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1. Introduction

In many existence theorems for harmonic maps, the key assumption is the
non-positivity of the curvature of the target space. The prototype is the
celebrated work of Eells and Sampson [ES] and Al'ber [A1], [A2] where the
assumption of the non-positive sectional curvature of the target Riemannian
manifold plays an essential role. The Eells-Sampson existence theorem has
been extended to the equivariant case by Diederich-Ohsawa [DO], Donald-
son [D], Corlette [C], Jost-Yau [JY] and Labourie [La]. Again, all these works
assume non-positive sectional curvature on the target. For smooth Rieman-
nian manifold domains and NPC targets (i.e. complete metric spaces with
non-positive curvature in the sense of Alexandrov), existence theorems were
obtained by Gromov-Schoen [GS] and Korevaar-Schoen [KS1], [KS2]. The
generalization to the case when the domain is a metric measure space has
been discussed by Jost ([J2] and the references therein) and separately by
Sturm [St].

When the curvature of the target space is not assumed to be non-positive,
the existence problem for harmonic maps becomes more complicated, and
in many ways, more interesting. Although the general problem is not well
understood, a breakthrough was achieved in the case of two-dimensional
domains by Sacks and Uhlenbeck [SUI]. Indeed, they discovered a “bubbling
phenomena” for harmonic maps; more specifically, they prove the following
dichotomy: given a finite energy map from a Riemann surface into a compact
Riemannian manifold, either there exists a harmonic map homotopic to the
given map or there exists a branched minimal immersion of the 2-sphere.
We also mention the related works of Lemaire [Le], Sacks-Uhlenbeck [SU2],
and Schoen-Yau [SY].

The goal of this paper is to prove an analogous result when the target
space is a compact CAT(1) space, i.e. a compact metric space of curvature
bounded above by 1 in the sense of Alexandrov.
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Theorem 1.1. Let 3 be a compact Riemann surface, X a compact locally
CAT(1) space and o € CONWH2(Z, X). Then either there exists a har-
monic map u : % — X homotopic to ¢ or a nontrivial conformal harmonic
map v:S? — X.

Sacks and Uhlenbeck used the perturbed energy method in the proof of
Theorem for Riemannian manifolds. In doing so, they rely heavily on a
priori estimates procured from the Fuler-Lagrange equation of the perturbed
energy functional. One of the difficulties in working in the singular setting
is that, because of the lack of local coordinates, one does not have a P.D.E.
derived from a variational principle (e.g. harmonic map equation). In order
to prove results in the singular setting, we cannot rely on P.D.E. methods.
To this end, we use a 2-dimensional generalization of the Birkhoff curve
shortening method [BI], [B2]. The local replacement process can be thought
of as a discrete gradient flow. This idea was used by Schoen [Scl Theorem
2.12] to give a short proof of the Eells-Sampson existence result, and by
Jost [J1] to give an alternative proof of the Sacks-Uhlenbeck theorem in the
smooth setting. More recently, in studying width and proving finite time
extinction of the Ricci flow, Colding-Minicozzi [CM] further developed the
local replacement argument and proved a new convexity result for harmonic
maps and continuity of harmonic replacement; see also [Z1, [Z2]. However,
even these arguments rely on the harmonic map equation and hence do
not translate to our case. The main accomplishment of our method is to
eliminate the need for a P.D.E. by using the local convexity properties of
the target CAT(1) space. (The necessary convexity properties of a CAT(1)
space are given in Appendices |A| & )

For clarity, we provide a brief outline of the harmonic replacement con-
struction. Given ¢ : X — X, we set ¢ = u and inductively construct a se-
quence of energy decreasing maps ul, where n € NU {0}, 1 € {0,...,A}, and
A depends on the geometry of Y. The sequence is constructed inductively
as follows. Given the map u), we determine the largest radius, r,, in the
domain on which we can apply the existence and regularity of Dirichlet so-
lutions (see Lemma for this map. Given a suitable cover of X by balls
of this radius, we consider A subsets of this cover such that every subset
consists of non-intersecting balls. The maps v, : ¥ — X, 1 € {1,..., A} are
determined by replacing ul~! by its Dirichlet solution on balls in the I-th
subset of the covering and leaving the remainder of the map unchanged. We
then set u0, | := uﬁ to continue by induction. There are now two possibili-

n+
ties, depending on liminf r,, = r. If r > 0, we demonstrate that the sequence
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we constructed is equicontinuous and has a unique limit that is necessar-
ily homotopic to ¢. Compactness for minimizers (Lemma then implies
that the limit map is harmonic. If » = 0, then bubbling occurs. That is,
after an appropriate rescaling of the original sequence, the new sequence
is an equicontinuous family of harmonic maps from domains exhausting C.
As in the previous case, this sequence converges on compact sets to a limit
harmonic map from C to X. We extend this map to S? by a removable
singularity theorem developed in section

We now give an outline of the paper. In section [2] we introduce some
notation and provide the results that are necessary in order to perform har-
monic replacement and obtain a harmonic limit map. In particular, we state
the existence and regularity results for Dirichlet solutions and prove com-
pactness of energy minimizing maps into a CAT(1) space. In section |3, we
prove our removable singularity theorem. Namely, in Theorem we prove
that any conformal harmonic map from a punctured surface into a CAT(1)
space extends as a locally Lipschitz harmonic map on the surface. This
theorem extends to CAT(1) spaces the removable singularity theorem of
Sacks-Uhlenbeck [SUI] for a finite energy harmonic map into a Riemannian
manifold, provided the map is conformal. The proof relies on two key ideas.
First, for harmonic maps ug and u; into a CAT(1) space, while d?(ug,u1)
is not subharmonic, a more complicated weak differential inequality holds
if the maps are into a sufficiently small ball (Theorem in Appendix ,
[Sell). Using this inequality, we prove a local removable singularity theorem
for harmonic maps into a small ball. The second key idea, Theorem [3.4] is a
monotonicity of the area in extrinsic balls in the target space, for conformal
harmonic maps from a surface to a CAT(1) space. This theorem extends
the classical monotonicity of area for minimal surfaces in Riemannian man-
ifolds to metric space targets. The proof relies on the fact that the distance
function from a point in a CAT(1) space is almost convex on a small ball.
In application, the monotonicity is used to show that a conformal harmonic
map defined on ¥\{p} is continuous across p. Then the local removable
singularity theorem can be applied at some small scale. Section [4] contains
the harmonic replacement construction outlined above and the proof of the
main theorem, Theorem [I.1} Finally, in Appendix[A]we give complete proofs
of several difficult estimates for quadrilaterals in a CAT(1) space. The es-
timates are stated in the unpublished thesis [Sel] without proof. We ap-
ply these estimates in Appendix [B] to give complete proofs of some energy
convexity, existence, uniqueness, and subharmonicity results (also stated in
[Sel]) that are used throughout this paper.
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2. Preliminary results

Throughout the paper we let (€2, g) denote a Lipschitz Riemannian domain
and (X,d) a locally CAT(1) space. We refer the reader to Section 2.2 of
[BEHMSZ] for some background on CAT(1) spaces. A metric space (X, d)
is said to be locally CAT(1) if every point of X has a geodesically convex
CAT(1) neighborhood. Note that for a compact locally CAT(1) space, there
exists a radius 7(X) > 0 such that for all y € X, B,(x)(y) is a compact
CAT(1) space.

We define the Sobolev space WH2(Q, X) C L?(2, X) of finite energy
maps. In particular, if u € W12(Q, X), one can define its energy density
|Vul? € L1(Q) and the total energy

1210) = [ [Vuldp,

We often suppress the superscript d when the context is clear. We refer the
reader to [KSI1] for further details and background. We denote a geodesic
ball in 2 of radius 7 centered at p € Q by B,(p) and a geodesic ball in X of
radius p centered at P € X by B,(P). Furthermore, given h € WH2(Q, X),
we define

WA, X) = {f € WH(Q, X) : Tr(h) = Tr(f)},

where Tr(u) € L?(09Q, X) denotes the trace map of u € WhH2(, X) (see
[KS1] Section 1.12).

Definition 2.1. We say that a map u : Q — X is harmonic if it is locally
energy minimizing with locally finite energy; precisely, for every p € 2, there
exist r > 0, p > 0 and P € X such that u(B,(p)) C B,(P), where B,(P) is

geodesically convex, and h = u| Bu(p) has finite energy and minimizes energy

among all maps in W;’Q(Br(p), B,(P)).

The following results will be used in the proof of the main theorem,
Theorem [1.1]

Lemma 2.2 (Existence, Uniqueness and Regularity of the Dirich-
let solution). For any finite energy map h: Q — B,(P) C X, where 2p €
(0, min{r(X), 7}), the Dirichlet solution exists. That is, there exists a unique
element P"h € W2’2(Q,Bp(P)) that minimizes energy among all maps in
W£’2(Q,X). Moreover, if Ph(0Q) C B,(P) for some o € (0,p), then
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Dirh(Q) C By(P). Finally, the solution P h is locally Lipschitz continuous
with Lipschitz constant depending only on the total energy of the map and
the metric on the domain.

For further details see Lemma[B.2]in Appendix[B] [Sel], and [BFEHMSZ].

Remark 2.3. In [BFOIMSZ] we demonstrated that "k minimized energy
among all maps in I/Vh1 2(0, B,(P)). In fact, " h minimizes energy among all
maps in W;’Q(Q,X). To see this, first note that for any @ € Ba,(P), there
exists a unique geodesic connecting P to ). Denote this geodesic by vpq.
Let Cypg denote the point on ypg at distance C' from P. Now consider the
continuous map 7 : X — B,(P) defined such that

Q for Q € B,(P)
m(Q) =4 (2p—d(P,Q))ypq for Q € By(P)\B,(P)
P for Q € X\Ba,(P)

. : . . . 1,2
Since 7 is everywhere distance non-increasing, for any v € W, *(2, X), 7o

u € W,o(Q, B,(P)) and
dED”h[Q] < dEwrou [Q] < dEu[Q]
Thus the stronger result holds.

Lemma 2.4 (Compactness for minimizers into CAT(1) space). Let
(X,d) be a CAT(1) space and B, C Q2 a geodesic (and topological) ball of
radius v > 0 where (2, g) is a Riemannian manifold. Let u; : B, — X be a
sequence of energy minimizers with EY[B,] < A for some A > 0.

Suppose that u; converges uniformly to uw on B, and that there exists
P € X such that u(B,) C B,/5(P) where p is as in Lemma . Then u is
energy minimizing on B, /2-

Proof. We will follow the ideas of the proof of Theorem 3.11 [KS2]. Rather
than prove the bridge principle for CAT(1) spaces, we will modify the ar-
gument and appeal directly to the bridge principle for NPC spaces (see
Lemma 3.12 [KS2]).

Since u; — u uniformly and u(B,) C B,/3(P), there exists I large such
that for all ¢ > I, u;(B,) C B,(P). By Lemma there exists ¢ > 0 depend-
ing only on A and g such that for all i > I, u;|,,,, is Lipschitz with Lipschitz
constant c¢. It follows that for ¢ > 0 small, there exists C' > 0 depending on



Existence of harmonic maps into CAT(1) spaces 787

¢ and the dimension of €2 such that

(2.1) E%[B,j2\Byj2-4) < Ct.

For £ > 0, increase I if necessary so that for all « > I and all z € Bs, /4,
(2.2) d?(ui(z), u(x)) < e.

For notational ease, let U; := B, j5_;. Let w; : Uy — X denote the en-
ergy minimizer w; := P |y, € W (Uy, X), with existence guaranteed by
Lemma Following the argument in the proof of Theorem 3.11 [KS2], (2.1))
and the lower semi-continuity of the energy imply that lim;_,o E**[U] =
E*°[B, j5]. Observe that by the lower semi-continuity of energy, Thm. 1.6.1

1B (B, o) < liminf “E"[B, s].

1—00

Thus, it will be enough to show that

limsup *E"[B, o] < “E"°[B, s].
1—>00
Let v; : B,/ — X be the map such that vy, = w; and Ut|B,./2\Ut = u.
Given § > 0, choose t > 0 sufficiently small so that

(2.3) YE"[B, ] < “E"°[B, 5] + 6.

Since v; is not a competitor for u; (i.e. v¢|gp,,, is not necessarily equal
to u;|ap,,,), for each i we want to bridge from v; to u; for values near 9B, /.
Since we want to exploit a bridging lemma into NPC spaces, rather than
bridge between v; and wu;, we will bridge between their lifted maps in the
cone C(X).

Let C(X) := (X x [0,00)/X x {0}, D) where

DQ([P, z],[Q,y]) = 22 4+ % — 2zy cos min(d(P,Q), ).

Then C(X) is an NPC space and we can identify X with X x {1} C C(X).
For any map f : B, — X, welet f : B, — X x {1} such that f(z) = [f(z), 1].
Note that for f € WY2(B,, B,(Q)), since

lim DQ([Pv 1]7 [Q? 1}) — lim 2(1 — COS(d(P, Q)))
P5Q  d2(P,Q) P=Q d*(P, Q)

=1,

it follows that P E/[Q] = 1E/[Q] for Q C B,..
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For each ¢ > I, and a fixed s, p > 0 to be chosen later, define the map
v; : OUg x [0, p] — C(X)
such that

vilw, 2) = (1 - Z) () + %ﬂi(x).

The map v; is a bridge between v¢|gy7, and u;|gy, in the NPC space C(X).
That is, we are interpolating along geodesics connecting Ty (), u;(x) in the
NPC space C(X) and not along geodesics in X. By [KS2] (Lemma 3.12) and
the equivalence of the energies for a map f and its lift f,

DE" (80, x [0, p]] < g <DE@ U] + PE" [8US])

+ 2 [ D), [ 1)) do
P Jou,
_ P (dpve d s
£ ( E"[0U,] +E [8U3]>
2 [ D2, 1, s, 1)) do
P Jou,

By (2.1)), and since v; = u on B, o\Ut, for s € [2t/3,3t/4] the average
values of the tangential energies of v; and u; on U, are bounded above by
Ct/(3t/4 —2t/3) = 12C. Moreover, since u;(B,/2),vi(B,/2) C B,(P),
implies that for all x € B, 5\Uy,

(2.4) D*(Ui(z),74(x)) = 2(1 — cosd(u;i(z), ve(x))) < d*(ui(z), ve()) < e.

Thus, there exists €’ > 0 depending only on g such that for every s &
[2t/3,3t/4],

D?([vg, 1], [us, 1])do < C'e.
oU,

Note that for each € > 0, the bound above depends on I but not on ¢. Now,
we first choose an s € (2t/3,3t/4) such that YE"[0U,] + ¢E" [0U,] < 24C.
Next, pick 0 < p < 1 such that [s, s+ ut] C [2t/3,3t/4] and 12Cut < §/2.
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For this ¢, u, decrease ¢ if necessary (by increasing I) such that

D geau, x [0, ut]] = *;t( “[oUs] +“E" [0V

+:t D?([vg, 1], [us, 1))do
< 24wa/2 + C'e/(ut)

< 4.

Now, define ©; : B,/ — C(X) such that on U, 9; is the conformally dilated
map of Ty so that ¥;|au.,,, = U¢lov,. On Us\Usyut, let ©; be the bridging map

v;, reparametrized in the second factor from [0, ut] to [s, s + pt]. Finally, on
B, 2\Us, let 9; = w;. Then, for all i > I,

(2.5) D BB, ) < UEY[By) + 6+ 1B [B,\Uy].

While the map ©; agrees with w; on 0B, 5, it is not a competitor for
u; into X since 9; maps into C(X). However, by defining v, : B, — X
such that 0;(z) = [v;(x), h(z)], v; is a competitor. Note that for all z € dUs,
4) implies that h(x) > 1 — \/e. Therefore, on the bridging strip we may
estlmate the change in energy under the projection map by first observing
the pointwise bound

D? (i), Ti(y)) = D([v;(x), h(@)], [3 (), h(y

[v )))
2 = 2h(2)h(y) cos(d(v;(z), vi(y)))

= h(@)? + h(y)
= (h(z) = h(y))? + 2h()h(y)(1 — cos(d(;(x), v,(1)))
> 2(1 = VE) (1 — cos(d(v,(2), (1))
= (1= V&) D((u;(), 1], [o,(3), 1).
Therefore,
(26) BBl = PE" VB, < (1= VE) P PEV (B, ).

Since v; is a competitor for u; on B, /s, (2.6), (2.5), , and (2.1 imply

that

dEu’i[Br/Q] = ( - \/‘g)_2 DE{H[BT/Z]

< (1
< (1-ye)~? (dE“"’ (B, 2] + 26 + C’t)



790 Breiner, Fraser, Huang, Mese, Sargent, and Zhang

Since for any ¢, > 0, by choosing ¢ > 0 sufficiently small and I € N large
enough, the previous estimate holds for all 4 > I, the inequality

limsup *E"[B, ] < “E"°[B, »]

1—00

then implies the result. O
3. Monotonicity and removable singularity theorem

We first show the removable singularity theorem for harmonic maps into
small balls. Note that the first theorem of this section is true for domains of
dimension n > 2, but all other results require the domain dimension n = 2.

Theorem 3.1. Let u: B.(p) \ {p} = B,(P) C X be a finite energy har-
monic map, where p is as in Lemma and dim(By,(p)) = n. Then u can

be extended on B,(p) as the unique energy minimizer among all maps in
W (Br(p), B,(P)).

Proof. Let v € Wy (B, (p), B,(P)) minimize the energy. It suffices to show
that u = v on B,(p) \ {p}. Since u is harmonic, there exists a locally finite
countable open cover {U;} of B,(p) \ {p}, and p; > 0, P; € B,(P) such that
u|y, minimizes energy among all maps in W2 (U;, B,,(P;)). Let

1 —cosd
F=y—— 2%
cos R¥ cos RV
where d(z) = d(u(z),v(x)) and R* = d(u, P), R* = d(v, P). By Theorem |B.4

div(cos R" cos R°VF) > 0

holds weakly on each U;. Therefore, for a partition of unity {¢;} subordinate
to the cover {U;} and for any test function n € C°(B,(p) \ {p}),

(3.1) - / Vn - (cos RY cos RV F) dpg
B (p)\{r}
=— Z / V(pin) - (cos R* cos R'VF) djig
i JUi

>0

)

where we use Y . ¢; =1 and ), Viy; = 0.
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Using polar coordinates in B,(p) centered at p, for 0 < € < 1, we define

0 r<e
_ 2
(;56: logrlloge 62 <r<e
—loge
1 e<r.

Letting w,,—1 denote the volume of the unit (n — 1)-dimensional sphere, note
that

/ \Voe|? duy = (;;_61)2 / " 3dr4o0(e) =0 ase—0.
B.(p) €2

Therefore, for n € C°(B,(p)),
— / eV - (cos R" cos R'VF) dpig
B,(p)
_ / V(née) - (cos R" cos R'VF) dyug
B..(p)
+ / NV - (cos R cos RV F) dpg
B, (p)

> / NV e - (cos R cos R'V F) du, (by (3-1))
B,(p)\{r}

> — </ |V¢€|2dug> (/ 1n*| cos R" cos R”VF|2dug>
B (p)\{r} B (p)\{r}
(by Holder’s inequality).

1

2

The last line converges to zero as ¢ — 0 because d, R*, R¥ are bounded by
the compactness of B,(P) and | B, (m)\(p} |VF|?du, is bounded by energy
convexity. We conclude that

- / Vn - (cos R cos R'VF) djpg
B.(p)

= —lim ®Vn - (cos R" cos RV F) dug > 0,
e—0 B, (p)

and hence div(cos R" cos RV F') > 0 holds weakly on B, (p).

Since d(u(z),v(z)) =0 on 90B;(p), by the maximum principle
d(u(z),v(x)) =0 in B,(p). This implies that u = v is the unique energy
minimizer. g
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Remark 3.2. Note that Theorem [3.1]implies that if u : @ — B,(P) is har-
monic, then u is energy minimizing.

From this point on we assume our domain is of dimension 2. Recall the
construction in [KSI] and [BFHMSZ] of a continuous, symmetric, bilinear,
non-negative tensorial operator

(3.2) 7 T(TQ) x T(TQ) — LY(Q)

associated with a W12-map u : Q — X where I'(T) is the space of Lipschitz
vector fields on ) defined by

y 1 1
(2, W) = Jun(Z + W) = Zfua(Z = W)

where |u.(Z)|? is the directional energy density function (cf. [KSI, Sec-
tion 1.8]). This generalizes the notion of the pullback metric for maps into a
Riemannian manifold, and hence we shall refer to m = 7% also as the pullback
metric for u.

Definition 3.3. If ¥ is a Riemann surface, then v € W12(X, X) is (weakly)
conformal if

0 0 0 0 and 0 0 0
Tl —,— )| =7n(—,— T —,— | =
6951 ’ 5'1‘1 33327 81‘2 8331 ’ 8.%‘2 ’
where z = x1 + ixo is a local complex coordinate on 3.

For a conformal harmonic map w : > — X with conformal factor A =
%|Vu|2, and any open sets S C ¥ and O C X, define

A(u(S)N0O) = / A dpg,
u=1(0O)NS

where dp, is the area element of (¥, g).

Theorem 3.4 (Monotonicity). There exist constants ¢, C' such that if u :
¥ = X is a non-constant conformal harmonic map from a Riemann surface
Y into a compact locally CAT(1) space (X,d), then for any p € ¥ and 0 <
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o < o9 = min{p, d(u(p), u(9X))}, the following function is increasing:

s ec"2A(u(ELf; Bg(u(p)))7

and

A(u(X) N By (u(p))) > Co®.
Proof. Since % is locally conformally Euclidean and the energy is confor-
mally invariant, without loss of generality, we may assume that the domain
is Euclidean. Fix p € ¥ and let R(z) = d(u(x),u(p)). Since u is continu-
ous and locally energy minimizing, by [Sell Proposition 1.17], [BEHMSZ,
Lemma 4.3] we have that the following differential inequality holds weakly
on w1 (B (u(p))):

1
(3.3) §AR2 > (1 — O(RY)|Vul?.

Let ¢ : RT — R* be any smooth nonincreasing function such that ¢(t) =
0 for ¢ > 1, and let (,(t) = ¢((£). By (3.3), for 0 < o¢ we have

—/ VRZ. V(Co(R)) daydes > 2/ C(R) (1 — O(R2)|Vul? dzsdas
> >

- 4/ G(R) (1 — O(R2)) A dx: das.
>

Therefore,

2/ (s(R) (1 — O(R*)) Adx1dxy < RVR-V(((R))dridrs
%

J
_ _/ B <R> VR|? dz1das
» 0 g
< —/ " ¢ <R> }]Vu|2 dxidzsy
w O o) 2
= —/ ECI <R> Adxidzo
» g

d
= UdU/ECU(R) Adxidrs,
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where in the second inequality we have used that (' < 0 and |[VR[? < £|Vu/?,
since u is conformal. Set f(0) = [5, (o(R) A dz1dxz. We have shown that

2(1 - 0(c*)f(0) < o f'(0).
Integrating this, we conclude that there exist ¢ > 0 such that the function

" f(o)

3.4
(3.4) o= o2

is increasing for all 0 < o < 0. Approximating the characteristic function
of [~1,1], and letting ¢ be the restriction to R, it then follows that

e A(u(X) N B, (u(p)))

o2

is increasing in ¢ for 0 < o < 0.

Since A = 1|Vul? € L'(Z,R),

3.5 li I, () A drde A 5

( . ) T%T— (ZE), a.e. r €

by the Lebesgue-Besicovitch Differentiation Theorem. Since u is conformal,
for every w € S!,

(3.6) Az) = lim & (u(z + tw), u(z))

lim 2 , ae T EX

(IKS1, Theorem 1.9.6 and Theorem 2.3.2]). Since w is locally Lipschitz
[BEHMSZ, Theorem 1.2], by an argument as in the proof of Rademacher’s
Theorem ([EG, p. 83-84]),

2 u u\x
(3.7) Az) = lim W

for almost every « € 3. To see this, choose {wy}32; to be a countable, dense
subset of S*. Set

Sp = {x €5 lim 2@+ twn), ulw))
t—0 t

exists, and is equal to )\(:n)}

for k=1,2,... and let
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Observe that H#2(X \ S) = 0. Fix x € S, and let € > 0. Choose N sufficiently
large such that if w € S' then

€
= wrl < Sro
for some k € {1,..., N}. Since

t—0 t

for k=1,..., N, there exists § > 0 such that if |{| < 0 then

‘d(u(w + twy), u(x))
t

for k =1,..., N. Consequently, for each w € S! there exists k € {1,..., N}
such that

‘d(u(x +tw),u(z)) o)
t
< ‘d(u(w + t(t,uk), u(z)) o)
‘d(u(m +tw),u(z))  d(u(z + twg), u(z)) ‘
t t
< ‘d(u(:c + t;uk), u(z)) )| + ’d(u(x + tw);u(:c + twi)) ‘

3 .
< 3 + Lip(u)|w — wg|

<e.

Therefore the limit in (3.7)) exists, and (3.7) holds, for almost every x € X.
The zero set of A is of Hausdorff dimension zero by [M]. At points where
A(z) # 0 and (3.7)) holds, we have that for any € > 0

u(B_=__(2)) C u(T) N B, (u(x))
if o is sufficiently small. Therefore by (3.5)),

A(u(X) N By (u(x)))
2

(3.8) O(x) := lim

>1, ae xe€el.
o—0 ixes

By the monotonicity of (3.4)), ©(z) exists for every x € ¥, and ©(x) is upper
semicontinuous since it is a limit of continuous functions (the density at a
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given radius is a continuous function of x). Therefore, ©(x) > 1 for every
x € 3. Together with the monotonicity of (3.4)), it follows that

A(u(%) N By (u(p))) > Co®
for 0 < o < 0g. O

Remark 3.5. Note that if u : M — B,(P) is a harmonic map from a com-
pact Riemannian manifold M, then v must be constant. This follows from
the maximum principle, since equation implies that R?(x) =d?(u(x), P)
is subharmonic.

For a conformal harmonic map from a surface into a Riemannian man-
ifold, continuity follows easily using monotonicity ([Sc, Theorem 10.4], [GI,
[J1, Theorem 9.3.2]). By Theorem using this idea we can prove the
following removable singularity result for conformal harmonic maps into a
CAT(1) space.

Theorem 3.6 (Removable singularity). Ifu: X\ {p} — X is a confor-
mal harmonic map of finite energy from a Riemann surface ¥ into a compact
locally CAT(1) space (X,d), then u extends to a locally Lipschitz harmonic
map u: 2 — X.

Proof. Let B, denote B,(p), the geodesic ball of radius r centered at the
point p in 3, and let C, = 0B, denote the circle of radius r centered at p.
By the Courant-Lebesgue Lemma, there exists a sequence r; N\, 0 so that

Li = L(u(C,,)) := /C VAdsy — 0

as ¢ — 0o, where ds,; denotes the induced measure on C,, = 0B, from the
metric g on . Since E(u) < oo, A = 1|Vu|? is an L' function and, by the
Dominated Convergence Theorem,

A = A(B\ (D) = | N0

as 1 — 00.
First we claim that there exists P € X such that u(C,,) — P with re-

i

spect to the Hausdorff distance as i — co. Let d; ; = d(u(Cy,), u(Cy,)). Sup-

J

pose i < j so r; > rj, and choose Q € u(B,, \ By,) such that d(Q, u(Cy,) U
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u(Cy,)) > d; j/2. For o = mm{ 5. £}, by monotonicity (Theorem 3. ,
A(u(B,,\ By,) N B+(Q)) > Co

Since A(u(By, \ By,) NBe(Q)) < A(u(By, \ {p})) = 4;, it follows that o <
cvA; — 0 as i — oo, and we must have d; ; — 0. Therefore any sequence of
points P; € u(Cy,) is a Cauchy sequence since

d(P;, Pj) <d;j;+Li+L; =0

as 1, j — o0o. Hence, there exists P € X independent of the sequence, such
that P, — P.

Finally, we claim that lim,_,, u(x) = P. It follows from this that we may
extend u continuously to 3 by defining u(p) = P. To prove the claim, con-
sider a sequence z; € ¥\ {p} such that z; - p. We want to show
that w(z;) — P. Suppose z; € By, \ By, - for some j(i), and let d; =
d(u(z:), u(Cr, ) Uu(Cr, ., )) For o = min{ % <, 5}, by monotonicity (Theo-
rem [3.4)),

A(u(Br, ) \ By, iy1n) N Bo(u(z))) > Co?.

Therefore, o < ¢\/Aj;) — 0 as i — oo, and we must have d(u(x;), u(Cy, ) U
u(Cy,,),,)) — 0. It follows that u(x;) — P and u extends continuously to .

We may now apply Theorem [3.I] to show that u is energy minimizing at
p. Since u is continuous, there exists § > 0 such that u(B(s) C B,(Q) Cc X.By
Theorem [3.1, u is the unique energy minimizer in W (B(;7 B,(Q)). Hence
u is locally energy minimizing on ¥ and by [BFHMSZ, Theorem 1.2], u is

locally Lipschitz on X. (]

The following is derived using only domain variations as in [Sc, Lemma
1.1] (using [KS1l, Theorem 2.3.2] to justify the computations involving change
of variables) and is independent of the curvature of the target space (see for
example, [GS| (2.3) page 193]).

Lemma 3.7. Let u: > — X be a harmonic map from a Riemann surface
into a locally CAT(1) space. The Hopf differential
o 0
dz?
(81‘1 8952)} “

o 0 0o 0
[6)) = — | = -
(Z) |:7T (8%1 ’ 81‘1) m <8.?U2’ 81’2)
where z = x1 + ixo is a local complex coordinate on ¥ and m is the pull-back
mnner product, is holomorphic.
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Corollary 3.8. Let u:C — X be a harmonic map of finite energy and
(X,d) be a compact locally CAT(1) space. Then u extends to a locally Lips-
chitz harmonic map v : S* — X.

Proof. Let p : S?\ {n} — R? be stereographic projection from the north pole
neS? Set i =uop:S?\ {n} - X. We will show that n is a removable

singularity.
Let o =7(50-, 507) — 77(6%2, 6%2) - 2@'77(8%1, 8%2). By Lemma the
z) = ¢(z)dz? is holomorphic on C. By assumption,

Hopf differential <II>
9 9
e 81’1 e 8902

2
E(u) = /
R
/ | dardas < 2B(u) < oo,
R?

_|_

RN

2
> dridre < 00

and therefore

Thus |¢| € L'(C,R) and is subharmonic, and hence ¢ = 0 and u is confor-
mal. Then by Theorem [3.6] u extends to a locally Lipschitz harmonic map
u:S?— X, O

4. Harmonic replacement construction
In this section we prove the main theorem:

Theorem 4.1. Let ¥ be a compact Riemann surface, X a compact locally
CAT(1) space and p € CO°NWY2(X, X). Then either there exists a har-
monic map u : % — X homotopic to ¢ or a nontrivial conformal harmonic
map v :S* = X.

Lemma 4.2 (Jost’s covering lemma, [J1] Lemma 9.2.6). For a com-
pact Riemannian manifold 3, there exists A = A(X) € N with the following
property: for any covering

Y C G Br(ﬂ%)

=1

by open balls such that

Bg (.%) N Bg (.%']) =0, Vi#j,
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there exists a partition I', ... I of the integers {1,...,m} such that for any
le{l,...,A} and two distinct elements iy,is of I',

B47‘(xi1) N B47«($i2) = @
Definition 4.3. For each £k =0,1,2,..., we fix a covering
Ok = {Ba-+ (ki) }iy

of ¥ by balls of radius 27*. Furthermore, let I,%, e I,é\ be the disjoint subsets
of {1,...,my} as in Lemma in other words, for every I € {1,...,A},

(4.1) Bo-k12 (xk,il) N Bo—r+2 ($k7i2) =0, Vi, iy € IIZC, i1 # 9.
and
(4.2) By« (l’]m‘l) N Bo-r-3 (xk@) =0, Vi, iz € {1,....mg}, i1 #io.

Let ¥ be a compact Riemann surface. By uniformization, we can endow
> with a Riemannian metric of constant Gaussian curvature +1, 0 or —1.
Let A = A(X) be as in Lemma and p = p(X) > 0 be as in Lemma
We inductively define a sequence of numbers

{rn}c2M:={1,271,27% ..}
and a sequence of finite energy maps
{ul, -2 = X}
forl=0,...,A,n=1,...,00 as follows:

INITIAL STEP 0: Fix ko € N such that By« (x) is homeomorphic to a
disk for all z € 3. Let ud := ¢ € CONWHh2(%, X), and let

roy =sup{r >0:Vz € %,3P € X such that uj(Ba,(z)) C Bs-a,(P)}
and k{ > 0 be such that
27k < pf) < 27Ro L,

Define
ro = 27" = min{2 ko 270}
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and let
Oy = {Bry(Troi) Yoy and I} ... Ijk

be as in Definition For [ € {1,...,A}, assume
(4.3) Va €%, ul (B, (x)) C Bs-ata-,(P) C By(P) for some P € X,

and define u} : ¥ — X from ué_l by setting

-1 .
(4.4) ) = { to in 2\ Usery, Baro ()

Dir, 1-1 .
Tug in Boy, (7, i), 1 € I

where Py~ is the unique Dirichlet solution in WJ; + (Bary (Thy.i), Bp(P)) of

Lemma Since BQTO (‘rk‘o,h) N BQTO (xkg,ig) = @, v il, ’iQ € I,lCO with il 7& ig
(cf. (4.1))), there is no issue of interaction between the Dirichlet solutions for
the different balls in the set { Boy, (ki) fiepr - Thus the map is well-defined.
0
Now note that since 9 < r{,

Yz € 8, u)(Bar, (7)) C By-a,(P) C B,(P) for some P € X.

Thus, the map uj can be defined by (4.4). For [ € {1,...,A}, we claim that
if we assume statement (4.3) and define uf) by (4.4), then

(4.5) Vo € B, ub(Bay,(z)) C Bs-a+1,(P) C B,(P) for some P € X.
Indeed, given x € 3, we have the following two possibilities:

CASE 1. Bay,(x) N Boy, (xg, ;) = 0 for all ¢ € I,l%.

In this case, ué = ué_l on By, (x) and || implies

uh(Bary () = ub H(Bary () C By-ara-u,(P) C B-rs1,(P) for some P € X.

CASE 2. By, () N By, (ki) # 0 for some i € Ij, .

Since Bar, (7, i) N Bar,(z,, ;) = 0 for any j € I,lCO by the definition of Ilo,

kq»?
we conclude that ¢ is the only element in [ ,io satisfying the above property.
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In other words,
Bayy () N Bay, (2h,,5) = 0, Vj € I \{i}.

This in turn implies that u} = u} ! in By, (2)\Bar, (z,,), and thus

ué(Bm‘o (x)\BQTO ($k07i)) = uf)il(Bm‘o (x)\BQTO ($k07i))
C uéil(BQTO(x )
C Bg_A+(z,_1)p(P') for some P’ € X by (4.3).

Furthermore, by (4.3) and Lemma we have
ub (Bay, (7,,.4)) C Bg-ara-1,(P) for some P € X.
Therefore, we conclude

u(Bar, (%)) C ug(Bary (€)\Bar, (i) U ug(Bar, (1))
C B3—A+(l—1)p(Pl) U B3—A+(l—1)p(P)
C B3*““p(P)

where the last line uses the fact that Bs-a+a-n,(P") N Bs-a+a-n,(P) # 0.

This conclude the proof of (4.5) which allows us to iteratively define
1 A

u07 o .. 7u0 .

INDUCTIVE STEP n: Having defined

-N
TQyeveyTn1 €27,
and
ug, u,ﬁ,...,uf,\:E—>X, r=0,1,...,n—1,
we set u) = u’ | and define
€ 27N and u,ll,...,uf:

as follows. Let
r, =sup{r >0:Vx € £,3P € X such that u®(Ba,(v)) C Bs-s,(P)}
and k], € N be such that

27k < g < o7hutL



802 Breiner, Fraser, Huang, Mese, Sargent, and Zhang

Define

T = 27F = min{27%n 27R0},
Let

Ok, = {By, (1) }ivy and I} ... Ip

be as in Deﬁnition Having defined u?, ..., ul"!, we now define u!, : ¥ —
X by setting

n

; uln_l in E\ UiGI}C BQT’n (xknfz)
U, = . !
D“"ugl_l in B2rn (xk’mi)’ i€ I’lfn

n

where Pyl=1 is the unique Dirichlet solution in W,i;gl(BQTn (@K, i), Bp(P))
for some P of Lemma 2.2l

This completes the inductive construction of the sequence {u}. Note

that
Eud) < - <E@)=FE®)_)), Vn=1,2,....

n n—1

Thus, there exists Ey such that

(4.6) lim E(ul) = Ey, VI1=0,...,A.

n—00
We consider the following two cases separately:
CASE 1: liminf, .7, > 0.
CASE 2: liminf, ., 1, = 0.

For CASE 1, we prove that there exists a harmonic map u : ¥ — X homo-
topic to ¢ = u). We will need the following two claims.

Claim 4.4. For any [ € {0,...A — 1},

. I A
nh—>r20 [l (u, un)||L2(Z) =0.

Proof. Fix 1 € {0,...,A—1}. Forne N, A e {l+1,...,A} andie],i‘n,we
apply Theorem with ug = u;\L_l}BQ () 1= uﬁ!Bz ( and Q) =

T i)

By, (7, ). Let w: ¥ — X be the map defined as w = u)) = u)~! outside
Uiery Bor, (2, ,i) and the map corresponding to w in Theorem in each
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Bo,., (2, ;). Then

(cos® p)/ \Y
Bor, (Tky i)
1
<5 ( / Vup ™ Pdp+ / \Vqudu>
2 Bar,, (ki) Bay,, (Tky, i)

— / \Vw|dp.
Bar, (Tkyy i)

Summing over i, using that w = uj, = uj~! outside J,. » Bor, (@), and

applying the Poincaré inequality, we obtain

_ 1 _ 1
[t <c <2E<u2 Yt L) - E<w>) |

2
tan d(up ', )

d
cos R a

where here and henceforth C' is a constant independent of n. Since u)

harmonic in J; erp Bor, (zk,.i), we have E(uj) < E(w). Hence

/d2 ) du<C< B g—l)—;E(ug)).

is

Thus,

A=l+1
A
< (A —1)? ) ud)d
B
A
<0 Y (B - Ew))

This proves the claim since lim, (E (ul) — E (uﬁ)) =0 by 1} O
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Claim 4.5. Let € >0 such that 32 <p, 1€{l,...,A} and n €N be
given. If § € (0,1y,) is such that

8rE(up) _ 3-A

4.
(47) logd—2 — ©

then
l
Vo e U U By, (1, ), 3P € X such that ul,(Bsa(z)) C Bsc(P).
A=liel}
In particular, forl = A, VYo € ¥, 3P € X such that uX(Bss(z)) C Bs(P).

Proof. Fix €, [, n and let § be as in 1} For x € Ul)\zl Uiel? B, (xk, ),
there exists A € {1,...,{} such that = € B, (zj, ;) for some i € I,i‘n and
hence

Brn (:13) C Ban (wkmi).

Since u;) is harmonic in By, (g, ;), it is harmonic in B, (z). By the Courant-
Lebesgue Lemma, there exists

Ry € (6%,6)

such that
u)(OBR, () C Bs-ac(Py) for some P, € X.

Since uﬁ is a Dirichlet solution and 37%¢ < p, Lemma implies that
(4.8) up(Bs2(z)) C up(Br, () C Bs-ac(P1).
Next, by the Courant-Lebesgue Lemma, there exists
Ry € (63,6%)
such that
(4.9) urtt(9BRg, (z)) C By-r(Py) for some P} € X.

There are two cases to consider:

Case a. Bg,(z) N By, (xk, ;) = 0, Vi € I];\:'l.



Existence of harmonic maps into CAT(1) spaces 805

: A+1 A
In this case, upyt! = u; in Bg,(z). Thus,

up ™ (Br, () = uy (B, (2)) C up(Bs:(«)) C By-ac(P)
by (4.8)). In this case we let P, = P;.

Case b. Bg,(x) N Bay, (1, ;) # 0 for some ¢ € I,i‘:rl.

Since Buy,(%k, i) N Bar,(xk, ;) = 0 for any j € I,in\{z} by the definition of
I ,in, we conclude that ¢ is the only element in [ ,lc satisfying the above prop-
erty. In other words,

Br, () N Bar, (wy,, 5) = 0, Vj € I \{i}.
This in turn implies that up*! = u}) in B, (x)\Bar, (zk, i), and thus

un " (Bry (2)\Bar, (21,,)) = up(Br,(2)\Bar, (zk,,:))
C up(Br,(z))
C u)(Bs2(z)) (since Ry € (63,6?))
C Bs-ac(Py) for some Py € X by (4.8).

Furthermore, the boundary of the region Bg, (x) N Bay, (x, ;) is the union of
two smooth curves v = Bg, (x) N 0By, (x, ;) and f = 0Bg,(x) N Bay, (Tk,, i)-

By construction, uf‘ﬁl = uf‘z on 7, thus

up™(7) C By-ae(P)).
Moreover, (4.9)) implies
upt(8) C Bs-ac(P3).

Note that
B3-ac(P1) N Bz-ac(Ps) # 0,

and hence
up T (YU B) C By-nie(Py).

A+

Since u)™! is harmonic in Bg,(x) N Bay, (zk, i),
un ™ (Br,(2) N Bar, (ak,.,4)) C By-sie(Py).

Let P, = P2/
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In summary, we have shown that in either Case a or Case b,
up™ (Bgs (2)) C up ™ (Br,(2)) C By-asi(P2).

+2 l

After iterating this argument for uf‘l ..., U,, we conclude that there exists

P,_»41 € X such that
UE,L(B(SA (l‘)) - U%(B(;szrz (SC)) C 83—A+17>\E(_Pl_)\+1) C Bge(f)l_/\+1).

Letting P = P,_).1, we obtain the assertion of Claim O

Since liminf, ,o 7, > 0, there exist k£ € N and an increasing sequence
{W}j’; C N such that r,, = 27% (or equivalently kn, = k). In particular,

the covering used for STEP n; in the inductive construction of u%j, e ,uﬁj
is the same for all j = 1,2,.... Thus, we can use the following notation for

simplicity:
O =0y, I' =1}, Bi= By, (zy, i) and tB; = By, (y, ;) for t € R,

With this notation, Claim implies that for a fixed [ € {1,...,A},

l
(4.10) {uﬁh} is an equicontinuous family of maps on B := U U B;.
A=liel

In particular,{uf}j} is an equicontinuous family of maps in X. By taking a
further subsequence if necessary, we can assume that

(4.11) Ju e C°(%, X) such that uﬁj = u.
We claim that for every [ € {1,...,A},
(4.12) uflj — u on B! where v is as in ({@.11)).

Indeed, if 1' is not true, consider a subsequence of {uﬁh} that does not
converge to u. By (4.10), we can assume (by taking a further subsequence if
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necessary) that
Jv: B! - X such that u!, , 2 vFulp.

Combining this with (4.11]) and Claim we conclude that
lld(v, w)l|L2pry = lim ||d(up,, s un M c2esny < lim [ld(ug, )| z2es) = 0
Jj—o0 Jj—o0

which in turn implies that v = v. This contradiction proves (4.12)).
Finally, we are ready to prove the harmonicity of u. For an arbitrary

point z € ¥, there exists r > 0,1 € {1,...,A}, and ¢ G I' such that BZTi x) C

B;. Since ulnj is energy minimizing in Bo,(z) and v/, = u in B; by (4

Lemma implies that u is energy minimizing in B, ( ).

The map u is homotopic to ¢ since it is a uniform limit of u ~each of
which is homotopic to . This completes the proof for CASE 1 as u is the
desired harmonic map homotopic to ¢.

For CASE 2, we prove that there exists a non-constant harmonic map
u:S?— X.

Recall that we have endowed X with a metric g of constant Gaussian
curvature that is identically +1, 0 or —1. Fix

Ys € X
and a local conformal chart
7T:UCC—nU)=DBi(ys) CX

such that
7(0) = v«

and the metric g = (g;;) of X expressed with respect to this local coordinates
satisfies

(4.13) 9ij(0) = 0y;.
For each n, the definition of 7, implies that we can find y,,,y/, € ¥ with

Zrn S dg(yna y;) S 4r7l
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where dj; is the distance function on 3 induced by the metric g, and

d(ud (yn), u(yn)) > 3"p.

Since ¥ is a compact Riemannian surface of constant Gaussian curvature,
there exists an isometry ¢y, : ¥ — ¥ such that ¢, (y«) = yn. Define the con-
formal coordinate chart

T : U CC —mp(U) =Bi(yn) CXE, mp(z) :=tpom(2).

Thus,
Tn(0) = yn.
Define the dilatation map

U,:C—=C, V,(z)=rpz

and set Q, .= ¥l om Y(Bi(y,)) C C and
l

i Q, = X, @ =l om, oW,

Since liminf,,_ o, 7, = 0, there exists a subsequence

(4.14) {rn,} such that lim r,, =0.
j—)OO

Thus, €2,, / C. Furthermore, (4.13) implies that

dg (y;mj ) ynj )

lim —— =1.
=00 |mn; (yp,)|
Hence, for 2, = ¥, 1 o, 1(y),
(4.15) 2 < lim |2,] < 4
j—o0
and
(4.16) d(@), (zn,), @, (0)) = d(uy) (yh,) un, (yn,)) = 37 4p.

Additionally, by the conformal invariance of energy, we have that

n

(4.17) E(d) = E(uﬁL‘Bl(yn)) < E(u).
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For R > 0, let
Dr:={z€C:|z| < R}.
In CASE 1, we could choose a subsequence such that k;,,, = k and thus
the cover was fixed. In CASE 2, r,,, = 27k 50 by (4.14). Therefore, as a

first step we determine a fixed cover which will allow us to apply arguments
similar to those of CASE 1.

Lemma 4.6. Let O, be as in Definition [{.3. Given R > 0, there exists
N € N and M independent of N such that for every n > N,

‘{7, : Bz—kn (%kml) N (ﬂn o \I/n(DR)) 7é @}’ S M.

Proof. By (I-13),
VO](TFn o \I/n(DQR))

T ez
and
1 —kn—3(Tn
lim VO (B2 (Tni)) _ 1

n—00 w22k, —6
where Vol is the volume in X. Let J C {1,...,my, } be such that

J ={i: By (g, ;) N (1, 0 ¥, (DR)) # 0}.
By (4.2), we have that for sufficiently large k,,
‘j‘ﬂ'Qianfﬁ <2 ZVOI(BQ—M—3 (mkn,i))
ieJ
< 2Vol(my, o ¥, (Dag))
< 16w R*27%kn,

Hence |J| < R?210 and {By-x. (2, ;) }ics covers m, o ¥,,(Dg). O

For each By-k, (x, ;) € O, , for notational simplicity let

By = \Ilgl o 77771(324@” (kaZ))

and
tBpi =V, o Y (Bgsa (2, ) for t € RT.

After renumbering, Lemma implies that there exists M = M(R) such
that

M ~
Dr C | Bus

=1
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If we write
IL(Ry={iell :i<M} Vi=1,...,A,
then
A
brcl) U Bui
I=lier; (R)

Choose a subsequence of (4.14)), which we will denote again by {n;}, such
that

W lom Ny, o) =& Vie{l,... M}
and such that for each [ =1,..., A, the sets

I'=1I (Ry={iel} :i<M}

"

are equal for all k, . Again, note that unlike CASE 1, where B, (l‘knj i)
is the same ball B; for all j, the sets By, ;, an,i, ... are not necessarily the
same.

Since the component functions of the pullback metric (m,, o ¥,, )*g con-
verge uniformly to those of the standard Euclidean metric gy on C by
and Bn]. 4 with respect to (7rn]. o \I/n].)*g is a ball of radius 1, an,i with re-
spect to gg is close to being a ball of radius 1 in the following sense: for all
e > 0, there exists J large enough such that for all j > J, B1_(¥;) C an’i

fori=1,..., M. Moreover, for € > 0 sufficiently small we have that
M

(4.18) Dg C | Bi-o(#).
i=1

Choose J as above. Set

Bi = ﬂ Bn]-,i D) Blfe(i‘i) and tBi = ﬂ tBnJﬂ' for t € R™.
Jj=J j>J

Then

M ~ ~
(4.19) prcl|JBi=J U B
Claim 4.7. Forle {l,...,A},

(4.20) {ﬂilj} is equicontinuous on U U B;.
A=1je]x
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Proof. We demonstrate the equicontinuity by modifying the proof of Claim
[4.5] to this new cover.
Let € > 0 such that 372¢ < p, 1 € {1,...,A}, and 6 € (0,1 — €) such that

0
8mE(up) <3¢,
log 62
where € is given by (4.18)). For z € Ul,\:1 Uicis B, there exists A € {1,...,1}
and i € I* such that = € B;. By definition,

Bi_(z) C 2B; C 2Bn_7.,i for all n;.

Therefore ﬂﬁj is harmonic on Bj_¢(x) for all n;.

From this point forward, the proof proceeds as in the proof of Claim [4.5]
noting in particular that while the Ri(z) in the proof of Claim now
depend upon n;, each of them is still bounded below uniformly by §F+1 and
0 is independent of n;. Equicontinuity then follows immediately. O

By Claim {aﬁ]} is equicontinuous on Uf\le Uicis B; and thus, perhaps
taking a further subsequence,

(4.21) Jiur € C°(Dg, X) such that @’ , = g in Dp.

Claim 4.8. There exists a further subsequence such that for each | &

(1,...,A},

!
ﬁflj =ur on DrN U U B; | := Dk.
=1 ¢

Proof. Fix [ € {0,. — 1}. By the equicontinuity of il on Dl there ex-
ists a subsequence and a vR: Dl — X such that u :; vr. Fix A e {l +

A} and apply Theorem [B.1| with Q = B;, i € I/\, and ug = u’\ 1|B ,
up = 1) - Let w: Ua 1 Uzela B; — X be the map correspondlng to w
in Theorem on each B;, i € I, and equal to u>‘_ elsewhere. Following
Claim g as Bl_g(a:,) CB; = ﬂJZJ BnM, there ex1sts C > 0 independent

of 7 and 7 such that
/ d*(apt ay Ydu
Uzef)\ B ’ ’

Lo a1 1 ~
§C<2E(“”f Ui ) 3 B0y ) — E(w’u@é)



812 Breiner, Fraser, Huang, Mese, Sargent, and Zhang

where du denotes the Euclidean volume form.
By construction, ﬁﬁj is harmonic on | J;.7. B; and ﬂ;\Lj_l =
side J,cj» Bi- It follows that

/ P )y

a=1 Uief(’ B;

a)\

n, = w out-

| 1
<C <2E(unj |U2:1Ui€fa Bi) - §E

Therefore, following the proof of Claim [4.4]

/ (i ydp
U2:1 Uief” B;

= C(E(aan |U2:1 Uiefa Bl) N E(agJ |U2:1 Uiefa Bl))

)
(1, |U§:1 Uie o gi)> )

By conformal invariance of energy and (4.6))

7 ~A
E(uln7 ‘U2=1 Uicra Bl) N E(unﬂ |U2=1 Uiera B/ = n;
It follows that

ld(vr, @r)l r2(py)y = lim [|d(@, , @ ) 2Dy
j—00

: A o
< B {ld(Gn,» ) 22t U, e B = O

Thus, vg = up. O

We now demonstrate that 4z is harmonic on Dg. Let x € Dg. There
exist 7 > 0,1 € {1,...,A}, and i € I' such that By, (z) € B; by . Since
harmonicity is invariant under conformal transformations of the domain ﬂl
is a energy minimizing on 2Bn - Since B - Bn i C 2Bn 4 and u ;= UR on
B; by Claim ., Lemma implies that @p is energy mlnlmlzmg on By (x).
Since x is an arbitrary point in Dg, we have shown that % is harmonic on
Dp.

Finally, by the conformal invariance of energy, F (ﬂflj )=FE (uf% ‘ Bily ‘)) <

E(ul). By the lower semicontinuity of energy and (4.17)), we have
(4.22) E(ug) < E(ud).

By considering a compact exhaustion {Dgn }5°_; of C and a diagonal-
ization procedure, we prove the existence of a harmonic map @ : C — X. By
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@22),

E(a) < E(uf).

It follows from (4.15)) and (4.16) that @ is nonconstant. Thus, CASE 2 is
complete by applying the removable singularity result Corollary [3.8]

Appendix A. Quadrilateral estimates

In this section, we include several estimates for quadrilaterals in a CAT(1)
space. The estimates are stated in the unpublished thesis [Sel] without proof.
As the calculations were not obvious, we include our proofs for the conve-
nience of the reader. References to the location of each estimate in [Sel] are
also included.

The first lemma is a result of Reshetnyak which will be essential in later
estimates.

Lemma A.1 ([R, Lemma 2]). Let OPQRS be a quadrilateral in X . Then
the sum of the length of diagonals in OPQRS can be estimated as follows:

1
(A.1) cosdpr + cosdgs > —§(d%>Q + d%g)

1
+ 1(1 +cosdpg)(dgr — dps)?

+ cosdgpr + cosdpg
+ Cub (dpQ, drs,dqQr — dsp) .

Proof. 1t suffices to prove the inequality holds for a quadrilateral IPQRS
in S?. By viewing S? as a unit sphere in R3, the points P, Q, R, S determine
a quadrilateral in R3. Applying the identity for the quadrilateral in R3 (cf.
[KS1l, Corollary 2.1.3]),

PR +QS <PQ°+QR + RS +SP — (SP—QR)®

where AB denotes the Euclidean distance between A and B in R3. To prove
this, consider the vectors A=Q—-—P,B=R-Q,C=S—-R,D=P-S.



814 Breiner, Fraser, Huang, Mese, Sargent, and Zhang

Then

—o 9 1
PR2+Q82:5(1A+BP+]C+D\2+\B+C|2+|D+A|2)
= AP +|B*+|C*+|D?+(A-B+C-B+D-A+D-C)
= |A]* + B +|C|> + |D]* - |B + DI
sincce A+ B+C+ D=0
<|AP + B +|C]> + D] - ||B| - |D||*.

Note that @2 =2 — 2cosdap, we obtain

cosdpr + cosdgs = —2 4 cosdpg + cos drs + cosdgr + cosdpg

1 2
—1—5(\/2—2COSdQR—\/2—2COSdSP) .
The lemma follows from the following Taylor expansion:

— 2+ cosdpg + cosdrs
1 1
= g — L Ol + dbg)

2
/2 —2cosdgr — \/2—2<:osd5p)

sindgp 9 2
dor —d O ((dor —d
<\/m( or — dsp) + O ((dgr — dsp) ))
1

+ cosd
= 5 i (dQR—dSP) +O((dQR—d5p)3) .

O

Lemma A.2 ([Sel, Estimate I, Page 11]). Let OPQRS be a quadri-
lateral in the CAT(1) space X. Let P. be the mid-point between P and S,
and let Q be the mid-point between Cj and R. Then

cos? (52 ) Q1. Py) < 3ldbq + dhs) — {don — dps)

+ Cub <dPQ7 drs,d(P1,Q1),dqr — dSP> :
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Proof. As a direct consequence of law of cosine (see also the figure below),
we have the following inequalities

cosd(Qr,P1) > (cos d(Q1,S) + cos d(Q%,P))
cos d(Q% S) > B (cosdrs + cosdgs)
cosd(Q 1 P) > B (cosdrp + cosdgp)
where
1 1
o= and (=
2cos (%5*) QCos(d2R>
Q1

Q R
P P S

Combining the above inequalities yields
cosd(Q1,P.1) > af (cosdrs + cosdgs + cosdrp + cosdgp) -

We apply (A.1) for the sum of diagonals cosdgs + cosdrp and Taylor ex-
pansion for cosdrg and cosdgp. It yields

cosd(Q%,P%)

> af (2 - (d%;Q + d%s)—l—%(H—cos dps)(dgr—dps)* + cosdgr + cos dps)
+ Cub (dpg, drs, dor — dsp)

= af (2 + cosdgr + cosdpg + 4(1 + cosdps)(dgr — dps) >
— af(dpg + drs) + Cub (dpg. drs, dor — dsp) -



816 Breiner, Fraser, Huang, Mese, Sargent, and Zhang

Note that

1
2 4 cosdgpr + cosdpg + Z(l + cosdpg)(dgr — dps)?

d 1 d
2 PS) + = cos? ﬁ(dQR — dp5)2

d
= 2(cos? % + cos - )t5
dgr dps” dogr  dps 1 &2 dps 2
=2 <cos2 cos —= +4COSTCOST+§ —(dQR dps)
1 d d d 1 d
+ O(\dQR dps|®)

1 d d
= i(dQR—dpg) + 4 cos gR COS%S—&—O(\dQR—dpSP).

Since a8 = a? + O(|dgr — dps|), we have
1
cosd(Qy, P1) > 1= a®(dpq + dips) + 50’ (dor — dps)
+ Cub (dpQ, drs, dQR — dsp) .

The lemma follows as

d?(Q., P
cosd(Q%,P%) =1- (Q;"‘) + O(d4(Q§,P§))-

(]

Definition A.3. Given a metric space (X,d) and a geodesic ypg with
dpg <, for 7 € [0,1] let (1 — 7)P + 7(Q) denote the point on ypg at distance

Tdpg from P. That is
d(1—=7)P+71Q,P) =T1dpq.

Lemma A.4 (cf. [Sel, Estimate I1, Page 13]). Let APQS be a triangle
/

in the CAT(1) space X. For a pair of numbers 0 < n,n’ <1 define

Py=0-n)P+17Q
Sp=(1-n)S +nQ.

Then

st (1~ )dgs) (dps — (dgs — dgr)?)

d?(P,,S,) <
(77 n)— sin dQS

+((1-
+ Cub (dps,dgs — dop,n —1') .

n)(dgs — dop) + (' —n)dgs)”
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Proof. Again we prove the inequality for a quadrilateral on S?. Denote x =
dgs and y = dgp. Denote

_sin(ndos) _sin(yx) ;. sin(y/dgp) _ sin(y'y)
pr— prm— 3 ;r]/ _— —_— .

sindgg sinz sindgp siny

7
P

Py

S
Q 5,

By the law of cosines on the sphere (see the figure above),

cosdpg = cosx cosy + sin x sin y cos 6
= cos(x — y) + sinx siny(cos  — 1),
cos d(Py, Sy) > cos((1 — 1)) cos((1 — 1))
+ sin((1 — n)z) sin((1 — n")y) cos 6
= cos((1 —m)z — (1 —n')y)
4 sin((1 — n)z) sin((1 - 7')y) (cos6 — 1),

where 6 denotes the angle ZPQS on S?. Substituting the term (cosf — 1)
of the second inequality with the one in the first identity, we obtain

cosd(Py,Sy) > cos((1—n)x — (1 —1n')y)
+ a1y iy (cosdps — cos(x —y))
= cos ((1 —n)(x—y)+ @0 —nz+ 0 —n)(y— x))
+ a%_n (cosdpg — cos(x — y))

+ a1y (Bry — a1—y)(cosdpg — cos(z — y)).

Using the Taylor expansion cosa =1 — %2 + O(a*) and (Bimy —a1—y) =
O(|n" —n| + |x — y|), we derive

(L=n)(x—y)+ (0 —n)x)?
2
2 T — 2
+a%_n <—dPS + ( 2y) ) + Cub (|0 = n|, |z — y|,dps) .

cosd(Py,Sy) >1—

2
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It implies that

d*(Py, 8y) < af_y(dps — (x —y)*) + (1 = n)(z —y) + (1 —n)z)?

+ Cub (|0 = n|, |z — y|,dps) - _

Corollary A.5. Let u:$Q — B,(Q) be a finite energy map and n €
C&(£,[0,1]). Define u: Q2 — B,(Q) as

() = (1 —n(x))u(z) +n(z)Q.
Then @ has finite energy, and for any smooth vector field W € I'(Q2) we have

sin(1 —n)R"

2
) W = [V R + 9w (1 - )P

.07 < (
where R*(z) = d(u(z), Q).
Note that every error term that appeared in Lemma will converge

to the product of an L! function and a term that goes to zero. So all error
terms vanish when taking limits.

Lemma A.6 (cf. [Sel, Estimate III, page 19]). Let OPQRS be a
quadrilateral in a CAT(1) space X. For n',n € [0,1] define

Qy =1-7)Q+nR, P,=(1—-n)P+ns.
Then
*(Quy, Py) + d*(Q1—y, Pr—yy)
1
< (1 + 2ndpg tan (2dps)> (dpg + dks)

1 1
—2n <1 + §dps tan (2dps)> (dor — dps)?

+2(2n —1)(n" —n)dps(dor — dps)
+n*Quad(dpg, drs, dgr — dps)
+ Cub (dor — dps,dpg,drs,n —1')
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Proof. For notation simplicity, we denote

sin(nz) 5, = sin(n'y)
sinz K siny

r =dpg, y = dqr, an =

Apply [Sell Definition 1.6] to each of the blue, red, and yellow triangles
below.

We derive

cos d(Q1—y, Pi—y) > aycosd(Qi—y, S) + a1y cos d(Q1—y, P)
> By cosdsr + B1—y cosdsq)
+ a1y (By cosdpr + Bi—y cosdpg).

Compute similarly for d(Q,, P,) for the highlighted triangles below:

We derive

cos d(Qyy, Py) > ayycosd(Qyy, P) + a1y cosd(Qyy, S)
> ay(By cosdpg + Bi—y cosdpr)
+ a1y (By cosdsq + 1y cosdgr).
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Adding the above two inequalities, we obtain

(A.2) cos d(Q1—vy, P1—y) + cos d(Qyy, Py)
> (anBy + a1—yBi—y)(cosdpq + cosdsr)
+ (o fr—yy + 1By )(cosdpr + cosdsg).

Applying (A.1)) to the term cosdpgr + cosdgq and using Taylor expan-
sion, the inequality (A.2]) becomes

cos d(Q1—y, Pi_y) + cosd(Qyy, Py)
d? d>2
> (anfBy + ar—yf1-y) (2 - % B ;R)
1, 5 5
+ (aﬁﬁlfn’ + Oq,nﬁn/) — i(dPQ 4 dSR)

1
+ Z(l + cosdpg)(dgr — dps)? + cos dgr + cos dps)

+ Cub (dpQ, dRrs, dQR — dgp) .

cos d(Q1—vy, Pi—y) + cos d(Qy, Py)
(A3) >~ (nfy + 01 yBiy + iy + a1 nfy)(dbq + dbe)
A4) 4 2By + a1biy) + (anfiy + a1 fBy)(cos dgr + cosdps)
5) 4 glanBiy + o1 yby)(1+ cosdps)(don — dps)?
+ Cub (dpg, drs, dor — dsp) -

We need the following elementary trigonometric identities to compute

(A3), (A4), (A3):

sin(n — %):r sin(n — %)y N cos(n — %)l‘ cos(n' — %)y

by +onnfry =

P | 1 1
2sin 5z sin 5y 2 cos 5w CO8 5y
: 1 : / 1 1 / 1
sin(n — 5)zsin(n’ — 3)y  cos(n — 5)xcos(n’ — 3)y
ooy + o1—pBy = — 9 sin L sin L + 9 1 1
sin 5 sin 5y COS 5T COS 5

COS l.f

2

1

1 1

(C‘)S(nz)‘“> = 14 2z tan o2 + O(n%).
2
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Noting that

cos(n — %)m cos(n’ — %)y

1 1
COS §l' COS §y

anﬁn’ + 051—1751—77' + anﬁl—n’ + al—nﬁn’ =

COSs — l T 2
_ <M> L O(n 1] + ¢ - y)

COSs 5L

1
=1+ 2nztan (2.CC> + 0(772 + |77 - 77/| + |33 - Z/|)a

we obtain for (A.3))

(B + 1—pBr—y + anBi—y + al—nﬁn’)(d%Q + d4p)

1
=-3 (1 + 2nzx tan <2x>> (d%aQ + d3p)
+O (7 + In =1l + |z — y))(dpg + dig)) -

el ORI

Lemma A.7. We can compute (A.4) as follows:

2(ay By + a1-pBiy) + (ayBr—y + a1y By )(cosz + cosy)

=2- <<77— ;) (y—$)+(n’—n)x)2+WC052 <;x> (z—y)’

4 sin 5T

COS2 1 i
cos™(n = 3)T 4 2 @x) (= )2 + Oz — y[2(|z — y| + |’ —n]))-

4 cos? %x

Proof.

= sin(n — y)osin(if — 5 (2 — cosx — cosy)
2sin %:c sin %y
N cos(n — %)l’ cos(n’ — %)y(
2 cos %9: cos %y

2(anBy + ca1-pBr—y) + (ayBr—y + a1—yBy)(cosz + cos y)
Yy

2+ cosx + cosy).




822 Breiner, Fraser, Huang, Mese, Sargent, and Zhang

Note that
1)° 1\?
2 —cosx —cosy =2 <sin 23;) + 2 <sin 2y>

_22.1.1+,1 C1\?
= SlH2LUSlI12y SIHQ.CU 51n2y

~asin Losin by L (eoste) (@ ) 4 O — o)
= sm2x51n2y 2 COS2ZU X y X y

2

9 (2¢0s Lycos Ly 4 1 1\?
= COSs 2.QL'COS 2y COS 2.ZU COS 2y

~ seos Lucos Ly + L (sinke) (@) + O — yP)
=dcosozeosoy+ o (singz ) (z—y x —yl°),

1\° 1\?
2+ cosz +cosy =2 <cos 23:) + 2 <cos y)

where we apply Taylor expansion in the last equality. Hence we have

2(ay By + a1-pB1y) + (ayfr—y + a1-yBy)(cosz + cosy)

. 1 . ;1 1 ;1
=2 | sin n-g)esin|{n -3 y + cos n—gjweos{n =5 )y

) 1 2
sin — =)z 1
+ 7(772 12) <cos 2:c> (z —y)?

4 sin 5T

cos? (77 — %) x

C10)?
dcos? Lo (Smf) (x —y)* + O(lz — yl*(Jlo — y| + [0 — n])).
2

Here we use the estimates

: 1Y, cin () L ;2 1
sin(n — 5)xsin(n’ — 5)y  sin®(n— 5)z
.2 1T . 1 2 - ) 12 :O(|77—77/|+|9U—y|)
2sin 5z sin 5y 2sin” 5x

and

cos(n — %)x cos(n’ — %)y B cos?(n — %)9:

1 1 21
2 €08 5T COS 51 2cos” 5T

=O0(In—7n'|+ |z —y|).
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Observe that

(e Yool ),
=eos ((n=3) =)+ 0 —mp+ 0f =ity =)

and use cosa =1 — % + O(a?).

l\D\H

O

Lemma A.8. Adding the terms in the previous computational lemma that
contain (x —y)? to (A.5), we have the following estimate:

2
.9 1 2 1
sin Sz 1 cos —s)x 1
+ sin'(n — 3)e 12) cos? (x) (x—y)? + —(77 12) sin? (x) (z —y)?
4 8in? 5T 2 4cos? 51 2

1
=17 <1 + ia:tan 21:) (. —y)? +O(|z — y|*(0* + v —y| + [n — 7])).

Proof. Noting that 1+ cosz = 2cos?(3), we have that

2
$y a1y coso)e =y = (- 3) (@

(O‘nﬁlfn’ + al*nﬁn’)(l +cosz)(z — ?/)2

. 1 2 1 2
sin(n — 5)x cos(n — 5)x 1
— 7(77 T 2) + cos(n — 3)@ T 2) cos? ( x) (x —y)?
sin 5 cos 5 2

O(lz —yl*(In = 0| + |z — y])).
Therefore,

e N

2
$y +ary) 1+ coso)a =y = (- 5) (@

. 9 1 2 1
sin“(n —3)r 5 (1 o cost(n—35)r . 51 9
+—1 27" o 2z | (= 4+ —— 27 gin“ [ =2 ) (x —
4sin® I (2 (—-y) 4cos? 3 2 (@-y)

cos? (n— 1)z 2
. (4(") ~(v-3) ) (2= 9)* + Ol — (1w — | + | — 1)

B 1+1 ‘ 1 +1 ( 2
= |t gnrtangz n+g -y

+O0(|z —yPm* + In— | + |z — y))).
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Combing the above computations, we have that

cos d(Q1—y, Pi—y) + cos d(Qyy, Py)
1 1
1 1 9
+nll1+ §dp5 tan §dpg (dQR —dpg)

—2n—1)(n' —n)dps(dgr — dps)
+7?Quad(dpg, drs, dor — dps)
+ Cub (dgr — dps,dpq, drs,n’ — 1) -

Taylor expansion gives the result. [l

Corollary A.9. Given a pair of finite energy maps ug,u; € W12(Q, X)
with images u; () C B,(Q) and a functionn € CH(2), 0 < n < 3, define the
maps

Then up, uj—, € WH2(Q, X) and

d
|Vuy|? + |Vui_p|* < (1 + 2nd tan 2) (|Vuo|? + |Vuy|?)
1, d ,
—2n( 1+ idtan§ |Vd|* —2dVn - Vd
+ Quad(n, [Vn]).

Appendix B. Energy convexity, existence, uniqueness, and
subharmonicity

As with the previous section, the results in this section are stated in [Sell.
Excepting the first theorem, they are stated without proof. As, again, the
calculations are non-trivial and tedious, we verify them for the reader.
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Theorem B.1 ( [Sel, Proposition 1.15]). Let ug,u; : Q2 — B,(O) be
finite energy maps with p € (0, 5). Denote by

d(ug(x), us(z))
R(z) =d(u
Then there exists a continuous function n(x) : Q@ — [0, 1] such that the func-
tion w : Q@ — B,(O) defined by

w(z) = (1 =n(z))us (z) +n(x)O

1
2

is in WH2(Q, B,(0)) and satisfies

2
1
(cos8 p)/ dpg < 3 </ ]Vuo|2d,ug +/ ]Vullzd,ug>
Q Q Q

- [ 19w,

Proof. Once the estimates in Lemma and Lemma [A-4] are established,
we proceed as in [Sel]. Choose 7 to satisfy

sin((1 —n(@)R(x)) _ d(z)
sin R(x) 2

1
tan §d

cos R

\%

Note that 0 <7 < 1 and 7 is as smooth as d(x), R(z). It is straightforward

to verify that w € L2 (Q, B,(0)).
For W € I'(€2), consider the flow € — z(€) induced by W.

ug(z) ui(x)

o (@(e)}

Applying Lemma to the quadrilateral determined by P = ug(z(€)), Q =
ug(r), R = u1(x),S = up(x(e)), divided by €2, and integrate the resulting
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inequality against f € C2°(Q) and taking ¢ — 0, we obtain

2
(c0s %52} 1w (9 < 5 (a0 (W +1(0).(9)7) = T

\V)

Note that the cubic terms vanish in the limit as every cubic term will be the

product of an L! function and d(z) — d(z(e)) or d(u;(x), u;(z(€))), i = 0, 3, 1.

Applying Lemma to the triangle determined by Q = O, P = u.(x),
S = wui(z(e)) yields

. omP < (PEDE

2
= (cos Ci(;)) (](ué)*(W)F — |[VwR)?) + |[Vw((1 —n)R)

)« (W)]> = [VwR[®) + [Vw ((1 - n)R)|?

(SIS

The above two inequalities imply

(00000 + ). ()P

1 2 d(z) ? 2 2
= 4IVwdl® = {cos == | [VwR[" +[Vw (1 = n)R)[*.

Jw.(W)[* <

By direct computation,

‘zlﬂvwdf‘( Sd()> VwRI® +[Vw (1= mR) [

2

B cos* R(z) cos? d(Tx tan @
1 — sin? R(z) cos? @ cos ()
The lemma follows from estimating
d
cos? R(x) cos? % d(z)

> cos? R(z) cos* =2 > cos® ,
1 — sin? R(z) cos? % B (@) 2 - g

dividing the resulting inequality by €2, integrating over S"~!, letting € — 0,
and then integrating over €. O

™

Theorem B.2 (Existence Theorem). For any p € (0,%) and for any
finite energy map h : Q@ — B,(O) C X, there exists a unique element Dirp, ¢
W}i *(Q,B »(0)) which minimizes energy amongst all maps in Wh 2(Q, B,(0)).

Moreover, for any o € (0, p), if P"h(09Q) C By (O) then Pirh(Q) C B, (O).
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Proof. Denote by
Eo = inf{E(u) : u € W,"*(Q, B,(0))}.

Let u; € WH2(Q, B,(P)) such that E(u;) — Eo. By Theorem we have
that

eostp) |

where wyy is the interpolation map defined by Theorem [B.I] The above right
hand side goes to 0 as k, ¢ — co. By the Poincaré inequality,

g < & (Blug) + Bw)) ~ Bluge),

tan %d(uk(fﬁ), ug(z))
cos R

\Y

/ d(ug, ue) dpg — 0.
Q

Thus the sequence {u} is Cauchy and uy — u for some u € WH2(Q, B,(0))
because W12(Q,B,(0)) is a complete metric space. By trace theory, u €
VV1 2(Q,B ,(0)). By lower semi-continuity of the energy, E(u) = Ey. The
energy minimizer is unique by energy convexity.

Finally, since p < %, for any o € (0, p], the ball B,(0) is geodesically
convex. Therefore, the projection map 7, : B,(O) = B,(O) is well-defined
and distance decreasing. Thus, since P"h(2) C B,(0), we can prove the final
statement by contradiction using the projection map to decrease energy. [

Lemma B.3 (cf. [Sell, (2.5)]). Let ug,u; : Q — B,(Q) C X be finite en-
ergy maps (possibly with different boundary values). For any givenn € C° ()
with 0 <1 < 1/2, there exists finite energy maps uy, Uy, € Wi (Q, B ,(Q))
and ui—y, U1—y € Wa(Q, B »(Q)) such that

[ () + | (i) [* = | (uo)[* — | (un)[?

< —2cos R"" cos RV < nk, ) - VF, 4+ Quad(n, Vn),

nd

where
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and

P \/ 1—cosd
T\ cos RUn cos R¥1—n"

Proof. Let n € C°(Q) satisfy 0 <n < 1/2. For 0 < ¢,9 <1 that will be
determined below, we define the comparison maps
Uy = (

1-¢
U1 = (1 = ¢(x))ur—(z) +(z)Q,

where
up(z) = (1= n(x))uo(z) + n(z)ui(z)
and
u1—y(2) = n(x)uo(z) + (1 — n(@))ui ().
By Corollary [A.5]

(i) + (i)

. N
< (T (nla) = (VRSP + 191 - o))
n <sin(1 — )R

2
sin R#1-» '

2
) (Ir(ur—y)? — [VR"[2) + V(1 — )R )

Define ¢ and 1) so that

sin®((1 — ¢)R™)

=1- 2ndtang + O(n?)

sin? Run
sin?((1 — ¢) R%1-n) d
=1—2ndtan - ?).
2 R ndtan 5 + O(n?)
Since w =1—afcotf + O(a?), we solve
tan R"» d tan R¥1-n
p=n T, dtan§ and Lb—nwdtani.

Note that in particular un,QWGW&gz(Q,Bp(Q)) and  uy_y, U1y €
Wi (2, B,(Q)).
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Together with the estimate for |m(uy)|? + |7(u1—y)|? in Corollary
(which also explains the choice of ¢ and ¢ in order to eliminate the coeffi-

cient), we have

|7 (@) + [ (1) [* = | (uo)[* = | (un)?

< —2n <1+ —dtan — )\Vd\Q—Qan vd

%)

d
(1 — 2nd tan — ) ([VR" > 4 |V R

n ‘v (1 — ta;R " dtan d) R

2

tan RY1-n 2

d
# ]9 (10 e tatan § ) 1| Quad(a, 19

Simplifying the expression and using 1 — sec? § = —tan? , we obtain

(17 (@) + | (i) [* = |7 (uo)[* = |m(u1)[?)

gn( <1+ —dtan — >|Vd\2

— dtang(tan2 RU"?|VRUT;|2 + tan2 Rul_n‘VRul_,,F)

N |

(B.1)

d
-V (dtan 2) - (tan R*"V R"“" + tan Rul_"v_Rul—n)>
do pu " .
+Vn- | =dVd — tan R""d tan §VR " —tan R"'~"dtan §VR 1-m

+ Quad(n, Vn).

We hope to find a, b, F;, which are functions of d, R%"» and R"*-" such that
the right hand side above is < aV(bnF,) - VF,.

Since aV(bnFy) - VE, = n(ab|VE, > + §Vb- VE?) + @V - VF2, by
comparing the terms involving V7 in (B.1)), we solve
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ab 9

d d
=Vn- <—dVd — tan R""d tan §VR“"’ — tan R"*""d tan 2VR“1"'>

d d
= —dtan §V77 . (V log sin® 3 V log cos R*" — V log cos R“1">

1 — cosd

d
= _ cos R*" cos R“'-"Vn -V ,
cos R cos R¥1-n

sind

2d d _ 1-cosd
where we use 2sin” § = (1 —cosd) and tan § = - 20¢. It suggests us to
choose

ab

1 —cosd
cos R¥n cos Rvi-n"

d
5 = Tsmd cos R*7cos R"*~" and F, = \/

We then compute the term 7(ab|VF,|* + §Vb- VF7) for the above choices
of a,b, and F,. For the term ab|VF,|?, we compute

d
bIVE |2 = —
ab|V F,)| Seimd(l — cond)
x [sindVd + (1 — cosd)(tan R*"VR" + tan R"'~"VR"~")|?
dsind
> — N — d 2 d d . t Run R'Um t Rul,n Rulfﬁ
B (2(1—cosal)‘v > +dVd - (tan R*"VR"" + tan v )
d(1 —cosd
(SHJC;)S)(taHQ Run‘VR’Um‘2 + tanZ RUI"‘VRUInF)) 7

where we expand the quadratic term and use the AM-GM inequality to
handle the cross term (tan R*"VR"") - (tan R*'-"VR"'-). For the term
4Vb- VE?, we assume b = b(d) and compute:

ab
5 Vlogh- VF;

4 d(1 —cosd) v/
= —d V| - w*Vd' (tan RV R"" + tan R“-"V R%-).
b sind b

a 2



Existence of harmonic maps into CAT(1) spaces 831

Combining the above inequalities, we obtain

a
ab|VE,[* + Vb V]

dsind b 9
> — R — i
- [<2(1 —cosd) d b) V]
1 /
(a4 WS DYN G tan VRS 4 tan RV RS )
sind b
2):| .

+d(1 — cosd) v R

, ? + tan® R* 7 |[VR"
sind

(tan® R

Comparing to (B.1]), we solve

dsind 1 d
———Vd+dViegb= |1+ =dtan = d
2(1_Cosd)v +dV log ( +2 an2>V

d(l— d d
avit+ =gy — v (dtan) .
sind 2
which implies that b = Siﬁ 5> and hence a = —2 cos R"" cos R"*~. ]

Theorem B.4 (cf. [Sell, Corollary 2.3]). Letug,u; : Q — B,(P) C X be
a pair of energy minimizing maps (possibly with different boundary values).
Let d(z) = d(up(z),u1(x)) and R* = d(u;, P). Then the function

1 —cosd
F=4{/———
\/cos RYo cos R¥:

satisfies the differential inequality weakly

div(cos R* cos RV F') > 0.

Proof. Let n € C°(Q) with > 0. For ¢ > 0 sufficiently small, we have
0 <tn < 1/2. Let {4, and @14, be the corresponding maps defined as in
Lemma Since ug and uw; minimize the energy among maps of the same
boundary values, we have

0< /Q |7 (@) + [ () [* = |7 (uo)[* = | (un)[? dpsg

S18148

d
< / —2cos R"*" cos R~V <,dt77Ftn> -VEFy, dug + t2Quad(n, V7).
Q
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Dividing the inequality by ¢ and let ¢ — 0, since R**" — R“ and R“-'7 —
R*“ and Fy, — F, we derive

[A1]

[A2]

[B1]

[B2]

[BFHMSZ]

[DM1]

[DM2]

d
0< / —2cos R* cos R"*V <nF> -VFdug
Q sind

= 2/ ( ,dan> div (cos R" cos R VF) dy,.
Q

S
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