag = —4 correspond to elements
of im T*. (Necessity follows exactly as above, but this time sufficiency is
easier, since it follows directly from the isomorphism H3,, = H*(M,R)
given in Proposition ) This establishes (132).

To prove the CS case, the arguments for A = —3, —4 are analogous to the
A = —4, -3 arguments of the AC case, respectively, using the CS statement
of Lemma [4.64] O

We pause here to note that we can reinterpret Proposition in terms
of cohomology, as follows.
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Proposition 4.66. Let \* denote the natural map x* : H* — H*(M,R)
given by x* () = [n]ar-

e Suppose we are in the AC case. Then
,H?izl—a c ,Hizl—&-e = ,H:ifﬂ—a - H?i?:-i-e

and
(TAC1) X3 : M35, — H3(M,R) is surjective,
(TAC2)  ker Y3 = \3(H3;_.),
(TAC3)  x*:H*, . — H*(M,R) is an isomorphism,
(TAC)) ker Y* = x*(H*, ).

e Suppose we are in the CS case. Then
,H?izl—a = ,Hizl—&-e = ,H:ifﬂ—a = H?i?:-i-e

and
(TCS1) x*:H*, . — H*(M,R) is surjective,
(TCS2)  kerT* =x*(H1,.,,),
(TCS3) X3 :H2, . — H3(M,R) is an isomorphism,
(TCS4)  ker T3 =3(H34,,).

Proof. We prove the AC case. The CS case is essentially the same. The
relation H3, CH3, . =H>; . CH?4 . is just Corollary State-
ment (TAC1) is Lemma Statement (TAC2) follows from Proposi-
tion which says im x* = im(H2,(M,R) — H3(M,R)), and the long ex-
act sequence . Statement (TAC3) is part of Proposition m Finally,
(TAC4) follows from the proof of equation (132), statement (TAC3), and the
rank-nullity theorem applied to the map Y*: H*(M,R) — @ H4(Z;,R).

O

Remark 4.67. We see that to go between the AC and CS cases, we ef-
fectively switch 3 with 4 in the maps and cohomology groups, and +& with
—€.

The results of this section will be used in Section to compute the
virtual dimension of the moduli space, which will have both topological and
analytic components.
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4.6. Parallel tensors on Gs conifolds

The holonomy H(V) of a connection V on the tangent bundle TM of a
connected manifold M is contained in (and often equal to) the subgroup of
the general linear group whose action fixes all parallel tensors on M. See, for
example, Joyce [I7, Chapter 2| for more details. In particular, the holonomy
of the Levi-Civita connection on an oriented Riemannian manifold M™ is
reduced from SO(n) by each additional parallel tensor. On an irreducible
G2 manifold (one whose holonomy is exactly Gz) the only parallel tensors
are the metric g, the volume form vol, the Gy structure ¢, and the dual 4-
form 1) = x¢. Since G2 conifolds are all irreducible, they admit no nontrivial
parallel 1-forms.

We now recall the Bochner—Weitzenbdck formula, valid for any Rieman-
nian manifold (M, g). Let X be a 1-form. Then

(AX,X) = (V*VX, X) + Ric(X, X)

where A is the Hodge Laplacian, V is the Levi-Civita covariant derivative,
and Ric is the Ricci tensor of (M, g), with indices raised by the metric to
become a symmetric bilinear form on 1-forms. Since all Go manifolds are
Ricci-flat, the last term above vanishes, and we have

(133) (AX, X) = (V*VX, X).

Lemma 4.68. Let M be a Go conifold. Let f be a harmonic function and
let X be a harmonic 1-form on M. If

(134) f=0(") forsome <1 (AC) or A\ > —5 (CS),
then f is constant. If

(135) X =0(0") for some X\ <0 (AC) or A\ > =5 (CS),
then X = 0.

Proof. We give the proof in the AC case. First suppose that X is a harmonic
1-form such that X = O(p*) for some \ < —%. We want to integrate both
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sides of ([133)) over M. Note that

(V*VX, X) = —g7(V;V;Xp) Xrng"™
= —g"Vi((V;X5) Xmg"™) + g7 ¢"" (V. Xi) (ViXm)
=dY +|VX|?
for the vector field Y = (VX, X). Since X € L?,, we have VX € Ll2—1,>\—1
and thus the vector field Y = (VX, X) is O(gﬂ_l) as o — o0o. Let Mg =

{z € M;o(x) < R}, and observe that d(Mpr) = {R} x . Hence, by Stokes’s
Theorem and the fact that Y = O(0**~1), for R sufficiently large we have

‘/ (d*Y )vol,, / (Y Jvoly,)
Mg I(Mr)
S CRQA_l / VOI{R}XZ
{R}x%

which goes to zero as R — 00, since A < —%. Therefore, since AX = 0, when
we integrate both sides of (133|) over M, we obtain

_ éR2A+5

(136) 0= VX]Z,

Hence VX =0, so X is a parallel 1-form. But the hypothesis that M is
a Go conifold then implies that X = 0. To conclude we observe that the
space of harmonic 1-forms on M with decay rate O(o”) does not change for
v € [—5,0] by Proposition and Theorem [4.10}

The statement about functions follows in the same way by integrating
the equation (Af, f) = (V*V [, f) and using the excluded rates from Propo-
sition

The CS case is almost identical except that there are n ends instead of
just one, and ¢ — 0 on each end instead of ¢ — co. One can argue by re-
versing the appropriate inequalities on the decay and using the lower bound
for the excluded rates instead of the upper bound. O

Lemma 4.69. Let M be a Go conifold. Let X be a 1-form on M that
satisfies dd* X + %d*dX =0, and

X =0(0") forsome A\<0 (AC) or A\ > =5 (CS).

Then we have X = 0.
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Proof. The proof is very similar to the proof of Lemma [4.68] using dd* X +
2d*dX = AX — $d*dX and |[dX| < [VX]|. One first proves it for X = O(o")
with A < —g, and the uses the excluded rates on the cones in Proposi-
tion [3.13 to conclude. O

4.7. A gauge-fixing condition on moduli spaces of G2 conifolds

In this section we discuss a gauge-fixing condition on moduli spaces of
Go conifolds. At first our discussion is quite general, to motivate the defini-
tion of the gauge-fixing condition that we choose.

Let (M, ) be a Gy manifold, which is not necessarily compact. Let T
be the space of all torsion-free Go structures on M. Then the space D of
diffeomorphisms of M acts on 7 by pullback. If F' € D, then

F:p— Fro.

Consider a smooth curve F; = exp(tX) in D, where X is a smooth vector
field on M. This path passes through the identity diffeomorphism Fy = Idy,
at t = 0. Therefore, the tangent space T,,(D - ¢) at ¢ to the orbit D - ¢ is
spanned by elements of the form %!tZO(Ft*cp) =Lxp =d(X1¢). Thus we
have

(137) T, (D) = d().

Let ¢ be another torsion-free Go structure on M, such that ¢ = ¢ + n for
some smooth 3-form 7. Since both ¢ and ¢ are torsion-free and thus closed,
we must have dn = 0. In order to break the diffeomorphism invariance, we
want to consider those new Gso structures for which ¢ — ¢ = n is transverse
to the infinitesimal diffeomorphisms which, as explained above, are all of
the form Lx¢ = d(X 1) for a smooth vector field X. Suppose that 7 lies in
L2(A3(T*M)). Then the condition that 7 is actually L?-orthogonal to d(2)
is that

0= {(d(Xap),m)=({Xap,dn).

Notice that this condition is always implied by the stronger condition that
m7(d*n) = 0 pointwise. This observation motivates the following definition.

Definition 4.70. Suppose ¢ = ¢ + 7 is another Go structure on M, for
some closed 3-form 7. We say that ¢ satisfies the gauge-fixing condition
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(with respect to ¢) if
m7(d*n) = 0.

Here 77 and d* are taken with respect to the Go structure .

We now relate this gauge-fixing condition to a slightly different condition
in the conifold case.

Lemma 4.71. Let M be a Go conifold. Let ¢ be a smooth 3-form such that
d¢ =0 and m7(d*¢) = 0. Let

(138) ¢ =m( + ¢+ mr( = fo+*#(X ANp)+ mar(

for some function f and some 1-form X. Then Af =0 and AX =0. In
addition, if f and X satisfy the decay conditions in (134]) and (135)), respec-
tively, then f = c is constant and X =0, so { = cp + m7(C.

Proof. The fact that Af =0 and AX = 0 is precisely Corollary The
rest of the statement now follows immediately from Lemma [4.68 O

Remark 4.72. The gauge-fixing condition of Definition [4.70] is used by
Joyce [17] to study the moduli space of compact Gy manifolds. We have to
modify this gauge-fixing condition for the moduli space of Gy conifolds, be-
cause of complications arising from noncompactness. Specifically, we achieve
this in Theorems 5.6 and B.111

Remark 4.73. A slightly different gauge-fixing condition for AC Gy man-
ifolds was given in [24, Definition 3.3]. That other condition is discussed
further in Section of the present paper, where we establish when it can
be achieved. Also, Lemma [5.4] relates the two gauge-fixing conditions.

We end this section with a result that is essentially a linearized version of
our Theorem[5.1T]that comes much later, because we have now assembled the
tools to state and prove this linearized version. It will be crucial in explicitly
describing a certain finite-dimensional space later in Theorem consisting
of forms which are orthogonal to the linearized action by diffeomorphisms
but do not satisfy the natural gauge-fixing condition. We will show that
this space can be nonzero for geometric reasons, and is not a defect in our
analytic approach.
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Theorem 4.74. Let M be a Gy conifold. Let f be a function satisfying the
decay condition (134) and let X be a 1-form satisfying (135) and d*X = 0.
Let ¢ be a 3-form on M such that d( = 0 and such that

(139) ¢=0(0") forsome <0 (AC) or A\ > —5 (CS),

The following two conditions are equivalent.

(a) m(=(f+c)p, m(=xXANyp), andd(Ly,() =0 fora constant c,
(b) d*¢ = Ldf Ap+2dX N

Proof. Suppose that (a) holds. We have C=(f+c)p+ (X Ap)+n for
some 1 € Q3. From (13 we find L, = (f + ) + X A — *n, and there-
fore d(L S0() —O implies 4df/\w—i—dX/\go dxn=0. Hence d*( =df A
Y+dX Ny +dxn= 7df A +2dX A ¢, which is (b). Note that the proof
that (a) implies (b) did not need the hypotheses on f and X, nor even that
d¢ = 0.

Now suppose that f is a function, X is a 1-form and ( is a 3-form
satisfying (134} , and ., respectively, together with d*X =0 and
d¢ =0, and that (b) holds. We can write ¢ = fo + (X A @) + 7 for some
function f, some 1-form X, and some 77 € Q3,. Then we have

. . 7
(140) dx¢=df Ap+dX Ao+ dwij = gdf A +2dX Ao,

We claim that (a) will follow if we can show that f=f+cand X = X.
Indeed, if this is the case, then ([140) becomes d 7 = %df ANY+dX N
which is precisely d(Ly() = 0. To show that f = f +c and X = X, we can
use Corollary and d¢ =0 to deduce that d*X =0 and that m7d*( =
(—%df + %curlX)J ¢. But the hypothesis (b) says, using (3)), [), and (18)),
that

d*(:—*d*{:—*(;df/\w—i-QdX/\go)

4
= —gde(p+47T7dX — 2madX = (—;df—f- 3CUI‘1X>_IQD — 2m14d X.

Hence we ﬁnd that — df +3 feurl X = — 7d [+3 4 curl X, or equivalently that
d(f — f) = 5 4 curl(X — X). Taking d* and curl of this equation, and using the

identities in Remark and the fact that d*(X — X ) = O gives A(f — f) =

0 and A(X X) = 0. The decay hypothesis on ¢ in ensure that both
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f and X satisfy the same conditions and , respectively, as f and
X. Thus the differences f — f and X — X also have the same decay, and
hence by Lemma we can conclude that X — X =0 and f — f=cfor
some constant ¢, which is what we needed to show. O

4.8. Further vanishing results for G2 conifolds

In this section we present further vanishing results that are particular to
Gg conifolds. The first result is just a special case of [I7), Proposition 10.3.4],
with essentially the same proof, except that it has been adapted to the
setting of conifolds. Therefore we need to make assumptions that some forms
have a certain decay rate on the ends, and for this reason we give the proof
for completeness.

Lemma 4.75. Let (M, ) be a Ga conifold, so in particular dp = dO(p) =
0. Suppose further that ¢ is another closed Go structure on M such that

(141) dO@)=0ANYp+dX ANy
for some 1-forms 0 and X on M. Further assume that

d(©(2)) = 0(e") 7 7
—— (A —— .
X = 0 for some A < 5 (AC) or A > 5 (CS)
Note that this says, in particular, that d(©(p)), 0, and dX are in L*. There
is a universal constant € such that if ¢ is within € of ¢ in the C° norm on
M, then 0 =0 and dX =0, so d(O(p)) =0 and thus ¢ is also torsion-free.

Proof. We give the proof in the AC case. The CS case is identical except that
there are n ends instead of just one, and ¢ — 0 on each end instead of p — oc.
Let V be a 7-dimensional vector space, with two Gy structures ¢ and @. It
follows from simple linear algebra that if ¢ and ¢ are close with respect to
the metric g, induced by ¢, then the decompositions AS(V) = A2 @ A3, and
A5(V) = A2 @ A3, with respect to ¢ and ¢, respectively, will also be close.
In particular there exists a universal constant ¢ such that if |¢ — ¢| <e,
using the metric | - | from ¢, then an element ¢ € A®(V) for which 77(¢) = 0
will also have 77(§) small enough so that |77(§)| < |m14(§)].

Unless stated otherwise, all our projections and inner products will be
taken with respect to the Go structure ¢. To simplify notation, we will
sometimes write ( = d(©(¢)). We take the decomposition of in Q° =
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0 e 0y

(142) G =[d(©(@)]; = [0 AY]; + [dX Agl; =0 Ay — 25 m7(dX),
(143) Ca = [d(O())]14 = [0 AY]qy + [dX A ]y, = 04 #m14(dX),

where we have used the Hodge stars of equations and . Because ¢ is
closed, we know by Remarkthat ¢ = d(©()) lies in the space 23, where
the tilde denotes the decomposition with respect to ¢. Hence, if |p — ¢|co <
e, by the above remarks we have that |(7| < |[(i4|. Since we assume that
¢ =d(O(p)) is in L2, we can integrate over M to conclude that

(144) 1671l < (ICaall-

Now consider the 7-form dX A dX A ¢, which is exact since ¢ is closed. By
equations and , we have

(145) AX NdX Np=dX N (=2 7m7(dX) + #m14(d X))
= (=2|m7(dX)* + |m14(dX)]?) vol.

The integral over M of the right hand side is finite because dX is assumed
to be in L?. To compute the integral over M of the left hand side, let
Mp = {x € M;po(z) < R}, and observe that (Mg) = {R} x . Hence, by
Stokes’s Theorem and the hypothesis that X = O(o**!), for R sufficiently
large we have

’/ dX/\dX/\go‘:
Mg

/ XANdX N

O(Mr)

S CR2A+1 / VOI{R}XE
{R}x%

which goes to zero as R — oo, since A < —%. Therefore, integrating both
sides of (145]) over M, we obtain

— ORPHT

(146) 2|77 (dX)|* = [|mra(dX)|.
Similarly, d(©($)) A dX is an exact 7-form, and
d(@((ﬁ)) ANdX =CAxxdX = <C77 *7(7(dX)>VO| + <C147 *7T14(dX)>VO|.

Since both ¢ = d(0(p)) and dX are in L2, and since ¢ = O(p*) and X =
O(o™1), we can argue exactly as before to integrate both sides over M to
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conclude that

(147) ({Cr, #m7(d X)) = —((Cra, #m14(d X)) = —||Crall®,

using the fact that (14 = *m14(dX) from equation ((143)).
Now we use the Cauchy—Schwarz inequality, and equations ((144]), (146]),

and ((147) to compute
1¢7 [l |7 (d X))

¢ | * w7 (d X))
— ({7, xm7(dX)))
= +({C1a, ¥m14(dX)))
= [|Crall [| * m14(dX) |
= [[Grall |14 (@X)||
= V2(|C1al| |77 (dX)]|
> V2| G|l |77 (dX)]].

v

Therefore we have concluded that
17l 07 (d X)) = V2(1 G| 77 (d X))l

We have two cases. If 77(dX) = 0, then by we have m14(dX) =0, so
C14 = 0 by (143]), and thus ¢(; =0 by . If, on the other hand, we have
(7 =0, then forces (14 = 0, and then and together give
dX = 0. In either case we also get 0 Ay = 0 from , which implies that
0 = 0, since wedge product with 1 is injective on 1-forms. [l

Remark 4.76. The reason that Lemma is true is because of the rep-
resentation theory of Go. Essentially, equations and @ and Stokes’s
theorem force the very powerful restrictions and @ on the forms
¢ =d(0(¢)) and dX. The remaining ingredients are the C° proximity of ¢
and ¢, together with the facts that ¢ is closed and ¢ is torsion-free, which
force the Q2 component of ¢ to be controlled by the 3, component.

_ The remaining results in this section concern the modified Dirac operator
D) defined in Section and the operator A = dd* + %d*d which appears
often in relation to gauge-fixing. The first result, Lemma is used to
prove one case of the infinitesimal slice theorem in Section [5.2.1l The second
result, Lemma [4.78] is used in Section to extend our AC deformation
theory to higher rates and in Section to establish smoothness of the CS
moduli space under certain conditions.
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Suppose that A + 1 is a noncritical rate for iD Thus the operator
lsz+1,A+1 L7 (M) @ A7) — L7 (AT & AD)
is Fredholm, and therefore by Theorem we have
(148) LA @AY = P (L aa (A © AD) & Vo,

where (V)i is a finite-dimensional subspace of L, (A} @ A), such that

V)

(149) (Vo) = ker (D) _7-x.

Lemma 4.77. Let (M, ¢,,) be a G conifold. Consider the map IVDHL)\H.
(a) In the AC case, it is injective if A < —1, and it is surjective if A > —T7.

(b) In the CS case, it is injective if \ > —1, it has a one-dimensional kernel
if \ € (=7,—1], it has a one-dimensional cokernel if \ € [-7,—1), and
it is surjective if A < —T7.

Proof. Let (f,X) lie in ker(1),. Corollary tells us that Af =0 and
AX =0.

Suppose first that M is AC. By Lemma [£.68] f is constant if u < 1 and
it will thus be zero if u < 0. Now X is a harmonic 1-form on M, so by
Lemma [4.68]if © < 0 we have X = 0. Applying this for g = X\ + 1 says that
1f/\<—} thenM<Osof—OandX—O. Hence, if we set = —7 — A, we
see kevr(lD)q,)\ =0 for A > —7 and thus by and we conclude
that ¢l+1,>\+1 is surjective.

Now suppose that M is CS. In this case, Lemma says that f is
constant and X =0 if p > -5, and thus (f, X) = (0,0) if u > 0. (Notice
that the pair (K,0) when K is a nonzero constant is indeed in ker Ip,, for
p=0.) Moreover, Propositionshows that there are no exceptional rates
n (—6,0) for IP, so we can in fact say that [ is constant and X =0 if

€ (—6,0]. Setting u = A+ 1 we see that ker(IP),; is one-dimensional if
A € (=7,—1] and is zero if A > —1. For the cokernel we let u = —7— A, so
that u € (—6,0] if and only if A € [-7,—1) and x> 0 if and only if A <
—T7. ]

Recall that, by Proposmlonu the operator m7d*d : Q2 — Q2 is elhptlc
and, under the identification Q! 22 Q2 corresponds to the operator A =



1148 S. Karigiannis and J. D. Lotay

dd* + %d*d on 1-forms. Suppose that A + 1 is a noncritical rate for wrd*d.
Thus the operator

(mrd*d)ip1 41 : (241001 — (Q3)i—1a-1

is Fredholm, and hence

()1 a—1 = (mrd*d) ((3)i41,041) B Un_1,

where Uy_1 is a finite-dimensional subspace of (Q%)l_l,,\_l, such that
U)\,l = kel"(ﬂ'7d*d),6,)\.

Lemma 4.78. Let (M, p,) be a Ga conifold. Consider (m7d*d); 41 x+1-

(a) In the AC case it is injective for X < —1 and surjective for X > —6.

(b) In the CS case it is injective for X > —6 and surjective for X < —1.

Proof. In the AC case, suppose w € ker(m7d*d),. By Proposition and
Lemma we conclude that w = 0 if g < 0. Thus (77d*d);41 341 is injec-
tive when A < —1 (taking = A + 1) and surjective for all A\ > —6 (taking
p=—6—A). In the CS case, suppose w € ker(m7d*d),,. Again by Proposi-
tion and Lemma[£.69, we conclude that w = 0 if 4 > —5. Applying this
tou=A+1and g = —6 — X gives the result. O

5. The deformation theory of G. conifolds

In this section we study the deformation theory of Go conifolds, and state
and prove our main theorem. Recall that for us, a Go conifold (M, p,,) is
either an AC Gg manifold of some rate v < 0 as in Definition [3.20] or a CS
G2 manifold of some rates (v1,...,v,) > (0,...,0) as in Definition

5.1. The G2 conifold moduli space

In this section we define the Go conifold moduli space, and then give some
informal arguments to motivate how we will proceed to prove our main
theorem.

Let 7, denote the set of all torsion-free conifold Gy structures on M
which converge at the same rate v on the ends to the same Go cones as the
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original conifold G structure ¢. Explicitly,
T, ={p € QL(M); ¢ — ¢ € CF(AT* M), dg =0, dO($) = 0}.

In order to define the moduli space of torsion-free conifold Go structures
on M, we need to take the quotient of 7, by an appropriate equivalence re-
lation. The torsion-free condition is diffeomorphism invariant, but arbitrary
diffeomorphisms do not preserve the convergence condition on the ends. As
mentioned in the introduction, we choose to quotient out by those diffeo-
morphisms which fix the Go cones on the ends.

Remark 5.1. One could then in principle further divide out by extra dif-
feomorphisms later, such as those which are asymptotic to automorphisms
of the Go cones on the ends. We eventually do something like this in the CS
case in Section [6.4l See Definition [6.15 and the rest of that section.

Thus we are interested in diffeomorphisms isotopic to the identity which
are generated by vector fields that decay to zero on the ends. For such diffeo-
morphisms to preserve the rate of convergence at the ends to the asymptotic
cones, their infinitesimal generators (vector fields) must be of rate v + 1 on
the ends. Specifically, we define D,11 to be the group generated by the set

{exp(X); X € I(TM), X € C%,(T'M)}.

This is a connected component of the identity in the space of all diffeo-
morphisms of M, and hence a subgroup of Diff’(M), the diffeomorphisms
isotopic to the identity.

It is clear that D, 1 acts on T, by pullback. We now define the Go comni-
fold moduli space M, of rate v on M to be the quotient space M, =
T,/Dy+1. This defines M,, as a topological space. We want to describe the
structure of M,, more precisely. In the AC case, we will see that for generic
rates that lie in a certain range, the space M, is actually a finite-dimensional
smooth manifold. For other rates in the AC case, and in general for the CS
case, the deformation theory will be obstructed and we will describe the
obstruction spaces explicitly.

The orbit of ¢ under D,y is an (infinite-dimensional) smooth manifold
contained in T,,. Consider a smooth curve F; = exp(tX) in D41, where X €

>31(T'M). This path passes through the identity diffeomorphism Fy = Idas
at t = 0. Therefore, the tangent space Ty, (D, 41 - @) at ¢ to the orbit Dyyq - ¢
is spanned by elements of the form % ‘t:()(Ft*SO) =Lxp =d(X_p). Thus we
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have
(150) TPyt - ) = d (CJ5 (AF(TM))) .

To study M, it is useful to understand what its tangent space at the or-
bit of ¢ would be, were it a smooth manifold near there. To this end, suppose
¢ is a smooth path in 7, passing through ¢ at t = 0. Thus ¢ is a torsion-free
Go structure for all ¢, and therefore by Lemma [2.5| we have that the 3-form
n= %‘tzo"@t satisfies dn = 0 and 3d*m(n) + d*m7(n) — d*m27(n) = 0, where
the projections are taken with respect to the G structure ¢ = ¢y. Hence we
have shown that if 7, were a smooth manifold its tangent space at ¢ would
satisfy

(151) Ty Ty € {n € CX(A’T*M); dn = 0, d(Ly(n)) = 0},

where

Lon) = 5 #m(n) + 1) — wmar(r)

is the linearization of © at ¢ defined in equation . For the purpose of
motivation, let us assume that the subspace inclusion in is actually an
equality. Then if M, = T,/D, 1 were indeed a smooth manifold, we would
have that

(152) Tm./\/l,, ® T«p(DV-i-l cp) = T‘p'ﬁ,.

Thus, one of our goals will be to use and to find a direct com-
plement of T,,(Dy41 - ¢) in T,,7,. This will tell us what the “tangent space”
at [¢] to M, would have to be. Then we will use the Banach space implicit
function theorem to describe the structure of M,. We will prove our main
theorem without requiring any assumption about equality in .

The main theorem that we prove in the next section about the Gy coni-
fold moduli space is the following.

Theorem 5.2. Let (M, ) be a Go conifold, asymptotic to particular Geo
cones on the ends, at some rate v. Let My, be the moduli space of all torsion-
free Go structures on M, asymptotic to the same cones on the ends, at the
same rate v, modulo the action of diffeomorphisms that fix the Go cones on
the ends, and fix the rate of convergence v to those cones. Then for generic
rates v (more precisely, for all rates except for a finite set of “critical rates”
for the operator d + d¥, in the sense of Lockhart-McOwen theory), we have
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e In the AC case, if v € (—4,0), the space M, is a smooth manifold
whose dimension consists of topological and analytic contributions,
gwen precisely in Corollary[5.35

e In the AC case if v < —4, or in the CS case for any v > 0, the space
M, is in general only a topological space, and the deformation theory
may be obstructed. The virtual dimension of M,, again consists of topo-
logical and analytic contributions, given precisely in Corollary[5.35,.

5.2. Proof of the main theorem

In this section we prove Theorem [5.2] on the deformation theory of Go coni-
folds. The proof of Theorem is broken up into the following four steps.

Step 1: We prove a slice theorem, showing that the space of torsion-free
gauge-fixed Go structures with the correct asymptotics on the ends
is homeomorphic to the Go conifold moduli space.

Step 2: We demonstrate that the moduli space M, is locally isomorphic to
the zero set of a smooth nonlinear map.

Step 3: We use the Banach space implicit function theorem to describe the
structure of this zero set, and explain when it is a smooth manifold.

Step 4: We compute the (expected) dimension of the Gg conifold moduli
M, space in terms of topological and analytic data.

5.2.1. Step 1: Gauge-fixing and the slice theorem. In order to break
the diffeomorphism invariance, we need to prove a “slice theorem” that es-
tablishes a local homeomorphism between: (i) the space of Gy structures sat-
isfying a particular condition modulo diffeomorphisms which preserve this
condition, and (ii) a space of solutions to a system of differential equations.
Ideally, we would like to prove this slice theorem directly for torsion-free
Go structures which have prescribed cone-like behaviour on the ends. How-
ever, the fact that the torsion-free condition is nonlinear makes it difficult
to do this directly. Instead, we first prove a slice theorem for the space of
closed Go structures with prescribed cone-like behaviour on the ends, which
is a linear condition, and then in Section we impose the torsion-free
condition to describe a smaller subset of this space.

Our approach to the slice theorem for closed Go structures is very similar
to that of Nordstrom [45], who considers the asymptotically cylindrical case.
A more detailed treatment is in [44], to which we will occasionally refer. To
begin, we need to find a direct complement of the tangent space to the space
of diffeomorphisms that preserve the cone-like behaviour of the appropriate
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rate on the ends, within the space of closed 3-forms with the same decay at
the ends. In order to later apply the Banach space implicit function theorem
to determine the structure of the moduli space, we will need to consider
(weighted) Sobolev spaces of forms, and thus we actually need to establish
a “slice theorem” for forms in such weighted Sobolev spaces.

In the space Q?V, the analogue of the space of infinitesimal diffeomor-
phisms defined in e(iuation is the space of 3-forms that are the exterior
derivative of a 2-form of type A% in the appropriate Sobolev space. Explicitly,

we define Dj4 1,41 to be the group generated by the set
{exp(X); X e [(T'M), X € Ll2+1,u+1(TM)}'
and thus the tangent space to the orbit D11 ,41 - ¢ at ¢ is given by
To(Dirp41- ) =d (L12+1,u+1(A$(T*M))) < ng,u-

Similarly, in Qiy the tangent space at ¢ to the closed Go structures Cfry that
are asymptotic to ¢ with rate v is given by

T,Cl, ={n€Q,;dn=0} =Ci.
It is clear that T,,(Dj41,+1 - ¢) is a subspace of T¢C;FV =Cip.
Definition 5.3. Given a rate v, define (G,);,, to be the following subspace
of Q?V:
(Gt = {n € Q},; dn =0, m7(d*n) = 0}.

Thus (Gy)1, is a proper subspace of C;,,, corresponding to the “gauge-fixed”
(with respect to ) infinitesimal deformations of closed Gy structures, given

by Definition

We can equivalently describe the space (G,);,, for our rates v of interest
as follows.

Lemma 5.4. Ifv <0 in the AC case or v > 0 in the CS case, then

(Go)rw = {m € (7)1, dn = 0}.

Proof. Suppose that n € (G,);,, and write m1n = f¢ and m7n = X 1. Since
f and X have decay O(¢"), by Lemma [4.71| we deduce that X = 0 and f is
constant. Moreover, f must tend to zero on the ends of M, so f =0 also.
Hence 1 € (Q3,),,, with dn = 0. Conversely, by Corollary any closed
form n € (3;),, will satisfy m7(d*n) =0, so 7 € (Gy)1.- O
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Before we can state the first main result of this subsection, which is
an infinitesimal version of our slice theorem, we need to construct a finite-
dimensional space (V,);, of 23 that will play a crucial role in the rest of

the paper. It is defined in terms of the modified Dirac operator IVD of .

Proposition 5.5. Consider the map md : (0 ,7);,, — fol,%l. This map
is continuous, hence its kernel Q;, = {B € (Q%H)l,,,;mdﬁ =0} is a closed
subspace of (3, 7)1,,. There exists a finite-dimensional subspace (V)1 of
(Q3,7)1,, such that

(153) Ql,y = (1m jpl+1,zx+1 N Ql,u) S (Vgp)l,y-

Moreover, if v > =7 (AC) or v < =7 (CS), then (V,);,, = {0}.

Proof. From equations (148]) and ((149)), we know im ]:7)l+17y+1 has finite codi-
mension in (03 7)1~ Thus its intersection with the closed subspace Q,

will have finite codimension in Q;,, establishing (153). If v > —7 (AC) or
v < —7 (CS), then from Lemma |4.77, we have that im 0, 41 = Qiy, and

thus Q;, =im Py 1,11 N iy, s0 (Vy)i = {0} in these cases. O

Theorem 5.6. Suppose that v <0 (AC) orv >0 (CS).

[1] In the L? setting: AC when v < —%, or CS for any v > 0. There exists

a finite-dimensional subspace (E,)1, of Ci, such that

(154) ClJ/ = T(P(,Dl+1,l/+1 : 90) S (gtp)l,u S (&p)l,y-

Moreover, there is an injective linear map w47 : (Ep)10 = V)i, and
hence the space (E,)1, is trivial whenever (Vy);, is trivial.

[2] In the non-L? setting: AC when v € (—4,—0), there are two subcases.
e When v € (—4,—1], we have

(155) Ciw =To(Diy1p11-¢) © (Gt

e Whenv € (—1,0) there is a closed subspace (G,)1,, of (Gy)iw, of finite
codimension, such that

(156) Clw = Typ(Dis1p11 - 9) ® (G0

Proof. Case [1]: Note that ]UD(h, Y) = 0 implies Ah = 0 and AY =0 so PDis
in fact injective in this setting by Lemma [4.68, Let n € C;,,.. Since dn = 0, we
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have md(mi4+7n) = —md(mern) = 0 by Proposition m Therefore, 71171
lies in the space Q;, of Proposition so by Proposition and the
injectivity of I} for this range of rates, there exists unique (h,Y) € () @
ON)ii1,041 and B € (V,);, such that

n—D(hY) - B ()

where in particular ]b(h, Y)e Q,, s0 ﬂldluD(h, Y) = 0. Then equation
says that Ah = 0. Moreover, h — 0 on the ends of M so the maximum
principle implies that h = 0. Thus, because equation says D(h,Y) =
2 x(dh A ) +mi47(d(Y o)) and we have that h =0, we conclude that
Tit7(n—d(Y 2¢)) € (Vp)iw, so that

Cly = d() 141,041 @ {C € Crys m47C € V)i }-

By Lemma (Gy)1,p is the subspace of {¢ € C;,; mi47¢ € (V)i } con-
sisting of elements which are of pure type 27, that is those elements in the
kernel of m47. Hence, there exists a finite-dimensional space (£,);, such
that

(157) {C € Cl,l/; m17¢ € (Vw)l,u} = (g@)l,lj ¥ (&p)l,u'

By construction, the map w147 : (5)1, — (Vy )1, is injective. This gives the
required decomposition.

Case [2]: Let n € C;,,. We will first show that n can be written as the
sum of an element of T,,(Dj41,41 - ¢) and an element of (G,); ., and then
show, if v < —1, that the intersection of these two subspaces is trivial. Since
n is closed, Theorem {.35] implies that we can write n = k + da for some
k€ HPand a € Ql2+1,l/+1' By Lemma |4.77, the modified Dirac operator I) of
equation is surjective, so there exists a pair (2h,Y) € (29 & Q')151,11
such that

mir(da) = #(dh A @) + r47(d(Y 39)).
Since *(dh A ¢) is pointwise of type A2, the above equation says that

(158) do — d(Y Jp) = x(dh A @) + (o7

for some (o7 € (23;),,. Since 71 (dna7) = 0, we have m1d * (dh A ) = 0 and

hence by (9), we conclude that h is harmonic. Because h = O(o"*!) for
v < 0, Lemma implies that dh = 0. Thus, d(27 = 0 so (27 € (Gy)1 by
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Lemma Since & is closed and coclosed, k € (Gy,);,, as well, and hence n =
k+do=r+Cr+dY ) liesin (Gy)iy + Tp(Dis1,p+1 - @), as required.
To complete the proof of case [2] we need to consider the intersection
Ty (Dis1p41 - ) N (Gp)i,w- Let d(X ) lie in this intersection. Let = X 1.
We have 7m7(d*dp) = 0. By Proposition we have dd*X + 2d*dX = 0.
But p € L, (A3(T*M)), so X € Lj,, ,,,(TM). Now using Proposi-
tion on the excluded range of 1-forms X satisfying dd*X + %d*dX =
0 and Theorem 10 on the invariance of the kernel we conclude that if
v+ 1 < 0, then in fact we can say that X is actually O(r*'+1) where v/ + 1 =
—4+e< —%. Thus we can use Lemmato conclude that X = 0 and thus
d(X 1) =0 when v < —1.If v € (—1,0), then all we have shown is that X
is in the kernel of m7d*d : Q2 — Q2. Since this operator is elliptic, there is
only a finite-dimensional space 7, of such 1-forms. Choosing a topological
complement (G(,);,, of the finite-dimensional space {d(X_¢); X € J,} in
(Gy)1,» completes the proof. O

Remark 5.7. In the L? case we cannot always conclude that the space
(€5)1,» vanishes. However, in the CS setting, the space (€4)1,» can be iden-
tified with a subspace of the cokernel of P, so this fact could be used to
provide an upper bound for the dimension of (£,);, in terms of certain
eigenvalue equations on the links ¥;.

Remark 5.8. In the AC case when v > —4, Theorem [5.6] says that the
space (Gy)1 is only a good infinitesimal slice when v < —1. When v €
(—=1,0), not all gauge-fixed infinitesimal deformations are actually trans-
verse to the orbit of the diffeomorphism action. Hence we need to consider a
smaller slice whose tangent space is (G,,);,,- Note that v < —1 is satisfied by
all currently known examples. We also notice that the complement of (G/,);,
in (Gy)1,v is ker(m7d*d),+1, and since m7d*d is surjective at these rates by
Lemma we can use Proposition to describe this space via scalar
eigenfunctions of A.

Corollary 5.9. Let M be a Go conifold with rate v. Recall, from Propo-
sition that we defined a finite-dimensional subspace (V,)i, C (23 &
Q2)1., all of whose elements (3 satisfy mdB = 0. Using this space Vo)iws
define

(Se)ipy =A{n € Cp : my7n € V)i }-
Then we have

Cl,zz = d(<Q$)l+l,u+l) + (Scp)l,w
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and the intersection of the spaces on the right-hand side is finite-dimensional.
Moreover, if M is AC with rate v < —1 or if M is CS then

d((Q)i41,+1) N (Sp)iw = {0}
Finally, if M is AC with rate v > =7 then (V,);,, = {0}.

Proof. All of these statements follow immediately from properties of (V,);,,
in Proposition and from the proof of Theorem [5.6] O

Now let (S),);,, be a direct complement to d((€22)i11,41) N (Sy)1, in
the space (S,);,, defined in Corollary Notice that in the AC case when
v < —1 and in the CS case we have that (S},),, = (Sy)i,,- Moreover, we also
have that (Sy);, = (Gy)1,» in the AC case when v € (—4, —1]. If we now let
B:(0) be the e-ball in C°(Q?) and define a map exp,, : (S,)1,, N B:(0) — CZFV

by affine translation, namely

exp,(n) = ¢ +1,

then it is clear that for ¢ small the image Sl of this map is an (infinite-
dimensional) smooth submanifold of CJr whose tangent space at ¢ is exactly
T Sf = (5 )i,v- We would like to conclude that, near the point ¢, the space
S, contains exactly one representative from each orbit of the action of the
dlffeomorphlsms in Dj41,,4+1. More precisely, we want to establish that, near
p, the space Sf is homeomorphic to Cl i /Di+1,p+1. In fact, what we can
actually prove is that near ¢, the space ‘of torsion -free elements in 85
homeomorphic to our moduli space M,. This result will be sufﬁment for
our purposes. The details of this argument are discussed in Nordstrom [44],
Section 3.1]. Our situation admits several nice features that allow us to use
the simplifications that Nordstrém explains in [44] Section 3.1.3], which we
now briefly discuss.

We define R, = & N T to be the torsion-free Gg structures in &, .
The content of Corollary @ in the next section is that Rj,, consists of
smooth elements, so we can drop the subscript [ on Rj, = RE and we are
able to use [44], Theorem 3.1.4]. Thus, we can concludelas in [44, page 51],
that the space RS is homeomorphic to an open neighbourhood of [¢] in
M,,. So the problem of understanding the local structure of M, reduces to
understanding R%. We summarize the preceding discussion in the following
theorem.

Theorem 5.10. Let R}, = {n € (S))1.; Inlce < e,d(O(¢ +n)) = 0} be the
space parametrizing the torsion-free gauge-fized Go structures close to .
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Then for e sufficiently small, any element n € Rj, has n smooth and hence
lu is independent of . Moreover RE is homeomorphic to an open neigh-
bourhood of the point Dyy1 - @ in M,.

5.2.2. Step 2: Local one-to-one correspondence with solutions of
an elliptic PDE. In this section we establish a (local) one-to-one corre-
spondence between (i) gauge-fixed torsion-free Gg structures with the same
conical asymptotics on the ends as ¢ that are sufficiently C°-close to ¢; and
(ii) solutions of a nonlinear elliptic partial differential equation on M.

Let (M, ) be a Gy conifold of rate v. Let € > 0 be the constant from
Lemma [£.75] Consider the set of Gy structures ¢ that are asymptotic, at
the same rate v, to the same Gy cones on the ends, which are e-close to ¢
in the C° norm, such that the difference ¢ — ¢ lies in Q3

The next result should be compared with [17, Theorem 10.3.6]. It is both
a generalization to the conifold setting, and a reformulation in terms of the
first order operator d + d* rather than the Laplacian A.

Theorem 5.11. Consider the subset of Go structures ¢ withn =@ — ¢ €
Q‘zy, satisfying |n|co < €,

(159) dn=0, dO(p+n) =0, and m147(n) = fe+*(X Ap) € Vy)iv-

In particular, this includes all n € R, as defined in Theorem 5. 10,
Define the finite-dimensional space

7 * *
(160) (Wga)l—ly—l = {3d 7Tl(ﬁ) +2d 777(ﬁ) € QZQ—LV—]; 6 € (Vga)l,u}
and consider the following nonlinear condition on n:

(161) (d-+d") = d = (Qul0) = 2" (f) + 24" = (X A9) € Wo 101

Then, for any G conifold, the conditions in (159) imply (161] - More-
over, in the CS case, and in the AC case if v < — there s a one-to-one
correspondence between 3-forms n € Q?’,y with ]n|co < € that satisfy ,
and solutions in Qf”y of .

Remark 5.12. Consider the case when (V,);, = {0}. By Proposition
a sufficient condition for this is that v > —7 (AC) or v < =7 (CS). In those
cases where (V,,);,, = {0}, the constraint in - 159) that w1471 € (V)1 is the
condition that n € (23;),,. By Lemma [5 . 5.4 we find that this is equivalent
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to n € (Gy)1,,. Moreover, in such cases equation (161) becomes the usual
equation in the study of compact G2 manifolds, namely (d + d*)n = d*( *

Qy(n))-

Proof of Theorem[5.11]. First we establish an identity (162]) that will be used
to prove both directions of this theorem. If we substitute 7 into equation
and simplify using equation , we obtain:

*d(0(p)) = —d" * (Ly(n)) — d” * (Qp(n))

=~ (Gmal) + mr () = mar(n)) - d = (Qu(o).

If we add and subtract d*n we find that

(162)  #d(O(F)) = —d'm() — 2" wan) + d°n — d = (Qu(n).

Now suppose that holds. Substituting into (162]) immediately
gives , with the same function f and 1-form X, as we wanted to show.

Conversely, suppose that equation holds. We thus have dn =0,
which is one of the three equations in , and we also have d*n — d* x
(Qyu(n)) = Ld*mi(B) + 2d*m7(B) for some B € (V,);,,- Substituting this into
equation and taking the Hodge star, we obtain

(163) AHOW)) = Tdm(n— )+ 2dxmr(n — ).

Note that m1(n — ) = fe and 77(n — B) = *(X A ) for some function f
and some 1-form X. Therefore, equation (163)) can be written as

(164) d(O(p)) = gdf A+ 24X A g,

using the fact that ¢ is closed and coclosed. Now by the C%-closeness as-
sumption, we can apply Lemma to to conclude that all three
terms of vanish, provided we can show that d(©(@)) = O(¢") and
X = O(oM1) for some A < —Z (AC) or A > —I (CS).

Since @ — ¢ is O(p"), equation and Lemma [2.5| give us that d(©(¢@))
is O(0"™1) + O(p*71). But v < 0 in the AC case and v > 0 in the CS case,
so in both cases the first term dominates on the ends, and thus d(0(p)) =
O(0"™1). Certainly in the CS case we have v —1 > —Z. In the AC case
we need v — 1 < —%, that is v < —%, which is our hypothesis. Meanwhile
X Np=xm7(n—0) is O(0”), so X = O(g") since ¢ = O(1). (Recall it is
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the difference ¢ — . that is O(¢”). The G structure ¢ is O(o") because
¢c is.) Therefore X = O(p*?) for some A < —% (AC) or A > —1 (CS) is
equivalent to v < —3 (AC) or v > —3 (CS), which both hold. Thus we can
indeed apply Lemma to to conclude that df =0 and dX = 0.
Moreover, fo = mi(n— ) = O(0”), means that f tends to 0 on the ends,
and thus f = 0.

All that remains to do in order to establish that implies is
to show that m117(n) = m147(8). We have shown that m147(n — 8) = *(X A
) where dX = 0. Recall that dn = 0. Also, by Proposition we have
mdB = 0, since 8 € (V)1 Thus mid(n — B) = 0, which means that d*X =
0 by Proposition [2.17] and hence X is closed and coclosed. The decay con-
ditions on X mean we can apply Lemma [£.68| to deduce that X = 0, and
therefore m47(n — B) = 0, as required. O

Remark 5.13. One direction in the proof of Theorem did not require
the assumption of C°-closeness. In the AC case, we needed the hypothesis
v < —% for one direction of this theorem to be able to apply the various
gauge-fixing results of Section [£.7] Without this assumption, we do not have
a one-to-one correspondence. All we would know is that solutions to (159))
give solutions to , but not conversely. However, we will nevertheless be
able to understand the moduli space in the AC case all the way up to rate
v < 0, using a slightly modified argument. This is done in Corollary

Corollary 5.14. After possibly making € > 0 smaller, the space Rj, is
equal to the set of smooth forms n with |n|co < € that satisfy (159)).

Proof. Recall from the statement of Theorem that all n € R}, sat-

isfy (159)), and hence by Theorem such 7 also satisfy equation (161]). In
particular, 7 is a solution to the equation

(d+)C = " 5 (Qu(G) + 5 m(5) + 20'r (),

for an unknown ¢ € 9°9 with (3 being the component of ¢ in 3, and
B € (Vyo)i,v is smooth. Since @, is the quadratic part of the nonlinear map
O at 0, the linearization of the above equation at 0 is elliptic, so it is a
nonlinear elliptic equation. Hence its solutions are smooth [43] Theorem
6.8.1]. 0

5.2.3. Step 3: Applying the Banach space implicit function the-
orem. In this section we will apply the Banach space implicit function
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theorem to study the local structure of the moduli space M, of Gs coni-
folds of rate v.

For completeness, we explicitly state here the Banach space implicit
function theorem that we will use. Its proof can be found, for example, in
Lang [27, Theorem 6.2.1]. The hats on U and F are employed to match
notation with the eventual use of this theorem later in this section.

Theorem 5.15 (Banach space implicit function theorem). Let X
and Y be Banach spaces, and let U C X be an open neighbourhood of 0. Let
F:U—Ybea C*-map (with k > 1) such that F(0) = 0. Suppose that the
differential DF|g : X — Y is surjective, with kernel KC such that X = K © Z
for some closed subspace Z of X. Then there exist open sets A C K and
B C Z, both containing 0, with A x B C U, and a unique C*-map G : A — B
such that

FH0)N(Ax B) ={(z,G(z)); z € A}

inX =K & Z. That is, the zero set ofﬁ near the origin in X is parametrized
by a neighbourhood of the origin in the space K.

For the remainder of this section, until Corollary we assume v < —%
in the AC case so that Theorem [5.11] gives a one-to-one correspondence. We
also let € > 0 be the constant from Lemma [4.75] and Theorem and let
U denote the open subset of Qiy consisting of 3-forms which are within ¢ of
@ in the C° norm.

To begin, we define a nonlinear map

FUCQ, -9, 1@ Q?—1,u—1
by the rule

(165) F(n) = (d+d")n—d" * (Qyp(n)) -

The motivation for this definition is that, by Theorem[5.11], a neighbourhood
of ¢ in the moduli space M, is homeomorphic to the space of n € U such
that F'(n) € Wy)i—1,,—1. Thus, we want to solve (7 o F')(n) = 0, where
Ty is the projection to the quotient of Ql2—1,u—1 & Q?_M_l by the finite-
dimensional space (Wp)i—1,—1-

We now show that the map F' is well-defined.

Lemma 5.16. For n €U, we have Qu(n) € QO , and so d* x (Qy,(n)) €

5 IR
Ql—l,u—l :
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Proof. This argument is very similar to [I9, Proposition 6.4] and [35, Propo-
sition 5.7], with some minor differences. We present it here for completeness.
From Lemma [2.5) we have Q,(0) = 0 and |Q,(n)| < C|n|* for some positive
constant C. That is, the smooth function @), is the quadratic term in the
second order Taylor polynomial for the smooth function ©, as a function of
n € N3(T; M), for fixed o € M. More precisely, if we let z!,..., 2" be local
coordinates on M, and let y', ..., y3® be local fibre coordinates for a trivial-
ization of the bundle A3(T*M), then we can regard @, locally as a smooth
function

R(x) = Qp(x, y(x))
such that, for fized x and for |y| < e, we have
(166) (V2)*(8,)"Qz, y) = O(|y|™*270)),

We need to modify (166)) by inserting the appropriate function of = as a
multiplier for such an estimate to hold uniformly on M. Since ¢ is asymptotic
to a Go cone at each end, it is clear that the appropriate uniform estimate
is

(167)  |(V2)*(8,)"Q(z,y)| < Co™"ly|™>*0) Va,b >0,

where p is a radius function on M. Since we always assume that [ > 6, by
Corollary we have n € C,%’a, and thus in particular

(168) Inf=0(¢") and |Vl =0(a"").

Note that we know nothing about |V¥y| for k > 2. Now because v < 0 in
the AC case with ¢ — oo on the end, and likewise because v > 0 in the CS
case with o — 0 on each end, in either case we find that ¢”, and thus 7, is
bounded on M.

To prove that Q,(n) € Qﬁy we need to show that

VIReLj, ; for0<j<l
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By the chain rule, we have

(169) VIR < Cj Y (V)" (9y) Rl y())]
a,b>0
a+b<j

<X (r:[ |vmﬂy<x>|>

my,...,mp>1
a+my+--+mp=j

for some positive constant C; that is purely combinatorial and depends only
on j. To show that V/R is in L%_yf ;j» we need to prove that the integral

/ |gj_”VjR\29_7volM
M

is finite. From the inequality (169), it suffices to prove that each of the
integrals

b
(170) /M 07| (Vo)"(9y)" R(x, y(2)) (H !Vmiy(wﬂz) o~ "vol,,
i=1

is finite, where a,b > 0, my,...,mp > 1, a+b < j and a+mi+---+mp = j.

Consider first the case b = 0. In this case, a = j and the product is
empty. Hence, from and the fact that |y| = |n| is bounded on M, we
have |(V,) R| < Co~7|y|? < Co/]y|. Hence the integral in is bounded
above by

C/ QQj‘2”Q‘2jlnl2Q‘7v0|MZC/ 0% Inf*e™"vol,,
M M

which is finite since n € Ll & L2
Next we consider the case b = 1. This time, m; > 1 and a4+ m1 = j.
Thus, from (167) and (168), we have |(Vz)*(dy)R| < Co *|y| < Co~ .

Hence the integral in ((170)) is bounded above by
(171 C/ 2j—2v 2a+2V|leT}’2 M — C/ 2m1|vm1n|2 M

CL?

However, since n € L? , we have V™ € L? 0,v—m, and there-

fore the integral

Ly’ l—my,v—my

(172) / o2V Tim |Vm17}‘2Q77VO|M
M
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is finite. But in either the AC case or the CS case, the function p~? — oo

at the ends, so outside of a compact set the integrand of dominates
the integrand of . Hence the integrals in with b =1 are indeed
finite.

Finally we consider the general case of b > 2. Now from we have
|(V2)%(9,)°R| < Co~. Hence the integral in is bounded above by

b
(173) C/ 0 (HW”“WIQ) o "vol,,.
i i=1

Forizl,...,b,deﬁneqi:%.Sincebz2anda+m1+-~-+mb:j,we

i

have ¢; > 1, and also $27_, L = 1. Observe also that the integrand of (173)

i=1 g
: b
can be written as [[,_; s;, where

L 2v _ 7
S; = szl a; ‘Vm“r]’QQ 9

Now by Holder’s inequality, we have

b b
/ (H sz~> vol,, = < H IIsi
M \;=1 1 =1

Thus we can finish the proof if we can show the finiteness of the integrals

PR qi _ 2m;q; —2v m;
g —/ 57'vol —/ g TV
M M

We claim that the above integral is indeed finite, by the Sobolev embedding
Theorem To see this, let p =2, and let ¢ = 2¢; > 2 since ¢; > 1. Let
m = m;. We have | > m since m; < j <. Furthermore, the last remaining
inequality we need to use the embedding theorem is

l_72m_7:mi_7:mi<1_.7>7
2 q 2q; 2(j — a)

which is easy to verify from 2 < j —a <land 0 < % < 1. Thus Theorem
tells us that LZQ’V - L?,?jf,l,, and therefore

(175) / 92m1q1_2l’q'i
M

_ / 92u(1—qi)g2m7,qi—2y|vmin
M

b

g

=1

qi-

2q; ,—

(174) [| s 0 7vo|M.

2q; Q_7VO| My

V™in

24 Q_7VO|M
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is finite. But now, just as in the b =1 case, since ¢; > 1, the integrand
of (175) dominates the integrand of (174]) outside of a compact set, and
hence the proof is complete. O

We now consider the linearization DF|y of the map F defined in equa-
tion (165)).

Lemma 5.17. The linearization DF|y of F' at the origin is the map

DF|o :Q}, — QF

(176) |0 . IN% l—ﬂl{,y.—l
n— (d+d*)n.

Proof. This follows immediately from the definition of @), as the quadratic

approximation of the nonlinear map © in Lemma [2.5 O

From Lemma the linearization DF|y always maps onto the space
Yo=(d+ d*)(Q?V) defined in ([99)), which is a Banach space by Lemma
However, to be able to apply the Banach space implicit function theorem
to F', we would need to know that F' maps into ). If we could show this,
we could redefine the codomain of the map F' to be ), surjectivity would
then be immediate and we would be able to apply Theorem [5.15 However,
the problem is that we only know that F' maps into ) = d(Qiy) + d*(Qiy),
which is in general not contained in Yy = (d + d*)(£2? ), and thus DF |y may
not surject onto a Banach space containing the imaée of F.

We showed in Corollary that Y = Yo @ O, for a finite-dimensional
space O,. Now the image of F' is contained in ), but DF|p does not map
onto ), so we “correct” the map F to a map

F:U®O,—-Y=)d0,
by the rule

(177) F(n,&) = (d+d*)n —d*  (Qu(n)) +£.

Lemma 5.18. For g\enem’c rates v, the space Y =Yy ® O, is a Banach
space, and the map F defined in equation (177)) actually maps into this
space.

Proof. The first statement is Lemma Since Yo = (d + d*)(€2} ), to show

that the map F of equation (177) maps into ), we need only show that
d* % (Qy(n)) lies in Y. However, we showed in Lemma that the 3-form
X = *(Qy(n)) lies in 2}, so the result is now immediate. O
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Corollary 5.19. The linearization Dﬁ|0 ofﬁ at the origin is the map

S
(1,8) = (d+d")n+¢&.

and DF|y is surjective onto Y.

Proof. The first statement follows from Lemma and equation ([177)),
while the second statement is immediate from ((102)). O

Consider the Banach space X = Q , @ O,. For generic rates v, we have

shown that the differential DF|0 maps surjectively from X onto ). It is
also clear that F is a C® map from U=Ux O, to ). Finally, note from
Corollary [5.19 and Definition [4.41] that

(179) K = ker DF|y = ker DF |y ® {0} = 73,

and we have X =K ® Z for a closed subspace Z by Propositions
and [£.33]

In the case when (W,);—1,,—1 = 0, which is automatic in the AC case for
v > —4, the construction above suffices and we can apply the implicit func-
tion theorem. However, in general, we only wish to solve F'(n) € W,y)i—1,-1,
rather than F'(n) = 0. Thus we let

Tw Y =V =V/Wo)i—1,-1

denote the projection map, so that our problem is to solve (7 o F')(n) = 0.
We do not know that the linearization 7/, o DF'|; maps onto Yy, but
the existence of O, means that there exists a finite-dimensional subspace
O,w C V) such that

Yw =mmw (o) ® Oy
Define the space

Recall from above that X = Q?’y @ Oy, thus to construct Xy we just add
the subspace Oy of O, to QF rather than all of O,.
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We can now define a smooth map between Banach spaces by

Fry:UBOpy C Xy — Vi

(180)
(m,8) = (T o F)(n) +&,

whose linearization DF /W‘ at the origin is surjective by Corollary [5.19,

Moreover, the kernel of this linearization is
,C/W = ker(w/w o DF’O)

and Xy = Ky @ Z)yy for a closed subspace Z .

Thus, we can apply Theorem [5.15]to conclude that there exist open sets
AC K,y and B C 2, both containing 0, with A x B C U=1Ux O,
and a C*°-map G : A — B such that

F(0) N (A x B) = {(z,G(2)); = € A}
in Xy =Ky @ Z)y. We have therefore established the following result.

Corollary 5.20. The set ﬁ/_l (0) is a smooth manifold, diffeomorphic to an
open neighbourhood A of the origin in IC/W In particular, if Wy)i—1,p-1 =
0, then we have that Ky = H3 and dim F /W(O) dim 3.

Notice that Z )y = 2’ @ Oy for some closed subspace Z’ of 93 Thus
the projection map 7o : B — Oy is well-defined and smooth. It is also clear
that (my o F)~1(0) is homeomorphic to the subset (m, 0 G)~1(0) of A C
K . Hence we have shown the following.

Corollary 5.21. The composition ¥,, = w, o G is a smooth map
\I/V A — O/W

from the open subset A of the finite-dimensional vector space Ky to the
finite-dimensional vector space Oy, whose zero set U 1(0) is homeomor-
phic to (w0 F)71(0).

By combining Corollary [5.21] with Theorem [5.11] and Corollary [5.20] we
have the following result.

Theorem 5.22. Near [¢], the moduli space M, is homeomorphic to the
zero set W, 1(0) of a smooth map ¥, from an open subset A of the finite-
dimensional vector space ICyyy to the finite-dimensional vector space Oy .



Deformation theory of Go conifolds 1167

In particular, in the AC case when v € (—4,—3), we have Oy = {0} and
Ty 18 the identity, and thus in this case we conclude that the moduli space
M, is a smooth manifold of dimension dim H;.

Remark 5.23. We could conclude that M, is a smooth manifold if we
knew that the map ¥, was the zero map. However, this will not be true in
general.

We can also extend Theorem to the AC case for rates v € [—%, 0)
as follows.

Corollary 5.24. Let M be an AC Gg manifold with generic rate v €
(—4,0). Then the moduli space M, is a smooth manifold near [¢] with di-
mension dim H3 — dim M}, ;.

Proof. Recall from Remark [5.12and equation that (We)i—1,,—1 = {0}
in this case. Moreover, from Definition and we also have that O, = {0}
since v > —4. Thus ﬁ/w = F, so F~1(0) is a smooth manifold near 0, given
as the graph I' of a map G defined on an open set A in H>. Notice that if
n € H3, then n € (G,),, since d*n = 0 implies m7d*n = 0.

Let n =d(X_J¢) € d(Q2)151,0+1 N (Gy)1p- Then AX =0, since we have
A = m7d*d. We claim that dX =0 and d*X = 0. To prove the claim, first
note that the operator Qll+1,>\+1 given in is injective for all A < —1
by Lemma and surjective for all A > —5 by Lemma and .

Since the kernel is zero for all A < —1, and since the cokernel does not
change for all A > —5, Theorem says that all the homogeneous closed
and coclosed 1-forms on the cone C' of order A +1 < v + 1 satisfy A+ 1 €
(0,v +1), and they define elements of ker®},; = H}_, and thus elements
of ker A, ;1. Recall that ker Ay, = {0} for A < —1 by Lemma and
all homogeneous 1-forms Y of order A +1 € (0,1) on C solving A,Y =0
are closed and coclosed by Proposition Thus, we have shown that
ker A, 1 = H) +1- We deduce that X is closed and coclosed as claimed.

Consequently, since d*(X _1¢) = x(dX A1) = 0, we have that n = d(X _
¢) in fact satisfies

d'n=d"d(Xap)=A(X_1p)=(AX)l1p=0.
We therefore conclude that d(Q2);41,,+1 N (Gy)1, € H3. Notice that the map

XeHi —dXap)eH
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is injective since d(X ) = 0 if and only if X is Killing by Proposition [2.15]
as dX = 0 and d*X = 0. Hence, the intersection d(Q2);41,+1 N (Gy)ry is in
fact isomorphic to H} ;.

Now recall from Theorem that (G;,);, is a direct complement of
d(Q2) 141,041 N (Gp)ip in (Gyp)ip- IF we now define A" = AN (Gi,)1,» then the
graph I” of G over A’ is a smooth submanifold of ', and thus of F~1(0).
Moreover, the tangent space of I is isomorphic to the complement of the
subspace d(02)41,,+1 NHS in H3. Since Typ(Dyy1 - @) = d(2) 141,041, We
see that I” describes all of the solutions to F'(n) = 0 where n € C;,, is near
0 and gauge-fixed; that is, the AC torsion-free G structures with rate v on
M up to the action of D, 1. Hence, a neighbourhood of [¢] in M,, can be
identified with I”, and we deduce that M, is a smooth near [p] and has
dimension dim %} — dim H} ;. g

5.2.4. Step 4: Computing the virtual dimension of the moduli
space. In this section we compute the expected (virtual) dimension of the
moduli space M,, for rates in both the AC and the CS cases, including exact
results for the dimension in the unobstructed setting. From Corollary
and the discussion in Section [5.2.3] this virtual dimension is

(181) v-dim M, = ind D(7yy o F') = dim Ky — dim Oy,

where the map D(m/yy o F') =)y 0 DF : Q3 — Y)w is the composition of
the two Fredholm maps DF : Qiy — Y and /W Y — y/W.

Proposition 5.25. The difference in dimensions dim Ky — dim Oy s
given by

(182) dim Ky — dim Oy = dim H}) — dim O, + dim(W,,);—1,,—1.
Proof. Since DF = ’D?’J,, we have
ind DF = dim(ker DF) — dim(coker DF) = dim H3 — dim O,,.
Moreover, we also have
ind 7 )y = dim(ker 7)) — dim(coker 7)) = dim(W,);-1,,—1 — 0.

Equation (182) now follows from the fact that the index of the composition
of two Fredholm maps is the sum of the indices of each map. O
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Lemma 5.26. The map from (Vy)1, to (Wy)i—1,—1 given by

7 * *
B 34 m1(B) + 2d*m7(83)
s an isomorphism.

Proof. From equation the map is surjective by definition, so it only
remains to show that it is injective. Write 8 = fo + *x(X A ¢) and suppose
that Zd*mi(B) + 2d*m7(8) = 0. This simplifies to — * (df A1) — 2 (dX A
¢) =0. We see from and that this implies —%df + %curlX =0.
Taking d* of both sides and using Remark gives Af =0 and thus f =0
by the maximum principle. Hence, d*m7(8) = 0, which means dX A ¢ =0
and thus dX = 0. Moreover, from Proposition [2.17] we have d*X =0 as
m1(dB) = 0. We thus conclude that X =0 from Lemma completing
the proof. O

Corollary 5.27. The virtual dimension v-dim M, of M, is given by
(183) v-dim M, = dim Ky — dim Oy = dim H; — dim O, + dim(V,,),,.-

Proof. This is immediate from ((181]), (182]), and Lemma O

We have thus shown in (183)) that the expected dimension of M, is
made up of two contributions: dim(V,);, and (dimH; — dimO,). From

equations , (102)), and ([104)), the latter contribution is precisely the

index of the map
@iy : Qiy -y
defined in equation . Thus, we have

(184) v-dim M, = ind(9;,) + dim(Vy);,,.-

Remark 5.28. In equation (184 above and henceforth, to simplify nota-
tion, we will always denote @?V as ©;, because we will only make use of
the map @ﬁy for k = 3 from now on.

Before moving on to the explicit computation of v-dim M,,, we pause to
introduce some auxiliary spaces and to derive expressions for the dimensions

of both Ky and Oy that will be used later in Section

Lemma 5.29. Recall the spaces (Go)iv, (E0)iv, (Vo)iv, and (Sy)i,, from
Lemma Theorem [5.6, and Corollary[5.9. Consider the cases when the
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finite-dimensional space (E,)1, is not necessarily trivial. This corresponds
tov >0 (CS) orv<—T (AC). We can choose a finite-dimensional space

(Ep)1,p such that
(185) (Sp)iw Nker(do Ly) = H3 @ (E)1.-

Moreover, the restriction of w147 to (€~<p)l7,, is injective, and we denote its
image by

O}Lp)l,l/ = 771+7((§50)l,1/ - (ch)l,u-

Proof. First, we note that for these rates, H3 C Q3-, since there are no non-
trivial harmonic functions or 1-forms of these rates by Lemma, It now
follows from Lemma and equation that

(Go)iw Nker(do Ly) = H3.

Recall in equation ((157) during the proof of Theorem we established that
in these cases

(Sw)l,l/ = (gso)l,v D (&P)l,v

for a finite-dimensional space (&,);,,,. Hence, as (G,);,,, has finite codimension
in (S,)1., it follows that H3 = (G,);,, Nker(d o L) has finite codimension in
(Sp)i» Nker(do Ly). Thus we can choose a finite-dimensional complement
(Ep)1, satisfying (185). By construction, we have (Gy)1,, N (€,)1., = {0}. The
injectivity of the restriction of w17 to (€,);, follows from the fact that the
kernel of 717 on (S,)1, is equal to (Gy);, by definition. The fact that
(1%)17,, = 7r1+7((‘f¢)l7,, is a subspace of (V)i is by definition of the space

(S)1,p in Corollary O

Remark 5.30. We could now go back and redefine (£,);,, to ensure that it

contains (€,);,, as a subspace, but this will not be necessary for us. However,

this observation justifies our choice of notation, because (V,);, is definitely
a subspace of (V)i ..

Proposition 5.31. Recall the notation of Lemma|5.29 The dimension of
K s given by

(186) dim Ky = dim H}, + dim(E,),, = dimH), + dim(V,),0.-
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Proof. We have that ¢ € Ky if and only if 7/ (d + d*)¢ = 0, which by
definition is equivalent to

(187) d¢ =0 and d*(zgdf/\lb—l—ZdX/\gp

for some function f and 1-form X such that = fo+*(X Ap) € (Vy)ip-
We also have d*X = 0 since m1(df) = 0. Since v < 0 in the AC case and
v > 01in the CS case, Theoremshows that solutions to correspond
to closed 3-forms ¢ € Q?’y with m147(() = 8 and d(L,¢) = 0. (Note that the
constant ¢ from Theorem is necessarily zero here because both ¢ and
3 decay to zero on the ends.) Thus we deduce that ¢ € Ky if and only if
¢ € (Sp)iv Nker(do Ly). The result now follows from Lemma O

Proposition 5.32. The dimension of dim Oy is given by
(188) dim Oy = dim O, — dim(Vy)y,, + dim(Vy)y,,-

Proof. This is immediate from equations (183]) and - O

We now return to the explicit computation of v-dim M,,. Because of
equation , in order to explicitly compute v-dim M,,, we need to use
our special index change Theorem for the operator ©;,. The first step
is to compute the index of ®; ) exactly in some special cases. Recall from
Corollary and Proposition we have, for € > 0 sufficiently small,

dimH? 5, = b2 + dim(im Y?)

(189) dimH3 = b3, A € (—4,-3) (AC),
dimH3,_ = b2 — dlm(lm T
dimH3 5, = b* — dim(im Y?)

(190) dimH3 =03, A e (—4,-3) » (CS),
dimH?, . =b>+ dlm(lm T

where b® = dim H3(M,R) and b2, = dim H2(M) are the ordinary and com-
pactly supported third Betti numbers of M, respectively. The above equa-
tions say that the rates A = —3 and A = —4 contribute to changes in the
kernel of ®, not the cokernel. This fact also follows from Theorem as
we stated in Remark but the above equations tell us exactly how the
kernel (and thus the index) changes at these rates.
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Proposition 5.33. The index of D is purely topological for a certain
range of rates, as follows.

ind(D;,_34¢) = b .+ dlm(lmT )
(1) =¥, A€ (48) o (40)
ind(®; _4_.) = b2, — dlm(lm T
ind(9; _34c) = b — dim(im 13)
ind(D;,) = b, A € (—4,-3) (CS).
ind(D;_4-c)="b" +d1m(1mT4)

Proof. By Lemma [4.45] the space coker(D;) = {0} if A > —4 (AC) or A <
—3 (CS). Moreover, we know that the index cannot change at all in the
interval (—4,—3) since by Corollary there are no critical rates for ©
in this interval. Finally, equation 1897 and the discussion following
it tells us that the cokernel does not change at the rates —4 and —3, and
the change in the kernel at those rates is given by 7. When these
facts are all combined we obtain the statements above. (]

We now compute dim(V,);,, by using index change formulas for the
Dirac operator, the scalar Laplacian, and the Laplacian on 1-forms.

Proposition 5.34. The dimension of (V,)i,, s given as follows.

(a) In the AC case, for generic v <0,

0 if ve (=7,0),
dim(V,)y = { Shem dimKA+ 1)
- Z)\G(V,f'?] dlmlC()\ + 1)Ac Zf v< _77

where A, acts on functions on C.

(b) In the CS case, for v > 0 sufficiently close to zero,

dim(V —1+Z Z dlmlC)\—i-l)]D ,
=1 Xe(—1,0]

where Iﬁci s the modified Dirac operator on C;.

Proof. Recall from Proposition that (V)1 is a finite-dimensional sub-
space of (23 & Q3);,, whose elements 3 in particular satisfy m(d3) = 0 for
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all B € (Vy)1,,. Moreover, from the definition of the space (VQID)ZJ/ in
and , it is clear that (V,);, can be taken to be a subspace of (Vgla)l,llv
which is itself isomorphic to the cokernel of the modified Dirac operator
Dy 1,41 acting on (Q° ® Q);41,,41. We can identify I) with the usual Dirac
operator 0,11 given by I(f, X) = (d*X,df + curl X), and thus the cok-

ernel of I with ker p_-_,,.

The condition 71(dB) =0 for B € (Q3 & Q3),, with B=hp+ f* (Y A
) corresponds to d*Y = 0 by Proposition . We observe that the coclosed
1-forms in Ql{y are dual to the exact 1-forms in Q' ;_, . Hence, (V,);,, is iso-
morphic to a direct complement of (ker _,_,)Nd(Q%,_,) in ker D_;_,,.
Since the curl of an exact 1-form vanishes, we note that (ker )_;_,)N
d(Q%_,) = d(ker A_g_,) where A is the scalar Laplacian. Thus, we have
established that

(191) dim(V,)1, = dim(ker P_7_,) — dim(d(ker A_g_,)).

Consider first the AC case. We already established in Proposition that
(V)i = {0} for v > —7. Moreover, by Lemma the operator 1, 1,41
is injective for v < —1, so any changes in the index of ) below this rate
must add to the cokernel, which is isomorphic to ker(})_7_,. We need to
determine which changes in fact add to (V). Hence, by , the amount
by which the dimension of (V,,);, will change as we cross the rate A is thus
dim (A + 1) j,, minus the change in dimension of d(ker A_g_). We claim
that this Change in dimension is exactly dim/C(A + 1)a.. To see this, first
note by Lemma the scalar Laplacian Ayy; is injective for A + 1 < 0,
since a constant function that is O(o*!) must vanish if A + 1 < 0. Thus
any change in the index of Ay at rate A adds to the cokernel, which has
dimension dim(ker A_g_»). Since A < —7 now, we have —6 — A > 1, and the
constant functions appear in ker A_g_» at rate 0. Thus it is only the addition
of nonconstant functions to ker A_g_» as we cross the rate X that can occur.
But d is injective on nonconstant functions in ker A_g_,, so the change in
the dimension of d(ker A_g_)) is precisely dim /C(\ + 1)a . This establishes
the result for (a). y

Next, consider the CS case. Now Lemma says that El+1,/\+1 has a
1-dimensional kernel and cokernel if A € (=7, —1) and thus in particular its
index in this range is zero. Proposition [3.19 shows that the index change
at A = —1 corresponds precisely to constant functions on the cones C;, and
thus the total index change at rate A = —1 is n, the number of singularities.
However, we know that D, 41,41 is injective for A > —1 by Lemma
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and since dim ker lVDAH =1 for A € (—=7,—1), the change in the kernel of

the Dirac operator must be 1 as we cross A = —1. Hence, the change in the
cokernel of I) as we cross A = —1 must be n — 1 and thus dim coker ), =
dimker )_;_, = n for A = —1 + ¢ for some ¢ sufficiently small.

Since EHL a+1 is injective for A > —1, any further changes in the index
for A € (—1,0] must all add to the cokernel. Thus, for v > 0 and sufficiently
close to 0 we have that

n

(192) dim(ker _7_,) =n+» Y  dimK(\+ D,
i=1 xe(~1,0]

We still need to consider the dimension of d(ker A_¢_,) for rates A € (—1, 0],
which corresponds to —6 — A € [—6, —5). Proposition shows that there
are no changes in the index of the scalar Laplacian in this range of rates
and thus no changes to d(ker A_g_»). The same proposition also says that
the change of the index of A at rate —5 is precisely n, corresponding to a
single harmonic function on each cone C;. Lemma[4.68shows that ker A_g_y
consists of constant functions if —6 — A > —5, and thus d(ker A_g_)) = {0}
in the range A < —1. Moreover, Lemma [4.68 shows that Ay, is injective if
A+ 1> 0, whichis —6 — A < —5, and it has a 1-dimensional kernel if A + 1 €
(—5,0], which is —6 — A € [=5,0). Thus at A = —1, which is —6 — A\ = —5,
the dimension of ker Ay must change by 1 and the dimension of ker A_g_»
must therefore change by n — 1. Note that the new elements that appear in
ker A_g_» are nonconstant functions, on which the map d is injective. Hence

(193) dim (d(ker A_g_)) = dim(ker A_4_»)
=n—1 for all A € (—1,0].

Combining equations (191]), (192)), and ([193)) completes the proof in the CS

case. |

We can now combine our results to deduce the following dimension for-
mula.

Corollary 5.35. For generic rates v, the virtual dimension v-dim M, of
the moduli space M, is as follows.
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e In the asymptotically conical (AC) case, we have

v-dim M,, = by, — dim( 1mT Z dim K (A
Ae(v,—4)
+ Y dimKA+1);
AE(v,—T7]
Z dim (A + 1) a0, v< =T,
X(v,—T]
v-dim M,, = b3, — dim(im %) Z dimK(N)o., veE(=T7,—4);
Ae(v,—4)
dim M, = b3, v e (—4,-3);
dim M, = 63 + dim(im T3 Z dim K (A
AE(=3,v)
> dim KA+ 1)ay, v e (=3,0),
Ae(—3,v)

where Ak acts on k-forms on C.

Notice when v € (—4,0), the deformation problem is unobstructed,
the moduli space M,, is a smooth manifold, and the virtual dimension
is the actual dimension of M,,.

e In the conically singular (CS) case, we have for v > 0 sufficiently close
to 0 that

(194) v-dim M, =dim(im(H3 = H*) =) Y dimK(\)o,
i=1 A\eDp N(-3,0]

+1+Z Z dlmIC)\—i-l)B) ,

i=1 Xe(—1,0]

where chi is the modified Dirac operator on C;.

Note that in general there are both topological and analytic contributions to
the virtual dimension.

Proof. We calculate the index of ©;, from Proposition and equa-
tion '@, along with Theorem In the CS case we also use equa-
tion (127). We then use the formula for dim(V,);, in Proposition
to give the result except in the AC case for rates v € [-3,0). We can
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deal with this case using Corollary which shows that the dimension
is dim #} — dimH,,,, and the factor dim#},, is equal to the sum of di-
mensions of the homogeneous closed and coclosed 1-forms on C of order
A+ 1€ (0,v+1) by the proof of Corollary Since homogeneous har-
monic 1-forms on C of order A + 1 € (0, 1) are closed and coclosed by Propo-
sition [3.10], the result follows. O

Remark 5.36. Note that in the AC case, the above proof gave one for-
mula for dim M,, when v € (=3, —2) and another formula for v € [—3,0).
However, both of these formulas can be expressed by the single formula for
dim M, valid for generic v in the interval (—3,0) that is given in the state-
ment of Corollary This can be verified by applying , Theorem @,
and Lemma [4.68

Remark 5.37. In the AC case, the deformation that corresponds to rescal-
ing at infinity, which is generated by the dilation vector field, is always
included in our actual moduli space M,,. Note that in particular this ob-
servation, together with our dimension formula from Corollary implies
topological restrictions on AC G2 manifolds.

Example 5.38. Let us apply Theorem [5.2] and Corollary [5.35| to the three
known examples of AC Gg manifolds, the Bryant—Salamon manifolds of
Example The manifolds A2 (S*) and A2 (CP?) are of rate v = —4 and
the manifold $(S3) is of rate v = —3. Since —4 and —3 are excluded in
Theorem we can only describe their deformations as AC Go manifolds
of rate v +e. For the first two examples, we find that the moduli space
M _44c is a smooth manifold of dimension b3, = b* = 1.

For N = $(5%), we find that the moduli space M_3,. is a smooth man-
ifold of dimension b3, + dim(im T3) = b* + dim(im ¥3) = 0 + dim(im T3). A
simple diagram chase in using the facts that H3(¥) = R?, HL(N) =R,
and H*(N) = {0} gives dim(im Y3) = 1.

Notice that the dimension of the moduli space has to be at least one be-
cause of dilations, as discussed in Remark [5.37|above. Therefore, the Bryant—
Salamon manifolds are locally rigid as AC Gg manifolds of rate v + ¢, modulo
the scalings which are always present. In Section we show how to ex-
tend this result to establish that the Bryant—Salamon manifolds are in fact
locally rigid as AC Gy manifolds of rate —e for any small £ > 0. Moreover,
in Section [6.3]| we push this still further to prove that the Bryant—Salamon
manifolds are in fact globally rigid.
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In the remainder of this section we make some brief remarks about in-
terpreting these dimension formulas in the CS case.

Consider the i™ end of a CS Gg manifold M. Let Y; be a Killing field
on ¥;, which we could then view as a vector field Y; on C; of rate 1 so that
by Proposition we have Ly, p., = d(Yi2pe,) =0. Let X; be a smooth
vector field on M which is equal to the pullback of ¥; on the i end of M
and is 0 on the other ends of M. Then exp(X;) € D; is a diffeomorphism
of rate 1 on the ends which is the identity on all of the ends except the i*"
one. Now consider d(X;_¢). Using the fact that d(Y;_¢.,) = 0, since X; is
asymptotic to Y; and ¢ is asymptotic to ¢, we deduce that d(X;_¢) decays
on the i*" end with rate v and vanishes on the other ends.

We reiterate here that, since X is of rate 1 on the ends, d(X;_¢) should
a priori be of rate 0 on the ends, but in fact it has faster decay, being of rate
v > 0 on the ends. Thus & = d(X;_¢) € C, but m7d*§; # 0: in fact, 7w7d*
is injective on the span of the &. We can see this because if m7d*d§; =0
then, since X; ¢ € (Q2)1411 and 77d*d is in injective on (€22);41 r41 for
A > —6 by Lemma we deduce that X; = 0, a contradiction. Therefore,
the 3-forms &; correspond to linearly independent elements in (£,);, and
thus in (V,);,,. Each such additional infinitesimal deformation corresponds
to a reparametrization of the conical model for the singularity, given by
an automorphism of the nearly Kéhler structure on the link ¥;. This fact
matches well with the dimension formula for (V,);,, in Proposition [5.34(b),
since there we see that the space of Killing fields on each ¥; is a subspace

of IC(I)]}) and thus contributes to dim lC(l)I}) .

i

6. Applications and open problems

In this section we present several applications of our results, and discuss
some open problems. In Section [6.1] we discuss some aspects of the spec-
trum of the Laplacian on Gray manifolds. These are used in the next three
sections. In Section [6.2] we first derive an alternative form of the dimension
formula for the AC moduli space for generic rates v € (—3,0), and use this to
establish the local rigidity (modulo trivial scalings) of the Bryant—Salamon
manifolds as AC Gz manifolds of rate v < 0. In Section we establish
that under certain conditions, an AC G manifold must be of cohomogene-
ity one, and this implies that the Bryant—Salamon manifolds are unique as
AC Gg manifolds with given asymptotic cone. In Section [6.4] we investigate
when the CS moduli space is smooth and unobstructed. In Section (6.5 we
relate our main theorem to the desingularization theorem of [24], providing
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evidence that CS Gy manifolds likely make up a large part of the “bound-
ary” of the moduli space of smooth compact Go manifolds. In Section
we show that a gauge-fixing condition that is needed in [24] can always be
achieved. Finally we conclude in Section [6.7] with some open problems for
the future.

6.1. The spectrum of the Laplacian on Gray manifolds

We first need to discuss some results about the spectrum of the Laplacian
on 2-forms, for compact Gray manifolds, that is, for 6-dimensional strictly
nearly Kéhler manifolds. These results are required for the applications in
Sections[6.2} [6.3] and [6.4] The current section has a different flavour from the
rest of the paper. Readers who are only interested in the use of these results
for the applications can just note Proposition [6.1] and Proposition [6.3}

Slightly similar calculations can be found (at least implicitly if not ex-
plicitly) in [42]. Note that in [42], the form ¥* 4 i¥~ corresponds to our
—Q = —Re(2) — iIm(9).

Let (X, J,w, Q) be a Gray manifold, so in particular from we have

(195) dw = —3Re(Q) and dIm(Q) = 2w

From Lemmawe find closed and coclosed 3-forms v = r*(r3ag + r2dr A
ay) on the cone, homogeneous of order A, correspond to coclosed (in fact
coexact, if A # —4) 2-forms g on the link that satisfy Ayas = (A + 3)(A +
4)a. From Corollary we are particularly interested in such forms for
A € (—3,0], in which case 0 < (A + 3)(A +4) < 12, with equality if and only
if A = 0. This motivates us to study on ¥ the pair of equations

(196) Al =A+3)(A+4)¢ and diE=0

for A € (—3,0], thus = (A + 3)(A +4) € (0,12], and £ a section of A2(T*Y).
We can decompose the bundle of real 2-forms on ¥ into SU(3) represen-
tations as follows:

AX(T*S) = AR (T*%) @ R(w) @ AJD(T*S),

where
TY 2 ARO+OAT*S via Y s YoRe(9).
We may then write any section & of A2T*Y as

(197) E=Y_Re(Q) + fw+~
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for a vector field Y, a smooth function f, and v a section of A(()l’l)T*Z.
Following [42], define the Hermitian connection V by Vx = Vx — %A X,

where Ay = J(VxJ), and define A, the Hermitian Laplace operator, ex-

plicitly via the formula A = V*V + ¢(R) where R is the curvature tensor of

V, and ¢(R) is the associated curvature operator. The fundamental formula
[42] equation (17)] states that for a section v of Aél’l)T*Z, we have

(198) (A — A)y = —(Jdiy) s Re(9).

Hence, if € in (197) has f =0 and Y =0 then £ =y € COO(A(()LI)T*E) sat-
isfies ((196) if and only if

(199) Ay=A+3)(A+4)y and diy=0.
This equation will play a key role, so we define
(200) my () = dim{y € C®(ALVT*Y); v satisfies (T99)}.

We can now refine our description of the homogeneous closed and coclosed
3-forms on a Gy cone.

Proposition 6.1. Let n be a closed and coclosed 3-form on the cone C,
homogeneous of order A € (—=3,0]. Then n is of the form n=d.0, where
B =1 3¢, for some € € C®(A’T*X) satisfying with p= A+ 3)(A+
4). Furthermore, ( is homogeneous of order A+ 1 with A.m7(8) =0 and
dimr(B) = dimia(B) = 0.

Finally, the homogeneous closed and coclosed 3-forms n on C' of order A
are precisely those of the following form.:

(i) When X € (=3, —1], thenn = d.(r*T3¢), where £ = v € C'OO(AE)LI)T*Z)
and 7y satisfies (199).
(ii) When A € (—1,0), then

n= dc( *c (dc(r)\+2f) Abe) + TA+3’Y)a
where (f,v) € C®(2) & COO(A(()I’I)T*Z‘) with
Acf=A+2)A+7)f

and v satisfies ((199)).
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(11i) When A =0, then

N =Ko+ de(xc(do(r®f) Nbo) +177)

for some constant K, some f € C>(X) satisfying Ao f = 14f, and vy €
Coo(Aél’l)T*E) satisfies (199) with A = 0.

Remark 6.2. Notice that the solutions of (199) which have A = 0 describe
infinitesimal deformations of the nearly Kéhler structure on >, modulo scal-
ing, by the work in [41].

Proof of Proposition[6.1. Let n be a closed and coclosed 3-form on the cone,
homogeneous of order A € (—3,0]. Then by , we can write

(201) 0 =1 (rPdsg + r2dr A (A + 3)€) = de ()

for a unique 2-form ¢ on X satisfying (196]). Let 8 = 3¢ so that n = d 3.
Using again, we have d.3 = rMdE ¢ = 0. Since n = d.f and din =0,
we deduce that

AcB =didop + dodi B = dide =0,

so 8 = r*3¢ is a homogeneous harmonic 2-form of order A + 1. In particular,
by Remark since ¢, is torsion-free, Sy = w7 () satisfies A.f87 = 0, and
thus 87 = %< (X A1) where X is a homogeneous harmonic 1-form of order
A + 1. Combining Propositions|3.10}[3.12] and|3.19|shows that for A € (—3, 0]
any homogeneous harmonic 1-form X of order A\ + 1 satisfies curle(X) = 0.
Since curle(X) = *0((dX) Ae), we deduce that df * (X A1) = 0. This
means that d} 37 = 0 and thus d.814 = 0 as well since d}.3 = 0.

Now write £ in the form . A routine computation gives

(202) X = <— fdr + §TY> .

That is, for any 2-form B on C of the form B = r’3¢, with ¢ of the
form , we have that the component 77(3) = 7 is independent of ~,
it depends only on f and Y.

Therefore, if we let X be given by and define ' = r*3(Y JRe(Q) +
fw), we deduce that 35 = (7, and thus /3, is coclosed. Moreover, dd. (5 =
AcBL =0, and thus d S is a homogeneous closed and coclosed 3-form of
order . Hence, every harmonic 1-form X of rate A + 1 € (—2, 1] determines
a homogeneous closed and coclosed 3-form of rate A € (—3, 0], namely d./.
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Next, we observe that d.f, = d. (*C(X A @ZJC)) =do(X1¢c) = Lxpe,
where the vector field X metric dual to the 1-form X with respect to the
cone metric is X = —r 1 f g + %V‘Y. We can thus use Proposition to
conclude that d.f5 = 0 if and only if A =0, f =0, and Y is Killing.

Let & =Y _JRe(Q2) + fw + ~; be solutions of for j =1,2. Then
v =1 — e is a section of Aél’l)T*Z which satisfies diy = 0 and Ay = py
where p = (A + 3)(A+4). Hence by (198)), we find that v satisfies (199).
Moreover, d.(r**37) is a closed and coclosed 3-form if 7y satisfies (199).

We have 1 = do.(X Jpe) + de(r*37). The statements (i), (ii), and (4ii),
now follow easily from the description of the homogeneous harmonic 1-forms
of rate A + 1 € (=2, 1] in Propositions and The only point to note
is that in the case A + 1 =1 we have d. * (rdr A ) = 3pc. O

It is therefore clear that we should study solutions to . Specifically,
we observe that the calculations in [42] enable us to determine the eigen-
values (and their multiplicities) in (0,12] for A acting on coclosed forms in
A(()l’l)(T *Y)) for the three homogeneous Gray manifolds ¥ = CP3, §3 x 3,
and SU(3)/T2.

Proposition 6.3. Let ¥ be one of the three homogeneous Gray mani-
folds: CP3, S3 x S3, or SU(3)/T?. There are no nontrivial coclosed primitive
(1,1)-forms which are eigenforms of the Hermitian Laplace operator A with
eigenvalue in (0,12). Moreover, in the first two cases, we can also exclude
the eigenvalue 12. For the flag manifold SU(3)/T?, we get an 8-dimensional
space of such forms with eigenvalue 12. These forms correspond to infinites-
imal deformations of the nearly Kdahler structure, but it was recently shown
by Foscolo [T]|] that they cannot be integrated to actual deformations.

Proof. Case 1: Let us start with the case of CP3, which follows from the
work in [42, §5.5]. Let E denote the usual representation of SU(2) on C?
and let C; be the U(1) representation on C given by multiplication by z! for
z in the unit circle in C. Let Ejy; = Sym*(F) ® C; for k > 1 and [ € Z, and
k =1 mod 2, which are the irreducible representations of U(2). From [42]
Lemma 5.8] and the discussion before it, we have decompositions

T*CP? =~ E(]7_2 D E1,1 S5 E0,2 SY El,—la
AP(T*CP?) = Eoo @ B3 ® By s ® Eay.

If V, 5 is an irreducible SO(5) representation with highest weight (a,b) for
a>b>0, it corresponds to a possible eigenspace of A on Agl’l)(T*CP?’)
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with eigenvalue 2(a(a + 3) + b(b + 1)) if there is a homomorphism from V,

to A(()l’l)(T*(CIP’?’). So the only possible positive eigenvalue less than 12 is
8 for (a,b) = (1,0). However, since Vi o = T*(CP?) we see that there are
no such homomorphisms from V; o to A(()l’l)(T*CIP’?’), and thus the lowest
possible positive eigenvalue is 12. Moreover, the multiplicity of the possible
eigenvalue 12 on coclosed forms in A(()l’l)(T*(CIP’3) is shown to be 0 in [42]
Theorem 5.10], so there are no solutions of for ;1 € (0,12] on CP3 other
than & = cw.

Case 2: Next we consider the case of S3 x S3 as in [42 §5.4]. If F is as
above, then by [42, Lemma 5.5],

ASD(T* (83 x §3)) = Sym?(E) @ Sym*(E).
Then the irreducible representation of SU(2) x SU(2) x SU(2) given by
Vape = Sym?(E) ® Sym’(E) ® Sym®(E)

for a,b,c > 0 corresponds to a possible eigenspace of A of eigenvalue
3
i(a(a +2)+bb+2)+c(c+2))

if there is a homomorphism from V. to A(()l’l)(T*(S3 x $3)). The only
possible positive eigenvalues less than 12 are % and 9 for (a,b,c) = (1,0,0)
and for (a,b,c) = (1,1,0), respectively, up to permutation. There are no
homomorphisms from V; 99 = Sym!'(E) to Sym?(E) @ Sym*(E), but there

is one from
Vi1 = Sym'(F) ® Sym!(E) = Sym’(E) @ Sym?(E)

to Sym?(E) @ Sym*(E). However, the fact that Sym’(E) is a factor in V; 1 o
means that V7 1 also corresponds to an eigenspace for A on functions with
eigenvalue 9, and such functions, by [42, Proposition 4.11], define elements of
A(()l’l)(T*(S3 x $3)) that are eigenforms of A with eigenvalue 12 but which
are not coclosed, as the eigenvalue is not 6. We hence deduce that 9 does not
arise as an eigenvalue for A acting on coclosed forms in Aél’l) (T*(S3 x §%)).
Moreover, the multiplicity of the possible eigenvalue 12 on coclosed forms
in A(()l’l)(T*(S:)’ x $3)) is shown to be 0 in [42 Corollary 5.7], so again there
are no solutions of for € (0,12] on S? x S? other than ¢ = cw.
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Case 3: Finally, we consider the case of SU(3)/T? as in [42, §5.6]. Let E
denote the usual representation of SU(3) on C? and let

Vi1 = ker(Sym”*(E) ® Sym!(E) — Sym*~}(E) @ Sym'"}(E)),

where the map is the contraction map. If ¢; for i = 1,2, 3 is the standard
basis on R? then the weights of Vi, are

(a—a')er + (b—V)eg + (c — )es

where k=a+b+c,l=d +b + and a,b,c,a’,b',c > 0. The representa-
tion Vj; corresponds to a possible eigenvalue of 2(k(k + 2) + (I + 2)) of A.
So we need (k,1) = (1,0) or (k,l) = (0,1) for a positive eigenvalue less than
12. Now by [42] Corollary 5.11] the possible weights of the T representation
on Aél’l)(T*(SU(3)/T2)) are 0 and £3¢; for ¢ = 1,2,3. However, for eigen-
values less than 12 we cannot achieve weights +3¢; since k, 1 € {0, 1} and we
cannot achieve weight 0 since k # [. Thus there are no eigenvalues in (0, 12).
Moreover, by the work in [42, §5.6 & §6], the space of solutions to ([196))
for p € (0,12] is zero unless p = 12, in which case the solutions are of the
form & = cw + 7y, where the +’s lie in a space of dimension 8, isomorphic to
su(3). O

6.2. An alternative dimension formula in the AC case

We can now use our refined description of the closed and coclosed 3-forms
on a G cone in Proposition to give another description of the dimension
of the AC moduli space for generic rates v € (—3,0).

Proposition 6.4. Let (M,p) be an AC Go manifold of generic rate v €
(—3,0). Then

dim M, = b3, (M) + dim(im T%) + > mg(N),
Ae(—=3,v)
where my,(X) is given in ([200).
Proof. We know by Corollary that
dim M,, = b3 (M) + dim(im Y?)

+ > dimKNo, — Y dimK(A+1)ar.
Ae(=3,v) Ae(—3,v)
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Recall that I(\)p,. is the space of homogeneous closed and coclosed 3-forms
on C of order A and that (A + 1)y, is the space of homogeneous harmonic
1-forms on C' of order A 4 1.

Propositions and show that for A € (=3, —1] we have

dim (Ao, =mx(A) and dim /(A +1)aL = 0.

Moreover, combining Propositions and shows that for A € (—1,0),
which corresponds to A +1 € (0,1), we have

dimKL(N)o,. = mg()\) + dim (A + l)Alc'
The result is now immediate. O

Proposition allows us to more effectively compute the dimension
of the moduli space of AC Go manifolds. In particular, we can show the
following result for the Bryant—Salamon examples.

Corollary 6.5. The Bryant—Salamon Go conifolds are locally rigid, modulo
scalings, as AC Go manifolds with the same asymptotic cones, up to any rate
v <0.

Proof. Proposition says that for the three Bryant—Salamon manifolds,
there are no solutions to (199) for any A € (—3,0), and so mx(A) = 0 for all
A € (=3,0) in these cases. The conclusion now follows for $(S%) by Exam-

ple and Proposition For the cases A% (S%) and A% (CP?), we have

to also use the fact that there are no new deformations as we cross A = —3,
arising from the term dim(im Y3) in Proposition But this is immediate
since H3(3) = {0} for both these manifolds, and thus Y3 = 0. O

6.3. Cohomogeneity of AC G2 manifolds

In this section we combine our deformation theory with the spectral theory
results of Section to obtain a strong result about the cohomogeneity of
AC Gy manifolds under certain conditions.

In the following, we choose € > 0 sufficiently small so that (—3, -3+ ¢)
contains no rates for homogeneous closed and coclosed 3-forms on the given
asymptotic cone.
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Proposition 6.6. Let (M, @) be an AC Gy manifold with rate v = —3 + ¢.
The map from the moduli space M,, to H3(M) x HY(M) given by

Dyy1- @ ([2], [0(2))

Proof. The map is well-defined because we are considering diffeomorphisms
isotopic to the identity, so choosing different elements of the orbit will not
change the cohomology classes. Hence it suffices to show that its derivative at
the orbit of any point ¢ is injective. Since the argument is identical (modulo
cumbersome notation) at any point, we show the case ¢ = ¢. The tangent
space to the moduli space at the orbit of ¢ is H3 hence the derivative is

n = ([l [Le(m)]),

which maps n € HJ to H3(M) x H*(M).

Since dn = d*n = 0 we know that An = 0. Hence, we have 71(An) =0
and m7(An) =0, and thus mi(n) and m7(n) are harmonic by the torsion-
freeness of ¢. Arguing exactly as in the proof of Theorem [5.11] we find that
m1(n) = 0 and 77(n) = 0. Therefore

4
o) = 5, (3ma) + 7o(a) ~ mr(o)
7
=*p | gm) +2m(n) =0 ) = =0,
Thus we need to show that the map

(203) n = ([n], [= *¢ nl)

from H} to H3(M) x H*(M) is injective. Suppose that 1 maps to (0,0)
under this map. Since the only exceptional rate of d 4+ d* in [—%, v]is —3 we
know by Lemma [4.28| that we can write n = 1, + n_ where n_ € H3, and

N4+ is asymptotic To a closed and coclosed 3-form « on the asymptotic2 cone
C of rate —3, and 74 is nonzero if and only if 7 is nonzero. Moreover, from
equation we know that ~ is independent of the radial direction on C' as
it is a closed and coclosed 3-form on the link ¥ of C.

Now, H3 . = H3, is the space of L? closed and coclosed 3-forms and
so by Proposftion is isomorphic to H2,(M). Hence [n_] lies in the im-
age of H3(M) in H3(M) under inclusion. Therefore, from the long exact
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sequence ([126), we find that under the natural map Y3 : H*(M) — H?(X)
we have Y3([n-]) = 0. Furthermore, Y3([ny]) = [v], since 75 is asymptotic
to . As we are assuming that [] = 0 we find that 0 = T3([n]) = T3([n4] +
[n—]) = [y] which implies that v = 0. We find therefore that ny =0 and
hence n =1n_.

Again from Proposition [4.57|we know that H3 ; is isomorphic to H*(M),

which means that [x,7_] = 0in H*(M) if and only2 if x,n— = 0. We conclude
that n = n— = 0 and thus the map (203)) is indeed injective. O

Remark 6.7. A similar immersion (but with more structure) exists for the
moduli space of smooth compact G manifolds. See [17, Theorem 10.4.5] for
details.

We now apply Proposition to “lift” an automorphism of the link to
an automorphism of the AC Go manifold, as follows.

Proposition 6.8. Let (M, p,) be an AC Ga manifold with rate v = —3 +
e, where M has asymptotic cone C' with link X. Suppose that there are no
solutions to for any X € (=3,v]. Let F. be a diffeomorphism of X
isotopic to and sufficiently close to the identity which preserves the nearly
Kahler structure on 3. Then there exists a diffeomorphism F,, of M pre-
serving p,, which is asymptotic to Fy with rate v + 1.

Proof. By Proposition[6.4] we have that M, is smooth and equal to M_3,
so we can apply Proposition to M,,. By hypothesis, we can write Fy =
exp(Xy) for a Killing field X, on ¥. The Killing field X, naturally defines a
Killing field X, on the cone C. Define a smooth increasing cutoff function p :
(0,00) — [0, 1] such that p(r) =0 for r € (0, R] and p(r) =1 for r > R+ 1.
Using the notation of Definition [3.20, we can then define a vector field X on
M such that h.(pXo) = X on h((R,00) x ¥) = M \ L and which vanishes
on the compact subset L of M. Finally, we let F' = exp(X).

Now, since @,, is asymptotic to ¢, and F' is asymptotic to F., = exp(X,),
we see that F*¢,, is asymptotic to F¢. = . with rate v. Moreover, since
F' is isotopic to the identity we see that [F*y,]| = [¢n] and [O(F*p,,)] =
[O(¢.)]- Using Propositionwe find that , the orbits of F*p,, and ¢,, under
D,41 in M, are equal. Thus there exists I’ € D, 41 such that F™ (F*py) =
Y- Since F' is asymptotic to the identity and F' is asymptotic to Fy we can
set Fy = F o F. ]
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Remark 6.9. A similar but weaker uniqueness result for AC Calabi-Yau
manifolds was obtained by Conlon—Hein in [I1]. They show that if a biholo-
morphism of an AC Calabi-Yau manifold M is asymptotic to an isometry
of the cone, then it must be an isometry of M.

Corollary 6.10. Let (M, p,,) be an AC Go manifold with rate v < 0 such
that the link 3 of the asymptotic cone is one of the three possible homoge-
neous Gray manifolds, namely CP3, SU(3)/T3, or S3 x S3. Then (M, p,,)
has cohomogeneity one.

Hence, the Bryant-Salamon Go manifolds A2 (S*), A% (CP?) and $(S®)
are the unique AC Go manifolds of rate v < 0 asymptotic to the cones on
CP3, SU(3)/T? and S® x S3, respectively.

Proof. 1t follows from Proposition that there are no solutions to (|199))
for any A € (—3,0) for these links. Hence Proposition applies to (M, ¢,,).
Consequently, any automorphism of the homogeneous nearly Kéhler man-
ifold can be extended to an automorphism of the AC Gy manifold, so M
must have cohomogeneity one.

The cohomogeneity one Go manifolds where the action is by a simple
group are classified in [I0, Theorem 9.3]. The uniqueness of A% (S4) and
A2 (CP?) amongst such cohomogeneity one Go manifolds follows.

If M is asymptotic to the cone on the homogeneous Gray manifold S3 x
53, then we know that M has a cohomogeneity one action of SU(2)3. Tt
then follows from work in [5] that the Bryant-Salamon manifold $(S3) is
the unique smooth complete Gy manifold with such a cohomogeneity one
action. 0

6.4. Smoothness of the CS moduli space for certain cones

In this section we establish that the CS moduli space M, is in fact smooth
if the singularities are all modeled on G cones satisfying certain conditions.
This includes two of the known Go cones over homogeneous nearly Kéhler
manifolds, and may include the third as well. We also show that it is more
natural to consider a certain reduced CS moduli space, due to the potential
presence of Killing fields on the nearly Kahler links at the singularities,
which fits well with Proposition

As mentioned in Remark the moduli space M, will be smooth
if Oy ={0}. It is therefore useful to establish an upper bound for the
dimension of Oy in order to determine sufficient conditions under which it
vanishes.
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On the i cone Cj, consider the system of equations

(204) Ay = (A+3)(A+4)y, dy, v =0, 7y is of type A(Ol’l)7

and let myx,(A) be the dimension of the space of solutions to (204) for the
cone Cj.

Proposition 6.11. Let (M, p) be a CS Go manifold with rate v > 0 near
0. Then we have

n
1=
Proof. Throughout this proof, Aé denotes the Hodge Laplacian A, on C;
restricted to 1-forms. From Remark we have that Oy = {0} for A < —3.
Moreover, we observed in Remark that the closed and coclosed forms
of rate —3 on C; do not contribute to the cokernel of ®, so we find that that

Oy = {0} for A < =3 + ¢ for £ > 0 sufficiently small. Hence, Theorem [4.55]
implies we have a surjective map

U @iy Dre(-3,0] IC()\>©ci — coker Dy,

205 -
(205) My Ym) = Z d*(xi7vi) modulo im®;,,

i=1

where v; € ©r¢(—3,0/C(N)o,, and x; is a cut-off function which is 1 on the
ith end. (In equation we have omitted pullbacks from the cones C; to
the ends for simplicity and shall continue to do so throughout this proof.)
We therefore also obtain a surjective map

(206) ¥ @:-L:l @)\6(73,0] ]C(/\)@Q — coker(w/w o QZJ/)‘

We want to use the maps (205) and (206]) to bound the dimension of O,
and Oy, respectively.
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Using Proposition Theorem [4.55] and Proposition we see from

that
(207) dim 0, < Z > dimK(x

i=1 \e(-3,0]
—Z Z mg —i—Z Z dlmIC)\—i-l)
i=1 Ae(— i=1 Ae(—
— Z dim(Kill%;).
i=1

We deduce that forms in O, correspond either to coclosed primitive (1,1)-
forms on ¥; which are eigenforms for A with eigenvalue in (0,12] or to ho-
mogeneous harmonic 1-forms of order A + 1 € (0, 1] not arising from Killing
fields on ;.

Observing that there are no harmonic functions on C; of rate A+ 1 €
(0, 1] by Proposition or by comparing the results of Propositions
and [3.19, the space K(\+ )ID is a subspace of IC(\+ 1)A1 It there-

fore follows from Proposition [5.34] that there is a one-to-one correspondence
between a subspace of the homogeneous harmonic 1-forms on C; of order
A+ 1€ (0,1] and a codimension 1 subspace of (V,);,. This correspondence
can be understood as follows. If we are given, fori = 1,...,n, a 1-form X; on

C; of order A 4+ 1 in ker ﬁci, which is thus harmonic, we then have a 1-form

X =3 x:X; on M. If there is no element of ker ) on M asymptotic to
X on the ends, then m47d* (X A1) defines an element in (V,);,, in the
sense that we can choose the codimension 1 subspace of (V,);, to consist
of such elements. The remaining form generating (V,,);, can be taken to be
m1+7¢ where

(208) C= a3 gl (rdr A y,)),
=1

since ¢y is asymptotic to ¢, = 3d(*(rdr A,)) on each end.
Proposition shows that a homogeneous harmonic 1-form X; on C;
of order A+ 1 € (0,1] defines a homogeneous closed and coclosed 3-form
de, * (Xi N1)e,) of order A € (—1,0] on Cj, which must then in turn define
a form which either subtracts from the kernel or adds to the cokernel of the
operator ® as the rate crosses A by Theorem if it is non-zero. Note
that, by Propositions and , we have do, * (X; Ae,) = 0 if and only if
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X; is dual to a Killing field on ¥;, which means that X; does not affect the
change of the kernel or cokernel of ® if and only if X; is dual to a Killing
field on ;.

Suppose that

= (’Ylw'-,’Yn) € EB?:1{dc * (X /\¢c ) Xi€ @Ae( 10]’C(>‘+ )mc}
C B Oae(-3,0 KMo,

and let ( = d* (X A1) be essentially the pullback of v to M, where X =
o1 xiX; as above. Observe that d*¢ = ¥(v) modulo the image of ©. Recall

that by Lemma we have an isomorphism P : (V)i = Wy)i—1,0-1
given by P(3) = gd*m1(83) + 2d*7m7(83). Proposition shows that

(209) &°C = Plmis0) = L (Q) + 2°m2().

We have seen above that m117¢ € (V,);,, and thus, by (160), we see that
d*¢ € Wy)i—1,0—1. We deduce that the map in (206]) applied to v, given by

iy =7y od( modulo im®;, + Wy)i—1,-1,
is trivial for all choices of ~.
From these considerations, since we already accounted for the fact that

Killing fields on ¥; do not affect the index of © and we know that ¢y, itself
must subtract from the kernel of © as we cross rate 0, we deduce that

dlmO/W<Z > s +Z Y dimKA+ 1)y, —1

i=1 Ae(-3,0] i=1 Ae(—1,0]
—Z Z dim (X + )m
i=1 \e(—1,0]

On the other hand, Propositions [3.12] and [3.19 show that

0 e (-1,0),

(210) dim]C()\—l-l)Ach—dim’C()\ﬂ‘l)i) :{1 I

The result then follows. |

Proposition then motivates the following definition.
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Definition 6.12. Let M be a CS Go manifold. We say that M has good
singularities if for each link 3; of the corresponding asymptotic cone Cj,
the system of equations has no nontrivial solutions for A € (—3,0].
Specifically, M has good singularities if my, (A) = 0 for all A € (—3,0].

Theorem 6.13. Let M be a CS Go manifold with good singularities, and
choose v > 0 close enough to zero so that there are no other critical rates
between 0 and v. Then the moduli space M, is smooth with dimension

(211) dim M, = dim(im(H3, — H?)) + ) _ dim(Kill¥;),

i=1

where KillY; is the space of Killing fields on 3;.

Remark 6.14. The formula for dim M, in the case of good singu-
larities differs from the expected dimension in equation . Specifically,
combining equations (194)), (207), (210) and in the case of good sin-
gularities gives

v-dim M, = dim(im(HE, — H*)) + Y _ dim(Kill%;) — (n — 1)
i=1
=dimM, — (n—1).

The point is that, in the case of good singularities, we show in the proof of
Theorem below that the obstruction space O, has dimension n — 1
and that these obstructions are ineffective. Hence v-dim M, differs from
dim M, precisely by dim O .

Proof of Theorem[6.13 Recall that the hypothesis about good singularities
means that my,(A) =0 for all A € (—3,0], and hence dim O/ <n —1 by
Proposition We will first argue that in this case, dim O/ =n — 1 and
that the elements of Oy, viewed as 2-forms, lie in Q2.

We see from Proposition and the proof of Proposition that
these n — 1 forms which either subtract from the kernel of ;) acting on
3-forms or add to O as A crosses 0 arise from dim K(1)a,., , specifically from
the 1-forms rdr = d (%) on the C;’s. The corresponding 3-forms are simply
e, on C;.

Notice that ¢,, itself is O(1) and thus lies in ker®_. for any £ > 0
but not in ker®,,. Moreover, ¢,, is asymptotic to ¢, = %d(*(rdr Ape,)) at
each singularity. Thus, if we choose the same 1-form rdr for every C;, this
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corresponds to ¢,, which subtracts from the kernel. We now want to show
that the other n — 1 forms one obtains from choosing non-identical multiples
of rdr on the C;’s lead to elements of O,,.

Suppose that 7 is a closed and coclosed 3-form on M which is of order
0 and asymptotic to c¢;¢., on the ith end, where ¢; are constants. We know
that w7 is harmonic, since 7 is harmonic, and hence by Lemma [£.68] we
have that m1n = ¢ constant. We deduce that ¢; = ¢ for all ¢, which means
that the forms c;p., can only define an element of the kernel of © if all of
the ¢; are equal.

Hence we find that the (n — 1)-dimensional space of 1-forms one ob-
tains by taking non-identical multiples of rdr on each C; defines an (n — 1)-
dimensional subspace N of O,. Explicitly, we may write

N = {Z cid*d()@ * (T‘d?“/\lﬁci)); ci € R, Zci = 0} C Q2,

i=1 =1

where y; is a cut-off function which is 1 on the i*" end, and we omit the
pullbacks from the C; to the ends to simplify the presentation. We now
want to show that A is transverse to im®;, + (W,)i—1,,—1. In the proof
of Proposition we observed that we could take (V,);, to consist of
m1+7¢ where ¢ lies in the span of the set consisting of the d(x(X A))
for certain X € Qll+l,u+1 together with the form in equation . We see
by Proposition [2.23] that all such ¢ lie in the kernel of do L, and hence
¢ satisfies , from which it follows that the d*( can be taken to span

(Wy)i—1,0—1 by (160). Now suppose that
Z cid*d(xi  (rdr A 1/101.)) eNN(ImDr, + Wye)i—1,0-1)-
i=1

Then there exists n € Q7 satisfying dn = 0 and d*¢ € (W,)1—1,,—1 so that

n

Z cid*d(xi * (rdr A @Z)cf)) =d'n+d(.
i=1

Therefore, since both 1 and ¢ are closed, we see that
v = ad(xi (rdr Ae,)) —n—¢
i=1

is a closed and coclosed 3-form so that v is asymptotic to 3c;p., on the
ith end. As above we deduce that ¢; = ¢ is constant for all i, which forces
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¢; = 0 for all 7. In conclusion, N C Q% is an (n — 1)-dimensional subspace of
O, 50 dimO )y =n —1 and Oy, = N.

We now want to argue that these obstructions in Oy are actually inef-
fective in this setting. Consider the map F' : U — ) given in . We claim
that if

(212) F(n) +d*¢+€=0

for some d*¢ € Wy)i—1,,—-1, then £ € N = Oy, then £ = 0. To establish
this claim we follow a similar approach to the proof of Theorem Since
d*¢ and ¢ are 2-forms we have from (212) and (165)) that dn = 0. We see

from ((162]) that
7 % *
*d(O(p + 1)) = fgd m1(n) — 2d 77 (n) + F(n).

Using (212)) and the fact that ¢ satisfies (209)), we deduce that

*d(O(p +1n)) = —gd*m(é + 1) = 2d*m7(C 4+ 1) — &.

Since N' C Q2 and consists of coexact forms, we may write x¢ = dh A ¢ for
some function h with dh € Qll_l ,_1 which tends to constants on each end
which are not all equal, unless h = 0 (by definition of the space ). We also

know that 71 (n + () = fy for some f € Q?V and m7(n+ () = *(X A ) for
some X € Qllﬂl. Therefore, we have

dO(p+n)) =— (;df+dh> AN —2dX N

and thus we may apply Lemmam (since v > 0) to deduce that %df +dh =
0 (and that dX = 0). Thus, %f + h = c is constant, but f tends to 0 on each
end whereas h tends to different constants on at least two ends, if it is
nonzero. So we must have f =h = 0. We conclude that £ =0 in as
desired. We have therefore shown that (7 o F')(n) +& = 0 for n € U and
£ € 0py COZif and only if £ = 0 and (7 0 F)(n) = 0.

Recall that the set of n such that (7, o F')(n) = 0 describes a neigh-
bourhood of [p] in M, by Theorem Our discussion above thus shows
that

Frn(0) = {n+ & (mpw 0 F)() + € = 0} = {1 (w0 F)(n) = 0},
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describes M, near [¢]. Moreover, Corollary [5.20| gives us that F/_Vb(O) is
smooth and has dimension given by dim K .

We deduce that M, is smooth near [¢] and has dimension equal to
dim K /)y, which by Corollary and the fact that in this case dim Oy, =

n—1,1is

dim(im(H2, — H?)) Z Z dim K(N)o,, +1
i= 1/\6( 3,0]

+Z Z dlmIC)\—i-l)B) +(n—1).

i=1 Ae(—1,0]
Propositions and show that for A € (=3, —1] we have

dimK(A) o, =ms,(A) and dimKA+1)a, =0,

C

and for A € (—1,0) we have

dimK(N)o., =myg,(A) +dim KA + D)a,, =ms, (A) +dim (A + 1)+

Pe,”
Finally, for A = 0, Propositions and show that
dim K£(0)o Do, = my,(0) + dim K(l)Aci — dim Kill¥;,
dlmIC(l)B) =dimK(1)a,, — 1.
Since we assume that my, () =0 for i =1,...,n and A € (—3,0], we have
that
Z dim (A Z dim K (A + l)m +dimK(1)a,, — dimKill%;
3,0] AE(-1,0)
and

> dimKA+1); = > dim KA+ 1) +dimK(1)a,, — 1.
Ae(=1,0] S e(CL0) i

Combining these formulas gives the result. O

Theorem and Proposition give the indication that we should
actually consider a reduced moduli space defined as follows.
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Definition 6.15. Let (M, ¢) be a CS Gg manifold. Recall that 7, is the
space of torsion-free Go structures on M which differ from ¢ by a 3-form
in C°. Let D,,; be the subgroup of Diff’(M) generated by vector fields
which are asymptotic with rate v + 1 on each end to a Killing field on ;.
Since Kllhng fields on 3; preserve the Go form on C; by Proposmon we
see that D,,H acts on 7,. The reduced moduli space MV is defined to be
the quotient 7,/ D,,H Notice that since D, 41 C D,,H, we can view /\/l as
a quotient of M,,.

We can now show the following.

Corollary 6.16. Let M be a CS Go manifold with rate v > 0 near 0 such
that M has good singularities. Then the reduced moduli space M,, is smooth
with dimension dim(im(H3, — H?)).

Proof. Recall we have a diffeomorphism h; : (0,e) x 3; — S; € M, where
S; is an open set in M which is disjoint from the other ends of M, sat-
isfying . Let X be a Killing field on ¥;, which then defines a Killing
field which we also call X on C;. We then have a vector field (h;).(X)
on the i end of M. If x : M — [0,1] is a smooth function which is 1 on
hi(0,5) and 0 on M \ S;, then Y = x(h;)«X is a vector field on M such
that (h;1).Y = O(r) as r — 0. Hence Y_ip ¢ (Q2),41 for any v > 0 but
d(Y ) € Cpy, since d(X 1¢q) = 0.

Suppose that m7d*d(Y 1) = 0. Then Y = 0 by Lemma [4.69 which is
a contradiction. Recalling the definition of (£,);, from the proof of The-
orem we deduce that = d(Y _1¢) defines an element in (€,);,, so
Ti471 € (Vy)1,0- Moreover, by Proposition we have d(L,n) = 0. Theo-
rem [4.74] then shows that

7
dn=0 and d'n= gd*mn + 2d* .

That is, n € K.

We conclude that each Killing field on %; defines an element of Ky,
and hence the Killing fields on »; for ¢ =1,...,n define a subspace K; of
Ky of dimension " . dim(Kill%;). Notice that d(92),+1 @ K1 is equal to
the tangent space to D,,+1 @ at . Let K be a direct complement of this
subspace in Ky, which then has dimension dim(im(H3, — H?)) by the
proof of Theorem In fact, K can be taken to be ”Higﬁ.

Recall that M, is identified near [p] with a neighbourhood of 0 in
F/_V%}(O), which is given as a graph I' of a map G over an open subset V
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of K. Hence, the graph I' of G over VN K is a smooth submanifold of
Ffvt(O) Since K is a space of elements of K /v tranverse to the orbit of ¢

under Z5,,+1, the graph I' can be identified with a neighbourhood of M, near
[¢], which then gives the result. O

Corollary 6.17. Let M be a CS Go manifold of rate v = 0 + ¢, all of whose
conical singularities are modeled on Gy cones whose links are either CP3 or
53 % 3. Then both the moduli space M,, and the reduced moduli space M,,
of CS deformations of M with rate v are smooth manifolds.

Proof. This follows from Theorem Corollary and Proposition [6.3]
O

Remark 6.18. We can define a weaker notion of good singularities, where
we allow for nontrivial solutions of for A =0 as long as they always
define integrable nearly Kéhler deformations of the link of the cone at the
singularity. In this setting, the arguments above can be extended to show
that the moduli space is still smooth. These various notions of good sin-
gularities are closely related to the idea of a stability index for Gg conical
singularities, which is potentially a source of further study, as we shall men-
tion in Section

6.5. The moduli of resolved CS G2 manifolds

In this section we relate our results to the resolution of singularities con-
struction of [24]. Our observations provide evidence that CS Gg manifolds
likely arise as the “most common” form of singular object in any attempt
to compactify the moduli space of compact smooth Go manifolds.

Let M be a CS Gy manifold with one conical singularity and let N be
an AC G2 manifold asymptotic to the same Gy cone, with link ¥ at infinity,
as M has at its singularity. The main result of [24] says that, if a particular
necessary topological condition [24, Theorem 3.8] is satisfied, then one can
desingularize M by gluing in N to obtain a compact smooth Go manifold,
which we will denote by X. When M has a single conical singularity, the
topological condition can be expressed using the maps T* of Definition
as follows:

(213) Th(px) €im(Yy,),  Th(¥y) € im(Yyy).

Remark 6.19. In [24, Definition 2.40], the elements T3 (¢x) and Y4 (¢y)
are denoted by ®(N) and W(N), respectively.
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Since X = M U N, and since M N N is homotopy equivalent to X, the
Mayer—Vietoris long exact sequence gives

(214) oo — H¥(X) — H*(M) ® H*(N)
N HR(R) — HFLY(X) — -

where the map 6% : H¥(M) @ H*¥(N) — H¥(X) is given by 6*(a) = Y%, (a) —
Tk (a), and the T* maps are those of Definition m

Lemma 6.20. Let M, N, X, and ¥ be as above. The following equation
holds.

(215)  0*(X) = b*(M) — dim(im T¥,)
+0E(N) — dim(im TT%) + dim((im Y77%) N (im Y5 7F))
+ dim((im T§,) N (im Y%)).

Proof. We will use the shorthand notation HY for H¥(A). By the rank-
nullity theorem we have

(216) b*(X) = dim(ker(HY — HY; © HY)) + dim(im(HY — HY, © HY)).
The exactness of gives

(217) dim(im(HY — HY; @ HY)) = dim(ker ),

but since 6% = Tﬁ/l — T?v, it is easy to check that

(218) dim(ker %) = dim(ker Y%,) 4 dim(ker Y%;)
+ dim((im T%,) N (im Y%)).
Substituting (217) and (218) into (216]) gives
(219) b*(X) = dim(ker(H% — H%, & HE))
+ dim(ker Y%,) 4 dim(ker Y%;) + dim((im Y%,) N (im T%)).
Again using the exactness of , we find
dim(ker(HY — HY, @ HY)) = dim(im(HE™ — HY))
= bF1(2) — dim(ker(HE™ — HY))
= b* (%) — dim(im 6% 1)
= dim(coker 6*71).
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But the dimension of this cokernel is equal to the dimension of the kernel of
the formal adjoint, which is a map (6¥—1)* : H6-(:=1 (%) - Hgs_(k_l)(M) @
gl k= (N). It can be easily checked from the definitions of all the maps
involved that (65~1)*(a) = (97, %(a),d% *(a)), where

04 - HY(S) — HEM(A)

are the connecting homomorphisms in the long exact sequence (126)). Thus
we have

(220)  dim(ker(HY — Hf; & HE)) = dim(ker(6°71)")
= dim((ker 8&_1“) N (ker 8]7\/_k))
= dim((im Y7, %) N (im Y5 %))

where in the last step above we have used the exactness of (126]) for both M

and N. Finally, we substitute (220]) into (219)) and use (128)) for M and ((129))
for N to obtain (215|). O

Specializing Lemma to k = 3 gives

(221) (X)) = b3(M) — dim(im Y3;)
+ 03, (N) — dim(im T}) + dim((im T3,) N (im T%))
+ dim((im Y3,) N (im T%))).

Notice that the left hand side gives the dimension of the moduli space of de-
formations of the smooth, compact G manifold X. Also, by Corollary
and equation the first two terms on the right hand side give the di-
mension of the reduced moduli space M,, of the CS G manifold M , in the
cases when Theorem [6.13 applies. In particular, by Corollary this is
true if there is one conical singularity whose link is either CP3 or S3 x S3.

Let us consider two particular cases.

Case 1. Suppose b*(N) = b2, (N) =1, b3(N) = b (N) = 0, and b3(%) =
0. Further assume that Y4,(¢y) # 0 in H*(X). [In particular, these assump-
tions all hold for the Bryant—Salamon manifolds A% (S*) and A% (CP?), with
links ¥ = CP3 and ¥ = SU(3)/T?, respectively.]

With these assumptions, some simple diagram chasing using the exact

sequence ((126)) gives

T4 =0, Th=0, ker(Th)={0}, dim(im(Th)) =1
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The condition in this case thus becomes im T4, = (im T4) N (im T3,),
and therefore becomes b3(X) = b3(M) + 1.

Case 2. Suppose b*(N) = b2 (N) =0, b3(N) = b4,(N) =1, and v*(X) =
0. Further assume that T3 (¢x) #0 in H3(X). [In particular, these as-
sumptions all hold for the Bryant-Salamon manifold $(S%), with link ¥ =
53 x 83

As before, diagram chasing using in this case yields

Th=0, Th=0, ke(T})={0}., dim(im(Y}))=1.

The condition in this case becomes im Y%, = (im Y%;) N (im T3,), and
thus becomes b3(X) = b3(M) = b3(M) — dim(im T3 ,) + 1.

To summarize: in both cases (which include all the known examples of
AC Gy manifolds), we find that the dimension of the moduli space of glued
compact Gg manifolds that are constructed in [24] is exactly one dimen-
sion higher than the “reduced moduli space” /\;IV of the CS Gy manifold
which has been resolved so, informally, we can view the reduced CS moduli
space almost literally as “the boundary” of the moduli space of compact
G2 manifolds, at least locally.

6.6. Existence of a gauge-fixing diffeomorphism

In [24], a gauge-fixing condition was defined for AC Gy manifolds that is
slightly different from our Definition [4.70

Definition 6.21. Consider an AC Gg manifold (M, ¢), equipped with a
choice of diffeomorphism & : (R, 00) x ¥ — M \ L for some compact subset
L C M and some R > 0, where X is the link of the asymptotic G2 cone. The
diffeomorphism A is said to satisfy the gauge-fixing condition if A*p — ¢,
lies in 93’7 with respect to the Gy structure ¢, on the cone.

In [24], it was promised that the present paper would give a proof that
such a diffeomorphism h can always be chosen to satisfy the gauge-fixing
condition. The existence of such a gauge-fixing diffeomorphism follows from
a modification of our slice theorem. To state it, we need to introduce some
notation.

Let (M, ) be an AC Gy manifold so that ¢ is asymptotic with rate
v € (—4,0) to the torsion-free Gy structure ¢, on the asymptotic cone C.
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For notational convenience we set
O, ={h*'mneQf,} CO((R,00) x %).

Using the conical torsion-free Go structure ., we can decompose the 3-
forms on the conical end as Q3((R,00 x £) = QF & Q3 & O3, and let 7y, 77,
and 797 be the projections onto the components. (We also have a similar
decomposition for the 2-forms.) Let

(Goc)iw = {n € (7)1 dn = 0}

and let
(To)iw = M T (D11 - ) = {d(Xah™p); X € Ql1+1,u+1}'

We can now state our modified slice theorem, which we prove later in this
section.

Theorem 6.22. Let (M,p) be an AC Gy manifold with generic rate v €
(—4,0). Use the notation above and let | > 4. By taking R sufficiently large,
on (R,00) x X2 M \ L we have

(222) C_l,ll ={ne Qiy? dn =0} = (7:0)1,1/ + (gtpc)l,v-

Although one would like to deduce this result by modifying the proof
of Theorem that method runs into difficulties for rates v > —3. We
therefore take an alternative approach.

Suppose that n € C_l’l,. In this section only, we will use jlly to denote
the coexact 1-forms in (_2117,/; that is, in the image of d}.. Observe that since
dn =0 and ¢, is exact, we have that *.(n A ¢.) € jlly. (We also have that
the function *.(n A 1) is coexact but we shall not need this.)

Now consider the map

Fo: X € Qi
— ( ke (A(X o) ANbe), *c(d(X o) A gpc)) € Q?V @ Ql{y.

The map F¢ can be naturally identified with the map X — 7147d(X Jp.)
and we can write

Fo(X) = (—3d.X,2curl. X)
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by Lemma where curl. is the curl operator on C'. Notice that since ¢
is closed, we have

el N0 71
FC . Ql+1,zx+1 — Ql,l/ S '~7l,u'

Our first key observation is the following, which is that Fo has a right-
inverse.

Proposition 6.23. For generic rates v, there is a bounded linear map
Ge: Q?,u > jllu - Ql1+1,1/+1
such that Fo o Go = 1d.
Proof. To begin, we know that for generic rates v the Laplacian on the cone
A?: : Q?+2,u+2 - Q?,u

is surjective. This can be proved easily by separation of variables and by
decomposing a function on the cone using eigenfunctions on the link, which
converts the surjectivity question into a problem concerning the solution of
a system of linear second order ordinary differential equations in the radius
r with regular singular points at » = 0. Thus, there exists a bounded linear
map

0 .
GA'Q —>Qz+2u+2

such that A2 o G = Id. Hence, if we let
Go(1.0) = —Ld(GA ).
then
Fe o Gol1.0) = (=342 (-3 1)) .0) = (A2GRN.0) = (7.0,

Next, if X € jz then *, X € 96 is exact so it may be written . X =
d¢ for some £. We want to show that ¢ can be chosen so that £ € Q3 D1
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We can write
X =dr Ak(r) +w(r),

where k(1) and w(r) are uniquely determined by X. Define the 5-form 3(r)
by

Then S € Ql+1 41+ Moreover, since df = dr A k(r) + dyf3, we find *.X —
d(B(r)) is exact and has no dr component, so in fact *. X — df = do = dyo
for some 5-form o on the link, independent of r. By taking the coexact
part of any such o, it is determined uniquely. Since o is independent of
r, it is homogeneous of order —5, and thus o € 98775 - Qayﬂ, because
o< -3<v+1L

This particular choice of £ = 3(r) + o therefore by construction satisfies
£ €, Hence, we have x.£ € .1, and X = d%(x.£). We also know
that

2 .02 N2
Ac . QQ,V+2 — Q0,1/

is surjective for generic v (using the same argument as described above), so
there is a bounded linear map

GA: 05, — 03,

such that A2 o G4 = 1d. If we then let
1 *k
Go(0,X) = 5 curlo(dg (GA *c €)),

then using Remark [2.8) we find that

FooGe(0,X) = <o, 2 curl, (1 curl. (d* (G4 *o 5))))

= (0,d5d(d:(GA ¢ €)))
= (0,d5(A2(GA % €)))
= (0,d5(*c€)) = (0, X).

Since F¢ is essentially the Dirac operator, and X € jﬁw elliptic regularity
then ensures that G¢ (0, X) € Q} +1,0+1, 80 we have defined G¢ as required.
O
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However, the actual map that we require a right-inverse for is

F:X €y
= (e (d(XIh"0) ANbe), #e(d(Xh*g) A pe)) € Of, & T,

(Note that F' maps into the space claimed because h*y is asymptotic to ¢,
and d(X 1h*p) is closed.)

Proposition 6.24. For generic rates v, and by making R larger if neces-
sary, there is a bounded linear map

G: Q?y ©® kil?u - Ql1-|-1,u+1
so that F oG = 1d.
Proof. By Proposition we have that
F = Fgo(Id+Ge o (F — Fo)).

Since h*¢ — ¢ is of order O(r"), by making R larger if necessary, we can
ensure that the operator G¢ o (F — F) has norm strictly less than 1. Hence,

Id+Geoo (F—Fo): Yy = Qi
is a bounded linear invertible map. We therefore let
G = (ld+Ggo (F - Fp)) ' oGe

to obtain the required map. (]
We now have the ingredients required to prove Theorem [6.22
Proof of Theorem[6.22 Let n € C,, be as defined in (222). Then, as we al-
ready observed, we have
(ke(M N the), *e(n N pe)) € Q?,u D \71711/
Let
X =G(xc(MNYe), xc(nNpc)) € QllJrl,qul

where G is given by Proposition choosing R larger if necessary so that

the proposition applies. By construction, we then have that

Ti47d(X Jh ) = Trpmm.
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Therefore
y=n—d(XJ3h*p) € (Gpo)iw

and thus we have obtained the decomposition given in (222]). O

Given the modified infinitesimal slice theorem (Theorem we can
now give the promised gauge-fixing result.

Proposition 6.25. Let (M,p) be an AC Ga manifold with generic rate
v € (—4,0) and diffeomorphism h: (R,00) x ¥ — M \ L as given in Def-
inition [3.20. Then, after possibly making R larger, there exists a diffeo-
morphism f € D,11 such that the diffeomorphism foh: (R,00) x ¥ — M \
f(L) satisfies the gauge-fizing condition in Definition .

Remark 6.26. Since an AC Gy manifold which is asymptotic with rate vy
is also asymptotic with rate v > vy, any AC Gy manifold is AC with generic
rate v € (—4,0).

Before giving the proof of Proposition we need a lemma.

Lemma 6.27. Let n € C,. There exists a diffeomorphism f € D11 41,
which is the identity on a compact subset L' of L C M, such that (f o h)*n
lies in (G, )1, whenever n is sufficiently small on the end.

Proof. Theorem [6.22] implies that given any closed 3-form n € Cp,, there
exists X € Ql1+l,u+1 such that, on the end, n — d(X _1¢p) lies in (h=1)*Q3..
We can choose X to vanish on a large compact subset L' of L C M and
choose X uniquely on the end of M by insisting that d(X 1h*p) lies in a
direct complement (7)1, of (75)1,, N (Gye )i in (T5)1,- Such a complement
exists because the intersection (7)1, N (Gpp )i,v is isomorphic to a subset
of the kernel of the modified Dirac operator, which thus forms a closed
set and consists of smooth forms. A modification of earlier slice theorem
arguments for the AC manifold M imply that there exists a diffeomorphism
f € Diy1,4+1, which is the identity on L', such that (f o h)*n lies in (Gy,. )10
whenever 7 is sufficiently small on the end. U

Proof of Proposition|6.2. First we claim that there exists a closed and co-
closed 3-form ¢ € H2 on M and a 2-form 8 on M \ L such that

(223) ¢ — (WY e = ¢ +dp.
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To see this, first note that as observed in [24], Proposition 2.5], the form ¢,
is exact, so

[W*¢ — pc] = [h*¢] = T°[p] € H (S, R).

If v < —3 then T3[p] = 0 by [24, Proposition 2.39], so [h*¢ — ¢.] = 0 and
hence ¢ — (h™1)*p, is exact on M \ L. Thus equation holds in this
case with ¢ = 0. If instead v > —3 we can assume v > —3 as v is supposed to
be generic and we are always free to increase the rate. Lemma [4.64] gives the
existence of a closed and coclosed 3-form ¢ € H2 on M such that T3[¢] =
Y3[¢]. Thus, ¢ — (h~1)*p. — ( is exact on M \ L and again holds.
Now let R' > R and let x : M — [0, 1] be a smooth cutoff function which
is 1 on h((R/,00) x ¥) and 0 on L. Let £ = ¢ + d(x/3), which is defined on all
of M, and so that ¢ agrees with ¢ — (h™1)*,. outside a compact set by .
Applying Lemma [6.27] to = &, since we can make £ small on the end by
making R larger, implies the existence of a diffeomorphism f € Dy 41
such that (f o h)*¢ € (Gy.)1,v, which is the identity on L’ and is the unique
such diffeomorphism on the end close to the identity, up to composition with
a given space of diffecomorphisms in D, (generated by vector fields in the
kernel of the modified Dirac operator). We also have that f oh is gauge-
fixed and satisfies the asymptotic decay conditions up to order [, that
@ and @, are torsion-free G structures, and £ is smooth. We can thus use
either elliptic regularity or the aforementioned uniqueness for f to deduce

that f € D,41 and f o h satisfies for all orders. O

6.7. Open problems

There remain several interesting and important open problems for future
study.

e [t is important to find more examples, especially with little or no sym-
metry, of Gray manifolds (compact strictly nearly Kéhler 6-manifolds).
This would provide new examples of Gy cones, and hopefully one could
construct new AC G manifolds with these asymptotic cones. In par-
ticular, it is worthwhile investigating whether the Go cones whose links
are the cohomogeneity one nearly Kéhler manifolds in [I5] or the lo-
cally homogeneous nearly Kéhler manifolds in [I2] actually arise as
asymptotic cones of AC Go manifolds.

e The work of Moroianu—Nagy—Semmelmann [41] describes in detail the
infinitesimal deformations of Gray manifolds. More recent work by
Foscolo [14] shows that the deformations are in general obstructed,
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and in particular that the homogeneous Gray manifolds are all rigid.
It is still an interesting question to understand more completely the in-
tegrability of such infinitesimal deformations to actual deformations.
Understanding this would allow us to consider more general defor-
mations of Gy conifolds where we allow the asymptotic cones to also
deform.

A related question is to better understand the spectrum of the Lapla-
cian on 2-forms for Gray manifolds. Some work on this already appears
in the work of Moroianu-Nagy-Semmelmann [41] and of Moroianu—-
Semmelmann [42]. But a more thorough understanding would allow
us to conclude whether the results in Sections [6.2] and [6.4] are more
general or are particular to Go conifolds whose links are the known
Gray manifolds.

One can define a stability index for Go cones in a similar way to the
stability index for special Lagrangian cones [19] or for coassociative
cones [32]. Results about the spectrum of the Laplacian for Gray mani-
folds would also tell us something about the stability index of Go cones.
Knowledge of the stability index tells us more about when the CS de-
formation theory is unobstructed.

We need to construct the first examples of CS Go manifolds. As men-
tioned earlier, the approach in [20] of constructing compact smooth
Go manifolds may possibly be generalizable to construct CS Gg man-
ifolds.
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